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Introduction

In the present work we shall consider the following stochastic inte-

gral equation:
o Sl o s
(1) Xs,t"X+¢édé d\u’\'’Xu,\7)(31\"11;1,\7+ 0./0

i) is a two-parameter martingaleia Wiener-Yeh process in

tb\u,v,xu v)dudv
" )

where \Ms,
particular)and /éié%?ﬁu,V)dMu 3 is the stochastic integral in the

; ?
Ito sense.
The theory of multiparameter martingales is an field insufficient
developed untill now, but enough is known to follow the usual con-
struction of the Ito integral.
The basic references for this martingales are the following papers:
CAIROLI [Pj,lﬁﬁjxwhere are investigated the convergence and the Doob
decomposition theorems on a product probability space),CAIROLI and
WALSH[Z]&where is established the Doob decomposition theorem for mart-
ingales , '
and strong martingales on a general probability space) and GIHMAN‘BJ
(where are proved the convergence and the Doob decomposition theoremé
for strong martingales),WONG and ZAKAIEUQ, Djﬂ.
The stochastic integral with respect to the Wiener-Yeh process is de-
fined in CAIROLI [17] ,poz-eommmco[s],?;-,RENCO [17] ,and with a two para=
meter martingale in general by CAIROLI and WALSH in their fundamen-
tal paper[3]. | ,
In Section.l we give,first, the definition for two-parameter martin-
gale,weak,l and 2,strong(or )-martingale,then we discus some general
properties of them.
}&lso, in this section are formulated criteria in order to a given
_strong martingale to have other given process as increasing process
(theorem 1.8).

This criteria are particularijed.to the Wiener-Yeh process(corolla-

ry 1.99%
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two-parameter square martingale and we establish some properties of
it

In Section 3 we utilise the technique of optional stopping to prove
the existence and the uniqueness of a Strong solution of 1) for-ath
that satisfy a Lipschitz condition and(MS’t}ia continuous martinga-
le with the increasing process of the form [M]s,t: 4éth(u,v)dudv where
h is éontinuous and adapted\theorem 3.1).

This result generalises theorem 2 f&mm1ﬁﬂand theorem 1 from &51

It is shown that the solution of 1) satisfies a Markov property(theo-
rem 3.6).‘

Also we eénsider the qu;stion of' convergence, allowing the coeffici-
ents to converge,the differential to converge,

In all cases the solutions converge in maximal quadratic mean to the
soclution of the limiting equation(theorems DuT 358555 D

In Section 4 we prove the existence of a weak solution of 1) fop a,b
continuous and bounded and Ms,t a continuous'martingale with the in-
creasing process of the form [ﬁ]s,tﬁéiéih(u,v)dudv where h is adap-
ted and continuous(theoren 45

In particular when M is a Wiener-Yeh process we improve the previous
reéult by proving the existence of s weak solution of 1) for a,b
measurable and bounded and ats,t,xJaCso.for Ve, tibrs

The uniqueness in law of the weak solution of 1) with M a Wiener-veh

process is true if 1) has an unique Strong solution.

We formulate the martingale problem for the two-parameter case(in
one-dimensional parameter this problem was formulated by Stroock-
Varadhan ill&j) and we prove that there exists an cquivalence between
the existence(and the uniqueness) of a wealk solution of 1) and of the
solution to the maftingale problem(theorem 4,12,

In Section 5 we prove,if the stochastic equation 1) has an unique

in law weak solution, the weak convergence of Markov with two-para-

meters to the law of this solution( theorem S

oyl
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1 .Two-Paraneter Eartingales

Let QQ,?:P} be & probability space and (Z,t)s,te,[’a,f}ﬁ be an

increasing family of sub-G@ -fields ofy4 (fixed from now on)satis=—

i) contains all the null sets cf?
0,0 ;
B e st s
i) Jst %gm,v Eimnch ot (i.e ¢ } is right_continuous} .
333} (Cairoli®s condition): J_ , and?w are conditionally inde-
i g -

i G ; i 1 ey v b i . Jfe ; =
pendent relative e fs,t for each s,t or equivalently I@{ﬁs: 3 /3;: \J“

il /5.

for each s,t,u,v.

sAau, tAY L
T o308,
As & conseguence of 111} we have J .
8, tF S i ot

For every s,t we put J’s . @(}’“ Uj"l ¢) and if (x, ) is a process
and sas s g.,‘ then tw put Bs,t S"{- S,’t;-xsg t"Xs fﬂ{s,t‘

Sometimes we shall use the notation X((s,g]x(t,t]) instead[]  ,xg4 !,

w“-w“-—"—»-‘pﬂ—-—'

a) x is a weak martlnrrale 1f _
1,} Xs tls ? «rn@?uurable and lntegrable for every s,t.
3,{ if[E:L 154 .e/",} 5 t] =g for every :-31_3 t(.t.
by x £ a mgr,}.nga:le gufs
} X 15 g t-«-me&s&rable and inte:grrable for every s,t.
b, ) E«{XQ; Agf,;? J =Xs 1 for every s ¢shtd t,

5

¢} x is an L«martlnbale(2-—mart1ng)a1e)1f

.?,.{“, . ?—J = o {
e} x isJ -measurable( -measurable) and integrable for every
O3 T e 1,1

Syte o 4 . -
egg Q 15, _A!f‘ ‘"}s IJ =0 (mLL,A,‘ F "{“jl =01 for every s< S,t Lt
&) x is a strong martingale (or m—martlngale) if .
d) % *s ‘:)Z"‘ ymmea surable and integrable for every s,t.

@) :LL

e} % is an ineressing process if

i .ng ] o for every s & s t Lt

iv
ﬂs--—‘!

o R TR =
e,} % vanishes on I = o, 1ldskulen.1] .



>
ez} Xg, ¢ 18 z’t-measurable for every s,t.
_ i e ’
es) E]s,txs',fao for every s<£s,t4t.
REMaRK L.l Every martingale is ami-martingale.

......

. ot z :Ff A : { e
Moreover 1f “‘s,o’ s,l’o“°—l)’\xo,t"?1,t’°{’té“ are maetin

gales, the converse is also true.

ook GRS S AR B WD o D T S Sy GO SO ST S WD D S aon s Gacet A U S T e G G ek Sl S Ay A o UL W ks W3 s Caes s o DL s S B0 s

| : i o Pl P e
i — o ¥ : g 2 K A 2 i
ix--(xs,t}és,te'[g’l]uuml that x vanishes on I and M( 'Xs,t,kqu

O . s A D e oy P e PR 00, S A oo U U L WA D G D G R G . G TS G NS GNP D D S s G D S DA B U D WS S D D D R I S S S WD N (Y S D S SN S G

B L

B s s b s o W S e DO 72 b it o e

D e

owing inequality holds:

? 2p K
M D)2 (2T Mz,

The Doob-leyer martingale decomposition theorem holds in the foll=—

owing weakned form.

e ey S o e v 5D s

s : _ 2 . -
inéreasing process (a ) such that (x° ,=a ) 1s a weak martin-
: S, 8;L "s,t :

gale.
In order to give the form of the above theorem for strong martin-
gales we need the notion of previsibility for two-parameter pro-
cess,

et ( )

be & right conti g sti ]
nnnnn Ao t)s,telo,1] 28-2-Tight _continuous stochastic basis.

o oo D e Wik P

We define the Horel fieldgD of 5? ~previsible sets by

(=10
A o vy oy WA B4 Bk AR M G 8 sy B s o e e oS A ot st | Y oo v O, Ot o . . . T S o . ot i > o

‘%{ =@{(s,,s’ju(;t,€]xA / s;t,s'¢€,Aé.@S’J .

A_process (xg gl ks previsible if she map.(8,t,@ Je——9x, (w)

isigmmeasurablex
e

L - s e S S e D R

THEOREM 1,4(see [3] yohvlo8ypel2 e x@%; then there exists an
L ' : !
unigue 1ncr@a31n§§?o_;previsible procesc izl )i

A T N
Uil enat



- - . 3‘
2 i = i ae e - !
(xg t-[xlj t) be an 1-martlngale(here? ”‘?sdl"?? ”?;L,t)'
ajIf ?;,t-—-@(wu,v/u <s,v<t),where (‘wu,v) is a Wiener-Yeh process
or ifmexﬂﬁ, and x is continuous, then there exists an uniqueézgﬂv-
(o] =)

previsible proeess ( [x ) such that (x2
8,%L 8

B [X]S,t} be a martinga-
le.

o) T xeﬁdg, x continuous and the family of random variables

2.5
G‘ P ML(DQO ﬁ.ixéﬁ/) _ilt)/(?—; ‘%’t} n= 12.“ .
is uniformly 1ntebrab1@ then there exists an unique continuous in-

creasing process [g] such . that
IWE(DS e t)%g tJ"M[ms ¢ Bd g t/?‘ t]

for every s‘4s,t At(in this part of the theorem the hypothesis i-iii
are not necessary)

5 22 ; ;
Particulary (xg, b [x]s +) 1s a martingale.

