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Introduction

rn the present work ure shalr  consider the fo l ]owin,g stochast ic inte-

gral  equat ion:

( r , r  x .o .  +=x* / r%t"(u rv rxu,  v/d l , lu ru*- f r%tbru,vrXu,y)dudvD t  v

where  ,L I " r t )  i s  a  fwo-Parameter

part icular)  and /"%Vu r  v /  u*o,  t

mart ingeleta iViener-Yeh process in

is the stochast ic inte,gral  in the

I t o  s e n s e '

The theory  o f  mu l t iparameter  nar t inga les  is  an  f ie ld  insu f f i c ien t

developed unt i l l  now, but enough is knonrn to fo l low the usual  con-

s t ruc t ion  o f  the  I to  in t 'egra l '

The basic references for th is rnart ingales are the fo l - lowing papers:
I

C;\IROLI IZJ,  [ f  6]rwlrere are invest igated the conver,qence and the Doob

decompos i t ion  t i :eore .ms on  a  p roc luc t  p robab i l i t y  space/ tCAfROLI  and

ITALSj{  p]  twhere is establ ished the Doob deeomposi t ion theorem f6v l rar t -

lLngAl"eS

and strong mart ingales on a general  probabi l i tv  spacel  and GII{ I {AN &J

\where  are  pr , :ved  the  convergence and the  Doob c iecompos i t ion  theorems

for strong martingalesl r!?oliG and ZAy\AI [f a] , [r l] '

The s tochas t ic  in tegr :o l  w i th  respec t  to  the  ' f / iener -yeh proces$ is  de-

fined in CiiI ltOLI b7],Pot'{oi,{ARiINCo[r?,TAR]INCOF2J 'and with a two p{rra*

meter urartingale in general by cArRoLr and iTALSil in their fundamen-

I

ta l  p*pu"f1] .

In  $ec t ion  1  we g ive , f i rs t ,  t i re  c ]e f in i t ion  fo r

ga le rweakr l  and 2  rs ' t , rong(or  ) - rnar t inga le ,  then

p r o n e r t i e s  o f  t h e m .

two-parameter ma:: t in-

we dj-scus sone gene: 'a1

A .

f$so,  in  thrs  sect ion are for inu la ted cr i ter ia  in  order  to  a  g iven

s i rong nar . t inga le  to  l rave  o ther  g iven  process  as  inc reas inq  process

( t h e o r e r n  1 . 8 ) .

Th is  c r i te r ia  a re  par t i cu la r i , , led  . to  the  ! ' J iener -Ye i r  p rocess(coro l la*

r y  1 . 9 1  .

Tn  Sec t ion  2  we in t roduce the  s tochas t ic  in te l t ra l  w i t i i  respec t  to  a



r L

two*parameter square mart ingale and we establ ish sone propert ies of
i t .

rn  seet ion  7  we u t i l i se  the  techn ique o f  op{ iona l  s to i :p ing  to  p rove
the  ex i -s tence and the  un iqueness  o f  a  s t *ong so lu t ion  o f  r /  fo r  a rb
tha t  sa t is fy  a  l ' i psch i tz  cond i t ion  ancr r l {u r1)  , ,  eont inuous  mar t inga-

: * .* t . ru 
t : -  increasins process of  the form t-L , f {At , . (u,v)c ludv where

h  i s  e o n t i n u o u s  a n d  a d a p t e d r t h e o r e m  3 , I t .

? i r is  resurt  general ises *reorem 2 from s]ano theorem I  r rom [rJ
r t  is  shovr i r  that  the sorut ion of  r . , r  sr ; i t is f ies a ${arkov prope*ty( theo*
r e u  3 , 6  )  ,

A lso  we eons j 'der  the  q , i * t ion  o f  convergence,  a l low ing  the  coef f ie i -
en ts  to  converger the  d i . f fe ren t ia l_  to  converge"
rn al l  c '?ses the solut ions converf ;e i - ,  maxin; ,1 l  q,acirat i .c me&n to the
so lu t ion  o f  the  I i rn i  t ing  equat i< ln  (  t i reorems j  .T  ,  j  .  t j  ,7  .g .  )  ,
rn  sec t i .on  4  we i  p rove  the  ex is tence o f  a  weok so lu t ion  o f  1 )
i : { r f i f inppl1g anci  t louncleci  and t{ura et  cont inuoug rnart inCale v, , i f . i r
creas ing  process  o f  the  fo rn  f , lu  , r t tn  

(u ,v )dudv  where  h  ie
ted  anc l  con t inuous  (  theor .em 4 . ,1 )  ,

rn par" [ icurar when i {  is  a l i / iener-yeh proce$,s we improve the prei , , ious
r e s u l . t  b y  p r o v i n g  t i i e  e x i s t e n c e  o f ' a  w e n k  s o L u t i o n  o f  l - /  f o r  a r l :
i n e a s u r a b l e  a n < 1  b o u n d . e d  a n d  a ( s r t r x J & C > o . f o : :  e v e r y  s r t r x "
The un iquer tess  i r i  1aw o f  i :he  weak sc l l * t ion  o f  l )  w ibh  I ,J  a  ! { iener*yeh
irr"oces{r  is  t r r_re i f  l /  ha,s un unique strong soiut i i :n"
We fo r rnu la te  t l ie  mar t inga le  p rob lem fo r  the  two_paraneter  case( in
one-dimensronnl  paramel '0r '  th is problein was f 'ormulated b.v . . j t roock-
varaciha'  in p] /  and l re plrove t i rat  t .here exists an cqrr ivalence between
the  ex is tence( l ln< '  t . ,1e  un iq r ien*ss l  o f  u  we* . t  eo lu i io .  o f  1 l  and o f  the
s o l u t i c n  t o  t i r e  n r a r t i n g a l e  p r o b l e n \ t h e o r e n  4  . I Z ) ,
in  Sec i ; j "on  5  we prover i f  the  s t ,oc l :e rs t j .e  equet ion  l l  has  &n un ique
in I 'ar 'v vo'eak solut icn, the l t 'eak coni /ergence of '  r , {arkov *r i th tvro-. i rara-
mete ls  t ,o  t .he  Law o f  t i r i s  so lu i ion( - i .heororn  q  - ia  r

f o r  a r b

the  in -

adap-
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I

' .

1 .fqro-Paramster SeqgrEssles

},et €.firf-*r ! b€ * prabability epaee and ( fr,rlsrtefo,$ be en

i,r:ereasing family o,f stlb-€i-fietcls sfFCfixed fron nsg onl satis*

rvtus.
?r-

!l f,*ro ec*taisa all the nuII sets of,*f .
c ' ;  n { r  f

i i I 
'+ 

" = t,g,tg4r,* for eacf]nt ri"e t"f*,r) is gl$!_ggg!lggogg}.* * '  . r g r t  $
,i.i i.t ' LAgl{:*}@ J|=n{ anC.ftrt *"* eonditione}Iy inde-

pendent reietive to Era for each srt or equi.val-entlr i*ErtfffrJ=

- ^tF=Irt ffu *o **Jfor each s rt yu f iFr
T  T T I T

As a censequensc of  i i i l  we have Jurr=J*rr '  t { r t

Fcr enes?' srt we Foe €ra=S,K,#q,*)*,te if u"o,") is e proeess
? r

axd sd.s r&ce. gB?** vr* ptlt E*rt **rrt=*srrd-xsrrt*"u,rf+xsrt"

Sametf:*.es Ere elrs!}. use the nctation X( (sreJr (trtJ ) insteedE1urt*drt',

lEgg{IgIgif L*E x=(x*,t}s,r€&,Xh a proeesso

ai x ia a weak marting-aLe if

ut l **oti* S*rt***asurab].e and irttegfable f,or evely srt"

oz: EIt G* , t 
*",r U/ & , r] 

=o for eve4r *a*tr t c J"

ht' x f-s a nartingeSe if
CT

b.1) *u 
o tf 

* 4 ut***as-,:.ra"nle 
and int'egrable for every s r t.

br} elfxu,rd/f lu, i="srt for erery s astrt( t ' t

e) x is en ]-*r*srtingale(2-raartingale,tif

o],f **r*i*.ff*essurabf-u, {ra-nsasurablei and integrable for every

&
i l 1 .  b e  &

ezp sfffi**e=*,r# 4rrJ=o re1[ns ,#€,{/T.rtJ=oi 
fcr everv s4 st, E1{.

d) x is a i*tromg martingale (orCl-uartingalei if
.T

dl) **"ui* Jurt***esurab].e antl integrabLe for every slt.

dz )  l i i l f f i * * t tdod /  q r r l=o  fo r  every  s4" t r tc t t

eI x i* axt i.nereaoilt$ PrCIeess if

e=3 x eeeiehss en 3o= [*'$&3u{*'}.&.}1'



or) x"rt  i "  4'r t- tuu",r*"u1* fs,r every srt ,

*g ) EJr rt*",nt> 
o for everY s <, : i t ,  t  zt-

$ESf$5_I,:} l;v,ery urartingale i.s an i-rnartingale.

M o r e o v e r i f t x  - 7 - - n  
r

, * u r o ,  J s r l r o  1 s  € I )  r t x o  r - r ,  4 r t r o  4 t l I J  a r e  m a p t i n -

ga les,  the converse is  a lso i rue.

{ g r- p *.} ̂ Ls!&LY- ! s - " ! s - s I s I s e l-el t -rl s!! :s e rI i !s e s s -ss r ! i ! sc } e e
*= (xs, t  )*,  t€to 1L] 

sucir t .hat x vanishes on Io and lr i  (  I  *u, , lPlry 
to* 

"
*;-- . --*

9l l ' -9*!  "

y:: d - \,MA - -) * ge gg I s - ! b s - s 1 e ! e - e g- g,e ! ! 1 sses s - ! q ue I sl - se r! i r
sslss--sCl:

I : i gq8g i i - I * ? ($ee  t 2 l ' t h . J  . p .T ' ) r f  , * o ,  r ) € l |P rp  : ' 1 ,  t . hen  t he  f o l l -

owing inequal iLyr hol i lsr :

ft(if l-,,-lt) a(fuftm 1le,,,tr)
i 'he Doob- l{eyer mert ingale decomposi t ion theorern holds in the fo l I -

ora'ing rries,knecl form.

llrEoREi{ } " 5t see [{ , t h .1 .5 ,p .1 }7 )  I f  xg ,42  then  the re  ex i s t s  an

i n c r e a s i n g  p r o c o s r s  ( a .  n ) ' s u c h  t h a t  ( * ?  * - a ^  * l  i s  a  w e a k  r n a r t i n -u r L  s i a  s l r '

gale'"

fn order to give the forn of  the above theorem for st , rong mart in-

gales we need the noLion of  previs ib i l i ty  for  t l r ro*par&meter pro-

e e s $ .
. i

L e t  ( W ^  * ) ^  4 ? r , t  r - t  b e  i l  r i g h t  c o n t i n u o u s  s t o c h a s t i c  b a s i s .- s ' r l  L  i > t t < r L U l U

' l /e define the tsorel f ield '&rJ S",.*previs ib l .e sets by

sg =StOs,s!J*rr t ,dJxn . /  s ar ," ' .  { ,o&*,J
4 _ p f g g e q g  ( x o  + )  i s  p r e v i s i b l e  i f  t h e  m a p  ( s r t : o  ) r - * x .  * ( r . ^ r  )D t  i ,

/\
isH *neasulabl-e,**T{,

! 'ggg$gU*}.1(see bJ ,  Lh.1.B,p.r .2r.)r f  xe{dz t}ren there exists an

,Jar* ' ,  1o. .^ r -  * ,-  r  t  i l  \u  * lS ,  t /  
uuu l . l  L l le j t r



f . i
( x ; , t - f " : s , t )  b e  a n

IgggEEU-l:2(see f37

airr fr,r=E(*,r,.'/'
or lftg,qftjr and x is

prev is ib le  proeess (

1e,.

b)rf 
"elrf l f , ,  " 

continuous and, the family of rancrorn variables

"*- tJ -e -sn = 
HJ"ll(u*.,.*r**;ro,tprl/ E ,*r] ,tt=1,2;. .

is  uni fo"mf/ '1-ntegrable,  then f  l rere exists an unique cont inuous in-

creas ing process f tJ" .  t  such that

M[(ns,t*" i , t  I? n,,]=ivi lEls,t FJ ,, ,1/f i , . ]
fo r  every  u  d , " t r t  aJ t i "  th is  par l  o f  the  theorem the  hypothes is  i - i i i

a re  no t  hecessary l

Par t ie 'u la ry  t "3 r t - t "Js , t )  i s  a  mar t inga le* . ,  .

