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STOCHASTIC STABILITY OF DISCRETE-TIME SYSTEMS WITH
JUMP MARKOV PERTURBATIONS

1. Entroduction

The problem of stochastic stability and control for conti-
nuous or discrete~time systems with jump Markov disturbances has
been developed in many pPipers. See, e.g. references [1] -. [14]..

In this peper the method of Liapunov functions is useéd to
diseuss: thessshabidity in probability and mean square exponential
stability of some discrete-time systems with jump Markov perturha-
tions. o

In Section 2 we get some notations which will be used alial
sequel. Séction 3 contains results concerning the stability in pro-
bability. ;

In Section 4 necessary and sufficient conditions for mean
square exponential stability of nonlinear systems are given. In the
'-last-section the general results in the preceding section are applied
to the linear case, It is also shown that in the liﬁear case the
uniform asymptotic stability in mean square implies the exponential

stability in mean square,

2. Preliminaries

2.1. The following notations will be used

L

[R is the real 1 - dimensional Buclidean space,

14 it Y

#
If A is a matrix, (or a vector) A means the transposed

o ifa— i o ? i i < i :
a |aj pifdal | BAL ﬁZl a‘j’) 2
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s
G» 0, means that G is & positive definite matrix,

We say that Gn)>0, ny» 0 4if G; = Gn and t-here exist o('/")o
such that«;ngzé I“G,‘_x&}ﬂxll fer all nand. x.

I is the identity matrix.

In this paper {ﬂ,if(, ijill be a prohahility field,

If x is a random variable and ?c_% is a G- algebra of
subsets ofoLwe denote by Ex the mean value of x and by E [x \ngJ
the cocnditional mean of x with.respect tﬁ>§q

If x,y are random ‘variables, yoém and P {;(w):)°23>0

then by definition

: 1 y X lco ) P/ch‘,)

2 L%‘}(w):]‘*] : P{;ﬁ“)zg‘j‘ L 3r=4.]

If A 6}{ ‘ID means the ( cxacteristic function of the
/1A

set A,

L Ly z 5
2.2. Throughout this paper “Vz\“))) n>0is a lLiomogeneous Mar-
e "
kov chain with state space the set of integers D = {J,Z,...,s} and
transition matrix e (w) = Ceo)= L} < D fo)
B Py iy 4€D, ns0 .

%

@]

‘W.'li.ll be the‘0‘— algebra generated by the random variahles ‘20)“./21»\,
We assuue P{L&“’):L})O for - alil n,!; 0, 1eD;
We remark that this condition is not essential; all results
Jn this paper can be adapted to the case when the above condition

s .not.satisfied;

3., Stability in probability

>

Sl
Bl -

3.1. Throughout this section alr).and b{r) will be
continuous and incr'easing functions defined for r20 and a(O)zb(O)=O,~

?
Y- KR -olee=) is.a continous function with \f’(o;‘-.:o’ \f’(x)>0/x7&0



; - -3 - .
f}: {x& R 11]’;1} =2 [Oloo) is a continuous function with ﬂ(o):o, /ZCXDO) x40

?/' is a given p051t1ve number) ; r.r nj 0 will be a sequence of

positive numbers with Z L= om

n=0
3.2. Let us consider the system /
: ¢ (w) weSl
(1) ‘xm.-r,\ 4(“‘) = 5— (3: Sl 7 ) 7 ) 1

where :gh_ 2 le

Such systems are related to the design-of a certain-

2
x D> R are Berel functions.

feedback law in some stochastic control problems with jump Markov
perturbations ( see [12] |

If k is a natural number and xe[f by X (K, x w) we
denote the solution of the system (1), defined for n2 k and which
“verities xk(k,x,co ) maxaters all o)

Suppcse that fh(o,j,i) =0 foriallmi> s saton,

ek

Definition. 1,

(1) The trivial solution of the system (1) dis Strongly

stable in probability if for aller 0,72 0 there exists §(¢ ,7 )20

such that if x| < § (€,%) then

P{sup | x, (ko) o )l>’z}<€ Eor all-ki >3
Mk :

(2) The trivial solution of the system (1) is stronglvy

asymptotically stable in probability if it is strongly stable in

probability and lim P{&m e (k'x ,w)| = 0}:/1 for all ksl
. 1x{—=>0 Do

(3) The trivial solution of the system (1) is.globally

strongly asymptotically stable in prchability if it is strongly

stable in probability and P { lim I, {2 @)l=0)=1 for all ky 1 and xelR
MNDoe | 7

Definition 2.

