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APPROXIMATTON PROPERTIES OF THE FORMALLY SMOOTH

MORPHTSMS

Vasi Ie  Nica and Dorj-n Popescu

Let  L be a system of  l inear  equat ions wi th  j -n teger

coef f ic ients .  Then L has so lut ions in  a f ie ld  K)  t r  L f f  i t  has

rat ional  so lut ions.  This  is  a  proper ty  of  l inear  saturat ion for

0.  In  a lgebra ic  case,  a  system of  po lynomia l  equat ions wi th

rat ional  coef f ic ients  has a so lut j -on in  an extension K of  Q i f f

i t  has so lut ions in  the a lgebra ic  c losurs I  o f  Q.  This  means a

proper ty  of  a lgebra ic  saturat ion for  Q.  These saturat ion proper t ies

are very s t rong,  because they are ref fer ing to  every extension K

We can study a lso weaker  saturat ion proper t ies ( l inear  or  a lge-

bra ic)  re la t ive to  a g iven extension K.  There are pure extensions

in the l inear  case (see feJ )  and a lgebra ic  pure extensions in

the a lgebra ic  case (see fg ]  )  .

r n  t h e  a l g e b r a i c  c a s e  i t  i s  k n o w n  ( s e e  l r l ,  [ s J ) ,  t h e

study of  the 1ocal  noether ian r ings R which has a lgebra ic  satu-

rat ion proper ty  re la t j -ve to  i ts  complet ior ,  f i ,  i .e .  the morphism

lr
R -)  R1 is  a lgebra ica l ly  pure

We say that a r ing R has the property of approximation

(we wr i te  R is  Af r  AE-r ing)  i .e .  every " formal"  so lut ion ( f rom t )

of  4n arb i t rary  f in i te  system of  po lynomia l  equat ions can be wel l
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approx imate by "a lgebra ic"  so lut ions ( f rom R) in  the m-adic  to-

,\
po logy of  R,  m being the maximal  ideal  in  f  ( i . t  fact  i f  

" t " fy

f inite system of polynomial equations over R has a solution in

R whenever  i t  has one in  f i . ,  then R is  an AE-r ing) .

In ch.V [S] (or tal I  i t  shows the preservins of some

propert ies from R to f i  i f  R is an AE-rin{nton.rt ies which can
l'

be given by compatibi l i ty of some systems of polynomial equations

( for  example R is  reduced ( in tegra l  domain)  i f f  R is  too) .  Unfor-

tunately, this cannot be done for algebraical ly pure morphisms

(the extension tR c-+ n[xJ / . ;2.2) is algebraical ly pure but

does not  preserve the proper ty  of  be ing reduced) .  The reason

is  that  the profs  f rom [Sf  use the poss ib i l i ty  to  can we]-1

approxj-mate the solutj-ons from i. of an arbitrary system of

polynomial '  equations over R by solutions from R. This is not

poss ib le  for  arb i - t rary  a lgebra ica l ly  pure morphisms.  However ,

coro l lary  2.6,  in  [g ]  i t  shows that  i f  A is  a  noether ian local

corrrplete r i-ng and B is a Cohen A-algebra such that i ts residue

f ie ld  of  B is  a  u l t rapower of  the res idue f ie ld  of  A,  then the

solution from B of an arbitrary system of polynomial equations

over  A can be in  a Sense "wel l  approx imate"  by so lut ions f rom A.

As consequencer i t  shows that  A is  reduced ( in tegra l  domain)  i f f

B  i s  t o o  ( p r o p o s i t i o n  2 . 1 0  [ g ] l

In this workr w€ give a sense for the above "gc&d

approximation" in the case of the tot u#=mooth morphisms

( ( 2 . 2 ) ,  ( 2 . 3 )  g i  ( 2 . 6 ) ) .  A s  a  c o n s e q u e n c e ,  w e  g e t  t h e  p r e s e r v i n g
("

of some propert ies by algebraical ly pure formalZsmooth morphisms

(  3  3 ) .  A l so  we  ex tend  the  remark  2 .L8  i v  t g ]  show ing  tha t  i f
0n

A, B are noether ian local  complete r ings and B is  a formaf fsmooth

A-algebra,  then B is  an a lgebra ica l ly  pure A-a lgebra i f f  the i r
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res idue  f i e ld  ex tens ion  i s  d lgeb ra i ca l l y  pu re  (2 . I ) .

$  t .  A lgebra ica l lv  and analv t ica l lv  pure morphisms

Algebra ica l ly  and analy t ica l ly  pure morphisms were in t ro-

duced in [g: in connection with the study of r ings which have the

property_ of ?pproximation (a11 the rings are here supposed to

be commutatj-ve and with id.entity) .  They generalize the l inear

case of  pure rnodule morphisms [O[ '

( r . I )  D E F I N I T I o N .  A  r i n g  m o r p h i s m  u : A 4 B  i s  c a l I e d

algebra ica l ly  pure i f  every f in i te  system of  po lynomia ls

F= (F1 ,  .  .  .  r4n)  wi th  coef f ic ients  in  A,  in  an arb i t rary  number of
. I

v a r j - a b l e s  Y = ( Y t r . . . r Y N )  h a s  a  s o l u t i o n  i n  A  i f f  i t  h a s  a  s o l u t i o n

: - ' - - - \_ . in  
B.  f f  sor  we say somet imes that  B is  a lgebra ica l ly  pure over

A .
r a

(1 .2t  pROPERTIES AND EXAMPLES. i )  I f  A is  a  local  noe-

therian ring, then the completion morphisms A -- '+ t i" algebraical-

ly  pure i f f  A has the proper ty  of  approx imat ion.  Moreover ,  i f  A is

an in tegra l  domain then A is  too and the f ract j -on f ie ld  extension

 
O (A) <..-_l O (A) is algebraical lY Pure.

i i )  The c lass of  a lgebra ica l ly  pure morpl r j -sns is  s tab le

under  composi t ion and base change.  Moreover ,  i f  vat l  iS a lgebra ica-

l l y  pu re ,  t hen  u  i s  so .

i i i )  I f  u :A-- - t  B is  a  f in i te  presentat ion morphism, then

u  i s  a lgeb ra i ca l l y  pu re  i f f  i t  has  an  A -a lgeb ra  re t rac t i on '  I n

par t icu lar  i f  k  is  a  f ie ld ,  and B a f in i te  type k-a lqebra,  the

st ructure morphism k > B is  a lgebra ica l ly  pure i f f  Spec B

has a c losed k- rat ional  po int .  I f  B is  an in tegra l  domain and

k4-- - - -+B is  a lgebra ica l ly  pure,  then k is  a lgebra ica l ly  c losed



i v )  More genera l ly ,  av l  arb i t rary  r ing morphism u:A '_+ B

ls  a lgebra ica l ly  pure i f f  'B j -s  a  f i l tered induct ive l imi t  o f

a lgebra ica l ly  pure A-a lgebras or  a  f i l tered induct ive l imi t  o f

A-algebras such that their structure morphisms have retractj-ons.

The above result furnishes some interesting examples of

a lgebra ica l ly  pure morphisms and a lso a cr i ter ion for  recogniz inq

t h i s  p r o p e r t y  ( s e e  1 . 3  b e l o w ) .

v )  I f  k  i s  an  a lgeb ra i ca l l y  c losed

trary k-algebra then the structure morphism

ca1 ly  pu re .

'  v i )  r f  k  is  an in f in i te  f ie ld  and X a var iab le,  then the

morphj -sm k c ' - ->k(X)  j -s  a lgebra ica l ly  pure.  I t {ore genera l ly ,  any

pure t ranscedenta l  extens ion of  in f in i te  f ie lds is  a lgebra i -caI1y

pure

f l a t .  F o r  i n s t a n c e ,  A € A t [ X I

pure field extension of a fLn1|r-' '

pure morphj-sms are not in general

can be not f lat  (nonnoether ian

case)  but  i t  is  a lgebra ica l ly  pure (hav ing a ret ract ion)

A1l  these proper t ies and exEmples are g iven in  [g l .  we

complete them with the fol lowing proposit ion

(1.3)  e&POqITIgN.  Let  k  be a f ie ld  and B a f in i te  type
I

k-algebra which is an integral  domain:  B=kfxr"  ""xr l  / ,? .  Then,
,

the f ract ion f ie ld  O (B)  of  B is  a lgebra ica l ly  pure over  k

i f f  f o r  e v e r y  p o l y n o m i a l  F g  k [ x r  , . . . , x J ,  F  ( f  w h i c h  d e p e n d s

a t  m o s t  s = t r d e g O B  v a r i a b l e s ,  w e  h a v e  Z ( p ) i Z ( F ) ,  w h e r e  Z ( p ) ,  Z ( F )

denote the sets  of  zeros in  kn of  p  and F respect i -ve ly .

