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WEAKgOI#?AOTNES$IN0RDEREDBANA0I{s}A0ns

by

Constantin P. l{iculeeeu'

Untveroity of, CraiovarDepartnent of Matfuematlce, Cratova 1100

Abstract.A number of d.lstlnguished propertles such as the

( rec ip roca l )Dun fo rd -Pe t t tep roper t y r , t hoGro thend lecb

p r o p e r t y r t h e s t r i o t D l e u d ' o a n d p r o p e r i y e t c u p a r e d ' l s *

cuseed. in ths context of Banach latt ices.A oharacterlaat l0n

ln terms of' absolute continu$.ty and. stablllty of the
f

weakly compact operators d.eflned. on #'"*algebra ie also

Lns1ud.ed..

Introducti-on

In hl"s remarkable paper d.evoted. to the mtudy of ihe we*'lc1y
t' r.r 1

conpact operators cr} c{ s } spaees , A. Gro'birend.iech b" 4 iras

pr$lrsd that a bound.ed. subset K of, C($)t ls relatively

weakly compact if, and. only if o lim u*q, P(0o) 
* C for ell

y1"-*oo 
[t €K

s€quences of  palr lv lse d" ls jo int  CIpen sutteete O* of  $ 'Th' is

was used" lateir  by $upoRosent i?al [ t3J to foruu]ate the concept

of a relativel.y d.isioint famiJ.y of measuroa ,vrhich is instr'L-

-,;.-- - -

fne rnaln resuits in & f have boeu aiur6upoed at tl51e
J
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* i  *

ment*l in his criterion of wsak conpac.tness in a space r1(p )r
a bounded subset K of iq ( y. ) which le not woakly compact

eontaJ-ns a baeie ssquence (xn)h ri 'hieh le equi-valent to tbe

. natural d, -uesi" and. eueh that ,ffi {xo}r, j.s complemented.1

Ln  r r (F  )  .

The nain reeult  of the f l rst sect ion extend"s -pt i ie cr l ter ion
in eontext of wealt ly sequential ly cornplete Banach latt ices and

"Yleld,* aleo t$e fol}o'arlng dichotomy theoren I An operator T 
't

vreakLy
:f l rom a Banach space intoErbobuentlal ly complete Banach .Latt ice

is either weal i ly compac'b or the rest: : lct lon of T to a eomplemented.
' f )

subopaee lvhlch i"e J-eamcr'phlc to {4 iB an" tsorrrorphi-sm .

$ect ion 2 is devoterL tc charecterir ing; the behavior of

weakiy coropae t operators cle f ine0 bn'B*nach iat* ices in terns at
uncondit ional basi{:  sequenoes"For exern:p"}6 l t  is proved. that every
optlrator T defined on a Banach l,a'itj.cb wkrl-ch cont*lns no conple-

n
r:isnted, isoinorph of {^ J-s rveakly compact provlded that t

- iBepsr weak C,auchy *unlrlno"u into n.airxr convergl;lg seguenc€rs (the

:reciprocel .  Dunfor.a.-pst t is  property ) .
. 0

( r l

u

uA special  abtont ion ls paid to f lncl i .ng fhe condi t ions
'ienC.er whi*h.. the fol.]owing di.chotomy result (a variation of the

*iei-rt j.on:ld property ) ho].ds ; Dvefg operetor from E into a Banach
I

$p&ce F  is  e i ther  weak ly  conpaet  o r  i t s  res t r i c t ion  to  a  sub -

R n R C q  i c r r r r r n r - n ' r r . { n  } a  ^  { d  { * ^ * ^ - - . ^ r . -' i r ' + - r+  4d ln i z , ' i  F - . * v  ' v  *o  . r . g  an  i $omorph l sm  .
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Tae paper end,e with a non somnutative extension of, the nain

result  ia [15] (see also [45] ]  concernLng the connection

between *:*] ,  compactnees, absolute contlnuity and stabi l i ty,As

an easy eonseqr.lence we obtaln the following noncolnrlutative

Dmford.-Pettis property I Let '3 be. a weak3-y conrpact operaior giver:

*
on a C' .  -a lgebra.  3.  Then i

l*r, |  *-*e0 in the woak topolo$x of E implies l l tal l  -eo

' l t ? l

Eore the"mod.uLus" of an element % e E {s d.efj-ned by
t

'C.lJ-Cd\t/* orn the com,sutative ease In 
E 

" 
ol a  [  =  t ;, , r*-|il**/

s- l lwavs i1  !  t  ' { - *  
O r  so that  e  weakl } .  conpect  cperatora : ; ' ,Gy '  e  - . np lLgs  iY : f  i *

on & C(S) spe6e meps rireak conrrer'gi:rg s€qlrerie;es j-nto norin

eonvorging sequences o 

,
*ur approach sakes /us.e of tho ciaseieal rosulte d.uo to

S"Kalcutani ,concerning the AM and. AL spaces . ?a::t icularly we

shall" need. the following j con$tructj-on"

l ,et  g be a Banach lat t ieeoFor €aoh x € F I  x )  0r  we

norured. by .:

i i r t l *  =  i n t ' f  ' l  ; l v l s A " )

ftren E* ie an AM spaco with a ebroRg ord"er unit (which is x)

and. thus la'btico ieometri-a to a $p{Ice C(Sx} .irye shal-L d.enote
I

by i* t  E" E t t ie \canoni  cal  incl"usion"

For eash xr (  E!  r  xt  P O r  ws can oonsl . r ler  the fo l" iowing

relat lon of  equlvale;rco on E

r  ^ q ,  O  i f  , a n d  o u i y  i f  r  x t t i x  i )  =  O

I 
eetr consi-d.er the order id'eal generated by x ;

E* = {  
'y 

e H ;  (  3 )  }  > o ,  I  y!  *< }  x



-  { *

flhen tire completion of EA* with roepect to the nom'

l [ x l l * ,  =  x r ( l x l ]

ls an AL sps,c€ r sBX tt(xlb , and. the eanonical mepping

E T+ Iq (.xt ) wtIl be d.enoted. by $xn . AJt useful ronarh I's
a .

