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@
Abstract.A number of distinguished_properties such as the

(rsciprocal) Dunford-Pettis property:,the Grothendieck
éroperty , the strict Dieudonné property elc..are dig=
cussed in the context of Banach lattices.A characterization
in terms of absolute continuity and stability of the
weakly compact operators defined on c*»algﬁbra is also

includede

Introduction

In his remarkable paper devoted to the atudy of the weékly
compact operators on C(S) spaces, A.Grothendieck.i?% has
proved that a bounded subset K of C¢(S8)' is relatively

weakly compact if, snd only if , lim sup ‘L(On} = 0 for all
YL -3 00 }L&K :

gsequences of pairwise disjoint open subsets On of B.Pthis

was used later by H.P.Rosenthal [19] tb formulate the concept

of a relatively disjoint family of measures ,wWhich is instru=-

The main results in § 1  have been amnounced at the

Symposgium on-Functional‘Analysis- and its Applications,Craiova, -

S ~5 Pns rmr-
28 - 29 october , 1977
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ﬁental in his criterion of wesk compac%ness in a spaée Ll(p.):
A bounded subset K of Li({k.} which is not weakly compact
'contains a ﬁééiéiééQﬁéﬁce (Xn}n which is equivalent to the
. natural & ~basig and such that Spen (x,), is complemented
in Ll<f¢ }
The main result of the firet section extends fhis criterion

in-contéxﬁ of weakly sequentially complete Banach lattices and

.8

yields also the following dibhotbmy theorem : An operator T
: weaklv
from a Banach space into afsequentlull complete Banach lattice

is either we akly compact or the restriction of T to a complemented
subonace which is 1somo“phzc to z§ is an isomorphism .

Section 2 is devoted to characteriz zing the behavior of
weakly compact operators defined én'Baﬂ ch lattices in terms of
unconditional bagic gequences cFor example it is proved that every
voperator T defined on a Banach laitice which contains no comple-
mented isomorph of éi ig weakly compact provided that T
maps, weak‘Cauchy gequences into na T convergiag gequences (the

reciprocal Dunford-Pettis property;e

U T

L7 4

»A special attention is paid to finding the conditions

under which. the following dichotomy result (a variation of the

pe

Dieudonné property ) holds ¢ Every operator from E into a Banach

|
space F is either weakly compaect or its restriction to a sub -

space igomorphic to €4 is an isomorphism ,
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wits, w‘} wore

: Tge paper ends with a non commutative extension of the main
result in ﬁ%] (see also [{5] } concerning the connection
between weak compactness, absolute continuity and stability.ﬁs
an easy consequence we obtain the following noncommrutative
Dunf&rdeettis property : Let T be a weakly compact 0perator given
on a Ck -algebra E. Then : |

|x, | —=0 in the weak topology of E i??lies HTxnl!-ﬁ>DA

4

i 8 { :
Here the modulus of an slement 7z & B is defined by

% F\A/2
lzl = (E z;%%—m) .In the commutative case z L o]

allwayg implies §xn§31w% 0, ec that a weakly compact operatcr
on a C(8) space maps weak converging sequences into norm
converging sequences .

Gur approach makes /use of the clasgsical results due %o
S.Kakutani ,concerning the AM and AL spaces . Particularly we
gshall need the followingfcomstructio&.

Let E be a Banach lattice.Por each x € B , x >0, we
can consider the order ideal generated Dby x ¢

Bp= {yE€E;(3) A>0,iyisAx
normed by : '

iyl = inf{ X ;lyls X x}

Then E_ is an AM space with a strong order unit (which is x)

and thus lattice isometric To a space C(S_} .We shall denote

by i_: E_ —» E the|canonical inclusion.
For each x* & E® , x*>» O , we can considexr the following

relation of equivalence on B

: L g ~2 ,~‘-~ TR TR L S
X @0 Af,ond only AT , xixl) s 0



., @ we
*

Then the completion of E/~ with respect to the norm
Nz, =='(l=l)
is an AL space , 8ay L1(x*E , and the canonical mapping
E oo Lifx’% will be denoted by jx” . An useful remark is

that - (§ Mt =1

5 for each positive x' € E'.

