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-TII . IE SYSTEMS hITII

gjr*^* r"-r,r-*rry

I .  f n t roduc t :Lon

The  p rob lem o f  s tochas t i c  s tab i l i t y  and  con t ro l  f o r  con t i -

nuous or  d iscrete- t i rne systems wi th  ju : r rp  Markov d is turbances has

been deveroped in  rnany  pd^pers .  seer  € .9 .  re fe rences  F ]  - .  [ ] ,+1 , , .

rn  th is  peper  the method"  of  L iapunov funct ions is  useC to

d i scuss  the  s tab i l i t y  i n  p rcbab i l i t y  and  mean  square  exoonen t ia l

stabil i ty of some discrete-t irne systenrs with junlo lr larkov perturha-

t ions.  l i , .

In  Sect ion 2 we get  some notat ions vrh ich wi l l  be usecl  j -n

s e g u e l . S e c t i o n 3 c o n t a i n s r e s u 1 t s c o n c e r n j - n g t h e s t a b 1 1 i t y i n p r o -

babi  1 i ty .  '  
k*

rn  Sec t i on  4  necessa ry  and  su f f i c i en t  eonC i t i ons  f c r  nean  ;

square expcnent la l  s tab i l i ty  o f  nonl inear  svstems are g iven.  rn  the

las t ' sec t i on  the  genera l  resu l . t s  i n  t he  p reced ing  sec t l on  a re  anp l i ec i

to  the l inear  case '  I t  is  a lso shovrn that  in  the l inear  case the

uni form asynrptot ic  s tab i l i ty  j .n  mean square impl ies the exrronent ia l

s tab i l i t y  i n  n iean  square ,

2 "  P re l i n ina r ies

2 .L .  The  fo l l ow ing  no ta t i ons  w j_ I1  be  used

t
R is  the re j 'a1 I  -  c l imensional  Buel idean space,

0 \'L

. ,a \i- -\.1
l x l  =  !  ' 2 1 - '

L )

i=,1

"ex e  l R

{
I f  A is  a  matr ix ' ;  (or  a  vector)  At t  means the t ransposecl

and lA l  =  sup lA* l  |  ^ r  / f  nz  \ l /z  :
, i L n " - '  , '  

l A l o =  W u . i ) -  '
"'l 4



G' )  0 ,  r r i eans  tha r t  G  i s  a  pos i t i ve  de f i ' i t e

We say tha.t  Crr)0, n),  0 i f  c l  =
- r . r "

suc i r  th .a td" lx l -  €  I *  G*_x t  F , r l .  f  o r  a l -L  nanc l
I

I  i s  t h e  i d e n t i t y  r n a t r i x .

n a t r i x .

t '  and there exis, nryf i

/

n Lz l ; t - r=;"1 = Pllt-)=trJ

q e t  A .

a lrc;nogeneous ir,lar-

f . ^ )
L J t l r . ' . r s J  a n d

u,l .  D, ^ r,o )
var iab les v?

rn th is paper \Jt r ,T l r ryrv i r t  be a nrohal_. iJ i ty  f ie lc.

subsets or., l ' l .rve clenote by Ex the niean va]ue of x ancl ,hy n [* lf l(.)
the  cond i t iona l  mean o f ,  x  v r i th . respec t  toY.

r f  x ,y  a re  rando;u  var iab lesr  y^€ fR anc t  p  {  f  ka l= r  {>o
" d  l o 'then l_.y definit ion

fc cc*, I ?Gt-*1

' \Y'i=1"3
r f  A € r Y  n e a n s

/  I A

r f  x is a random variable ,"r l fcf t  is a 6- algebra of

the  t  rc . ] , , "€ : i -e r is t i c  func t ion  o f  the

;

(

)

-  2 .2.  T i r : :oughout  .L .h is  paper  . ,1  ( . - )  
,h) ro is

kov chain with state 
"no"" 

the set 
",  

! l "a"o.r" D =

J"""itiorr 
matrix 

fI 
= P [ ?._,".,, =/ l?.^-(*) _ LJ,

/ r ,  * i11 be the f r -  a l jebra generated br lz  the ranConr

lre assu're Pitj.r=iJ) 0 ror arr n! o, j. e n;
we remark that  th is  condi t ion is  not  essent j -ar ;  a l l  resul ts

jn  th is  paper  can be adapted to  the case v. ,hen the ahove co i lc i t icn
i s  n o t  , s a t i s f  i e d .

3 .  S t a h i l i t v  
@

3 ' r .  T h r o u g h o u t  t h i s  s e c t i o n  a ( r )  a n c l  b ( r )  w i l l  b e
con t i nuous  

; }nd  
i nc reas ing  fusc t l ons  ce f i ned  fo r  r )0  and  a (0 )=b (0 )=0 r .

Y r  E-+  Lo , * )  i s  a  conr inous  f  unc t ion  w i th  y (o l=  o ,yk lyor rno



posi t ive number)
€
s

WIEh . / -  f_=  o ,
I I

+atO

3.2 .  Le t  us  cons ider  the

-x,,n.+4 (c-,) = fl (x"..- (

n7 a , i i f  : .  be ai  t n '

( 1 )

/

' r . - ) r l  
t

systeni

- l  , ? : -,, 
1r^-'o-') )

0  3 -

P 
t | '-e 

fl?L, tRl <X] + lo,oo] is a contlnuous functicn wj.th f 
(o)=o,fo,, 0 .. lo

(g i "  a given
v

posi t ive numbers

-- ! .  ---  (  
T{ ,  }" t  fr{  are Bcrel funcrions.wnere  1* :  l l (  X  A - t f r

such systems afe rerated to  the o-es ign of  a  cer ia in

feedback lo*v in some stochastie control pro!: l .ems vrith jurnp Markov

per tu rba t i ons  (  see  [ rZ ]  ) .
L

,  
r f  k  i s  a  na tu ra l  number  and  x€ lR f r y  

"<_ (K tx r ( ^ ) )  
, .

