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A VISCOPI,ASIJCcorrsfrTuTlvs HQUATIoN FoR nocKs

N. Cr is tescu

$1 lntroduction

Rocks have long been consid.ered. in nining practice as belng

Ll"near eLastie though it was weLl lcnovrn that mecha"nicaL prop€r*

es of rocks are much more complex ( see OBARI and DUYAI,Ir

iEov a"nd Kssf ozyA [url] , sRJAN0v et at. lrg?ol,
KARTASHov [uz:l , Got]sl{rrH a.nd sACs&rA}'I L}9?31, rAsA and w-

[uKURr flrszo]. rhe rheological properties of rocks are sisn:t-

f,ieant not only within geological- tinre intervaLs but also

wlthin nrueh shorter time intervaLs (aays, months) of interest

in min:lng industry. .

The aim of the present paper is an attempt to establ-ish a

much more precise constj-tutive equation for rocks to be used

in time intervaLs ranging frorn a few mj-nutes (sometines eveh

shorter intervals) to several years. RheologicaL models for

rocksr nainly Linear viscoelastic modeJ-s, were already proposed.

by rrany authors (see the Litera.tr"re aLread.y mentioned). It was

thought however, that roeks are nore complex and. that their

nnechanlcal propertles would. rather be d.escribed. by elastic

vlscopS-astie nonlinear modeLs for both shearing propertiee

as weJ.l as for the volr:me compressibility. A tentative naodel

is proposed based on severaL diagnostlc tests, In the future

addltional" tests of the sa$e kind or oth.er are stil"l" neeessarly

to make precise some of the aspeets mainly quantitative but

also qualitative concerning the model-. $leantime the morlel

rnust be consid.ered to be a flrst approximation pendlng further

experlmental data. Creep propert ies and deformation proces$es

during l .oading were mainly considered as being the ones 
t ' . ,
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lnvolved in nlnlng applications we hafl Ln mtnd. Other mechanic-

aI properties vrere marginal1y discussed.

$2 Standard". _expgJltlnents in eo$pIsrgsrSgn

From the point of view folLoweid b.ere, the reason of 
. 
doing

such experinents was twofoLd, On one hand. these qrg the first

and the simplest tests which ean be dlone ln order to find the

dominant mechanicaL properties of various rocks in quasistatic

conpression. $tandard testtng maehines were used whil"e the

Cyllndrical speeimens were 10 ClI. long arld 5 Cnrl. ln diaraetert

with unconfined lateral surface. In order to look for possible

tine effectsr even these experiments have been done with va-

rlous loading rates, eontrolled with the testing machine'

0n the other hand, the rock response as reveaLed by such

experLments wiLl- be used in order to estl,mate the d.eformation

of tbe specimen during the first period of defo::uration in

cre€p test, i.e. during the period when the testing machine

used in ereep experirUents is J.oaded.. Fr.mther compre$sive

stresses anrd strains are d.efined. as positive; in the experi-

nents d.lseussect here only Bbsitive stresses and strains are

invoLved.

In fig.2.1 three stress-straln curv'es obtaiued in quasi-

static experirnents for dry schist are shovrrn (porosity from 3

to 8g6). she upper eurve (rrrrf dots) corresponds to the Load*

i.ng rate 3o0 kgf c*-2rnin-1 ( Z9+Z N cm-2minll), the middLe one

(triangl-es ) to the loading rate 40 kgf cn-2mirfl (:gZ fq cml2

nin-r ) a3d finalLlt the Lower one ( circles ) to a very smal"l
r r ' | ' ) 1

Loading rate of 1.33 kgf ct'rnin-t (U n cm-'min-* ) . It results

from these curves that the stress-strain relations are non-

J-inear and are dependent on tho loading rate ' This }oading

rate effect is simil-ar with the one reported by maJly authors
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for various rocks ( eee for instance lAIriA and VtlflKURI [f gZAl ,

PSRKINS et af. FOZOI , KtNtySH and TEDER [fgZC{ ). $uccessive

cycles of unloading folLorrred by rel"oad.ing have a*l"so been d.one,

showing signtficant hysteresis Loops amd variation of the

tangent rnodrrLw during both 3-oading and unl-oading. In order to

keep the figure stmp].e only one such Loop has been shown. The

uurloading prod.uced starbing frorn various stages of d.eformation

have pointed out significant pernanent strains, Senerall"y the

pemanent component of the strain is, as order of magnitude,

about one quarter to one thlrcl from the total d.eforuiationn and

therefore it is quite significant.

