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This prepr in t  is  a  rev ised vers ion of  our  prev ious

prepr in t  wi th  the same t iL le  ( INCREST Prepr i -n t  no.5/L979)  .

The ' rev i s ion  was  necessa ry  because  o f  a  wrong  app l i ca t i on  i n

the proof  o f  Lemma 2 |  in  the f i rs t  vers ion,  o f  a  Lemma of

Na.ga. tg .  Because of  th is ,  the resul ts  we were able to

recuparate are weaker .  .

.  The author  thanks Professor

out  th is  er ror .

D. l4umford for  Point ing
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In  Lemmas 1-3 and Remark 1 '  we Prove

open a lgebra ic  neighbourhood i f  one of  the

f  u I f  i  l l - ed :

fn t roduct ion

I

we d . i scuss  the  fo l l ow ing  P rcb lem:

4.- (*)

\

t h a t  x €  X *  h . "  a n

fo l low ing  cond i t . ions  is

which a dominant

. i  n ' t - n a r r ' l  c n h o m a  -
d l i  I l , I  L c : v  !  q r  i ) u r r v r r r v  t

€ Y,  f  o r  wh j -ch

i s  a n  o p e n  s u b s e t ,

I n $ r

Theorem l  prov ides the fo l lowing ans\^ /er  to  th is  problem: x  has

fr:

an .open  a tgeb rq i c  ne i *ghbogrhogd .  i f ! . t he  tqca l  r i ng  Vv*  o  i s  1
/ t )

univ*qrsatt-v.  ggle1ery- snq dim O*,*  + dim. al ' .0 k {*1 =

(where  k  ( x )  i s  t he  res idue  f  i e l d -  o f  O* * ,  *  )_ , #-  d r m  Y-  u  r l l t  z \

r) Jlm O**, r = {.
= If* X*

2) clim OX*, * = L

Ai.* Oxi * * Ji*". "[ &.

3)  J i *  OX*r*  )  5  ,  OXor*  i s  a  noether ian  normal

ring and "l"r'. 
O**r * 1 Ji"* o[.&.&-(*) = iL"^" Xx

and Ji* (O 
xi * r J.,". . o( 

&. 
h. (* t :

X*
i s  a  Kr r - r l l  r ing  and

X)  " .
l .  \ t ) t

= O.tVY\ n

C ^
- t -n  3 z  we g ive suf f ic ient  condi t ions under

morphism, f  :X ' -+  Y f rom an a lgebra ic  r rar ie ty  to

has the proper ty  thaL the suLiset  o f  a l l  po ints  y

i

L e t  i : X  < - + X *  b e  a n  o immers ion of  the a lgebrq i ,c  var is : t

*
X in to  an  in tegra l  schg@ be an  ar .b i t ra ry  p .o in t  '

Under which local  condi t ions on X at  x '  does- the po4q

an open ne . ighbourhood wh ich  is  an_a lgebra ic  var ie tv  over  k  ?

noether ian

(Oo  
. ,  i s  noe f -he : : i an  ( resp .  i t r u f f  ,  L f  d im  Y=2)  ,' t J  

,





algebra ic  over  k .  The suf f ic ient  condi t lons we f ind are:  f  is

sur ject ive and Y is  normal  or  Y is  normal  and has the proper ty  that

a l l  maximal  chaj -ns of  c losed in tegra l  subschemes have the same

leng th  ( c f .  Theorems  2  and  3 )  -

f n  !  3 ,  app l i ca t i ons  o f  t he  resu l t s  ob ta i r , ed  . "  q  l  and  q  2

a re  g i ven .

Thus  p ropcs i t i on  I  and  Coro l l a r i es  1 -3  g i ve  necessa ry  a r rd

su f f i c i en t  cond i t i ons  fo r  f i n i t e  genera tedness  o f  k -suba lgeb ras  e f

f  in i te  k-a lgebras.  We prove the fo l lowing resul - t  (c f  .  Proposi t - ion

1  a n d  C o r o l l a r Y  I ) :

Let  A be an in tegr_al -  k-sgbalg+ra of  a  f in i  e  type,  a l -Eebra.

The  fo l l ow ing  asse r t i ons  a re  equ iva len t :

i )  A  i s  f i n i t e l v  genera ted

i i )  f o r  eve ry  max ima l  i deq l  gcA , the  g lng

universall-y cdtenary...oJ Ji* A^ = Jtt"t A

f i e l d  o f

i -s  noether ian

i j - i )  r f  A '  j - s  t he  i n teg ra l  c l csu re of  A i -n  i ts

guo t i en ts ,  eve ry  max ima l  i dea l  ScA such that A '  i s  n o e t h e r i a n
I t r

and  d im  A '=d im Am

AIso in  !  :  condi t ions are g iven for  the f in i te  generatedness

of  the r ing of  g lobal  funct ions of  a  normal  a lgebra ic  var ie ty

(coro l lary  4 and Proposi t ion 2)  .  we recover  the knov,rn af f innat ive

c a s e s  o f  Z a r i s k i ' s  f o r m  o f  H i l b e r ! ' s  f 4 t h  P r o b l e m  ( P r o p o s i t i o n  3 )

and we g ive a new proof  for  a  Theorem of  G@ (Propo-

s i t i o n  4 ) .

_ cIn  !  4  a connect ion between f in i te  g ieneratedness of  sub-

a lgeb ras  and  a  c lass  o f  r i ngs  r  w€  d id  cons ide r  i n  [+ ]  ,  i s  exh ib i t ed  '

The author  thanks professor  D.Mumfgrd for  po int ing out  an

important  er ror  in  the f . i rs t  vers ion of  Lh is  paper  I
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Convent ions.  Throuqhout  we shal l  use the def in i t ions and

notat ions of  EGA, except  the term of  "preschemes" which is  rep laced

by t 'scheme"

Therefore for  a  scheme X and a point  xeX we denote by O*,*

and  by  k (x )  t he  l oca l  r i ng ,  resp .  t he  res idue  f i e ld  o f x  a t  x .

I f  X is  an in tegra l  scheme,  then K(X)  denotes the f ie ld  of

rat i -onal  funct ions on X.



1(

6t  "  onen embedd j -nes  o f  a lsebra ic  var ie t ies  in  schemes
) -  

-  
J l - * -  .  -  -  -  - . . r :  - - +  -  -

' taIe shalL give some propert ies of  the open immersi .ons

of  a lgebra ic  schenes in to  a r "b i t ra ry  .schernes"

_Lgmmq 1.. ,!g_t i :

k - sehemes  ove r  a  f i e ld

iE

X c-+X= be an open immersion r: f  in*

k, ryXrgrs X fe_Cll*e]g9-btaiSk  - s c h e m e ,i o rrr.cr I
v v a l -  v -

r F h o n .

dirn X=dim Xx=cl irn " &1 o p K (Xx )

to r  eve ry  x  €xx ,  o im  (Ox f  
, x  

+  d im.aJ - .o  k (x ) (d i r :n  xx

].f xexx -*"gO** - i5-rggg}grLan --s-jlch-- that dimOr.x , +
-& ttr 

--** .<'|" tJr

+ dim. al, k (x) =dim Xx, !trg! k (x) l-Q--g--{1I]}te*ly.gglgiglgg*-e^.Ilg-B5l3nt(

q-f k

Bfoq { ,  a )  f f  X f cX t . . , . ax f i  i s  a  sa tu ra ted  cha in  o f

i n t e g r a l .  c l o s e d  s u b s c h e m e s  o f  X x ,  i t  j . s  e a s y  t o  s e e  t h a t

d i m . a 1 . p K f X f ) < d i m . a } . n K ( X T o r ) f o r e v e r y i ' O - < i ( n

o )

b )

c )

n ( c l i - r : n o a 1 . k K ( X * )  a n d  t h e n  d i m  X v K  d i m " a 1 . n K ( x x ) - d i * " a 1 . * K ( X )  =

= d im X(d in  Xx .
'  b )  r r

every  sa tura ted

schemes o f  Xxo by  the  same argument  as  in  a ) ,  i t  fo l l -ows tha t

' d i m . a 1 " * k ( x )  +  n = d i m . a l . g K ( X f  ) + n r < A i r n . a l - , k K ( X x )  = t i i r n  X f  .  f ' r o m  h e r e ,

b)  fo l -1o lv - * "

c )

t o p o l o g i c a l .

ai-nO-,x .
x  r x

r ^ l

n * = 1 0  
t h e n  t h e  i n t e g r a L  c l o s u r e  9 X * ,  

*

X T  i s  t h e . t o p o l o g i c a l

chain xj c xf c ". .  .  xf i

:,E

c losure  o f  x  in  X" " ,  then fo r

=  X*  o f  in tegra l  c l -osed sub- -

I f  x  6  X t

c losure  o f

ln
I  I '  Orm V- -x

X

a l l  i s  c lear .  Le t  x  e  Xx  -  X  and ZsXx-X the

x  in  Xx .  We she l l -  p roceed by  induc t ion  over
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0. , .x  *  is  i ts  f ie ld 'o f  quot ients  is  noether ian,  by Kf - r l
A  t , t  

r n l

Theorem.  I f  (D  iu  the  l oca l i sa t i on  o f  t he  r i ng  O*o , *

p e c t  t o  s o m e  m a x i m a ]  i d e a l ,  t h e n  O  i u  a  d i s c r e t e  v a l u a t i o n  r i n g .

B e c a u s e  i t s  f i e l d  o f  q u o t i e n t s  K ( X x )  i s  a  f i n i t e l y  g e n e r a t e d  e x -

t e n s i o n  o f  k  a n d  t h e  r e s i d u e  f i e l d  k i  o f  O  i s  a n  a l g e b r a i c  e x -

t e n s i o n  o f  t h e  r e s i d u e  f i e l d  k ( x )  o f ( O * x , * ,  i t  f o l l o r v s  t h a t

Kr.ul l-Akizuki

w i t h  r e s -

kr b.Y

i s  a

[ r t ] ,  c h . v r I  T h e o r e n  1 f "

f in i . te ly  generated exten-

oi* Ox*, 
* /+.., 

= aim Ovs, *-1.'
me of  X* 'p iss ing t i r rough x

t o  t h e

tha t

+  d i m " a l . , - k ( x )  = d i m  X ' x '  .
K

o p e n  i m m e r s i o n  i  ; X t . - X x '

k ( x )  i s  a  f i n i t e l y  g e n e r a t e d

d im,a1"*k '  =  d im.aL. *k (x )=d im.<r [ . *K(Xn1-1  . r .nA i t  resu ] - ts  tha t ,  k f  i s

a  f i n i t e l y  g e n e r a t e d  e x t e n s i o n  o f
i

S i n e e  k ( x ) c  k r  r  w €  h a v e  t h a t  k ( x )

s i o n  o f  k .

i* O-*i  Suppose that d 
l l  ,x

co r respond ing  to  the  c l -osed  subse t  xL ' x  and  
f r , . . . ,F , '  

t he  n in ima l

p r i m e  i d e a l s  o t O * o , *  c o n t s i p g  a .  r f  
t o = 0 . t r . . " . r c * *  

i "  a  s a t u -

ra ted  cha in  o f  p r ime idea ls  o f  @. , ,x
r r  t x

rep l .ac ing  
* f  

by  a  p r ime idea l

assuee that hf+l ,  for every i ,  l ( i (ra. Tl ' ren ht 
1f=1 

and

x '=x f r  x  * { ;  o therw ise ,  x* f
ponent  o f

equaJ-  to

t i  o n .  X x t

mens iona l  i n  X .  There fo re  d im Xx t=d im X&=d im Xx -L ,  by  a ) .  S ince
(o 

,*'r* 
= Ox*, 

*'/gr *u have that ai* (O"*', 
*

Apply ing the induct ion hypothes is

and to  the po int  x  €  Xx l  
I t  fo l lows

ex tens ion  o f  ko

x*-x  nass ing through x  and th is  fact  inp l ies that  
* r  

is

some o f  the  p r ime  idea t *  
f . r ,  " .  " ,Pn ,  v rh i ch  i s  a  con t rad ic -

be ing l -codi - rnens ional  in  xs.  w€ have that  Yr  is  ] -codi -

Let  Xx /  be  the  in tegra l  c losed subsche-

and cor respond ing  to  
$ t .  

Then

i s  c o n t a i n e d  i n  s o m e  i r r e d u c i b l . e  c o m . -

./n
>  1 .  L e t  a c t ? " * . *  b *  t h e  i d e a l

of  Lengt,h equal  to n=di*  @'x1*t

gj  '  0cA. i  c*>,  rve rnay
A+

Lernrna 2 . Let i :X  c+ 'X^  be  sn  open i rnmers ion  o f  norna l



k, ylEfg_X !s_an alsebryrie k:ggllqr0e__gld Z an

iryleqla] -c-omnplr*e.nl of X**X. S:qeojlg*tlgL-lbs lpcel. flle Aox - g!' Z* a  A  t 7 -

i s  n o e t h e r i a n  a n d d im O*x  
,z  

*  d im.a l . . kK(z )  =d im x* . Then there

Xo c x* wr t!- ile-€-o-1,1g:riryg--pr-oggqS eF I

a) Xs iS qF al&gb*T:ai.'c__gc_llwg:"9::ql k

b )  x e ' )  x  
l

I
e )  X n n T "  + 9

Prq-gf .

gener ie  po in t  a f  Z ,

Replaeing t '  by &n cpen neighbourhood'  of  the

i t  is  o 'ovious that we may suppose that

1) X" is an af f ine scheme

B y  L e n m a  I  c ) ,  t h e  f i e l d  K ( Z )  o f  t h e  r a t i o n a l  f u n c t j . o n s

o f Z i s a f i n i t e 1 y g e n e r a t e d ' e x t e n s i o n o f k " ' " ' t F ; ' e c o ' f l # 1 o " -

f i n i t e  s e t  o f  g e n e r a t o r s  o f  t h e  f i e l d  I i ( Z )  o v e r  k .  B y  r e s t r i c t i n g

Xr to an af f ine open subset vrhich meet s Zr,  we may s$suae t ,hat  there

a t " f l l ' c ; . ,P *e \ - ( xx ,OX* )  such  t ha t  f o r  eve ry  i ,  l - < j (m , f l i \ r =P i "

let{X". ,  ,  . . .  ndr}b* a set  of  generr l tors of  the naximal.
1 4 v J

i d e a l  o f  O X * , 2 .  B y  n e s t r i c t i n g  X x  t o  a n  a f f i n e r  o p e n  s u b s e t  m e e t i n g