The trivial solution of the system (1) is strongly ex-




with the following pronertis

g
\/.,\= {RXD*)(_!:)oO)} nyl, : 2

(19 Gt Vi /«\(x,’i)é b (ixi) Tor all =]y

ponentially stable in m2sn =scusre i€ there exist ael{C;1) and S 0
suehi that
; _ /
2 Ly = T //
E EI’X--\, (ﬁc,xlc.,)\ i 7;(_‘(«4)-,;-} = 54\: i3
fer all k, -aljl
02 k>l and xR andall ieD,
Remark'l. Since 5
4 = 2 3
= 8 f > . n Z3)= &
E [% 2w’ 3 Pg'}{g (‘d):“'} Elixn te x| me
=4
= : 4 ~ e
it 2o Bl Gea gl [ Cele /)
; 2 B o _ :
1t follows that if the trivial selution of the system (i) is
5 ~
strongly exponentially stable in meson Sguare then thers exist
8{¢& (0,1) and $5 0 such that
(=] ‘ ~ 2 Mo~ 2 b
R Uk x| e § o b
i}
for- 211 n3ksl and »ciR /
Conversely if the last Propetly is  true mnd Af v ede
. ) &
S sl e any o f oy 3 o S ARG e e
dition inf {2l Gr=L i>0 s+ 1D then -the trivislisslution
. nyo
~of the system (1) is strongly exvonentially stable #n mesan S guare.
; In the following we shall prove some thewmrems For :he
stability in probability.
Theorem 1., Supncse that there exist Berel furietions
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2
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5

N

ThHen the trivagl sclution of thessyeten (])

stable in probsbility.

Since ¥ _(x, x,w ) is measurable with respect

7 («) n>0 iz a homogeneocus Markov chain, w
"

‘sz M+4(§ ( nbcxm)é7 “U);)E[/%l

e (% (x X e xw)}'%u ))j)/ay (“)4

Thus, we have proved.

() E[_ \/"’\4—4 xﬂh(k .1)}7 ) -,.,-,,] () =

f

I

]
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Obviously ¥> 0.
Let k> 1, and |x|¢ a.

We consider

W“ (5,) = Y & \/».\(xk(kﬂ,wb ?n_fw)> y ?}(} . ">

W‘(Co)_;is megsurable with respect to ?h .
R -4

From Condition (1) it follows

& ML}9)<K} & { imeﬁxﬁulsﬁj :

2

Thus, by virtue of the equalities (2) =nd Condition (2)

“of the theorem, we can write‘, for.2ll A'c ?n_

L )
S YLy, (£ CU) E ({j““}) f V‘)\&A\ mﬂx.xl‘x)"’) ? ("") 5 l et .;:_
An{ Wowery And W, coyery

.‘~' S E_[ \/'\'\-&4 Conty (K);'Q\ \Z ) (}-\iqj(w) P(d@)__
A(\i ¥ m(“-’7<rl :

= S = Vﬂn Efn(xn(lc,x)w) ]7 («.))J f"?‘f‘;‘-’” | ({q,) g
{VVM.(”")<\6} :

P
~

e ) Pl
An{W, co)ex)y :

5 :
= ) V*/fn.(“’) P(&Lw/‘
o W te Jap

N T i
s T e sy ety e e



S W, () Pldew) = S Wine (o) Pldw) + )( Wany,tesd P ) ¢
i - / 2
A AnS Waloy =Y Anf a2t ]
{ ’ ' - ' -
e Woe (o) Pls) = [ W (o) PO
AD %‘V{'/’r«(c") :\{‘YJ Ap % }s{"f.n(w) < 5'?} A
Hence
{ \"j{j’w-&& ﬁ V:j (w) £ ‘i*"’ aa (q,) A a

S
where 5w7’ Vo g

So -t hat (‘V"x/.,\ *3%/‘» Bl e a supermartingal
) ) =
Hence [;1.5]

a(S);P{\ %i\ Wty s 4(%)21 // (w) e EA (x, 7&-5“’)) <
MZR

< é(l.m)

$>0

_Therefore, by virtue of Condition (1), we have for 2 165
§5>0 with a(§)l¢<¥y

w(§) P{ A I tkxenl> §3= 208 PL 4 alixatggon> st
3 i '\\.