Tbe ultinate point on vari.ous curves shovm on fig.2,L

coffesponds to the fractr.lre of the specimen. Generally wlth a3r

increased. rate of Loading the stress at failure is higher, but

the correspond.ing strain j.s sna^].Ler. fhe stress at failure de-

temined. with mod.erate rate of loadings (of the order of 40

kgf, cn-2nin-l (:gz tl cm-2min-l)) is invoLved in the mathema-

tieal mod.eL and wiLl- be d.enoted. by 6r. This conventlonally

established. nagnitud.e for O-r wiLl- be considered to be a

typical- constant for the particular kind. of rock under consl-

cleration.

Another remark is that the stress-strain curve obtained.

wtth unconfined l-ateral- surface of the specimen has the cortcav*

ity directed towards the positive straln arcis. Other rocks

however, (sandstone) even ln such kind of experiments possess

stress-strain curves with eul opposlte curvature (directed to-

wards the positive stress axis ) whil"e some other rocks po,$sess

stress-strain curves which are quite lj.near, though highly

sensit ive to the l-oading rate ( l inesi;one).
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$3  Cree  tes ts

The creep tests have been perforrned using specimerxs of the

sizes as mentioned. beforer on which suecessiveLy lncreasi.ng

l-oads (in steps) were appl"ied. The speeimen was first load.ed

with a certain constant stress and the strain was recorded. for

several- d-ays or weeks. Generally at the end. of a finite, well

deterrained. time period, the strain remains constant* -,'iirerr i+:-- --=\,-

became evldent that the strain wilL inerease no more r €rr ad.d.j.-

tional load was applied to the specimen and so olrr Bypical-

stratn-tlne curves obtalned tn such kind. of creeB tests are

shown on f ig.J.3- and f ig.3.2, again for schist.  fhe Last points

shown on these curve$ correspond. to the falLure of the specinen.

Since for the sa:ne type of rock there is a broad range of

strength characterisiies expresseil by various vaLues of the

stress at fai lurer in ord.er to descrlbe the creep test i t  is 
i

more useful to report the variation of the strain to the ratio

feffectru./  6, rather than to the effect ive stress %ff"*t ive.
This ratio wil-l be denoted by A = 6uf t/ 6, and rvilJ. be caLled

loading ratio. Here 6r is obtained. in stand.ard coapressive

tests tuith rned.lum loading rater &s described. above and is a

typical constatt for the rock und"er consideration. the curve

from.f ig.J.L is sholving that at each increase of the loading

ratj,o we get an lnstantaneous increase of the strai.n, followed.

by a s1ow increase of the strain clue to creep.

A very tmportant aspect in the d.eformatlon by creep is the

following. Tf the loading ratlo appli.ed to an unstressed arrd

rrndefonned. specimen ls not surpassing a certain l-imit, then

after several- d.ays or weeks the strain wil-l become constant and

will stay cons-bant no matter horv Long is the time used. to per-

fo:rn the experiment, Let us denote by A* tfr* highest value
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for A for which the defornation by creep will stilL be stable