Zt ,  r ^ /e  may  assume tha t  fo r  eve ry  i ,  1a i<3 ,d ia  l - (Xu ,OX* ) ,  Le t

"  
c  l * (xx ,  O*x)  be the n i l ideal  o f  the c losed subset  Xx-x  and

p  ?  a  the  p r ime  idea l  o f  I -  (X* ,  @*u)  cb r respond ing  to  the  i r reduc ib le

conponent  Z of  X*-X.  The ideal  p  be ing min i -ma1 among those conta i*

n ing a,  i t  is  c lear  that  ther .e  ex is ts  u  e[ - (Xo r@*i l  -p  such that

f o r  e v e r y  i ,  1 ( i < f , ,  s d i e  a .  R e p l a c i n g c d a r . . . r d n  b y  u t r " n . l s d . r r  w t s

m a l  a s s u m e  t h a t o ( r e  a  f o r  e v e r y  i ,  l < i ( 8 ,  e n d  c ( r r . . " r d g  i s  &  s e t

of  generators  for  t } le  maximal  idea1 ot@t x *  
1 7 '  

' I h e n  .

x*o t i= {x { *ex? l$ i ( x ) f  o }  i s  an  open  subse t  o f  x  fo r  e r re ry  i .  X  be ing

a quas igompaet  schemer  w€ may f inc i  e f i . n i t e  s e t  { g + . f - r .  o  " , d n €  g

ror every i. e(L€ [-(x",{Q**) arid x =i* xt,,..

t ha t  x  =  i=W x l r , i .  t hen  d1 , , .

sucir

ndn a lso  genera te  the  max j .ma l  idea l .
a

" t l, t J

of (Oua
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-frx]i ,Lxil is a rinite tvpe k-algebra. t". {\ i /utihuj.r,

f i n i t e s y s t e m o f g e n e r a t o r s o r [ - 1 x x , O * x ) o a ' o v e r k t s u c f r t h a t

k-subalgebra of  I -Cx* ,Ox*)  generated

{u r1 . . .  ed *1P . ,  " . , p * , { f i i l  r , i  1  "  r

For  every r ,  l ( i * (n ,  the r ing of  quot ients  f (X*  r@x*)d i=

b e a

T i  j €  [ - f t * , @ x * )  ,  a n d  l e t  a * k f . . .  r d i  r  . . . ' r , p ;  r . . .  r { * " . . . ]  b e  t h e

o\rer k by al l  the elements

or  every  t  ,  l ( t r (n ,  we haver

o . r ,  t f r k  [  . , . , { r / 4 r , . .  {  1 < s 6 r n * . =

gf(xr ,Ox*) and for every i ,  ] ( i {n,  ai i  =f ixx,@**,o, .

Let  f  :  Xr - *y*  Ue the  roorph ism o f  a f f ine  k -schemes

C l e a r l y  Y S  =  S p e e  A '  i s  a  n o r m a l  a l g e b r a i c  k - s c h e m e .  t n  2 ) - 4 )

b e l o w r  w 8  s h a l i  p o i n t  o u t  c e r t a i n  p r o p e r t i e s  o f  t h e  m o r p h i s m  f :

2)  Y = f  (X) i .g*an open sub.set qf  Ys and f  l * t . ' { ' - -oY is
l - a

gp i.flogqlp]tl$p qs lc-:S-bgnq_g:

Incleed, fr :cm Ak.l  = f  (xo,@**Lt. ,  ,  i t  fol lorvs that

f  f t L .  )  =  Spec  Ak ,  anc l  f  ( xL .  )  i s  an  oour , ' subse t  o f  Y* .  i l ence* i  -  (  
i  * i

y= f (x i= f  (L -L l  xx ,  i  = t *J  r ( * * ,  )  i s  open  and  f l - ,  x - - -py  i s  su r -
i = J ^ 4 i ' - } { * " " c ( i t  

' -  - l X '

j e c t i v e .  F o r  a n y  r l o i n t s  x r x o €  X *  s u c h  t h a t  f  ( x ) = f  ( x ' ) = J l . ,  v / e  h a w e

tha t  C *  =C ={O .  s j .nce  r l . . x .  r  x1  ->  Soee A i  i s  an
X x , x  

- y * , y  - X s r o t t  -  * l X ' o ( i " ' ' - d . i  -  v t ' " -  " o ( i .

i . son io rph ism,  fo i -  every ' i . .  fhe  scheme Xx be ing  a f f inen  i t  fo l l_ows

t l ie t  x  =  x '  and so  { l  :  X  -Y  is  an  isomorph ism.- t x
5 )  f f  l t c Y n  i s  t h e  c l o s u r e  a f  f ( Z j  i n  T x  w i t h  t h e  r e c i u -

A ,  = k [ . . .  1 d - , . . .  r p j r . . .  r \ " ,
q t b 4

= ftx*,0*u,*o .

Thierefore A, '= [-(X*,OX*)* .
o\u t

f f  A ' i s  t h e  i n t e g r a l  c l - o s u r e  o f  A  i n  i t s  f i e l d

t i e n t s ,  A l

s c h e m e ,  A 6

i s  a l s o  a  f i n i t e  t y p e  k - a l g e b r a .  S i n c e  X x  i s  a

o f  quo-

normal

c o r r e s p b n d i n g  t o  t h e  i n c l u s i o n  o f  k - a l g e b r a s  A o  g l - ( x * r O X r ) .

c e d  c l c s e d  s u b s c h e n e  s t r u c t u r e ,  t h e n t l ,  :  z -+wi s  a  b i r a t i o n a l



morphism of  qcheme'
- F

r n  f a c t ,  l e t  ( f  
\ r l * '  

K ( w )  - +  K  ( z )  ' b e  t h e  c a n o n i c a l

homomorphism of the f ields of rational f unctj.nns. I 'or every 3 t

t4j-4moF:ut-1vs,O"*il and tl p^ll - l:^tnu 
restrretj 'on or &* on the

I J

eme wcys ana{P;, . , ,Pi1 t t  the set  of  generators of

rhe  f ie ld  K(z )  over  k .chosen abover  w€ have f l i= , t \ r )o 'P : \  , * )  fo r

every  j ,  There fore  t f lo ) *  i s  an  isomorph ism o f  f ie lds .
t J ,  .  ,

, LerYg f (vfr(gu* ) be such trratY\, * O and such that'

for every irredgcible component Y*t of, the closed subset y#-y

^ \  *  '  
l *  €  x * ,  f * ( f )  t x )  l o i  i s  an

no t  con ta in lng  l t oY l r x '  =  0 .  Then  *?  = i * \ "  - ' "  ,

aff ine open subset of x* which meets Z and 
"t ,  {V\Ve 

v*uY{yf * 0t

is an affine open eubset of Y* such that' every lrreducibl"e comp?*
.\

- c . ' *  t v {  n  v t  con ta lns  w  0Y t  en g n t  O I  X Y  -  ( r Y  t l  I ,  L i t . . l ' t r L ' s r r r p  ' r  r r ' Y  o

Theref ,ore,  by rest r ic t ing x*  and y*  to  open af f ine sub-

sets nreeting zt respectively W3' we may assume that f c Xft-*+Y*

has the fo l lowing Proper tY:

7 -

.dt

eJeJv- * s€s* ggjg]e-s9qP-qle$ t,sA Y ̂4) every-,irqequqtble Yx-Y conta ins i { .

be
r,et ff '  r0u*,lv *C9x*,{tnu canonical homornprphism

Y" 'a A '

o f

Y*_
loca l  r lngs ,  he  have d i * (9** r ,  =  d im x f  -  d im 'a l 'nK(z)  =  d im

-  d lm.a l ,nK(w) .  The las t  i s  egua l  to  d im6"* r ' ,  s ince  y*  i s  an

algebraic k-scheme.

.  Therefore ur*O*or,  = uu*O"*rr{ .

For every ir  1<i.<n, o(r€ I-(y*r(0"x) '  s lnce

r  \*x,  :  X*,  *  yT is an isornorphism, i t  f .o lLoros that
I /\ o(i 4t 

-r(i --

d t \ "o- ,  =  $ for  every i  and so d l t ' "  "  'd t  are ln  the rnax imal  ideal

Sw of  the rocal  r ingOy*r&.  r t  fo l lows that

/ r ;  f f t r r  -  G ^ ^ L

Sz = [wt**,r :  *nt*r jact  and 3)Jmply the graduat ion homo* t

morphisn nt ' l *  ,  g&v*rw --+ 9,W,2Is sur ject ive'  The;r  i t ,^ . is

known (cf  .  Lt j  or  [ZOlf  that  i the canonical  homomprphism fn:Q'xrw--- ]

;
I
i,



-> b f ,, be tween the comp le tlons of O"*, 
* and Orx 

, z ln the ra-

dica l  topologles must  be sur  ject j -ve.

/n
SlnceVyo,w i "  a  k -a lgebra  essent la t l y  o f  f in i te  type ,

n o r m a l  e x c e l l e n t  r l n g .  T h e n ,  b y  E G A  f V  7 " 9 , 3  ( v i i ) ,  ( o r

,  2  
. " I0 .  

1  and 2  "  l0  .5  )  6y* r  
I ^ i  i s  an  ln tegra l  r ing .

I t  fo l lows that f* ,  belng a sur ject ive homomorphism

lntegrar r ing onto a r lng of  the same dimenslon, ls an iso-

morphism" rf K = e(6"xrz)= e(@v*,to,) ana t = ot6*x,z)=etQ*r"t are

the f ie lds of  quot ients of  these integrar r lngs,  then, by

\  l .s t  r  w€ have the fol lowlng equal l t les anong subr lngs of

o**, , =4*,, o * =Q,.o, 
"n* 

=Qo,*

Hence rxrOyxrt^r  - -+ O**nz Ls an lsomorphism of locar r lngs

and sor via tire morphlsm f, the integral closed subschemes x*t of xif;

containing Z are in one-to-one correspondence wlth the lntegral

c losed subscheme Ylk t  o f  Y*  conta ln ing W.

Now Y*

lntegra l  subscheme

- Y = W, Indeed,  v ia  the morphlsm f  ,  to  a e l .osed

xtl* '  of x* meeting X there corresponds a closed

I

i t i s a

by [toJ

Irom an

[ t l  t ch . r r r f
T { .

in tegra. l  subscheme Yi ( t  o f  y  meet lng y  = f  (X) .  s lnce there ex ls ts

a unlque closed lntegral  subscheme of X* contalning Z whic l r  does

not meet X (namely Z l tsel f ) ,  i t  fo l lows that there exj-sts an unlque

closed lntegral  subscheme of y* contalning l i  and not meet lng y;

thls subscheme must be lrt,

tet f* r f (vor0yx)->ftx*r(g*x) be the nNomomorphism

induced by t .  Then f# is bi ject ive.  rn factr  i f  d.€f ix*rO*x) then

c(e n(y*)=x(x*) j .s def lned on y d x. slnce , \e@"x,w =Q*r2 and

Y* = YIJ l { r  l t  fo l lows that^c( is def lned on an open subset vc 'y*,

such that cocim ,x1yf , -v1 >r2.  But y* ls a normal k-algebralc schemei

hrence xgl-(v*r0rr*)  and so f*  is  b l ject lve.  The morphism f  belng do-



9 *

mlnant,  l t  fo l lows that f*  is  b i ject ive'

Then f : X*->y.* Ls an lsornorphlsm of affine schemes

and so X* is an algebraic k-scheme. This completes the proof '

1 e

{tx"'

2 l

1n
when dim vr.# _A  t A

x* X 1.n @**,r ,  There exist  f in i te ly many

r a t

KrulL, For every such gr the quotient ring (Qux

! : x c" xn !e.*ar,r. op,eLiryFeq*k9*,-gl rro,gn*l*

schemes over a f ietd k, gher.e x ie es-.*lssbrs*s]<-scheme and l-et

bgurho_gl i&t dim.al. jk (x) * dlm x* - 2 ggg @x* 
o* t$--C-5rull*{,L*9*.

(

_!5ggfo ff x has an open algebraic neighbourdhood, then

fn
b** r *  i "  a  Kru l l  r ingn  and d im"a l .Ok(x )  =  d im X*  -  d l tC I * * * r *

Suppose tha tO** r *  i s  e l ther  I  -  ddmens ibnat  such tha t

d im,a l ,Ok(x )  =  d lm Xs Lr  o r  2  -  d imens lona l  Kru l l  r lng  such tha t

d l * . a l . * k ( x ) =  d i r q  x *  -  2 .

crearry we may a*sume that, x e x* - x and 1et z 1:x# x

be the closure of, x in X*. InIe nay suppose that!

d.

1) x^ *-q.-el-g€s*g-sgleqq

rn the case when ui*@**,  o 
= l '  then z is an integral

component 'of  x ' (  x.

In the case

of the close<i subscheme

6t

x € X ^

a)  I f  d imO-*  .  =
J (  , X

bsq}:hoq{-${{ dim " al. gk ( x) =dlm

b)  r f  d imb-*  .  =
x  , x

pr ime ideals p.(0**, ,  such that g)g and ht  p.  = l rs inee (Of 
.Z isx",

Krul l ,  For every such Br the quot ient  r ing (QX*rr lg t"  noether ian.

Therefore the set - , lv(o= 
\x*te 

xo -  o \** t  integrar c losed sutscheme

such that codlm 
x* x*' = Ir and x'oo> z\ rs flr: lte urb r,la l,emma 2,

tlrea x has a4-*9gs*. qlg9,hf,*i"c-*qifu
@

- 1

g*ge x ks 3:l*wgn-+l.ge*qalq *FLgk

s  2 t  l e t  a f  0  t re  the  n iU .dea l

such that codlm 
X* x*' = Ir and x'ot> z\ r" f lr: l te and r,la l,emma

)
for everlt xJot€.)'{o !, ie can find i ln open subset u"*, gx* vhlch ls



algetraic over k and b.,n, 0 ,*'+ { . Then replacing x by the

algebralc k-scheme * tj ,H* u"*, ) we shall suppose that

1 0 -

:r
2) Z is an in 'Lsgral  coqrpqnent of  X^ X.

t " . { P ; ' o c o , P r l o "  a n  a l g e b r a i c  b a s i s  o f  t h e  f i e l d  K Q )

over  k .  By  res t r i c t ing  Xx  to  an  open a f f ine  subset  meet ing  Z ,  we

sha1 l  assume tha t  there  ex is t  Pr ,  " . . , t *a  f (x*9"* )  such tha t

for  every i ,  l ( i .<na,  $.  1 =0:  .
l t  l z  1 1

I  L " t  d t , . . . ,d . . f ,  be  e lements  o f  l * fx *  ,AX*)  such tha t .  the

open subset  * : , .  ={"  e **1or.  (x) f0!  cover x.