2 e
The amthar ia much indebted to Ju.A.Abramovich and

N.Popa for many valuable suggestions and criticism .

e



1. A fundaemental dichotomy

The main result of this section ‘(see Theorem l. 4 below)
generalizes gn important xesnlt due to H.P.Rosenthgl [18]
which agserts that every operstor Télgf(E,él(F }) is
weskly compact or the ¥esiviction of T %o gdéomplemented
subspace isomorphic 1o Q(i’) i3 an igomoxphism.The esgen-
pial ingredient ... *in ouvx proof is a wegk compgcitness exi’ =

terion in terms of sequences of paiywige disjoint elements.
A bounded subget K of g Bgngch space E ig said to be

relatively wegkly sequentially complete if every wesk Cauchy
sequence of olements of K is weskly converging (%o an element
of E )s A subset K of a Bgnaca lsttlco E is sgid to be solid
it *Shebs ix L s 6K implies y € K.

. 2

' 1.1 PROPOSITION.Let K be a bounded convax solid subset
of ¢ Bgnsch lattice E. Thgn K is relatively weskly compsct
if, and only if , K verifiés the following two conditions :

i) K is relatively weskly sequentislly complete ;

i1) K contains no sequence of disjoint élsments which
is equivalent to the natural ﬁ - basis. } |

The proof.is : éoﬁsequence of the main zesult in L20]

(which apserte that evexy bounded sequence of elements of g
BSnaah space contgins a\subsequence which is either wesk
ngc£3 o¥ squivalent to the natural a'vbaeis }: and -the

following

e
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1.2 LEMMA.Let K be a relatively weakly sequentially complete

convex sgolid subset of a Bansasch lattice B, If (xn)in is a sequence

of elements of K which is equivalent to the natural & ~bagis
then there exist an increasing sequence of natural numbere k(n)
and a sequence of pairwise disjoint elements dh € K which is equi-

valent to the natural é‘ ~basis and such that [c’inlsi gk(n)‘ smiz 1.

Proof.Without loss of generality we may ,and we do assume,that’

E is separable.Then E' contains strictly positive functionals p i.e.
. , i

o

> tg(x)mﬂ implies x = @

In this case the canonical mapping j is one~to-~one, so we can

f

i&en’éﬁ.:ﬁ‘y E as a vector subspace of Lﬁ.(‘(‘f ) i

The remainder of the proof will be covered in four steps.

Step 1,

£

R is strictly positive then K is an order ideal

of Lli ‘i’ } i@eo,

e Lj_(-c‘i.i‘ s ¥ € K and |[x{glyl implies x € K

Indeed, 1t suffices to consider the case where =x ,y > O.Since
B is dense in the Banach lattice Ll( i{}‘ } sthere exigts a sequence

x ] , ~%0.0n the other hand

X elene : s : -?, 3. -.. t . ‘
of elements %, ¢ B such tha Il X,

| (v o)A x »—-3::;_& i Vo = e =% |

gc that we can assume in addition that O = < X "and
Gy

. &:;Y}. S
”"XEE {’::2). 9 n-,?,,! ® P!}'.t

R
x, ¢
el “{_Xk i k> n}
Men
where the supremum is taken in E''., The sequence ( \/ Xk}-;:n s
) K=m

o
Y

crmed by elements of K for sll m > 1 , is weak converging ,so0

S

X

o«
®
p

‘5"13 € B. Since Q < g ¥ it f‘o}.lgwu 'i;htll}v 2o € K and in a



“gimilar way we can conclude that 2z = A\ z, & K. Then :

I - sl =yam lix - Tm i, <
‘gy}ifwﬂ DX ll. =9

. and thus x = 2z € K.
Step 2, If Y= Y are two stfictly pogitive functionals

then the identity of B extends to a mapping. ity ) — Li(nf)
whose restriction fo the closure of K in Li(\f } is ongmtamonéa
In fact , we have to prove that
EreiE ) x>0 implies Lf{xi > O
For, choose a sequence of elements x, € K with Ogx, & %