after a certain finite interval of tlme. fhus for arry A ) 4*

the d.efor-$ation by creep ls expected. to become unstabLe in

the sense that for such load.ing ratio the straln is continuous-

Iy increasing up',to the failure of the speeimen which occurs

after a finite tLme intervaL elapsed. from the moment when the

Load. was appLied. For A ( A" the strain is becomj-ng constarrt

after a certain interval of t ime. For A 14* this t ime in-

tervaJ- is finite and can be d.ete:rninecl accurate].y by experi-

ment. For O - A," it ls quite d.if,flcult to d.ecide if this

time intervaL is flnlte or infinlte. For the purpose of esta-

blishing a modeL further, A" wil"L be chosen so that for arry

A < A* the t ime of stabi l izat ion by ereep be f inl te. [hus
/r

As ts depending on 6egr and E but l"t wil-l be assumed"

that 4* does not d.epend. on initiaL strain nor on the l-oad-i

ing rate. If for certain rocks this assumption eannot be done,

then in'orcler to r.mlqueLy d.efine A" an unique standard. load*

ing rate ts to be used to d.eter"mine A* in all- successj.ve

tests start ing from the state 6 =€= 0 ,

Inverse creep experiments (unl.oadi*S) were also perforrued.

(f ig.3.2) in order to get inforrnat ion concernlng the nature of

various parts of the strain. }t{hen Load"ing was removed practic*

aLLy instantaneousl a part of the strain d.ecreased also lnstan-

taneousl-y. Irurther on the strain continued to decrease slowly

ln ti"rrrer but after a certain period of tine lt does not deerease
'any more. [hus lt was found. that strain can be decomposed. in

three parts3 axr instantgneous reversible one (elast ie) 6*, *

non*instantaneous reversible one (viscoeLastic) €.ru anil finaL-

ly a permanent one €p" rt is i-n,teresting to mention that
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general-Ly the d.eforuation of the specimen obtalned. d.uring the

first stage of deformation, i.e. d.uring the time when the load

is appJ-ied to the machine, contains a significant per:nanent

component. fhts ts obvious if comparison is done between this
'initial 

instantaneous component ,of the straini and €u obtained.

during instarrtaneous unloaiLing. RecalLing the resuLte mention*

ed in $z we come to the concLusion that this initial nemranent

component is of viscoplastic nature.

A urathematical nod.eL to d.oscrlbe the main experimentaLLy

found characteristies presented. above, can be obtained. es

folLows. Ff e f i rst eonsider in the 6 - e plane ( f ig. Z. l)  a do-
ra

raain {/ bounded by three curvesr alL three obtained. by exBe-

ri-naents. curve c. ls the boundary of stabil-ization by creepi

points on thls bound"ary are the points of naximum strain which

can be reached with various stresses (relatively smaLl.) auring

creep tests. The experlmental data used. to ctetermine Co suggest

that this boundarXr has an horizontaL asymptote 6 = & a cotrst.,

and therefore the stresses tnvolved. in the experiments deter-

ninlng Co d.o not surpass the stress corresponding to this

asSrnoptote. If such art as1rmptote does not exist then g = a is

the uLttmate stress ettl.L prod.ucing a stabil-izatj.on of defor-

mation by creep. Curve Ca ls the curve of instantaneous res-

ponse of the rockl i .€. this would be the response of the rock

if the fastest (from the potnt of view of the kind of experi-

ments under considerat ion) possible Loading is appl ied to the.

speclmen. iror Lnstance if creep behavlour is to be clescribed.,

then a fast loading obtained with a stanitard testing nachlne

would. be such a fast l-oading, generaLly much faster than the

one whieh could be obtained when a creep machine is J.oaded".
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Finally the last curve C" is the boundary where the fracture

of the specimen ts prod.ucecl. These three eurves are bounding
n

the il"omaln X) of al,L posstble stress-straln states whieh can

be reacb.ed. in l-oading proeesses by creep tests. we observe

here that for stresses in the neighbourhood. of the g = a

both curves c" a^nd C* are difficult to be found by experiments

since verT long tirne interval"s are necessary. lfherefore it is

not certain that the two curves c* and o" have a certain eom-

mon horizontaL asymptote but the experimentaL d.ata we used.

wouLd. rather suggest tbis tclea. The experimentaL data for

concrete obtained by RUscH lrggo] wouLd also rather suggest

this i.clea.