As in t f re proof of  Lemma 2 ,  using the e lements
(  .  - ( n  )

l d i t l < i < *  a n d l f r ; 1 l ( j < n r  w €  c a n  c o n s t r u c t  i n  t h e  s a m e  w a y  a n  a f f i n e

normal algebraic scheme Yx over k and a dominant rner.nhi  sm

fx :  X*--+ Yx of  k-schemes such that:

5) Y = f  (X) is -gn open ql lbset g-f  yx aqd f l . r :  X---+y
l A

i s  an  isomorr rh ism o f  schemes"
%

4)  i t  WeY* i .e_the s l -qsqre of  t (Z ' )  in  yx wi th  rgJuged

q.lqsgd._ sqbsglrege struclule. tFqg dim. al "*K(Z ) =dim. a}.*K (W,) .

i l qvqry_ irueciucible Sogrpoleqt o_:l V"-y c o n t a i n s  W .

Let, fx ,Cr*, w--- i"  b** 
, ,  

be the canonical homomcrphi sn

o f  l o c a l  r i n g s .  B y  3 )  a n d  4 ) ,  w e  h a v e :

d im "  a l  .  *K  (w )  =d im.  a }  .  oK (z  )  =d im.  a1  .  oK 
(xx  )  *o  in  Cx*1  

I  
=d  i rn .  I  1 ,  kK 

(y*  i  -

d im( ! *x  
rZ= 

d im Y -  d i *O** ,7  .  Y*  be ing  an  a lgebra ic  k*scheme,

i t  f o l l o w s  t h a t  d i n ( O r x , W  =  o i r n O * x  
n z  

=  Z .



l L *

rf dLn @yx 
,g 

=1 , then @** 
of-Of ,w 

and @ y* , w i s a

noetherian l-dimensional r ing. By the Kqt{-A$ir"Ei fheorem,

Or*  
r ,Z  

i s  noether ian  and a)  o f  Lemma 3  is  p roved,  by  Lemma 2 .

f f  d im O**  o  =  2  t  le t  us  6ur ro1*  %= Spee 
(O *

6u rn 
-x'" 'z : '  

- :"  - :  "" ' . ' " :-  
" :"- 

-x" 
oz '

' J= 
Spec0r*r* ,  9r ,  " ld  {y  the c losed points  o f  €  and 65 and

YrOC -u$  the  morph ism o f  a f f i ne  schemes  co r respond ing  to  f * .

The restr ict ion homomcarphism f ( f f ,  C* ) -->

- *  [ -  (%-  ! * r (On I  i s  an  i somorph ism,  s ince  @** r ,  i s  a  K ru l l  r i ng "

\ r1 le  sha l l  p rove  tha t  there  is  no  1-cod imens j -ona}  c losed

i r r e d u c i b l e  s u b s e t  y * ' g  y *  Y o  l n d e e d ,  o t h e r w i s e  w e  h a v e ,  b y  5 | ,

t . ha t  Yx lw  ano  so  f - l  (Y* ' )=zo  by  v i r t ue  o f  5 ) ,  I f  psO- .x  $ r  i s  the
r  t  i r

pr ime idea l  cor respond ing  to  Y* ' ,  then  t r tp  =  L  ana p(h
T.xor rz 

r-s g-'prl-

mary,  Then i t  is  knorvn (ef  "  SGA I f ,  Example f f f  .a)  that .

CY-{e", l l  is  af f ine,  s ince di rn 6!  = 2 and oJ iu normal .  But  Y r 'e ing

an af f ine morphism of  scheme uroY-t$-{gr ,  p1 ;  =f t -  ** ,  i t

f  o l lows that  %- m* is  an af f ine scheme. Since f  g,  O;
. nQr (n-e l  [ "  . -  g*r  Uo/ is an isonorphj-sm, the open immersion of  af f ine

sc .heme %:  Src -o9(  i s  an  isonorph ism,  wh ich  is  no t ,  poss ib le .

fherefore, .  Ys*Y=lf I ,  s ince codimv.xW *2 and by v i r tue

o f  5 ) .

Then ftr :  I- fv* r@yo) --+ f  (xs,(0r*) is an isomorphism.

In fact . ,  every  d€ I - (x*  r@xuJcKCxx)=K(rx)  is  def ined on every l -eo-

d inens iona l  c losed in tegra l  subschemu Y* 'a  Yu,  s ince  every  such

Yt f  
'  

meets  Yc lx .  Hence o t i l -6 ,yx r@.r* ) ,  s ince  y"  i s  en  a lgebra ie  normaL

s c h e m e .

I t  fo t lows tha t  f  :  Xx-+  YS is  an  isomorph isn  and th is

conp le te ,s  the  proo f .  o f  Lemma 3  b) ,



T2

X* i r  normal .  More prec iset ry :

-ry un an inlqgr.al  scheme over. a f ield k and let xex* sueh t i lqt
/not*-X*,*  = i .  Thgn x has.an o,pen alggbJ*l ic neighb,oql .hojd i { f

d i m . a 1 , O k  ( x )  = d i m  X * - L .

In  fac t ,  i f  p  :  Xx ' - - - *Xo i "  the  normal - i za t ion  norph ism
^  i t r  -  r r

o f  X ^ ,  t h e n  f o r  e v e r y  p o i n t  x ' €  X * '  b e i n g  o v e r  x  w e  h a v e  d i n
/ n  -  s l- X * ' r * u  =  1  a n d  C i n . a l . O k ( x ' ) = d i m  X * ' - 1 .  T h e n  e v e r y  s u c h  p o i n t

s l
x '€X^  has  an  oDen  a lgebra i c  ne ighbourhood .  I f  U  i s  the  un ion  o f
a l l  these neighbourhoods,  then v=xr-p(xx-u)  is  an open neighbour_

hood  o f  x  and  p - } ( v )c  u r "  s ince  p  i s  i n teg ra l ,  i t  f o r rows  tha t  v
i s  l oca l I y  a lgeb ra i c  ove r  k .

Lemma-a Lgt i :xc+Xx -Lg-g!  oDen i rnmersion of  normal

schemes-over  q  f ie t j l  k ,  ry le re  t  t ;  *Uf * *  t ,
x € xtr" !!e-n

c ondi t  i  ons

* gr lggd i f f  the fot lowin

i l A - t  . -  i s  n o e t h e r i a n
rL t^ 

-.---*

i i  )  c l im @*x,  
x  *  d im.  aL  " * l<  (x )  =  d in  X* .

8rg.qL. First we sha1l pr:ove that for er/ery point y€ xx
s a t i s f y i n g  t h e  c o n d i t i o n s  i )  a n d  i i )  o f  L e m m a  4 , @ * r , ,  i s  e s s e n t i a l _
ly of f ini te type over k. 

r \  ' 'Y

l e t { a . . "  o . . , / n ,  
P r - , .  e  o ,  F * ,  f l , .

o f  t he  func t i on  f i e ld  K (Xr )  ove r  k

B) d" ,  P. ,  
fa €.0x* 

,y 
for everlr

b )  t h e  k - a l g e b r a  A * k  [ .  n  o  r d " r . . .

c l { " t } r  o  " . , * n 1  i s  a  b a s i s  f o r  t h e

a r e  s a t i s f i e d :

r a t  o r s

. . , f , p 1 0 *

s u c h  t h a t :

r r s r t

, p s r ' . . , . \
maximal- i

a  se t  o f  gene-

i s  n o r m a l

of

'1
t . a i \

d e a l  m

L

Ie- !  i rXgX^ _be q4 _epen immersion 6f  an alsebraie sche-

O **,u



' l ' ?

. ( o  ^  )d) l  [ 3 l , . . . , f r t  g i ves  a  se t  o f  genora to rs  fo r  t he  Fes idue

f ie ld  k (y )  o f  OXo ,y ,  wh ich  i s  f i n i t e l y  genera ted  by  v i r t ue  o f

Lemna 1 c)  *

tet n = rn f lA and f :Arc+(9**,y bu tkre canonical inclu-

s j . o n  o f  l o c a l  r i n g s .  f r o m  a ) ,  c ) ,  d ) ,  i t  f o f l o w s  t h a t

gr f  :  gr  Aq*  Bt rXury is  sur ject ive 
"T 

so the canonica l -  homomor-

ph ism be tween  the  comp le t i ons :  ? :  fO- .6 * *ny  i u  su r jec t i ve "  Bu t  tn

is  in tegra l ,  s inee f , r ,  is  essent ia f fy  o f  f in i te  type over  k  and

normal .  S ince  d in  Ar ,  +  d im.a1. " *Ar r /gAr ,  =  d im A =  d im"a} " *K(X*) ) *

r  d i m O * x , y  4  d i m . a l . n k ( y ) ,  i t  f o l l - c w s  t h a t  d i m  A r r = C i - n  b x u  
r y  

b e -

cause k(y) is isomorphic iv i ih i l r r /gArr .  I lence ? iu an i -somorphisrn

and then i t  resu l ts tha t  f  i s  an  isomprh ism,  as  in  the  pr :oo f "  o f

i s  e s s e n t i a l l y  o f  f i n i t e  t y p e  o \ r e r  k .
lnLernma 2. Hence 9.,r* ,,

/'\. , J

There fore  fo r  every  p r ime ic iea l  pc@-N 
" ,  we have tha t-r  A r ,Y

, y ) .p  
*  d im .a l . kk (p )  =  d in  Xx ,  i f  y€  Xx  ve r . i f i es  t , ne  con -

i )  and i i )  o f  Lemma 4.

By induct ion over n,  we shalr  prove that we may f ind'

a  cha in  o f  open subsets  o f  x t :  vo€vL . .  "  
gvn  such the t  fo r  every

i  r  O( i (n ,  v *  i s '  loca1 ly  an  a lgebra ic  k -scheme eonta in ing  a l r  the

p o i n t s  y e X x  s u c h  t h a t A - * . , ,  i *  a  n o e t h e r i a n  i - d i m e n s i o n a ]  r i l g  a n dX r J

ouch tha t  d i rn  b*x^ . r+  d im"a1. *k (y )  =d im Xt r .
A  t J

i f  i=0,  ute nay take Vo*X. Suppose that

a  cha in  v?vL .  " .  evn  w i th  t r re  above  p roper t i es "  v fe

vtn l .

I f  t h e r e  e x i s t s  n o  p o i n t  y € X *  V n s u c h  t h a t C " * o y  i s

noether ian  (n+1)  -  d i rnens iona l  r ing  and d im(0- -x  +  c j im.a l .Ok(y )  *d r I
=d im Xx,  then we pu t  V t * l=Vt .  f f  there  ex is ts  such a  po in t  y r  then
i t  i s  e a s . y  t o  s e e  t h a t  t h e  c l - o s u r e  Z v  o f  y  i n  X r  i s  a n  i m e d u c i b l e

c ornponent of xx-t f l .  Let i . , :  Spe 
"A,,o 

,--+ Xr' Y  '  X - t Y
e o r r e s p o n d i n g  t o  t h e  l o c a l i . s a t i { n  o f  X *  i n

tt

(

dirn @**

d i t i o n s

we have found

sha l -1  de f ine

b e

. / c

the  canon ica l  morph ism

B e c a u s e  i - l r r r n r  -
t  

\ r  J  -
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fa= Spec -X* , , y  -  
r y  

i s ' a  noe the r ian  scheme, ,  
E  

be ing  the  nax ina l

idear  o t@.-x  
, ) ,  

i t  fo l lows that  we can f ind f in i te ly  many open] | ,

a f f i n e  s u b s e t s  U r  y .  "  o  l U p  o f  V n  s u c h  t h  
l n

='; : ;  ;T; '  
r  '  I 'v: : - : ' , : : " :  ' : " '  sPec -x* 'Y -  PY =

= t y  ,  
Y  

u j ) .  r t  i s  c ' . l ea r  tha t  , ,  i s  en  i r reduc ib re  componen t

of x* -  
*? ui and apptying Lenma z to the open immersion

,  {Y ,  . ' i  *1
i :  ! !  r j . ,  t - .x* and to 2., ,  we f ind an,open aff ine nei.ghbourf-rood

j = t  d  ' Y '
v,  ot  v which is  an algebraic k-scheme. f fJq+r ={rex* f \@r","
i s  a  n o e t h e r i a n  ( n + 1 )  -  d i m e n s i c n s l _

= ain xK |  ,  then we take un+1 : v"

, , '  The open set v=LJ v* iu/ n
k -scheme and i t  i s  the  subset  o f  a l l -  po in ts  y  eX*  such tha t

(nUX* ,y  i s  noether ian  and u i r  O** , ,  +  d i rn .a i . *k (y )=d in  x t r .

Recal ]  the fo l lowing

Msrot lemna f [ t t l  ,  Lemrna 2). JI I  @
nrime i l leal p.A, F + 0" t ls_ri-ng

O/+ -lS- closul'e of a @
ex ieng ign  o f

In the case of the oBen immersionsinto al! . l j . Igrf ,
schemes v/e can FDrove:

Theorerrr{. Let i r X  +X*  be  an  open imrners ion  o f  in te -
gra3-  k*schemes over  a f i "e ld  k ,  where  X i s  a l g e b r a i c  o v e r  k  a n d

ne ighb 'ourhood i f f  the  fo l_
1 e t  x €  X x "  T h e n  a  h a s an open a lgebra ic

r i ng  and  d in  (Orx , r+d im.a l . * k (y )

U r t-..'J uo).
ro* ur{f'4n*o 

"r, 
a rgebrai c

l o w i n g  c o n d i t i o n s  a r e sat i  sf i  ecl  :

i )  A x t r , x  1 ! a , n o e t h e r i a n  u n i v e r s a l l y  c a t e n a r y r ' t  n -o

i i ) oim (0*x
, x  *  d 1 * . a l . * k ( x )  =  d i n n  X * .

3r .gg€:  Supoose tha t  i )  and i i )  a re  sa t is f ied"  We shat l
p rove  tha t  x  has  an  open a lgebra ie  ne ighbourhood by  induc t ion  over
d i rn  3x .
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I f  d i n  X x = Q 0

Suppose that

t i re  asser t ion

d im  xx )  o "

i s  t r i v i a l , s ince X*Xx.