P r o g f .  N e c e s s i t y .  L e t  F  b e  a  p o l y n o m i a l  i n  k f " r , . . . , x r l  n o t

in  p.  From hypothesi -s ,  the composi t ion k  " - - -+ B,  $  O (B)

f ie ld  and B an-arb i -

k <--5' 3 is algebrai-

v j - i )  Any a lgebra ica l ly

f ie ld  is  t r lv ia l

v i i i )  The  a lgeb ra i ca l l y



i s  a lgebra ica l ly  pure and ( 1 . 2 . i i )  t h e  f i n i t e  p r e s e n t a t i o nby

morphism kc-- - rB, ,  is  too.  consequent ly ,  kc ' -> B, ,  has a k-a lgebra

retraction, equivalently the prime ideal p has a zero in kn ,

which is  not  a  zero for  F.

suf f ic iency.  T,et  s=t rdesoB.  we can suppose that  images

o f  X ,  , . . . ,X -  i n  B  fo rm an  a lgeb ra i ca l l y  f ree  sys tem ove r  k .  TheI . S

J-njecti:ze--rogrphism :<Lxr ,...,X"Tc-----r a is algebraj-c in the sense

that every elemnt of B satisf j-es a polynomial equation with coef-

f i c i e n t s  i n  k  
l * r , . . . , x J  .  L e t  c o n s i d e r  a  b l O  i n  B  a n d  l e t

aabt+.  .  .+ao-o9tan"  min imal  degree equat ion over  L fxr ,  .  .  . ,  X" l

for b. we apply the hypothesis on the polynomial F=ao;we observe

that  Fd p,  o therwise the equat ion sat is f ied by b has not  min imal

d e g r e e .  T h e r e  e x i s t s  a  z e r o o { = d r , . . . , d n )  f o r  p  s u c h  t h a t  r ( . { ) 1 0 .

The correspohdence X. z*->Ji produces a well-defined morphism

r : B  - > k  w i t h  r ( b ) 1 0 ,  b e c a u s e  I ' ( d ) 1 0 .  T h e n ' r  e x t e n d s  t o  a  k - a l -

gebra morphism BO-->k.  Sor the f in i te  presentat ion morphism

k<- '+B-  ) s  a lgeb ra i ca l l y  pu re .  S ince  e (B )=U Bh  r  w€  conc lude  w i thD  
b # o b

( L  " 2  i v )  .

( 1 . 3 . 1 )  C O R O L L A R Y "  r f  k

Q(B)  iS.  a lgebra ica l ly  pure over

( 1 . 3 . 2 )  E X A M P L E S .  L e t  R .

o  " 8 .  D .

is  inf in j - te and trdegOB=1

k  i f f  t h e  s e t  z ( p ) c  t c n  i s

rhe field or ,".rffi1n

)  i s  a lgeb ra i ca l l y  pu re ,

then

in f i n i t e .

the

butextension R c--> O (R[x ,yJ / {x2_v31
n .  > e ( R f t , " J / , * r r " r r )  i s  n o r .

( f  . 3 .3 )  Remark .  A  f i e l . d  i s  sepa rab le  c losed  i f f  any  i t s

separable extension is  a lgebra ica l ly  pure (a lso a f ie ld  is  a I '

geb ra i - ca l I y  c losed  i f f  any  i t s  ex tens ion  1s  a lgeb ra i ca l l y  pu re ) .

Indeed,  le t  k  be a separable c losed f ie ld  and t<t r t< a separable

f i n i t e  genera ted  f i e td  ex tens ion  (by  ( I . 2 )  i v )  t h i s  i s  su f f i c i en t )



T h e n  k ' r r a s  t h e  f o r m  k ' * Q ( k [ x , T J /  ( p ;  ) ,  X = ( x r ' . - - , X r r ) ,  w h e r e  P  i s

a (monic in T) separable i r reducible polynomial  f rom t  fX,Tf .
bc

Let  Fe f<[x1Y!  non-zero polynomia l .  k  be ing in f in i te ,  there ex is ts

x €  k n  s u c h  t h a t  r ' ( x ) 1 0  a n d  P ' ( x r T ) # 6 .  T h u s  P ( x , T )  i s  s t i l 1

separable in  k fT l  and so i t  has a so lut ion t  in  k .  We get

z @ ) *  Z G 1 t  a n d  b y  ( 1 . 3 )  t h e  e x t e n s i o n  k c  K  i s  a l g e b r a i c a l l y .  p u r e .

Cornze?se1y, Iet k" be the separable closure of k. If the 
""iJ"---iior-===-- \

k c k s  i s  a l g e b r a i c a l l y  p u r e ,  t h e n  k : k "  b y  ( 1 . 2 ) i i i ) .

In  the case of  complete r ings,  the a lgebra j -ca1ly  pure

concept  is  extended in  the fo l lowing manner :

( f  .4)  Dm' INITION.,  A loca1 morphism of  local ,  noether ian,

and complete . , .  r ings u:A-- - )B is  ca l led analy t ica l ly

pu re  i f  eve ry  sys tem l ' : (F I ,  " . .  rF * )  o f  po l ynomj -a l s  i n  A [ r3  [ " ] -

w h e r e  Z = ( Z I r . . .  z * )  ,  y = ( Y 1 r . . .  r Y N )  a : e  v a r i a b l e s  h a s  a  s o l u t i o n

( z , y )  i n  A  i f f  i t  h a s  a  s o l u t i o n  ( z , y )  i n  B .  ( O b v i o u s l y ,  t h e  , - - -

components of  z , t  are in  the maximal  ideals  of  A and B resnect ive ly)

(1 .4 .1 )  No te  tha t  f o r  M=0r  we  recove r  the  a lgeb ra i c  case

o f  ( I . 1 ) .  A l s o  i n  t h e  c a s e  o f  a r t i n i a n  l o c a 1  r i n g s ,  b o t h  d e f i n i -

t ions co inc ide

(1 .5 )  P ropos i t i on .  Le t  u :A -4  B  be  an  a lgeb ra i ca l l l z  pu re

morphism of  noether ian local  r i -ngs.  Suppose that  the maximal

ideals  m of  A generates the maximal  ideal  o f  B.  Then the induced

A A  
morph ism 

- r i :a -+e  
is  ana l2 f r t i ca l l y  pure .  Moreover ,  i f  A 'B  are

complete r ings then u is algebraical ly pure i f f  i t  is  analyt ical ly

pure

Proof .  Let  F be a system of  formal  power ser ies f rom

A [zI IYJ which has

also theorem 2.5 [eJ I
A

in A/*cjl i ff i t has

a solut ion in  l j .  By theorem 2.8 [g ]  (see

,  there ex is ts  c  g$T such that  F has a so lut ion

/\
one in  A.  But  our  system F has a so lut ion in



t\ -{,
B/*"": B/*c6 and thus it has one in A/*c6^ a/*" because the

solut ions in f i .

o r d  G ,  ( Z  , i )  = c ,

induced morphism g/*. _€

a n d  ( 1 . 4 . f ) .  C o n s e q u e n t l y  F

B /' m

frt=

.B  i s  ana ly t i ca l l y  pu re  bg  (1 .2 )  i i )

Q . E . D .