He consid.er now the general forrn of the constitutive equa-

tion (tnttratly proposed for metals by cRrsrEscu [rlell )

€ =  ( *  .  r (  € , 6 ,  s s ' n & ) ) A  .  V (  € , 6 ) ( 3 . r )

with

F(L,q ug,o&1 = Io( t '6)
I

L o

i.f

( 3 , 2 )

t
where Q (tr6) describes the ttfast* or *instantaneous* proper-

tLes of the rock and. is a non-negatlve function of elass cl. on

o{ € , o \ .< 6

ties of the rock (creep, reLaxation). E is an elastic rnod.rrl.us

deterrnined. in 'rfast[ quasistatic l-oading tests. We reca]-L that

for rocks E detenmined. in quasistatis loading tests is d.epen-

dent on the loading rate. Here E = const. is defined by co$vor-

tlonal-l"y choosing a certain trfasttf loading rate for the machj.ne,

In the rnodel hotnreverr the cases when S d.epends on the stress

states can aLso be considered., i f  necessary. fhe dots above

if

e 2
t

o <
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the Letters in forrnulas above mean time dorivatLve. It w11-l-

be assumecl that strains and rotations are smalJ-. [he ttinstan-

tarteoustf response of the rock starting fron the state t = C =0

wiLL be approxirnateil W a curve

^ b
L=  d  (S i  ( 1 .3 )

"o

wtth d,>0 and / > 0 dlnensLonless characteristic constants

of that particular rock and. Eo= const. a particuLar vaLue of

n, for instance the vaLue of E obtained in dynamic tests (ny

].ow ampLltud.e wave propagation). Shen function Q terSl wilL

be defined. as

Q te,o I
p - I (A

V t e , 6 ) e  x /  .=dp,fr, l-- 8 , ( 3 . + )

experiments

curve of

C c .  I n

(  € , 6 =

The coeffieient functlon f{f te ,Si is found. by
^ I ^

so that \f (tr6-) = 0 would be the equation of the
-

etabi l izat ion by creepl i .€. the equation of curve

other words it wil]. be assumed. that exists a curve

6 cG)) €X) with the propert ies

r[ te,o I i f  6 c ( € )  < C

i r  C " ( e )  > F ,
(  3 . 1 )

{rte ,al = o

$ince the S.oadings surpassing a certain Limit $ = a prod"uce

an unstab1e deforrnation by creep (i.e. finaLly produclng frac*

ture ), the equation of the boirndary C* was chosen in the form

6 = " [ r : e x p ( - t e ) ] ( 3 . 0 )

where b > O is a dlmensionless constant, whil-e 6 - a is the

highest value of the stress stil l prod"ueing stabilization of

the deformatlon by creep. This criterion to choose the valuo
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of a is ensuring, but a slight higher val"ue for a caa also be

usect if necessary in speelfic appltcations

$lnce even for a certain kind of roclc one can find dlstinct

categories of mechanica3- properties whtcll can be rouglrly cha-

racterized. by the conventional-ly defined. fracture resistance

6r i.t is more convenient to introcluce in (3.6) tfre maxinal__,,--=-___

loading ratio A"

u =  A " c t

whlch would stilI. prod"uce a stable creep, whiLe

ed. with standard. testing machines, Now (3.?) can

r
E = A* Lr  -  exp(-b t ) ]  .

General-Ly the coefficient b is also souehow depenclent on 6"

tnrt lt is of J-esser importance for the discussion which foLl-ows.