th.at {$;,  } 'u * I  *,  for each poslt ivo xi  € St"
..t

She author i-s much tnd.ebted to Jrr.A.Abreaovich and'

S"Fopa for ma.ny valuabLe s*,ggestions an'd. eritlciem .
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1' I  funde$en' i ;al  diohotony

fhe na in lesu l . t  o f  thLs seot lsn ' (see fheosem 1.4 be low)

geue!a l lses an Xnpor tant  sesnl t  due to  f i .P.Fbsenths l  [ lS j

nh lah  anses ts  tha t  eve ry  opera to l  TC d (8 ,  { f  f  l l  [E

weak).y cornpact or the xes-brlct ion of T to a OompLemented

subspsce [eonorphlc  ts  { , r t f  I  ts  an r*oooopt  inm.The osge&-

.  FtaI  lngtod lent  , , ,  " 'Xn ous p loof  [e  a  week conpactneos sxL?*

tet lon !n  te fme sf  Gsqnenees of  ps l twiee d ls jo ln t  eLener , t *n

.6 boundecl subset K of a Senaeh epeee E te Eetd ts ! :o

reI 'a t lveLy weakty  eequent ta l ty  coraplete t f  every  week Cauchy

sequenee of eLe$ents of Tf tu weak3.y con,;erglng i to en elcm*ri t

o f  E  ) , . 0  s u b s e t  K  o f  a  B a n e c h  l s t t l c e  S  l s  e a l d  t o  b e  s o l i d

t f  ! y [  - - <  l * l r x € K  ! . n p t l e e y € K ,

f . f  ?B0pOSITI0If" let K ba s bounded convex eoltd subset

I  
o f  s  Banacb Let t lce E.  Sh.en K is  te la ' t lve ly  weekly  conpaet

l f ,  snd on ly  l f  ,  K ver t f lbe the fsL lowing two csndi " t ions t

f  )  K ls  le la t tve ly  weskS^y eequen. t i .n t ly  complote ;

I  11)  K conta lns ne sequenee of  d ieJe int  e lemente nhreh

r  is  equlva lent  to  the natu leL t ,  -  bse le.
I

$ho proof  . le  e  consequenc€ of  the na ln tesu l t  fn  [ toJ

(whlch ssser ts  that  svery  bouncled $squence of  eJ.oments of  €
I

Bsneeh spsce contains a\subseqr,rerce whlch ls  e l thex weak

Ce uehy o!  eqnlvaLen* to t l ie  nntural  I  -nuu: ,u )  end i ;he
I

fs lLowing : 
I



1*4. LEMHA"Lot K be a reLatlvelLy weakLy eequentialLy compLete

convbx solid subset of a tsanacir l"attlce E, If (%)o l-e a soquence

of elenente of K whlch is equivalent to the natural f, -nasis

then there exist an j-ncreaoing sequenee of natural numbere k(n)

and. a sequenee of palr,viee clfeJ:olrut elements d- € K whleh is equi-
h

valent  to the nr* turar  #,  -baeis and euch that  ldrnls l#r . (n) | ,  n v.7- .

Froof.lYi'$hou* loes of generai.itp ws nay ,&ild we d,o assu.merthat?

F iel  s*parabJ.o"fhen Eq contaLns str ict ly poeit tve funct ionals q4) ine"

x > $ u  t , f ( x l e $ .  i m p l i o s  x = S
i

l
In ti i i .s qes6 the csnonical mapni-ng, $.o is ons*to*cnel

Y
. ' l

fd,entJ.fy E ss a yeotor subepace of I,1 ( tp },
s l

I

The remeindelr of the proc'f w11.1 be covored. in four

$*ep 3". I f  f  ls r tr ic 'bly posit ive thon K is an

o f  L c ( ! p  )L l
! o $ o 9

gO Vfe C&n'

s t e p s u

ord.er id.eal

x € L l { f  } ,  , y ( K  a n d .  l x l s l y l  i m p t i o s  r c € K

fnd"oed., it sufficee to aonsi.der the case where :r rX ) 0.$ince

fi ia d"ense i"n the Banecb. lettice tf t 
Y 

) e there exJ-sts e ersquence

of elenente x* e ffi such that lt xrri- x ll,* *o0,0n tlro other hand.
"l Y

I  ( x o w 0 ) A  ) n  - x  t  s  t J o r o  - x I  s l * o - m l
so that we can q,ssririie in ad.d.ition i;hat 0 q 

% \< x snd..

[ | x n  *  * t l * $ a - ' n  ,  s * 4  ,  F u t
I  

% o = +  { * n  ; k b n }
fli+|4,

whrsre the nupremum i"s taken i"n s$ r. ftre eequence ( V i.)* ,\  l<-nt rr-  rr

€ " r * - n a r ' !  1 . . *  ^ ' ! ^ , - ^ - , , + . ^  ^ . . C r  T . -  P ^ *  ^ ' ,  1  -  , :  - e - -  - - " ^ ^ l -  ^ ^ - iili;"i$sir. iry eremersts of Ii for ail rn p I , is r,veak cohverging reo
'that *r* { Bo $ince 0 ( %nS y' ib foLlons t}ra'b un €, K enrl in, a



a n d , t h u s  x * 6  € K u

S,t6p 2. If I $ Y ars two etrictly positive funciioaals

'slmilgr way we ean concLud.e tirat rs ar" n zn € K . Then i

l l  " - " i l * * ' ; g i l l  * - * f ; - o  i l V  s
g l t r n  l l  " - " "  l l  * o- 

n -+oo r.