7

i -marr ingaletneref l , t= q ' ,  t rn, \=Tr, t )  .

, t h r 1 . 9 , p . L 2 ? _  a n d  t 4 J  r p r o p . 5 r p . 6 l )

*s rva t )  rwhere  ( * , r r r r )  i s  a  1 , { iener -Yeh process

eontinuous, t,hen there exists an unique fr,t-
F l " , t )  such  t ha t  , * 3 , r -  FJ " , a )  be  a  na r i i nga -

BBgggqlllgli-]:!-rf (xsr ,t,e/N,1tr"&tll and r is a
then the process \ys , t )= ( x*or, tnT \ejfrI ,EZlt];.

rv s ^-s topn inc  t ine
t i J

Bfgg{  Wq prove onJ_y  the  f i rs t  par r  o f  the  propos i t ion .

r t  i s  su f f i c ien t  to  p rove  tha t  (ys , t )  i s  an  i - rnar t inge le .

F i rs t  i t .  easy  to  se  tha t  (  F
yu  

n t  
I  1s  J .  ,  t - *uas i i rab le .

t tow cons ider  the  sequence (Tr r /  
" t f , " r * -s topp in . , r  

t imesr t i ra t  decpease

t o  T ,de f i nec l  by  t r r=E : l  i t  + "  * ' r | * , k=o ,1p . . . , 2n -1 .
-  ( : n t  z  c  (  - l  

. , 1  n  tLet yI ' ,^{=*o^Tn, tn Tnr Dr=t( j" r 
i",  

/k rr=o 11 I .  .  '  2rr-1J be.

l V e  c l a i m  t t r a t :

(1) IttPf,$$&,t# I
l e t  a€3?  I ,  Bo  r= f r> * " " , b " ,

f rrp 
: \ '4 !  2"

Then we have:

d L 1
J s .  f  J = o

t ' f
"t' 1

:n)J€ 
jk 

I  be"

2n' 2n

onr-,}ph"y, u'JP.

E I  ,  o r r * ,  ! , r . r JP=
o;%t},f F'ff

{"$,:l},rytP=

i''{"f},t4,dF



4

since (**-  t  )  is  an i -mart ingale ana E* t  t f i i  ] -+I=o on A\%r1.
v 'v 

Tf"  ; i - '1 ; -
I f  s4s f r t l . t land  (s , t )€Dm,  (u ' r i le l ,o  t t ,3n  f rom 1)  we have

y-Lo-"ro!Ti, ,T;, J=o, for nlm or which is rhe same
f  , _ - \

(z i j^ar,."!li dl=o
for el*n ̂ e*fl , . "
For  f ixeo s ,  t  t l te  process r (er r lu=( ' * *n. , ,  t , .u /u '  is  a  F*nrr r tAu-*ar t in-

ga le,  hence the sequence tz  
' '  -1"" (n) '  

,  iu  un i formly  in tegr i lb le ." f * ' D  t ' s r t ' n

'llherefore fnon 2 ), an<l from v[i{-fv*, ttu obtain

(

loor,*t*f l"=o 
for. (  s '  t) '  t  d'  t ' )  from

t h a t  Y * , t  i s  j F  i r 1 - * " r l - i n g a 1 e .

Dn,  hence f rorn [o ,S 
?rso

f iexi :  we are going to give some cr j . ter ia in order to haverfor a gi-

l ren  processro ther  g iven  proces$ as  inc reas ing  process( in  l l ' r€  sense

o f  t h  , 1 . 5 .  b )  .
l r  i  )  - i i i  )  a re  no t  r l€ce$s&r l r

;n th is Pu:r t  the l iYPothsis 
* '

889tg9I[ IQ$_]: l  Let  (""r t )  be'  a eont inuous anci . t -" , t -adaPt,ed process

t l r a t  n a n i s l t e s  o n  I u .  .

L e t  ( a -  * )  b e  a  c o n t i n u o u s  i n c r e a s i n € i  p r o c e s s  s t r c i r  t h a t
D t r u

r t , t l

f f i " , t n * ,  t * C ( s - s ) t t ' - t l  
f o ' r  e v e r y  s  ( s ' r t { L ' ,  w h e r e  C  i s  a  c o n s t a n l o

Assu-nie that :
L

I,lf exp r0 E3* * xs,. t" h . tad. tc -  -  D t  u  p t  u  4 _  D !  L  D t

for errerl s ( str 't d.tlr6€.R.

rfren , a ) Erpe*s*!iei-!es!q: u, 
Eb$eg 

/Els ,

rf -1
r ,is ril =f

L**,./= r ) * q"*ot- 
"#-ffi 

i
b )  ( x .  + )  i s  a  s t r o n g  m a r l , i n g r : r l e  w i t i ,  ( n " . t )  a s i  i n c r e a s i n g  p " o e e s s .

i j r  u

Proofn)  I t  i s  no t  c l i f f i cu l t  to  see tha t  l lo r  f i xed  t  the  process
-a

{"*p ( Sx^ - -gr r2 'i s T . -mar t.i irgale fot' every 6 €R"$ .  y r L  . o - * [ j r t / I o g s g ] -  
r - i )  * r " r 1 - u r o r r ' r

' l l ro  awnonont i ,s l -  bound is  now a con$equence o, f  t : re  o i le  ccrrgsponding- - a ' -  -  - - -

to cnedirnensional  t ine paran,eter and af  t .he pr"evious remarl<(see[f ] . ] .

r l
b ) ,  L e t  s 4  s ' r t  1 . t ' r r i 6 , J u r 1  b e - l - r r o m  h y p o t h e s i s  w e  h a v e :

,  o f  -  n  f  R  n 1 ! " \
( ] ,, i erp(s r3^*x;,.r,- FHn+&n, q,) * { = {tks
' -1, r - -4F tirL ( /Jr\t 4cs||



for

By

every €eR.

using the exponenl ia1

,

bound we get  tha t  the fami lY

f , r  )
l $*-"pr.oEls "t*u',d-zlt= s , r4.,, {,Ju,o.

eue-ry integer k,  so that  we may take Lh

w i t f r  r e s p e c t  t o B  i n  1 / .

s uni formly integrable for

der ivat ive of  every order

and

t
I

e

.Then br fol1ovrs by takinc the f i rst and the second derivat ive with

respec t  to  e  i i r  l t end  Pu t ing  O  =o '
tV

g1!gBg i i__ l "8  Ld t  ( *u , t )  be  a  cont inuous  and Ju ,1-adaPted process

that vanishes on Io .  
eu r

Le t  (a^  *  )  be  a  cont inuous  anc l  4  n -adapted  process  such t ,ha t  oL  C*
D r  u  

-  
u t  u  t

g la ts r t r , L l *C fo r  eve ry  s , t , c *J ,  where  C tC  a re  cpns tan ts '
y'rt

L e t  ( A ^  + )  b e  t h e  p r o c e s s  d e f i n e d  b y  A o  r = J  1 " \ u r v ) c 1 u d v ''  S r t r  
-  -  D t b t e / o

The fo l low ing  cond i t i ' nns  t ) -3 l  a re  equ iva len t  to  each o thero

1 /  ( * o ^ r . l  i s  a  s t r o n g  r a a r t i n g a l e  w i t h  ( ^ r r r ,  a s  i n c r e a s i n g  p r o c Q $ s o
u l u  e

2 )  L i fexpt0f : " , t *d,  * i -  3q r t . , : r . , ,1) '  
/  Tu,rJ=,  for  crrery s <.  ut ,  t  r  t t ,€€,  R.

3
,  i \ t  exp( i€ [3o , t *d rd* 'F4 ,  t1 'd ,L /  T* r l= t  fo r  every  s4  s f , t4  t t '  0e? '

l r g g l r r l ) - ) 2 ) " L e t  
s  { . s " 1 1  X t r S € , R  f i x e c i  a n d  l - e t  t x o l s < i u € l  b e  l h e  p r o -

cess cief inecl by i"=o ,  in=fJ" 
,  Lxu, t '

t he  p roeess  ,T . r ,  i s  
"  6 t -mar t i nga le  

w i th  fu=o* fu=E&r tAur t  as  i n -

c r e a s i n g  P r o c e s s "

Indeed i f  s4u6ut  t l t * r ,  uo"  have:  *

ul? .-ii tT '1 -r,f f--l 
(T 1 r (ts ryr -l

r,lL^rj,.t] u,r ril 
-,..Lr.-{u, 

txrl ri/ f,q | 
=i' ' lF.,r, 

t*r,' r{ t u, t/ f,u, i j 
=o

uf( x;-*,r)2

- . ,  f ' :  . I  ' -  rF 1-
remains to show tl lat l ' lLJ x*l. u 'rclxrr'/.; i . , i l  

=

ifr ,r] =il[tt3u, rx,J,t)' /K,r/fr,r] =

i , iext b,y using ti ie it,o forrnula to the seiniri ianting;ale 9f,

t o  t h e  f u n c t i o n  f t x l ' - e x p (  S  x l  w 9 . ,  g e t :

: lrl[f:u , tA./, ,lff ,r/K,.r.J 
=r] Fl-i., /fr ,J

rfr> -1

.r/f," . tJ 
=o'

- ' A  v

is  s^pf f ic ient  to Pq.gte-t : ier t :

-f$ft( u,,jl t " ) dT'/ f ,.,rl 
=o

2
o ;_-s-  A
4 \"(

D + ,r4 
--& ue

r t
1 t

a ' :
,,r.,n"Jiq ;J hYt., -meri""rJur! rrnct boundedi the general case foLl-oirys bY



psss ing  to  the .  l i r n i t r .
'#e hnve , A'i ' \ . rr(trYr:' 

rvll["&",d] (*tff iu/.[,{ =u&((4 -TJ/Ts,r]=

$18('' r,E, J,tffL, r/ft d =i,; fu r*[F,,, r *d, {n,- /t,J =o
, ,? tE  tTh is  w. i . rs  pnoved in  t i re  p ropos i t ion  1 .7 .

