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GORENSTEINNES OF SEGRE-WRONESE
'GRADED 

ALGEBRAS

hv

Serban BHrcEne,scu,

0 .  Abs t rac t

fhe character i  zat ' ion of  the.  Gorensteir t  property for  the Veronese
algebras was-done by v.BrfnzEnescu pl""a independentr .y by
A.Matsuoka[t l ,  in a pure algebraic *"rrrr"* .
The genera l  case o f  the  Segre-Veronese s ingu la r i t ies  was t rea ted
by  L 'BHdesc" [ r ]u "a  bv  L .BEdescu arnd  N.Ma. ,o i " . i . [ t l ,  the  charac te-
r i za t ion  o f  the  Gorens te in  p roper ty  o f  these s ing , ; ra r i t ies ,  in
te rms o f  the i r  numer iea l  charac ter ,  be ing  ob ta ined geomet r ica l l y ,
us ing  Ser rers  dua l i t y ,  in  the  na tura l  con tex t  o f  the  Segre-Veronese
embedd ings .

The present  paper  conta ins  an  a l te rna te  p roo f  o f  the  same resu l t r -
based upon two fac ts :  the  charac ter iza t ion  o f  ther  Gorens te in  p ro_
per ty  fo r  G-a lgebras  in  te rms o f  the i r  H i lber t  func t ions ,  g iven  i r t
| . . l

Lg luv  R.Stan ley  and the  ana l l r t i c  express ion  o f  the  Hadarnard  produc t
o f  two ra t iona l  func t ions  o f  one complex  var iab le ,  g iven  in  [+ lUr
L . B i e b e r b a c h .

L .  G-A lgebras

Al l  the r ings involved are comnnrtat ive,  wi th uni t  e l -ement,

L e t  k  b e  a  f i e l d .  B x  8  " G - a l g e b r a , , o v e r  k  w e  m e a n  a  n o e t h e r i a n ,

$$-graded r ing ;  R =Orr>o Rn,  w. i th  Ro =  k .

S u c h  a  s t r u c t u r e  s a t i s f i e s :

(t) n:o , diro*R' i s  f i n i t e .

The numeriqal  funct ion: / ,  :  n l ->dimnRr. ,  ca11ed "  the Hi lbert  func-

o ct rcZ[tlt ion  "  o f  R ,  i s  pcr lynomia l  . i .e .  there  is  a  por .ynomia l .
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and there is  an in teger t ; > 0 ,  s u c h  t h a t :

the

o t r R

The

leas t  o f
r 1

(cf . [9] ),

d i rnension

R

*Ft,...,*t

dim" = 1 + d e g z R = L + d e g Q ( t ) .

Ihe  genera t ing  ser ies  o f  the  sequence ( / * (n ) )  i .€ .  the  fo r rna l

power ser ies: I IR(t)  = 
# 7pf, .1, t"eZft l  t "  eal led " the Hi lbert-

P o i n c a r d  s e r i e s  "  o f  R .

As /U  i s  po lynomia l  ,  i t  r esu l t s  tha t  Hn  i s  ra t i ona l ,  i . e .  de f i -

ne s an e lement of Q&) .
t - \

I f t x . . ,  , .  t . , xo  f i s  a  se t  o f  homoger leous  genera tors  fo r  the  k -a lgebra
L  - t -  -  u )

s t r u c t u r e  o f  R ,  o f  d e g r e e s  r e s p e c t i v e l y  m l _ 1 . . . .  y 1 1 1 6 y  t h e n  t h e r e  i s

a  canon ica l  sur jec t i ve  k -honoraorph ism:

--->R

send in8  X;  in

says  tha t  R h

i . e .  R " h a s  a

showing tha t :

t o  x i  ( j = 1 1  " . .  1 d )  .  H i l b e r t ' s  t h e o r e m  o r t  s y r y g i e s
, r - 1

as  f i n i t e  hono tog ica l  d inens ion  ove r  OL* t  r  ' ' .  ,XdJ  t
f - r

f i n i t e  f r e e  r e s o l u t i o n  o v e r  k  l x - r  r . . .  r X o  l ( o f  l e n g h t ( d ) ,
L- : l

d  . _ 1 ,
HR( t )=PR( t  ) .7 [=1  ( t - tmJ f , '  w t re re  PR( t )  i s  a  po lynomia f  w i th

i n t e g r a l  c o e f f i c i e n t s .