Because the sequencs of elements %n = A- *t  € K ls non
I1 7rft 

r\

then the ldent i ty  o f  E exte i rd .s  io  o  nappi .ng ' l , t (  y  )  * *  L l (Y )

whose reetr ict lon ' to the cloeure of K ln h( y ) 1s one-to-one"

In fact r ws have to provo that

x € f  r  x l O  i m p i i e s  
f ( " I > u

For, shoose a sequsnce of elenrents x* € K with OS *r, S x

and. llxn * x li* S 2-n for eaeh n e $,1 ,As above F/e can conclud"c

that

l i  - -  A n -  l l  * . * nR . *  r  \ * . ! c  ' Y

R >.ftr

decreasing and Y (*)> 0'r l t  fol lons that *o ) O for n )z no

snd. thus Y("\ ), Y (ur") > o

$tep 3, fhere exists & str ict ly poeit ive funct ional Yl €E*

and. a eubsequencs (*n1o;,)p witb no weak cCInverging, euboequen.ces

in f l (  fo ) .  In fact , . i f  the contrary iq tr .e , then given a

str ict ly posit lve f iurct ional I  e Er t i rere existe e eubsequengrg

1* I  m"h{s[ j -s wsak Ccnvorgl, : tg to an x € I- ]{ , f l  } ,  I 'or
\ dp (n )  t n  Y t r l r - t * r  wv r :  r  v - i r sa - (>  

_ * *p . /  4 :  
I

each xr € Ef r  x? )F 0 I  the funct ioniTrfs*aso etr let ly posit iv*

so that  ( "n(n(n)) , jn  
' i l  

in  the weak topology of  r i (  v  i '



Sf ( y ), -----p Lt(xt )

sequencq (56rrl) o

t,

ehowe that because ofA moment t s

the canonicaL

$tep 2 the

the contlnuitY'

and" the result

Cauehy in E,

a

f  -baeis has
.,

reflestlrrn

napplngsf

in

1n

no

oontradict lon with the f ,act tbat

weak, Cauchy eubsaquencs*

must be weak

the natural

,.

$tep 4.Let fo 
be a etr ict ly poelt ive funct ional as. lnd' i - '

cated ln  Step 3 * rs '  ,  tho sequence (1o)r ,  (poeelb ly  a  sub -

sequsncs of lt ) bas no weak oonverging subnoqu6nc0 ln L1( f i"

Sj-nce E is silppored. to be eeparablo,tbe Banach lattJ-ca Ll( f" )

oan be viewed' as an lf ( tt )'* space for f 
a erritabre positive

Radon sre&su"re.on a eompact Ssasd.orff epace S.[hen a well known

result d.ue to Grotbend.ieek yleld.s the existence of a sequence

of pairerlee d.isJoj.nt open eubsets

{*r(*} }r, of (xn}n sucb' that

se* ITJ , fheorem

By $tep t  i t

2 ,  for  d .e ta l ls

foll,ows that

h
f
b .'t

DoC S and a subsequence

inr I'* t t*c*t (t)I t f ( t ) = 6 > o

6o = *x(o) . xoo 6 K" ttren

lA* | A ld* I * O {m * n} end for every finite fainlly of real

mrmbers I rn *g have l

t n ),, {^ l l  E  l i  u  l ) ^ l ' l ao l  l f  a

P l ! f "  l l - '  N l I , . l .  Y"  ( ldo!)  >"

? $ l tY" l l '  N  l l * l

equivalent to the naturalrle that (drrl ' is - b a e i e  e  e o 6 c d o



,.:!

We need aLgo a,comblnatorial result d.u:e to H"PnRoeenthaL

I f S] ,lhe arguraent Le so eLegant and, short that we., incl.rrd,e it

here r

:-
1"3 Lg[frf l/t.Let (ao o ]* n bo an j"nfLnl"te natrj-x of positive

r r d  , t  r " j

numbers eueh that

sup
ttl

& {  4  < 0 o
r t dLes i  [en*

. fhen for each € > 0 there exists an infinite eubset I$*C [{
e

arr alr *1r o *
u 6 v l l  v r r g  u

q'a
B u p  L .  , 0 . i i  q  t

i  eN*  *e$e  
2&

* 
.+ f r

Proof. We can ehooae by ind.r-r.ction , for 1.= 1r?r e oo

positJ.ve integerr ki  and. inf ir :" i te subsets Ni of posit ive

integers, euch tha'b for al l  i  :

a) f f  i>1", then ki  6 Nt*t ,Nt* l  p Nl and. kr-t

b,) s 2*l- for aLl f ( Ni ;T
i t B

e k * o i

c i  & r r -  S  2 - j -  f o r a l l  t  € $ .  .-  
6 l K +  

-  r

Then  N ,  = t kp  r kp+ l  no " ,  I  f o r  p  =  f * r g teJ  +  1 ,  Q ' { * *d " *

We s&n now fornnrlate the follolvi.ng crlterlon of wer*k

coinpac*ness ,ffhich extend.s provlor.lo reeuLts d.ue tci Grothetrclj^eak

[?]  an<l  Roeenthai  f  tSJ :

1.4 TiIEORH,l,lrot K be a bound.ed. subset of a Bennch Lnttiee

f! ' owhcse e.onrrex aoXid. hull is relatrl"ely weahly nequentiaiiy

^  ^=^*  .a  - ' . ! - - ,  rnL- . -  4a1 - l  ^ .x - !como.l,sre" i ' i ls folJ-crw:-rig &sseriions &1'e equivaieirt ;

' l



- ' '  
- , . , { 1 . . .

Cwg) K is reLativoly weakly conpact

(R) Thore is no sequencs of el.ements xn € K whtch is

/ ) *

eguivalent to tne natural f,u -baeis and. Span {%}o is

ec lmplemented.  in  E;  
'  i

(Gt ): ff tx'rr)- is a weakly sunmabLe E equsnce of pairt'riee

d.j .sjoint poni 'bive eleruents of Es tbon ' '

l i .n xt 'o(*) * O

unLformly for x € K. "

Proof * Clear1y (wC) 
"# [R]

iR) ,q (G*i,  In. fact ,  t f  the contrary is tnre ,  then

th,ere e,re a vreakly suixrnable $eguenc4 of pai:nvise di'eioint

norp t  eLe$ents *,r ,  € nt ,* 'oi  P'Qp ancl a sequence of elemeats
|  -  . t  f

*r,  € K such that inf [x 'rr(xr,) != & 7 0'  Put

I

i

and

s u p $ t t  ;  x  € K !