In  the  con tex t  o f  de f i n i t i on  ( I . 4 ) r  w€  remark  tha t  t he re

is  no re la t ion between the so lut ion (2,9)  o f  F in  B and the so lu-

t i on  ( z , y )  i n  A .  Then ,  i t  a r i ses  the  fo l l ow j -ng  ques t i on :  i f  F

has a so lut ion (Z, f )  in  B and i t  is  known that  i t  has so lut ions

in A,  one can f  ind j -n  A a so lut ion (z  ry)  which j -s  "near"  to

(Z r i )  i n  B?  Fo r  t h i s ,  i t  i s  necessa ry  a  su i tab le  concep t  o f .

"nea rness "  be tween  so lu t i ons  (2 ,9 )  and  ( z , y ) ,  and  one  o f  poss ib le

Way.s to introduce such a concept is the f ol lowing one:

Suppose that  so lut ion (Z, i )  in  B sat is f ies the condi t ion:
'l

j = l ,  .  .  . p ,  b r i e f  l y  o r d  G ( 2 , 9 )  = c

w h e r e  G = ( G r r . . . " n )  a r e  i n  A E z I  f  v i ,  
" = ( c t ' " . . . n )  

a r e  n o n n e g a t i v e

i n t e g e r s  a n d  o r d  c j a , f  ) = " j  m e a n s  c  j ( z , i )  e  g " j ,  
' c ) ( 2 , o ) f  

O " j * t  I

I  being maximal 1deal ir 8..

fn  the above notat ions,  we shal l  say that  the

(z , y )  i n  A  i s  G-near  to  so l -u t i on  (2 , i )  i n  B  i f  o rd  G(z

=ord  G  (Z  , f )  =c

solut ion

, y )  =

Sor  w€  can  spee i -a i i ze  the  de f i n j - t i on  (1 .4 )  l ook ing  fo r

the  l i f t i ng  o f  any  so lu t i on  (? , t )  o f  F  i n  B  to  a  so lu t i on  ( z , y )

i n  A  G-near  to  ( z , y )  i n  t he  above  sense .  We sha1 l  see  i n  5  3

that the analyt ical ly pure morphisms A -+ B which l i f t '  the

solut ions f rom B to near  so lut ions in  A,  a I low to preserve some

proper t ies f rom A to B,  proper t ies which can be expl ic i ted in

terms of  compat ib i l i ty  o f  some polynomia l  equat ion systems.
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5 2 l4aiq rgsults

(2 . f  1  THEOREIJ.  Let  u :A -58 be a local  formal ly  smooth

morphj-sm between two noetherian local complete r ings with residue

f ie lds k  respect ive ly  K.  Suppose that  K is  a  separable extension

of  k .  Then the fo l lowing condi t ions are equiva lent :

i )  u  is  a lgebra ica l ly  pure

i i )  u  is  analy t j -caI ly  pure

i i i)  the residue f ield morphism ls ---.+K' induced by u is

a lgebra ica l ly  pure.

Broof .  By hypothesis ,  B is  o f  the type B:  A, l [  Xn where

A '  i s  a  c o h e n  A - a l g e b r a  a n d  x = ( X r r . . .  r X n )  a r e  v a r i a b l e s  ( s e e  f s ]

g 19) .  Thus u admi ts  the fo l lowj-ng d.ecomposj - t ion

l ' l '  -  u t tA a ' [ x f ]  -  e

Clear ly ,  u"  has a ret ract j -on and so i t  is  a lgebra ica l ly  pure.  I t

remains to prove the theorem in the case, when B is a cohen A-

a lgeb ra  ( I . 2  i i ) ) ,  wh ich  i s  t he  sub jec t  o f  t he  fo l l ow inq  theo rem:

(2.2)  THEOREI{ .  Let  A be a noether j -an,  locaI ,  complet9 ' l lnq

and  B  a  Cohen  A-a lgeb ra  ( i . e .  a  f l a t ,  l oca I ,  comp le te  A -a lgeb ra

such that  B/ -o is  a  f ie ld  sep&.rable extension of  the res idue f ie ld'  
mtt 

-  -r j  --

k-A/g of  A) l  *n.  fo l lowing condi t i  ons are equi-valent:

i )  The structure morphi-sm u:A .- tB is algebraical ly pure

i i )  u  i s  ana ly t i ca l l y  pure

i i i )  F o r  e v e r y  F = ( F l , . . . r F * ) ,  G = ( c l r . . . r G o )  i n  A I z $ [ v ] ,

7 ' = ( Z l ' . .  . Z * ) ,  y = ( Y l r . . . Y m )  b e i n g  v a r i a b l e s ,  e v e r y  c = ( c 1 r . . . c n )

w i th  c .  no#gat ive  in teqers  and every  (2 , i )  in  B  such tha t  F(2 ,9)=0
J -

a n d  o r d  G ( 2 , f  ) = " ,  t h e r e  e x i s t  ( z , y )  i n  A ,  s u c h  t h a t  F ( z , y ) = 0  a n d



ord  G(z ,y )=c  ( i n  o the r  words r  any  so lu t i on  o f  F  i n  B  l i f t s  t o  a

G-near  so lut ion in  A)

iv) The residue f ield morphism k e---; K induced b1r u is

a lgebra ica l ly  pure.

Pfgq! .  Imp l ica t ions  i i i )=+  i i )  + f  )  a re  easy ,  and i1 ;2  i v )

comes from the fact that algebraical ly pure morphisms are stable

under  base change.  Impl icat ion iv)  =+ i i i )  is  the object  o f  the

fol lowing theorem, in which the nearness condj-t ion between solutions

(Z r f )  and  ( z ry )  i s  t rans la ted  i n  t e rms  o f  l i nea r  sys tems .

(2 .3 )  THEOREM.  Le t  A  be  a  noe the r ian ,  l oca l ,  comp le te

ring, B a Cohen A-algebra such that the residue f ield morphism kc-> K

induced by u is  a lgebra ica l ly  pure.  Then,  for  every system

p = ( F t , . . . , F * ) ,  G = ( G r , . . . , G p )  f r o m  A E Z X  I V J ,  e v e r y m a t r i x  l l  a i p l l

j = l r . . . r p ,  k = l r . . . r q  w i t h  e l e m e n t s  t ? O ,  a n d  e v e r y  ( Z , f )  i n  B  s u c h

t h a t  E ( Z , i ) = O  a n d  t h e  l i n e a r  s y s t e m  F _ " j O t k = G j  G , t )  j = 1 , . . . p  i s
k= I

incompat ib le  in  B,  there ex is ts  a so lut j -on (z ,Y)  of  F in  A for  which

the l inear system 
fr":otn=cr(z,Y) 

is incompatible.

N o w  w e  s h o w  X o w  w e  g e t  i v )  g i i i )  Q - 2 )  u s i n g  ( 2 . 3 ) .  r n

t h e  n o t a t i o n s  o f  t h e o r e m  ( 2 . 2 )  l e t  { " j o l  ,  l t : e l  j = l , . . . r P  k = r , . . . q j

c .  c . * l
l = I r . . . q I  b e  s y s t e m s  o f  g e n e r a t o r s  f o r  i d e a l s  * - j ,  m - l  r e s p e c -' J  c .

t ive ly  (m being the maximal  ideal  o f  A)  .  To say that  
, t : r7 , f )  

e  m rB

means that  there exj-st {  orol  in B such that  G)G,rr=*?=, b j t  " jo ,
ti

j = r , . . . p ,  i n  o the r  wo rds  t he  sys tem c jZ ,n ,=A  " j r u j r  
has  a

These equatj-ons
c . * 1

( r  rE  i , t /  *  l
v j  \ 4 r J l F

so lu t i on  i n  B .

F.  To say that

wi l l  be added to the or ig ina l  system

B means to say that the l inear system



2;
cj (z ,i, = 

l=, 
t je., ju has no

1 0

solut i -ons in  B "

The  p roo f  o f  (2 .3 )  i s  d i f f i cu l t  enough  and  i t  i s  t he

s u b j e c t  o f  S  4 .