n2 nog/o (n ) = e (n) .

such in teger t  ^o  i s  ca l led  ' l

a n d  i s  d e n o t e d  b Y  r ( R )  "

o f  R is  un iqueX.Y de termined

the  regu la r i t y  index  r r  ' ; r

Uy Zn, name 1y :
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W h e n  t 1 = t 2 r , . . = t . = t  i . € .  w h e n  R

c a l l e d  " s t a n d a r d , '  a n d ,  i n  t h i s

where

G-a lgebra  R is

R  i s  s t a n d a r d ,  t h e n ,  l o o k i n g

t h a t  G o r e n s t e i m e s s  i n  t h i s

r e c i p r o € c a ] ,  i . e .  s a t i s f i e s

t[nJtre
c a S g  r

I ,2  .  Remark

f f ,  i n  t h e  T h e o r e r n  1 . 1 , t h e  G - a l g e b r a

at  the  normal ized  fo rm o f  Hr r  wo see

case means tha t  the  po lynomia l  p ,  i s

"  PR (r /r)

M o r e o v e r ,  i n

= 1 -deg  r *  :  p_R( t ) .

HR(t )=PR f t | . / ( r - t )d , ,  where pR(t )  *  o  ana

d  =  K r u 1 1  d i m  R ,  a s  t h e  d i m e n s i o n  o f  R  i s  t h e  o r d e r  o f  t h e  p o l e :

t=1  o f  the  ra t iona l  func t ion  H*-  t rVe sha1 l  cons tan t ly  make use o f

th is  normal ized  fo rm o f  the  H i lber t  func t ion  o f  a  s tandard  G-arse-
b r a .

The Gorens te inness  o f  G-a lgebras  is  charac ter ized  in  the  fo l low ing :

1 .  l . T h e o r e m  ( R . S t a n l . y ,  
[ 8 ] )

Le t  R C_a lgebra .  Th% R is  Corens__

H R ( l / t  )  =  ( - r ,  d i n  R . t Q  ( R )  
. H o { .  )

q (R)  r s  an  tn teger  un lqu  le rm ined  by  R .

te in  i f  and  on ly  i f  i t s  H i l lg { -Po incand ser ies ,  cons iderec l  as  a

ra t iona l  func t ion ,  sa t is f ies  the  fo l low i func t iona l -  re la t i  on :

t h i s  c a s e  o n e o b t a i n s :
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2.  Veronese G*  g lgebras

L e t  k  b e  a  f i e l d  a n d  r r s  b e  t w o  p o s i t i v e , i n t . e g e r s .

2 , ! .  D e f i n i t i o n

q (R)=d in  R  deg  p*  ( see  a l so [u ]1 .

I t l t  
,  * l ' c  .o .  . r l t  /  i .+ i2 . . . * i "  =  s  ,nZ l .' J

This  a lgebra  w i f l  be  denoted  by  v rs ,  when the  f ie ld  k  i s  f i xed .

A c c o r d i n g  t o  t h i s  d e f i n i t i o n ,  i t  i s  e a s y  t o  s e e  t h a t .  v r s  i s  a

s tandard  G-a lgebra  and a  dona in  o f  Kru l l  d imens ion  p .  The graded

structure of  V"* = O .rro V"" (r)  is  g iven by

/r+ns-1.\
(+) nZo, dimnV*"(n) =l I .