2~n for each neld .As above we can conclude

/28

and |[x, - x i

Y
that
L= X > ﬁ?, e O
k2N
Beceuse the sequence of elements 2z, = N\ X -€ K is non
Kzn

decreasing and *’(k)>’0 it follows that S O o s (e G |

sl O

and thus  P(x} 3 ~f(zn0) > 0
Step 3. There exista a sirictly positive functional %2 €E'

i) with no weak converging, gubgequences

and a subsequence (xp(n) n

in Ll(if Y In Pacti; if the contrary is twu@ ,fhen given a

strlctly pOnlth@ functional c? & L' tner& exists. & gubseguence

(x } 2 hhjCh.¢a weak converging to an X € LIC’f }. For
p" ; \%” ‘)\,,/ 3! - v
each x' C B G O s the funCﬁlcnal also strictly positive

gso that (xq(p(n)} . e X_ “An tne‘weak topology of Li(g%‘)@
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A moment's reflection shows that because of the continuity

of the canonical mépping Llc‘¥ ) Ll(x') and the result
in Step 2 the sequence (xp(n)}n must be weak Cauchy in E}

in contradiction with the fact that the natural f -bagig has

no weak Cauchy subsequence. i

- Step 4.Let ?L “be a strictly positive functional as indi-.

e
‘4

cated in Step 3 i,e. , the sequence (xn}n (posgibly a sub -

gequence of it ) has no weak converging subsequence in Ll(q% e

| Since B is supposed toc be gseparable,the Banach lattice Ll(fz }

" ¢on be viewed as an LlétL J= space f£or Woa guitable positive
Radon,measure:on a compact Hausdorff space S.Then a well known
result due to Grothendieck yields the existence of a sequence
of pairwise digjoint open subsets Db_C S and a subseqﬁenc&

“

(Xk(n})n of (xn}n such that
: T int &

See E?] , Theorem 2; for details .

| % ny ) | dptt) =650

™

b

By Step 1 it follows that 4
|

{dm{ N\ ldn{ = 0 (m #n) and for every finite family of real

= Xk(n); ¢ an % K. Then

numbers Ail we have :
12 d =02l ldalll >

el T D, (1)
> Sl 17 2 X,

- 80 that (dq}q is equivalent to the natural £§~basi5 s Qo@ede
Y i pé s -



<

Iy

We need also a combinatorial result due to H.P,Rosenthal
[19] .The argument is o elegant and short that we:include it

here :
1.3 LEMMA.Let (ai jEi 3 be an infinité matrix of positive
b4 Lo} I

numbers such that

&

sup a, . < oo

: LeMN - é"é N tsd
Then for &éch £ > O there exiasts an infinite subseé‘ﬁ%€:§@
such that

gup {ZJ ,Q,&-‘}: < £
v v )
LeN,  feNN _
i
Proof. We can choose by induction , for i= 1,2, 44

positive integers ki and infirite subsets N, of positive
o

integers, such that for all i :

b} >4 & 4 € PRt L suton all ﬁ €Ny

.(_,.a e

Gl
= i ; ¢ ’
el aﬁ,ki <D fcy gll. ot € Ei .

Then N ;~{kp ok sose t for p m~£wlggiij bt nad

£ ‘§+l
We can now formuiat@ the following criterion of weak
ccmpagﬁness which éxﬁﬂnds previous r@smlta du&,tQ.Grothén&i@ak
[¥] and  Rosentnal [19] : ik
1.4 THEOREM.Let K 'béna'boundea'sgbs@t of aiﬁanach lattice
" E ,whose Qonv&x'aciid huil is rélativély_Weakly'éequ@n%ially .

&

complete.The following assseriions are equivalent



(Wu} K ig relatively weakly dompact s

(R) Th@re is no sequenca of elmmen+s >3 € K which is

equivalent to the natural é -bagis and Span ( n is

K
% -

complemented in

-

E 3
(G') It ('3:'1):‘,l ig a weakly summable sequence of pairwise

@

disjoint positive elements of BY then

K] ¥ ik
lim x n(x)

-8

uniformly for x € K .

Proof.Clearly (wC) =% (R}.
(RY => (G')., In fact , if the contrary is true , then

there are a weskly swmnable sequencs of pairwise disjoint
, |
normn 1 elements x', € AR o ‘? 0, and a sequence of elements

x, € K such that inf§ A )éz § > 0. Put

A= st_zp .%mt SxER}

; ‘ = EHP{ZQX“{X‘HH i x'EE',x 2“1 }

and
5"20‘

£ -(1/2)1nf‘{g )

By Lemmaz 1.3 we can assume in addition that

G : ;
.Z‘/ = i{’}uni) < g s N 2 j..
LEN
Then for every finite fawily of scalars sz and for
i |
|
< . A .
£ = sign A X'n(xn) we ohtain that