3 ?
nr2'*$n rSir*ee the fanil ;" fex"otgEl",t*d,{- *-srtAJ,Cr}idrU, 

is unifor-

mly in ' tegrable t th is:  is  a consequence of  the exponent iaL boutrdl  i t

fol lowe that the function ,frc, = f^ *.*r\$EJsnt*d,{- fu,tA",r1far ,0€,c

is  eont inuousG

Accorcling to the l ' , ' lorers t?reoren 
F 

t" holomorfi.e, so that the equa-

l i t y :  _
f s

/6u"0,*Eu, t*d, t-9t1r, tAd, g)dr=r t  a )

holds f ,or  every 6gC. ,

r r1r '4 j2. t t I t is  suf f ic ient  io show that [he exponent ia l  bound abso is

true in th is case(see the previous impl. icat ion),

Cr th is fo l lowe from the fact  that  for  f ixeci  t  the process

{ **o t : i  
g  xu, r*$*u, t ) l *  is  f f  l * * * r t inga le  for  every  g6,R(see

t f } r ,  t h . l . o . f  , p n  ) s

g989LLASI*1.9 let  (*u,r )s,  t€,  [ ,o,n{  
bu a cont inuous a"A f , ,a=#f  *o,u/

u6 s  rvs l  t ) ' -adapted  process  tha t  van ishes  on  Io"

The fol lowing &ssert  j .ons are equivalent:

I l  ( x . .  n ) '  i s  a  i / i i e n e r - Y e h  p r o e e s s r i " e  ( x -  * )  i s  g a u s s i a n  p r o c e s s
b t  L  D t  L

u r i h h  l i l ( x -  * ) = o  a n d  I { ( x .  + x o ,  + , ) = n i i n ( s r s ' , l m i n ( t r t ' i .U t U  D t u  D t u

2)  ( *o r t l  i s  a  p roeess  w i 'L i r  indepenc len t  inc renents  and fo r  sa  s !

td t l  the  random vsr iabLps  E ls r t * * , r t ,  iu  normal ly  d is t r ibu ted  ur i th

s e a n  o  a n d  v a r i a n c e  t { - t } ( J - s } .

1)r ML**ot ie r ls, t*d,  $/n,rJ=""ot  -* ," , -u,  i t - t f  ror.  every "-  *  t
t ,

: : : : * * l -  . , & 1  - - . , & , - t - , ,  ' .  ,  t
, i )  ; ' l l u rp (e f f . .  +xJ  a i / t -  * j=exp lg :  ( s -s r ( t - i ) j  f o r  eve ry  s l ,  s i t . 1 t . ,

s € ; .  

-  D t u  D t u  D t u

i "u r * ) ;  i s  . t  s t rong nar t inga le  w i t i r  (s t )  as  inc rer :s ing  proces .s .

p r -on f  -  - t *4 :e r2r  tLe I  sa  dr t r -  t , l  be"S ince  (x . ,  * )  i s  4 ;auss ian  proces i ], * 1 : : :  ,  I  J ' * - * ? / c  ' '  .  - - _ ,  
*

al l  v, ,e need tc shorv is that r , i f fm"rt"srt lx i*,"J*" t$ tr*4 m.v6L,



EIb harre:

(" t ta"-inv-tn v,Ftav ) =o

M[(Efu, t"d r{) *,r, 
"J=L", 

da,-,-*no-Jnu+slu} -o
u 6 s

v g  t

,  , 2  )3 ' ) I t  i s  imnred ia te '

The equivalences 54,4dfi5 follow from theorem 1. B where A* - td .
D t l ,

,  r 2 4 1 t  
t l e t  o g s r d r t r d - . f  . W i t h o u t  L o , s s  o f  g e n e r a l i t y  w e  m a y  a s s u -

. l
m:e that o 4 s <. s', O ct a t. Then we have:

i f

i f

1,1(xg,  {*u 11 ) ,=e{f (E*,  t*dr{* fJo, t ""  r {*4 ro**r ,  t+xs r t  }*" ,  J  
=

M(.tr ls r txsrnrr) l , i (** nt)+s{(rI€ n t*u , t)&1(*u, t  }+1",1(EL roxslr r}M(xu r a)

+M ( f3, 1 ), 
=1,'i ( 

":,, r 
) =st.

The theorem is now P'rov€d'

2"' " I !g gbg e! i s-Is!eerels

r t \  -  t  (

Le t  t€ /W. r rnd  I - , ' ( x )=L (  
? " , t J " , t€  to , { I (

- - ,  l ' t '  2  t  ' - - .  r ,  ?with *ql f ! , td(")s, tY,a6oJ.
o o ,

l lere t {,x)s,t): is a o"??T; 8s in theor-em

uniquery deternined t t  q ly ; ,  rd4*)u n,  /  
is

pcrsi t ion 2.L,p ,L24 frorn t iJ) .  
, .  f l {  "  #

r,2(x): is a i"t i lbert space rerative to, the norm t/f //=L"Vly'{td(*)*,tI
\  t - r  ^  . f <  .  ( l -

t t '  f  urt=( iu{*r t)  where A=(sr*!u t t r tJ ando( to 4' , t -measurab}e ano ' :

bound ed' we cl e f ine !,-1 S - E! ggleg!: g-l!!Sff91-9ry,y1 !!-f egpgg!-lg -I- PX

frt *pg
t1f '  x' 

",,/ lY' ' ' , '"d*t ' ,  yH 
qxtAQ tt", ' '

where ns 
, tJ(;', sJ x io otJ c

The new pro ,eess  (Y . *J* ra  po ,sesses  the  fo l lo lv ing  proper t r f res l

*) f . *e,L( rY ""erfl? it,**rl{f,'
b)r If x ,iU* 

and 
Y ' 

ty' 
""* 

as above then

(r,1),r,.,,

)o,o-(*)o,"-(r lo,r)

T

- l}'*

Y " r l ' '  
is Ju ,1-n"evisible

1 . 5 r e v e n  i f  < x ) s r t )  i s  . n o t

independent on dx)isee pro-

(Y"*, f '"
where we put

e) t{[(f.*)3,

Art
\, r=/ J,1*,., g',,,ou
{ x ,f)u ..r=d, 4x+x

f i ( f . '  ,  ,
tJ=U f;"dc')w,y



,*  
? 

is a simple 
€*- l"evisible 

process i .e ,yur.=*** &*rs, t)
whene rt1(**,*lJ, (tgrtt*] ana(o is f,-,ro-**n*orabie and bounded

then rve define, 
ht .h ,

( P' x ) * r tl lF", t'd*t', "=)qox 
( iikrlnz /

The nap Y---.+F* oi simple frfr=:o"evisible process into ,4t'

l irtear and preserves the norm"

1 S

Therefore i.t can be extended by continuity i.nto a trinear rloFtlt-

preservinf l  rnap of 1,2(x) into "rt{z which is denoted in the same way.

The  new p rocess  a l so  possesses  t i re  p roper t i es  a ) -c ) '

BSU185_?:1lf  x i .s s lYiener-Yeh process t i ren in the defini t ion of
a

Lt( 'x)r wer can cl iange the vrorcl  previsibfe by measurable and adapt,ed.

ESqfggIl IgI_3:?a) I f  the hypothesis a) from lheorem 1..5 holds and
t *

. r \  a  t  n  ' a r q ^

f  6  Lz(x1  tnen t i re  p roces*  y* , t= (  
f  " " ) :  ,LYY ' ; ,od  fx ] r r , ,  i s  a  mar -

t ingale &

(
ss<,

1.u'

i -

2
o

t: every

a f / /  o

asurab le

, , 1 t r i  1, r o  u r t J

L] ) /Ftr,

has i , i c

$ propos

ar "L.tt

fn

e."l S

-ne

' tJ

( o ,

toc

i o u

th

it
q  ^ ( *  1  - / l - n'. 

") s, 1t' /'Jr,*)=t''V)ufi, r* F],,, riE,r,J
t  the  hyp ,o thee ie  i j - i i i /  a re  no t  nec

Ln*,where r i : (s  rL i r ( t , tJ  ande( is  Tr ,

s,,  ur],  f t  , t !  t f t ,  J 
=,t ' [o'*2 tAQt o, sJr ( o

(  o , ,sJ*  \  o ,  t j  )  / -F : ,  r ]=n2*(  t *J ta f f i  o ,  sJx

^i r-n /ffi 1( I L X J u r / t r * , t J ,

_fol lolvs f :rom L'*continuity of the s

gg: ig !_ ISUUCI_l ,e t tp ,x  as in  ' rhe prev
t ' t
f , * ,  * - * topp ing  t i ne .  i hen :

m

t A T = ( ? ' * '  ) s n t  
r i A f = ( t p ' x i s a , i ,  t 4 T  8 ' $

' t '

e r e  r f  i r t = * s n : r r t n r )
eorern 1.2 and proposi t ion 1.6 \^ /c  ge l

b) , ) I f  the  i rypo thes is  b t  o f  the  theorem 1 . !  l :o l r l s  and p€LZ(* l  then
T

Y,"*"/{2 an<i
o[(H*, r(f '

t4t l ( ' in th is point

Bregg a)Letfo&,
and boundecl.

' i ' h e n ;  H [ ( c f . x ) 2 t ( s

=otZl,il"2 tant
a t='L!-l"Pli,o"

The general  c&se _

i .nterrral . .

i,lliiiirlA 2 ,'J t LocaIi s

t i o n  a n d  T  b e  a

($P"* t i l , -' l  " s n T ,

f o r  e v e r y  s n t (  h

Prooro a) I 'roni ttr

Accorc i ing to  the above nropcls i t j .on r r re  have;



=2hi( 
T- lftf i,,,*[*],,,

eo thar ,F. ** ) uo' , 4T= 9. "
fhe other equall itY Proves

b)Like as in a ' ) , .

In the end of  th is s:ect ion

wide ,  e lass  o f  p ro*€s$es .

uy."*)3nr, tnr-|' f' rp?,.,ru FJ,,,o, (y,")3n r,.^r- ]t T'f3,.'ur'{*,.t "  

"  

'  b  l r '

tlf"t)3^*, t^r- ft ]'t'",'dffo,o 
,"* rnar'Lingates.

Then we have 2 o 'a

w,( / uf. *t ) s nr, rrr T- tr1" x )' srt, 1a,y/2' I =M I(f , "r ) 3nt, r^ rJ *

+mf{p"x}3nr, tnri -zm[c<1.xT ]"nT, tnT.,F. *) snt r r^d =

I 
*-( T*I' yi,.,d FJ,,, J=o

I " r T , t n T  e l ' e '

in the same tnanner]

vre extend the stoehast ic i .ntegral .  to a

te t  us assume t i ra t  x ,  ( f r t )  are as in  th .eorem 1.5 and def ine

.  t io*t ix l=[{yu ,}ry 6.-o"evisib}e such t .}rat  there exists a

sequence ' Ioof 
frr ;stopping t imes i .ncreasing to L sueh that

m

*(* [nf 3^r", r,rrrrdt"]":+ 1e ror eaci'  ̂l i- 
r-

T h e n  w e  c a n  d e f i n e  t h e  s t o c h a s t i c  i n t e g r a l  ( T ' - . x  ' * ) " r ,  a n d  L h e

loca l i sa t ion  lemma te l l s  u$  tha l .  i s  poss ib le  to  pu t

e . I lrs ss*9 gls! i e !s- ger- g!9 s!ss3-s - I.l! s gre]-$gse!i g ls
in the Flane.