\n-r I

The "Veronese k -a lgebra  o f  type  ( r ;s ) "  i s  the  k -suba lgebra  o f  the

p o l y n o m i a r  a l g e b r a  k [ r " , . . . , I J ,  g e n e r a t e . d  b y  a l l  t h e  m o n o m i a l s
L J  ' J

o f  d e g r e e  s ,  i . e .  b y :

V""  i s  a lways  Cohe :n -Macau lay :  i ndeed" l t i  r . . . r r i l i "  a  sys tem o f
L '  r - )

parameters and a regular sequence in-"  \ "  
(anothel '  argument for  the

cohen-Macau l .ayness  o f  v " "  i s r .based on  a  theorem o f  Hochs ter [u ] ,

asser t ing  tha t  a  nono ida l  a lgebra  O[* lover  a  f id ld  k  i s  Cohen-Ma-

cau lay  i f  the  n ,ono id  t r i l  i s  normal ;  in  our  case ther  mono id  o f  a l l

the  monomia ls  conta ined in  V" "  i s  obv ious ly  normal ) .

L e t  H r s  ( t ) = P " ,  f t , )  /  ( l - t  ) "  b u  t h e  ( n o r r n a l i z e d ) H i l b e r t - p o i n c a r d  s e r i e s

o f  V rs ,  w r i t t en  i . n  i t s  ra t i ona l  f o rm,  and  le t  H r ( t )= ( l - t ) - r  be  the

I I i l b e r t - P o i n c a r d  s e r i e ' s  o f  t h e  a n b i e n t .  p o l y n o m i a l  r i n g  t [ f " , . . . , F I-  L r  . ' " J '

D i rec t l y  f rom 2 .1  we see tha t  H"u  i "  ob ta ined f rom H""  by  se lee t ing
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the terms from s to s , , . .

The fol lowing lemma yields a general procedure for sueh a select ion

2 .2. Leruna

Let f  ( t)  be a rat ioiral  fuqsl ipn_€qqln Aft,  and tetr

f ( r )  = T  n
ffia" "t..

b e  i t s  d e v e l o p  d .
rt

Then .  i f  f s  ( t )  = l  
f t .  a r .u . tn ,  1 ;hen th "  fo r l od .g  r " f  u t i o r  ho ldu  i ,

the Puiseaux power  ser ies f ie ld  over  d :

t/"F, rbitt/$ r",r,

w h e r e  , I r . . . r z ;  g e  t h e  s - r o o t s  o f  t h e  d .

P r o o f .

F o r  a n y  s  i n d e t e r m i n a t e s  X 1 1 . . . , ' X u  w e  d e n o t e  b y  0 - t ( X 1 r . " . r x s )

t h e  k - t h  e l e n e n t a r y  S l m m e l l i e  f u n c t i o n ,  o n  t h  X r l s ,  i . e . :

F o r  e v e r y  p o s i t i v e  i n t e g e r  m n l e t  p m ( x r , . . . r x s )  b e  t h e  s u m  o f  t h e

n - th  powers  o f  t he  X i  t  
"  ,  i . e . :

P n ( X 1 r . . . 1 X " ) =  X T  +  i e  .  *  X f  .

Then the  p* 's  may be  de termined th rough the  COrs  ,because o f

Newtorars formulas (hotding rnzFr,  . .  ,  ,xf{cr-  [ r l  ) ,
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(a )  1-<k<s:

PL-Pg-fi+ Pr-2s2- '  "* (:-1) k-rdi%-r + (-1) k.k.sn=6

Cb ) s(k

Pt-Pt-t f f  +pt-ZAZ- . .s (-1) "-tp*-"*f .%-f+ (-1) "pf-"% = O

Spec i  a l i z i lng :

X. ,=n I ,  .  n .  ,X"=r "  (2 ,  be ing  the  s - roo ts  o f  the  un i ty  in  Cr ;  ,

a n d  n a k i n g  u s e  o f  t h e  V i e t d r s  r e l a t i o n s  f o r  Z s - I = O r  w €  o b t a i n

,  and thus :

fhe :n ,  in  the  cond i t ions  o f  the  enounce:

f  ; l r  r ( z j t )  =  
*  " n P '  Q r ,  . , 7 2 " ) t t ,

which  immedia te l .y  g ives  the  des i red  re la t ion ,  i f  we look  a t  the

above values of  the' '  prr  t  s "

Q . € . d .