$ometines it is useful to deteraine the bor:ndary of stabili- '

zatipn by creep using tests interraediate between creep tests

and standlard'tests. These are the tests in which continuousLy

lncreasing 3-oading is appLied but with a very snaJ-L 3.oading

rate. Let us assume that

6 = 6 r f ( t )

6 r
be

( : . t )

le obtain-

written as
l

(  3 . 8 )

( 3 . 9 )

Ls tho.stress-strain curve obtained with such a proceilure. It

wa,s found that this eurve is cJ.ose to the creep stabilization

curve and sometimes even slightLy Lower than the later oner

then (3.9) can wel l  be used for the creep stabi l izat ion boun-

dary. For me,ny rocks (3.9) ean be weLl approximated by a,

stralght l"ine

[ = n € o
-r

( 3 . r 0 )



{J

entering the consti-Ihus

tutive

the coef f ici ent function Y( e, e )

equation was chosen in the form

(

I- -------_-------- 
V(a,S) = J

r t

\

with

used )

t t  -  exp( -os{ (3 . r r1

m ) 0  a

or J.n th

(

I
I, 6 ) = 1

t
*tr

" [ t  
exp(-b e ) ]

le r

C

"A

'the

-g

\ t

furt

.i-
- > 6

5

f  WIa -6 rh r lI
rfit t,6) = 

i
l .  o  i f  o - (

constant

e fomr

w[." - ' )  i r

(  3 . r z )

i r  o (  o ( f i "n " f t  * *p ( - rs ) ]  ,

or various other foms ( see CRISfBSCU end

FinaL3-y if the stabiLization bor.mdariy is

(3 .? )  we  can  wr i te

6 >Qnr

(  3 , 1 3 )

tr < 6"tr€

or again anotlr.er varj-ant carr be used. In these formulas since

g/k(A) can be considered. to be a ' rv iscosi ty coeff ic ient t f  of

the rock ln creep tests, k(6) is in fact governing the variable

value of  th is coeff ic ient .  To keep the noodeL simpLe here i t

wi1l" be assumed. that k depend.s on stress alone.

Therefore the mathematlcal model to describe the slow cl.efor*

mat lon of  rocks is fu3-3-y deterrnined. in the forrn (3.1).  fhe

1f

s(P lo - r"A. ['
S > r"4u

o  i f  o - <  6 ( f i " a " [ t - e x p ( - i e l ]  ,

only the val.ue m=L will_ be

4-[t  -  exp(-bst

with n = eonst . ,

sutrcru [roze] ).
taken in the form
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viscosity coefflcient can be determined. by measuring the

straJ.n at various times during creep tests and uslng the con-

stltutive equation. It wiLL be given ln ?oise.

lBhe numerical coefficients were d"etermined for several

rocks. For instance for schist severa.l cLasses of strength

eharacterized. by the stress at fracture 6" vrere d.etcinrined.

For one of these cl-asses stresses up to 6* 300 ksf 
"*-2 

(zgqz

N **-2) are stiLL producing a stable ereep while stresses

above this vaLue'do not. $inee for this kind of roeks the

mean val-ue for 6" is 6"= 500 kgf cm-2(4903 N cg-?) ft yiel-ds

A* = 0.6 and further a = 300 kef 
"*-2(zg+z 

n 
"*-2) 

ana b =

300. using formul"a (3.t) with (3.tt) and. m = r- we earr find. a

mean value for k from ereep tests. senerally for such rock k

ls of the ord,er of magnltud.e o.2 - 0.0? d-l  (a stands for

Itdayrr) and it ls smaller for higher applted stress. This wil-l

inply for the"viscosity eoefficientt' Ek-l in such kind of

creep tests with finaL eonstant strainr &r order of magnitude

or 1012 ?olse. Even for stationarT creep we have found. a visco-

sity coefficient of the sarile ord.er of nagnitude. This is e. y&*

J.ue smal-l-er than 1ol?- Lol8 poise reported by Mfiffi}ilov et al.