The nai .n re.suLt of  th is sect ion is the fo l lowing theorem:

19. x)ir . .= fu f f*,od*,r, .rg|  " r "  h  J u l  ,

T i l e  p rocess  , f  , * ) " r ,  i s  ca l l ed

respec t  to  x "
AEiTiIffr- 

-f 
6E-To cali sati.on 1 emma

T T
( g  * . x  n f ^  

+" l  ' s r t  i f  s r t f l l r r .

the  s toehas t ic  in te r l ra l  o f  w i th

ho lds for  
f  €Lio*(x) i .

T:I9IgU- l - r .Let  ( ] , i *nt)  be a cont inuous process and Let  Ho,r)*r t&,{J



b'e,  a eont i .nuoug and adapted prosess,

Let a b: [onlJ2o R-----tR b,e two funetions.

S u p p o s e  t h a L :

" t )  
a b are jo int ly cont inuous nind sa+"isfy

3 .2)  /a fu , rx ) -a (n ,y ) : /  +  /b ( .a$ I^b ' .z  i f  ) /  <L /x -y /

for  @,very xtytz and for some conslant Llro.

n 2 )  ( M u . a ) ,  s a L i s f i e s  o n e  o f  t l r e  h r y p o t h e s i s  o f  t h e o r e m  1 , 5  a n d
r , - - {  

' A r G .  
\ r  r  ,  t

Llo, lu  , r=  l lohturv)dr rdv 
where h(unvr tu ;  is  cont tnuous as,  a  funct ion

of  sr t  and { r1-oeasurab} .e  for  f i .xed BnL.

u7, r.rCglqft ,r/ ')/*.
Then there exists an unique(in the

(i"u,,a ), tira i verifi-)F- fol-lowing

5,'-7h xs 
rt=qs rt*U."(1lr 

vrx.', *)dl,Ir,

paths sense) eont inuous procef!$

s tochr ls t i c  in tegra l  equat ion :
Ftob

, u t "Lo tu ' v ,  *u ,  r l dudv  a '  s

for every s,, t€fo r1J.

Proof The existe.nce lVe shal1 use the ' t .echnique of  opt ional  stopping
€->.

i t rn - " topp in ,g  t ime de f inec i  by

the  se t { .J is  nonempty  and Tk= l  in

i i 'or every integer k ]et Tn be the

T*=inf {sa l ;  max /hr iur r r ) / } . t j  i rr i  urvss
o o p o s i t e ' c & s € .

Cl.e,ar ly T* increase to 1.
f'r, r

Let l't! 
]{=l'{unr*, tnrn be lwe have rhat 

"&Ul? 
and u*:Ti ) 2- 

[ni7u^rk, ilrk

i s  a  mar t i r rga l .e  (see theorem ] .5  and propos i t ion  1 .6 )  .

Inciuctive'ly vre, eonstruot the following sequences of processes

*3'lT=%,*,; "ilt'* *"1 :i.fi!r",,,*X;f raofk) .fi":,urv,*1,f ra,,eo
We elaim tlrat supLl[Z"l ,-f;.tzJe* for each krn.

s r t  
b  D t r '

.F 'or  n=o the asser t ion resutr t  f rom &,a)"$uppose the asset : t ion hokis

fqr rt.

S inee  a rb  a re  con t . i nuous  and  sa t i  s f y  7 .2 ) ,  i t  f oL lows  tha t  t . he re

exis ts  Ln o:  sueh that  *2 \ r rx i : : *L I ( i+x2 )  rb?\zrx l€Lf  (1+x2J for  a l l

f i r x n

ery .the scl:wartz inequality and the inequali iy (a+6a" )2*7r#_r.C*& ,c
f

4 f"t'-:



ff if ; or,[ Yr' {t#(u, v, .l : 5 }ouavJ

1 1

t- f

51,.:lt,'. {[J,"

t#:,", o, *|'f ):.*l:iJt "l#'(u r v, *l' f; ) e,,0,

a *  )  ) : ,' r l
-o-r[ 

lr2 
(o , v, ** f llhon,rn, rrnrod'dd

lsYtr<"

theoreno

zlgSntl u"
d  t s *

rv r,'x0"31t nk)2*

e!}ee:

,opt'*t** 'k)2g
S r t  

v l ' *

irere frora ( see

uFsup( xT"l nkr
t * n t  v t L

5.sup
$ t t

andr

bfJ

n " / ' *

r . ,2

p/o(.
t

}a

w

-"3;tz1l dsclt

,++aru,r[r. ,,tilgq.3lt fJ] nzrnfr*ut:T*"3lttTj /' q -

simi1a,rly ers above (usin{{ \'?-)we q:btain :
J..t

ni{ supzxlit' o*"3 
1 tz 

tj * " z$;,'Ll "!' f.-"|lt t"z J d s d t
" " ,  L  " :  -

vrhere-i2y* i .s a eonstant depending only on L.

I terat ing the previous in-equaLity '  we get:

* [:ltr.t;t", n-.t : tzT ##, gt [',.,V* : t
"  . r }

Ar-Ir.1

* g"-nr;2
vrhere from we cerive t 'he estimate

'[

/ / sup/x3:t' *-*3',\t t t 
"zd[l;pig W$ r t '  

e l -

rhis est imate $hows thatH:: tr" | : t ' *-" t :T' .oo &'s so that 
" : : f

oonven8te unj"forn]J, &.s for o4srttl to a con"l,inuous I'inrit 
";"r't'

Or* the other hanci r,he in:equaiit 'yl

/ / s,,,plx3 :t-.I; t / / / ra Hr/::t/ -:;t'*-*3',\ I ll*
s r t  

v ' "

inplie s tha t :t ?/ E: i.-{' fz 
-S--+ 

" 
as il --'-+c,o'

This faet ,1. l tJrre he bound hunTnrrnr**H for eaeh urv tel l"  us thst

l r t  , p rk ,o * . ( k ) ,  L2  f * , , , , . ,  J "k  ' 7 r  r

I !;ru,v'x- ro, *,,,.o r"**>Jt(u 
rY, *,r, r 'rdl, ir '  

1r'r and
e o



Jfww'v, *3 1f r a"a"-!r--y'irr u r v r ".fr 5, dudv
((tne Schvralgbz inequality is used a,lso j,n the ].ast convergenee$.

Therefore we ean pass to l i rn i t  in the equat i ty that  c lef ines * l*} tk
D t  u

anrt we sha1l obtain that :

l,L - ,a /,t'

{; t= "3 :t.l h\ u, v, ,,f; f , am[f $!/i' t''', o, *t f; r o ,'ao
For n:k the l .ast  equal i tY imPl ies:

*?i*u r. n,rn=*3if*, t n rn+ T** I* 
" "( u'r ru, v'r ?0, {i$*, varo

?t* f 
Tor*" nrk, t nr* , *F* , o nr* )d'd'

i  lo  
r -  r -  LU\rk  t  "  ̂ ' k

ronrlk ) *

where from,:*. 
-[rffi*;* rn r *- {l il*, . n, *r rf*r,,..t rl fi r,fi F;l .n, *-{ifu,,,uroz}'u 

o

I terat ing the previous inequal i ty we get:

*[zi;frilr^r*-"Tif*, rn, */ 1 - ?#5i#]5 ( k i
where from,l

f f t l o t , . . ^  = * * ,5  ,  d  B .s  f c r  each  s1 t .**nTk, 
tnT**^s nTp r tnTf

ihereforu ur*  ean def ine the proeess , ** , r )  bY xs, r={ : f  i f  s , t6Tu.

The .process (*ur,t)  sat isf ies the requirenents o,f  the theol*en.

lbg_gl iggggggg Let  (J" r t )  be another  process as in  theoren.

V{i tFaout l ioss of generaXity,v(e can suppose that h is buonded (even-

tua l l -y  vss pass to  s topped proeesses i .

Using 3.2' l t l t ,eorem 1,2 and a=) we get:

A f,t'
lut( /y." -  r-xo -*/2l6ct ".J l . t i l lyu,o-*o,,1z, id,rdvD t l r '  o t b  - O t A

1$rere f , :r"orn ld(/V"rt-"" 
rr / t) ,=o 

henc* ysrt=xert &.s and this comp}.e-

tes the proof of the theorem.

ISSABS_2*1 a) The ease of the Wiener.Yeh process ie covered by the

prev, ' i "ous theorem (in this ca$e h=Lj so that our theorem BeneraLises

ttieonem 2' from Ff "" 
t,he theorern * rron frg] c

b))The 1lroees$ ( l**rt)  sat isf ies :  l i {(urrp *f  -*.}doe.

e) l r  t f .  +)o +er  i ,s  a  cont i .nuor*  ; ** "1 ' * " "n  that  M(suo \g? " . }z .coi s t L  i i t i , i & * O  
b r t  /  

u r t ' *



u

there in the hypot6e,sis of the theoremi there exists an unique eon-

tinuqus proeess #*3"d such that *f ug**s with ? on ro and'
Pf-'. I {'(.-

7'5 \ io, o*u rt= ) l"( 
u t v r x.[ 

r',r'r 
ci]d 

" r"2 Jb 
( u t v r Xu, o' ) d'udv

( i - r rdeed we take *" la=f"no*fo , t ' f *no).

!gfI$II9N_2:1 A conti .nuous process t ixurr)) that sat isf ies

eal led strong sulut io,n of th:e equation 3.31.

The' proeess from 5.4.e)) is eal led the ini l ial  process of

t i on  ( xs  n t / , .
T'HEOBEIi5-hS t ir* proeessj(.xun*):  from J.4tcnwhere (M"rt i  is

Wi,ener-Yeh proces andp deterministe, is a lr tarkov process
I

fq l lowing sense:

r tix$** ,,r*F B /E ,o ) 
=P (xu+h , t+k€ "4 ,r,

for e1ch. ! r t>?rh ok>o r e € q?r *irere fi r *=S ( *,r 
r/u*p r o svgiL, or ssu€ Tr v <t),

ffi "*St*$,o, "f 
.z t<vs] n s€u€tr ) ' 

' -- t

Proof The eonclusiorr ,  fo l lows eaei ly f rom the fol lowing three fects:

;IT$;,*;;: ":*:{in where .pr *er*ue with 
"%* 

r",t=di * [t,:Jtj[e,xJ4$
ana x[illif.u t" the solution of t'he equation;

Eu, txs,, d.= { t*!t u r v r *o, 
" 
))dM u runtlrtf , u, v, xu,.,, ))d udv, s 4s ks +h,

t6 t !1+t ,  that  agrees wi thF 'o*  tur r (oonsequenee of  un iqu.eness) '
* +  \ 0

i z )  
" ; i ; l { " r . '  f  determin is te , depend,s onXy oo ElertMs+hrt+k( by

gsn,stnue,tion) .