-———..—_-_-—--——————-

N
PROPOSITION 1.6 If (x }&Ailkéﬂié} end T is agfs s»stopping time
b

It is sufficient to prove that s t) is an i-martingale.
b)
First it easy to se that (yg ,) is:;c ,~measurable,
b x),v

Now consider the sequence (T ) of<; ~stopping times, that decrease
el k k+} ‘

to T,defined by T == o5 ir = &T4 --;1-,1\ DR e
(597 e
Let yé*t~stTv tAT, * D {f~— )/k il =09 5. o2 ~]} be.,

We'claim‘that:

@) E’L[Dﬁ,ﬁﬁ}(&,ﬁu / 3; 1]z0
2
=

27\ zﬂ 2‘“ zn)?
Let Agl - LT;.maxxlfﬁ,lﬁ)}é%: ; be.
nl ) 2 2 =gy
2 o~ ol

Then we have.

)] -— j 1 X J o
T a0 e fJ£3=” ””1&,3% E§}55; F
m? § e L‘_ g ¥
A\@K‘e 2 P 257‘5 A ;g sy <. 2
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: - ; n
since (Xs’t},ls an i-martingale and[:Jk 2 y§+i 14750 on A\‘Bk,l‘

0% on on ’on
| v )
It s4s',t 41t and (s,t)eDm, (s,t)eDm then from 1) we have

(n) :
MUJS Vs, t /?lt ] =g for n>m or which is the same

(2) /DS ty )dP~—’

o each Aeﬁfl

For fixed s, t the process : \z } =(x )

SAU, tAU

; m -

gale, hence the sequence (Z; )n“(y is uniformly integrable.

Therefore from 2) and from Ve t———&ys e obtain

j .cu;) . for Cesd )5 (u,u) from D m? hence from [o, ]jz,so
that 5s,t 1is E“;’t martingale.
Next we are going to give some criteria in order to have,for a gi-
ven process,other given process as increasing process(in the sense
B thil:5.b).
for Jhs port Hhe hypophsis i)=iii) are not necessary.
PROPOSTIPION 1.7 Let (x ,t be a econtinuous and:;;’t—adapted process
that vanishes on I,
Let (as, ) be a continuous inecreasing process such that

Eﬁs 1+ 8 s, tA.C(s s){t t) for every s <s t<it whero C is a constant.
, L

Assume that:
2 A

&
m[@}\*‘ﬁem t S L :zms,tas”t‘ /};r't:]:l

I Exponential bound: P =1)<4 L.
nen: ‘8)_2.%.1:3 ~~~~~~~~~~~~ (9B o, ry /=D exp{- ]

’

b) (XS t) is a strong martingale with (a_ t) as increasing process.
s ‘ S

Proofa) It is not difficult to see that for fixed t the process
- A

o s "= ;
{_exw‘\%xs’th-ao t’g 0gsl 18 5,1-—111a1 tingale Tor every @ &R.

2 ¥

The exponential bound is now a consequence of the one corresponding

to cnedimensional time parameter and of the previous remark (see[‘],.
: t = ??:’ 5 5 ; .
b} Let s<s,t &«t,8ET + be.rom hypothesis we have:
L)
i 10 /.

o
ws\

k%
(2 % exp (e b_,g,/‘_t ﬁ,,e E}k Ufﬁ;&m)afw Ay



for every 6€R.
By using the exponential bound we get thét the family
ggkexpwms,txs',,ﬁ’fﬁ%s,,tas'nﬂ)}m@is uniformly integrable for

every integer k, so that we may take the derivative of every order
with respect to®in 1.

Then b, follows by taking the first and the second derivative with
respect toeln Tj)and puting & =o. - .

21]39}313}__._1_._2} Let (X t) be a continuous and ? —adapted process

that vanishes on I

et \as t) be a continuous and 5?‘ -adapTed process such that 04.04-
Zais,t u»ajfor every 8,t,oJd, wher\ C, C are constants,

Let (Ag t; be the process-defined by A ~)/;\u,v)dudv.
) 8,% %4
The‘following conditions %)-3%) are equivalent to each other.

3 (x t) is a strong nartlngﬁle with (A t) as increasing process.

2 m[expkﬁﬁjn o E]
L)"L S, 2 ) / ? ] 1 for every SCS tét QC,Re

l
2 expxi@[:js’txs.,{f'%m Ay ‘/? ]21 for every s< s,t<& ' 6e R,

Proof, 1) =52).Let A t QC.R flxod and let kX )

be the -
_____ seuzl e the pro

a8 defined by X =0,X = X
cess defined by X =0,X, C]S,t ke

The process (X is a ; -martingale with & _=0,A = o
| p \ u} ) u’l C g L s gAu :JS’tAug_t 88 in
creasing processe.

13
Indeed if szugu then we have:

ux X' /37.1] LCju t P, &/ 0, 11 BZJu £ {/ u,t/EZ;i}:O
MEKXQ"X ) /3r’l]:M£ﬂEjl it d t) /J ‘/ u,ll %
-h{E] 'tthA¢w /}7 ]““E:f u Aﬁl)]

-

LX) 3 e 2 TR =1 > AP ) e P e A
Hext by using the Ito Tormula To the semirmsntingale &x -4 _  and

D
'N

to the function Tixj=expl & x) we get:
def &
xexs)::‘owpxéx —iga; 149 x \u)dx
It remains to show that [jéx \u;dv /j- {} 95
Tt s %p{fwcient (16 o W dt.
Qﬁ' kS)du /J‘ ] =0
wh@red_L>ﬂj -medaurﬁuln and bounded(the general case follows by

RS
~ \.,,L‘

”



passing to the Timit).

ﬂ[[?,qg_( dj(s)d" /3—" a =i[/ (X -7, ;/f]" t]
M7, " u,t/? /3:' t] “dH[[j 5, t/f}‘" /3"3 =0

y s394 *This was proved in the proposition 1.7.

We have:

2
;2237 Since the famllv’{fvﬁwetjs tXd 4~ 6 s;tAé,f{haé@ 18 unifor-
mly integrable (this is a consequence of the exponential bound) it
0 :

: : > = = \ _ 8 s
follows that the function %ffe) /A‘ expxeus’txé’é f@,tAs',tf}’dP HE&C
is econtinuous.

According to the Morera theorem ?'is holomorfie, so that the equa=-
lity:

f ¢

o 7 » - S AP =D ;
: &m-:»pkems’txégé 2 ms’tAé’f)dl—) P\A)
holds for every 6&C.
;5 2p32? ' Itis sufficient to show that the exponential bound akso is
true in this case(see the previous implication)
Or this follows from the fact that for fixed t the process
r e .
J-Lexp(.le 2 t Z s t)? .; ,I-«martlngale for every @ &R(see
G, thiie.sne s
<, -t» 3 -
COROLLARY 1.9 Le (xS t)o +€ fo, 1] be a continuous and 3;’5:5?3(%”/
ugs,ve t)~adapted process that vanishes on Io
The following @ssertions are equivalent:
1) (Y t) is a Wiener-Yeh process,i.e ( s t) is gaussian process
wikh M(Xs,t)“o and M(xs +¥g, L= =min(s,d)mint, g
2) (Xq T is a process with independent increments and for s4.s;
\.v’
i

t <t the random variables Bl e %y tliS normally:distributed with
» b

. ] o {
mean o and variance (t-t)(s-s}.

- e 2
20 Mie {5 c g 2
5) M{fxpklﬁ D,tY§’g)/EF;,Q}:$X i; g -5j({t tl} for every sd;s’
1<t J,G@R.
) Jv,Lexme?}Ej) 1 Xd é;/?t:] e‘cp ks s;(t-—u)j for every sés tét
& &R.
(x ) is a strong martingale with (st) as inereasing process.