deno te  the  so lu t j _on  o f  t he  sys tem ( t r ) ,  de f i ned  f  o r  n7  k  and  wh ich

v e r i r i e s  x O ( k  1 x 1 r * )  )  -  x  f  c r  a l l  6 l

S u p p c s e  t h a t  f , . , ( 0 r j r i )  =  0  f o r  a l l  n  )  I ,  j ,  i e  o ,

D e f i . n i t i o n . 1 ,

( 1 )  T h e  t r i v r a l  s o l u l i c n  c f  t h e  s v s t e n (  1 )  lQ.  s t rong ly

g_bqb le  i n  n roba l ' i l i t v  i f  f o i_a l l e )  0 ,  ?>  0  the re%  - % - ; ; ;  
- _ *

e x i s t :  6 ( t  , ?
Fu.c4 tha! i . f  lxl < S (t, " l  ) tJrel

o[ 
:1n,- l  

x,r(kr]r  G, ) l  >?i  < r  ror alr  k
\7 rE

(2) Thgj f iy ia l  solut iog_of the svstem (1 )  - i _s  s t rong lv

seguence of

Ld€JL

) ) o

asyrnptct ica l l s tab le  i n  p !_obab i l i t y  j - f  i t  i s  s t i c n g l v  s t a h l e  i n

slgLle j-n probqbilitv and e { ri1 tx*(rrx;^r)r=4=t for alr k2 I ancl
a^)o- t -

st rongly  as to t i ca l l v .  s tab le  i n  pJcbab j .1 i t . " ,  i f  i t  i s  s t rons l v

neg}nilie!_L

probabi-r i tv , and 
1::,1_. 

? , b*l 
x,- (*r*,., t  |  = o)

(3 )  ! ! g  t r i v i a l  so ]u t i on  o f  t he  sys ren , i

I

r4e -trivibl sg]gtjol ,o_f the _svFte*

=-! fo-{_:rfl. k>,.

i l )  i s  g i o l a $ y

!,
XEIR

f ' i l

i

i s  s t r o n E l v  e x -



Donei:,t i  a i1.'r

{ + ' -

s t a b l e  i n  n e a n  c i f  t h e r e  e x i s t- l l  ' l F e e ( e ( C ,  1 )  g n d 5 > o
such tha!

E I lcc-- (k,:r-,.., ) l" I

n ) k > ,  1  a n d  * a f R { ,  a n d  a l l  i € i .

f o r  a l l  k ,  a i l

t , ,
Repgrk j1 ' .  'S ince

4,  :  a ( ^  ^ 1  r r  . l t  . ' l
L lx,*(k, :<,e.rr1 '= f  Finl"- . . .171 et lx*(t ,x, . , ) ls t  ?n-: ' - ,  

=t j  X
. l  - - t  c  4 '
I

J = t -  

' - )  - t '  I  L k ' t  I  
-

1t  i ' oLr -c rvs  tha t  i f  ihe  t r i ' v ia l_  -ec . l_u t ion  c f  the  sy$*L?.$  ( i )  i s
/

strsng];a expo:ts l t , ia1J-y stabl_e in :een scuere then t ,here exi .st

o {4  {C,1)  and f ,>  O such tha t

6; l  l ^ -E I  cc*  (k ,xr ros l -  e  5  o/  h- rc  
1- . t l

I

?n-f'r =;]
/

il

' i  . I

d i t i on

^3  + . l r  ^Lrl" u rre

The orenn 1. $gp!qs-e th; :_t ,  ther.e exist  Bcrel l_ funct , ion_o-  ' : '  '  _  
|  |  

- - :  v  
- v v ^  

! ;  - - q _ r v  v + u : : ! -

f cr a 1'i.

!
f  or ei l  n>.torl and'xe l i4"

'  
Converse ly  i f  the. ,

i*f P [ 1*r.r =e- ]> o7.)to

sys teu  (1 )  i s  s t rong ly  exDonen t ia l l y  s tab le  j i n , ,  nean  seuare .

rn the fol lowing.we srai l-  Drove soiTie the' i 'ens for i .he
s t a b i l i t y  i n  p r o b a b i i i r y ,

l as t  c roner ty  i s  t rue  anC i f  :n  eC-

, i .e D then the t,ri vr.s l- s c l-ut i on

0'--=:-l

V.^' ,1frtx b+ Lr,*) t

( 1 )

( 2 )

n t l
" /,1-' ,

a(rxr) s V," 
, jx.r i)  

* L(tx) for  a l - l  :n) r \  , r -€Rt ,  a .  D.

f V*., ({;(*-r,r \,})f,ui t V^ rx., & )
- l=^
i 4 D  s n C  l x l l q



=
- i o

lhen t l :e  t r iv ie l  so iu t ion

\

? - 3  q w q T F n  I  l l  . 1  <  q r 1 1  ^ r c ' ' - .\ * /

s t a b i e  i n  n r c b e b i l i t v .

and

D ? r n  a f
l 4  v ' . J -  a

Q i n n a  r r  i r ,  x r e  )  i s  n e a s u l a b l - e  w i t h  l e s c e c t-  " n '

? .  ( , " )  ,  n)0 ie  a hcnogeneous l ' ierko ' r  chain,  se can
t \  |  '

(?.
t C  J n - o

wri.te Irs]

r l I

. ird
.:.' ''

 /  -  1 . . ) -^r++{  \v;*. ,*' ), 7*) I

{ .
i

.t

a
€
,t
I

g

. i;.sa r

4

" t ',{
A, ' '

& .