Q.a)  Remark.  When B is  a Cohen A-a lgebra such that

the res idue f  ie ld  morphism k -+ X is  a lgebra ica l ly  pure,  the

theorem (2.2)  shows that  the morphism A -+ B is  not  on ly  analy-

t ica l ly  pure but  has a lso the proper ty  to  1 i f t .  so lut ions f rom B of

arb i t rary  f in i te  formal  equat ions to  near  so lut ions in  A (shor t ly

we  say  " l i f t s  good" ) .  I t  a r r i ses  the  ques t i on  i f  t h i s  new p rope r t y

is  s t i l l  va l id  for  formal ly  smooth morphisms.  The answer is  negat ive

in  gOnera l  because  the  morph ism u " :A ' . 1  a ' i fXJ I  t i f t s  so lu t i ons

but  not  in  a "good" way.  For  instance,  the morphism k -> k( f ,Xf ,J ,

where k  is  an arb i - t rary  f ie ld  is  analy t ica l ly  pure but  does not  l i f t

good "anaIyt ica l ly" ,  because a formal  equat ion wi th  coef f ic j -ents

in  k  can have nonzero so lut ions in  k  I Ix I  and only  the zero so lut ion

in 'k . ,  I f  k  is  f in i te  the above morphism does not  l i f t  good a lso

"a lgebra ica l ly"  ,  because otherwise the morphism k <--+ k  (  (X)  )  must

be  a lgeb ra i ca l l y  pu re ,  wh ich  i s  a  con t rad i c t j - on  ( f . 2 )  v i i ) .  When

k is  a lgebra ica l ly  c losed then c lear ly  the mkorphism ]1 + k  IxS'

l i f t s  good .  "a lgeb ra i ca l l y "

The fol lowing theorem precises when

f r o m  ( 2 . f 1  l i f t s  g o o d  " a l g e b r a i c a l l y " .

(2 .5 )  THEoREM.  Le t  K  be  a  f i e ld  and

lhe morphism u"

Iowing af f i rmat ions are equiva lent :

i )  The  ex tens ion  K  c ' ->  O$<  T>  )  i s  a lgeb ra i ca l l y  pu re .

i i )  The  ex tens ion  Kc . - -+  K ( (T ) )  i s  a lgeb ra i ca l l y  pu re .

i i i )  For  every noether ian local  complet  r ing A wi th  res idue

f ie ld  K the morphism e- l  a / f f1 I  l i f ts  good "a lgebra ica l ly"

T  a  va r iab le .  The  fo l -
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Uere r (T) denotes the ring of algebraic power series wittr crcefficients in K.

p roo f .  C lea r l y  i i )  +  i ) ,  and  i )  =1  i i )  i s  a  consequence  o f

( L . 2 )  i )  a n d  i i )  ,  K < r )  b e i n g  a n  A E - r i n g  ( s e e  f l l  )  .

i i )  s ) f i i )  Let  m be the maximal  ideal  o f  A and denote by

B the complet ion of  the r ing A{ [TX r ,A ET$ 
.  Clear lYr  B is  a  Cohen

A-algebra wi th  res idue f ie ld  K (  (T)  )  ,  which is  an a lgebra ica l ly  pure

e x t e n s i o n  o f  K ( i i ) ) .  A p p l y i n g  ( 2 . 2 )  r  w €  g e t  t h a t  t h e  m o r p h i s m  A - + B

l i f ts  good a lgebra ica l ly .  I t  remains to  show that  A: - -+ AI ITI  has

t h e  s a m e  p r o p e r t y .  L e t  a i k €  A ,  
" j  

,  F €  K I Y J ,  Y = ( Y I  , - .  - , Y t t )  a n d

?e e[ f , t  S'N a solut ion of  F such that the system

(+) Zajoro=Gi ( f)

t ras no so lut ions in  A [ - f  S .  Then i t  is  suf f ic ient  to  show that  (+)

remains incompat ib le  in  B,  i .e .  there ex is ts  jo  such that  G- ,  f f )  is
, o

not  conta ined in  the ideal  B j^"  ,  where e,  denote the ideal  qenerated
, o

by  (a i :< ) :<  i n  A .  Le t  j o  be  such  tha t  G jo (V l  f  Z :oo f i  t J  (o the rw j - se  (+ )

is  compat ib le in A[Ix] l  l .  Then a.  is  aproper
, o

(B jo .B )  n  a  I rn  =B jo .a I r$

B then c jo  ( f l  €  g j "  and we get  G.o(? l  e  ZJoo[ f t3  .  Cont rad ic t ion  !

i i i )  +  j - i )  Us ing  i i i )  we deduce in  par t j -cu la r

morphism X ->x [ r t r  l i f ts  good algebraical ly.  Now, let

b e  a  s y s t e m  o f  p o l y n o m j - a l s  a n d  d *  ,  i e K [ T n ,  V l O  s u c h
J

a  so lu t j - on  o f  F  i n  K (  (T )  ) .  Le t  F '  be  the  homogeneous  po l ynom

assoc la ted  to  F .  I {e  ge t  F '  ' ( ; , t )=0 .  L i f t i ng  good  (? r -u )  r  we  ge t  a

so lu t1on  ( v ,u )  o f  F '  i n  K  w i th  v lg .  C lea r l y ,  *  
t "  a  so l -u t i on  o f

F  i n  K .

Consequen t l y ,  i f

ideal  and we get  easy

(+)  is  compat ib le  in

that the

F € K  I Y J
! l

that  3;  IS
V

Q . E .  D .
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(2 .6 ) .  Co ro l l - a r l r .  Le t  u :A -+B  be  a  l oca l  f o rma l l y  smoo th

morphism between two noetherian loca1 complete r ings with residue

f ie lds k  respect ive ly  K.  Suppose that  K is  a  separable extension of

k  and  O(K(T>  )  i s  an  a lgeb ra i ca l l y  pu re  ex tens ion  o f  K ,  T  be ing  a

var iab le.  Then u l i f ts  good.  a lgebra ica l ly  i f f  K is  an a lgebra ica l ly

pure extension of  k .

For  proof  is

in  order  to  get  that -u"

( 2 . 7 )  R e m a r k .

su f f i c i en t  t o  app ly  (2 .5 )  l - t imes  success i ve l y

( f  rom (2 .L )  )  l i f  t s  good .  a lgeb ra i c .a l lV .

i )  C o r o l l a r y  ( 2 . 6 )  i s  s t i l 1  t r u e  i f  A ,  B

solut ion of  F such that y=!

is AE-r ing) r  then the system

(m denotes the maximal i-deal

a re  no t  comple te ,  bu t  A  is  an  AE- r ing .  fndeed,  bY propos i t ion  19 .3 .6

f3l  the induced morphism f i t i * f i  is  st i l1 formal ly smooth.  r f  K

. is an algebraical ly pure extension of  k,  then G f i f t "  good 
11g.-

\T

b r a i c a l l y  ( 2 . 6 ) .  L e t  F ,  c r e  x [ v J ,  a 3 j €  A ,  Y = ( Y r , . . . r Y N )  a n d  ] €  B ' n

a solut ion of  F such that the system (+) is incompat ib le in B'  The

canonical  morphism B c-r f i  U. i r rg fa i thful ly f lat ,  we get { .uf i1 O B=-)

=d -B  and  so  as  i n  t he  p roo f  o f  (2 .5 )  we  deduce  tha t  (+ )  has  no-l

s o l u t i o n s  i - n  f i .  N o w ,  b y  Q . 6 )  t h e r e  e x i s t s  i e A N  s u c h  t h a t  F ( $ ) = o

and the system

t i l Z "irtr.="j 
(i)

has no  so lu t ions  in  f .  r f  y€  AN is  a

mod mcA for c suf f ic ient ly large (a

I  t3: .TL=G, (v)  is  j 'ncompat ib le in A

o f  A ) .

i i )  as above,  i t  is  enough ' to  have A i ,n  AE-r ing,  instead

" A r B  c o m p l e t e  r i n g s "  i n  t h e  h y p o t h e s i s  o f  ( 2 .  r )  ,  ( 2 . 2 )  ,  ( 2 . 3 )  .

i i i )  I f  we leave the case of  formal . ly  smooth morphisms,

then the resul ts  of  th is  sect ion are not  in  genera l  t rue.  For

instance the morphism a t rxJ<-+c UxT Iv]  tx  ,v)  / (v2-x)  
is  not
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algebra ica l ly  pure,  but  i t  becomes a lgebra ica l ly  pure i f  we

chanse the base from c i[x$ to c t]xII / $) * c.