R I gt T

3

$ETPEE T N G s

(e A
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which implies that the sequence (xn)n is equivalent to the

natural basizs of 84 et Ph be the band projection generated

# 3 ok 1 E S : l = .
by x in B! .The functionals dn{.) = Pn(.ﬁxnlare pairwise

d

I

digjoint , 0 g d, g Ixn:l and in addition

BN ]

aagat psif and  d (x! ) = 0 (m#=n)

which implies that the sequence (4 )

is eqguivalent to the
n’n !

natural basis of €1 JMoreover ,there is .a positive projection

G -ef BYrionto - Sgan (dn}n given by

g2 /;( /)
WS EES  LRR

The isemorphism ¥ & Span (x s §§§i(anyn given by

o B34, verifies Il ux - Qx:ii$‘%1133§§ for
S - Y

u(x,) =

=t
all x € Span (xn}n . Consequently the operator P = (Qj Span( &, Q)aQ

provides a projection of E'' onto Span (xn)n

(G')} =2 (wC) (The short argument here is due to Ju.Abramovich}.

ﬁﬁhou# loag of generality we can suppose thaf K is also
convex and. so];d If X is not r@latxvely an%lv comn?ct tnen bv

‘our’ Proposition 1.1 above there exists a palrW¢sa disjoint

gequence of elem@nts d § E Wblbh is.equivalent to the natural

t" . -y on i - 5 - N - e i : - A 5
t, ~basis., For the sake of convenience we shall identify bpan{mq}
{ B K 7 3 R 5 &

~ 4 Seiie b : : : Bl
as t, . Let u'é E' a positive extension of 1 = Eli i it
4 , P _ o

wnm——

-

to By Bt &% =ule Ednj E,nzl ,,wh\r@ ﬁé_} denotes.
_the band projection generated - by dn in E''; For each A,&E,4



e

x'3 0 we have
> d'n(x). s u'(x)

so that the sequence (d* ) is weakly summable and formed by

3
nn

pairwise disjoint functionals. But d' (d ) = IS dmeasnd

contradiction with (G¥) , g.e.d.

<4

1.5 COROLLARY. An operator 7T from a Banach space-E;inﬁu

a wekly sequentially complete Banach lattice I is either weakly

compact or the restriction of T to a complemenied subspace of R
p e

whickh is isomorphic to E‘ ig an igomorphism,
|

T@e case where L 1s a space a( M ) (originally due to

H.P,Roaenthai‘figz )} gives us information on the existence of

the weak order units g

1.6 THEOREM. Let E be a Banach space whose dual is isomorphic

-

to a Banach lattice and which is contained in the band generated

by - a suitable u'*¢ Ef*., If E contains no complemented isomorph

of g and A 1s a closed subspace of E' then either’

i) A ig contained in a weakly compactly generatéd gub -
lattice of E* having a weak qrder ault o or

ii) A contains an isomorpgfof & nonseparable Q(%‘ ) space
which is complemented in Bf.

The interested reader is refered to [16] and [1%] fer

detailas .



2. The reciprocal Dunford-Pettis property and other

hecording to[¥] a Banach space E is said to have the
reciprocal Dunford ~Pettis property 1f every operator T from

E into another Banach space is weakly comﬁacﬁ provided that

T paps weak converging sequences into norm converging sdquences.
The classical examples of such spaces are C(S) spaces and re-
flexive spaces. Notice that the reciprocal Dunford-Pettis

property is stable under finite products or passing to quotients.

A complete characterization in context of Banach latticea
is now given 3 .

2.1 THEGREM, A Banach lattice E has the reciprocai Dunford-
Pettis property if,and only if , E contains no compleﬁenﬁed
isomorph of E{ , if and only if 'E contains no lattice ol
isomorph of g{ .

A Particularly we obtain some few more Banach spaces with

the reciprocal Dunford-Pettis prdperty guch as

( oo

\Z@E (.n}) i 1 gp=eo
?w‘iél P <o :

An useful remark ig that EQ is complemented in any

Banach lattice which contains it as a sublattice. In fact ,
for each closged sublattice Span(dﬁ}n C B, walch da latvice

igomorphic to f there is a positive functional x*' ¢ Ef
3 q $ x

with inf x'¢ dn ) Of Then Span{jxg (Mn}%zis a closed sub-

.



lattice of Li(xf} and thﬁé’ complemented in Ll{x') sIf" g

denotes a positive projection of Ll(x*) onto Span(jx,(dn)%v

i

then = { jx*) provides a positive projection

-5{?

ef B onte Span(&n}n .