1
4
a
c

x)t f  ̂ )  tT-^J G.s1=

^) , ] t7 ̂-,,*t) ,r) f 7^],*,1

I,[*^
A

F,u::r
lY?*/ l/^-"1r*;=

( f " tr'^ (ic, *ru)r/,7^lf t,X] f

"lt;i ,"-'ii!:!,t^ t'-i'l) t'u::,j' + 4

hu

+1

T

(2',)

A
T

EL V^*o (.T...,n. {,.,
l ,  l r  ,  

- -

!,^.+r (f* [*^ (x,x,
)  

^ ' { ' r h } k ) - {

/ z t  L e t



i
.  gbv ious ly  f )  O.

. :  L e t  k >  1 ,  a n d  l x l <  q .
i; ^
i

t  i ,  :' :
i

1
t

Y /*  J  he, t
/ i

/

l . r
W.'{r")^ is eieasurabfe wit ,h rqsnect to g .t\ 'i. " h-,1 

-

:  F rom Cond i t ion  ( l )  i t ,  fo l lows

Vnr^1. rJ

,  fhus,  by,  v i r tue of  lhe equal i t ies .  (2)  e4d Condi t ion e)

of  the theorernr  we can wr i te ,  for  a l l  A €T, '_n, ,

I r  I
V*." ( r*n,,it,x, q'] ,?-!4) | i /.-1=

Ao I Vl,.t^t rr] An 1, Wnc.1<Ttr

.--\ :
'1,^ (ut 1 P (a-,;r --.  (n- '  ,

A n lVl/-c-1.6'',,

F J Hl*c. '7 ?t,x*,
4 n I v/*rl-)<T1

., Y. r. -F-ry,i-q9l P$:lT'r!14rT:rr.ni



I
,  r f i l  t

\ .' I ruen-e,pnf

1 ! r P ( / ' )  J

Hence

where 3 ,,-'- q-'

f i t r  t  \( 'yV*  ,Xn ) ,  ^ t *  is  a  supei 'mar t ingale '

E t !V,'-*r 15",-.-J G't) L W" (^) , o '''

S o  t h a t

Hence [ isJ
\

o . ( s ) , p \ . o f  i L i * ) >  c - ( s ) 1 <  E V / , , ( 4 *  E V n & , 7 n - t , u t )  s
\ 7 - K

€  b ( l x r )  5 > o, )

_ ' T h e r e f o r e ,  b y  v i r t u e  o f  C o n d i t i c n  ( 1 )  r  w e  h a v e  f o r  e i L
;
, ,

5 > o  w i t h  a ( 6 ) < T  : i

a

a-(  5  i  P [ , ry r  lx - .  (k ,  \ te ]1 ,  5  J  = o(S)  P {  +- - ; ,  aUx, . (k ,x ,< , r l ) )  * i f ; !
I  t  ' /  v '  .  I  '^^-')t< -.-.. tt>-r< 

i..

. J :

^ j - *  
'  '  ' ( n t  - ; " : -

€ a-(5,) P{ ry L{.t*.r >o(5J s 4{ror}
n^7k



a n d ,  s i n c e  l i n  b  (  t x |  )
lrl>o

=  0 ,  ' t h e  t h e o r e r  i s  e r o y e d .

The.o.ren z
_ n c : e L  f u n e t , i t n s

V*, ,n{rl-) G,,,-) *i-!i ln" fo .L1owing
r r c c e r t ! e

(1) ai t r ' - l  .  V* (x, i )€ / : (r :cr)
4

er LV^",(tnk;1,1), l l l , i  t  \L11i7 -
a l l  n21  ,u  i  e  D  and  l x l  €  q .  ! '

:for al. l

n .  p(x)
t

p
n) l r  xe f l ' ,  i e  D

. :
for: -

/ a  \  ! ;  .
\ a /  i s  s t r O l g l - . V

so iu t ion  o f  the

i h

Proof .

Fboia Theorem 1 i t  f .c l_ lcrT.q the t r iv ia i
rs .Vs f  

" r  
(1 )  i s  s t i "ong ly  s tab ie  ingrobab i l i t y .

W e  h a v e , t o  D r o v e  t h a t

- -  . !  .
t a F

. 4 4 U l '

l r |+o

f or; 
'l

-  v l q  l a

P I  h - - '  l r - -  (  r< ,  rc . . - r  I  =  o ]
. + - ) p -  

4  - ) - ' ' t - t  |  ^  v  
J  =  1

. ( '

l t t e  sha1 t r  use . the  sane  no ta i i ons

rein

Using the reasoning in
and tak ing account  Condi t ion

e s  i n  t h e  p r o c f  c f  T h e o _

the pr6'of  of  the preceding theo=

( 2 )  a n C  t h e  e o u a ' ! i t i _ e s  ( 2 ) . r . ; e  t € * u

E[ Y/.-1 l5*l(c,) < W^t^/ - rx q(,.(..,,;

3*- - e.-, and

)  a l k ,  8 . € .

where

{
t
\

p (x*tr.,X . q r )  I'  -  J  i  . i f_  r a
l i

: s
L l

i
:
i
I

i

W*h) < )^

: i ,

T h e n  t h e  t r i v i , a ' i  q n ' i  r r r  r ' ^ n-
1" .  l

o(* t<r'1 =

W n ( - )  =  y



9 -
t

t 'ur ther v/e shalr  use the sane reasoning as in

Theorem 1 in [ fO1 .

t

S h a  n v n n fL r r v  u !  v v 4

i t  fol l-s{rs that

,ji.

of

E xoy.,1 E e

Thus there ex is ts .  a  seguence k,  wi . . th  1 im K.=r  and
,L->e

l im  4 . .  @)  =  0  v r i t h  p robab i l i t y  one".  K - '  r ' - - -
L )e  'L

Since  \ (o r  )  i s  a  supermar t i nga le  the re  ex i s t s  a  pos i t i ve

random vari-able €(c.:) such that. p { l iL Wo"_(-l - Eku)J = a

B u t  b ( r )  i s  a  c o n r i n . u o " =  t ; ; ; o n  a n c  h ( 0 ) = s .