* "p  
{  E lx " (x ' r , } i

,  r \  . - 3 , - l  - t  f

e  = ( I / z ) i n f  { d r d  , l  Y  J

By Lemnr& loi we can assums ln ad"dition that

f , x ' t { l x r r l  ) c e ,  n )  t
i$ru \ -

Shen fc:: every f inite farni"ly of seelare A o and' fcr

\ 1
$r" * sl-gn .i ,r" 

to(*r, ) we ohtr*in that

f }  E l a , " l > p l i  E ,  I * & , * l i  > l { X } r r t , , , E  t r d t > l >

) i 3

t L s i  x r r ( 8 " ; 1 1 a " i ! S t !

a $  I  l rn l  *  
F  f f "  l l * i  * ' i  ( l x ,n l ) ;

\ S  s n  t/ r  -T / :k  I  r .  w.



,, "* 'J.l *

whioh lmplios that the ssqusnce

.naturaL basie of {,4 ,le! p;

by *or* in Es . Thc funct:i.onaLe

(xn)n te equivalent to the

be tho band. projestion gonerated.

do[. ; * Prr( . il&l $re paf,rwine

d l e J o L n ^ b  r  O - ( d * * . {  | q I and. in add.ition

%(" 'o)  Z f , q(xf *) * o' (nal=n)snd,

whlch tmpllee that the sequenoe t%)" Ls equivalen'b ta the

natur&L basis of t ,  . lsoreovor othere ls a poslt fve project ion

A of Ht ? onto ffi (d")* gLven by

@  f t r  t

Q ( x , , )  =  5 .  . q ' j ( f - "  j . J -
#r  do r# r r )  

' u

fhe isomorphism u , ffi (*r.)r, --*-F spee d*)o gi-ven by

u ( R 1 = $ J I o l * o  , n 7 4 ,  v e r i f i e s  f f u x - Q x i l  s { l l u * ; 1  f , c r
' l  dn t  r 'n)

all x, € Span (\r lo . ConeequentJ.y the operator p * (AlSEni*o)*$1*

provicleo a projectj.on of Ar ? onto gffi txrr)o .

(Ct), x+ (lvC) (fhe ehort s,rgument here is d.uo to Ju-Abramovi^ch).

Vl t thout loss of  general i ty t to can suppos€ that K is aLeo

l" i .d '  I f  K in not relat iveiy vreakly compact then byconvsr" and. sol"i.d, If K in

our Propoei t io l r  i . l  ebove t i lere exists a pai : :vaie,r  d. i i l jo in i

sequence o:f elernents dn € K wilich J.s oquivalent *o the nat*ral

p
q -trasiso For the eake qf conveni*.rucs 1ve she.il identify "Span(d,rri

tl 0
a s  { 4  o  l e t ' ' u t  €  E r  a p o s l t i v o  r * x t e n s i o n  o f  L  t '  i l u l e G o G } € L ,

- i
t o  1 I * P u t  d t r . * u ' n [ e , r J ! n  o n ? L  r w h o r e  t c r r ]  c e n o t e s

the bend proiectj-on generated. kry d.n l n  # t t "  I o y  e a e h  - u { i f l ,



*" .i ''x

s ',> O. we hevs

X  d '  ( " )  s  u ' ( x )

so that the sequonc€ {d}n)n is vreakly er:mn'rable and, formed by

palrwiue d. isJoint funct ionaleo Fut i l tn(d'n) o. t  ,  xt  ) ,  1 ,  in

.icontrad.Lctton lr l th. {Gc') I  en s*C"
.1

1-5 COiiOLLARY, An operator S from a Eanach space,E.*n$,o,

a vrekly:-eoqusnflally coraplote Eanach lattj.ae I* ls either vreakllr?

compact or th.e restrictlon of 3 to a eomplernen'teri eubspace of il.
A

urh{a}l j-s issnorphl.c to q !e en l"$*m.orphlen.
I 

vrhero I is a spece fl^ t ft ] ( orig:-nall.y d.ue tsSre o&.ss '  . - 4
-:

r f .poRosenthar I t .eJ ]  glvee ue lnformation on t tre exlstence of
.-.

the weak ord.er: unitn s.

1.6 l3IECllEffi" I,et .0 be a Sanaeh epace whose d.ual i.s i.somorphic

ts a Banaclr iattlee and. which is coniaj,ned. in the band. generated

b,) ,  a uui table u ' t  6 ErG. I f  n.  contai .ns no conrplernented, isonrorph

{t
of {r  aad u$i  ls  a c losed, eubspace of  St  then ei ther '

t l  A te crontained. ln a weakly conpact ly generated sub .*

, latt ice af E? having a weak ord"er unit i or ,
l ; ' l l

1i.)  A contsins an isomorp$ of a nCInseparabie tC f '  )  epaae

v.,hiqh 5.s couitlLenented. ln I$., 
', '

fhe lnt*::estecl reader ls rofer.ed. to [,16] ana f,lhl feir



2, Slre r"eciprocal llunforcl*Settis property end other

dis t':J.ngu1.r.rh-ed properti e CI

f

Accord.lne tq [T] a Sanach elpace S' j.s said. io have th*

recf,procal Dulford. *Pettl"e F:rsperty tf evsry operator $ fron

E. into another Banaebr space ie lfeekly co*$*et provi.d.ed that

A complo'bo characterizat lon in oontext

L s now given *

2"! THll0lilfi-{,

Pett is  property

tsomo:'ph. of C{

f"eomorph. .of {,

PartiCularly we obtafn soms few more Banach spaces wlth

the reclproca)" Dunford.-Pett is property such ae

{f maps weak convergi-ng: sequellces into norr*

file clasej-eal exarnpien sf sueh spacss are

f loxive spaces. Natics that the reciprocal"

property ia stable und^er f intte prod"ucts or

convergirss F dquen*es n

C(S)  spaoes and.  re*

Du.nf ord.-Pe t ti s

passing to quo*i . r :nts.

of, Bana*h latticee

,  t  * 4 p < c ' c

co,npleraented. in any

sr lb lat t ice.  In fact  ,

e n ,  v"rhich le lat t ic 'e

A Banach tattlce E has tbe reciproe'al- Dnnfor:d.*

ifrand. orr.ly if u $ eontai.ns no corapienentcd.

o l f  a.nd only i f  A contains no lat t isrr  i i

(&- fn .n**,
I

An usnful

Eanach latt ice

for  each c losed.