Then the proof of Theorem 2.1 is an immediate congequence

~B

of this fact and the following :

2.2 LEMMA., Let E be Banach lattice which contains no
0

" e ¢ 1 4 e g
c igonorph of ( « Then every bounded subses KO B

att

}—J
g-.-h

is relatively weakly compact provided that
(rDP) lim  sup Ex‘(xnll = 0
Nep 0O pip e =
for every weakly converging sequence of pairwise disjoint

elementg Xh € k.

The proof of Lemma 2.2 makes use of an idea due to

P.Mayer-Kieberg [12] .Since E contains no complemented isomorph

f i
of ﬁi it follows that E' is weskly sequentially complete.See

Clolegtnl el for details .Notice also that (rDP) holds

for the convex solid hull §f of X .We shall prove that K

is relatively weakly compact.In fact_i if the contrary is true,
then by Proposition 1.1 ‘there axists p rwise disjoint '
séquenae.Of. pasitivé elemgnts s é K. , which is'quivalent'
to the unit vector basis of C? e iLerh (Xn)n be & sequence

of norm 1 posiﬁivé elements of T such that
in:ﬁ‘ d.'n(%l) =& > O

SR gl T iy | i :
Put =z = > gR g > Then BE ig la ut ce isometric to a



gpace G(Sk} and the Radon measures fhn.m;xﬁ . d“n £ C(SX}"

constitute a basic sequence equivalent to the unit vector basisg

of 4 . In fact , k. N o, = 0 for m #n and ilkxnilm#%(n;

=.d”n(xn} > . Then it is eaay'to check the existence of g
sequence of pairwise disjoint alements Yieig B,y O< Iy & xﬁ

5 «d
such that (by passing to a subsequence if necessary } :

N2

inf gs Y ) a{,l;.gn(t) >0

See alago E?] » Theorem 2., The elements dn =S S EE Ex € B

are palrwise disjoint , || ,“&:i for all m andi Anf dr {d >0,
T e o

‘ :
To conclude it suf%iges to recall an argument due 10 JUebe.
Abramovich which yields that dn PSR ¢ in the weak
topology of E .See [11| , Lemma 3.1. In fact , if we suppose
the contrary , then there exists an x'¢ EB' , x* > 0, with

in® x*(&n) = ¢ > 0. Then for every finite family of scalars,kn

o

2l 120 d I =0Tl d, |

4 Ll
> [ "
> {‘m’ﬂ 2 L“\h’i £ (dmy >

o
v a1l 2 1A

in contradiction with the fact that E contains no lattice isomorph

we have

of {f,i - L _

Another distinguished property introduced in {?] ig the so
called Dieudonne! property : & Banach space E is said to have
the Dieudonné. property if every operator T from E into

another Banach space P is weskly compact provided that T maps



weak Gauchyléeqaences into_wgak:converging;sequences oI the
gequel we shall be concerned with a slighily stronger condition
of wesk compactness related ito earlier work of Grothendieck
1#] and Pelezynski L4131 on G(3) spaces . 7

2.3 DEFINITION. A Banach space E has the atrict Dieudonné
property (abbreviated gD} if E verifies tne'following
equivalent conditions : g

(P} BEvery operator from E into a Banach space P is either,

weakly compact or the regtriction of T to a subspace isomerphic

to ¢ is an isomorphism

Com (&)
o)

)} A bounded gubset K C E* is relatively weakly com -

pact if (end only if )} for every weakly summable sequence of
of

clements X, & E we have

lim z'éxu} = 0
T = oo 5 ,

uniformly for x* ¢ K.

it ig clear that a Banach sgpace with 8D containg no
complemented isomorph of é% and we conjécture that 8D
means precisely this fact .

The strict Dieudonné property is stable under finite
praduétg or passing to quotients .

2,4 THEOREM . Let E be a Banach lattice whick Gontaing

ne complemented copy of Ti .Then each of the following cone=
i g .

iitions implies that B has the strict Dieudonnd properiy :
a) B contains no reflexive sublattice ;-

b) Por each . x'' ¢ B*' {here exists an "X € B with

|

R
e

¢) E is o -complete and with (F~continuous norm {e.g.,



E has an unconditionsl basis ) .