We c la im tha t  every  in tegra l  c losed subscheme X*o  o f

Xx  pass ing  th rough x  i s  gener ica lLy a lgebra ic  over I n  f a c i ,

Jet- xx=xt=* ) .  n. txfr = Xx'= xf i*t  )  u *. >{=1xl ue a saturate

cha in  o f  in tegra l  c losed subschernes  o f  Xx ,  wh ich  conta ins  Xf '

sa tu ra ted

(a

S i n c e 0 X * , o  i s  c a t e n a r Y

cond i t  j -on  i i  )  ,

r  w€ ha* re  m =  d imO** r * "  S ince ,  bY

m +  d im.a l .oK(x f f )=a im.a l "oK(xx )  and  {o r  eve r )  L ,  o  6L  <  n r - l

d im.a l "kK(xT)  )  o im.a l . *K(xT *  t ) ,  we har "e

d i m . a l . p K ( x f  )  = a i m . a l . p K ( x { * r )  +  I  f  o r  e v e r y  i ,  0 < i . { n * l "

We sha l l  p rove  by  i .nduc t ion  over  i  tha t  fo r  every  i t  O$ i t<n t  XT is

g e n e r i c a l l y  a l g e b r . a i c  o v e r  k .  I f  i = 0 r  t h e  a s s e r t i o n  i s  c l e a r .  s u p -
be

pose tha t  X f  i s  gener ica l l y  a lgebra ic  over  k '  and le t  x i+ )4he

g e n e r i e  p o i n t  o f  x f * r ,  T h e n  C * f  
u x i + l  =  I  a n d  d i r n . a I . t r h ( * i o l ) =

=dim. a1 .pK (XI* f  )  =dim. a l  .kK (XT )-1"

By Renark  1 ,  i t  fo l lows tha t  x r * ,  has  &n Gpen a lgebra ic

ne ighbourhood in  X f ,  Hence X i * f  i s  gener ica l l y  a lgebra ic  over  k '

For  every  in tegra l  c losed subschene Xs '

+  d i m " a I . U k ( x ) = d i n  X x r

x x  -  x 6  t x t ) " . . . x ; = x*' ) xfi*r
cha in  o f  in tegra l  eLosed

c a n  p r o v e ,  b y  i n d u c t i o n
- *= d i m X l : f o r i = O r i t

(o  6  ^ r^@*7.* - f  ,  s ince  CNu 
r *  

i s  ca tenary  ' . r  a 'd  l l *  x t ,n r  =^ i + l r x  ^ i , ^

d i rn . , xT * r  s i nce  d i r " a l . pK (x fo r )=d in .a l . oK i x f  l - r e  . ,

There fore  v re  nnay  app ly  the  induc t ion  hypothes is  to  every

c losed in tegra l  subscheme X* '+  X*  pass ing  th rough x ,  and to  the

p o i n t  x €  x * ' .  T h e n  f o r  e v e r y  p r i m e  i d e a l p . O , " *  * ,  - g *  o u  t h e . r i n g
t  J t  r x ' t '

k

D

through x, we have di* Oy{ t 
, *

*
o f  X ^  p a s s i n g

T n d a r : r i  i  f
,  4 ^ . e v  v v

" . .  t x f r=  { "1  i s  a  sa tu ra ted

s u b s c h e m e s  o f  X x ,  w h i e h  c o n t a i n s  X * t ,  w e

over i  ,  that  d im @*,x , ,  + c i im "  a l  .  *k 
(x )  =

X i  r X

i s  t h e  c o n d i t i o n  i i ) ;  w e  h a v e  d i m
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/.:, I
U X o , * / p  i s  e s s e n t i a l l y  o f  f i n i t e  t y p e  o v e r  k .  B y  { a r o t  L e m m a ,'  l +  t
i t  f o l l o w s  t h a t  t h e  i n t e g r a l  c l o s u r e  O * "  

r *  
o t  c o x n , *  i n  i t s  f i e r d

o f  q u o t i e n t s '  i s  n o e t h e r i a n .

.  t  
E v e r y  n a x i m a l  c h e i n  o f  p r i m e  i d e a l u  O 1 p o . p f . . . . - p .

i n  ( o * x , *  h " u  t h e  l e n g t h  n = d i * O x * , * .  r n d e e d ,  s i n c .  O * u  *  i s  n o e t h e -

' ian  there  ex is t  f in i te ry  nany  pr ime idears  o ro j *  *^ t r i r . *  overx  r )
p i .  I { e n c e  w e  c a n  f i n d  a  f i n i t "  O x * , *  s u b a } g e b r a  A  o r O l x , *  s u c h

tha t  fo r  every  i '  gs [4 r ,  
€ i  i s  the  un ique pr i rne  idear  o f  b ! r "  vx  t x

l y ing over  P i f lA.  f t  is  c lear  that  O:pf l1 .p i lA. . . . . -pr { lA is  a  maxina l
n h  n i  t r  a f  ^ - - i  *urrur r r  uJ-  pr . ' r rue ideals  in  e .  By EcA rv ,  proposi t ion 5.6.10,  u t*  A* ' rnn=

'_=  d i ' o (9 " * , " ;  s incu  up r rnA  i s  ca tenary  . ,  i t .  f o l - l ows  tha t  n -
= clim O--x .

X  r x

L e t  p  :  X r ' - * r *

By  the  above n  fo r  every  po in t

\ - /yx r  * - l  i s  a  noethe : : ian  r ing, a \  t n -

the  normal isa t ion  morph isn  o f  Xx"

e  Xx '  l -y i . rg  over  x ,  we have tha t

h o

x l

of

d i m 6 * x ,  
, 1 r  

+ d i m .  a 1 . o k  ( x ,  )  = d i m  X * ?

d i m e n s i o n  e q u a l  t o  d i n O y * , x .  T h u s

"  V ia  Lemma 4 . ,  i t  fo l l ,ows tha t

every  pc l in t  9 f  x * '  r . y i . rg  over  x  has  an  open a lgebra ic  ne ighbourhood.

Le t  U be  the  un j -on  o f  these ne ighbourhoods l  then r7=1tp(xx-u)  i s  open
i n  x s r  P  

l ( u ) . u  
a n d ' x e v .  s i n c e  p  i . s  i n t e g r a l ,  i t  f o l l o w s  t h a t  v  i s

an  open a lgebra ic  ne ighbou: :hooc i  o f  x ,  wh ich  ends  the  proo f  o f
Theorem {,.

nqgq lk .  Z*a) .

bu* .. inTheorern{. is not al \  t x

fo l -"1-r : ' * ' ing Example,  which

s h o w s  t h i s  f a c t r

E:eryle
i n tegra1_

-  An onen eqbe$d i€  i  rX- rX*

T h e  c o n d i t i o n  o f  u n i v e r s a l r y  c a t e n a r i t y  f o r

c o n s e q u e n c e  o f  t h e  o t h e r  c o n d i t i o n s .  T h e

d r a w s  u p o n  E x a r n p l e  Z  o f  A p p e n d i x  t o  [ 1 ) ] ,

n e  i n t o  a n k-_scheme such tha t :

9 f  a n  a l g e b r a i c  k - s c h e
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k * s u b i : i 1 1 e b r a

i  c ie  a l .

S p e c  A

A i r n  A  f

c. f '  f r  f f  > l l - ]  ; r ic t '^ ( j i ' i i t  ec i  r . . .y  the '  i r i , j  ica leC ef  e lncnt ,s ,
LL

1 f  J . i . i .  i s  t l : c  i r j c a ]  , o f  I I  g e n e r a t c d  b y  x  i i n c i  ! 2  t h e

genera te<1  by  :< -1  i i nd  ; r  =  f  { i r . }  ,we  i ravc :

u=spec A ' [ t . , r * lu { .q , r l  ,  , r ' I l i t r l  =  k  [> : ,y ,  t / ] ,1  ,

g i  1 . '  d i n  / i ' I ; - r e  a n c l  n ' * ,  i s  o  c l i s c r e t e  v a l u r t i c n  r i n g .

I f  l !  =  (> l ' * i l , ; r )c t r  i  s  the  rnax iu ia l  - ldea . l .  o f '  A  gcnera te  C

1) Ciirl Xx :: 2

'  T i ' ren  j - t  i s  c . l -car  t i rn t  OX*r*  i s  ca ten i i r ' , v .

oo  f  n  : 'ac t , ,  1c  t  : ,  be  ar r  j . r rc le te r ;n j .na i ,e  over  1 r  and f  (x )  =
g i

= t*  i i - i  x-  a f6; ; '1 i ia1 poi ' , icrr  ser ies v l i i ich is t ranscenclental"  ove r  the
i= { ')-

f j . e l c l  k ( > : ) .  L c t . . , o ,  l = k [ > r  
,  j ' ( x ) ,  f ( x ) * u t * / o  f ( x ) . - c - r x - , " . . - u n \ ' ,  IJ - l  ) , t c ( o t  - L  1 L  / x r o . . . r

a n , l  A = ] l l - x 2 * x n  f  ( > : ) * a r r / , .  f  ( x ) - n 1 X - . o .  
" , ^ , * | - n  

I  b e  t i i c
/  L  t . . t c o e . t  - -  t L  

/  
A . ; . c n J

)
by x ' - - .x  and V r  \ , , 'o  i rave l -1  O [ : : inr0 l i : : . rn"  The r . i .n6, ;  6  n is  the in tcgre l

c l . o s u r c  o f  A  i n  i t s  f j . e l . c j  o f  c l u o t j . c n t s  a n c j  A '  i s  f i n j t e  o \ r e r  A .

S ince  / i '  i s  noc ' l . l r e r i an ,  j t  f o l l owr i ,  b .V  ] ! g  - . i _h \ Ia fg !g  J lhco re r .e  ( i 5 j
f l

o r  l 1 6 J  )  ,  t h a t  l i  j  s  n o c i h s r i a n . T i r c r e f  o : ' e  4 . , ,  i .  s  a  n o o t h e  r i a n  2 - C i n e n *

sional  r ' , i .ng vrh: i  c i ' r  is  not .  ur i iversel . ) .y 
"at  

r , rn.y s ince dim A, i . , . ,  = i

( c f  . B G , r r  I V ,  P r . o t o s ; j . t  j . o n  5  ̂ 6 , . 1 0 )  .  
* '

S i r rce  Spec j i '  i - s  gencr i  ca l -1y  a -16 . :ebra ic  ovcr  k .  i t  : i -o1*

l o w s  t l i a t ,  S p e c  A  i s  s o .  f { ' X x = S r c c  A ,  w e  h a , r e  a n  o p c i r  j . r n m e r s i c r r

i - : x c - + X l i  o f  a n  e - l r ? c b r - e i c  } ' ; * s c h e n c  x  i n  x x .  L e t  r e  x x  b e  t h e  c l . c s : e < i

po in t  cor resr io l : r i i  ng  Lo  I l  c  A .  lo1  eyer .y  c ioseC i -n tegra j  
'1 . *C ' t -ncr !s  j  ona l -

s u b s c h c r i r c r  x x t  o f  ) i . * :  p l r s s ; j n g  t h r o u g h  x ,  v / e  h a v e  t h a t  d ) . r , O - , x . , x r : :  ]x  , x
a n c i  o i m . a l - " y K ( ) L t i t , . : ] . ' g . r ;  l l e i i l c r k  I ,  i t  r e s u l t s  t h a t  t l i e  C e n e r : - c  i , o j , . i r i .

c f  X ) : l  I r . s  an  oT)c i l  a1 .6 rqb i i , . i  q  ne i6 lhbo l r rhoo t l ,  I . - ep lac i . nU  X  by  thc  r . r r r i - on

o f  X  u , i . r ; h  c l -1 .  t . ) r r : ; . ; c  a lgcb rc i c  nc i l ; l r bc . ru rhooc l s : ,  i t  l l o l i cx ' r s  f he r t  { i l l  i s

a  c o r n n o n c n t  o f  i l : j : - - X .  B . y  r e s t r i . c t i n g  X x  t , o  e n  o F e n  n e i g h " . r o u r i r o o C . o f  x ,

LtwL 4b4\o
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w e  o b t a i n  t h e  d e s i r e d  E x a n P l e .

Remark  2  b )  -  rn  Lernma 4 ,  the  cond i t ion  o f  un iversa l l y  ?

ca tenar i ty  fc rOxxrx ,  fo l - l cws f ro rn  the  fac+-  tha t  0** , *  i .  a ncrmal

n o e t h e r i a n  r i n g  a n d  d i m @ * x . 0 .  *  d i m . a l . * k ( x ) = d i m  X x  (  i n  t h e
/ \  , ^

proof  r  w€ have.  shown tha t  Ouu -  fo l lows essent ia l l y  o f  f in i te
^ '  r i i .

t y p e  o v e r  k ) .

I  t r ' *o* a more general  point  of  v- iew, there is ,  8r I

o p e n  p r o b l e m ,  c a l 1 e d  t h e  C h a i n  C o n i e c t u r e  r ,  ( c f  "  I r g 1 ,  p . 1 O ? 1 )

wh ich  comes f rom Naggtg  f  [ z l l  , [ rU ]  )  and Gro lhend leck  (nc .q  rV ,  5 ,6 )

and whose af f i rnat ive answer impl ies that  every normal local

noether ian  r ing  is  un iversa l l y  ca tenary .
" J

a ^
o c r  T W O  T h e O r e m S  a b O U t  t h e  S c h e m e S  d g n i n g + o r l  h r r  q - i o o -

b r a i c  v a r i e t i e s .

the  nex t  Lemmao g ives  the  poss ib i l i t y  to  deduce some

p r o p e r t i e s  o f  t h e  s c h e m e s  d o n i n a t e d  b y  a l g e b r a i c  v a r i e t i e s r  u s i n g

the  prev ious ly  es tab l i shed proper t ies  o f  the  open immers ions  o f

a l g e b r a i c  v a r i e t i e s  i n  s c h e m e s .