Now we are  in  pos i t ion  to  p rove  the  fo l low ing ;

2 .J  .The  o rem

f t  ,  i f  m{o (mod s)
P* ( z1 r ' . , '  ' r z s ,  =1 "  

,  i f  m=o  (mod  s ) .
\-

l he  Veronese a lgebra  V-_  q- f  q -pg  ( r ie )  g ] re r  a  f ie ld  k  i s  9g{ens te in
I D _
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i f  and only i f  raO (mod s) .

Proo f .

Accord ing to 1 . 1  a n d  I . 2  w e  n e e d only to show that ( in the above

notat i  ons ) i s  r e c i o r o c i c a l i f f  r=0 (nod s ) .

qr s s,s-I(x )  Prs ( t  )= r /s .1 ,= ,  (Z ;= ;  r j  . t i l " ) r

This  re la t ion  ac tua l l y  ho lds  i - *Z [ tJ ,  i .e .  the  r igh t -s ide  member

in  (x )  i s  a  po lynon ia l  w i th  in tegra l  coe f f i c ien ts .  To  see th is  we

use the  mul t inomia l  fo rmula ,  expand ing  every  te rm in  the  r igh t -s ide

m e m b e r  o f  ( X )  a n d  m a k i n g  u s e  o f  t h e  p o s s i b l e  v a l u e s  o f  P . r ( " l r . . , z s )

we ob ta in :

no ta t i ons ) :  P " "  1s  rec ip roc i caL  i f f  r=0  ( !ood  s ) .

Or ,  app ly ing  l emma 2 .2  to  Hr ( t )= (1 - t  l - "=L ( r+n - l \ . t n rone  o t to i ^s '

"oF-t /

b=F(s-1) / " ]( in teger  par t )  and
b

( xx )  p r " ( t l =  
* .  ca . ta ,  where

the  coef f i c ien ts  Ca are ,  fo r  every  a :

- a , i s ) €sa
r t / i 1 ! . . , i " ! '

the  index  se ts  S"  be ing :

e o e f f i e i e n t s  C a  i n

e x t r e m i t i e s  t o  t h e

(xx;  are two b; '  two equal

midd le  o f  Pru .

, " =  
[ , t 1 r . . .  

r i s ' ) e q  /  i t * . . . + i " = r  a n d  i r + 2 i r + .  " * ( s - l ) i " = a ' s ]

Suppose P"u i s  rec iproc icaL as po lynomia l  r ronZ[ t l  .

This means that the

when going from the

In  par t i cu la r :



f . .  Then,  Look ing  a t

va l -ues  fo r  the  p . r ' r ,

(xx) and taking

we see tha t

- 8

r r Fr u o  -  
" b .

O r ,  i t  i s  i m m e d i a t e  t h a t  C o  =

in to  account  a l l  the  poss ib le

of  the eondi t iora in  theorern 2.3.

For  the suf f ic iency,  1et  us suppose that  r=m,s,  wi th

Ihen , in the above notat i  ons ,  b= fr  (  s- l)  /"1= ln. (  s-]  )  . .
t l a  L

I  l u

L e t  S  = Y = O  S u  b e  t h e  t o t a l  i n d e x  s e t  i n  ( x x ) . f n  e v e

C a r  e v e r y  t e r m :  r ! / : - ' ! . . . i s !  i s  a  p o s i t i v e  i n t e g e r .

Bear ing  th is  in  mindr le t  us  look  a t  the  func t ion :

"afo, t ,  .

cb=1  i f f  r ( s -1 )=o  (mod  s ) f t ) rge (mod  s )  rob ta in ing  the  necces i t y

n € N .

ry  coef f i c ien t

g:  S --)S ,  g iven by:

c V l  c i f  r  o  r .  r i s ) e s , g (  ( i L , i 2 ,  . . .  , i " _ 1 , i s )  ) = ( i " , i s _ ' ,  . . .  , i 2  r i 1 )

S o  d e f i n e d r  g  € s t a b l - i s h e s  a  b i j e c t i o n  b e t w e e n  s "  a n d  s b _ u ,  f o r  a n y

. . , 0 ] ,  a n d  i m m e d i a t e l y  g i v e n :

r a - f 1t a  t b - a

b e c a u s e  e v e r y  t e r m :  r l / i 1 ! . . " i . s !  o f  C a  d l f f e r s  f r o m . t h e  c o r r e s p o n -

d ing  one in .  C6_u on ly  by  the  permuta t ion  g  on  the  ind ices

( i l - r . ' . 1 i r ) .