L3 14

Lo

N

a(%) P{ 4

"*'»> Y

\/ (3& (kxco),7 (@)X pé(S)}

N\

a ( $) P’g" ./3’%«;\, \‘a,/?_(id) )q_(g‘} e
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and, since Iim b (ix}) = 0, the theorenm is troved,

IX|>e
Theorem 2. Sunnose that thers exist Borel functions
: { with the followinge DIoperties:-
v.n- R D> lo,=) 2
et b . o
(1) ala) < Vu(i,o)é 6Ux1) -for. a1l n3l, xeR ieD

4 A .
- (27 — V’"-"a'( §“'(x)j)‘.')/} J/‘y = \/\4 (X,L) = l\n[&(x; for
all n»l, ié D and (] < ol “ ;

i &% - =~ 4 > 23 AR Sy 2 + ol
Then the trivis;d Solutlon ul the svstem (1) ¥s Strongly

asymptotically stable inrtrobability,

Proof.
00 .
From Theorem 1 it follows the trivial solution of the
System (1) is strongly stable in wobability,

We have to orove that

: Ay 2
1im P')_ ’&/v»._'il’w(z<):(/co)\:o}=4

&
We shall use the same notations as in tke prosf of Theo-
rem 1.,
Using the reasoning in the proof of the preceding theo-

' rem and taking account. Condition (2) and the equalities (2) we get

' E-[ VJ‘“"? ‘S»:)((") < Wx(“’) s Xn (en)

N

™

where g“ = ~y &nd t

P(Xwik,x,w)) Lo o
X, () = l i t
= o % i M/v\_(w): ¥y



urther we shall use the same reasoning as in the proof

From the above inequality it follows that
ot

of Theorem 1 in [16)
%4 /

>0 =

Z B = X, () & o°

n= G

a sequence n, with limm .see
AGon

(i 7
= o= thele exists
lim W = and

=
Since ) o
ke
E x, ()
exists a sequence ki with
Apo

and lim
LDoe v
Thus ther
0 with probability one.
(o)) is a supermartingale there exists a positive

W () =) = 4

lim O{k' ()
Ao L
oo oSince W
random variable ~(w) such that P{j lim
A o
tinuvous function and bh(0)=0
that

is a con
0 < 5&<‘;’/ such

But b(r)

Thus there exist

L c {xeR LG=0<T)
¥ being the .number in the prrni ot the theorem 1]

ACed) /?Afm C\f‘;ﬁ(w} a

,.:\J

i
i e
EMCETD IR

rv:;’, Ik

A

Let
V/ (w)= ¢
I ke

L/»/w
Wy o2
{ = (‘K xw)i':O_){ DA

Ve shall prove that

iu
M)M

Indeed, lLtCu(lAk. :
From Conditicen (1) it follows that for n3 k we have
\/ (. Ce,x ) v ) £ 7,

Vg

boe, e, :vc\%;‘o)lg S
Wotwr2 Vo, foc e ), ) 7.69) amd. HERE x,w)) = &, (@)
above relations, using
& the

from the
“fies  of

since lim X (w) =g
PSR
(1) of thé Theorem and ti propex

Conditicn



functionP we conclude that the sequence Xw (k0 )- has s
o

subsequence X (k,x,9) which converges to zero.
7‘ W () & b(Ix, G
Hence c(w ) = 0 and thus by Condltlonf {w &»‘.11 KX W)= 0.)3A
Nder

ButP(A) =1 —Picup 2 (kox,0 )] > ;
Pl | 1>%.3

o e By Vlrtue of Theorem 1 lim P{ Lo (R-XQ,)DS j_-
e - EFERe 4?
Thus ,Zm« P&‘E«M_ "fquxxm;;-—;yj ;7» P(A.x) 1
o Yoo 7331 s
and Theorem is proved. s

Theorem 3. Suppose that there exist Forel functions

/

v ﬁ\) X.DV"’ Fooc} with the following properties:
““- ] '~," ~ /

4 : Z .
(1) ac\il)é \/w(vt,f.)s E(\XI) ) ‘n>,4,xc—fRI,.eD

‘ (2) L/‘m AlN) = o~

- or

(3)\ 24:_ \/q,UM ( S;,l(x)J)i),;)f—f/ £ \/,,L(:x);;)’ R diC)
J:J {

for alln AL xeR de D,

Then the trivial solution of the ‘syvstem €1) is globhally

l strongly asymptotically stable in probability.