Lemma 5*" Let f  :X-+Y be g domi.nant rnoJphigm of inte-f ' ra l

s-che$.es- or, 'gr-g f ietd k.  Suppose that X i  s an algeb:aic* l<-rchems.-

T h e n  Y  i  s  s e n e r i  e n l  l v  R n  n l , o e h r a - i  e  k - s e h e m e ,; ^ r u r r  r  r v  l - a v r r v  u f a . v

F r _ o o f .  I t  i s  s u f f i c i e n t  t o  p r o v e  t h a t  i f  A  i s  a

k-suba lgebra  o f  an  in tegra l  k -a lgebra  o f  f in i te  type  B,  then there  1

e x i s t s  a  n o n - z e r o  e l e m e n t  o ( e  A ,  s u c h  t h a t  t h e  r i . n g  o f  q u o t i e n t s

A ,  i s  s t i l i  o f  f i n i t e  i y p e .
c\

L e t  {  x l r . . . , * J  b e  a n  a l g e b , i ' a i c  b a s i s  o f  t h e  f i e l d  o f

q u o t i e n t s  a ( B )  ' r f  B  o v e r  t h e  f i e i c l  o f  q u o t i e n t , s  e ( A )  o f  A r  s o  t h a t



x . :€  B .  Then B i
J-

f - 1
A l v l. =  L ^ 1 t . .  t  t ^ n }  .

T ^
! v

. r  ' t
O L * f , . . . t X i l e n

. r
o v e r  A l x r r . . . ,

L  l . '

Y  ( i )
r r  

i

and ts
rA L"r

Y j J t =  oy ( j )  . , . t i' n j  " J

1g

s algebraic and of  f in i te type o\rer the subr ing

. (  1 ,
t l V f r . . . , V * f b e  a  f i n i t e  s e t  o f  g e n e r a t o r s  o f  B  o v e r '

d  fo r  every  j ,  l . ( j (m,  an  a lgebra ic  equat ion  o f  y  j

- 1 .^nl  '

+  i . c  +  Y j j '  , ,  *

+  0 .  r f  w e  d e n o t e  Y =  ? j 1 )  .  Y j 1 ) -  n  " .  " Y j * )  ,  t h e n
" f .  

t tz  t 'm

y  i s  f i n i f e  o v e r  A [ " f y .  o .  e * r ]  
*  

"

,  e  e  o , x^ l  i s  an  a lgeb : "a  :o f  f i n i t e  t ype  ove r " !  k ,,  r r J y

wh€re

9 t  nr f  L l

Hence

We sha lL  cons i t le r  , two caseg. :  : .

a )  A  i s  a . f i n i t e  r i n g .  T h e n  A  i s  a

a n d  t h i s  e o m p l e t e s  t h e  p r o o f .

Y e a

t h e n  t

f in i te  t . ype  k -a lgebra

t-

L * l '
here

b) A is an inf in i te r ing.  ln ie nay assume "that

. . .  r " o l  i s  a  p o l y n o m i a l  i n  t h e  i n d e t e r m i n e t e s  x a ,  "  "  n  r x 1 1 i

e x i s t s  ( d l , . r " , d o )  s u c h  t h a t Y  ( d r r . . . $ n )  +  0 .  r f

g c A [ x r , . . . , x n J  i s  t h e  i d e a l  g e n e r a t e d  b y  t h e  s e t  { * t - d t r . ' l i * r r - d r ' l  u

we have the isomorphisns:

'  '  ' ,**1 /g)i  A.-g(oc,,-. . ,**,)

i - s  a  k -a lgebra  o f  f in i te  type
Y  ( { r ,  - - . ,  d ^ )

L e t ,  u s  r e c a l l  i n  a  p a r t i c u l a r  c a s e  t h e  f o l l o w i n g

Nagata-0 tsuka Theorem rc r . [ : r l  ,  Theorem ] )  -  l .q t .  A

be g k-.glrbalgebra ol qn intesrar glgqlra s--or rj.nile tfpe glgf*g-Iigg

k  a n d  B c  A  e  p r i m e  i d e a l  s u c h  t h a t  t h e r e  e x i s t s  a  p r i m e  i d e a l  o f '  B
##%

ly ins over p,  Then dim A* + di rn- .a1.kk( f  )  
__111:

\ i

/ \/ t

A{-x1 ,  .  . . , "o]/u * "r 
(A[x1 '

There fore  A

and Lemma 5  is  p roved.
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R e c a l - l  t h a t  a  s c h e m e  X  ( r e s p . a  r i n g  A )  i s  c a l l e d  c a t e -

l a l y l  -  and  equ icod i rnens iona l  i f  t he  fo l l ow ing  cond i t i on  ho lds :

(Cf l -g]-1-gg-naximal-  chains of  c losed integral  subsche-

eq o- {  X  ( resp .a l [ the-qax i rna l  cha inso f  p r ime idea ls  o f  A ]  have the

same lenqth .

f t  i s  o b v i o u s  t h a t  a

the  a f f ine  scheme Spec A has  the

Now we shal l  Eive the

r ing  A has  the  proper ty  (C1)  i f f

p roper ty  (C l )  .

t w o  T h e o r e m s .

lhegr:em 2. Let.  f  :X-+Y be a nor.ohiStn_ jg jn l%ra.}

k -schemes o t r re r  a  f ie ld  k where  X  i s  an  a lgeb ra i c  k -scheme and  y

i s  normal - .  Supnose tha t  one o f  the  fo l low i c o n d i t i o n s  i s  s a t i s -

f i e d :

hen the  subset  o f  a l l o i .nt  s S_-I_Sggn_lllet O- ,.Y r Y
n _ q e l h e r i a n  i  s  o p e n  a n d  l o c a l l a n  a l g e b r a i c  k - s c h e m e .

prgo& BV Lenma 5  ,  Y  is  gener ica l l y  an  a lgebra ie  k -sche-

m e .  f f  t h e  c o n d i t i o n  a )  i s  s a t i s f i e d  t h e n  i t  i s  e a s y  t o  s e e  t S a t

f o r  e v e r y  p o i n t  z e y  v r e  h a r r e  A i m ( 0 ,  - + d i r n , a l " . , - k ( z i = d i m  y .  f f  t h e
L  s z  K

a  nn . l {  +  - , '  ̂ *  L  \u u l t u r -  L r o n  a  )  i s  s a t i s f i e d ,  t h e n  t l i e  a b o v e  e q u a l i t y  h o l d s  f o r  e v e r y
nn i  n  t  r y c  \ t  l r r ryv r . r v  , / . <L t  uJ  l , I agaLa-Otsuka  Theore rn .  The re fo re  fo r  eve ry  r ; o in t  y€y

such  tha t  O . "  i  s  nop r .hpn i
r r J  . r a n ,  t h e  c o n d i t i o n s  o f  L e m m a  4  a r e  v e r i *

f i e d  a n d  y  h a s  a n  o p e n  n e i g h b o u r h o o d  w h i c h  i s  a l g e b r a i c  o v e r  k . I J e n c e

t h e  s u b s e t  o f  a r l  p o i n t s  y e y  s u c h  t , h a t  ( 9 , ,  - _  i s  n o e t h e r i a n  i s  a nr t V
open loca l l y  a lgebra ic  s r r ,bss t  o f  y_

1 S

T h e o r e m  3  . !9]*LI_-IL !" q qorllhi srn o.I i n t e sraL_ k- sg he

a)  f  i s  dorn inant  and r n  n a F +

* : : * : :T : l i .Ld k ,nuch that  
I  iu  an a lgebra ie  k_scheme
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rf rtim y-4r, rhen y is roqal}y_.af_Slg"th|gls*5*ggbggg

f f  d im Y=2 and i f  one o f  the  fo l lo " ' v ing  ccnc i i - t i - cns  is

s a t i  s f i  e d  :

a)  f  is  domj-nant and Y is nornal  n i th propqr! ;1_(ql_)

l ^ i )  f  i s  . q r r r i e e t . . i v p  n n o  Y  j - s  n o r m a . Lv t *::u:-:.::-::.*::-_*

tbeq lle subset of*g]] poin!-s-.-',I5Y-!qc}*jlpf O, .,, ff-4.*I-(IIIJ-3++*g'L I'I 
.-"*-

i s  n r l e n  n n c l  i s  l o e p l l v  A r r  a l s e b r a j , c  I < * s c h e m e "v v v . {  . l v v u ! . ! r l

P f o c f  .  1 )  I f  d i - n  Y = 0 ,  t h e  a s s e r t , i o n  i s  o b 1 ' i o u s o

f f  d im Y=1,  by  lemna 5  ,  i t  fo l lows tha+-  Y  is  gener ica- l - -

' l r r  n l c o h r a ' i n  O v e r  k .  F O r  e v e r y  c l O s e c l  D o i n t  y q Y r  W e  h a v e  t h a t

/.-t
d i m ( { / . l ,  . , = 1  a n d  t h e n  d i m . a l  l - l r r \ * n  h "  L e m m a  I  b ) .  V : - a  R e m a r l <  I ,  i t

r r J  
r u  l r r L r r  u r u c c r r - 6 k r ' \ \ , I l - r J 7  r t , y

f o l l o w s  t h a t  e " / e r y  c i o s e d  p o i n t  o f  Y  h a s  a n  o n e n  a l g e b r a i c  r l e i g h b o u r

h o o d  o

2 )  F r o m  a )  o r  b )  i t  f o f l - o r v s  t h a t  d i m O . r . ,  *  d i i l . a l . r . k ( ) , j
I  r .Y l i

= d im Y fo r  every  po i ,n t  . y€Y.  V ia  Lemma 5 ,  every  1 -cod i rner rs j .ona]

n o i n t t  o { '  Y  n n C  e v e r y  2 - c o d i m e n s i o n a }  p o i n t  y € Y r  s u c h  t h a t  O u  . * ,  j - s  a4  ( r r ^ u  v  v  v r J  L - v v v  t l l L v  , 7 l ;  f  t  u u v l  
I  f  . y

I t n r r " l ' l  - - ; ^ -  l ar \ I q r r  r 1 1 1 6 r  r t o \ r € o n  o p e n  a l g e b r a i c  n e i g h b o u r h o e d .  T h e  u n i o n  o f  t h e s e

n e i g h b o u r h o o d s  i s  t h e  s e t  o f  a l l  " K r u l l  p o i n t s "  o f  Y ,  w h i c h  e n d s  t , h *

p r o o f .

K z  S o m e  c n n s p n u e n e e s  a n c l  a o p l i c a t i o n s'  1r .  v""^"-_:"-: i-"-Yl - _ __ .

I n  t h e  f o l f o v . r i n g  P r o p o s i t i o n  i s  g i v e n  a  c h a r a c t e r i z a -

t j .on  o f  the  f in i te  genern tedness  o f  a ,  k -suba lgebre  c f  a  f i l t i t c  t " l "pe

a l g e b r a :

P r o n o s i t j  n n  L " kj_ a_!S_S E=9u?glselra of. qjrj ntee.La:],

r )

/ t

a lgeb ra  o f  f i . n i t e  t yne

! . ! gns  a re  eq r : i va len t :

over  a  f i e ld  k .  Th ren  the  fo l l ow i f i  sser . .
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i )  {  is  a  l in i . t ,e  type k-a lggbtg

ii) for gv.gf:y maxfggl*igg-9.1 mcA, A*- @ . m i s  a n  u n i v e r s a L l y

ca tepan j_  noether ian .  r ing  and_Qj3  Ao =  d im A:

i i i )  g o r  
" r . f y  

g " * i * u  U ,  A -  i s  n o e t h e r i a n  a n d  e v e -' I I r

!1[egr-al  A-algebra B, which i .s f in i te over A and has a rnaxima]

-f oeal_ _of. jglgL_lr_i s l-di4Snliional*

P-rojf  * ( i  )<+(i i  )  f  ol lorvs from Lemma 5 
"r.J 

Th.t:  Spec A
i

i s  g e n e r i c a l l y  a n  a l g e b r a i c  s c h e m e  o v e r  k  e n d  i f  ( i i )  i s  s a t i s f i e d

then evary  c losed po i .n t  o f  Spec  A has  an  open aLgebra ic  ne ighbour -

h o o d ;  t h e n  A  i s  o f  f i n i t e  t y p e ,  s i n c e  s p e c  A  i s  q u a s i e o m p a c t .

i i i )  =+  i )  l ,e t  xx  =  Spec A be  the  a f f ine  seheme cor res-

pond ing  to  A  and XcXx an  open non-emoty  subset ,  v rh ich  is  a lgebra ic

o v e r  k  ( c f  . L e m m a  5  ) .

F r o m  ( i i i )  e i v e r y  i n t e g r a l .  s c h e m e ,  w h i c h  i s  f i n i t e  o v e r

X x  a n d  h a s  a  c l o s e d  l - c o d i m e n s i o n a l  p o i n t  i s  l - d i m e n s i o n a l .  f t  i s

o b v i o u s  t h a t  f o r  e v e r y  x € X x  r A X u r * i s  a  n o e t h e r i a n  r i n g "

i s  a l . g e b r a i c  o v e r  k  b y  i n d u c t i o nWe sha l l  p rove  tha t  Xx

o v e r  d i m  X x .

r f  d i m  x r < 1 ,  t h e n  x x  i s  a l g e b r a i c  o v e r  k ,  b y  T h e o r e m 3 ,

b e c a u s e  X *  i s  q u a s i c o n p a c t . .