" \ on:)) (xuIUt),withf deterrniniste,is measu""O1: t: 
F 

(even eontinuous]

witir respect to the uniforar co.nvergenee(this is a eonsequence of

thw following inequalitY :

unu r*f 3tH13f, r;"sla{l ';f '" " s:t/F" , t- E , r
' Ihe next theorems show that t l :e solut ion of  the stochast ic equat, ion

7',5\ depends sonti-nr-rosi!.;r on inr'!i'a]. diat.a.

' j y E Q g E l i - J 3 ?  t , e t  & r b r * ( n ) r " { * } r  i l = o e I l n . . r b e  s o  t h a t  t h e  s y s t e n

(anbrM(n) )o* ( in ) )  sa t , i s fx r  t i re  hypothes is  o f  theorem 5 .1  fo r  each n=or l i " '

Moreover* suppose that:

'rr) a.is 
l"":i:.h)r uu(nj ft,t*

"2 i n$u [Sygztu :;i-H;;t / ll=o'
a- )  * r ro  n ( t )  (  s  o t  )  Ec ' i  s .  I  r  s .

1 , ' n s , ' l - a * .- .  L L E L  
T e ) e

3 , 3 1  i e

the solu-

taken the

in the



e, ) li-m ivl[sup,/*STl-"S:X ,']=o.
. l -  

hsro€r 'S,  . t

Let C* i i { t -6* t i *  sr : .ong so}ut ion of  the equat ionr

,$Tl= Y';.f;ta( u,'',,"lflr)'im$* tfrtot",",",1Tl)idudv r n=o ;1 I''
Then :

)-irn- l,rf s'p/"!:i-*!o lrJ"n "
r r e 0 f f f i H + : , - o Y  

- ' -  
, !  - r  d * '  

:' =' " ; [l:# i:l-"[ l ir T* e'i s u prx :li-"[: i' ? .u'{ ::t {,%' "( u' v' "51} "-lT}

1n

rinf n=

equall it

] 1 . t . . .

Suppose that

increasing to

the systern

1.1 for  eaeh r l=or

tirnes increasin$

{%u'^(,u,v,,nfiolrau {f,',ril.t*[:TtdTu"(u,v,".!?],-a(u,",*[o]l lam[nf;]

*n\&Wtl b ( u,,r,',['] ] - u (. u,,r, *$o ] I /?a"e"Je ui'',l6 :Tt/* 5l } -"ll i /1 *

*s aME/;rA} u?( * - *, *[; ] I ei ff* 
( " ) *],{ ( o 

5 o, o *l'S}trff Yt, "( u, v' ",1:}, 
-

- a( u r r, *$;] l 12 r., (, r: ) tr' u r v ) <i ud{ + 3 r,,,,ffia tb ( u, ", "li} l - b ((u, v r x,!l} ll' u"d{€

a. CI,i[ ;.1g2-t sl - 4 : I / 3 *, * n* P** 2' {i " * x )' u pr'n[ t' -* I i]' J* t /,Y]"'f'xfi}-

- 
"5: l;r 

tJdud vj=6.t, {}""'i7",11} -"[: ] Jo .' o " wh ere
a colls{,ant ind,ependent on FIo

o r l l  i s

y and
Retaining the fir:st an:d t, l- ie Last msrnb:eI" fron above

ilsr*ting the abi.eii:rreid incqrrnlity vrre get :r

ufu,rp 7"(n) **(o ) 'Z] ' t" f i* '* ts**po"

,*urorioi ' i .o^iel  ,u; i l ' * t tc#,;n),n=o,r,  .  .  rbe'such that

;;;;;?;ili"r) earisries t"lre hypothesis or theo'rem

Lhere exis' t ,s r"r sequence {f*} 
" t  

q 'ru-stopping t ines

L such Lhat:

br,) l im lrfsup /M!"i -M!:'rr'J=, rn" eaeh n'
- t r  

n - q o * s n t 6 T r n  
i i l L  u e

br)t sup.- 7n(n)'(unt- *vnt*;,/Sc* ae '3 fon e'ach m'
-  g l t€T*

n &tr'"

b*) rirn lifsuq- 2..[i l -4:' i, 'J=o ror each m'

;;;" fi'if€ Hti$'|;3'n.iinouiiJ ,?i, or .f,,-".toppins
to L such that:

.^r, i t :  Llfsu^ r- '(n)'  -"(o 'rr ' f=.o
n-*se  ; r th t i ^ *o t  

- -s r l
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fon eve,ry,  m(ihere *(n) is t .he process from the above t f reoreml.

Eggg{ Let T* be the 
{o-" topping 

t ine def ined bv:

F*=inrt$ 41 ; max /a(u,",*,!: ,8 *J i f  the set { '} is no:'rernprv

s:s
and i *=1  in  oppos i te  case.

gher* i l l=*Orr.T*rT*) ,  are 3f  r"-stoprr ing 
t imes increasing to 1.  ,

Taking int ,o aecount the st6chast ic in iegra} equat, ion ver i f ied bf  . !h* r ,*
t j n l  -  h  - i  & L -  - - ^ ^ - - : ^ - - -  + r - ^ ^ * ^

Fro*ess 
":1,{',rtntl 

we show i:s' in the proof of the previous thgorem r'E:: ',
i J^  rns t  t ^ tm 

j i  
, ; i . r

tha t :

Iim rri[sYtr-, z'*!"d-*!:,lr']=" :^;
n-"oo s , t€T;

for every m.

The teehniques usecl in the proof of t ireorers ).8 rnay be utj. l ised to

p:rove the following theorem :

TJ lp ! -B l l l t t? " ! .Le t  snrbnr ld r * ( t l l r s -o111.  . .1  b re  such tha t  the  sys tem
l n

( ,aprb11r l i ,  
" ln / )  

sa t is f ies  fo r  eaeh n  the  hypothes is  o f  theorem 5 .1

lai th the same constant Lipeehl tz*

Mor"eover snppose that:

*r) srnrbn are trniforrnLy baunded and trr#*rorr$ b.

c ^ )  h  i s  F { . s  b o u n d e d .

,'r, llt-t'[:"g zolii-4Ti
' y14'e $r I

Then:

trim [1Is,.,p /*i"]
.  n - + q r e . | s r t  

D t !

. ,  L  
t  

.  . . :  
'

t ' I l  I  o
\ r y n e r e  \ x ;  + t ;  r  [ = o . 1 ] 1 . . . r i s  t h e  s o l u t i o n

D t u

integrax equation:

RAI\IARK 1"Lo A sisri lar resu}t as

previous t t reor€m wa impose the hypothesis cr . i ,  rcr)  onLy 1oeal ly.

4 . E geb-9 g1 g!1 gle-lgr l! gsheelrs- 3 3!s$is]-jb"ss3 I e3e
in  t i re  Pl .ane and the i , rar t ing ' ,aLe FrobLen
i . - - - - - - -

Vfb coltsider lhe' fol, lowing stochastie inle.-rya1- equation:

4.]. ): *'* 
rt=t{%t "{urr.rrxorv}d'\:u ro*tr

sr,t
.O

b (u , r, *., 
, o) d'r.]rt

,'f=o -

-.!ltu 1j ="
of the foll$,mving stochastic

u,u\d%t b,r( u, 
", 

*lt])t ludv

tha t  o f  theorem ] .8  i s  ho lds  i f  in  the

-!ll="" :l.A.I"ao( u," ,4:* )

where xeRrerb: & r]]2* p*5'>. and , i l"rt)6i,4,f i .
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SSFIIr[I '{IQS-4:? BY weak solution of

;;tly-,itfrF;fr , *,fru, t,ru,* ; o < s, t
-(fiF,F) is a p"6n*'uifityr space and

the equat ion 4.7) '  we nean a
g L ) '  where:
( F  * )  i s a inereasing fanailys r t

of sub*sfie}cs "f fr-(4 
"4e,,rll-!(9") 

anaq[r]is puiva]ent with (l{u,.).

r t*-r f t  is continuous b,ncl Srg-adaPted such that:

& . S

fbr ," 'sverY srt€loo{.

We have the folloxing nesult:

X$ggg$- 5t2'If the; f,ollowing eond'it ions hold' :

1 )  anb are  cont inuous  and buunc ied .

Z) (M*rt)  sat i -sf ies one o; f  the hypothesis of  t^ i leoreu L.5 wi th

S,tJs,n*,d%tntulv idudv rvhere h is e,ont inuous 
'snd 

edapted

5 l  t ln i ]u " t * [qur , { /  A t ' / l  ( s , t ) ] * (s r }  l " i , / t  fo r  each s , t rJ rC wnere  i  / (s r t | / la
'mex(/s/ i t t t l , r then the equat ion 4.Li  has a weak soLut ion.

Proof Ls1 & n ' ia
v be, unifor"ml,y ancl Lipeehitz functions sueh that arrr

1r* eonre,r'ge, uniformly on every co.npact to arb. 
^ tv

tne therorera 3*n tei ls us t i rat t l iere exi.sts a stuong soLution (": l i )

sf th,e s:tochsstie integra]. equation:

*5"i,="d%uurr, u, v r xln j r an u, v* I%t, nntr r v r -[:i, duc]v

I t  i s  no t .  d i f f i cu t r t  to  see t 'ha t l

io '  . lo*Hn 
n(rz?Hlt)*( 

d,*t/  r6 
/* 'J '-xd,{/*$}=o'

i ^ / )  1 i -m supP(sup, /x^  * / l ; * f , J ,=o ,c 
L->oo n $rt  

ot  
l*  , ,

fo , r  q ,ve  ryg>orwhere  x=x t " '0 r  M.

Aceo'rding to the eo,rrol lary 2rp*] .5

sr processes r-?:Ti'f i [T{)i su*r that

wi.tti (r5?{ , ffi$T{ ))u , t r*' eve ry n ancl f:n{Fp-+

e.verY s, t "
The uniqueness o, f  repa'r t i t ion impl i .es that :

a$Tl-"{f ",,,u, o,Ff,*};'or,}i* " {'to,,{J.L} 1"'?l:} ) dudv

iYe shnl"l show that:

rn, r=*{%*" 
( u n v, i,r, o }o{,u*fT o( u, v, ?*, o )'d"dt'

f rom t6l there exists a seqruence

t " J r i o l { s r t ) " r ,  h a s  t h e  B a m e  l a w
( n i . l r

x ; ' (n  ) T\ .\.

FJ:-+ i'r{s, t  t l ' { ; ; i j s r t  f o r

{%*'*n,, ,' ,4,T1;,anli1*d--+ #ot *( u , v ,oll} } 4fi1 , ,,
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(this errde
Iirle haver;

Mr/A*AI

Lu*'lJ

a*47L.u

Au|tu',(o, * ,*{o}; a***,-"' 'r;f,tutr,, ,',x,, , r, )d,rdv

the proo'f of the theorem/

ao(u, ",rj|{ i,ufi,!i+ - I.J;t "{u, v,f*,o i*fr'o,o/zJ a

#Mt4:At rr*,,(o,v,u{i*, *a(u, 
", *$f} I i *'[i] A + xa[t6agt(*(u,",{:}}-

*a (u, v, F*, o.),.#,ilp?. nt:[.t/!ta ( u, t, t, " 
i afr$i] 4%t ̂ ( u, v, ]o,

=r ut{%t/ a*, (i u, v, 4Ti u-" (iu r v, 4i] I z t u m( " ) & tw tf\t t* t o,.',, {"} I -

-a(*'r*,fo,o)l2"&t-*$T#l +] m(/d%*n (u,v,f,r,o)-4Ti -

{{ t* t i " ,  u, fr ,  o}dqr,r / ' )*5(1r+reor=}

tnty7*r./urr( z,x)*a (z,xj /Ztt(r ' i f. I + P(

rz*r?T*/a / un(a,x)*a( z,xI /Zntrurl., ) +p( *goZ{."}*'r }*

n( sgn /ir/>t, *Z\l*ru ,,^nrr,x)-a( z,x)/zxtrufril *

r( sgn/i'rl> r; +P( ugnzril{/* $; +r( sgn/ 4"} ,>}+

Obv'io,usly, Ir+Iteftfor large I' and n.