Proot,

From Theorem 4 it follows the trivial solution of the
system (1) is strbngly stable-in probability,

We shall prove p{ZM X U<X<~’) 0} 1for all k1, XE/R‘{

l'\)oo

Let o XefR amd A, ()= V (2. G xc0), T (w))

From Condition (3) and the equalities (2}, At fellows :

(i) E A Gy e p A“(w) f’m Il N2k
Vi) E. A, (tw) & oo
(iii) ReaidbE 0ot Lw))< E Anlw) = EAL, S0 (oo

(iv) Ela,. lﬁ’n](w) £ An (@)= g Y(xalx,0) Jase. nyk




e
r\-\\\\\ .

. U =

4 . .

where Jw = jL"\"*\
o5 \\\-‘P’/’_‘—_—//,,
. " - O i
Prom (iw) and (ii) at follows that | dn)'jh Y ig = su
permartingsle.,
Hence [15) , there is 2n integrable function c(w) such
that lim A, () = <€) a.e. ;
N pe :
' From (iii) we get .
< Ld
;L. RR,E \P(XM Lk; X)("’)) Lo®
WA DR ‘
\ o
\‘ : S .
Since EZ’“K oo s ofrom thesabeve melntion 3t Tol=
=K
lows that there exists a sequence n. with Cin nice andl
i #.'*Doa
5 X ( = 2 «e
f@‘:/vw Y ( WC(K‘)XI(_O)) oo a
L D
Let
nooed A D=
Let weA. >
: Since sn(w). is a beounded sequence, from Conditions (1)
and (2) 4t follows that the sequence yxhikfgm)l Nk is a
: : )
Shlle

bounded,
a convergent s

Thus . the Seguence

bsequence and Xx(wj i
: - _ - : ‘
We have Y(X@))Zo . Thus N(w)=o , Lo b{Ix, (x

f“boo_
K (w)=pend from Condition (1)

segquence.
be . thisg. sl

oy

h’JT‘ePOYﬁe

=0 /QJW./‘_\.“ (o)== Therefor
; " Dbnes PRI the theorem is provsd
/‘Of«vvv ;::WI\K)X';J}‘I::G SRS, D i \_.‘)w‘ ¥ il i S0 :



- e 5

3.2. Let us consider the system—
A \7¥\\~4>ﬁ7\¥¥\‘/v7//
(3) {),-v‘_*d(cu] = Fm(im(w)} ‘/K(c\u) . B €L \
{ ¢
where Fa: R XD>IR are Borel functions.

i ' By 2,.(k,x,») nzkyo we denote the sclution of the
| . 5 ; ; !

X

-

systems (3) with 2, (k x, o)
Suppose that Fn(o,;{):O) nzo Led

=4 :
Let A. 19, ?O&uyzLj _ ;

\ sii B v
i e s Remerk 20 Since \SAS Mlvannl L 2 0o = 2 (R0

- : o :
for oll hai,wéAL) Ccebd and all xefR then it is easy to
prove that if the functions FO(.,i) are continuous in x =0 then-

the following assertions hold: : -

(i) ar the'trivialgsolution BORutsien of the system (3) i's strong
ly stable in probability then for all £> 8, 7> 0 there exists § (s".,:;
Yo such that if p<\<$[z,7) thenpgzg;.,gzh(k,x)cu)b»l“j( £ for all k<0
o : h%k
(i1) if the Arivial solution of <the Svistem (3) is strongiy asymp-
totically Stable in probability then lim F>§.€A“_ ‘xrtbqjggnfao}zj
: lxi{=>o WD g :

for all ks 0

(1ii) if the trivial solution of the system (3) is globally stron

iy

1y asymptotically stable in probability then

A b 26, Lr, %00 = 0 5= 4 < e
N Dpe .




AT QAR (I T oA I T AT
Ly NoaiNy SR =, L e e

P W

O QMG
oAt Tl

v dad

for strong mean square exponential stability of the systems (4)

and (3},

4.1. First, we prove the next lemma.

Lemma 1. If 2 _(kxa)  is the golution of the systen

Proof.

We have, for n> k+l

4 e & :2 : % 2
L1 mort® g =3 Bl o el |

I’YRM(L‘;):L] = - .
o e [ e e S Dapenaeils [ s

4

Since 7hfw),wu>o is a Markov process and

(910}
@
3
[¢H]
(=
o
ct
(@]
o ).l

1 ; \ :
xyﬁk“;gkuﬂ“ﬁﬂfzw)‘ls measurable with respect to the G -algebra

by {Yh?enwnzkﬁ we can\wri?e

~

Ef b Cmia gk(x,m;;))f’ I e =T

o /~_'“"'
-, 7 ’ > % = 3 L
= Bt G ol L ity
3
) ¥ i qu. ¢ ....;W (QJ}
= .2_« ES:., &)(»‘ Q‘\—#z\)%}{\u’ i ), <1, jl | ',L:_ "WZJ !Z‘:—-;

Nl
it
RN



= sy Al
L.[ lx.,\(lc«n) %K{Itjyzk(:«),:,))m)j f‘/k_, Sl

Qi A o

E[(EUI (a5, G, g U T I JEaal e -
Er Io2 Ucwc S 4;}'-’-0)!1&"}(9):{3 e
o= L A 5 J 7 ' ik d /Lj

Thus Lemma 1 is proved.