for stat ionary creep of argiS-Laeeous scbist (see rfyALOV lfgfg]).
v0r,Aa0vrrcH [urZl reports for granite r gabbro and ].isrestone

tested et rates of strains of the order io-a- L0-8 *u*-1 r*-

Lues for the viscosity coefficient 1n the range Lo12- L014

?oise, i 'e. of the sarne ord.er of nnaggrltude as found. in our

experiments. r f  fortsula (3.t3) is used in conjunct ion with

(3.t)  we obtaln h = 69.3 arrd. further k is somewhere between

0.2 d.-1 and 0.09 d-1' fhus curve c" is detemrine& by both ap-

proaehes. I'ronn tests performed. with standard tostins machines
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It yiel-ds for the other eonstants approximatel-y the values

E =  L5?r000  kg f ,  . * -2  ( r rO3?r?69  N  , * -2 ) ,  (=  4 ,2  ana  p=  ! .2

and. therefore the eurv6 Cd is also detemined. lhus the consti-

tut ive equation (3.t)  is fulLy deterurined.

In a sinllar way nunerical- coefficients to be used in the

constitutive equatlons of the for.n (3.1) were determined for

severaL sther rocke (rock salt: BAR0NCEA et aI. [rOzZ], doLo-

mite, f- imestone, sandstone, gpaiss etc.).  Sorae of these coeff i -

eients vary significarrtLy frori one rock to another, and. Fottro;

tines even within the sane kind of rocks. trtrom aLL these coef-

ficients the eLastic moclulus E ts the one which varies; the

most from one kind of'rock to another. fhe order of rnagnitud.e

for the other coefficients is not changing too much when pass-

i,ng from one rock to other.

Final3-y the third cunre C" necessary to fu1ly define the,

boundpry of the d.omain & is detemined experimental-ly using

both standarcl- testing machines (ana various loading rates) and

creep tests (wlth various loading stresses). It was found. that

for higher stresses and/or higher rates of Loadings the strain

at fracture is small"er. 0n the other hand the fracture points

dete:rrined by stand.ard testing machines are furnishing higher

strains (for the sa$e etress) tfran those furnished by creep

tests. Curve C" in conjr:netion witlr the constitutive l"aw (3.f )

is of great lmportance for practical. applications &s for {$-

stance the prediction of the faiLure of a.n und"ergroud struc.*

ture etc .
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$4 v,.91$Ing_egmFep sili lily

It ts wel]- lcnown that in what concerns the volune compress-

lbi l i ty the rocks (and sol ls) have quite dist lnct propert ies

from oblrer :r:aterials, as for instance metalsr in the sense

that volume is eompresslbLe and tbis compresslbility is ps.rt-

ial}y pernanent (vOf,gnovITCH et aJ. [rgf+] r I'E\rllIT:N errd VAVAKIN

[rora], \nrAr,ov [rsza], srnpnnt{s et aL.Fg?o]).

In orcler to inveetigate the voLume compressibility of va*

rious rocks a special, device was mad.e. (Variants of sueh kind

of devices are described" for instance by V0IARO\|-IICH et 41.

[19?41 and STE?HENS et a1. [rgfOl ). smal1 rock sanples , 2o rrur.

l.n dia.neter and about the sa$e height were compressed. with a

plston inside a thick waLled hard steeL cylinder. Thus these

are experiments with confined lateraL surface. The dianeter of

the cyl-i-nder was only slightl-y larger than that of the speclmen.

the l.ateral surface of the specimen was l-ubricated.. fhe piston

was compressed. either by a standard testing machine or by a

dead-we3-ght loading machine. General).y due to very high forces

lnvo1-ved., the whoLe clerrice, though made by high strength steeJ-t

w1L1. d.eforxr. It is expeeted" that narry experimental- errors ma$

be invoLved, and not al.L of these are fuL1y estj-mated. there-

fore the resul'Ls obt'ained untiLl now are considered to be ten-

tatj )*j i,E. indicating qualitativeLy some properties of the

rock onLy. In all experiraents onLy a single continuous l-oading

fol-l-owed by a single trnl-oading were done. f he constitutive

equation proposed ts thought to describe the materiaL response

ln such experiments.