S u p p o s e  t h a t  d i m  X x >  1 . .

we c la im tha t  xT  sa t is f ies  the  cond i t i .on  (c r ;  "  rn  fac t

le t  xocx l t . . ' t x r r - f  x r ,  =  xx  be  a  max imar  cha in  o f  c rosed in tegra l

s u b s c h e m e s  o f  x x "  r f  n = l ,  t h e n  b y  ( i i i )  i t  f o l l o , p r s  t h a t  d i m  x x = l ,

s i n c e  x x  h a s  a  c l o s e d  1 * ' c o d . i m e n s j - o n a l  p o i n t ;  t h i s  f a c t  c o n t r a d i c t s

the  assumpt ion  tha t  d im Xx>t "  There fore  m)r2 ,  S inc : *@'" *  . , ,  i s
n o e t , h e r i a n  a * d  O " x . "  ^  h a s  a  m a x i m a l  c h a i n  o f  p r i m e ^ t ; . : ; 3  o ft  "n -2
l eng th  ? - ,  bv  a  ?heorem o f  t rqacq l !  6c r . [ r l ) ,  i l r e re  ex i s t  i n f i n j t e l y
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many nax ima l  eha ins  o f  p r ime idea ls  o f  leng th  ?  inO *'X*- 
rXn*2

Uefql Lemma,

rf

f r  r  . . .  r  l vu  a re  the  p r ime  idea ls  o f  C* f t  - *  co r res r ,ond in?  to  the

i - r reouc ibte l .omponentu of  x**  x  eonta jJ ; l - i *  . )  ,  we nray choose e

naximal  chnin ot i ' ' *  in(9*x,xn-2 of  rength z  such ' that  #+-Fi ,  for

every  i ,  i -4 i - (n .  I f  X ;_ l  i s  t l :e  c loeed in tegra l  subscherx .e  o f  Xx

n ^ F y r a c n n n r i i n p  t O  D ,  W e  h a V e  t l f a t  X S X . , a  F r r  . v t  . . , C . X * = X " '  i S  gu u a  r  ( ' D p v ] l u r r l L  
+ ,  

_ _ O  _ _ l - *  " .  . - ^ n . - 2 " ^ n _ l  - - n  - -

maximal  cha in  anc l  X j_ r l , lX  l  / .  X , l_ f  be ing  gener ica l l y  a lgebra ic

over  k  and d im Xr ' r * r<c j im X* ,  by  jndr :c t ion  hypot l res is  we have t ,ha t

X j .  . . ,  i s  aL ,c lebra ic  over  k .  I {ence n- l=d i r l  X j  r  G S ince  X- :  .nX 1s  o f
I i * . . L  i I - ' In- l -

cod imens ion  I  i r t  Xr ,  w€ have d im X i_ f=d i rn  X- l=d i rn  X* -1 .  There f r : re
s

n  =  d i m  X x  a n d  X x  s a t i s f i e s  t h e  c o n d i t i - o n  ( C 1 ) ,

E u e r y  i n t e g r a l  g l o s e d  s u b s c h e m e  X ,  o f  X f , .  X d * X t r .  j . s

eyrl-biJ*Aeel, "t Ls s'r{ftcle'ut t n prove thls fon x/.c'X*,
a t g e b r a l c '  ,  s u c h  t . h a t ,  c o c i r j  x ' = r n  r f  v "  i s  - , " h e  g e n b r i c  p o i n t  o f

s u c h  a  s u b s c h e m e  x ' ,  t h e n O x * . o  i s  a n  l - d i m e n s i o n a ]  r i n g  a n d

d i i n O - . x  * , *  d i m . a l " r , k ( x ) = d i * 6 r . *  - * + d i m . a 1 " r K C X o  ) - C i m  X x ,  b e c e u s e  X * .
" / l  r x  . b L  x  r l t  K - '

has the  proper ty  (CI )  "  By  Remark  I ,  x  i ras  an  open a lgebra ic  ne . igh i " : . ,

bourhood and then.  Xr  i s  gener ica lJ -y  a lgebra ic  over  k .  Because i i in r  X '

4  d i m  x ,  b y  j . n d u c t j - o n  h y p o t h e s i s  x t  i s  a n  a l g e b r a i c  k - s c h e n e .

Then fo r  every  po in t  xexx  and.  fo r  every  non*zero  pr : ime

i d

r r - -r)J

o f

ea lgc  @** , * ,  t he  r i ng  @**  
,

/  ; . "  r : s s o n t . i  q ' l  l r r  n f  f
x /_b. 

\'r I
' l  

f n tc losure Ox* 
,  *  o f  Cg"x,

i n i  t . o  f r r n o  . , \ / ' ' n  v
* ! a

q u o t i e n t s  i s

t h e  i n t e g r a l

n o e t h e r i a n .
x  i n  i t s  t ' i e l . d

T h e r e f o r e  i f  X x n  i s  t h e  n o r m a l i z a t i o n

,  t h e  l o c a 1  r i n g  @ X * n . *  l - $  n o e t h e : : i a n .o f  XF,  fo r  every  po in t  
" .XxH

For  every  c losed in tegrar  subscheme z  cxr *n  Z  *x*d  ,  i f
: * - s

YcX ' ' ,  Y fX^ ,  i s  i t s  j . r : nage  in  X r  wo  have  tha t  K (Z )  i s  a  f i n i t e  ex ten_ .

s ion c f  K(Y) ,  bv luror l - l \agra lg  Theor .em rcr [ r i ]  ,  j j . ro)  appl ie<1 to  t ] re

n o e t h e r i a n  r i  n g o x * , y . .  s i n c e  y  i s  a l g e b r a i c  o v e r  k ,  . i t  i s  e a s . y  t o  
' '

see "Lhat  Z is  a l_gehra ic  over  k .

X x t ' t  h a s  n p t  c l o s e d  I - c o d i m e n s i o n a l  p o i n t s .  T n d e e d ,
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[ - ( X * H , O * x r t ) = A '  i s  i n t e g r " a l  o v e r  A  a n d  i f  m r c A ,  i s  a  m a x i m a l  i r i e a l
-trt bq-

o f  h e i g h t  I r  i e t  n  = s 1 0 A  a n d \ 6 r , . . . , m ) t t i r e  o t h e r  p r i m e  i d e a l s  o f

A  '  l y ing  over  n .  I f  f ies l  -  U  o l ;  and . -n  I -+
.  j = f  

- r  i i - n  L ' l " " r f J t a '  i s  t h e

A - a l g e b r a  g e n e r a t e d  b y  f t , . l . r f ,  w e  h a v e  t h a t  f o r  e v e r y  i , j

i + i '  4 1 A B  *  m ; O n .  T h e n  m ,  i s  t h e  u n i q u e  p r i m e  i d e a l  o f  A ,  l y i n g

o v e r  n . , f l B .  B y  C o h e n : S e i d e n b e r €  T h e o r e m r ,  i t  f o l l o w s  t h a t  h t  ( m . , 0 B )  = L

< r i r r , n a  h *  m ,  iv  r r u  * 1 . 1 .  B y  ( i i i )  w e  h a v e  d i r a  B = 1  a n d  t h e n  d i m  A = 1 ,  w h i c h

c o n t r a c l i c t s  t h e  f a c t  t h a t  d i m  X *  >  l "

Hence every  rnax ima l  cha in  o f  c losec l  in tegra l  subsehemes

of  Xxd /  has  the  length  )2 .  Le t ,  ZocZ. I . . .  . .2^* ' .Z*=X*B bu a  max imal

c h a i n ' o f  i n t e g r a l  c l o s e d  s u b s c h e m e s .  T h e n  a s  a b o v e  f o r  X x r  w €  m a y

replace, 7'^-t uv zri i-r such that ?,1,-r n xN * f ,  where xt x*ff i  s the

normal iza t ion  o f  X  c  XT and Zm_Z.  Z i_ l  C  Z^=XVN i .  
"  

sa tura ted  cha in

s i n c e  z i o * t  i s  a l g e b r a i c  o v e r  k ,  i t  f o l l o w s  t h a t  m = d i m  X n N ,  i n  t h e
d5

same weyV-+"o" *x.

There fore  X* r r  i s  a  norma]  sche ine  wh ich  is  gener ica l l y

a l g e b r a i c  o v e r  k .  a n d  s a t i s f i e s  t h e  c o n d i t i o n  ( c t ) .  B y  T h e o r e m  z ,

i t ,  fo l - tows tha t  l x f l  i s  a lgebra ic  over .k ,  s ince  fo r  every  po in t  xeX*d

t h e  r i n g O x * ,  
*  , .  . i u  n o e t h e r i a n .  T h e n  x x  i s  a l g e b , r a i c  o v e r  k .

.  
p r o p o s i t i o n  I  i s  p : : o v e d .

For  normal  suba lgebras  we have the  foL lo iv ing  charac te-

r i z a t i o n  o f  t h e  f j . n i t e  g e n e r a t e d n e s s  i n  t e r m s  o f  c h a i n s o f  i d e a l s l

C,orol lary 1. !g! A  ! g  q  n o r m a l  k - s u b a l s e b r a  o f  a n  i n t e -_ . -  - '  
, * : : : - * c -  - : : _ "  

. _

g r a l  a l g e b r a  o f  f i n i t e  t y p e o \ re r  a  f i e l -d  k .  The  fo l l owrns  essa r . t . i  nncv  r  v l r u

are  equ i ' ' ra len t :

i )  A _ i s  o f  f i n i t e  t . y n e  o v e r  k "

j i )  
S-ggL scA,

h +  m  A { -  Aa r v  g  
-  \ l . l . l t r  f l .
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i i j " )  fo r  *ve i :y  mar : ina . i  i r tea ] Il*A u A* 1"!*
r.i i,l1i elnci d,im , 4  *  d i n  A * "

indeeC, (: ),+, f i l  I  
- ' i f t) 

obuj ous . ( i-: i  i  ) ",}- ( i  } j . t  f ,ot tow,.:
f r o r :  L e m m a  3 ,  a p p l i e d  t c  X t r : :  s p e c  A  a n d  L c  e . . ' e r y  c l - o s e d  p o i n t  o f
. " , *  . - *  ", " , . " " .X  i s  gener i ca l l y  a lg :e "b ; ,a i . t  ov . J i "  k ,  b . y  Len :ma  S ,  anc t  i f  : q  g .Xx  j . s

I  c - l . o s e d  p o i n t  t h e n  c , i * O . . * o x  *  c l i : n  l e { y )  =  d i . n i  X { ' ,  b y  L e p : : r i a  l  b )j.

and by  ( i i i ) ,  There fore  e i 'e r$  c r " .osed po i r : t  o f  x *  h*s  en  aJ-gebre4 ic

n e i . l : i r o u r i r o o d ,  a n d  t i r e n  ( t )  f o l l o w s ,  s i l c e  X r  i i :  . , q r . i a s i . c c t m p a c t "

For  t 'hc  norna l -  s r rba l -gebrasof  sma: l -1  d inens ion$,  \ , i re  havc

w e a k e f  c o n d i t i  o n s  o f '  f ' i - * i t e  g e n e r a t e d n e s s :

/ ' 1  ̂ - t . " " 1  
- l  

^ * . .  ng-gr-?++gx 4 a ) -EygnT*.hgirrienoi onal rr--s*IgJg::gl**sg*,?"1

-rg!-tefff--algg-Ulg- of- finite tl,'!q.--gygr*q f;"etd k is sri-lt cf finire
txpg_:

b)  I ,e t  A  -pe  a  normal  2 -d imens iona l ,  k -su i : i : lgebr :a  c i f  an

: '-,._*- " '' :-- .- :-;: : .-. 
_*-:i-_*;***

j; icryq_ are eqgivg]eti

i )  j

i i ) fi .iq- a*I(rtll. ri qe*.anj. jlqi 9_Y9t v__Eg}: g{:*i!ss:, $cA,

e noether i -  an

l ' ,  +  - - lrr ! l l l  *4.

Kru l  l  r i -ns.
%

iii) -igr e--v-g-rg**:,:*_{-ttl lgggj JEcAr

We s i ia lL  i r r : in t  ou t .  the  fo l low ing l

r1 -^  i s  a  2 -d im ' . . i : s i -+na1

corollarr*"J-:Ier.-L!s*-e*$gllrei**::*"gpale9}:g-.ql-,s**t_*!s:

go'91 
"19:!13-B 'f fini te tvne ov*r a fi_ls*_$_,. suDnosg_.t,ira! {qf ovj:"rJ:prussrqs c- "t"***"*ffi"ffi;r*:;;;*il *,.,

a) A is f i.r l l lety_,.gene.rqled*_g_veg-! :ff fo:: every naxirne.t
the 

..[i. lg- A.* u*qoel$giian1_Q,qa1 glcA



z o

f f  d im  A=2 ,  A  i s  f i n i t e  gener? te t l  ov -e r  k  i f f  f o r  eve ry

maximal  i3ea1 T. .Ar ,  lhe_rug A-  is_Kru l l .

Coro lar ies 2 and i  ,o t to*  f 'nom

to the morphism Spec B --: '  Snu" R, where B

gebra  con ta in ing  A ,  and  us ing  the  fac t  t ha t

T h e o r e n 2 a n d S a p p l i e d

i s  t h e  f i n i t e  t y p e  k - a l -

S p e e  A  i s  q u a s i c o m p a c t "

{ . ig lg*k r . -ggeh tha t  the  weak "Nu l ls te l lensatz"  ho lds  fo r  X  (c f  . [? l  ,

Coro l r la ry  4 .  Le t  X  be  a  normal  a lgebra ic  var ie ty  over  a

pr .nnns i r . i  nn  a .a ) .  J f ' l - (x , ( rx t  i s  nogther ian ,  then i t  i s  a  k_g] -g . "gbrar  ^  v  f / v : T A

sl-*$qil-g- lxpe .

rndeed ,  s ince  the  morph ismT l  l  x ->snec r (x )  has  the

proper ty  that  Spec.max. l - (X)  g  T (X)  n  by l i laga, t .a  Otsu"Ka Theor"em

i t  fo l lows tha t  fo r  every  c losed po in t  BeSpec f (x l  we have 61*  t - (x ) ;

\  +  d i m . a l . n k ( g )  = d i m  f  ( X )  .  S i n c e  f  ( X )  i s  n o r m a l o b y  L e m m a  j

e v e r y  c l o s e d  p o i n t  m € S p e c  f ( X )  h a s  a n  o D e n  a l g e b r a i c  n e i g h b o u r h o o d .

Propggil lglL 2" Let X !.e_a norrnat_jtgelraie yql: lety sJer_j

r ie le k.  r f  c iB f  { r  ,o*)  (  2r_ then f (x, (Or)  is  a k-algebra of_f i$ lg

lxps.:'

! rgo f . . .  The r ing  i - (X ,O*)  i s  a  Kru l l  r ing"  fn  fac t ,  i f

( U ' i ) i 6 f  i s  a  f i n i t e  c o v e r i n g  o f  X  w i t h  o p e n  a f f i n e  s u b s e t s o  t h e n
Y r w ( n ' t - Or  \ r \ ' , . : . , x / - ' i e r  f  (u i , ( t v ) ,  where  I -1ur , (0 r )  a re  Kru l l -  r ings  hav ing  the  same

f i e l d  o f  q u o t i e n t s .  t
t e

Let  I t "  :  X -> Snec [ - (X, (9. . )V i t re  canoni  ca] , ,  mnrnhi .crn-  Th,  
- i t .  

U l r c  U d I I U I I  I  L l d l ,  r r r v r  p : t r D ] l i .  t r i € I l

P::"oposi t ion 2 fo l . l_ows from. Theoren Z i f  we prove that in the case wheru

o i m f ( x 9 o ) = z  1  s p ' e * i - ( x , O x )  h a s  n o t  c l o s e d  L - c o d i m e n s i o n a l -  p o i n t s .
L a

Let  yeY =  Spe. .  \ - / v  h  tP .  c l -osed 1-coc i imens iona i  po in t "v  |  \ r r  t - x ,  "  
v + v u e u  r - v v u . r

By Lemna 6  be low,  y+Tt (X)  and V- {y }  i s  an  a f f j .ne  scheme.  The canon ica l

homornorph isn  lx :  f - ( r ,o r )  -+ i - (x , (0* )  fac to rs  i r :  the  fo l rowing  way:



I
I
I
!
I
I

/ t

I-{r,o,) --+ I*rvr{.yi ,O*} --*[-{x,(0r)

where  the  f i rs t  homoinorph isn  is  the  res t . r : i c t io r r  o f  the  sec t ion$.