8,0
g [t e e .
Proof, l==2"'’Letl s¢ 5,t4 1t be.Since (xs t) 18 gausslan process
b

S comp i = e

+{)
=17 v NGO al "l:, : i - = % 2
all we need to show is that W [(ms,txs,t)%,v]”c’ "’t wgq O \f_-'t,



Wb have: _
uﬁt'l\v-tz'/\v—-t/\v-ﬁvtl\v):o ifsgs
M[.('Ds,txs',,f)xu,v]: v(dau-sau-dautsaul=o if ve t
s »2FE==>520t is immediate.
The equivalences %&b 4445 follow from theorem 1.8 where A t"”‘
y 3 2z==217"Let o&s,s’,t,tg.l.‘«%’lthout loss of generality we may assu-

\
me that o¢ s 484,0 ¢t t.Then we have:

1 - e -
fh(xé ) =M [ 5 th',‘cf+Do,th,t:+Ds,oxs', t+xs,t)xs,t]"

Mﬁms’txsv’t!)fi(xs,t)"+§i§€-ma,txs,tM‘MXs,t)}J’P’ﬁms,oXs',’c)M(Xs,t)
2 = hA 2: e
.g.M(KS,_b). IAL(XSi‘,'t.)'NSt'

The theorem is now proved.

-—.-.u-u—-n-—.-.--——-—--——. Pty

Let ye_/% and L (Z'X)":{(&)Qs’tlss’te [0,1]:;(‘708,t): is z:t-previsible

with N(/f;a? (kY DV

Here &(x)s ¢} is a praceso as in theorem l.3(even if (X% t) is not
uniquely determined M( / tu(‘{) ) is independent on (x);see pro-
position 2.1,p.124 from ES_’]).

L?(x) is a Hilbert space relative to the norm //30// [I\“/// 3, 4 8Lx > t?T

L L]O - t:(’( R (s,t) whexne A~—(s,,s']x (t,t] andX is -measurable and

8,t

-.—...—..—.—«.—.—.—-a.n-—...-—a_-—.- an-—ua-a—-‘

Ji
Uf s, TOJ v u VTS «x (A0 Rs t)

where RS = (0 gz (0,t] .

e o " S S o e o S i e S e S Y00

The new proces (\F.x) { posesses the following propertmes:
Z 42 2
a) spoxeM s poxelly if Xtﬂ

b) If x xe/ilioz natf‘) L‘o‘ are as above then

{pxs exds s fﬁf vcpu ICTES TR

where we put {x, x’>u ke "‘?\Q”X)u - (x)u V-—-(y/)u v
Ak

e) M (cp.x)5 s /) j@v‘g"”uy



Tf? is a simple ?’ -previsible process i.e g/) i}( A (s,t)
where Ak-(sk,sk]x(tk, k] and &, £7v —measurable and bounded

then we define:

(\P X)s t/jﬁl V 240 Vio(k‘“A OR}

LIS
The mapkf————aflx of 81mple:;" 5 -previsible process 1nt004( 18
linear and preserves the norm.
Therefore it can be extended by continuity into a linear norm-
E 2 - 2 Sy asie '
preserving map of L™ (x) into which 1s denoted in the same way.
The new process also possesses the properties a)-c).

REMARK 2.,1If x is & Wiener-Yeh process then in the definition of

-—.—--—-..._....—..—-n-u-

L (x) we can change the word previsible by measurable and adapted.

PROPOSITION 2.2a) If the hypothesis a) from theorem }.5 holds and

—.——am.—.—.—-——-—.——'-—-—m

\PéL‘(x)" then the process ys,t:(&f)"x)s;,t;/zyﬁ,vd Exju,v is  a mnar-

tingale.
bJIf the hypothesis b) of the theorem 1.5 holds and<féL2€x) then

EP XQJ% and
m[(]:] (\f X)S i} g/f Jh[/_/‘]ou v [X]u V/Sr t] for every oés

t&t(ln this point the hypothesis ij-iii) are not necessary).

o
Prool a)l,et‘*p—O(R be,where A=( s,,«‘ﬁjx(t t] ande¢is JLS t-measurable'
b

o s .

and bounded.
Phl pj‘;[(:}o,x)'zx(s,s‘]x(t,,t':])/?% J:M[o(zxgu‘af}(o,ij(o,t])Z’»frri t]z
=R yt; (Af(0,8]x (0, tJ)/Sr; t] = M([x]&A(ko s)x (o, tj)/jra é}'

L] B2/ 0]

The general case follows from L ~continuity of the stochastic

integral.

—wo——-—a’-u—m.‘.——“&-A ‘unumu-_...g.m._—..-—.

tion and T be a f _-stopplng time.hen:
\’L_d

OF X SAT tAT*“p oX )SM T:<yhXJSd§,bAT a.s

for every s,t( here "f's t»-x-SAr.L. tAT)
_ i, tAl

m
ey il 2
Proof &) From theorem 1.2 and proposition 1.6 we get that XGLA{ o

.

According to the above proposition we have:



9

AT tAT sAT tAT

_ e ‘
(&F X SAT tAT 7 / qu v4 [Xju,v; (70°X)SAT,tA‘I‘— j / fg,vdmﬁsw
o o

ey 2 SAT tA
Of.x Al A ,v [g]u o are martingales.
Then we have : e 5

/) T i . S e o e
M0/ o) g0, 1a1™ P B gat tar” PP G0 0 pan ]

: 2 T ' £
L Gpexdg, g, tam] ~2MLEP X D0 p pae Gloe, tATJ =

T tAT 2 i 5
=21 f apt ) 25?(}‘ z ([Ou @ By o
o that (70.){‘ )0«1‘ wr—(ﬁo X)SAT taT Qe
The other equality proves in the same manner,

b)Like as in a).
In the end of this section we extend the stochastic integral to a
wide class of processes.

Let us assume that x, (;S t) are as in theorem 1.5 and define
: : ’ v

i : e :
{ =4 ( 2 - ! X R
Lloc(xj {‘fg:t)’?’ iut previsible such that there sxists a

sequence Tnaf 3?'-stopping times increasing to 1 such that

M(rl 1 p? arx I‘ 02, for eact }
Yo 'g Lfsf\ ot C ]s % e oeg 1 -
Then we can define tqe stochastic integral Uf and the