Furthemore r.jeilfg/-u t z,x\/ti,(<i# ") -ff rr, ) eET* / a(z rx) /ttt(4t)ql z;4

The othe,tr cotryergenee proves sirni.1arl"y.

BEry4ES_$s{ lhe e&$,e of tt le Wiener-Yeh proee$s is covered by the

p,rgvious theo,r'ern;

Moreove,r ira this case \A/e can. weaken tl:,e hypothesis on the coeffi*

c ients"

More precri.se vre ha,ve tl:e follolving resulit:

IgEggis-{ . t  I f  arb are ee,asurabl-e and boun<ied and a(zrxi*c >o

fo,r .  ever l l  zrx ancl  for  $ome,constant C-r then the stochast ie integral

equai i -on: l

(4 "  6 )r  x.  .h =*{"At r(u,  v o*,r , , , )  duo u ru{oYotb( 
u,  v rxu,e)dudv

'  i J t  ( .

has a weak soLu,t ion(, i re:re (w",r))  is  a ' { iener ' -Yeh proeess) '

l lgg€l*t nr,rbo be unifo::m).y bouiici ieri ancr fipschita
l ; ," n{ }, t,, l u^ui

functions, ocgx)tC
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for ever;v arx and sueh that //(a;alzttr, 
Frl l  

a*sqoi4 
h,

/  /b;b/ /  f  ,  &nLJ 2*st*14 
h.

/ n \ \

Let (" ; ; i )  be the solut ion of  t l re equat ion:

"::i, 
= 
"{%u u,,, *, ", *jl* r.*rr, u {|Aou* (iu 

"", "::+ )' d udv

Let tr!*Ji, (f i j :t) be equi valerrt pl:ocesses witlr ,f":Tt) r (wu,*):

such, tiil f:TiL, f*nr, 4f{"s*fi*,."
lvj t?:out toss'Jr gu*u"*f i ty r* e'an s,uppose t lrat r,4: ' l) ,  i tr:ni ) ,  are
eomtinuous.

0lear1y t f !n{ l  ,  ,#nr,*) are ,r i iener-Ye}r proeesses andt

fr:Ti="{ |t u{ u,r v ,r;1+ r*q,li; dYo'o o( u , v ,flli r durrv
f iow we are going to Prove that:

t:tl{**n*+ *{T,t ^( u r v n?., n.,) 
u#o,,

onedimensional  t ime parameter i . i

(4. B ) ot[ h**oZ"^ */ *t u ' t '  D t  r '

aS ff rl\e-$el€ o

V{e, prove only 4.7) i .

We have;

*t &qTt .,-li);r a tJ ly," ( a *-a* ) 2,,, 
", u,!:],r d ud { *--4 s

-* ) 
2 ( u r v, i.r 

r, 
) rrucl.l] F----+o

of Rl:Tir4Ttz e t{"y,l t no-u* }? t * 
" 

'4li ;;e se d z-

6 xt 
k:t "!il, *t,ttr tu,'-*,)2t *,t,4lJ )dsdtJ +grs"D(

rhe, proeess l"$ej;i -+ *%t"*(u,v,*fi j)dudv *e#an(u,",41])dudv

i "s a raart ingale,  f rence'  f 'or  f ixeci  t  is  a mart ingale wi th onedinen-

s, ional  t ime panameterr

Then i t  fo l lows tha t :

*:: l  =*4u q(u,t)ci l fn) {uE*(u,t)du ,o a-s<11

vrhere { f i [n) )o**4t r  is  a  bro lvn ian i ro t , ion(see L?Jrcoro l le i ry  1 ,2rp. ]65 i .

Aecord i .ng to  the inequal i ty  f rorn t t  rp .gr  there ex is ts  a  pos i t ive

ano '  eorr t inuous f 'unct ion N' ( t )  su.ch *h* t* l : ;o t r t )=w and:

. t s r L , ,  e
% / r " b ( u , t , F o , r , ) d u d v

is  su f f i c i en t  t o  sho& ' tha t ;A s  i n

(4 *?)

4ffirr"^,
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f,n t u,.

I

t*r,Pa a Fa

nutfi"*oZf:"1 t * t{rt (,a*-aN ) 2 t ", t,4li la*]+ N ( t }: / / ( an-a* )' ( 
" 

1,, r r 
{**rU- * r t  D t  L

Then: -"*),2(s,t ,4: l )esatz*n'"ffiu,,t/"::l 
t *ttrn( a"-a*)'z (s' t'?::t ) esat

gfN r " r l , ) ) (ao-an)2( . ,  t , . t , / /5 ,  p , {xs(1 
d t  *

' n  2
*fr*z trt l  3tt(arr-aN )zr / r, p,fxs(1)
$<

from:

*frg:t -51i,n t/"%'( a',-a*)2( s, t,rlll)osotJr
.)

< e t s . o q  *  c ( c < )  / / ( a ; a g ) ' / / r ,  
f o , U 2 x s ( ] )

i fot is srnal l  enough and N,n are large enough'

Conc,erning the uniqueness in Law of the weak soLut ion of  4.6) l re

have the fol lowing part ia l  resu]. t :

gUgQBIl!-439 Let a n b: [o ' I] 
'xRn'--; 'R be as in theorem ].1 '

Then t 'nere  ex is ts  an  un ique in  law a  weak so lu t i ' on  a f  4 "6) .

p roo f  Frorn  theorem 3 .1  i t  fo ] lows t i ra t  4 .6 ) 'has  an  un ique(  in  the

paths  sense) ;  s t rong so , lu t ion l

Ther,r  as in the on-edinensional  t ime pareme[er we san prove that the

uniqueness in the paths sense impl ies t i re uniqueness in Law.

Next we are going to give an al . ternat ive way to prove t t re existe-

n c €  a n d  t i : e  u n i q u e n e s s  o f  w e a k  s o l - u t i o n  o f  4 . 6 ) .

C o n s i d e r . f L C ( [ o , l ] 2 r R )  t h a L  i s  s e p a r " a b L e  i r n c l  c o m p l . e i e  n e t r i c  s p a c e

relative to tire unifo'rrn metrie. A

L e t  ( x ^  * ) ' b e  t h e  p r o c e s s  X . o  * t a l  ) = c ' + r ( s r t )  a n d  f e t  f , a S C * , r . r / t f p ,D t  U  q t  v$ t t r '  
-  D t ' v

v€t )  be '

Let anbl  for f ]  
2*n*-- jp be rneasurabLe and bounded. funct ions and moreo-

v e r  l e t  u s  s u p p o s e  t h e t  & A o r

EEIiIi:iQI  :l9, A probabiiit,v meas'dre e o'^'Qiis a solu*'ion of t'he

mar t ingn ls ' -p t 'ob l .em wi th  respec t  to  (a  r  b rx ) l  i f  :

1 ;  ( x " ,  + )  a g r e e s  w i t i r  x  o n  l o & . s .
u t .  L

2i t r fexptgtr lu, i*" , ,  { i l :* t t t . . , r ,v,Xu,y)duciv- 
qrJtr{ ' [L lrv,xr] ,v)cudv{r&'

for gver;r s ( st, t a t' and 8€R.

EBIBQSII ISU-{: ] I  LeL P be a solut ion of  the nart ingal 'e problem

wi th  respeet  tc l  \anbrx ;  and Le t  &(u  tY f ;u |  be  a  . f t r t -Prev is ib ie  and
.3
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b.oundecl proee ss *?hea:

l+i fexp r(.Itrru nv l,dx,r,.r+ AJfrr! "(u, v, t*,, ,,frorulJ nfiu I.TJ=,
t * ; *

fo: , r  egery 
"  

.  * ' r t  4 t l  where Yu r t=*"  , r - , " {o%tbtt . r  rvrXur. , r }dudv.

Erog$ I t  fo l lo,rse:  f , ro, .m theorem. ] .8 and propcls i t ion 2.2.b).

U $ g g E E U _ { : . 1 ?  I f  a  e C  < a ( s r t r x }  € C  f o r  e a c h  s r t r x ( C r C  a r e  c o n s t a n t s }

then there exiets an equivafenee between the existence (and the uni*

queness) of  solut ion of  the mart in6tale problem anci  the existencetand

the  ur r iq l r ,ehesa in  L is r ry ) ;  o l ' the  weak so l -u t ion  o f  equat ion  4 .6 / ) .

Froof Let P be a solut ion of  the mart i "ngale .probLem wit i r .  regPeet to

(onbrx , r ,  and le t  y . "o t=* "  
,a - "4%*o, , r r rv rxury ldudv  rwur t {%t* -5 {urv  r *u r r f i

d J , ,  r r  b e .
u t  v

i ' he 'p rocess  ( .y ,s r tJ  i s  a  s t ro rng  nar t inga}e  tsee  theorem 1 .8 / ' r  an< l  f rom

previ"ous prooosi t ion we have that:

r=tur[exp rr/rYrtg...}, o, v r xu , v,)dvu ,r^$/"*tt" , ,, , *
1

o*r r, 
) (di )2 (u, v, x.r, o)J*Jr

, F  J  * " r  . A -  *  I  - . , - t  -  . t r  - l
/ h,tJ=i,1[*"orrS Elr,t*dn{-t {. s-sr (t-t }/,fs r."J

fo,r  ever:y s< slr t  4 t l  e€R.

Rbtain'ing ti:e fire,t and LI' le l last uember of the ab,ove equalit ies we

obta in  th ,a t  ( tuur t )  i s  a  r ,Y iener - Ie i r  p roeess  (see coro l la ry  1 .9 i .

Obv io ,us ly  4 .61 i  j . s  sa t is f ied"

Als '<r,  the naw of txsrt /  is  Prhence t i re uniqueness in law of  the weak

eolut ior+ of  4"6t  i r . tp l i .es the uniqueness of  solut ion of  the rnart in-

gale proh,lgg:- ry
f {ow, }e, t  t  f r  F,  f  n, f .  n, f l  , r )  be a vrea}c so}ut ion of  4.6)  and P

l ;n the r-angn onRof 
'F 

rry f 'unc{,io.t srtr$- * (c.l),
s r t ,

Y/e have,:

if we keep n::ind

Yeh proge,ser

The::efor"e P ier e

A l s o ' i t  f o l l o w s

srob:Lem impl ies

g  I  I  , r  t  -

I , r r fexnror+rt**,0t1*f /" t ' , . rurv,*o,*)drd"-{*t 'u,o,v,xu,y)d,rdrr ' , /&,?

r , . t  l i  ? -  I  , l  *
=xifdexp rr/;Yr$\ u' 1I, fi,, 

o, i 
*fi*, 

"'\/rt|t 
a ( u, o, fr,.., ) tludv,/6, F

the  propos i t ion  4 .1L  and tha t  ( ,4 r r / '  i s  a  v i / iener -

sofr l t ion of  the mart ingale problem.

that the uniquene$s of  soLut ion of  t i re nart ingale

the  un iqueneos in  . l "aw o f  so lu l ion  o f  4 .6 } .
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F * AF- I syg rl gege- Fr! gslple -{9s-3ss:Eerssg!ei
${a,rkov Proeesses.

