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| 5= A note on quasitriangularity and trace-glass

salfcmmfatﬂtars

by Dan Voiculescu

Inz:5} CoAsBarger and B.I.Shaw proved that for a hypernor-
mal operator T fthe following inequality holdas

e

¥ 1
e (1% ,1] & 5= (D w (T (D)

where & (T) is the gpectrum of T, &¥ ig plaﬁar Lebessue neagsure

and m(T) & ¥ \J {09? denotes the multiceyclicity of T. The ainm

"af prasent note is to give .a new proof and an extension of the

resuld of bSerger and Shaw by connecting it with quagitriangularity
relative to %he Hilbert-Schmidt cless. Thus we ghall prove that
the hyp®normality condition can be replacad by the condition

that the negative part ([T®*, 71 ). of [0%*, 17 ve trace olass.

Even morey; for guch T we shall prove %that

Ty U‘*ﬂ:}c % 2R+ %) w (7(TX)

i

where ¥ is any Hilbert-Schuid operator. In @awtlculdr if
W o 2%, 2] w(o(D)

then every dilbert=Scbmidt perturbation of T has a pep=trivial

W

fnvariant subspace.

Quasltriangular opsrators W#ars intwﬁduceﬁ by PeRe.Halmog
Cﬁ"ﬁand it was shown by Apostel,Folag and Voisuleseu {’23 that
thare 1g a gpectral characterization of &nase‘mparaﬁﬁwﬁ A rofinm
nement of the notion of quasitris angular oporator ¢ relative to a
id in Lﬁ} >

Thrau shout W will denots a souplex é@p@rabl@ Hiibeyﬁ
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5 the set of fini‘seuruag

mansion. zﬁgﬁ we denote the ocurdad Opé=

&JQ?_‘;} on a.!.

proawt* ong on }{1 h its natural order. Then the apnalogue of

Apos%al’s moculas of quasitriangularity relative %o a Schatiene
von‘j Neumann e¢lass is:
a,(D)= L inf  |(@-p)7R |
re (P ey
nd 1%l = Treox %x)0/2y Lpg oD
where T€JH(J) and !A' = (X FNYE), (1gpaod)
< s/
Then 12 Pa & ﬁ-’(}@ and P =—2 I we have
lim iun? Q(Jﬁw )f'“w*ai p (I
D e o ‘
Horeover one can find P:'} EPJO such that B 1 ana
, ltn | (1-p )R | | =q (D)
.\‘\ ; n"_?m ; ol ‘

’~ For T € LJO we shall dencte by Rat(T) the algebra of
operators of the fora £(T) where £ is a rational function with
poles off the spectrum (7)) of The multicyecliclty m(D)E fﬁwwg

the least cardinal of a set & @ Jeuch that thé closed
linsar apan of Rat(m) O ig g{v ,
(o
Proposition 1. For T€ A(1) znd 1€ pL=e we have
; N 4 .
0, (D & @¥P o
Eroof
If n(T)= ot there is nobhing to prove., So asgune
n{T)=n < and consi {gﬁﬁ..,g § vﬁ' a multic**ﬂllc aa* for
T.e Congidex . :
y g
=8 ey £, Koo
o e k! d%T
k=1 ;
: A,\_@a l
Y EEY BN /4 Fateioan % a
ﬁ:’é% '{ﬁg’i'imd‘f' .,&::43:’__“ gw J
J o t o ﬁ';}
Y, =P, € |
LM,
47 s |



""hen,uain0 Fropogition 2.1 offziéjz we have;

QZ)(T) & ( Z. (" CE )393”“/pa Now, it is easily seen that
| : ’
o (1) (S ”‘) and ¥ , iz a mulsicyolic vector for T,. This

il

rsduces the proof of the proposifion %o the case n=l,

»

Congider a sequence {A % of pointes conbained
and denge in 4hs union of %Hhe bounded cgmaonsnta of GL\ e

since %, is wulticyolic for T, it ie easily seen thai

denoting by Pm the proposition onto the fipnlilte~dimensiona

. T =y i e
gubgpace of I ganned oy %the vestors T™(T- 31) i@..g{?» Rm) 15?3

& 2n, we MW »u & ??‘w-l’p“* '? I and rank
7 ek -

((I_Pm)“ﬂ‘?p):.t. It follows that l((J- P )WP /;,) !f 2 ) and hence
A t

MNEYT
3 YE TR

For a hermitian operaror ne& X(#h suen that the
negative part A_ of A is trace-class, we ghall denote by Tr &
the trace of A, in case A ig ftrace-class and O in cage 4 is

not trace-~classe.