0 r ,  t h i s  s h o w s  t h a t  P r u  i s  r e c i p r o c i c a l  i n  t h i s  c a s e  a n d  e n d s ' t h e

proof  o f  the  t ,heorem.

Q . 9  . d .

7 .  Segre-Veronese_G-a lgebras

Let R = @ ,rZO R* and S = @ nZO S' be two G-algebras over the same
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f i e l d  k .

The "  segrer  p roduc t  "  o f  R  and s  i s ,  by  de f in i t ion ,  the  G-a lgebra

o v e r  k :  \

Ros = @ nzo Rr,@k So ,

which is a domain of standard type i f  R and s are such.

cohen-Macauleyness is  preserved by the segre p"oau" t  i f f  f [ l l  l ,

r (RX'i"\3vsg o]""a r (s)(ni"br*# ol "

The H i lber t  func t ion  o f  RoS is  obv ious ly ;

a  - 4 4
/LnoS =lp"Zg, showing that:

dim RoS = 1 + U.gZ*o,  = 1 + a.g4.7S = t -  + deg/*  + a.e4 =

=  I  +  ( d i m  R - l ) + ( d i n  S - 1 )  =  d i n  R  +  d i n  S - L "

F ina11y,  the  H i lber t -Po inear6  ser ies  o f  RoS is :

HRos = 
*  . / * f t t ,  .7s  (n)  " tn  ,  i .e .  HRos is  the Hadamard product

of Hn and HS.

We sha l l  use  the  fo ] low ing  in tegra l  representa t ion  fo r  the  Hadamard

product of  two rat ional  funct ions f  and g of  eonplex argument t

rcr. [+l I :

(1 )  ( f  o  s )  ( t )  =  I / zn i ( r r r r ^e f t z )dz /z
\,c

where ,  i f  r ,  and 
"g  

a re  the  convergenee rad i i  o f  f  and gr  then

the  convergence raa iu .  
" fg  

o f  f  o  g  ver i f ies : r ru3nt i " { " r ,  
" * }
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a n d  t h e  i n t e g r a t i o n  r o a d  i n  ( 1 )  i s  t h e  c i r c l e :

c"  r l r l  =3 ,  w i th  t / r t a t< ru / l r l  .

5 . I .  R e m a r k

f ,he Hadarnard product f  o g is a commutat ive mult ip l ieat ion onC I t ] .

Tn  order  to  see the  commuta t iv i t y  on  the  in tegra l  representa t ion

(1) r  one must change the var iablet  z4t /u and then one must invert

the  or ien ta t ion  o f  the  in tegra t ion  road C.

1 . 2 .  P r o p o s i t i o n

Let  R and S be  two Gorens te in  domains  and C-a fgeUras  over  t t re

s a n e  f i e l d  k .  l h e n  t h e i r  S e g r e  p r o d u c t ,  R  o  S  i s  G o l e n s t e i n .  i f

( i n  t h e  n o t a t i o n s  o f  p a r t  1 ) :

q ( R )  =  q ( S ) .

P r o o f .

f n  t h e  n o t a t i o n s  o f  p a r t  1 ,  w e  h a v e :

2r r i  (Hn  o  HS)  ( t ,=  ( ra  Q /z )Hr ( t z  )dz /2 ,  where

C  :  l z l  =  3 ,  w i t h ,  
' a

I /TR<$<rr /  t t l  ,  "R 
and r ,  be ing the convergence

r a d i i  o f  H ,  a n d  H ,  r e s p e c t i v e l y .