(2 . .8 )  Remark .  The  cond i t i on  i )  f r om (2  .5 )  i s  f u l f  i l l ed

f o r  i n s t a n c e  w h e n  K  i s  s e p a r a b l e  c l o s e d  ( s e e  ( 1 . 3 . 3 ) ) .

! 1 .  App l i ca t i ons

Tn th is  sect ion some appl icat ions of  the theorems

announced in  I  2  are g iven.

Let A -+B be a formally smooth local morphism between

two noether ian local  complete r ings wi th  res j -d .ue f ie lds k  and K

$uppose that  k<-+K is  a separable and a lgebra ica l ly  pure extension '

and in  the case when B is  not  a  Cohen A-a lgebra,  suppose addi t ional ly
i

that

( * )  Kc ->  Q(K  <  T>  )  i s  an  a lgeb ra i ca l l y  pu re  ex tens ion '

T  b e i n g  a  v a r i a b l e .  U s i n g  t h e o r e m s  2 . L ,  2 . 2  a n d  c o r o l l a r y  2 . 6  w e

shall  show that some propert ies of the r ing A which can be formuled

in terms of  compat ib i l i ty  o f  some polynomia l  equat ioh systems are

t rans fe red  on ' t he  r i nq  B .

(3 . r )  PRoPoSrTroN.  Le t  m  be  the  max ima l  i dea l  o f  A '  n

a non-negat ive  in teger ,  
E i@rr . . . ,Fm)  

a  f in i te  sys tem o f  po lynomj -a ls

from AfvJ=a f" t , . . . ,v*JY-nE! a f in i te number of  solut ions (perhaps

none) in mn. Then, F has not other solut ions in Une.

P r o o f  .  L e t  y ( t )  r . . .  r y ( " )  b e  t h e  s o r u t i o n s  o f  F  i n  m n -

S u p p o s e  c o n t r a r y ,  t h a t  F  h a s  i n  m n B  a  s o l u t i o n  y = ( Y t r . . . r Y p )

d i s t i n c t  f r o m  y ( t ) r t = l r . . . s .  W e  s h o w  t h a t  !  f i f t s  t o  a  s o l u t i o n  i n

I t  f o r  F  d i s t i n c t  f r o m  y ( t ) .  L e t  t " r r . . . , € p l  O "  g e n e r a t o r s  o f  t h e
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i d e a r  m n .  T h e r e  e x i s t  { E i :  }  i = r ,  .  . . . , N ,  j = r ,
3

f . , = i . E . + e +  ,  i = l ; . . . 1 N 7  b e c a u s e  i e g t t e '  F o r
* j = l L J J

ex i l t s  an  index  i t  such  tha t  c .=ord  tV ta-v j t )

G = ( G t r )  t = l r . . o 7 s r  c = ( c r r . . . r . " ) ,  a n d  a d d  t h e

Y r - X  e + Y i i  i = 1 7 . . . ; N  t o  F .  B y  ( 2 . 6 ) ,  t h e r e  e x i s t s  a  s o l u t i o n  y  i n

^-" i=:".  .-a."u"u system F, with the property ord (G)=c, i .e, an.t .

e x i s t s  a  s o l u t i o n  y  f o r  F  i n  m n  d i s t i n c t  f r o m  y ( r ) r . . . r y ( = ) .

Contradic t ion !

. . . 1 p  i n  B  s u c h  t h a t

e v e r y  t = l  r .  . . ; s  t h e r e

)<ao 
:  

nt .  
" r .="r . - t i : '  

,

polynomials

( 3 . 2 )  P R O P O S I T T O N .  T h e

i )  A is  a  reduced r ingr

i i )  A is  in tegra l  domain

A  i s  a lgeb ra j - ca l l y  c losed  i n  B .

f,oXowins assertj-ons holds :

i f f  B  i s  s o .

i f f  B  i s  so r  and  i n  th i s  case

i n  B  ( i n

k ( p ) 4

f i e ld  o f

Proof .  i )  I f  B is  reduced then A is  reduced,  the morphism

Ac-- . -1  B being in ject ive.  The necessi ty  of  condi t ion fo l lows f rom

(3 . f ) .  I ndeed ,  f o r  eve ry  nonnega t i ve  i n tege r  c ,  equa t i on  Yc=O has  i n

A only  the t r iv ia l  so lut ion.  I t  has not  o ther  so lut ions in  B,  there-

fore B is  reduced.

i i )  Su f f i c i ency  be ing  t r i v i a l r  w€  p rove  the  necess i t y .

Suppose that  B is  not  an in tegra l  domain,  and le t  f r  r f ,  in  B such

that  ?1. i r=o but  ! r10,  t r r fo.  Then ord f ,  ,  ord f rco .  By theorem

(2 . f )  t he re  ex i s t  y ,  ,  yZ  i n  A  such  tha t  Y1Y2=0  and  o rd  Y1=ord  ! .

L = L , 2 .  I t  f o l l o w s  t h a t  y t , y 2  a r e  d i f  f e r e n t  f r o m  z e r o l  i - e  .  Y 1 , Y 2

i i i )  f f  p  i s  a  p r ime  idea l  i n

pa r t i cu la r ,  Spec  B  -  >Spec  A

iv)  I f  p  is  a  pr ime ideal  in

t (pB)  i s  a lgeb ra i ca l l y  pu re

A,  then pB is  a pr ime ideal

i s  a  c losed  morph ism) .

A, then the canonical morPhism

(k (p)  denotes the res j -due

the Iocal  r ing Ao)
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are zero d iv isors in  A which contradic ts  the hypothesis .

For  the last  par t  o f  i r )  we observe that  a  polynomla l

1l € AtyJ has at most deg F solutj-ons in A, therefore i t  can not have

o t h e r  s o l u t i o n s  i n  B  b y  v i r t u e  o f  ( 3 . 1 ) .

i i i )  fo l lows f rom i i )  by base change a + A/p

iv) By base change A --> A/p we reduce to prove that o (B)

is  an a lgebra ica l ly  pure extension of  O (A)  ,  in  the case when" '  A,  B

are in tegra l '  d .omains.  Now the proof  is  as in  Remark I  .9  v)  t9 I  .

Us ing  (L .2 )  i v )  i t  i s  su f f i c i en t  t o  show tha t  t he  morph j - sm o f  t he

r y p e  u  j e ( A )  o ( A )  [ , 8 o , 8 t , . . . , E = , E ; t ]  ,  E r e  8 ,  i o f o r  s  € t N  h a v e

r e t r a c t i o n s .  L e t  a c A I Z J ,  Z = ( Z o ,  . . , 2 s )  U e  t h e  k e r n e l  o f  t h e  m a p

a [zJ - ->B  g i ven  by  P  ^^+  p (E )  and  c=o rd  Eo  By  2 .2  o r  2 -6 ,  t he re

exis ts  a so lut ion t  o f  a  in  A such that  ord *o=c.  fn  par t icuLar ,

hofo and the map A[Z]  - -+a g iven by P"-+P(f )  j -nduces the ret ract ion

- -  - - ' t -
O (A)  Lz ,zo -J  - -+  O  (A ) ,  we  were  l ook ing  fo r -

( 3 . 2 . 1 )  C o r o l l a r y  i )  I f  q  i s  a  p - p r i - m a r y  i d e a l  i n  A  t h e n

qB is  pB-pr imary ideal  in  B.

i i )  I f  a=q r /1  . . .  1  gs  i s  a  reduced  p r imary  decompos i t i on

o f  i dea l  aeA  and  p .  a re  the  assoc ia ted  p r ime  idea ls  o f  q ,  ,  t hen

aB=qrB f l  .  . . . 4g=B i s  a  reduced  p r i -mary  decompos i t i on  o f  i dea l  aB  and

p iB  a re  the  assoc ia ted  p r ime  i -dea ls  o f  q .B .  Moreove r ,  i t  ho lds

G"= tr"
The  p roo f  i s  a  consequence  o f  3 .2  i i i )  and  theo rem 13

p . 6 0  t + l -

(3 .2 .2 t  Co ro l l a ry  i i  Eve ry  sa tu ra ted  p r ime  cha in  f rom A

remains a saturated pr ime chain by extension to  B

i i )  E v e r y  I  € S p e c  A  h o l d s  h t  q = 6 1 ( q e ) .
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Proo f  . i )  I f  A  i s  an  i n teg ra l  doma in  and  qcA  i s  a  p r j -me

ideal  wi th  height  one then qB is  a nonzero ideal  wi th  height  1  L,

us ing  theo rem 19  p .1g  l l 3 .  B  be ing  i n teg ra l  doma in  (3 .2  i i ) )we

d .educe  h t (qB)=1 .  consequen t l y ,  t he  sa tu ra ted  p r ime  cha in  (0 )c  q

remains a saturated pr i rne chain by extension to  B.  This  is  suf f ic ient

because a lways we may reduce to th is  case by a base change.