localisation lemma tells us that is possible to put
1L

. 1L
e defpn . ny
6f°X)s,tiL jﬁfu,vdxu,v Gf Xl o S, t&T o
o

The process vf;x)s " is called the stochastic integral of with
¥

B e S0 e et o S < S 2D ST e KRS S, s s e e A s ) S G . o) B G e W S

resgect BB 5

~~~~~~~ locﬁxﬁ'

n—-.o——- ----—--..--.-——-——-.—..----—»——-—-—-...—.—.——s—-u-..-n B e b e

. . B . e . o S, S, . S

The main result of this section is the following theorem:

THEOREM 5. ' _ ;
THEOREW 5 het (1 s,t) Pe a continuous process and let @(S,t}s,tg@;i]



be a continuous and adapted process.
Let a b:ﬁhl]QX‘R-————ﬁR be two functions.
Suppose that:
al» a b are jointly continuous and satisfy
B2 /aﬁz,xl—aéz,y)/ + /btz,x}-blz,y)/ <L/ x~y/
 for every X,y,z and for some constant LMo. 2
2) (M_ ) satisfies one of the hypothesis of theorem 1.5 =
&] o )T/h(u v)dudv where h(u,v,w) is conttnuous a$.a function
of 9t and -measurable for fixed s,t.
ag) M (;gtﬁ/% : t/2 P
Then there exists an unique(in the paths sense) continuous process

) that verifies the f0710w1n3 stochzftlc integral eguation:

Fe D) X t s t'/7;\u VX, u,v )dh ’vzfjb&u,v,xu,v)dudv Q.8

for every s,t€[o ,lj .

R e vt o e oo o S e o o . o P e 2 W

For every integer k let Tk be the.? ~stopn1nq time defined by

Tk~1nx{§¢1 ﬁai‘s/hgu v;/e_k} if the set{,}ls nonempty and Tk dedin
opposite case,

Clearly T\ increase to 1.

. IR
Le:t = (k 2 7 3 (k) ,2._. x
syt SAT) ;tAT, be;we have that M EQA{Q and ams’t) [h]SATy,tATk

is a martingale (see theorem 1.5 and proposition 1.6) .

Induetively we construct the following sequences of processes

O,k oo k ‘
Xs,t Q%,t’ Xs t —«x K /;\u v x e )dm(k) /%(u 72 Xn’k}du&v
3

u,v

We claim that quDME/xn k/?]4w@_for each k,n.
S,%

For n=o the assertion result from aS},Suppose the assertion holds
for n.

Since a,b are continuous and satisfy %.2) it follows that there

2, . 2 2

existszLI o suech that a tz,x)ggL1\1+x ),bg&z,x)5L1\1+x } fer all

o !
“eXe

By the Schwartz inequality and the inequalit
5 a.i. W J Ve

y (d+o+c)2.4.z 2 -24 3-\ -
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3 A
n+1k2 Oy XR2 f €k) 2/2, Bl !
(x ) 43[(7( b (/a"\u 2y VyX )dfuu ) :ob (u,v,xu:v}dudvj
hence: :
+
2( rsl % Byl 3§u1€/b( 1/ +5Sup[ /a&u S, k)dﬂ(k) 2"3/; Rk x )éuds

where from (see theorem 1.2 and 33))‘-
g :
k2 } / 7 n,k .
M[sup(x s,t JABIvi[SJp/o( /z_'] +48M[<£a (u,v,xu V)hUATk,VAdeuva
+3M[ /b (u,v, Xn ‘c)duvaLBI‘n[su)/o( /%]+48KL {1*—]]@1{(3{1 k)zjdsdt}

G he
+3L1{1+me L\x )_}isdt}z.3 M[%n(o(s t)] +
j-48KL1{1+ M[zugixslt) ]j +3L1{1+I\1[€s;u§€(_x8:t) sz. a0 |
, 3 i g,
Similarly as above (using 3.2)we obtain :

Liisup/%{m-l o K_x s k/zjz_L ﬁh[/xn = 1:“’1 ‘/zjéodt

where L2>0 is a constant dependlng only on L.

Tterating the previous in_@ouality we get:

n+l,k_n,k,2], Ta_ ” 1,k ok2
M[suo/x Rgot Jd‘_[( —0 L/x /qudt
Ayl
< i n»‘f)'i]
where from we derive the estimate
(Al
A L
fide o maie P
//sa /xm el L e G
= 1. St s,0  LEE, BT (n-1)]
'. > < : ah 3 S n 1 k n,;.n. Y},k
This estimate shows thatgsljg/xs - /.{.ao a.s8 so that Xs,t

converge uniformly a.s for ogs,t£l to a cozﬁtinuous limit xg ‘t‘
: y
On the other hand the imequality:

//Sup/xp’ - ’k///z_ E//Sup/ n+l :%///-?,

Sy
a
330 88 N ==—=%H00,

implies that uup/ép"“-xs’ /
8,t

This fact ,%.2 and he bound hm\i‘ ¢ ¥ for each u,v tell us that

Vf\.lk‘

; ; A oy K
r p,k ’\7(1(}5 IJ2 ; : 3 (k}
j)(a(u,V,Xu"‘.)dluu’_\rmﬁ!{ \u,V,Xu, )‘:d}‘mu v and

¢ O



‘1]$€u,v,xp”k)dudv L %U%(u,v,fu%k)dudv
s U,V f4 U,V
(the Schwamtz inequality is used also in the last convergencel.

Therefore we can pass to limit in the equality that defines Xn % yE
’

and we shall obtain that :

2t ( fvt
o k__0,k, f ,k) cc,k
xs’t e J;a\u v x ;d“ o jo&u VyX, ) dudv

For 1>k the last aquallty~1mp11es.

AT, AT -
9,1 TK6, ke 7 oy Ak ; vk s
SATk,tA e XSATk,tAfk L A a(u“Tk’V“fk’f:ATk,VATk}dMu,v+
sAT,. taTl
k ki oo, k
: bQuATk,tATk,quT VAT jaudv
° /) k k

“where from:
K+1

M /%50 X # ff L ek i
[/3sAr,  tan,~ Afrk,mwﬁ/ Jz_L(k+1) ML/ ean, st var,/
Iterating the previous in@quality we get:
o0, k+1 Sk U( I)n
M[/ SATk tal, sATk,tAT / ]‘ Lﬁ(k}
where from:
eok

w’k+l
Y

Therefore we can define the process (xg b by e t-fm’% if s,t&T).

The process (xg t)‘ satisfies the requirements of the theorem.

The_unigueness Let (js t) be another process as in theorem.
b

D s TR D A s G D G WD GO e

Without loss of generality we can suppose that h is buonded (even-
tually we pass to stopped processes}).

Using %.2,theorem 1.2 and a3} we get:
2 33
MU/yg 4=%g, ¢/ Jacts ‘,/fl\ﬂ(/yu’v--xh o 2 jdudy

Where from M(/ys t«x / )=0 hence y_ ,=X 8.8 and this comple-
%

8,t T8yt

tes the proof of the theorem.

mmnq-—m—“.—e—

previous theorem (in this case h=1} so that our theorem generallses
theorem 2 from[5| or the theorem } from [13]

bj)The process (X )} satisfies : M(sup x2 }40@.
: 3 o % Ss
e)If “FL ) na 18 a continuous process such that V(SLD&D
; =0 At = y b
r 4

s...»-
6
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them in the hypothesis of the theorem there exists an unique con-

tinugus process é&kv t)such that QP agrees w1th?70n I nd

’,‘.

At
3e5) l:]o o¥s tfalu Vs X<F }OM ffb(u,v »Xy, Sdudv

2
(indeed we take o t:(f)s,,o ‘-/% -ﬁ)" 0). |
DEFINITION 3.5 A continuous process (x, ,) that satisfies 3.3) is

—-—u-...—--—--—.——-——.-—-

called stromg sulution of the eguation 3.3}.

The Process from 3.4.c) is called@ the initial process of the solu-
tionm (%g, t)' : 7

THEQREU.. i“n The pPOCQQS( Syt ) from 3.4¢cC,where (Ms’t} is taken the

Wiener-Yeh proces and%)deterministe, is a Markov process in the
following sense:

P(x fm t+1§8 /? t) P(Xsﬂm t+k€5 Sy, t)
for each g,t»o0,h,k>0 tﬁeﬁvwwreg‘ %(M V/Lu.s 0gv£l or s<usl vd:)