S ince  
- i t x  

i s  an  isornor 'Bh i  sn ,  i . t  fo l - iows tha t  th is  res t r i c t i .on  is  an

i  s o r n o r p h i s m "  T h e n  Y  : : f  - 1 y 1  
, v , ' h i c h  i s  n o t  p o s s i b l e .

l,qmmq Q 
" 

lel il-I - y._!e a

k*s.cheues such lhat X i"q glgg_!i13l.g*S g1qi_orl.s:]

$zu-lf*5g i.S.nS_:* J.f :_: : e_ rl g 
"jg*kg_? 

r]j yg'-r sJ o n ql i1g:j] tjl*_I_. r I gI

yftl!.{)_ and j. : y -{ }'1 c> y i s an affine morDtii- sm.

I - f9 -Ql l  fn . fac+ i r  *hano ^x is ts  a  c l -osed 1-cc 'c l i inens iona l .

p o i n t  y € y  
" ' ; ; * ' - ; . ; ; ; ; : - ; . " ; " ; ; - ; - , , u  

+  d i n . a 1 " n k ( y ) =  d i m  y ;  b y

Lemmas 5  and ' ) ,  i t  fo l lows tha t  ) r  has  a  2 - r l imens j .ona l  open a l -gebr : .a ic

n e i g h b o u r h o o d  w h i c h  i s  n o t  p o s s i b l e .

For  the  second par t  o f  Lennma 6  n  we msy assume t .ha t  y  i  s

a n  a f f i n e  s c h e n e .  L e t ' / c - y  b e  & n  o D e n  s u b s e t  n o t  c o n t e r i n i n g  t h e  c l o s e d

. 1 - c o d i . r l e n s i o n a l  p o i r , t  y e Y .  T h e n  { y }  i s  a n  i r : " e d u c i b l e  
" o * p o n u r , i  

o f

y - v  a n d  t h u s  V u { y t  i s  a n  o p e n  s u b e e t ,  o f  y ,  u s i n g  t h i s  f a c t  i t  i s

e a s y  t o  s e e  t h a t  f  - { V } i s  q u a s i . c o m n a c t "

T h e r e f o r e  i : Y  - { y 1  . * + y  i s  a  q u a s i c o m n a c t  m o r p h i s n r .  L e t
u 5 :  b e  a  q u a s i c o h e r e n t O * ,  . _ 5 m o d u l e  o n  v  - 5 . , 1  D r r  -

s , . t  -  a r -  

- . Y - { y t  v  - i ' y \  '  t s y  E G A  i '  9 ' 2 ' 2 n ' '
*X= i ; f  

i s  a  quas icohe; 'en t  Q_-  moou le  nn  i r  + . ' tonr t - i , . . .K  rF  + ! . ^
y  

- , r r  :  = - , .  u u i i L l : i r g  J  
"  i l l  

- r . i l Q  g X a C l

$equence o f  \ -  f t  , (Q; .  -modu les :

f i r s t  t e r n

H](r,of/) --+ u](v.--{vi iF ) --." Hz{urr:rFi

-rl.
l s . l =

i s

\
\

have Htrn fx
+ h ^
U I I g n u l ]  a n d  f o r . ' t h e  l a s t  t h e r " m  w e



2B

2 /n' -l= Hiul  (sPec-r,u r t")  =o r

Theref ore nr (Y-{yl Fl =o

5  , 2 , I )  ,  i t  f o l l o w s  t h a t

morphi  sm.

s inc "b " , u  i s  a d i s c r e t e  v a l u a t i o n  r i n g ,

C r i t e r i o n  ( c f .  E G A  f f ,and  so r  by  Se r le

y - \V1 is  a f f ine.  I {ence i  is  an af f ine

The next Corol lary was proved by Zar isk i  in T:r1, $?-

Coro ] la r {  5 . .  Le t  X  be  a  normal  a lgebra ic  sur lace  over

a_fr_c14_E, Thell I- (X,(t,),r:-e*};elge Is,q.f , f inile tIpe.- r y ' J . . ;

l/fit

the af f i rnat ive

(cr.fzzl ,  [rzl l .

Progf .  By Lemmas 5 and 1,  d im I - (X, (g*)  =  d im.a l .pQ( l - (Xr{OJ

(  d i n i " a l " O K ( X ) . < 2 1  H e n c e  C o r o l l a r y  5  f o l l o w s  f r o m  P r o p o s i t i o n  2 .

h  the  same proo f  os  fo r  Propos i t ion  2 ,  we . recover

c a s e s  o f  Z a r i s k i ' s  f o r m  o f  H i l b e r t ' s  1 4 t h  p r o b l - e n

Propos i t ion  J .  Le t  A  be  a  normal  a l -ge-9 la  o f  f in i t -e

t .vpe  oJe. r  a . . l l i e \ l  k  snd  L*a 'subf ie rd  o f  the  f ie ld  o f  quot : len ts  o f

A  con la i f r j ,ng  k .  r f  d iT .S ] . tLS?_r_ lEn_L0A is  a  f in i te  j ype  k -a tgebra .

l roo ! .  f t  i s  obv ious  tha t  LnA is  a  Kru l l  r ing .  Le t

f , :X  =See A -+  Y =  Spec L f lA  be  the  canon ica l  moroh ism.  S ince

d i m  L 0 A < 2 ,  P r o p o s i t i o n  1  f o l l o w s  f r o n  T h e o r e m  3  i f  w e  p r o v e  t h a t

i n  t h e  c a s e  w h e n  d i m  Y = 2 ,  Y  h a s  n o t  ] - c o d i n e n s i o n a l  c l - o s e d  p o i n t s ,

B y  a b o v e  L e m n a  6 ,  i f  t h e r e  e x i s t s  a  c l o s e d  l - c o d i r n e n s i o n a l  p o i n t

y€Y ,  then v(f  (X )  and Y*{.v l  i  s  af  f  ine .  The canoni  cat  homomorphi  sn
) & -

f  '  : \  6 ' ' r ,(or) --+ \-(x,Ox) f  ectors in the f  ol- ]owir lg way:



rru.eflv-{v},@rt, then a.e\-1v,O*)nr(Y}sAftl=I-(Y,Oy} . There*

fore the rest r ic t ion homomorphism f (Y,Oy)  * f (y- {y1 ,  Oy)  is  an iso*

norphism and the 'n  y=V-{y l  ,  which is  not  poss ibLe"

We shal l  g ive in  the fo l lowing Proposi t ion an a l terna-

t ive proof for a Theorem of .Q!,gdn-eg-IreryJpan {cf[ f l  ,  Corol la::y

5 , 9 ) ,  e v e n  f  o r  a r b i t r a r y  f i e l c i s .

l " i r s t ,  r e c a l J .  t h e  f o l l o w i n g

n4qli-Nislisrq_llje-9rqm_ f tt'r_L-_eJ:l_ )_:_ If_4 i e. a Kryrl]
r . i n r l  q r r n h  + h i l f  f n l .  o 1 / o r i 1 r  n f i . f n e  j C l e a l p C A , P + 0 ,  h , / n  i S  n O O t h e f i a nr  4r. . . )  

" . . . -_: ; : : - : : j : : " : I  l ***--t-

t h e n  A  i s  n o e t h e r i a n .

_!1g!.gg].}:-ql 4, Let f :L*+T be*q .surjsgli.yt .p.f?.p"ai

morphis$ cr.f integral s"g.h.glps*oJe-r s lreJ-d .k.Jf X ig*._atgebrai,gover

l< r_ ! !en  Y is  aL .so  a lgebra ic .

Prgof  .  Le t  f  ' :X  '  * -+ .  Y t  be  t i re  morph ism betw** . *%"*a l i -

za t ions  o f  X  and T  inc luced by  f  and f  '=  
? . ' t  the  g_ !g$  fac to r isa t ion

o f  f r ,  w h e r e  f  :  X + Z  =  S n e c  f ; q ,  a n d  
f  

:  Z  - > Y , .  i 1 ; e  m a . y  a s s u m €

t h a t  Y  i s  a f f i n e . T h e n  Y '  a n d  Z  a r e  a f f i n e  s c h e m e s .  M o r e o v e r  Z  i s  a

K r u l 1  s c h e i n e  "  r n d e e c l  ,  i f  ( u {  ) { ,  , i s  a  f i n i t e  c o v e r i n g  o f  X  i  w i t h
r .  r e f

n f f i n p  o n p n  s u b s e t s ,  t h e n  F f  Z , ( l " t = l - ( X  o  , Q X o  ) =  f i u i f f U i  , C \ X , ) ,  w h e r e
' 6 d  . 1 1  - L \ J '

[ - { u t , x t )  a r e  K r u l l  r i n g s  w i t h  t } r e  s a m e  f i e } d  o f  q u o t i e n t s .

W e  s h a l l  p r o c e e d  b y  i n d u c t i o n  o v e r  d i m  y .

I f  d i m  Y = O  t h e n  Y  i s  a l g e b r a i c  o v e r  k .

Suppose d i rn  Y)O;  then d im Z>O.  The morph ism Y be ing

s u r j e c t i v e  a n d  p r o p e r ,  f o r  e v e r y  i n t e g r a l  c l - o s e d  s u b s c h e m e  Z n c Z ,

t h e r e  e x i s t s  a  c l o s e d  i n t e g r a l  s u b s c h e n i e  \ f  i c f  t  ( r '  )  s u c h  t h a t
-o l

.  
t  \ v , i  W ' - +  Z t  i s  s u r j e c t i v e  a n d  p r o p e r ' .  B y  t h e  i n d u c t i o n  h y p o t . h e s i s ,

e v e r y  s u c h  s u b s c h e m e  z ,  + z  i s  a n j  a l g e b r a i c  k * s c h e m e .  I l e n c e ,  b y

I
ll



h{or, j -},Ii shimLrra
r|< ,  w e  h a v e  t n a t

s c h e m e ,  s i n c e  Z

Z n. /v

Theorem,  i . t  fo l lows tha l  z  i s  noether ian .  B .y  Theorem

Z  i s  a l g e b r a j - c  o v e r . , k .  H e n c e  y  , i s  a n  a l g e b r a i c  k _

i s  i n t e g r a l  o v e r  y .

o",J

- Fon'rr-r,.ivev so.Ll,1 oben..hnorFhlsyns)wc sh,o.t! 
trc^re 

th., $-otlowi,nl coh]
selwen.c* "f ?roy"iutr,rrl {,, ru) $ .i\ , 

'

_Q.gfg-Ugry_-qj -!g!:fu{_,y bq. q juljective universa]lI
ogen morphi-qg:-pl-j$Sgfg]- s-c,lremes over a fiblrt k where X is an* - r 3 ' k  -  - -  - -  t *  

'  v  - r v r u  r \ t  I

a l g e b r a i e  k * s c h e n n e ,  T h e r u

a) &LlE_sspsffi
b) Y iq*g+ algeblaie, hgglgpe i f{  @o ,,  is noql l@for everyr r,y -_

J € Y .

f l cg t  a )  Le t  Y=Yo>yr ) . .  " )y*  b€  a  rnax imar -  eha in  o f  in te -
g r a l  c l o s e d  s u b s c h e m e s .  F o r  e v e r y  i ,  o ( i - ( n  a n d  f o r  e v e r y  y € y i , t h e r e

e x i s t s  a  c o m p o r : e n t  
" i j  

o f  f - l ( y ,  )  d o m i n a t i - n g  y i ,  s u c h  t h a t
y € f  ( x '  ' )  '  s i n c -  

i l t - t  ( r ,  )  t  t ' - l { Y i )  *  Y i  i s  a n  o p e n  m o r p h i s m .
Theref  ore,  by Nagatad)_! :gb Theorem, f  or  every Xey, r  w€ have dim

t -  d i m " , a l " k k ( y ) , , , d i - n  f ,  "

i i /e  s i ra l - l -  p rove ,  by  inc iuc t ion  over  i ,  tha t  r i  i s  gener i -
c a l 1 y  a n  a l g e b r a i c  k - s c l _ L e n e  o v e r  k  a n d  d i m  y i = d i m  y _ i .  T h e n  i t  f o l _
lows tha t  n=c l i - ,n  y r  rvh j .ch  comple tes  the  proo f  o f  Coro l_ la ry  6  a ) .

r f  i  *0 r  the  asee*b i .n  fo l lows f rom Lemna 5  .

s u p p o s e  i > 0  a n d  a s s u m e  t h a t  Y i _ r  i s  g e n e r i c a l l y  a l . g e b r a i c
o i /e r  k  o f  d imcns ion  t i : j .m y* i+ ] . [ ,€ t  r i  be  the  gener ic  po in t  o f  y i . s ince
u t t @ r i - i J i  = f ,  t h e n  i t  f o l t o w s  d i m " a l " u k ( r i ) = c i m  y i - r - L "  B y  v i r t u e  o f
R e n a r k  1 ,  v i  h a s  a n  o p e r r  a l g e b r a i c  n e i g h b o u r h o o d  v  i n  y i _ } .

'  
T h e r e f o r e  y l  i s  g e n e r i c a l l y  a r g e b r a i c  o v e r  k  a n d  d i m  y ;  =

=d im Y i0V=d i rn  V-1=d inr  y i  
_ r_ l=d i .n  y_ i .



b)  Y  be ing  quas icomnact  r  w€ may assume tha t  Y  is  an

a f f i n e  s c h e m e "  B y  P r o p o s i t i o n  L ,  i i i )  - - . . ) . i ) ,  i t  s u f f i c e s  t o  p r o v e

tha t  every  in tegra l  sche.me Y ' ,  wh ieh  is  f in i te  over  Y  and has  a

c l o s e d  l - c o d i m e n s i o n a l  p o i n t ,  i s  l - d i m e n s i o n a l ,  T h e r e  e x i s t s  n L > o

a n d  a  c l o s e o  i r n m e r s i o n  i - : y r c + y x  r N ' r .  "  s i n c e  f  x  { ^ r .  l  X x " s 3 z r - - o'\z u-
\/- - ->  Y*o  Ao iu  a  sur jec t i ve  un iversa l l y  open morph is rn ,  i t  fo l lows

t h a t  V  x o  A \ !  h a s  t h e  p r o p e r t y  ( C t ) ,  b y  a ) . T h e n  y ,  h a s  t i r i s  p r o -

p e r t y  a n d  s o  d i m  Y ' = L .