Thus  there  ex is ts  ,  
"  

6u .  
L  

sugh tha t  j

, . ^ { - t r . ^ t l.- ? -
I  "  <  IR" ,  l r l<  ; .J  c .  i  x  e  | f f ,  t ( t - t )  <TJ

being the ,ri-urnber in the proof of the Urecrrenr l.

Le t

o*= [- , k*b{^<'i= 
rc(c'r) t!,(t ltc,-(t<r*,-)l ( AJ

+\>v

I ' ;e  shal l  prove that

t ., !;^ lx.-(r,xr'^')
,n )e

f  ncleedr let  tel  € Ax"

Fro f l  Cond i t ion  ( I )

T

and lim
i+a'

Si.nce

Cond i t i on  (1 )  o f

U ( x.',(4 *,-), ?*l:,) 1T,

?^!:') "^a f 
(",.(ri, x,a.,;) = a{,"(oJ

From the above inegualiqy

@

Z ::r, L o(_-(a,l { e
h=  f q

Since
e.<.
I*
'n'

=  e the ie ex is ts  a ser ' ruenee n,  wi th  l i rn \ .=a-
!-:/ 

": '' ' - 
1r1of.,,,.,.,,

i}

lc "'i- '

i t  fo l lovrs thaL foi  n> k we have

l;r*- {r^tr.,t}=a,
' p+e *i

l = o 3 > A *
$

rt .
!:.

$
t
*,
F

fi

' l  
i m

igar
i

+1- Al r r q :

i

i

l

4utu1 =g, . i ron the abcrve r :eIat j -ons,  usingtci r

Theorem and the propertrLies of the



runct ion p
I

subsequence

B

0

V^' R'xD* Lotn

( 1 )  a ( t r l )  4

v/e conclude that  the sequence xt  (krxoc^t  )  -  has a

,* r ,  (krx ,  <r  1  which converges to  zero.
4 \ . r

ur I  Vn, t , ' .1 E 6 (  t r " r^(r ,=,c. , ; f )'r 'r
Hence c (o ) = Q and rhus by Conclition I {*rk!"",*,*rr4=d>/r
But P(Ax) = f  -  

f r l  iy*  I  * , . , (k ,xr-  ) l  >8"3 
-  

" -*
-----  

By vir tue of Theo.rem I t j : : r  Pi , tu+ lr ,- tgXrtu)l)S"]= o=\--_-- --....---__-rr"'" 
%.,P\*-,**o*:.:;,:,c 1lt1l,,!=. flfr' .p14*).. t

and Theorem is proved. ,r' .-i*:: - ,l'xJ+o

Theorenr  3.

( 2 )

( 3 )

f o r  a t r  n 7  r ,  * r r { ,  . i  e  D )

/  v r i th  t .he fo l - lov i ing prorrer t ies j

1 /  ,  ,  /

[ - - ( * , i 7 s  t ( r " r ; ,  n ) . , t ,  & u [ R - ,  L e  D

4 ( t u l  =  F
4.l o-

*_ v._,*,
l='

( 5"^ (*, l,il ,l ) ty < V* (r, i )-  F**Y J 1

Tben the t r : iv ia1 so lu l ic rn of ,  the .svsten { U  i s  g 1 o h a 1 1 g

s t ronq l asrrnrptot ica 1 ly  Fta l ; le  in ,prc ,k . ,a .b i  t i ty .

grooj .

system

{ i )

t l r i

(  r l - r-  )

{  i v )

From Theofem 'f it foll0vrs the triviar sclS-ution of the
(1) is strongly stabtbr{ .n probabi l i ty .

we shal l  prove n {k,-*J*, .x,c^r)--  oJ= !  ior  ; r11 k21, *  
" tRlLet  R) , r ,  *urR{  ar" ,L  4^ t - ;=  V l to^(qXr- ) , ,? .^ (?) )

Fron i  conc i i t i on  (3 )  anc r  t he  eq 'a l i t i es  (2 |  n  i t  r o r ro , , [ - , 1  
'

E A.,,..n (. ) + E 4 ̂  t,-:, 7 f-on 4lL -r.. ,. *
E  A , n  ( t u )  1 r
f [ \  E  Y ( x * ( x , r , r o ; ) (  E 4 ^ t - )

E t,1.,^r, l5^l U.) * A'^ (..,1- tr'n.

-  [  4*nn'(r*r t  (e-

Y (r^(K"xrtu)) ,  
t  d, .  e. .  )7\>/b

' '"*tr4lt'r:s)m.'JTprlF..F?'ffi?^ 
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where

$ $ - r -  . ' r "  a i :
.& t&u*H-d l * , - . . . -

1 1

)  is  e sr- : -

i i t r i ce  [ fs . l  ,  lhere  is  an  in tegrab te  func t ion  c ( - )  such

4 . . t ( t ' )  =  " l ( t ' r /  a ' 9 .

From ( i i i  I  we get

fo l l -ows tha t (A * ,1 ' *

l i .

SinCe ^ / - . t \u -  
. t  €  ,' } l = k

t h e r e  e x i s t s  a  s e c u e n c e

/  - -  r  \( { n ; ( , < r x r * ) / = o  8 ' € '

Le t

r e l a t i o n  i t  f c r -

n,i ='- a^--tL

f ron the

n .  v r i t h
A

ab c're

o .
(.,+

i+o.

F n n m  / r n n i i  + ' i  t- r  v u .  v v r ^ u r  
" r . ) n S

, t u ) l  h > k  i s

a ]  )

a

!** I x,^, (k, x ,
lr{ nr

i l
. - o l l = O

;

I

'  
\.r, ' .-..,^. F( A t=l , t l le the oren i s pl 'g-ir(i ". l  d ; . 1 ' 7 w q , ,  t  \ ' r  r - .