3 PR I 4 ~ Y S 3 s 8 ek T P i o P o Yy ry o
Proposition 2. Loy @ € L(H) be an operator gush thay
oy ey b4 na e (T m o PR Sy P 5
the nagative part (J T, ) of 2Ty Phs §pacemelagd.

Then we haves

Proof.Let B € 0, © 4 I be such that
&I

wwwwww bt ‘
ln |(1-B )72 h=a, (D) |
Py @R P . 1
i¢ have |
(9, (1)) %=1in e(iw; YIP, iﬁ -
= o0 b mic
=
=lim Tr(P 7 Rop . n®p p Y=
o e B e
n =R |
|
=lin 2o(RLO,T1 o BoaR T (1B, TR ;f\*;»,
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2 lim sup Tr(P CT '}:l P}:’Ix E,r,x; ,1,1

17,: Tl QoEoDo
Propogitiion 3. Let TE ﬁ}ﬁ be an operatior sueh that
tha nagzative parh ([?*,T])_ ot fin 7% 114 be: trage=-clasg
and ietIXé ZK}@ a Hilberi-Sehmidt operator . Then we hav

rr [T, G = u(T+3 X) s (I (1+X))

where ¢ danotes planar Lebespuc=-rgasure.

_Eropf, It is ¢learly gsufficient to consider the case

e D e s ]
[rocepiSussdpiinguipetng

when m(TeX)=n < &P .

Using the "ccmputational lemma” of the paper of Berger
and Shaw ij it is easgsily seen that given € 30 and denoting
.‘;W;-bﬁ jzu'ﬁhe open set
' JL  = zé ég zgéﬁmﬁﬁwhw’(%x)
we can fipd a hyp@uormal operator D such that:

a—m: S0, uw(@-n, WoWElexll +¢

[o* ,q >0, 7r[2%D} 22(w (2 )-£ )
Uging Proposition 1 we have
or [(z @0, (28 D]eto, @ |
and hence %. : -
i ‘Qﬁii‘i * %(w (V=€ ) £ (T D):"Z “
Bat q:('l‘ @D)::qg((%}{) @ o) since X 1.3 Hilberte=Schmidt

3

loreover m((T+X) € D)=n=n{D+X) and hencs using
Propogition 2 we have
; P
(9, ((1+5) @ D)% (X)) lmx] +& )°=

= A (w (Ve w( o (T+1)))
Jﬂ"’ ‘ ,

f CRE R e I TN ) 5
t; b .’!A.\! 8,‘ J-'Q"(&"A‘/ iw L gv‘\ -L”}'-'n‘/ I!Tl 5 1}
roitrary, we have

E
a
é:%; s(FeX) W (67(T+X))
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which is the desired result.
QeEe«De.

Consider G, (T), Fp(T) the left-sssential and the

"
right-essential gpectra of T and resmark that if & (T+X) in %the
propogition above is bigger than g 4; (T)(} e (D) then D+X hag
a non-trivial invariant subgpace. This togeﬁher with Proposzition
3 gives %the following coroliary.

Corollary. If T ig an opsrator with ( Eﬁ*} 3}3 of %trace
e W Gy e i o . W - P RSN I R AT 3 P e S X KA

¢clasa and

4

*0l> Fwag ()0 g5, ()

Ty

(:‘

then every operator T+X with ¥ Hilbert—Sohmidt has a non-brivial

invariant subspace, o
Congider algo E(&™(T)) the polynomially convex hall of
o (T)y i.6., the conplement of the unbounded component of
€ \ 6(7) and remark %hat for X a conpact operaior
o (T+3) f\(&\ E( (1)) is an at most countable set and hence
UJ(@"(’“ X)) € W(E( & (T))). This together with Propositions 3

gives the followipneg corollary

]

o,

Copollary s If T ig ap operator with {‘Eﬂﬁg 51}

£,
5,
¥

§
|

i DT S .,,wfmm 7))

then m(T+X) = 1 for evervy ilberi-Schiidt operator X,
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