—ppoofs a) We need a more csreful selection of the ele-
ments dn in the proof of Lemma 2.2 above ,namely %o observe

that the followimg two possibilities occur

i) s@an{dn}n contains an isomorphic.copy of Gy o
ik d

Then Span (dn)n containsg a block basic sequence
2 =i kmaik >0 5% Lt eI

=Pt

@
’

which is equivalent to the natural basis of 4 and thus (z )

woakly summable .See [6] Theorem 2, page 96 ,for details.
o > ] 9 LA 5

is
=
Moreover ‘ b
| nw‘ri o
/% T Wi {55
)43 5 R F s K
7n+1 vm‘K%PﬂM
4 i i & ' = inft 7z
and | inf =z ngzn} imt iz sl sec0
ii} Span (dn)n contains no isomorphic copy of ¢,
and thus by Theorem 4 in [€] , page S8 , Span (a7, e

constitutes a reflexive sublattice of E .
b),c). It suffices to prove that a bounded subsét K < E'

ig relatively weakly co@pact provided that

\
lim  sup ix’{xméi 6
for every weakly summable sequence of pairwise disjoint
elements %, € E . Without loss of generality we can suppose

algo solid .

12}

“that K&

s



P

Por the sake of convenience we shall identify Span (d'n}

Let &?n be as in the proof of Lemma 2.2 above,n ¢ N .,

n

as é; « Let u'' € E*' a positive extension of

AR A R e }6£m, to B' and put aazm”oﬂva]ﬁ o

w3 s Where fd*n] denotes the bana projection-éenerated

by d', in E!'. Tho sequence . (z_ ),  is weakly summable

and formed by peairwise disjcint slements .Then the proof ends
in the case c¢) by observing that

| X?i(}‘:?) = sup X’(}‘:E

| O<x < x'*
‘ xeB

for all x' € B' wand x'' € E'* .An alternative proof is
obtained by combining our Lemma 2,2 above with Lemms 2 in
1%3} s Which asserts that for every weak Cauchy sequence

(x.)., in E there exists an weakly summsble sequence

Snsn
By i : B =l weakl
Lyn)n in £ so thsat (km_. L ykjkz.éonverges weakly to Qa

In the case b) let us denote by u a positive

i :
element of E suck thet wu > L. Then we can proceed as

Eﬁ

in the proof of Lemma 2.2 above by choosing x, =u /}gufi

for each ‘n 21 ,agJesd.

2.5 COROLLARY, Liet E be a ¢ - complete Banach lattice
such that B! has the Schur property (i.e., every weakly

converging sequence of elements of E' is norm converging ).

Then E has the strict Dieudonné property.

~8



The same is true for B a G’waomplete Banach lattice
whqsemdualrhas iha Ra&cnmﬁikndymnproperty (i.e.j,every integral
operator with values in E' is nuclear ).

Proof.Since E is @ ~-complete and contdins no isomorphic
copy (®Bguivalently ,no complemented isomorph } of 5@5 it
follows from [10] (see also [11] or f] }(?ﬁat E has order.

_céntinueus norm and thus applies Theorem 2.4(c) above, g.e.ds

Particularly from the result above it follows that the

i 5 T .
Banach space

/. 2 l} \

e - e TN

L=\ 29 ()
as(. oheT

has thﬁ atrict bmeudonn@ provertye The space gﬁ can be

isometrically embedded 1n (43 .80y by using the mapping.

G
(MYL) """‘?(C‘\‘;)C“" + 2”@(-«0( O(g"*‘yl,*c'{?,i'oc‘f‘”o{%"a{j)

n
g e, 40y ol g B
2.6 THEOREM. Let E be a Banach space isomorphic to a
subgpace or to a quati@ﬁt af G .Then B has the strict
Dieudonné property .
Proof | The nontriviel case is where E 1s a subspace
of Coe Then. EFf is'aeparable and thug every bounded sequence
of elements of E contalns a weak Cauchy subsequence. LT
e LB, T) is not % eskly compact then there exists a wesk con-

sequence (xn)n in E such that such that

‘4 =
nTXn41 - Txnfﬂia o> 0 for each n » f.According to Lemma 9
in {ﬁ} ,the restriction of T to a subspace igomorphic to Ce
ig an isomorphism ,g.e.d.