-Regat lc 7. :  With the same proof as for  Corol lery 6

i t  f o ] l o v r s  t h a t  f o r  e v e r y  c l o s e d  s u r j e c t i v e  m o r p h i s r n  f  : x  * y

t e g r a l  k - s c h e m e s ,  w h e r e  x  i s  a n  a l g e b r a i c  k - s c h e m e r  y  h a s  t h e

per ty  (C1)  "

l r )v t  2

v i  r  r L -

pro-

Corol ] ,ary 7.  Let  f  :X ---+ Y be a f" j thful ly f lat  norphism

of* in tegra l  k -schemes.  whe le  k  i s , .  a  f  ie ld "  J f  I  i s  an  .  g lge ! f t : "  -$ :

schegLs q  ,__ then Y i  s -  a lso_  a l_gegra i  c  over  k  _

c o r o l l a r y  7  f o l l o w s  f r c m  c o r o J l a r y  d  b ) ,  s i n c e  y  i s

n o e t h e r i a n .

$  + .  USi .verse1. l f ,_ l -qqu icod imens iona l  r in a n d  t h e  f i n i t e

g

fn[+l  ive hd're introducec] the fo l lowing

!g&_!f ! i !4,  A"_qiqgl  is  cal l -eo universal ly l -equicodinen*

! ; iona l  i f  i t  i s  -n -oe ther ian  and every  in tegra l  A-a lgebra  B o f  f in i te

! y p *  w h i c h  h a s  a  n a x i m a l  i d e a l  o f  h e i g h t  1  i s  l - d i m e n s i o n a l .

A _ s c h e m e  x  j  s  c a l l e d  u n i v e r s q , r , l y  1 - e q u i c o d i m e n s i o n a t  i f

t h g g q  e x i s t s  a  f i n i t e  g 6 y s n - i  n o  l r r -  \\ r i / i e r .'{ X wttlu 
",[{it'e 

o\oerr,
i---:-'Su,bsets 

such" thot Lc,'r avery Lel . f (ui.-O. \ 
' ,.6 

d.v1. wr.lv"rsoLt.1 i-
r -  .  I

co Jlrrln,ews tr,,o..t .L*.C
F:

e'gt'il,-- r , -
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tle have proved ir.[+J, that i t  z is a ,.r l .rn#fru fol-

l o w i n g  a s s e r t i o n s  a r e  e q u i v a l e n t :

i i ) '  Z  i s  noether ian  anc i  every  separa ted  morph is ra  f  :X- " 'Y  o f

in tegra l  schemes o f  f in j te  type  over  Z  is  p roper  i f f  every  in tegra l

c losed l -d inens iona l  subscher r ,e  . ' f  X  i s  p roper  over  y .

i i i )  Z  t s  n o e t h e r i a n  a n d  f o r  e v e r y  i n t o g r a l  s c h e m e X o f r i n i t e

t y p e  o u e r  Z ,  a n d  f o r  e v e r y  c l o e e d  p o i n t  x e x  t h e  s u b s e t  o f  a l l

c . l o s e d  p o i n t s  x ' €  X ,  s u c h  t h a t  t h e r e  e x i s t s  a n  i n t e g r a l  ( r e s D .

c o n n e c t e d ) c l o s e d  l - c i i m e n s i o n a l  s u b s c h e m e  p e s s i n g  t h r o u g h  x  a n d  x r ,
I

i s  d e n s e  i n  X .

i v )  Z  i s  a  n o e t h e r i a n  J a c o b s o n  s c h e m e  a n d  e v e r y  i n t e g r a l  s c h e -

X r  w h i e h  i s  f i n i t e  o v e r  Z  a n d  h a s  a  c l o s e d  l - c o d i n e n s i o n a l  p o i n t ,

l " -d imensi  onal"  "

1 {e  sha l l  p rove  tha t  L )  i s  equ iva len t  t ,o :

v )  Z  i s  a  n o e t h e r i a n  J a c o b s o n  s c h e m e  a n d  i f  Z o  i s  a n

g r a l  c l o s e d  s u b s c h e m e  o f  Z ,  s u c h  t h a t  i t s  n o r m a l - i z a t i o n  h a s

s e d  ] - e o d i m e n s j ,  o n a l  p o i . n t  ,  t h e n  d i r i r  Z ' = ] .

I  I  .  r  J n  f a c t ,  j  v ) = 5 ' v ) :  i f  Z u r t  i s  t h e  n o r m a l j - z . a t i o n  o f  a
\_cto:ed. 

twLelra-L s,.cbsclrerrn"e ZJ o\ Z o-^d L€ Z/rt iS 4.
v c l o s e d  1 - c o d i m e n s r o n a l  p o i n i ,  t h e n  t h e r e  e x i s t s  a n  i n t e g r a l  s c h e r r e

z ' f i n i t e  o v e r  z t  s u c h  t , h a t  z r q  i s  a  d o m i n a t i n g  s e h e m e  o v e r  2 , ,  a n d

s u c h  t h a t  { z \  i s  a  f i b e r  o f  t h e  m o r . , p h i s m  Z , $ - - - + .  Z ' , , T h e n  Z *  h a s  a

c l o s e d  1 - , c o d i m e n s i c , n a l .  p o i n t i  a n c l  s o  d i m  Z " = L "  T h e r e f o r e ,  d i m  Z , - 1 .

\ r )  ; +  i v )  " I n d e e d ,  i f  Z "  i s  a n  i n t e g r a l  f i n i t e  s c h e m e

over  z  and Z '  i s  thc (c l -osed i -n t ,egr -u } ) image o f  2 , ,  in  z : ,  we have a

cornmuta t . ive dia5lram1.

me

i s

i - + ^
J - ! r  t r c -

a  c l o -

Z"rt' ---.---> /,

f,.t I
7"', _____>. 7t



z z
) J

w h e r e  Z ' R  a n d  Z ' J \  a r e  t h e  n o r m a l i z a t i o n  s c h e m e s  o f  Z n  a n d  2 " .  I f

Z u  h a s  a  c l o s e d  l - c o d i m e n s i o l ] e L  p o i n t ,  t h e n  Z " S  a n d  Z ' i l  h a v e  s u c h

' p o i n t s ;  
t h e n  d i r n  Z ' i l  =  1 r  b y  ( v ) .  I { e n c e  d i r n  Z r = 1 o

f "  [4J  ,  a re  shown some genera l  Droper t ies  fo r  the

u n i v e r s a l l y  1 - e q u i c c c i i m e n s i o n a l  s c h e m e s .

C 1 e a r 1 y , ,  
' w e  

o , a y  c o m p l e t e  P r o p o s i t i . o n  I  w i t i r  t h e  f o l l o -
:

lv ing I  ,

Propgs i t ion  1 ' .  Le t  A  le j l  suba lgebra  .9 f  an  j - r *S8 l 'a l

S lgeb ia  q f  f in i te  typ  f ie l -d  5"  Then t le  fo ] -1owin , ' r . -  esgg l - t ' i on !

3I9_egslrgr:nt:

i )  A  i s  a  f i n i t e  t y n e  e l g e b r a  o v e l ' L

iv) A t ,q__el__tl l l ! :_er.pel!y_Lecuicodjnensionaf r ing. .

R e n e l k  4 .  f  
" [ Z f l  ,  ! . . r . R a t 1 i f !  J r .  .  D r o v e s  t h e  f  o l ] c r v i n g .

t e t  A  b e  a  n o e t h e r i a n  l o c a - L  r i n g .  T h e n  t . h e  f o l l o l v i n g  a r e

ssg1yglsn!:

i )  A_ :S__g" iue"ss11y  ca !_ena i .e . {S-a t is : l ies  the  a i t i tu9g

IPrugl-e-- ,t"'oi')
i i )  t h e  c o n n l e t i o n  t '  o { .-- tln-::-q*dA cs gqtAlcd|"vn grLSLo

I t

uotr.<-L (i.e A tS lu-d-gu 
-

The ol 'er, i l r n h r : ^ Y , o m  7  I
\  l r r v  v r  v 4 r  I  .  -  , I

1"". clt .)

-rlnrnlxed , [oc. clt.) dJ

Fo l low ing  the  p roo f  
" !L )  

=+ : - i l  o f '  t h i s  Theorem in  l -Z5 l  , r t

i s  e a s y  t o  s e e  t h a t  v / e  m a y  a d d  t h e  f o ] l o w i n g  e q u i v e l e n t  p r o f ' e r t y ;

i i i )  A  i s  ca tenqry  ,  anC e . re . ry  in lesr r l -  A*a l " f ieb : 'a  Q,  : *h i *gh

i s  f i n i t e  o v e r  A  a n d  h a s . a  i n a x i m a l -  l - - h e i s h t  i d e a l . .  i s  1 - d i m e n s i o n a l . .
'  '  

This r"emark .,"LLows 6!r .,,Lterno.te proof for propc-

s i t i ons  l - '  :  i v )  o f  p i -opos i t i on  l '  . - ) ,  i i  )  o f  F ro r :os i t i on  1 .
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A P P E N D l X

Chai-n Conjectures and f in i te  generatedness of '  'subalgebras

Recal l .  the fo l lowing two proper t ies for  a  r ing A,  caI led

" the  second  cha in  cond i t i on " ,  resp .  " t he  cha in  cond i t i on " :

(CZ1 for  everJz min j -ma1 pr ime ideal  p  c  A,  ever) l j rn legrq!- - - - : t - - - -

eJ<tensio.n domain of  A/g gr t lq f ie l (Cf  1  .
f

(C)  for  ever lz__pai r  o f  pr ime ideals  pcq-  j -n  A,  ( \ /p)  ^1^r-_-_ = {+,
s a t i s f  i e s  ( C 2  )  .

V ia Proposi t ion I ,  an af f j - rmat ive answer to  each of  the

fot lowing two open probl .ems a l lows some new character izat ions of

the f in i te  generatedness of  the subalgebras of  a  f in i te  type

k -a lgeb ra :

The Ch4in_Conjecture:  the in tegra l  c losure of  an in tegra l

n_oetheri?n loca.l-_r:Ln.g_gatisf l .es* (C) .

The NormaL Cha. i -4_Conjecture:  . i f_ the in legra l  c ' losure of

qn .  i n teg ra l  noe the r ian  i oca l  r i ng  A  sa t i s f l es  (C1)  , '  : t hen  
.A

s a t i s f i e s  ( C 2 )  .

Some equivat rent  satements of  each above problems are

d j . s c u s s e c l  i n  [ r t l ,  C h a p t e r s  3 ,  4  a n d  1 2 .

r n  [ r t J ,  c h . 3 , T h e o r e m  ( 3 . 3 ) ,  i t  i s  s h o w n  t h a t  t h e  N o r m a l

Chcin Conjectl i .re fol- l-cvrs frorn the ChC,qe. Conjecture.
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An af f i rmat ive answer to  the Chain Conjecture a l lows

the fo l lor ,v ing complet ion of  Proposi t ion I :

P ropos i t i on  l  " -  Le t  A  be  a  k -s , rba l -geb ra  o f  an  i n te

alqebra of  f in i te  type over  a f ie ld  k .  Then the fo f fo 'g lgg-1qlg. r l ro lE

equivq len! :

( i )  A  i s  f i n i t e l v  g -ene ra ted .

f  r r )  A  i  s  noet .her ian  and a l l  the  mbx imal  idea ls  o f  the
\  v , /

in tegra l  c l -osure A '  o f  A have the sc$ne height

i n  f ac t ,  L f  ( v )  i s  sa t i s f i ed  then  fo r  eve ry  max ima l  i dea l

g cA the local  r i -ng A* is  noether ian and a l l  the maximal  j -deals

(
qyf i e s  ( c Z 1  1A '  ver i -g

F 1
n €  I  ?  q  Iv !  

L -  " J

n  - , 1 . :  *
A  - ( t l - I i l

n

'  s a t i s f i e s  ( C I )  a n d  t h e nCha in  Con jec tu re ,  A

r  I  L  ! ( J I I L T W ; )

A .  ' t ' n e n  ( L l

of  the in tegra l  c losure af i  o f  A,o have the sctne height .  V ia the

t h e  N o r m a l  C h a i n  C o n j e c t u r e ) . B y  T h e o r e m  3 . 1 .

t h a t  A -  i s  u n i v e r s a l l y  c a t e n a r y . . B y  ( v ) ,  d i m
&

f o l l ows  f rom Propos i t i on  I .

I t  i s  c lea r  t ha t  Coro1 la ry  1  i s  t hen  a  d i rec t  consequence

of  aboVe Proposi t io4 l -  "  .

An af f i rmat ive answer to  the Normal  Chain Conjecture

al lows the fo l lowing weaker  complet i -on of  Proposi t ion 1:

Propos i t ion  l  r r r I f  A  i s -  a  k -suba lqeb re  o f  an  i n teq ra l

a lqeb ra  o f  f i n i t e  t ove r  a  f i e ld  k ,  t he  fo l l ow ing  s ta temen ts

a re  equ iva len t :

( i )  A is  f in i te l lv  gener"ated

(v i )  A j -s  noether ian and a l l  the maximal  chains of  pr ime

i d e a l s  i n  t h e  i n t e g r a l  c l o s u r e  A '  o f  A  h a v e  t h e  s a m e  l e n q t h .

Tndeed ,  f o r  eve ry  max ima l  i dea l  qcA ,  t he  i n teg ra l

c losure A.1.  o f  A*  has the proper ty  (CI  )  .  By the Normal  Chain
m m 

" ^ - ' ,  
n  r  -

conj . " t r r r l  o ;  , rJr r r r "= (cz1 and by rheorem 3.1 of  125! ,  o* .  i=
I

universal ly  catenary.  S ince UtT O*=Uim A,  Proposi t ion 1 ' r t  fo l lov is

ii
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from Proposit ion I

I t  is  c lear  that  the above Proposi t ions are nroved i f  the

Chain Conjecture or  the Normal  Chain Conjecture have an af f i rma-

t ive answer for  noether ian local  k-subalgebras A of  a  funct ion

f i e l d  K  o v e r  k ,  s u c h  t h a t  d i m  A  =  d i m . a l . O  K .