isomorphic to

" tw]- l;il l-ilr x' t

f ,
remark is that Vn is

I

wlrich contains it &s a

subLr*t t ice Spei"e dr, )*

,  thore  . l s  &

) > 0" Thuo

fi
t,ON

*Yl

posi t ive fuaet ional  xt  € I*r

ffi{;or* {d,ri}* ie a cls'sed rsul*



let t ice of l1(xi  i  and thus eomplemented. f .n Lr(xr )  orf  a

denotos a poel t ive projeet i .on of  Ln(xr  )  onto f f i (J* , (L))* ,
. . - 1

then P -  {  $o,  } - t  Q nJ*r  prov ld .es a poni t ive pro ject ion

of E onto $parr(%io g

fhen tho proof of 'r 'heorem 2,1 is en irnmed.ia{e oonsequencCI

of this fact and. the falJ"awi"ng ;

2'e tE[frSA" Jiet B be Banac]i. latbi.ce w]rich contains no

lattlce isom.orpb cf tu o T$:len averlr bound,ed. eubset I,; f nr

1s rolat{veiy weakl.y cornpact provi.d.ed, that

{ r } P )  l i r u  s r x p  [ x r ( x - ] l  = e
tx-F e<> tr/6 K 

{:

fo4" every r iealcl; ;  conve::gi-ng seqrlenoe of painriso cl isj i : j -nt

e i e m e n t e  * o €  S .

fh; p:'or:f of Lrernma z.p makes use of an id.ea d.ue to

s.itayer*lfieberg [tt"1 
'.Slnce 

E contalns no conipiemented. isornarph
tl

cf t t  i t  fo l lov ' rs t i rat  l l t  Ls weakly sequent ia l ly  complete.See

{ ' tCI l  ,  [ t l1  or  [4r ,J  f 'o r  d .e t r* i ]s  "Nat ice ntso that  ( rD] ]  hotds

for the eonlrex solid. hur.l f of I{ *y{G shal} prove that f

ie relatLvely wealcly compaat.rn fac"b ,  i f  the eontrary js tnren.

tireu by Proposition 1.1 there exis{ts a peir";vise d.isjoint

s*qu,ence i . i f  posit ive elerncnts ,d 
rr,  € K n which is equivalent

{ } 'to ther unit  yector basis of A, ,  te*'! ( \r lo lre a ,qequence

of, ncrm t pooitlve elements of E Such that

inf,  d'o(*o) = ot > O

P*t ,* := X f* *o o fh*n E* is laitioo isametric to a



'''' :..

. , . , ' ' '

spaee C(Sx) and. the Radon mo&sures 
l"r" 

*,&u . dto €, G($,;)i 
.

conetl tute a basic Bequ'encs equlvalent *o ihe unit  vector basie
h

of t ,  .  rn fact ,  ,  Fro,  A po = u for  f f i  #.$ an* l l *n l l  * f* ( t )*
1  

- l  r l L  
;

= dun(h) > 6q .  Then i t  le eaey to chock the exietence of e

sequence of pai:nrise d,inJoint elements yn € Sx , C € S,, S x*

such that (by passlng to a eubeequenoe i f  necessary i  l

It* 1o H* (t) {f ,"(t) > o
F Y

See also[?], 'f ireorern 2. T]re elements dn * \r " Sn € S* C B

are palrwise r i . is joint ,  l l  E l l  -< t  for al l  n and. inf d,tn, i \)> O"

fo conci:rd.e it ou*t' ' iqes to recall an. argument dus i;o "TnoAnI

Abranovich which yteld.s that q, , -p 0 in thet weajf

topo logy  o f  E  ,See l t i  ,  Lernma 3 . ] .  In  fac t  n  i f  rve  Buppos$

the contrary ,  then there extsts &I3 rd? € E? u x ' )  O, wi th

i  in f  x * (dn)  =  c  )  0 -  Then" fo r  every  f in i te  fan i l y  o f  sca la** ,1*
o

we bave

xlr,. l  > l l  x trn"d^ i l  = l l  D l),o[ d" l l

X hurl *' ( Jr.) >

X  ! h * l
in contrad.ictioa with t,hiu fact tl:a'b S ccn"teilns nG lattics iscmoxph

t ] \
o f  { " ,  n  Q , o n d . u' t '

Anotl te::  d. ist inguished. property introd.ucesL in I f i  i ,s t i re $o

eal}ed. Dieudonuet property l  a Banach spac€ E is said. to have

the Dj.eudonnd proporty if every cperator f frorn E into

enother Banach space F le r.reakly compaet p::ovid.ed that T maps

4>ff i
\ r c6 'li*rll



:  - - i  . , " -
g

weak #auchy ssquencee into qeak;eonv$rg5,ng sequenees "In tne

sequeJ" wo shell be concerned, $rlth s slightl.y stronger oondition

of weak conpactneso related. to eerll-or work of Srothend"ieck
F  F  . - r  -

[T ] enc Pei-crynslc$. [{+] on, s(s,} Bp&eos , ..,

2."3 DE3'I$ITtr01{" A Banac}r epece n has the strict DLeuConnd

property {airbreviated. sD} j.f S verifi.es tne follovring

equivaient condltions :

(p) Svery operator from S tnts a Banaeh spacs F is eitberT

woakly conlact or the restrictj.on af 'I to a sul"lspaoe lsoncrprble

to @^ is an leonorphism ;
{J

(C) }. b-ound.ed. subset K C En is relatively weeirly coa -

pact i.f {er..!.d. onl"y i-f } for $vsry weakly euirrraable {sequenoo af

oJr,msrrtcr y € E Wg havgv - 6 v M v 4 5 u e  - ) 1  , Y s

l inn xr (x , . , )  *  0
11 *ts r)€

unifo:mly for xt ( Kn

It i"s cJ"ssr tl lat *, Banach spsCIs nith sD eontains nc,
f)

eomptrener:.ted. ieonorph of {.4 *nd 'se eonJecture that sD

i s&nsl p::ecX,.sely thle fact .

ffre strict Dieud.oiurd property is stable und.er fi;rite

prclaucts or passlng to quotlents .