5 AN

A Banach gpace E is sgld to have the Gxgthendieck property
i1 every wegk*wcenverging sequence in E* ia weak converginge
‘Groﬁhendieck has noted in [7] that this is the case if E is a

space C(3)  w;th S a Stonean compact apaceo

A complete characterizaticn in confext of Banch lattices is

now given : 3
; 2;7 THEOBEM} The félléwing statementé are e@uivalent b}
a Bénach léttice :
a) E'héa the Gzoﬁheﬁdieckvpﬁoperty :
b) Every operator from E into é sepaiable Banéch épac@ is
weakly compact ;‘
¢) Every oﬁeraﬁoﬁ Ti€ ;f(Egcé) ié %eékly,compsct 3
“d) E b‘s'th@ st:ieuv Dieudonne property and E c¢ontsins
ng compleménﬁs@ isomex¥ph of co : l
Pfoof; Cle&rly s a @;@ b}c@sb é);
‘g) = d).We have only to vwﬁ*fy the weék compactne
ﬂ?i%eiion (G*) in Definition 4@3 aboveorox, notice first that

because E contsine no complemented isomoxph of é; it follows

thet E' contsins no isomorphic copy of cé end thus E' 1is

 wegkly sequcriiaily complete. If (d?n)ﬁ‘ij E' is a pairwise

dijoint sequence which is equivalent to the naialdé <
then

"i«a»w

e a;f\ c‘&)%é

KN



for some d é E (E hae the Grothendieck property and (d,p)ﬁ

is not weak Caachy ), 80 th@t it remsins to repeat the argu-

ment of lemmg 2.2 with X = ﬁ = d for gli neé &{ o

w

al :@p c) Let TE& 2?CE9 co Je Bec@uee E has the strict

Disudonne prope“ty i1t feilows that T is eithex weakly compact

<

or'the restriction of T +o a subspace F , lsomorphic %o G 4

®
v

is an isomorphism.Because ¢_. 1is sepsrably injective (Sobeczyk's

0
mein vesgult in Eﬁi} ), there exists e bounded projection F
of o ontol T(B), Then 0 = ( T}F}'iaPczﬁ provides a

bounded pzoaection of E onto F , in contradiction with the

-

kisaia : : ‘ k)
fact that E contains no complemented isomoxph of Cy s qeGole

From the result sbove it follows that & apace C(S) hss

!f <

the Grothendieck propexty if,and only if, G(S) contsins no

complemented isomoxph ofs Cq ol

t

fors

we

b

The prOOT of Theorem 2. 7 above suggests slso s pos

gnewer to the follawxng extension of Sobecazyk's result (which

congtitutes the case where C[Q 3] :

2e 3 PROBLBMe Let D be s Banach lattice which contsins no
complementvd igomoxph \af gq and 3@3 gnd let P be s
: \

gubspace isomorphic to ¢ o Is P complemented in E ?
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3. Absolute continuity and stability

The aim of thig section is to precise a result in [13]

concerning the connection between weak compactness ,absolute
continuity and stability .

Recall that a sequence (xn)n of elements of a Banach

@
space B is stable (with limit x)} 1if there exigts an x ¢ B
such that

uniformly in the set gtrictly increasing sequences

(kn)n of natural numbers .This concept comes from ergodic

theory € a measure-preserving point transformation T is
. 2 o 1= = ‘ﬂ.
gtable i Torevary, 1€ L2L0,1] the sequence (fOT: )n

o Bt e - o s 35 o
ig steble in {the Banach space inﬁgl} } and was first studied

by Brunel and Sucheston [4] .Stability implies reflexivity

but the converse is known to fails. See Ei] for details.

Given a positive functional «f on a C - algebra E

9
we can consider the following relation of eguivalence

E R ser o [Ce-y) (x4 + (x-y )~ 4 ]=0

Then the completion ;La(Ef ) of ' E/~ with respect %o
+he norn ' ' ‘ R WLE
“?h'ﬁ, i) ‘%_;n- T o opM2 xFx + xx ‘}

&

verifies the parallelogrém‘a law and'thus iB a Hilberi space.

g
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1]

The following r@mulﬁ sug geqtg that every weakly compacth

*
operator defined ona ¢ -algebra can be factored through
: -3 5 : i ; i)

a ' superreflexive space . Compare to the main result in .