Theorem 4. The trivial sclution of the svstem (1) is

e S o . .
St?ﬂ?’l’?}:" exngnentially stBhls 4in mogn gsouware 1iF and onlsyr if thorae

e - : 4 =
: Do - ; N A 3 g :
exlst the Rorel functions \/KR XD Lbjacj . n/)’]_’ with

wing pronert

Proof.
Suppese that there exist Borel function k/ with proper-
" 7 i JSA
. . '(.- - . - - E . . s
ties (i) and (ii). From the relations (2) and Condititons (i1 },/(1)

we get

E( \/’*\‘H “\—+ kK .X) Zn ‘ """—}_ (c“) é \/n. (.’X,‘(k)x}@)} -?h

fcu))_
=4

R E U (4-—- \/(

A uL

2 : -\\

Hence

E[ VM&.“ V\.+4(‘<DSLU}) /K\M)} f (d}::,:’}

.;,\

<

-~

k

/ - - ~
\‘K (6 e x, &), 7ﬂ‘fw)/t{& Cedad



Therefore

AN
I
¢
}
(A
e WS CHL
>
{
.?\'
17
e
e
>3
":J'
~
8
e
£
N
S
Snd
I\

J & &
ook
< fA- —~ ) B¢ et
. " ocl 2 ;
Hence =
o_,/’ R e
t ‘I (K X o T Ceo)=a 1 ...,_.‘.3.\ 9
L )i {k 2 S <, Fany o)

[

and thus the itrivial so

nentially stable fn mean squsre.- /

o

Suppose now the trivisl solution &7 the system (1)

oL

e

strongly exponentially sta in mean square.

Let us consider the functions

-’V\::}(

EN
Obviously \/,\ere B
o

rel functions znd

&)

S0
‘-\—"'

: % . \/ (}' =A n-ig " "fL_ } —~ /;
el = N\ R e Do B Xy e & = )
Wnow g it 4
By virtuc of lLemma 1, we camwwrite

| -i): | EA 2ot 5 { "
.\/K(xjtl): L E_L {XK(KJIX.‘J@)\ i ‘2}(_4((»):&_} ; Ka/x,xc— K,"LGD

~te
w



3 : o
Z | \/K-M( gk ( x'g{)'{’)yl/)/“'f =
i

- £ L py ED a0 Syl gl
N K4,y J-— ;

: oo
LR U<><~d)\ ?K;W /v V (e, ) —faey®
?‘L }<44 .

for oll k31, fewd xe R

Thus, the theorem id ‘proved.

16 g;th;k) ére linear functions in x, then the func-
‘tions kf%i) in the proof of Theorem 7 have the Torm

( ; ' ; Tas A 3 B
\/k(:(/l,): _',(‘w‘ [l_}k(,(,))( { cge alsc il }.

From Theorem 3 snd 4 it follows.

Coneliliary 1, If. the tnivisd Silutieon of the system (1)

is strongly exnonenti glly steble in masn sguare Thepatule slobh-17-
‘ iz
Strongly asymptotically stable ans Brobability,
4.2, 1et us considsr the systen
(4) 26 Y = S:( ) n>
e X (), 7»\(“")7n—4(“’7 ;. el caE A
. g p i :
where gﬂ: RxD =R L is a Borel function.
lemma 2. 1f x K x;o) 18 the sclutiocns of {4) then
2 el
G LC\J) A, i
EE\X (}‘/ C"’) 7!( J e &

ELIaG Gomas | g i g S

PTOOf‘ : : !

. Obviously the equality is true.foran =k,

. e gy v o2+ ey




- 1’7..