gﬂ t‘BﬁX(P u,x‘f)t/tévcl seutl ).

Proof The conclu51on’follows easily from the_ following three facts:

""""" gt 4
iqp) X;ﬁh t+k o-’Fh:f+k where 50’ agrees with .:xf’%n Is,t:{8£ x [t,1]U0s, X

t v 4 T ks %
and Xsih ’:ﬁk is the solution of the equation:

!0 (o
- = & t o ) st YAy Q !
Ejs,tx§”ﬁ"—é-£ a\u,v,xu’v}dmu’vféié byu,v,xu’vidudv,ugsgs+h,

l . . . N
tetgt+k, that agrees w1thYJon I, loonsequence of uniqueness).
’

Stkf e :* : @
i ) hs+h t_ﬂ(,\fdeterm.n:gste, .~ depends only On’E:s,tMs+h,t+k( by

constructlon).

3» (X‘Ptz w1th7>6@term1nlote)1s measurable 1n79keven continuous)
with re%pect to the uniform convergence(this is a consequence of
thw follow1ng,1nequallty.

M Sup/x ~x ! /% )ects., sup/ /
that idtas o Srgve‘ %g e,

The next theorems show that the solutlon of the stochastic equation

%+3) depends continuosly on 1n1+1a1 data.

(a,b MQn» n)) satisfy the hypothesis of theorem 3.1 for each n=o0 il
Moreover suppose that:
ay ) a is bounded.

2 olim lgup/u (P -ultl/%]=o.

a ) sup h ( )(°,,t) Ceis. oes.
xr\\.'l 4-

ld



34» lim M[supﬁx(n» GO}/%}=0.
"ﬁ)”
Let (x ) be the strong solution of the equation:

{ al ' :

(.n) (n)_'_é% ukll o },\ ))d‘\l(n) fé‘/ b(u’v’}z&ni)\*dudv ’ n=o,l,..

Then : , '
llm L[Uun/x‘n’ (O)/ij "0

M[s p/x(n) gii/%}gGMzsu?Axéfzmwgoy %] +6N[supéfdf alu,v, X€n))dM(ﬁ)
] gy 4 '

Ogt u v

7éjéta\u v x(o))dm(o)/z’+)M[sup4/Jét(a(u Vs x(n))~a(u A x(o)))dH(nV57

+%M Ojgl/bﬁu,vixg?i)mbﬁu,v X(O))/ dudg}f6%{supé<(n) (o)/‘]

UV

+96M&€§élag«ugv,x&?i}@iﬁ(n)mm(Oij +mw1[é/é /Jafu,v X(nz)-

-a(u v,xﬁo))/ R 11>(u v)Gvdv +5 D/%/l/b(u v x(n)) b(u,v X(O))/Qdudf}g

4:6m[supéx(n) (O)/“}%gﬁgun a Quﬁx)&[ym(n’—ﬁ(o}g LlJfJ/ M[Yx(n)

d

U.V

(0) 2 (rl ;f : >
/ jdudvu/.nn*l, fJﬁ 4,» F o j(:z/gjdudv where llm/ﬁnzo,Ll is
a constaqt independent on n.

Retaining the first and the last member from above inequality and

3 terating the obtained inequality we get &
ufoup /x] o Tep, ctow—ro.
)..79 ¢ L
me TN n ;
E’LO£1P’&.8 Lei 2y M 4 gt“),n =0 lg..vbe‘such that the system

P L L R T

(nl (’n)' i s SEES iy 2 b
(a,b;M o, } satisfies the hypothesis of theorem 2.1 for each n=o,

Tyeoos,

v there exists o vequOth (ot 9?' ,~stopping times
ijnereasing Lo 1 such that:

by ) linggaggl /N(.} ~Mé2{/%}zo for each m.
b, ) nggm /h( )(HATW,VAf gg‘m a.8 for each m.
neal” :
bB) 1tt%mﬂsup§ /H( ) ~@§:€/_J o for each m.
Then thdre gﬁfémkid aecueuac (% y of 3?‘ ~stopping times increasing

(=80
to 1 such that:

],{ im Iust

B g K ) S}{"m‘
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for every mihere x\n) is the process from the above theorem).

Proof Let 5' be the E; —stoppinv time defined by:

- o e

T&—lnf{séJ_ max /a&u Vy x vﬂng} if the o?t{}ls nonempty .

. Vg

'dnd T =] in onp031te CaSE . v
-stopping times increasing to 1.

rhen T *mln&T ) are 5,8 :
“Teking lnto accoant the %tochastlc integral equation verified by Lhe >
(n)

Process X ' i we show as in the proof of the previous theorem
SATm,tﬂ‘l‘

that:

1im h[sup /x

n-3c0 S, téT

for every m.
The teechniques used in the proof of theorem D 8 may be utilised t
prove the following theorem :
THEOREM 3.9 Let a ,b M, \n},nzq,l,...,be such that the system
(a n,bn,',cén)) atlsfles for each n the hypothesis of theorem 3.1
with the same constant Lipechitz.

(n) (OP 2
Seraal e

Moreover suppose that:

: 1 = 8e 5.t 8.D.t
cl) a, n_are uniformly bounded and anénga?a,bngamﬁy b
c2) h is aes bou?ded
n) (&) 27
e/ i@lmwm):sup e 7%t 7 J"O'
’
Then:

lim MtsuD-/x\n) (O)/ J‘o
n=ac0 'S,

Where \X\n’» , n=0,1,...,is the solution of the folbwwing stochastic

integral equation:

(n)_dfn)Jb a (u v, xﬁnhbdﬁ féiét b (u,v;xﬁn))dudv

’
REMARK %.lo A similar result as 1hau of theorem %.8 1is holds 1f sns it he

Be 20 o g SO0 G S G S O W

4.Weak Solutions for Stochastic Integzal Equations

s O e s o Gt S ) a S o > A i Sy Wy WD S5O o o

We comsider the following stochastic integral equation:
Ay o =xj/ifta€u ,X yan +?[¢é blu,v,x, )duév
' g,t 0 /0 = ru, v u,v ~0o 1

w 772v I R oand 8 cA2
here xER,a,b: [0,2["%x R—=3R and ‘“ms,t)@jﬂn'
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DEFINITION 4.2 By weak solution of the equation 4.1) we mean a

_--—.—.—--—.—-»——-—-—-——-

ythd}?ﬂ,f'vustpg.vocstél}wmme .
—AILf;fﬁ is a probablllty space and \3? ) is a increasing family
of sub-G-fields of
-(M )&,ﬁ{ (37) andetpu equivalent with GLS D).

W(?' ) is contlnuous and }~ tradapted such that:

; s 53 2 fd + S
| _XS’i»xfé‘é a(u,v,X, )d&u vaf toiu, v, x o )dudv a.s

forrevery s,t&lo,1].
We have the following result:
THEOREM 4.3 If the following conditionshold-:

1) a,b are continuous and buunded.
2) (M ) satisfies one of the>hyp0thesis of theorem 1.5 with

ﬁ&js t«[if h(u,vjdudv where h is eontinuous and adapted.

%) /[Iu] tw[lv:] bol/ 2.8 //(s,t)=(8,ti// for each s,t,d,t where //(s, t)}?...
=max(/s/, /t/) tn@n the equation 4.1) has a weak solution.

?roof Let a ’bn be uniformly and Lipechitz functions such that 2

“q converge uniformly on every compact to a,b.
The theorem %.1 tells us that there exists a stwong solution €x( })
of" the stochastie integral equation:

(n)__ s Andy w sty ¢ (n).
=X+ / a m’v’xu,v)'d[\“u,erfo/o bnw,v,xu,v}@udv

It is not difficult to see that:

i, ) 1im sup P( sup A ]
A S n //(o,t) (u,\,)\//-f-é S

12): 1im supP(sup/x ./%al)?:o.
I—peo n 8,1 £

for everye>»o,where x:xm)

or M.
According to the corollary 2,p.l3 from [ﬁ] there exists a sequence

. ~(n) s(n), (n) o \ ; priseaie
of processes &XS p s t) such that \XS t’ms t) ot has the same law

with \xiné,h(ﬁ%) t’for every n and %énérELmézx h(n)kLL4>
p: 9

evely S t s

s t for

The uniqueness of repartition 1mplles that:

~(n Saafs (n s n
. ?L défta (u,v, xu v)»cu“ ) + L5[b Gy, x*‘ ’)dudv