An estimation concennin$ the stresses and d.isplacement

fields involvecl was done assuring l.lnear el-asticity for the
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rock specimen. TJe use cyLlnd.r icaL coord. inates rr0 t  zs the 0s

axLs coinciding with the specimen sSrrametry axls. Let us denote

by 6, ttre appLied axial etress at the upper end. z = .{. of the

specimen, W T the frictional stress at the l-ateral surface

f * R of the specimen (which wilL be assumed" to be constant,

1..€r inclependent on % and g ), arnil by ! the height of the

specimen. Assuroing axiaL symuretry, that the surface f = R of

the steeJ- cylinder is deforrning neg}igible a^nd that at the

botton of the speci-nnen, el z = A and r = R the d.isplacement

is uef,o, it is easy to show that the mean stress (pressure)

can be expressed" as

( 4 . 1  )

where t is the ?oissonr s ratio.. From this forrnul-a it yields

that if the lateraL friction is s&all- ( G' srnall) r if the ra-

dius of the specimen is relatively big'whi1e its Length is

rel-ativel-y smalJ", and. if t is not too far from 0.5 then tbe

mean stress is not too dif ferent from 61, Fornrula (4.L) was

used onLy to get a $uggestion for the sizes of the specimen to

be used. Seneral.ly the friction forces are significant since

even after un}oading a significant force (of the order of se-

veral tons)'was necessarXr to push out the specimen from the

cyl inder,

Shus in this series of experiments a relationship between

the axial stress 6l and the axial- strain €n was established.

Both quantities were measured. Ehe oth.er components of the

strain were consldered to be small in a first approximationt

i .€. €L= ,3€ where €- is the mean straln. $uch relat ionships

are anyway suggesting (at least ciualitatively) tfre l-aws of

a = t * + [ o r *+({ - , ,1

lijA 4la\1,10
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voLume compressibility for rocks in confined experiments.

|lo give an exarnpl-e on fig.4.3. are represented. the curves

% 
- t, obtained for schist with two loading rates (+ ton/nin

and L ton/nin); the unLoading was clone with the sarne rate. It.

was always forurd that the volune compressibiJ-ity of various

rocks is rate sensitive mainS"y durlng load.ing but arso during

unloading and that lnportant cornponent of the voJ.r.lru.e strain J.s

present. fhe magnitude of the pennanent volume strain ls aLso

hlghly d.epend ent on the loading rate i when the Loadlng rate is

btgber then at the sane stress the peruanent volume stra.in is

snnal-ler. Both Loading and ur:Loading curves are nonlinear with

concavity dlrectecl toward.s the 6t axis, [he pennanent compress-

ibility of the voLume was checked. also by measurlng the size

of the spectmen after the test arrcl al.so by density measurements.

A few preliroinary tests have been perfor.ned. also to check if

a creep in volume compressibi l i ty is not possi-ble. For ' this

purpose the machine vras stopped at various l-evel"s of the appLied

stress and. further this stress was kept constant or a'dead

weight machine was used. It was found that volume strain was

increasing though the appl-ied stress was kept constant. Tho

process was a transitory one and after a few minutes or tents

of minutss the volume straln beearne constant'and, remained" so

(see the smal- l  steps on f ig.4.1 as wel l  as the smaLL horlzontal

pLateau:c at the top of these curves).
a -

A mathematicaJ- mod.eL for the voLume compressibil"ity can be

estabLished. fol}owing the sa$e proeedure as above by making

the f ol"lowing assumptions ( see f :,g.4.2 ) . It wil-L be assumed.