£ :
4 " 5
X B /: ’f é

¢
N

Let n2k + 1. We define Borel functions M,\’. il

ny2 by the following recurrence formulsa

L L} o § ; . 2 . ,f//- \
M,‘_\(I, Aman - ',,'Le)&o): :S'(’h?h-4<}'l Loz, - -';f{'q,"b))"{’“ﬂ))&—?,} :

i'g 2
and

4 i
MQ(QX,A,(;A:L,}: ‘/g(.x)x(_.&),{:o) ; 3’16/7‘2
It is easy tomwove by induction that
lw(k:))c)w); I‘i R (3{) ’7_ e} v CCJ) ’2 (cd))

P-4 ) /

: \
; ew : : - \
- rcay (4’3{/&) i M”‘»"kﬂ (x) 7»«-—:(;“)1 e /74“‘)/’ {bm))/
f :

'“~>/KM, X e I'R/ cisie

Hence
~

Bl b P o it

: : ) —
= [ it oy (I,\'“f{wnj‘co;}...) 7&“"“ { s b

~
i1

...Z_ [ M%-K“(k 4 x, : éé"‘:)!fft‘:‘@ ]A‘L‘uiz"'/

ALA ) 'Lv'l.“k

= E[ \Nh_‘(ﬂ( “?k ch) .)Zm))"?o(m))

: ) <

o bl e \7({«\ =4 |

E~ [ h__,k"?:&))‘/ )\ (>3 / J

Lemma 2 is thus proved. i
Suppote that £8n 3 1)1=0, g te D
/ :

From Lemma 2 it follows that the functions \/ (x4 )
in the proof of ~LReorem 4 do not dep

 elr el Ve o

-~ it § 5 ! -
?f’Q Cli LB e



.'Tnus, rom Theorem 4 and Lemma 2, we conclude that the following

theorem holds.

Theorem 5. The following assertions are equivalent:

The trivie] solution of (4) is stronzlv exnonentiglly

in mean square

Borel fuict on \/fQXD%[qu with the fol-

properties: pley?ie \/(xJ;) £ o gt
/)

P V(J‘(;g,'},;;,})/} Véyiy-aq x> xepfier

(1ii) There exist So>e € (0 1) suell thet
" 2 £
Elxw(ﬂ achall e S . o xe R

In that.follows we shall discuss the stfong mean square

exponential stability of the system: (3).

4.3. Let us consider the system (3) and the following

system

(5) i“*4<w): 'SV\.<‘£V\-(C~>)‘) 7\-\<u))7~\-—1(w) ) )')‘»21)6061)
b - "\\ 6
N : s : :
}’i"her'e fw (X;g)xt)z F;,k_‘1 (DC},(,} )\-')121, A‘;JGDJIGR o

By induction it is easy to prove

5 “1‘ . ¢
ey 5
7 A} - 'l Ve £ 1 i ,' /)
(G - B € (k’x)w) = ; 4(."‘ 1,%,w) Nt o ,-\‘»[‘Q eJ L




Sy Hi :

From the above relations an

UG 4

Theorem 6. The  following sssertions are ecuivalent
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The above theorem is a discrete-time gnalogue of a re-

sult oR Xatz and Krasowvskii .37
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the system (3) is strongly exponentially stable in mean squsare iff

the trivial solution of the system (5) has the same property.
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and tAtes . the trivial ‘solution of the system (3} is strongly
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Thus, the theorem is proved.

Theorem 7 generalizes the
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In this section we shall apply the results in the nre.

ceding section to the linear case.

5«1. Let us consider the linsar system

5 : » 1 weSl
(8) .t R cuy Gl i

where,An(j,i), nodl, J,i€D are 1 x 1 metrices:

We define the rendom matrices
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Theorem 1C. The trivial solution of the system (8) is
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Suppose now the trivial solution of the system (8) i
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strongly exponentially stable in mean square. ;
Let us consider the functions
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Theorem is thus proved.
-For the system (8) we can define the following concent

of the stability. J |

Definition 3.

The trivial solution of the system (8) is strongly uni-

formly asymptotically stable in mean souare if the following two ae-
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it is obvious that ine strong exponential stability in.
mean square implies the strong uniform asymptotic stability in mean
square.
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From Lemma 2 (for the system {‘ij)it follows the matri._
ces H, (i) in the proof of Theorem 10 do not depend on g, and thus
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we can conclude that the next theorem holds
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Corollary %. If the trivial solution of the system (9) is

strongly expcnentially stable inimean sguare then
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Theorem 13%. The Tollowing asserticns are equivslent:
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(1) The trivial solution ot the system (9) is strongly exponentially
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13 ¥ihe trivial solution of the system (9)'fs:irongly uniformly

asymptotically stable in mean square
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From TheoremYand Corollary 2 it follows
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Theorem 15. The following sssertions are equivalent:
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