T t /e  make use o f  theorem 1 .1 . fhen:

*1  (Hn  o  Hs  )  Q /u  =  (  H^Q/z )H" (z / t )  dz /z
,c

where now C, : l"\  = 
Sl , 1,/r*4 3t< It l  .  "S.
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Because R and S are Gorenste in ,  we see,  f ron theorem 1.1 ,  that :

2 u i ( n u  o  H r )  ( L / t . ) = ( r - t , d i n  R . u , Q ( R ) H R ( z ) . ( - r , d i m  S .

Jq , '  . tq (s ) r -a (S)HS f t /n )  dz /z=

= ( _ 1 r d i m  R + d i m  s  , e ( s )  (  z q ( R ) - q ( s r . n u ( z ) H s  f t / z ) d z / 2 .
Jc'

Now,  we  change  the  va r iabLe i  z ' ->2 , I / t t ,  and rmak ing  use  o f  j . I t  we

ob ta in :

(z) ztTi  (Hnos ) e/r)=(- l rdin Ros.q(s) (  o*"o G/u)r{*( tu)du,/u
\ur

w h e r e , f  : l u l = I r  t / " i  I ( r S l  l t \  a n d  m  =  q ( R ) - q ( S ) .

The integrand in the r ight-s ide rnember of  (2)  d i f fers f ron the

s u i t e d  o n e ,  a s  g i v e n  i n  ( 1 ) ,  o n J - y  b y  t h e  n u l t i p l i c a t i v e  f a c t o r :  r f r .

Thus, i f  m=Or one obtains the conclusion of  Proposi t ion 7.2 f rom

t,he theorern l-1

Q . O . d .

5.5 .  Coro l - la ry

fn the above assurnpt ions and notat ions:

q ( R ; o  S )  =  q ( R )  =  q ( S ) .

P r o o f .

Obv i "ous ,  i f  we look  a t  the  proo f  o f  5 "2  and a t  1 , .1 ,

N o w ,  l e t { =  ( r 1 1 . n . r r ^ 1 s 1 r . . . r s r r )  b e  a  s e q u e n c e  o f  2 n  p o s i t i v e

i .n tegers .

In  the  no ta t ions  o f  par t  2  we g ive  the  fo l low ing :



7  . 4 .

Ihe

i  s 1 ,

Def in i t ion

"Segre -Verone se

. . . l g r r )  t t  o v e r

T2

a l g e b r a  o f  n u m e r i c a l  c h a r a c t e r  ( r 1 r . . . r t n i

a  f id ld  k r  i s ' the  Segre  produc t  o f  the  .Verone-

Segre-Vero-

. . . s  ) .  r t'  n '

s e  a l g e b r a s  o v e r  k .  :  V .  a  I . . . ; V ,  s  .
"  1 "1-  

'n "n

Keep ing  f i xed  the  f ie ld  k ,  we denote  s imp ly  by  Vn the

n e s e  a l g e b r a  o f  n u m e r i c a l  c h a r a c t e r {  = ( r 1 r . . .  l t n i s l r '

i s  easy  to  see tha t  V ,  i s  a  domain  o f  Kru l l  d inens ion

r l+ , . . t r r ; I x *11  na tura l l y  e rnbedded in  the  po lynomia l  k -a lgebra  in

" L * . . . . * t '  
v a r i a b l e s .  V ,  i s  a  s t a n d a r d  G - a l g e b r a ,  i t s  g r a d e d

s t r u c t u r e :

vy = @ ,rrj vo (n)

being given by:

ft ) nZo, dim* V, (n )

V is  Cohen-Macau layr  ES one can see, .us ing  e i ther  the  above quoted

charact  er izat ion of  the Cohen-Macaulayness of  the Segre product

o f  two G-a lgebras  1c f  . [9 ] )  o r  t ] -u  theorem o f  Hochs t . "  [A l r  8s  the

normal i t y  o f  the  mono ides  o f  monomia ls  i s  p reserved by  the  Segre

produc t  "

Now,  we sha l l  p rove  the  main  resu l t  o f  th is  paper ,  namely :

7 . 5 .  T h e o r e m

!. ! rg Segre-Veronese algebra o-f  numerical  charaeter (r ' l - ,  .  .  .  rPD i  s1 r  .  .