2*4 {$i"AORAM " I*et E bo a tsc,nsch }attlce wlriek ccntatnd

tlo c$rfiple:n*nte,3. *opy of, {, .Thsn eac,h, of 1ihCI folSowi.ng oerl-'i

d.i.t icne i"mpi.les thet .0 hee the etrict Dier:.doru:6 prope:' i;y, i

&) f i c*ntaine no , ':eflexiye subLettice ;

b) F'ar eaeh )H0 | e Et r there eriste sn x € E w't"th

! r ! $ l  . . ,  l ' , .  I  
l

l , L -  |  +  l . r l  i

c) S is rJ '-complete and. rqi . th fJ '-continuous nora {e'g'e



i i ' _ i - .

E has an uncond,itlonaL basls ) .

-- Ffoof; a) We need. a 1rftore csreful selection of the e1e-

mente d* in the proof of, Leinma 2*? above ,na.nely to observe
u

that the foLlowS"mg two posaibi.l it les oc*ur t

?n+r
q""a r I

s n  #  
L  i o d n  > o

kaf*+.{

whicb ls equivalent to the natural basis

contains an leomorPhle'coPY of co

n € i N

, w

r) s,ran{fo}"

fren SFan (&o)* conteine a block bael"c sequencs

1s woakly

Horeover

and,

and thus bY

constl tutes &

b ) t e ) '

is relat ivelY

suffinablo .see [6.] ,Theorom
I
i

F^*'
t 4

&F* * **1"-r*
u frrn, - Fr

Lnf s.orr(ro) *

l t

d'+o
*".Pon'

inf ll r* lt > o
a

eontains nc inomorPhio eoPY of Go

of Go and. thus (n*)n

2e pegs  gG o for  d .e ta i l s '

of pairtrioe d.iejoint

generalitY Yte can $fi.Ppose

? C f . r

i i )  Spen (dn)*

Thdorem 4 *n [6] r PsSs 9S r

ref lei lve sublatt ice of,  S '

Span (drr)*

It suffldes to pro\re tirat a bound.ed subset I{ q, st

weekly coryPaet Provld.ed. that
i
1

I l n n  s u p  t * ' ( % i l  : $  o
. f t*Fe)6 

Xr € K

for every

elemonts

that K

weakly

t-r, € E

is  a lso

summable sequ$nce

" Without loes of

sol id a

fu,,ra 4 b4 %4
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let d*r, be as in the p:roof ef Lernma 2.p abovern ( N r

For" tho sake of conveni.ense we shal,l. id.entify ffi (ilroln

fl
as 

h 
.  f ,et rrr  t  € .Esr a poCIi t ivo extension of,

r # '  (  1 r 1 . s  o c 6  ) e f *  t o E t  a n d . p u t  % n - u t f o [ u r o l ' q  E r f

n, )z t , vchere fdt'rrl donotes the band proiectios generated.

by dt* in St.  fhe seguence (ra)n is weakly su:nmable 
?

and fosned. by pairwise d.isjoln* sleinente .ttren the proof end,e

in the case ci  by observlng that

" r r ( 1 r i  
: =  s u p  x $ ( x )

0 < x . {  x r
X € E

for el" l  xe € Et and. xr t  € IJ! $ o&n alternative proof f"e

obtaln*d. by e$mh"j"ning our }enuiie e"3 above rvirh Lenn* e in

[*,3J , w]ri*]r aseerte that fcir eyeEF weak eauchy sequ$noe

slement of E sueb *hat, v, A. {-{,"" ft:.ea we ean proeeed as
i

i"n tlre proof of Lremma 2,2 abgne by choosing xo = u I j l ull

for  eac i r  n  $ t  s  {o€nd. .

2.5 SOft0LT,ARf , tet E bo & fi - coriplete Sanach lattice

sueh that Hs has the Schur ,prcperty { i"en, every lveak}y

con*f,er$ing r,:eqrrence of el_enents 
:f 

U? ie nolsp. ccnverging ).

*lern E has tire str:ict $leud.onnd property.

(x"); *n E thore exists an weaki;r eumsleble sequenee

- ' 4 . ' / { } " \

[ trr]r, in h #o that 
1"" 

;G 
# 

t* ]r, :onvsrgee 
weakly to o*

In the ea.ss b) let us d.onote hy u a posi.t ive

a d
t



. . .  i  ,  . " .

ftre sane ls true for E a ff -conplete Banach lattise

whgoe d.uql bas tho Red.on-Nikodym property (i"eo pov6l?$ integral

operator with valuee in E$ is nuclear )"

proof,Slnce f i  is 0-*coraplete and" contdins no' isouorphic
h

copy (equivalontly rno complemented" loomorph, ) of fl@ tt

fol lows from [tC] {see also i : l ' i i  o* [ t f ]  ]  that E- 'has order

coni lnuous norra and. thus applten frreorem 2n4(c)r abovep QoBndo
I

Partlcularly from the result ab*ve j.t follows that tbe

Baiiaeh space
eo

# * tF,* #0,*,)*.
Y

has tho striet Dieud.onn]d property" fhe spaaCI f ean be

isometr ical ly embod.d.ed in so €o$,n by using the napping'

(x , . ) r .  *  (4 ,q  + *q. i ,4**#or( r+ * r i ,+  (g ,  * r *  t ra* t t  r

cl , ( i  -  q& * *g r- t  *A;+o3 r . ' .  )

2.6 ryHASRH,{. L,et E be a Sanach space iooncrpklc to a

su.bspace or to a quotf.ont of co " lhern E has the e trj-ct

trleud.or.nd ProPertY o

Proof * Th.e nontriviel *&se ls where H is & sulrspace

of c^e Then ac 5.s separable and" thus evsry bounded' Eeql'xenso
U

o f e ] , e m e n t s o f g c o n t a i n s a w e a k C a r r c h 5 ' o u b o e q u e I t c g ' I f
' !

f  € d,(pr l , )  i$ not rde**fy compact then there ,exi f f tn a weai t  con*

Vgfgin6 '$equsnae t*rr)r, i-n F rjucil that Eiuch that

l l  T*r**t  -  Tto 1l > o( )  O for each wZ 9*According fo lemma I

i "  [ 'U , the : 'er : -L : : ic t icn of  T l ;o  a  subspl icc  isornorphic  to  Go

i " e  a n  i s o m o r P h l s m  r Q " € n d .
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A Sanaeh epace 8 le  sa ld  to  l isve *he Grothendleck proper ty
t '' :

l f  uo*oy weslt t*sorlv€Tg+ng ss,qnence !.n Et is l t reak converging.