'  
i i )  B  be ing  ca tena r ,  i i )  i s  a  consequence  o f  i ) '

Q . E . D  "

( 3 " 2 . 3 )  C o r o l l a r y  i )  L e t  a € A  b e  a n  i d e a l  a n d  q  3  a  a

e the set

ider the

m-element

Reg B,  whe

A is  regup

f = ) ,  g = ( g r

be generated in  Bn"  by

i i )  P  € R e g  A  i f f  P B e

ideals  of  A such that

P r o o f .  L e t  a =  ( f y , . . .  ,

g  system of  po lynomia ls

h,t

I  t r * = Z u " z '
I  r -  j= l  r - l  J

F : =  t
I

I s
L s z . - 7 v . - r-  " "  j -F1 "  j k - t<

+
E-

G:=  S  -  
Z - -9 t  T : .
k= l

aB - can- qIJ

of prime

fo l lowin

prime ideal of A. Then aAt can be generated' in An by m-elements i f f

S .

re Reg A denot

1 a r .

t . . . , $ t ) .  C o n s

i = l r . . . r s

j = l r . . . r m

where  S ,  u i j  ,V j k  ,  Z j  ,  Tk  a re  va r iab les '  I f  SBqg  i s  genera ted

b y  m - e l e m e n t s  E t r . . . r E * €  A  t h e n  t h e r e . e x i s t  6 r f r , V e  e  s u c h  t h a t

( 4 , € , 0 , i )  i s  a  s o l u t i o n  o f  F  i n  B  a n d  t h e  e q u a t i o n  G ( 3 , T ) = 0  h a s

n o  s o l u t i o n s  i n  B .  B y  ( 2 . 3 )  o r  ( 2 . 6 ) ,  F  h a s  a  s o l u t i o n  ( f r , s , u r v )

i n  A  such  tah t  t he  equa t ion  G(s ,T )=O has  no  so lu t i ons  i n  A '
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Consequent ly 7=(bt ,  .  .  .  rEm) generates

i i )  is  a 
"orr" .qt .nce 

of  i )

a A .- q

a n d  3  . 2 . 2  i f  )

Q . E . D .

a factor ia l  r ing then A is  too.

ideal  wi th  height  one.  Then

o n e  ( 3 . 2  i i ) ,  ( 3 . 2 . 2 )  i i ) )

3 )  i )  i t  r esu l t s  t ha t  q  i s

from the theory

of  natura ls  and

ul t raproduct  o f

be i ts  separate

Using h.ypothesis

Q . E . D .

N o w ,  l e t  x . ,  , . . . r x - € A  b e  a  s y s t e m  o f  p a r a m e t e r s  o f  A .  T h e-  J .  n -

r ing A has a big Cohen-Macaulay module i f  ther.e exists an A-module

E  s u c h  t h a t  * = ( x l r . . . r X n )  i s  a  r e g u l a r  s e q u e n c e  o n  E  t + J .

(3 .3 )  P ropos j - t i on .  Le t  B  be  a  Cohen  A-a1gebra .  Then  A

has a b ig Cohen-Macanlay module i f f  B has one.

Proof  .  As l - { .Hochster  showed [+]  the non-ex is tence of  a

big Cohen-Macarlay module over A is equi-valent with the compatibi l i ty

of  a  system of  po lynomia l  equat ions wi th- in teqra l  coef f ic ients  in

A .  C lea r1y  i t  i s  su f  f  j - c i en t  t o  app ly  (2 .2 )  .

4 .  P roo f  o f  t he  theo rem 2 .3

( 3 . 2 . 4 )  C o r o l L a r y .  I f  B  i s

' P r o o f .  L e t  q c A  b e  a  p r i m e

qB is  s t i l l  .a  pr ime ideal  wi th  height

and  thus  i s  p r i nc ipa l .  App ly ing  (3 .2 .

p r i nc ipa l .

For  the beginning,  we remaind a resul t

o f  r ing u l t raproducts tzJ,  t9 ]  .  Let  lN be the set

D a nonpr j -nc ipa l  u l t ra f i l ter  on 0{ .  Let  A*  be the

A wi th  respect  to  D.  The r i -ng a*  j -s  1oca1r  le t  A,

in  the adj -c  topology g iven by the maximal  ideal .

l lwL 4,b\Lq
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and notat ions of  (2 .2)  r  w€ have the fo l lowing proposi t ion:

( 4 . r 1  p R O p o S r T r o N .  e r t i s  a  C o h e n  A r - a I g e b r a .

Proof .  fn  fact ,  by s t ructure theorem of  noether ian local

complete r ings w,e have een f lxf l  /u , where R is either the f ierd k

or  a d iscrete va luat ion r i -ng of  character is t ic  0 ,  wi th  res idue f ie ld

k ,  a n d  x = ( x t r . . . r X r )  a r e  v a r j - a b r e s . ' L e t  R '  b e  t h e  c o h e n - R  a l g e b r a

wi th res idue f ie ld  Kf3J.  Then B=Rf [ [x ] l  /aR, f* l f  Tr  is  known f9J

rhat Ar=Rr ff,xT /g*, fI x$ ,  Br=Ri  E*U";0 x I  and i t  is  suf f ic ient

to prove that i f  R ---*R, is an unramified extension of discrete

valuat ion r ings such that  the i r  res idue f ie ld  extension is  a  sepa-

rable one, then the morphism Rr.--+Ri has the same property. The

extension R-- -+R'  be ing unrami f ied i t  is  suf f ic ient  to  show that

if  a f ield extension k -+K is separable then the extension k*-+, K*

is  too (here k*  is  the u l t raproduct  o f  the f ie ld  k  wi th  respect  to

the  u l t ra f i l t e r  D ) .  An  a lgeb ra i c  c losed  ex tens ion  L  o f  K  be ing

consj -dered,  i t  is  suf f j -c ient  to  show that  the f ie lds K*,  ( : . * ) /1  /ea nx

a re  l i nea r l y  d i s jo in t  ove r  k *  (Mac -Lane ' s  c r i t e r i on ) ,  where  p=char  ( k )

Le t  o ( r ' . .  . , {E  i n  K*  be  l i nea r l y  i ndependen t  ove r  k *  w i tht r E

f ,  
. i *  i =0 ,  where  a i  €  ( kx )  r /p= (k r lp )  * .  Le r  a .  =  f ( . r r , )  ne  Dr ]  ,

1  / ^
. i r r€  k ' /p  and {= [ t * r r r ln€N] ,  o / r r r€  K ,  where  "  f  J  , ,  means the

equivalence class modulo the relat ion given by the ul t raf i l ter  D. We

obta in  tha t  the  se t  f ,  = [ .e  * l  i  a i . . , / i r ,=0J  €  D.  on  the  o ther  hand'  
i = l  

r r l  r l l  " - " -  '

t h e  s e t  f , ' = J n e  W  I  d i r ,  , . . . d r , ,  a r e  l i n e a r l y  i n d e p e n d e n t  o v e r

1 -
nJ  e  n .  r t  resu l ts  tha t  fo r  every  n  €  tn  ' '  €  D we have u i r ,=O

i = l r . . . r t ,  w h e n c e  a l l  r i  a r e  z e r o ;  t h e r e f o r e  { L r . . . ,  { L  a r e  l i n e a r l y
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independent over k*.