Fron ( iv )  and ( i i  )

r ro- t r ' t ' r tnt  - i  ̂  - - . . : l  o^  v * - ^ C . s -  j .

that  1 in
rn *r

t./
t t ? l <

\ . . .  ;

lorvs that

0 '  g )
&? |

{ .  l t .

Le t  ugA.

S j .nee s r ,  ( , ^ r ) .  i s  a  bcunded seq l lence,

and.  (2 )  i t  fo l lows tha t  the  secuence lx ,^ {k , rx

b o u n d e d .

Thus : . .  the sequencu xn,,  (x,xt ,">) ,  L| ' t r  has a converg:ent sub-

s e q u e n c e .
tu

Let ,  ;6 -  ( r , : , i ; ' .+  )  le  th is  subseque,nce and i ( * r f  i  t s  l in i+ - .- - f t ' -  '  )  '  '
- r

,  -  -  A  '  t  / , -  ,  |  -

W e  h a v e  f ( i r ' ; ) = o .  T h u s  f t ( - ) = c :  , + +  6 ( l x o ( * , r r t ' r ; l ) ='  
i.r* 

-r

. = o  , l ;  A ^  ( c o ) = o  .  T h e r e f o r e  R k ' t ) = Q  e l l d  f r o m  Q o # i t r o n  i 1 i- )'  
F+e 

- f
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cons ide r1  2 _ ' Let

i. :

F '

;.
r.
I

' i

1

(5 )  i i , , . +a ( * ]  :  F^  ( t ^ - ( . - , ) ,  
) , . c . . 1 ) ,  

^> ro ,  c . t< , , / L
( -

! !
i " x / ) ? / , ? -  -  _where l - - . ' i  l l  are Borel  funct ionsog v r  u 4  I

By i* . (x,  x,*)  ,  ^>.R>.o iye denote the sclut ion of. . : .  
' - .  

. .  t  .  .  )

systens ( l  )  witn *o_( r, I ,a) = -s 
' . -  . '  '  

. . , . ' ,  I

Suppose that  Fn(0 , i )=O,  n) ,o) , i  e t r

+ h o

f o r '  a L l  l t > - t , u € A i ,  u o , D

prove that i f  the funct ions F.. ,
. v

the  fo l low ing  asser t ions  ho ld :

L e t A .  = i . -

"  
' t  

, 4 ,  )  
:

-= Remark 2. Since U,A,= tL and

a

j ' t  . .  \

'  l r (or r r<. r )  =  i - r * ( { r f ,  (xr< ' ) rc i i

t
^4-

x € l K  t h e n  i t  i s  e a s y  t o

cont inuous in  x  =O then.
,  '  

. ,  .

i s  g1oba11y s t rc : : . r

P
for al l  k>rc, x€li?'-.

a n d  a l l .

( . , i  )  s r e

( i )  i f

1y stable

)o such that

the tri ',rial, soluticn e.oh+t"i-otc of the s,ysten $) is s+r,r-c:.:.!
i n  p robab i l i t . y  t hen  fo r  a l l  [>  g ,  

? ,  0  the re  ex i s t s  J  ( t r tD
i f  lx l< Srr , l r , tnenfFr . i l t , . ( r , r r . . , ,1>1l , . ,  for  a i l  k> c 

-

h z x

to t ica l ly  s tab le  in  probeb. i l i ty  then

for  a1 i  k) .  O

syst ,en (3)  is  s t rongly  asynp-

1* -  P l ' { . - ' . ,  l r ,n (qr<r-} l -o}=J
l x l+o h. - ) r

( i i i )  i f  t he  t r i v i a l  so tu t i on  o f  t he  s . ys tem (3 )

ly  asymptot ica l -1y s tab le  in  orobabi l i ty  then

'\

t n
P t  

r a - -  l ' f . * Lx ' r x ,b ) l =  " J=  t\ )a-

"t?rnr:eiy,w+sprm t . . . . _ . - _
.*14,i:



A trs ^ f.i_ l  
o  l t l n t r

NslllillirL{jlro

s c n e  n e c s 6 s a r y  a n C  s u f  j " i e " i e n t  c o n C  j .  t :  c l s

e x c o n e n t i a f  s t a b i l i t , y  o f  t h e  s y s t e n s  ( 4 )fo r

and

l t l o  eh  r ' l  r '  c  i  r r o
r t  v

q f ' r - n n r r  r : r c r n n  q n ) t e F a

l 7  \
\ t ) .

. "  - .4.  L .  F i i ' s t  r  we orc \ re  the  nex t  lenne "
i r

T.om:r :n  Ij , J 9 r u L C l  f  r

f  1  )  * h o n
\ 4 /  v i r e a r .

I f k* (x,rrar) i  s  t ,he sci : - t t  i  cn of  the s v s l e n

"t ,  r -  i  l '  ^

L f  i . i  t r L  ! x n
7 = ' '  I
o t r

' = L -

. l {( x r r ,  ! * ( x ,X , " ) r . , ) l

L I  ** ( . ; ,  x,q,) ls I

I 1*,-,=/J "
? * - . t " 1 =  i J  )

? r o o f .