G r o t h e n d L e c k  h s e  n o t e d  t n  [ ? l ' { , h a t ' b h l s  l s . b h e  c d s 6  t f  B  l s  a

s p 8 c s c ( s } * * * n s g S * o n e a n s 0 m p e c t s F 8 C o .

A compl"ete characte l lzat lcn ! .n  context  o f ,  Banch le t t lces le

now glven I

2.7 f ] I f i0f inM' The fol l"ow[ng statemente sre equlvalent fol  E

I  Banach  le i t Lce  i

e )  $  hss  the  G to thend ieck  pyoper t y  i

b )  Ave ly  opera to :  f ron  E  in *s  s  sepsSab le  Benach  epace  i s

wemkS.y conp66{ i

c  )  Evexy opetat  o t  s  €  f  e  urc^  )  ! .s  weakLy conpact  i

d  i  g  hse the ety le i ;  D ler idsnne proper ty  and E conte lee

n0 cor :p lemen*ed isomctph of  c  e
o

Psoo f -  C fe* l t y  r  d )  q=p  b )4 : : 'F  c ) "

s)  
"+ 

6) .Yfe have only  to  ver t " fy  the vreak sompactness

t t f o n  a . :  s b o v e " r o n o  n o t l c e  f t l e t  t h a t

t)
beaense 

'S 
conte lne no complennented $.somotph of  {^  i . t  f  o i " lows

r
t hmt  E r  con toSns  no  i sono lph te  copy  o f  co  end  thus  E t  1s

.
r veak i . y  sequen ' l i u l i " ; r  e *mpJ .e te .  i f  ( den )n  g  8 t  i s  s  Fs i yw lee

di jo in t  r+o i iu* i : rce whleh is  eqrr lvu ient  to  ' t l ie  natute 'L  { ,  bas is

etu* /: ( a) Fa
it -a oo

ttieri
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f gg E ofiie

ls  not
- - .

ment of

€  U  (n  ys  the  G to thend lesk  pxoper t y  snd  {d 'a ) r i

wgak  Ceuchy  ) r '  so  tha t  [ t  l ena lns  to  tepea t  the  e rgu -

L e m m e 2 , 2  w l t h  x = x r '  * d  f , o v s l " t  B € [ t l

d)  .+  b ) ' I ,e t  f  €  Ctso  "o  
) "  secsu$e s  has  the  s t r i * t

Dlendonne plopexty l t  fo l lows that  T {n e ' i thex weakly eompnc*

oy  the  ree t l ie t lon  o f ,  s  ts  n  eubspaee F  n ' l *ooronph lc  *o  oc  ]
. r !

i s  an  t so raoxph iom"Secanec  so  l s  eepe lab ly  tnJec t l vo  { sobc ryk te

lae ln  xest rJ . t  t r j  [e t  i  ] ,  there ex i .s ts  s  bouncied p*oJe* t lon F
rr

o f  so  on to  T (S) "  Then  a  *  (  S  lF ) * ' uF  o  f  p rov ides  I

bou: rder i  proJect lon of  E pnto F '  5- r r  co: r tsadic t lon wl th  th .e

l
feet  thet  S conta lne no icompier*ented le iomoxph of  oo e S.*Eodo

Fxern  the  vesu l t  above  i t  f  oL lows  th * t  &  f , i pae  e  f i (S  i  hsE

the Grothendlec lc  pxopexty  L f  ,anC only  I f  n  C(S )  conte ins nCI

complennented teomorph of  j  eo e

fhe  p loo f  o f  Theorem 2 ,?  above  cuggeu ts  n l so  e  poe i . t f ve

sn$yret r  *o  *he fo3.3-owlng ex"benelon of  gobczSrkrs  leeul t  (which

cone t l t r r t es  the  c&se  where  S  *  0 [o r f ]  I

2"8 pnOBl lSI ' { ;  Let  E be s  Banach la t t t rce which conts ins no

c omplernent e d ls omot Ph I of
f\
, t

and fc* and Let F be I

complemen*ed tn E ?s t ibsp i :es  leoxnof  Ph lc  to  co

h
E*4

I s Fo



3. Absolute contLnutty and. stabi"lity

the etm of thie sect'lon ls to precise a result in [43]

concernlng, the connectl"on between weak eompactnees rabsolute

continultSr and. stabtli-ty , -'

Reeatl that a ssqu.ence (Xr*)o of elenentg of a Benach

spece E Le etable {with ltrnlt x} lf thene exls"ts an x € E

such that i

! !  4  & -  - l l
& '  * , 4 "n ,  x i i  * +  o

unifcrnl;' in the eet * .t, strtetly lnereasing seo"uences

(kn)* of naturaL nunbelrs *this coneept comes from erg^od.ie

tlreory { & as&$ure-pr8sertr1ng point transformstl"on t I 'e

stable i f  for every f  € i ,r [or l ]  the oequence (t"t*)*

is steble in the Banach npace lr [0r13 ]  and wae f irst studj-ed

by Erunel and. Sucheston [4J .stabix. i ty impl ies ref lexivi ty

bu,t the conver.se ie kn,ovrn to feiLs. $ee [3] for d.etai le"

t
S i v e n a p o s i t i v e f u n c t i o n a l  Y  o n a  C * a l g e b r a  E t

ws c&n consid.er the following relation of equivalence

xrux i . f f  YK*-$)*(*-p)+(x-g)(x-3 i*J*o

Then tho completion ,Xa( Y ) of nf* * ' i th respeet to

* ^,f.

rr rr ,nl/a rA-lLgJlL \
l ! } : l l r  / . n \  * ' i {  \  n  )- -  I lzr \  LY I  4r

4 t

the norxn

verlfies *h* parallotr-ogramts law aad. thus |e a Hllbert spacq"