We shsll show that:

é/ta (u V'“inﬁ)dl(nyhm;;wnjjﬁf alu,v ~*n)}dm =
U,
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12
‘éIé b (u, v,x« ))dudw——-—-—-}fs/tb((u VX, )dudiv

(thls ends the proof of the theorem)
We have: ‘

(n) n) spbo., An so ke Lty
M[/,é)é a @u,\? X )difl ‘; —foﬁ aw,v,xu’v)-dmu’v/_]ﬁ

431‘”[/,66/%8 (u,v ~m)/) ~a(u,v, x(ﬂ} )dﬁg(n) /2J 7 5“‘[//8/1;{8(11: N(n))--
~a€u,v,§u,v,})d,r¢3§?3/é7+ BPJ?[//OJétaQ’.u,v,}?u’v)drignz_ /0‘7 au,v, xu vl)drf /3.
~3%%/t/a (u,v, ~(n) Jmalu, v Nn)\)/zdm(n)lﬁ")’l‘f(/%t/aku ok ))_
~a(u,v, x )/2éﬁ’1(n’]}‘” +3 R(/_é‘é alu,v ?’ )dﬁi’jé =

-{}S;\/)ta((u,mx }dM v/ )= 5&3:1+I +I )

= ‘“3%2/41/8 (z,x)-alz,x)/ 1“(1‘11) £ Blmup/x ?L %)
Igc-zsyg/_} /a (z,x)=alz,x)/ M(]Hl }) Tl(qu/)?( ).>1)+

P(syp /% /.E.T)A-sxjgx/(_l (an(z,x)uaﬁz,x)/ 'l(M)l) +

M)
(suo/x /-‘=~1)+P(sup/x -5 /-» ‘§)+P(Sup/k(n}/>§}'

Obviously Il-kl?éﬁ—for large 1 and Hits:

Fupthemore I,<gup/a(z, %) /U )mer>]?1) £gup /alz ;%) /M [ ﬁ)%eho .

The other convergence proves similarlye.

REMARK 4.4 The case of the Wiener-Yeh process is covered by the
previous theorem.

Moreover im this case we can weaken the hypothesis on the coeffi- .
cientse.

More precise we have the following result: :

THEOREM 4.5 If a,b are measurable and bounded and a(z,x)=C >0

for every z,x and for some constant C,then the stochastic integral
equations

= s7E ¢ - S t .
(406)) Xs,t”x%é a(u,v,xu’v),dwu v/ A b(u,v,xu,v)dudv

has a weak solution(here (w ’c,)) is a Wiener-Yeh process).
1 b4

3 C o 3 fF v YIS N e ey = -

: (o : ; : 3 EEa L ¢ 7 Q e GT : £

ST n’mn Vo ovpREet anc Lipsehitz  functions, ocex)aC
Cgx)2
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P o - . e N2 . 13
for every z,x and such that //(,an a) //3’ [0,1] 2x8€n)‘~é 2n,

e 1
/575 [o,1] 2xS(n)E JA°

Let (an)) be the solutiom of the equation:

(n}*x‘éi/ta (u,v x&n)}dw iftb v, X(n))dudv

Let ngn%), (w;né) be equi valent processes with \x‘ i),

e\ nj
such thaL XS g s £? 64 ha——éws e

without loss of generallty we can suppose that (x

&ws’tﬁ

ﬂ«n) ~(n),

;are
@ontinuous.

(I'i))’

Clearly (w (W ) are Wiener-Yeh processes and:

\n)ﬁxﬂ///ta (U, V x\ﬁ))dw Jés % NS TR x(n}ldudv

Now we are going to prove that.

ﬁkn)puﬂmm% Xté)K alu, v, x u,v )dwu & ,/J/ DUy x : )dudv
3

As in onedimensional time parameter it is sufficient to show that:

(4.7) MZ?({ uD/}{A(n>/¢&,¢1}// (2= )? (0,7, {P) dudy] o

o g i Al 2 e
(4.8) kll[}\{:ug/xs,t/é %g/OA (a,~a) \u,v,xu,v)dudvjs-—-—-&o
it

as 1y Ne—3 o0 o
We prove only 4.T7).
We have:

my (o7 0ca]

4.I\{?:{bm>/xm*/ Al} ~oN NER N(n))d““] tets X

The: process *qégcx(l) gmzjfjfta (u,v “(n’)éudV'+é%;Z:b e, vy ))dudv

is a martingale, hence for fixed t is a martingale with onedimen-
sional time parameter. .
Then it follows that:

(n) 5 8 e =(n) S :
*g,1 xfé a (u,tidw; ) fé Enﬁu,t)du, ,0£8<£1
where (ch)y0§§8f51 is a brownian motion(see [jj,corollary Bel, e 66,

According to the inequality from Eg],p.Q, there exists a positive
and continuous function N(t) such that lim N(t)=eo and:

L0
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ML sup/x(“)/z_l}/ (a ~a) 2 s, **“’)\dsjcmw Ulamr YE Lty )AL
s, t 2

Then.
&{sup/x\ )/éliél(a ay) “(s,t ‘qn))det <

: . : <
. é"él\(t)//(:an*al\]) (o;t)o)i//3, Lb’llxs(ljjat —_—

_d:élm'g((t) *eg=a)?1/ 5 b Prs)

whére from:
MC sup/xén%/-ﬁ l}[)A (8n. aN)_. (S,t,xs’t)dsdgé
S, t 1%

<cts.e + Cx)//(a - a.. ) //

3,EMIJZXS(1)

n F

ifoLis small enough and N,n are large enough.

Comcerning the uniqueness in law of the weak solution of 4.6) we
have the following partlal result:

THEOREM_4.9 Let a,b: E)]j *R—>R be as in theorem 3.1l.

Then there exists an unique in law a weak solution of 4.6).

proof From theorem 3.1 it follows that 4.,6) has an unique( in %he
paths sense) strong solution.

Then as in the onedimensional time parameter we can prove that the
uniqueness in the-paths sense implies the uniqueness in law.

Next we are going to give an alternative way to prove the existe=
nce and the unlqueness of weak solution of 4.6). :
Con81derjl_c(ﬂajj ,R) that is separable and complete metric space
relative to the uniform metric. 3
Let (X t) be the process XS t(&)) w(s,t) and let S?*'*SR(X V/uée,
vzt ) bea

Let a,b: [oyi] 2thm—5R be measurable and bounded functions and moreo-
ver let us suppose that aX O.

(4]
w
@]
et
o
+
o
@
e

H&’&i?ﬁi“i\”‘ «’-1-.10 A pf‘OUcﬂul.le)f mea&sure P ng%—is

martingale problem with respect to (Babyx) 1f:

J (Xs,t) agrees with x on I_a.s.

(N e g

s t _ srt, - :

2 h[expket:% t - t jg a\u,v,xujv)dudv-@éjé b&u,v,xu,v)dudvagg;;%i
for every s.:.s s and eER.

PROPOSITION 4,11 Let P be a solution of the martlnpale problem

—-—-.———-_.-——.-—.-.—-—_-—

with respeet to (a,b,x) and let &(u,vye) be a JL —prev1315Je and

e

34
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. bounded proeess.hen:

: T4 ) 1 reft 2 i Y

}“'i'[e'xm‘»éﬁ e‘u"”dyu,v‘?fsﬁ a(u’v’xu,vjec%wc}“d%‘g; =1

{ | o : s/t :

for eyery s ¢ s,t «t where Vs t~xo’ -‘Xjf btu v, X, v)dud‘v.
Proof 1t follows from th@orem k.8 and prODQSlthn 2 B}
THEOREM 4.12 If o.¢C < a(s,t,x)}) £C for each s,t,x(C, C are constants)
then there exists an equivalence between the existence (and the uni-
queness) of solution of the martingale problem and the existence(and
the uniquemess in law) of the weak solution of equation 4.6).
Proof Let P be a solution of the martingale problem with reipect to

S s s o WO

N e : e oSl ‘ s
(a,b,xj and Jet yé»t“xs,t,xaéjé b(u,vtx }dudv, t‘/;é a 2u, %, xu Vk/
dyu v be .
I'he process (v t) is a %trong martingale (see theorem 1.8) and from
previous pronooltlon we have that:

i 9 1
]z.:rvf[exp@ie/%t@,?(u,vwx )ﬁdyu,vﬂ% Sj{ta&u,v,xu’vﬁmj’?f<u,v,xu,v)4w’v