W e  h a v e ,  f o r  n 2 . k + 1

K )  f  ,  r t  > , K + , r . u * O

ee rg{
: 4 '

f

r -  l -  t ^ -  ,  , ? Ih  L  I x ^  (  k , x r - r  l -  I

l , - (x , l  ( * , ) , i ) . . , )  l1  I  ? , -  , * ) * i : J
J r < '  

'  ( k - - ' t * r t  / .  '  { i { - , 1

Since 
J* , - )  t \ ) ro  is  a  iv larkov process snd

X,r (k+1,  f * t " r1 ' t , t ) r . )  is  meesurabl -e  wi th  resDect  to  the c i  -a lgebra gene ia tec

UV { f  ( . "y"  r"r7gl  we carq wr i te
t { t t n  J  

'  -  \ .

t

E L  \  x , * ( t<+r ,  t * ( * , "1 - , i r , t J *  iq l ( ' - ,=

:  f . I  t x * ( r < . r ,  5 o ( r . , ' ! K , , : ) ] l -  I  ? r . l t * l *
4

= i  E t  lx*  (  r<+.r ,  *n ( -  , "1<(^ i , i ) , * )  l '
1 8 4

d trn* ^
^  l l v r l e v

?,.-,tt' 
= i] = E I I x,.{'t*^, x*.octrxptr"t,)l i

l l n - r i * 1 = r J  = -

=  E-L  tx . , - ( l<+4,

l ^  ' r  V  ( t " )
l ' ) r -  t t t .  r *  r  |  |
I  / . 4 - ' / - T  I  l i ' ;  - l,  ( K  l '  

' / o - ' i
'  ' " 6
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4,  So (  5 f , . ( * r , " ) r* j i t  l7*-" t* l= i l  =

i j l*,'i Qlr'-r).1 1 n-l-,='i =-

.^- ( r<..r , ! ," (*, .j ,i) r'-u) lt [ 7.c* t 
- 
ii lr rt

E- t  1 t . ^ ( r<+

s  E  [ (  E [  l x , ^
4

=  L  E L  I :
l = t

{
'  ' j

Thus T ornrn q p r o v e d .

t h e o r e n  4 .  ( 1 )  i s

1  i s

t f n n C l ' t r  e y r - . n : . 1 ? . j - a ' l  
' ' l  

r :  q t o l t s  i n  - 5 F r , \  . s . ^ r . l  . T i :  i F  a , r , l  a . r : - . l r r

e l l i s t  i he  3o re l  f unc t , : - c rs  V* ,R" rb+ [ " r * )
)

w i n . q  c : o r e : : i b : :

n;;1, wit, l: 'uhe f c 1 1 c -

- e - D

1 V*-n( 5'*(", 1,il,1),l,tl . \ '.*rt, i) : <rtxta,n>,4 )*.  {  i . t r
l=^,

{ o  r { o r * .
:  - - .

R f n  T l n c r  t  i : : < )  n . r * \ ; r : < 1^ r q . . - u u  !  u  a '

/ i
, i

Proo i ' .

Suppose that there exist Borel funet;.or,  [^ with Drcpe! '-

t i e s  ( i )  a n d ' ( i i ; .  F r o r n  t h e  r e l a t i o n s  ( n  a n d  c o n d i t i o n s  ( i i ) , .  ( i )

we get

E t V*'*.(* '-*, (*,*)r2,.) l9^-.1 (r-) 1 y- (r-( R,x,c,),r r, ,) \_( t  ( 4 - ^

d  l v  t ^  . ,\t lx,. (,., *r-, l' < I,f - 5e j \/ ( * , .'  - . \ '  
* ;  ) ' t ' : ' { * r ( , ,x r* ) ,  ?o. -1* l )  ,  o . " . th2kz, t

llence

Et il^*.(*,^*,,(k

\ <2 I 
-

4
, : :  \
t .L .L  , ,

where

;

, )bb)r 7*i ' . ,7)\

i  l r
|  1 /  / ^ -  t .
L V r- \ J-aL Lt(



| o n  ' - U  \ > - k ) . 1 , . - e h
/ \ J

There fo re

i -  \ /  |
l *  L  V * ( k ' ^ .

/

( n, t, *), ?*-1-,) I

I ?, ,*,=,-l ( h-'  
{ k - .  J  -  

l ,

a?

t  l { -

funct i one;

s t rong iy  exDo-

s .vs te io  (1 )  i s

'.1= -J

"1 tru)=,-1
( , r - n  J

1\-k
i * .

,  . 1
I  f  ( < - r ) = a  It  { k - - r  

r  
,

:
:

n n d

1
3

/.

{ i  
)^- ' ' 'O f

q ( z  I  
u L

% \ t ^ - l (""r 
/ {: l x 1 '

H e n c e

.< r  E  I  t ] r \ ( r< .  - , - )  l2
I

a n d  t h u s  t h e - t r i v i a l  s c l - u t i o n  o f  t h e  s y s t e u  ( 1 )  i s

n e n t i e l l y  s t a b L e  l n  m e e n  s q u s r e . .

quppose now the t r iv ia l  solut io i* f  t :e
. ]

s t rong ly  exponent ia l l y  s tab le  in  mean squa l 'e ,

L e t  u s  c o n s i d e r  t h e  f u n c t i o n s

. -  r  r  ,  l 2

f- L I x*.( t<, xrc*') |

; ' t I t  t '

- i ' F

l /  /  . ,  : < -
\ 1 . . ( r . r , 7 =  /' r t <  /  '

.  . 4 , r : K

vz4 ,xn fij,.n 1

cbviourry--V*

l * 1 "  a

are

i ) <Vp i*,

Bore 1

>4
\ \. / o

t)"l.s r<

. i

I l r r  r r . i  - + r r -  ^ 3  T  ^ + * ^  1
U , y  v r r  v L r ( ;  U l  l - . € i i , _ l c l  I ,  W g

) t - l (  t  a

4  t { t - *  b

i

;
{

i
CAn V*: ' { .  ; t ,  _

:
i

I t
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srg"t=xl =

4  r .

T- V**^
7 = t

(

= L '
'1  ek+a

?
s- r- l-
Z -  E L

, i l L=  l<+1

t u ) l

r " )  =  l x  l z

' t i c n s

t /  |
Vr (r,

p
f o r  a l 1  k ) r l ,  i e  D ,  x € R "  .

Thus,  the  theoren ish  oroved.