- - * - - - *

Let (er,f)i,be a mea$urabLe spaee and fon' intesers .':):{:i"t::

P(k '1rk  ,1  rxry  sEtA) i  be a t rans i t iora p ' robabi l i t ' y  wi th  respect  to

(85i, f I .
qEI iEIgIgt-2:}  we say that  the farni }v [ r f  r* ,1,k ' ,1 ' , . . , ]  ork ' , ] , f  is

atr .arrs i t ionfunet ioni" fholdthefc. l lowln$q|"qPggesglrygsgtgg
r"e,latj"ons:

(  F .  a)  P (  k t  * l I  rk ,  1n2 rx  r$ , r r  I  rA l *J l (k l ,  ]1 ,  k2,1 i ,  rx  n tsr f l  d t )P(kz,11 nk3 '

, 1 2 f f r ! r  z r L i

( i  .7) '  ; i l i , f '  n, n 1 5 n* tJ t%',4 I  f  
t  rc* Jr,,  ka r I  2, *,5, u'  d?. ) p (:k1, 1 a' k2,

r15 rf iy'r trA )

fo,r evel"Y x rY sB r $ and

I'lgqEgU-Z*S Let E be

andr[ be a J.aw on 9r'

then there grxi*'rt,s an

fft 
gt-,n) 

n where skrt=8 for every k,)^, such tfiat:

(i .6j) L ( ffiilfk, rff;\, n r 
ry'$t " {n t o, o r ktr' 31 r x r x, x, dxr. )' *

11,1 rx r x r ,xl t  nn-1, 
dxL 

r*1,!v 
t lc1 r o rkz r l ,  rx, xl ,  1, x, t lxr,  1 ) ' '

* r *m* I " rx rdx* ro) . '  "  f  
r \o - f  r l ra*Lrkmr ln 'xm- l . rn4 'xm-31ntx& ler t r -1udxmrn)

T-TA A
('l*," ielq/bo,''' *,, ii, t'ft\r, l j( 

*i' i )'

where ka4 " . . dr* r tr1 1., .4n, [ 
={. f ur ro ) / a€i*}tl { ( o, 1, )'/r-e;<tt}'f*

: fi oro, |/1*i*r.r1*jen$, \,$gu.
rr,{s*€oven ir ;::;; frf 

'ur*rl-$E 
are the pr:ojeetions a,ro,{r.=

=B**n,*r' i l  r i ' iui i{?!rl ' tr in* ir is irolds the followins Serhgy

E i o ; ? 9 # " t y i . , r 1 , , *  -  . t * / F  1 -  6 , , r -  *  , t  . t  -  a i ,  n \  n

A €8.
a poLis i r  spaee r ,  P( .  ) '  be a

uni"que prohabil itY measure

transi t ion f i tact i*n

3. o* *fru*,t '

(5,.5) 3r(.51^Bn,r 
t:/(* 

;^%,r) ' .  
fo:r evervactoJ*f ' ,1', ' '*u

U[o nl n . .]*[oi co,ur*tab]'* r%nl€ Sn'

xra*ltk]i

xn-l tka , lnnxl  , , {x-}  rxL nnrx2 1n-}  rdxero).  .  . / ,u**] .  ,o rknr}1,

. ,  "fr.*o

.  .  f (k1r

:"ff?:t r?(.xgrn et/S^1 i= P(kit rkt rl '  r*krl r. '(k*1,r5.'n] rB) 
1u-*.u



I . r m
for k <.F '] <1 and r:,€VB.

Efgg{ For the exi.stenee of 
fu 

one use'the projeet iv&,s;rstem of
F -  4 \ .

IB:e&$urGs g iven by 5, .5)  *5.6, ) ;c

The un$queness of fu 3.s obvio,us: ond the Markov p'roperty follows

frorn 5 , ,2);  15 .3)) r  5" ! ' ) ' ,  f ' .6); .

I I I%- : *S [  l , e ' t ,  P ( ] c , ]ok ' , f  
' , * r J rz rA )  

and  ( * *  . , ,  ) r  ss  above  fo r  E=R
^ t r

and 3et V* be the probabil ity, meersure 
$ .

Consideo i t  *  proees$ (yk, l ) :  def in"eci  f ty]

Jk,  o=Y*r 1=*
] c 1yp+L 

r 1+3=xk+1,L+). 
-A 

F, 
t v*xi+r ol**i,  j* ln*i, j  )Pi, j  (* i ,  j  n xi 

o j+l,

,1xi;..1 L, J ndY ),whe.r:e tt i, j  ( x,"v", r rA )ap (i ; i  n i,+1 n i+1 r x r ' E rA )' .

Then I

hiffip*1yk' r1'' /nrr]=o

i . .  e ,  (Vu,  
U)  i s  a  s t . rong mar t ing ;a le .

Part icuLary holc ls i . i re f lo l l -orv ing ineqi"ral i ty:

(5.9) nr. : i$* /yt  t j*1c, 
*yi , rolb€) *(1)u *o 

t , t ( /yn, l+ro-yk 
, to/41,

o€i4-

Prqof ^F'ro$l' l$arkov pro'pe'rty we. harr:e :

/
Mf"t* r. 11+1/6, l lJvno, r, ( xlro] rxk n1-rl,  xk+1 

n1 n dr)

&the;re from:

. .F  , ( .7n  a  ( ,
EIL* t * t rT* f -xk l - lu l *xk r l l * r , l+xk  

ra / ' f y r l "J1($*x t ra1r r - *k r l+J-+xkr1)Pkr1{xk , }

,xk, l i * ]  r ,xp+l  n l  rc iY)

i lo.w the eonclusion fol l .o$rs easi ly,
' Ihe , inequa} i t l '  5 "9)  j i s  a  con$equence o f  the  Doob inequaX. i ty  f rom

tr6rq1*psrame:ter ea$e(.see f4J , irr:oposi"L,ion 5 i:,

,rgs:!gr*svsru-1tl:fl::-n* 3- ]sL{i j g* l-!: -:-3rgl:r!let-{et:}}91.
/ /n . ' r \

-lsl-t(l) ::-!!s-pre!:9i:ilr-l:t:rr-:*fffS*, - (Rr" r=R ror- - - ; - - - -  - -  
k n l ' J o  " k o l  " ' t r

,e l in  )
eyel{ _E r.iil _ bui L t rryi f.h P - ..1! 

:J*3}*# I _er,:

tet $, ' , tT:TRre r*-*)c(( to,t l2rn): be rhe f iunetion defined by:
|  "  k r 1 = o  

r > t J

@oo,*, 
( s 1t)'* x hsJ o tr*=J 

(*) + (ns* hsl ix 
f*"Jnr d*g(-) 

+

(l:nt- tn{ ,r,x6lsJu fi"ftr (c'$ + (r:s* b-: ) (nt -&q] ItF"J*1,fntJ+1



snd ler  r ln) t=Ot" lof lx , that  is  a probabi l i ty  Eeasure on c{ [*11]2,R].

Next M' denote ine'e*pe"tation with resoeet to V(l l

The ma, in resul t  of  th is sect ion is the fo l lowing Sg

.,*inei.pl-e:
l i - - - - - - - - -

ggggggl',1-2:lg Let arP, &,13 
2xit,.-->n be' co,ntinuo,rrs ancl b,ounded funet-

i o n €  s u c i r  t h a t  o  1 C  4 a ( s n t r x l  f o r  e v e r y  s r i , x .

For  every  in teger  n :o  ne t  P(* ) ( . ) ,be  a  t rans i t ion  f i :nc t ion  and le t
. , r (n) ,  ,  -r : (n) r , r .  - l  1r-r ' r  ' l  +r l r ,11- - l  \  .  , /  - r  uk nl  , .k+1'  n1+1 I  .  ) .

a l r

$uppose that:

a.., ) liln gup- ' l - '  
; -+ " " i ( rL ,x i

n{rr-*n-xr+x-r/u{1t[Ti (x*x2 rx5,dl,) =o ror somu?>o.

" 
" 

J, -*z-*,**t/  * L" 
-* '-*3o1 I n["]  t  *1'  *2'  x ' '  dY ) =

"fzut*,'*'"n' -f 'tr,k,1,xr,,x1xr) where

uifY*if ( n,k,1 ,,x1 ,xz,x:I/ 14 ;fi#L"zftY8,xi" '  t f (  n , k ,  1 ,  x l , n z r n ,  f  o .

^1, /tr-x2175+x{,nt" 
(Y-xr-x, **r)"fii('x1, xrrrtdv) =

=|ra,* ' * rxa/  +( (n ,unt  r * t , lozr*7) '  where

r<ff fxr/((n,kol ,xt  ,x2,x3,,  *"# ;* l lgP.! t ,*o "2zoq(" 'nkn1,xl- ,x2 txr) /=a'

, ;

Fqrthemore, Buppo$e that the stoqhast ic eqrrat ign' :

5.11) xs 
r t=* '#r t*Zr. r rvnxurrr /d*,*  ru*t rY"r(urv,*rr r ldudv 

j

n-as an unique solut ion in l :aw.

'L*t 
P* be tire lar.v of solution of

1 i , t y  measure  on  c (  [onrJ2r t i )  hu l l t
(t rr t

Then P;" 'converge weaklY to Px.
n

The proo f ' foL lovrs  c lose ly  the  one

m:et.er given in lil-
iVo need the fol lorv ing Lemmas.

LEIJU{_2.}2 } ,e,1 P(")  be a t ransi t ion f l rnct ion suc}r  that :

for

Let

, r
f iTfl ,  *.ft- lep{ie(v-xz-x,+*} 8*or, (x', *2,*7,dv) / 1t

some 
-OeF.

. & , ( O ) ,  ,  -  ?  { -  ' i

Pili 
( ix1 r x2 rx3) =tosJexn {ierr*xp-x5+xl &r nl 

(*r rxz,x,, dy} be.

from the onedirnensional t ime pars'r

25

nera] i -nvar iance

5-,1f  l )  and let

a s  a u * o n e - a n d

rf"Inu the probabi-

1e6, xrr***x.



z'4

Then:

ufexp{ieElk

for :  every kat f r r< f ' .
Proof I+r.om the l'.{arkov property we have:

&rfexpt istr&,,rxk+],r*r/€, iJ t'"n{i9e v-xk+r, }-xk, x+r+xk, 1 }}

. t  p  ( *k , r  rxg ,1+1 rxh+r  r1 ,dF)
Froni- ] :c ic t i re conclusion fol lowe easi . ly .