/‘}:’t]-m[exmél:!s £V 4 (s —8) (% t}/JL t]

for every s< s,t 4 t, eER.

Retaining the first and the last member of the above equalities we
obtain that éws,t) is a Wiener-Yeh process (see corollary 1.9j}.
Obviously 4.6) 1s satisfied.

Algo the law of (Xs,t) is P,hence the uniqueness in law of the weak
golution of 4.6, implies the uniqueness of solution of the martin-
gale problem. s

Now, let Lflgf P ﬁ?’t’§f t,w t) be a weak solution of 4.6) and P
pe the range onj&of ?nby functlon S th——em t( o) o

We have:
oL 0

Mptéxptafzg 1%, t'%éjéta&u T2 )dudv—@///tb\u VX, )dudv)(ﬁ” ;F

Yl X 9 e
:mﬁ){exp\e‘éutt@ﬁ\u,v,xu;v aw, v 2,/7 a(u v, x )dudv/? 3:1

if we keep mind the proposition 4.11 and that Kw t) is a Wiener-
Yeh process.

Therefore P ig & solution of the martingale problem.

Also it follows that the uniqueness of solution of the martingale
problem implie“ the uniqueness in law of solution of 4.6).
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Let (E, ?} be a measurable space and for integers ou«k o&Bcl let
Bk, 1y k l XV 2, A0 Be a transition probability with respect to
(E3,€).

N
DEFINITION 5.1 We say that the family {P(k Ay k ol ”)Sk: k % 1 ia

s D S g T D e T O G S D

—-——.—-—-——n-—.—--—n————‘—-—w

relations:

(53.2’» P(kl ;II:K3»12»X3Y»E»A)@ P€k1 zll’kg ,Iz,x,y,?,éz)Psz,ll »k3’

(5 3) P(}\lfll:kzzlvjxX»Ya B, M) =R (K 1211:}{2:1233‘: g,z d'Z)pU{l,lg,kZ
,Iq,g“,ynz,A)

for every X,¥,z,% and Ae‘g ; :
THEOREM 5.4 Let E be a polish space, P(.) be a transition function

.——-—-..--.u-——..n-—

and}kb@ a law on ,@;.

H,

Then there exists an unique probabllity measure u‘“ on (T] By 10
3 ?

® B
S e, 1), where bk 1 =E for every k 1, such that:

(5a5)eE ( I IBkl’J““ |

(i, 2 Je

Hoslye .}:{a} co:un_table‘,Bk,l;

By ) ) for everyAc{o} x{o ST

(5.6) P( | [ B, .x IS )“'fd (%) |PL0,0,k, 42, 3 X,%,%,8% )00
J*(kl)ef\r‘kl 1’3‘%’3 M I

'.'jP(O”]'ﬂ"l’le hllv)X-,X};X‘]! ,;n—l*dxl ”1"1‘.)‘} P(kl’o’k‘?’ll 7X)X1’1,X,6X2’1)°‘

mcfﬁkl »ln"l’k2zinx-x’]‘; ,.n—l *xl ,,R’XZ ,_n-»1 3@3(2’?1),. . e P(kﬁlwlro’k‘mﬁllﬂ

¥ e 32 % dxm n}“'°ﬁ€kmg--l’1n-l’km’ln’xm-—l,.nf-*l’Xm-—l,n’xmgn—l’dxm,n)
” 'i ! \ <

(a,wely Juyv k1SS .(x‘ i

where klé...ékm,llf....élq,f‘ {(k ,o,/u«c-lzm}U{(o 1J .g.‘} =

""{(k 1. )/1«‘-14m l_d_.ng By %

pqgreover iy X 7 r——‘; E !—-———}L are the projections ands 7=
(,x a,u_l or xvli‘Zi—‘fg k} th@n it is holds the following u’iﬁv}'ov
»
property: :
“‘-( *—’T) P( XuJ -Jeb/g: m}- P(T{*l X 1‘,\1- S S R TR )
- ’“k’l’“}fxl ’—K,Jl § e ;}L A e



¢ ¢
for x <k, 1 <1 ana 5€B..
Proof For the exigtence of 5* one use the projective system of

= e ow> W

measures givem by 5.5),5.6).

The uniqueness of Eu,is obvious and the Markov property follows
from 5,’/95 3)}15 5) 5 6)

-n—-m—--‘.um

and let 9 be the probablllty measure %k,

Consider the process (Jk J} defined by:
: il
yk,o;YQ,l:X

e T : :

: S N 4 (YK M, PR e,
y1<:+1,,1+]} 1,0 T T T Lo g i s s g
S X5, dv) where P. ,j(xiy,z>A):PGi;j,i+1,j+lzx”y,z,A),

Then :

. , :
1= N A 1F 2
i.e (y t) is & strong marilnpalo

Partlculary holds the following incqzalltv

e = ; 4
(5-9) M@iiﬁk T 27 B T T /ZE)S ( "‘4 s gl i1 o
0=) Sl

e e Ant e

M[Xk~t--l ,,13+1/ %: ; J;]: fy P, 1 %0,10 %k, 101 0 Fierz 10 )

where from:
Mxeir 2037500, 17 %, 00 }‘lc,l/f ] f<y “Hiee1,1 7%k, 1+1 %, 17 Pr, 1 (e, p

s¥pe 1417541 ,129Y)

e

Now the conclusion follows easily.
The inequality 5.9) is a consequence of the Doob inequality frsm
two~paraneter ease(see [4],proposition Fj.

Now for every 1nter@r neml Tet P(ﬂ’(») be a transition funct*on.
Let‘Q(nJ be the probability measure on 331 tR,_".=R for
mmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmm I Je i L

k,1=0 sl

'@V@ry k;ﬁj built with P(“)( ) and;f~5

e e i R, 0O, SO s PR S, R Y, S, . T T AR, R, . A5 A, o o SRS, s e T, . . e, e, 8565 o .»._......Js....

sl sy NED g G5 Sk VT G o P ST W 0 g € SV G Sy D R RS S SAS ST Ve AP WS i) e

Let q; '5 l R, p—3C( o, 17°,R) be the function defined by:

¢ \“«’)(u,t) E,luj Ellt:] its QTTS" E.’lﬂ]_ JX EnSj*‘l ’Lng(w) -+

(nt- nf] X ey, (pgn o) * (o= BD Ot "Bt X g4y 7
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and let P(n)—\)(n) , that is a probability maasure on CC [o, 1]2,R).
Next M denote the exnectatlon with resoect to‘v

0 o St i S o ol e S s o s

principle:

THEOREM 5.lo Let a b'E}132%Rh-—4>R be continuous and bounded funct-
jonS such that o C<&a(s,t,x) for every s,t,x.

For every integer n>o0 let P(n (o) be a transition function and let
P(“)( )=p{®) (i 1 ,k+1,1+1,. ).

ouppose that:

1) 1lm Eu? X i/;y-x2~x3+xl/4*71(n)(xl, 2,x3,dy) =0 for someQ>o.

| (n)
a )j (y—x —-X o #X )P (s o Jd) =
- Yy~ Xz'X3+X1 £4 BT L kL T Y \
2 ( ,x Vi Ja(n Aot Xl, 2,x3) where

¥

L7 2 2
k5P 43(n K,1yXq 3%5 ,xq)/zigz jgm T ﬁ?ﬁgxi n gs<n,k,1,x1,x2,x3yko.

(n)
a »J/ : (F=Xy=Xg +Xy ) e (32, y 22 TRE S AVHES
P yrpmgrrysar T F 7 L e Ea e

=l{a\§5l’x_; +Q(n,k,1,xlﬁx2,x5) where

c
D
sTp /dxn el Xl*‘z’XB’/‘L'? I gu Q = n./«ﬁn,k,l,xl,xg,x5)/:a.

L

Furthemore suppose that the stochastic equation:

. L AT s A, : ,
Bl ) xs t—xi/?éﬁa \U,V,% v)dwuﬁvté;é'b(u?v,xu’v)dudv
has an upique solution in law.

L@t P be the law of solutlon ef 5.11) and let P(n)be the probabi-

lity measure on L(E}JJ2 R) built as above and leg X X,

Then P(n)converge weakly to PX.

*n
The proof follows closely the one from the onedimensional time paraw

meter given in Eﬁj.
We need the following lemmas.
LEMMA 5.12 Bet P(.) be a transition function such that:

fUR x /1~ exp{i@(y-x2~x3+xm%Pkgl(xl,xg,xa,dy)/dgk
fbr some eeﬁ,

(&
Let qb 1(X13X?&{3) logjexp zeﬁy*xg«x3+x1§bh 1(‘x”x,,,x,,,dy)x be.



.

Then: : ;

Gl - T
M['_expflef,']k %%, 7 2 1;? m(X,, ,87%r, s+1’xr+l S)}/J?‘ ]J“l
for every k 41{ 1<£ JL.