{:,[::1",-',

. .  rs r . )  over  a  , f ie ld  k ,  i . s  Go- l :en$t ,e in - i f  and on i f  t h e r e

in teEer e r su,c.h that :
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r1,/sr=r Z/ s 23 ... . 
=rrr,/so=Q

P r o o f .  r

F i r s t ,  u s i n g  I . 2  a n d  2 . 5 t  w e  s e e  t h a t ,  f o r  a n y  V e r o n e s e  a l g e b r a

V*  over  a  f ie ld  k ,  the  Gorens te inness  o f  V" ,  i rnp l ies  tha t l

q (Vr .s )=  d in  Vru-deg P*"=  r - r (s -1 )  /s= t /a '

Then,  us ing  an  induc t ion  on  rDr  we see tha t  a l l  we have '  to  p rove

i s ,  b e c a u e e  o f  , , 2  a n d  3 . 5 ,  t h a t  t h e  s u f f i c i e n t  c o n d i t i o n  i n  3 ' 2

is  a lso  necessary  in  o rder  to  insure  the  Gorens te inness  o f  the

segre  produc t  R o  s r  in  the  case when R and s  a re  two veronese

a l g e b r a s :  R  =  V r s ,  S  =  V r , s r .

Look ing  a t  (2 )  i r r  the  proo f  o f  5 .2  ,  we must  show tha t  ( in  the  no-

t a t i o n s  o f  p a r t  2 )  t

I
O) \ ( , t*-1) .H"" 0/u) Hr, s, 

( tu) du,/u=o i f  j rni  only m=o'

J F

(H . " r  F  r  l u \=  5  n  w i th  1 (3<1 /  t t t  ,  because  Hr "  and  l { r , s ,  bo th  have

the  convergence rad iue  equa l  to  I  )  '

Accord ing  to  the  resu l ts  o f  par t |2 ,  we know tha t :

Hrs ( t  )  =Pr"  f t )  /  (1- t , )  r  and Hr ,  s ,  ( t  )  =Pr ,  
" ,  

( t  )  /  ( l - t ) "

. '  w i th  prs  and P" ,ur  rec iproc ica l -  poLynomia ls  nz l t ,  o f  degrees

r e s p e c t i v e l y :  r ( s - 1 ) , / s  a n d  r r ( s t - 1 . ) / s '  ( V r u  a n d  V r , s ,  b e i n g

Gorens te in )  and sa t is fY i rng :

P"" ( t ) t 'O  an t l  P" ,  s ,  
(1 ) f0  (e f  .par t  l ) .



/
(4 \  (  t t - , r t l / ( 1 -u ) r  o r l s -1 .  P " " ( ra )  .P r ,  s ,  

( t u ;71 t - t r - r ) r '  du '=o
\. rp

with the same |  .

Or ,  in  the  dona in  bounded by  the  e i rc le  f ,  the  in tegrand in  (4 )

has  a  un ique po le ,  namely  u=1.  Thus ,  the  in tegraL  in  (4 )  equa ls

the  res idue in  u= l  o f  the  ra t iona l  func t ion :

l 4

I h e n  ( 7 )  b e c o m e s :

h ( r a ) -  1 t - u n ) / ( l - u ) r  .  p ( u ) ,  w h e r e ;

p  ( u  )  - u r ' l s - ] . P r s  ( u )  . P r ,  r ,  ( t u )  /  ( 1 - t u ) " '  .

0r ,  one;  d i rect ly  sees that  p(u)  is  analy t ic  near  u=1 and mor€r

t n q a t  p ( l ) f o .  f h e n ,  e x c e p t  f o r  t h e  t r i v i a l  c a s e  r = 1 r  a  d i r e c t  c o m -

nuta t ion  shows tha t  the  res idue in  u= l  o f  h (u)  i s  non zero  wher t

t *0 ,  imp ly ing  (T  and end ing  the  proo f  o f  the  theorem.

Q . € . d .
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