T ' F  C  l u  t ' r  : J -

l l  t

Vr t r r . l  ln  t ,ne  c roo f  o f  Theorsx  T  he , re  the  fo rn
, -  ' a  I  t  

' . - .  
- -  - a  -

r )  =  x "  H* { . . , r .  (  eee a is -  i : , ; J  ) .
. :  '

F r o n  T h e o r e m  j  a n d  4  i t  f o l l o w s .

o fo l l a r , f  l - .  f f  t iCorgl lar , r  J l e  t r i r ._ ia ) .  scLut i  on o f  t h e  $ ' r s i e n  ( 1 )

5  t l  q ^ ! r  ^ n ^
i u - .  v l J q g -  Y i  s  g lobe l . i - i

A ^ .?  . 1 .  L e t  u s  c o n s i c ' e r  t h e  s v s t p m' . I  v  v v a

LeTma l :  f j i  X,^(k, I i . . ) i s  t h e  s c l u r i c a s

E I I x,*( K,rr-) lt I ?,.-:-)J
= E t 1x,..-r*n, ( ' r ,xr. .r) \z I

Proe f .  '

Obvious iy  the

' '  * f f i l? '+f lFry.- .-rr  -Em-Ip,,  
Z-r

i . a

tt>-l 
,Cr: e,/-

s t ro+ iq ly  es : /nn to . ! i ce l iL  g ta : fS_ ln l  o loUer i .L i t . v .

u) X r..+i ( tJ =

0 o

IRt* )*+ Rtwherb l , i s  a  B o r e i  f u n : t i o a .

c f  i 4 )  t hen

h ) 'k>{, )c€ {, in n

I

t ;
I

equa l i . y  i s l r i : e  f o r  n  = k .

' - ";- ff - - - r' %- .-- - r.ry.-^- T-. -.: . -.*, -.r. f -..priil:_1nT-fl *-.* -a -ai!tr-l:*q-r.erw
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1 ?
I t

.t ,,,
Let nlk + 1. ' , fe def ine 3o:.ef funci io:rs H^'.  l i i  t } ! , l i {

nirT by the fol- low:-ng reeuri 'ence foruuia

fY^ t * ,  , 1 , " - . r  r  . . , i r , , r ' , )=  J (  n * - . , ( x , / . . - r , . . .  , L t , t ra \ , *n - r , ,1 - " ' ,  ,

i  t  n ' -3
and

f i " ( x , L r i r o ) =  $ ( r , i n , i o )  ,  * n f l 9

f . t  i s  easy  t .omove by  induc t ion  tha t

*_-/- *l

H

F I
:  t i

r J N A D

1r"" ,  (k ,  x rc* ,

t lll o-o*^ ( *

t \--*.*. (X. ,  { ' ^ -k , 'rin,illt 
f i;,

) l" | ? *-n(*) =-] =

, '  j *J i) ," '  , lu- l ' t )  l "  |  " l*-{-}* ; ] --

t'r^t, .n .  =
I  L^-v-o Ln-u,

E I (<. ,J=a]  =

7 , U ) = t J

t:
i

:
{ ' r r n  n +  ' l  , - -  ^
1 u ! l v L r w l : D

l

\r 'i ,:a : 1  . + . r - . .
i

)

* L

Lernna 2 is thus Dpoved.

'  S u p p o s e  t h e * ,  f ' ( C r j , i )  =  C )  
l , ;  n  b

From Lenno Z i l  foi lows that rhe

i n  t h e  p r o o f  o f  T h e c r s :  4  d o  n o t  d e p e n d  c n
\ /  t . -  \ i  t  .  \ t ,\ /  |  \ -  - -  I  I  /  t  . -  ' \  |  /  '

l ,  r " - n , V k \ { r t ) =  \ / 1  ( x r . 1 =  V 1 J r 4 )  \

I  t ' l^-f<+4 [r. ,  1*-*,1 ] ,  -  -  . . ,1^(*]r7",. ;) \*
.}1

{ u

I

U1 ro,  is {
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'  ' T h r r c  f f o m  T h e O f e n  4_  r . . q e . '  r

t heo re ra  ho lds .

and Lenna 2, we

!

t i :e fo l lowingconclude thet

Theoren 5.  l le_fo l lowin t a q o F + i  a - eI  u M ^ V

: ' \  i j ! i

;1$_
-. -:: ._
;--ri ;;yj

.9.j _
E i
r.
:

e a u i v a l - e n t :

( i  )  fhe t i i . ' r ial  sl : lut i  on cf G )  i s s t r ong l.lf..e-x.! on ent i. a 1 Iy

.qtable in meel l  scuere
k

V,d, btt,,,*)
L  * r , . . c l ? ,

r r r i  t l -  + h ^  + ^ ' rU r  l t r  e r : =  j -  U _ L -

( i i  )  T le re  , : : r i  - " ts  a  Bcre l fu .  rc t i  on

io rvrng _DJ.aDer ' - i ies:  ar -  l r .  r2
- - t - l  ' *  '

4
-5 V (xr i ' t

I t t
Y t t t . + l - c ( -' . t r ) l r  t '
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( i i i )  T h e r e  e x j . s t 5  t o <e (  or ' t )

. a *  l * 1 "

t l t
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E lx* (,r ,*,., .1 | 
o

euch tha t

^t> t z 4  r c l / {,

j

1

:

r n  t h a t - f c 1 1 0 w s  l v e  s h a l l  d i s c u s s  t h e  s t r o n sv  v :  v t a g )

, h e  s y s t e m  ( 5 ) .

neen square

systen

where

4 . 8 .  L e t  u s  c o n s i d e r  t h e  s y s t e n  ( T  a n C  t h e  f o l l o w i n g

\

L-n  ( * , ' i )

(* )r 7 *-f.., ) ) l h > - l r c " t e b

? Ĝ '1, ')=

i  n r l r r n +  i  ^ -* r . r - { u  - t U r I

. ' 1 1  a  t
I t

L F / 1 ' t r A

* ' ,Xeb rxn {Re

i t l s  e a s y  t o
I

|  ' ,
I

1 r . . ,  (  k - { ,  > r ,

, , r '  i
/ ' i

l

l
'

x r . .  ( k , * r o )  = t- ' )  
)  

t^>t<;1 
rk u ' [Lt , 4, €.JL(6)
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; r " f r n l T l  t n O  q \ ^ : r ^
r .  v u  u r ! s  q v l J Y E :

T h  o  n r c : n  4 The f ol" lowr ns.'