The proof  o f  the theorem 2.3 wi l l

Q . E .  D .

be done in several  steps.

Step

Let

I .  Reduct ion to  the Clse A. ,  -> B. ,

us consider the commutative diagram:

u
_* B

B t

A

I
At

o I

--?

b e
and  suppose  tha t  t he  theo rem 2 .3  i s  t rue  fo r  u r .  Le t  F '  G ' .  l r ds  i n

theorem 2.3 and le t  (Z r i )  be a so lut ion in  B of  the system F such

that  the l inear  system Z a* , -Tr=G+ G,r )  has no so lut ions in  B-  By
k J r a ^ J

hypothesis,  F has a solut ion G, i l  in A, such that the sysdem

Z a .uru=C-  (Zr i )  has  no  so lu t ions  in  Ar .  The r ing  A,  be ing  noethe-
k J ^ r ' J

r ian loca1 complete,  i t  is  an AE-r ing [A] .  Thus the system

1 " -oTk=Gi  
G, i l  has  no  so lu t ions  in  A ,  / ^ "o  fo r  a  su i tab le  c ) I

k  J n r :  J  
-  . 1 I ^ I

(m is the maximal ideal  of  A).  By theorem 2.5 [gtr  there exists

s e t  f , " e o  a n d  f o r  e v e r y  a  €  { c  a  s o r u t i o n  ( z ( d ) , o ( u ) )  f o r  F  i n

such tha t  r (d )=#a ,  y (d )=VA mod mc.  We c la im tha t  fo r  a t  leas t

d  G t "  the  sys tem 
?  " :o to=" j  

(  r (d )  ,y (d )  )  has  no  so lu t ions  in  A .

otherwise, let  t (d)  be a solut ion in A of  the system 
? 

uj :* t t  =

q r r A
= " j (  r ( d )  , y ( d ) ) ,  u  a  

{ .  w e  c o n s i d e r  i n  A ,  t h e  e l e m e n t s  Z , } , i

d e f i n e d  b y  s e q u e n c e s  ( r a ) a . W  ,  ( y a ) d e N  ,  ( t d ) d e N  a s  f o l l o w s :

a

A
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,d ,=r (d)  ,  yu="  (d)  
,  td=t  (d)  

i f  d  , f  
"

have F(E, f )=o ana t  is  a  so lu t j .on for

sut E=2, !=i mod qcA, , and we get 
f

Contrad.ict ion !

Finallyr w€ remark that the

kx"--,ax* is algebraical ly pure because

St"ep 2.  Reduct ion to  the case when At

and 0 otherwise" C1ear ly,

l inear system 
{ 

. jf.rf="j

arotp=c. ([,$l mod mcA, .

t r76

, S  t .
\ z  t Y )  .

res id.ue f ie ld  extension

the extensi-on k .---> K is so.

is a formal power

wi th  character is t icsert-es over a f ie ld  or  a  d iscrete va luat ion rl-

0 .

With notations

tative diagram:

*r [*]J /eR,

of the above stepr w€ consider the conrmu-

Rr [[xli

I
I
J
9 a

I xn -^r B t 'sRi tlxli

t[xs
I
I
,t

=ni I xJI

Ri

we claim that i t  suf f ices to prove the theorem 2.3 in case of

the morphism *, {[Xn --Ri [IxI .

.  L e t  d l r . . . , d s e  R r  I i x X  b e  g e n e r a t o r s  f o r  t h e  i d e a l  a  a n d

consider the systems p*= (rf o*) - l.* 
n' J-

1 -  , t ' ' ' ' ' F ; ) '  
F i ' : t t - i l  t j u i j e  n 1  [ x ' z } f " ' u J

i= l r . . . 7m ana  Z  ! .o to * . . I  a , , v , -=E .  ,  i = l  , . . . rp ,  w r re re  f r ,  ,  A j  ,  5 jn
k = I  J o o k = l K K  J

denote  some l i f t ings  o f  F .  ,G j  ,  . j k  in  R,  t [ x l  .  c lear ly ,  F  has

a soru t ion  (Z , f )  in  B ,  such tha t  the  l inear  sys tem 
{ " : : . to=e , (Z , f )

i s  incompat ib le  in  B ,  i f f  Fx  has  a  so lu t ion  (2 ,  ,y r  ru , )  in  n i  [X ] l

such that  the l inear  system
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Sroro*Z.r t jn=4 (z ' ,v '  )

i ncompat ib le  in  n i  Dx ] l  . 'Tn  th is  wd l r

were looking for.

Step 3.  Reduct ion to  the case when

j = l  , . . . 7 p

may reduce to the case

A=Rl i s  a  f i e ld  o r  a

z
k

l-s

we

discrete valuation ring with charqqlerirl ig 0 ,  t h e svstem G bein

f in i te  but  F perhaps not .

N o w ,  l e t  r = ( F t  t . . .  r F * ) ,  G = ( G r r - .  - r G p )

R ,  E x , z n  [ v J ,  w h e r e  x = ( X ,  , .  - - , x r r ) ,  z = ( 2 1 ' .  '  ' , z M )

Denote

be systems from

,  Y= (Yt ,  .  .  .  , " rn)  .

, . * -  7 ' 7 ,  x q" t- frnon" i F,(

Z  Y .  - x o (
.,(e [.rn ) d'YT=

l

i = l r . . . r 1 ' l

j = r r . . . r N

k = I r . . . r e

and subst i tute z i ,Yj  by z!  ,  Y;  into the systems of  formal power

s e r i e s  F ,  G ,  w h e r e  o ( = ( d t  r . . . , o { r r ) e O l n  ,  x *  = x r {  x t ' n  a n a

l ' ro l  ,  I " i ,nI '  { to, , . l  are countable sets of  var iables '  we get

i = I r . . . r m

j = l r . . . r P

w h e r e  F . O

for every

Rt

rI= Z" T, x"(
K 

.( €o{n 
K'o(

r i  (z*,Y*) = 
;3*u^ 

rr,P xp

cj$*,Y*)= 
fr^fr* 

xP

'  
" ) F '

the number of variables , 
i ,U , 

" j  ,4 
t < €' Uln

P€ o{n
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which real ly appear t .  t r f  or .  in njF t=,  anyway f in i te.  Also the

e lements  t j , .€nr [x I  can  be  wr i t ten  in  the  fo l low ing  fo rmr

t j k =  7  ^  * P  t i k , p €  R t= 
frnln" jk, f  

x!  utk, f  'Rr

clearly, the compati. :bi l i ty of the originar system of equations
+t t6a

F=0 is equivaleriE?ffipatibility of the countable system of equations

( 1 )  u t p  = o

in  a  countable of  var iab les ,L*  ,  
" lu .  

A lso the system

2 a. . , -T. , -=G- is  equiva lent  wi th  the fo l lowing countable system of, t u  
J K K  l

equat ions

L
(2)  Z Z ' -  d- , -  -  T '  ,o . -  =" r ,n  o(€Nn ,  j=Lr .  .  .  rp

k=I f  * f ,  =n lK, f  RrT J tx

' which is l inearlv in T. r..e a r l y  t .  t k r i

I f  (2 , f )  is  a solut j -on of  F in B'=RI t r  xJ ,  and Z,!  have the

f o r m  E = Z i -  X 4 ,  r e s p e c t i v e l y  ! =  Z  y .  x (  t i  - i - = r r . . . , M  a r e- 

"( 

-d'

f rom the maximal ideal of Ri) ,  then (E* rf*) is a sorut ion of (1)

i n  n i  a n d  r e c i p r o c a l l y .  T h e  s y s t e m  
F . j r t r = c ) ( Z , V ) ,  

j = r , . . . r p  i s

incompat ib le  in  B,  i f f  the system

L : _
( 3 )  Z  Z '  a  . -  T -  .  = c  j  * ( E u , i n )  ,  o i e  o t t ,  j = l  r . .  r p

f . = r  f  * f = < * j k f  
- k ' f  - :

i s  j -ncompat ib le  in  n i  and th is  ho lds i f f  there ex isLs a f in i te  sub-

system of  (3)  which is  s t i I I  incompat ib le  in  n i  r  €rs  says the

fol lowing lemrna:
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( 4 . 2 )  L e n u n a .  L e t  F = ( F n ( z i r " j ) r r e N  b e  a  c o u n t a b l e  s y s t e m

o f  fo rma l  power  se r ies  f rom * r .Dz l tY l  ,  z= ( r i ) i au . ,  ,  Y=( " j )  j u^

such that every F' depends only on f inite variables. Then F has

solut ions in  R,  i f f  every i ts  f in iLe subsystem has too.