!gus4*2.113.r ,or  e,very. i .nteger nt1,  let  o(n)6 ' . ; :  be a tnansi t ion

func t ion  and 1e t  t l " i ( .  )=P(n)  l t r l r k+ l r1+1 ' .  i  be*suppose tha t :
/ * r *

ur ) l , i ,m^n2py?^* .  l tv-*r-* j*nr/4*? ut lTi(x1 r *zr*3,dy)=o for som 
" e>o.r  

n .5o6 
r \  t4 l^ i /  r

- f  . - ( n )  . c l
up) ftyp , "!,1(y-xz-r7.n*1 

) t;;i ( xl ' x2'rxrr' uv , / 4.S
r  j '  l n \  

t v ) a ' ?a, )r pyp r*J /v-*r-xt+xt/ 'Pi,11 ( *1 ' *zr*o) tc - . * 
nt

l 'hen the iamify (Plq* 
, /x/ALls 

refat ively cornpact in the weak

topology, for  each L4o,

Sgggg 
'ide must tr0 show tnat:

1) $1S, tlgr*rsr, tl") urSil*. 
r*J/**r, *2-*tr ,.r"d 

=o ror everv €>d'

,) &d)$re, "1"), :Tt'"",t/) &)=o
or" e'eruivale,ntlY:

* ' \  ' r i . m ' t i m  r . ! , 1 r )  - 1 ( n ) l - s B Pt /

for '  every t> o,

*')l lL.Hoill*r V tl 'o3'ig /P^(s,t),/) a)=o*
I

I  )we have I

Frr( u*,sr),-fi( tl, t2 ) /2g),=a

i:f-rr,r"/P"'"1,sz)- P"( tt,L?"***-{}:*}1W,2€( 
k+r g'P"u s1 , s2 }

* S*t tr, , r'f) / ,"Lt!i.r#{-ffi*r k+r ,g'f"( 
t', , t")r- p"t r'J' t, l/j

"[tf*r, fl]'l*rur k+r )s 
/h( tr' 't2 )'-F'( t''vtt / =

/Pn( *,r, )-&

r.t-r
H

l xil {- Z--
r=k

max
o.6i*n

d 2  m a x
t"14 *.j-xi , f"K&/

f;$3tr*, k+l)$

nax /x .
o<i*[nfl tr'o {+{q

rft,x{t/ &



ghonrt

(  nax

t ha t :

- 2,>
The.refore i"t is suffi cient to

1i*- liT 9'q_ _ E-t;-,d+o n-*so /xi*L kd<,l

From lemrna 5"8 we have;

oGi,dno € J 4  n

{"1 *u*-r\ 
oai4n
n/-i & r,

iVe have:

rxk, i+io+l rxk+l, j+jo+n rdv)r l lzi 
;Ti, *.1 

q"-"2*x3+x1 I 2r["] t

*2,*3ody)+2isr f  -  t  I  tv-*r -* ,** ' ) t [ : ]  t l r , * r ,x . r ,dy ' t tz  &
2  " " ! ^ i

/*i, 
LnlcJJ +j-ti, g.,t 33 /2Q)=o'

Derine *5:, (,i , 3 I =rllj,.;"-ulTj" ""d A:: li , i l="lT j.;"-rlll-io_r .

nrrrfartn" ( i, i5:' , i , i+1 ) )rt =u; (t 5:5:tt, i ) ) 
4J +6ru*[ (r.!:) ( i, i )' ) ) 2 ta ln ) { i . , ; * r l t $

u $

/x !,f,nc . ; -ull b us1 t > 6t 4* r []'** r zrlT h*r r"s-r,l: h *# t

J o

*4M*Lr5*) ( i nir (A(") t i n 1.*1,t J*Mr.[tall)' 
( i, 5"l ) )'aJ

*-gcaji) (i n3+1 ),,i =**it$+,4:, (k+1, i+r, tJ?=

{rrl rE*, $ " 1,.. r o i *1 I I il<r H-* [G&, ; + j oxk+l, j+ j o+r 
l 1 *

.'S'"t y't u-*, , i+io*r 
-*k*1 

, i*io**k , j+ jo' nlT j.i" (ixk 
r i*io ,

* r ,

€ ttk .rt$ *flz ror o 4i.€ n.

rhen M,,[(r5;' ( n,i ; I | =ffim-L,A::' ( i,r ttzJs.:c]

Also: t l f , (45:li+1r;1+1) ) 3*r,[ta(3) r i ni*r r ) 5J*rr,rJAS:'oi , i*r]'

' EL, i n ioul l{, 5 * 5 o *. r J *r'r,r[(84; i * i 
"ol 

li, j * j o *r ) 1
r ' r  n1  |

But ra,,f uE{, i"i,Il:l ,u*ro*rt}t#I# 
*ft ;r'i*1ra} j i r i ,;+1, , k*

m,rtr cJ1,5*;ovl?i, 3*s, *,. }j6*tu. *? 
:b fl:i, *lrr*nr-*7**t/4.?i'fil t

^ 7 &

. ( xn rx, sx,.,dyr*?)d$&") wlrere 
i$,Sr,<,n) 

=o o



Then':

h {  f  (A \n i  ( i +1 , i+ l r,rrnL r_ jO

26,

* [ tA \ * )  r  i  n ;+1 ,
r r b  d o

5
2  ' : '

It follows that.:

4 n'# ":5{s$4'r €-F"*J

' l -
. r  I  r J ,

I  21 *5.C- i '*{d '  n) '4
' J  

)  t
n ' n

r z L
i1r!"05p "-$*)i2*

r'((,,,)i gg"toa5lo,o,i+l) )'J .(i i , j+11 l4J<n t $l

ttl<,r

r r  \n l i ,
" o

7
2*u c $12

M*[rr5:' ( i ,, j+lr rtci'.r,,f

I
-#^tj:

Alse l

*r'oJ

l,{,rl( t[l*t, (n, tn6i ttF)eal"H'fr1'2*stI*#''2 "qqr"'qoc,'''' '

Consequent lY we have:

ffit'*t,o t!lt) (. *** /x; . rnv-Ir*.,ow x ffi,r"" 
. 

:*ad,, 
,, [nkJ]

4tin t in u,,P E t{,r8 I" fulI$^I2"e
tr(-+o r"Fbo.c x kd^41 / t4 [- 

' a

= ( +, 
* 
;!.$raJ2nn53,.*s" 

rvhen 6*-+**

+ j **i, 
t"kq

5
( qgjz-&{,&,"

t>€l *.

I
(€ ( ,n )

-"tuA5:) ( ior, r,nl ) ) {l=ni,,f *45:' ( i, i*r ) ) 1J +6M"f ra::' ( i, i +t ) ) 2'

, , (  n )  ,
,  j * jo " i+ f  , f  t jo

+ru*[(fL, i*ioyfli, j* jo

But : hr*L( rq, ;. i ryl ti, ; * 3 o *. I f*a * t$*, 
Vl,-r /, 

v-x z.x 7**r/ 
4 *l t[:i f *r o

a !  r ,u-}  
r , ,  t  - - (dr  r i j  where L in :  l im f  "  (drn) '=o.

tx, txzrdy I +-fr )' 1' ) '' - 
nu 

- 
,r2 

a{-SO n-+tro

mren M-ft,A!*' rr.r,r.ol, 5*r*Lt4:i 
j,i.,r.t,,5,-ff ' l+r{o"')i2

rr- tJO "*o JO 
'(J - '  '  

J ntl .-P-

Where l im l in  3 ( iq ( rn ) ,=o .  -  2  ,  - t r l .

-; -"-#-" ;;f"i: ; ur, r-,, ) )434 t fr I 
2*n t $ rzrt 

"' 
I + ;{-!5*J

*rl1 ,4*,,[A::] ti , j+r),cA , i* jovf ?i , ;*5o*.1T*

for  o  sn€ 
T so that ;
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v/e have, \)1" ' t  :"pzQr,( s,t  t /> a1=1(n)( i : l  /*t .o/>a) *
s r i  l t t  

t '  o3k<n  r t r

o€]*n

4 ! l" ), 
"_HTr._rrll{rr" 

-r,- c1 ){S;i3;;, a tr",lli,1khry,2*+,0lrf
tvt n

as s f-+aar uniformly in n and /x/&L.

!rggI-gl-!!sgrsg-2:rg From lemma 5.LT it follows rhat the family

(P- -  ) -  i s  re la t i ve ly  comPact .-  * * ' I

Therefore we may suppose that P..=-=*P.-"n

VJe must to show tlrat P is a solution of the nartingal.e problem with

t ' q i r t P $ U t /  t / L , ,  \ * t o t  v /  \ s r t s  e r r F r

[s in onedimensi"onal  t ine parameter we have:

(0.t4, i lL iTi,..4Ti,+( 
*1,*2,*31-lsut[,],*r,,.$"t*,*, xr) /=o.

r e s p e e t  t o  ( x r a , b ) ( s e e  t h e o , r e m  4 . 1 2 )

As in onedimensi"onal  t ine parameter

In wiew of  Lernroa 5.12) we have:
I

k 1

for errery k 4,  k ,1 I  1 '  .

Th is  imp l ies  tha t ;

*Fl; ) fex o tioErH, **f,, l 
*"f.ff;fp$e

,* m*t:+gd dudv tq,ll =-l'

tlrrfexn{igEt ntit,, I-H EH $PIII('*", s,Xr, s+r ,Xr+l ,"'J'E,f =r

,t"r'qqWWqr#?#j

Teh theo.nem is proved i f  we sl iow that:

1in I.'i,.., r,
B--1oo t**

Ig-"d
* * 'M

#,*rysr,g* 
-*|{fre**w,qs

bs? |il,U.*r
n t  ! ' l

n T

,hsj}",q,-i t 
"t{ 

= 
i [ 5 

e x p ! i € ffi *, t * *', r rJ.i'{'t o I V-' x*, v j cL u d v +
n  ' r !  - x

.{,f;./J ̂( u, v * xu r * ) auc vfl

fo'r eaeh { boun<led and continuouer
J

From ,"141 it follorvs, 
,f."gg- 

,ffnt!

lim sup ,/exp{ ifr6'- .?,- -&--r.,r.-+r! I*TlilUt:i -t4;.,,.;fr.,.,1 .n-)*,c,,,"qi'''"'r-u'-'Terry fr{HrtSo# IBL{W, if,h: 
'
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f,or each c;o$Pect se't K'
/ * \

I ru t  t f l " ) ) * .  iu  re la t ive ly  eompactreo that  there ex is ts  a  compaet  set
^ n  r r  

|  - ' -

n such h*t  t l : ' tCK)€f,ro" every nnwhereA=sup//$f exp1.3,**"p t ,Jy/ '
n \ '

Consequent l 'Y:

/Mpln ) ty ex p t, J -hirf$exp f '] J /*g.go/ e xP {.r 3 - * *p t, 3 / o

rt

tAP* (cn)+/Mpl;,I$"ot"1]Y5exp{" il/ e t

for  n narge enougho

Theorem is now Proved.

8Eg$BEUgEg

l- ' ANULOVA ' S. IPRAGAtuiUSKAS , i{' , 0+-!bS-UCfEgyJg3E-99!g!19I9-99

s toc l ras t i c  eeuat ions t  . russ iaR)  .L i t . l , ia t .Sb '  1 ,2  1L97 ' l  .

2 . 0,\r RoLr, n., g*g-in$sguld-lgsr-gal!itseise-!- ilgr gse-*s} !f plse

9t_gSg_gppl lgg!1glg" Semode Prob.  IV '  Spr inger r l -9 ' fo "
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