;
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[he following re$utt suggests that every rveakly compacf,
*

operator def,ined on a S" *algebre can be factored. th.rouglr

a superr,oflexive spece . f;oropare. to fhe rualn reeu}t i,n ['Si "

*
3.1- Tt{I*0Rffi. T,et E be & S 

-* 
algebra and. let $ be &n

ope::aton frcm E int$ * .iSsnach upace P n fhe following esserti"ons

' ars equivalent 3

. (wC) f is wealclY comPact

(c$Z) There esiste * poeiti"re functicnal- 
Y € tat sl,:ch'

that

l l  r ( .  )  l !  s  e  f i . l i  +  S6e  r  l l ' l l .r  1 '  " L & ( g )

for each €, > 0 t

(st)  t  mapr bounr l .ed.  seqnences into ssquonc€s rs i th st$Ihle

suDsoquenceE o

01ear1y r BR apprapriate result i.s true for I* a l lanaeh

*
spacs whoso second. dual ls conplemented. in a C *algebra.Parti"*

cularly this ls the cs.so lf E f"s &n *d" 6paos in tire sense

of lrl 'nd"en$traues and Pelczynole:l[$J ana t]rus tirs e]rove result

extend"s part ial ly our fheoreul 2"3 in [15] €

Proof. (sC} S" (A,Cr) trndeed o the second dual.  of a
t

C* algebra is s vgn l{euruann *lgebra and a resir.L'!: dlre tO

S"A," Akereann tei. yield* & nonmel form f on $?s sueh tlrat
e  r -

f o r ' e a c b .  € >  O  t h e r e  L s  a  &  * d t e ' F  p  0 '  f o r v v h i ' c h

x € ,T e llx ll * t and. $ (x*x+xxo )* $ unpl5-oa iit" ii< E

sonsequently !i tt . )rlle s !1" l[ + 
Th" ii' 

lit*(f',, ror *]1 s > s*



I
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(ACrl *+ (st)i. A reeult tl.ue to 3run'el atd. $ercheetora [h]

asserts that evsry bound.ed. ssqLlsncs of elemente of a l$ilbert

epace has & etable $ibsequsnos and thus thus the p:roof is &n

Lnmed.iate conssquence of the followfng eetlmate ,guarautecl by

(ASt i a ,d

ll -!== E_ *u, - J-. I 'o; l[ s
f,o_noL I ;€I Lr*ed 

e€& 
q

Itere I and^ J d.enotes two ar'bitrary flnito subsets of N .

(e t )  *  tw$) , f f  ts  €  d(E,F)  ie  nob weakly  compactr then

a result d.ue to Lindenstrauss and. Peleaynekt [$J yie]d.n tbe

exi-stence of lwo operrator.ri Si f Jf t q rs): and. s* ( f1s', f*)

such tl:.at

Sn a 8o $1 o, f i

{ l n
where (f l, tt ** 4"* ls given by

o " l t  '  '  Y L
o- \ to {n )n* )  rm ,  (Z* , . ) " ,

K = l

$S.ncs f i -  i .s not etable ,  nor T can be etabte peooud.

s € *ruxlrti r$(eili ** &", Wfir-;li*U,- v

3"? e$RCf'LARY"Let f be a weakly *ompnct operaton given

en a C"\-algebra E u wlth val-ues in a Banach space F" ,Eren

f 'mape weakly '"rncond.i t ional ly ccnvergent soriee of posit ive

elennents $nto noym unconditlonaLly oCInvorgsnt eeri"ee +
. J

. t



3.3 COR0LIARY (non commutative Dunford*Pettls propertyl

L,'et T be a weakty eompact operator given on a 0F-algebra

E . f h e n  *
t

l*r, [ .+ o in the weak. topology of E Lmpltea lio*t, ll --+ a

Ilere tho nonstand.ard. mod.ulus of an-.olement r. F is

d.efined by

l* I = (-"i*Jae- )"" 
i

In the conrnutat:Lve ce,sa xr, '"5 p 0 alLways implieo

I  i  W  a  -  r ,  -  - L -

I *" I - 
'b O r so the.t a weakly corapact operator givon

)
on & CtS ) spa$e meps weak convergi"ng sequ$noss into not$l

converging rroqusncss e

For sequsnces in the unit sphere of a Hi.lbert spaee veak

and norm eonvergencs agree j . "euo i f  (*rr)r ,  is  a sequenos

which convergeo weakly to x an,L if l lq t l -*-p l lx l l  then

l l  *r ,  -  x l l . * -+ On hre to the cond. i t ion tA0a) i  above the

following reeult (of the Radon*Rieez type ) ie trrue I

3,5 E{EOREIJL l,et E ho a quo'i ient sps,ce of a Banach spaee
l 6

whose second. d.unl is conplementsd. l-n a G -algebra and let T

be a weakly cr:mpact operator d.efined" on E c

If tx*r);o is & sequence 'rhich conirerges weakly to x j-n

u and if 11 *oll *-*-* ll " ll 
then ll ryo rx ll ****' 0'

Thesrem 3r1 above .has a coltrpanion ln tkre setting of



ord.ered. Banach speces whlch wes first noted ln [tS J .

3.6 tEEORmfi,"-Let E . ba a Banacb Lattice whoee dual:ie weakly

sequentially complete and. sucli thet n is contalned tn the baad.
;'  

gensrato i t  by a su i tab le  ut r  €  Et r "  I f  
' f i  

l ,e  a  weakly  campaet

*perator frcm E into e Be,neeh rpace F then

,a

'  
* € E r l x t $ x " ,  & ' ( l . x l ) * < $ ( e r x l / )  l m p l t e s  l l  t ( x t l l s e  

' '

for evory g

(st )r If (xrr); in a Fsqusnce of elements of E which

is cz.der bausd.ed. in, glt thenj tt"--)'n has a etable, sub *
-  I  . -  r l r r' / ' r

sequence .

We d.o not know. wheather the corrd.j.tion (,st) in Eheorem
j

3.5 above *rnpllen thg^t S ie weakly compact .The answer ig

afflrmatlve at least for Banach }*ttices 8s J.n fheorem 2.4 .

o
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