' *
3,1 THEOREM. Let E be a ( ~ algebra and let T be an

operator from E into a Banach space F .The following agsgertions

FZ
are equivalent :
(WC) is weakly compact
(Aaz} There exiagts & positive <functional ¢ &€ E' sguch

for each E>0C
(st) T maps bounded sequences into sequences with stable

subsequences,
Clearly , an appropriate result is itrue for R a Banach

(]

‘ = : :
apace whose second dual ig complemented in a ¢ ~algebra.Parti-
-3

¢

cularly thlﬂ is the case if E is an §€%; spaceé in the sense

of Lindenstrauss and Palczynskii%} and thus the above result
extends partially our Theorem 2.3 in [15]

Proof. (w(C)} m@» (AC.) Indeed , the second dual of a
2 e

0 ¢39 ra is a von Weum&ﬂn.algcbra aﬂd a re egult due to

C.A. Akemann LWJ yields a,normaL form ’kg on E' sueh that
Pt ;,‘,,,1,, * .5:' s o g g 'v:, o : :
10T eada e :" O t 3o - B | &. S G L\JI’ \""I‘l@il

xuE B . l!x‘ii;:; i and g?(x X+XX “‘<g implies lex liﬁiﬁ

Gon3equéntly Bo(.ills eli- Ul %'w§~ﬁ'ﬁL ¢ for all € >0.
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(A62} =2 (st). A result due to Brunel and Sucheston [4]

agserts that every bounded sequence of elements of a Hilbert
gpace has a stable subsequence and thus thus the pfoof is an
immediate consequence of the following estimate sguaranted by
(AC,) = ihl

” 1 2 T ..,.._.1;..._.; Z Tx
Cond T el Condd jez

Here I and J denotes two arbitrary finite subsets of Iy SEa

(st) = (wC).IT Tﬁégﬁﬁﬁ,Fﬁ is not weskly compact,then
a result due to Lindenstrauss and Pelczynski fﬁ] yields the

existence of two operators Sl & Qf(_ﬁi ,B) and S;;é Jf(ﬁy gaﬁ}

-

guch that
SEOTJOS]‘ m Gv

where (r::gi'-¢4£o@ ie given by

<=

n
fv
y(((){n)n) = 2 “‘)n
' : ¥
Since @ is not stable , nor T can be stable yQe8sda

3.2 COROLLARY.Let T be a weakly compact operaﬁar'givan
.3 . i8] : y ! Loy ’ ;
cit & G -algebra E , with values in a Banach space F. Then

T maps weakly unconditionally convergent series of positive

elements into norm unconditionally convergent series .

/

~8



3.3 COROLLARY (non commutafiva Dunford~Pettis property)

Let T be a weakly compact operator given on a G*malgebr&

E . Then ¢

%

gxn | —=0 in the weak topology of E implies [Tx |l — ©

Here the nonstandard modulus of anwéiement z -E 1s

defined by
(a 2 4 22° )1/”’ i
In the commutative case x50l _Suig allways implies

n

};n\.jigp 0 , 8o that a weakly compact operator given

? .
on a C(S) space maps weak converging sequences into norm

converging gequences .

For sequences in the unit gsphere of a Hilbert space weak

and norm convergence agree 1i.e.,, 1if (Xn)n is a sequence

‘which converges weakly to x and if hx, } —>Ilixll then

lx, = =x|l.—> 0. Due to the condition (AC,) above the

Tollowing result b(of the Radon-~Riesz type )} is true :

|

345 THEOQLA, Let E be a quotient space of a Banach space
/ : 8 L
whose second dual is complemented in a C -algebra and let T
be a weakly compact operator defined on E .

iT {x J.- is a sequence which converges weakly to x 'in
..... il &

E and if |z —> x| then [mx, - Zxl-—>o0.

Theorem 3,1 above has a companion in the setting of



crdered Banach spaces which weas first noted in [157],

3.6 THEOREM. Let E be a Banach lattice whose dual :is weakly
sequentially complete and such that E is contained in the band
generated by a suitable u''€ E''., If T 1is a weaﬁly compact
operator from E into a Banach space F then :

4

(AGl}_ There exists an u'€ E'" , u'> 0 such that

x€E , Ixlsx", W(xl)sd(e,x*) implies I H(x}lige

for every & > 0 and every x'' ¢ B'!

guEl s Ol and
is a sequence of elements of E which
is order bounded in E*' them (Tx )  has a gtable sub -

|

gequence .
We do not know . wheather the condition (st) in Theorem
|
3.6 above implies that P is weakly compact .The answer 1is

affirmative at least for Banach lattices as in Theorem 2.4 .

]

v

(<]
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