( i )  T h e r e  e x i s t 5 t u ,  < . € ( o r t )

1 9 -

r e l a t r c n $  a n d  T h e o : ' e n  4  i t  f o l l - o w s .

" . u i v a l e n t '
e r t i o n s  e r

l l za rh> -Kr><eR4r t  , * !

I.
i

i

I

I

r  f  r  n  t .  - ,  r l "  t  -  _ ?
L  L  1 R , " " , ( x , 5 . . , ) l  l 1 o r c . , ) = l  J =r r {

-  f  l ^  r A  l ^E  L  l t , " ( r , r , t u ) l '  J ? o . . ( c , ) = , a . 1

4r
J=u

I
r.pi
t t

c

e
a

. \
L * y

' : ' t t r - "  !

E I I 1,. (R,x,*) !r i .7*c*r=i1(!<l ir 'ro* atl

(ii) -Ebp--!.fi 'rial sql,r-rtion cf the sv"sten (5) iq st,rong.ly eI!_gl-qn-
t iaily stab l:e in_giqp_3__gquarer-

( i i i  )  _Tir9_fg__exr-sx the porel func Lions Wn.n{r l -5  fo ,  *  )  ,
Tr2tO t gilh !4.e fo]lowinS..c.iprgll ie.g:

1 - <  l l l ^ [ : r t - ]  ,  
i

" ( . ,  l x i t  <  VJ^(z . , i )  /=  
"a .  lo l . ,

4 r

T^Wy'.n( 
Fa ( ' ' ' ,  q,l) 

f , i  L W^(x,' i  - q'3 , rt*,
( !

\ ) . o / * g b r x e { R

the above theorem i .s  a  d isc : :e te - t ine  ena logue o f  a  . re_

su l t  oB Katz  and Krascvsk i i  . [ -31  .

l {e  sha l l  p rove  rha t  i f  there  ex is ts  To> o  sueh tha t

t F , "  ( x , L ) l  4  Y "  l x l " ,  * n f R l , r - e ) ,  t h e n  t h e  t r i v i a l  s o l u t i c n  o f
t h e  s y s t e m  ( ] )  i - s  s t r o n g l y  e x D o n e n t i a l l y  s t a b l e  i n  n e a n  s q u a r e  i f f

t h e  t r i v i a l  s o l u t i o n  o f  t h e  s y s t e n  ( 5 )  h a s  t i : e  s a : l e  p r o p e r t y "
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Et lx*t k,q) lt | 1r-.(. t=4 L t,* l,Y^- [!^'u'"*f | 7"t..l=^] ( I
ttc.-l

,  - 4 _  r

T h e r e f o r e  ( i i i )  + : ( i i )  a n d  t h e  t h e o r e r o  i s  p r o v € d .

5 . 7 .  L e t  u s  
" o n " l e  

e r  r h e  s . y s t e ; n s

3,.*, (. I = B*' <1.,.c-;) {^(c. J , 
nrro , <^: eJL

B ^ c ; )  ,  r e  D a r e l x l n a t r i c e s

B r  t - . . , , , )  e , ^a - ) . , ,  nzo ,  c t  e ! -

A O
From TheoremEd Coro l lary  Z i t  fo l lows

Thgorem 14=  The  t r i v ia r  so ru t i on  o f  t he  sys ten  (1c )  i s

f- ri i>.,
4 ^ : ' rr r>c l  i€D sr ]ch that  f  re" . - r4  f rn*^ t l lB*G) / r " i  -1 ] *< i )=- I  ,  n>,or ie l

l : n  t 7  )  r

F r o m  T h e o r e m s  7 , 8 , 1 3  a n d  1 4  i t  f o l l o w s

T h e o r e m  l S .  g . "  e q u i v e l e n t :
( i )  

f r r l  i s  s t r o n g l y  e x c o n e n t r e l l y

S t a U t e  r n  m e a n  s c r u a r e

( i i )  rhere ex*; t f f r r l>o,  ieI  sqsh that  t ,B"rr t f r ,1,Brrr l ,a- f r r . r_-- I
( i i i )  

*3r-  E l t , . - t  o,x,c4) l t= o for  ar1-  J='* ,  
Rt  

s t  )

f -

(3 - ,  C  k ,x , t ^ ' )  be ing  the  so lu t ion  o f  l f f  y )  
,'  T h e o r e m  l q  c a n  b e  u s e d  t o  d i s c u s s  t h e  n r o b l e m  o f  t h e

* x i s t e n c e  f o r  ,  s o m e .  l i n e a r  d i s c r e t e  =  t i m e  s . y s t e m s  w i t h  j u m n
"- 4** t^;;" . i C I r K o v Y f e e d b a c k c . o n t F o T - i l i r s l f f i h , r w j . t h r e s p e c t t o s o u a d r ' a t i c

: i s t  (  s e e  [ r , J  ) .  ,

(  10 )

where

( i i  ) * ^ * n  ( < , r 7 =

. t

'.
r r r h o n o  D  / . ;  \  ^ - p  I  r r  

' l  
m o f  n . i  n 4 r qr r r 4 v + v  ! \ r l  c 1 f  c  r  j \  _ L  I ] I a L t . I L , _
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