Proof From the Markov property we have:

Mlexp (188, 1%y, /e 1]“/"Xp{19<5’ Tea1 1%, 141 e, 100

P p %, 1%, 141 9 Few1 10 )
From h\lc the conc1u81on follows easily.
LEMMA 5.13 For every integer nx1, let P(n)( ) be a transition

function and let Pén{( )-P(n)(P 1,k+1,1+1,.} be.Suppose that:

L 4+ p(n) =

) é:g;on BUP . f/y X, X'j‘”‘l/ K, l\xl,x2,x3,dy) o for some p>o0.
. ;

82)) EU? X / (y*Xa 3 l) leyxgg 3,(33’)/4“’%
C

as) gup, x/}y-xg“xv““’* v (n)(xl’xz’xﬂdy)‘“"’ﬁ

P(HZ

Then the famlly (P ))n /x/éLls relatively compact in the weak
topology,for each L <eo. :

Proef Ve must t® show that:

oy WD won o e

(n) ‘
%) Tll‘l im 12 ( sup /x /Se=0 T rer
im, & L, 5WDeL, L, Bl ‘tl,t2 >@=o for everygso.
sup
2 glm/@lQL pX )(Sup/xs,t/> a)=a

S, t
or mumval@ntly.

1 )Jd.m lim yﬁLv}({n)}‘sikﬁ%’iM/%(SI,‘.SZ)*—@}HI,pz.)’ />€)=0

for every £€> 0.

e (n) ' s
2 )1im supsup ) ', (zl’lg /¢n(s,t)z/> B) =0k

ade M /x/el & *
]E')WG have: <
sup (84 38, )= (At )//éa’max up up /D (s s,
/s -t /acscpn Lo ? L gé—tlé.\%&t.<(k+?,§¢ W iig
Kdeq
-CP (t},k(:r)f/, sup  sup sup /¢n(t1,tq)~@“(kcf't )/%
= o0&t <l ket G(k+1)d ¢
o=l %
sup  sup Ve Jeesi i s itoed i/ =
ogt &l k&ﬁtzi(kd)é" Sﬁ“ 1%e %‘ L

..‘.

max uvp /?3 o )= <J)/
2 <(k+1 }g T n’ n n’

o&1én ?::

£2 max max :
o '~. : s £ N g . X, ; .
o é“l‘&n? 0] &} E‘in@/ 1y Enktf]' o) 2 !:HK dti/
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Therefore it is suffieient to show that:

lim 1lim sSup “Z:\)(n)(: Maxti /3. S g ASenin
§>0 n-oe /x/2L kdel * gsien i, mkd1+35~71, mxd]/>®

From lemma 5.8 we have:

(n (n) (n) £.81 (n) ( 4
Vol e g0 mkﬂﬁ—yi,Enkﬂ»g)é_(3>&Zrnn</yn?rnw[ g nm@k_/ i

o&iEn
g 04-34-71
() (n) (n) (n (n) (n) 3
Define TJo (i,J)=y5 y 3+, B i and AL O? 1,d)=y; 3 5% i 9  3*+3,=Le

(n) 49 _ ( A o Sl W e s 2o on R oe
wLer§a, gyl g o “?fl,m J*ESIVLIL(&f(on)(l,J)) (Agz?cl,ymﬁ

We have:
|
|
|
|
|

(n) 4
+4M ]:_':(?(n)(J.,@)(A\(n (i 3+1))3J+M E(An Qg gt ) J
M [(A(“’u J+1))§-M L i Aén)'(kﬂ,jm)] =
o
Vi A(n 3 2 I‘v’ - . . .
gl n[.kmk 3y k+1w+1)) Jé_—Zg HE(D‘*{,J+JOXK+1)(]'+JO+1}§+

i
(n)
| +2 Ii E[(y X}, J+J +l k+1,J+J X1 3J+J )P 3J+J (Xk,j’fjo’

| aaml L Eon )
)5k, o e, dita »dy))jg2i sup [ (7= %y ) Py (xq 5

k,l,xi
: 1 2
X2 ,XB,dy)"'ZlSQD //(y"XZ“X-}”’Xl)Dl((rlkxl’ 2,X2 ,dy)/ ﬁ
K, e
2 L
o Phen ;
421-@ +21,-[I Leagfor o ian

c
Then M [_'_(T(n)(l,,.)))?J ﬁl n\'_(A(“)(l 1;)2_‘1«53'5-3-

Also:MrL(A‘(j.nzi+l,j+l))??:Mn[(ﬁ(?)(i,;j+1))3j+3M Agn’ci,jﬂ}“
(0] o} Q

.EJ (n) 2 kn) , 5
nd+d oYi+1 s +1)\J b E(q J+J Ji+1 S +1)]

4
" But M l'_ut:ll g ) 4.(' C ,m L(A“‘”u J+l))i
(n) "\z ot \ 'C ot // ) /‘4 2}‘(1'1)
M E(Ej o Yi+1 j+jo'+1)"'jé“ S.m;’? UL"%*D_ ‘;UD Y=Xp=Xg Xy
¢\.’

'5
1, ,flel,n)
(xl,xz,xq,dy)ﬁ* )é‘;-g-l-- where lim lim f(s(,n)=o.

50 1’14’9-@:»



Then: gt %
M [ (AL (i+1, 341 )?]émn[(As.n) (L, d+1) )2‘] +3‘C “’g le,
: Jo 0 n
éA';:l *ig({a(,n)‘:éf ﬁc(,n) ’
n

It follows that:

Mn[('f(n)(l J+1;)ﬂ4r1nL \Tm ,J))4J+6J ;+4.;§$1.’1)

1
’2

e

M [(A (1,,3+1)>4]4A<i> +B<ﬂ)§f (o) -S{_"Mn[m(n)(l 7177 .
Also:

I [u;(n’(m J+1>>4j-1v [(A‘n’<1,3+1>) F] e [<A(n’<1,g+1)>

, (n) ’ v TALR) (n) B
(mi,j‘f‘,} l*’l,g,'t] +17 J*@ﬂn[A- (113+l)(D]_ J+J l+l j+j0+l) J+

- [<q,3+3 e )4J

l+1,J+] +1

2,
C
S ) 4 e / - 4+ (n)
But: hnt([:_}l j 1+1’J+J +1 Jéa(c:( ;72;31;113) . /y X2"'X3+Xl/ i Py Cxl,
o
C4 ] 'KCA A ‘::‘
~ ?,y3,dy)+-—g)4 L) where lim lim f (K,nj=0.
n2 oA{~>O n-pSe %
Then M [:(A(n)(1+1 3+1/)4J4r1n[ A(n)kl,‘]“*‘l))_] 61(‘ ﬁi?;zn)l
L
3 .
= 5
e L T 1) =g t+ — Lo
B e et

wt
Where o?}im lj;_\;nmﬂ'%n)‘:o. o
s f‘ (O( n)
Therefore in[(T(n)(l J+1))4:]4{§("1) '*“B(’l)’ Flotyn) +jmmmates

for Of_’:lé._ﬁj 80 tnat

; i
T\II “'*(Eﬁl){a"] Ty, L JJ))/V,‘(‘A("‘S) +B( E:)Ziﬁi +-%Jf'\0('5n),

Consequently we have:

1im sup 2 \) ) ( max /Xi, [kd] + 5 X3 | [nkd] /56 &

Hoe X Ke oLien
04J:=.[né]
£1im lim up'Z: ( E(Lﬁ12+d(w)?+fn5.(f (K,n} =

ol~50 302 X ka1

QoA
— Ul.

4 : S
= "5’ éqé ALC+BE2 J==—30 when é&-—%@



o e

We have.\)(n)( sup/?) (s, t)/> a)= \)(n)( max /}e:k 1/,>a) <

0 LK=n
o%l<n
(n) @) (n) 2 K '
<V, (Oxiixl n/y 1/>a-L Cl)ﬂmj R EEpE m—l—jz-;o

as a +=3ce uniformly in n and /%/<L.

Proof of theorem 5.18 p.oy Jemma 5.1% it follows that the family

(PX )n is relatively compact.
Therefore we may suppose that P£===9P.
n

We must to show that P is a solution of the martingale problem with
respect to (x,a,b)(see theorem 4.12).

As in onedimensional time parameter we have:

(n) § oY e T
Belid) ldm . Su ﬁ?, (Xe 3 Xm g X )=omb (=, = % ) +o— e 0.
( e ]Ii' k,1,6 Tt o 3 ;’2 (n,np{]) 2n28(n ) )/ O

In wiew of lemma 5. 12)we have
: (n)
MnEeXp{leEjk,lx‘ ;?%h L % s+1’xr+1 s)?Agtdl] 1

_ _ ' 5
for every k<k ,1<£1 .

This implies that:
| f k7601
MP;H)E?XP{JECJE lxgc .:.L..‘ [nﬁp&l_]? [_'nu] Emﬂ }i'mﬂm :’i';%g &W‘] +7 9
n ‘n n'n
Q:UJ+ M)dud\’/?ﬂ] '1 '

Teh theorem is proved if we show -that:

tl
n
iilil\l)(n ‘?@ﬂ){le U{: sj[;‘gx[p__jlnﬂ ” ﬁ?[_ﬁﬂj@j:i@u{,nv? @g I vz +1 *
_..71...7&: (Eyes e e Y ) __n/S/ 3 el N o -
LR 1@ gL LY PR e “‘Wﬂ’*u,vmu‘”
, x
t S
. +§J;// a(a,v, » X, v)dudvi]
for each‘g bounded and continuous.
From 5.14) it follows:
e
lmm SUP /eXDI19r7 a1e 41 sy Efﬁjn
3
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VlslA
» F] Gyl »X fu]+1 [nv] )dudv} exp{:.@tjs,txs: i« OS/t b(u,
m! n TR

n

¥

2 S5y
8 rsrt 2
’V’quv)dudV+ZJé44 a(u,vrxu,v)dudv /=0

for each compact set K.

(

But (Pxn))n is relatively compact,so that there exists a compact set

bl (n) N & . ; £
X such that PXn ((,K)éi-for every n,where A-«-Szp//?(exp{.}mexp {,}//,

Consequently:

/Mpén)ﬁgexpi-}*MPE%GXPQ-}]Aé&ﬁgﬁ/expiy}"eXD{g}/+
-

-m}?xn( CK) +/Mp }({ n)[gexp {,E]-.rﬂp\:gexpfw ﬂ /L= €
| T -
for n large enough.

Theorem is now proved.
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