Blqgl. The system F=0 is equivalent to the countable

system of  congruences:

( 4 ) Frr=0 mod p"Rl c ,  n €  I N

p being a local  parameter in Rr.  Let  t r r .  be a polynom from n[Z rV]

such that Fnrc-=Fn mod Zd with l4 l  > c (  t< l  = |c(r) ,  The system (4)

is equi-valent with the following system of polynomial congruences,:

F- 
"=0 

mod p"Rt  n,c  e lN
I I , C  

-  J .

Z =0 mod pR,

Li f t ing , r r .  to R* we get the system

F .=o 
mod p"R*

I I r

z =o mod pn*

which gives a countable system P of polynomial equations over R* '

wr i t ing congruences as equal i t ies.  BY lemma 2.L7 f ,91 ,  we deduce

that  the compat ib i l i ty  o f  F is  equiv&l .ent  to  the compat ib i l i ty  o f

every f in i te  subsystem of  P.

Q . E . D .  f o r  l e m m a  4 . 2 .
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Step  4 .  f hcompa t ib i l i t v  o f  (2 )  i s  equ iva len t  w i th

cgmpat ib i l i tv  o f  a  f in i te  svstem of  po lvnomia l  equat ions,  which can

be added to F.

The incompat ib i l i ty  o f  (2)  is  equiva lent  to  the incom-

pat ib i l i ty  o f  a  f in i te  system of  the type

by step 3.  Let  r  be the rang of  { la i :< l l  and f  a  nonzera rxr -minor

of  min imal  va luat ion ( i f  n ,  is  not  a  f ie ld) .  There ex is ts  two k inds

o f  i ncompa t ib i l i t y  f o r  (5 ) :

a )  (5 )  i s  i ncompa t ib le  i n  t he  f rac t i on  f i e ld  o f  n i .  Th i s

happens  when  the re  ex j - s t s  a  nonze ro  ( r+1 )  x  ( r+ f  ) -m ino r  H (2 , f )  o f

t h e  m a t r i x  i l . j o l c j  ( Z , i ) l l  .  r , " t  s = o r d .  H ( Z , t ) .  A d d i n g  t o  F  t h e

p o l y n o m i a l s  H ( z , Y ) - p s u ,  u u ' - r  ( U r u '  a r e  n e w  v a r i a b l e s )  ,  w e  s e t t l e

t h i s  c a s e .

b )  (5 )  i s  compa t ib le  i n  t he  f rac t i on  f i e ld  o f  n i  bu t

incompat ib le  in  n i .  Clear ly  (5)  is  equiva lent  wi th  a system of  the

fo l lowing form:

(s)  Z ^ ikrk=Gj (2,Y)

1-
( 6 )  A  r . +  Z  , A r j * j = c f t z , Y )  ,  i = 1 , .  . . 1 t^  j= r+ l

where Ai i  e  n ,  
" t i  

€  R6zJ-  [vJ .  Remark that  A lA i :  (  A has the

mj-n imal  va luat ion)  and thus (6)  is  incompat ib le  i f f  there ex is ts

io  € {  r ,  .  .  . , r }  such ur" tJur l fO)crd.(cfo(2,?)  )  .  Let  s=ord (cT (Z,y)  )  .*o

Adding to F the polynomials

" t o , Z , v ) - p s v  ,  w ' - l
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VrV '  be ing  va r iab les /we  se t t l e  a l so  th i s  case

Af te r  S tep  4 ,  t he  p roo f  o f  (2 .3 )  i s  a  consequence  o f

(4.2)  and of  the fo l lowing lemma ( t f re  case Rt=f ie ld  is  a l ready over)

(4 .3 )  Lemma.  Le t  p< -1  R 'be  an  r - l n ram i f i ed  ex tens j -on  o f

complete discrete valuation ri-ngs of 'eharacteristic 0 such that

the residue f ie ld k '  of  R'  is  a separable extension of  the residue

f ie ld k of  R. Then the fol lowing statements are equivalent:

i )  the morphj -sm u:R _-- -> R'  is  analy t ica l ly  pure.

i i )  u  is  a lgebra ica l ly  pure

i i i )  The res idue f ie ld  morphism k - -> k '  is  a lgebra ica l ly

pure .

fEgg ! .  Us ing  (1 .5 )  i t  i s  enough  to  p rove  i i i ) =? i i ) .  Le t

p= (F t r . . . rFm)  be  a  sys tem o f  po l ynomia l  equa t i ons  f rom n i v ] ,

y = ( y t , . . .  r Y N )  a n d  f  a  s o l u t i o n  o f  F  i n  R ' .  
. " " a  

q  b e  t h e  k e r n e l  o f

the map n fv] R' .  given by P and denote r=ht (q) .

Adding some polynomials to F we may suppose that F generates

q .  R  be ing  o f  cha rac te r i s t i c  ze ro ,  t he  ex tens ion  Q(R) (1 -+Q(R ' )  i s

separable.  By jacobian cr i ter ion,  the matr ix  t$ l  has a r  x  r -minor
D F .  

A L

M, whi -ch is  not  in  q,  le t  us put  M=det  r  ar  Thus' a n ' i ,  j = l  1 . . . 1 Y '

M(?)10 and us i -ng Neron 's  p-desingular izat ion we may suppose that

M(t )  is  inver t ib le  in  R' .  Remark that  f  induces a so lut ion for  the

system

r f f )=0 , M (Y)  .  U= l

i n  k ' .  Then  by  j - i i )  i t  has  one  i n  k .  Thus

that  r (?)=0 mod p and M( i ) fO mod p.  Bv the

t he re  ex i s t s  a  so lu t i on  y  o f  F I  r .  .  .  rF r  i n

I t ,  remains to  show that  Y is  a

the re  ex i s t s  !  6 ' n *such

fmpl ic i t  Funct ion Theorem

R such that y-=! mod P.

solut ion for  the whole
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sys tem F.  Le t  ' f , \ - , .  .  - l1 )=er f l  . . .  n  Qa be  the  reduced pr imary

d e c o m p o s i t i o n o f 1 r E , Q i b e i n g p r i m e i d e a 1 s i n n [ d . A s

q = ( F ) 3  ( r f  , . . . t F r ) ,  q  m u s t  c o n t a i n  a n  i d e a l  q t  ,  l e t  u s  p u t  q c q l '

r t  r e s u l t s  q t R f Y l q = q R f y ] q = ( F 1  , . . . , F r ) R t t n  a n d  w e  g e t  g 1 = 9  .  r f

t= l  then c lear ly  y  tX"  so lu t ion  fo r  the  who le  F .  I f  t> I  then

M € f f i f  ,  where .=.0 Ai  ( r f  b D q+a is a pr ime ideal  which does
r=q

not  conta in  M,  then c :=(R l |Y I t  
,o  " ,  r ) r - l i s  no t  in tegra l  domain"  4
\ r r r " " . r ! ' , . ) ' D \ - _ _ .

This is a contradict ion because the morphism R"--*C is a smooth one) .

Thus there exists an integer d ), I  such that 14d=Mr+M, with MI€ q

a n d  M r €  a .  A s  q ( y ) = o  a n d

F (y )  =q  (y )  =0  because MrQ

pt (y)  l0 i t  resul ts M, (V) l0 .  Consequent ly

Q . E . D .

(4 .5 )  Rematk .  We see  f rom the  p roo f  o f  t heo rem (2 .3 )

that  th is  theorem remains t rue i f  we consider  more " incompat ib le"

systems of  the type Z .3pTt=Gi  Also the coef f ic ients  of  the

above l inear  system can be polynomia ls  f rom n [Zn [V]  and not

only  e lements f rom R.
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