that there j.s a ltmit voLume straln frr which cannot be sur-

passed no matter hol big is the appLied pressure (locktng
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model). If 6 is the plessure and L the mean strain, then it

wiLL be assumed. further that by naking experi-urents with the

Lowest loadtng rate of interest for the kind of experiments

we have in mind r w€ find a creep-stabtl-ization boundary fcr

the voLume compressibil"lty. lhe equation of such a boundary

ea^n be wrltten for instance as

€ * g* 
[t 

- exp(- ( 4 . 2  )

where 6o ) 0 is a constant of the materiaL.
_:- ---____

The previous assuunption was macle a]-so in conjunction .with

another klnd of experiment in which the salne ctevice wa$ lrs€d

but the loading vuas applied with a dead-weight machine. llhis

t ine the l .oad is appLied j .n successive steps. The pressure*

volume strain eurve which resuLts ls step-wise l-ooking. A

typical such curve shoqrn on fig.4.2 remind.s the Liasson-Savart

(or ?ortvin-L,e ChateLier) phenomerrorlr Generally at eaeh addi-

tional- Loading we get an I ' instantaneousfr increase of the press*

ure and. of the voLune-strain, foLl-owed by a period. dn whj.ch

voLume-straln continues to increase und.er constant pressure.

The disadvantage of the experiments d.one with the dead-weight

machine ls that the rn*cimum pressure which can be reached. is

. smal.l-er then in experiments uslng a sta:rdard testing machj.ne

(in our experirnents we v,'ere unabLe to surpass about 4 kbar

w i th  these mach ines) .

fhe bounrlary (4.2) fs thought to have dtstinct properti"es

than {;lre bounclartr Cu cliscusseil in the previous paragraphi i.Q.
\ / ----starting from V (erO) E Dt by any process with constant or

d.ecres.sing pressure the boundary (4.2) will be reached in nn

i.nfinite or finite tine j.nterval- respectivel-y.

6 J
q,J



Another asswnption mad.e ls that by making the fastest pos-

sibl.e test from the set of experiments we have in nind we get

an ftinstantaneousrf response fon voLume compressibillty. which

may be expressecl for instance as

J"f the

states.

0 < 6  ,

t =  g ( 6

experi.ments starb f,rom zero stress and

Here g(6) is a non-negetive functlon

o

r ,-' 
-l

e" [1  -  exp ( -  ] t j  <  S  1 tn ,  f r )o
"o -J

(  4 . 3 )

z,ero strain

of cra.g:-d=-o-rr==-=--

domain

6 - )o

and donain D, is

s(6) < a "' t  l
% /  J  '

which can be reached in Loadlng processes when stress is in* 
i

creasing. $ome points in D, can be reached. during unloading

(decreasing stress) whi le others as for instance those in the

neigbbourhood of t = t 99 r 6-= O ca::not be reached by any cor-

ceivabJ.e experiment. ?ower functions seem to be sultable for

severa l  rocke to  be used in  (4 .3) .  In  par t ieuLar  (4 .3)  can be

a stralght line.

In orfler to flescribe the volune compresslbillty a rate type

eonstitutive equation of the form

Points belonging to D, are possible strain-stress states

€ * [t*to . r(e,6, +  P ( e , t )" * & l ] o
used.. The instanta.neou.s properties in loadlng are

6  > . o

6 4 , 0

( 4 . a  )

t  ef ined1s

by

l'{ 
rr,"t

t 0
f  ( t ,6 ,  s i .gro)= ( + . 5  )
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where

Ve,o)=%P-T*TFr Vta,o) € n, ( a . e )

and K(O-) is the variabLe modul"us ln unLoading. In a first ap*

proximatlon one can assum.e K = const.

Fr.r:rction P(erA) d.escrlbing the siow defornation of the

ve}lrrq (_glu*p) is d.eflned by

(  - ^ f  ̂  F -  - 1  I  t  6 _ . l

I 1 le*[r - exp(- qil - €i , t< &[r - exp(- g,i

VE,sl  *  |  (+,r)'  
I  r  r r l
t  o  ,  e ) € o [ r - e x p ( - q , J

where n is a volume viscosity coefficient, whieh in a first

approximation will be consldered. to be constant and. is gi-ven

tn  sec - l  (o r  (aay ) -1 ) .

$laking the rough assumptlon that 6 and 6l are of the sane

ord"er of magnitude the constants involved" in (4.4 ) can be de*

terml.ned. by the tests mentioned. fhus for sehist approximate

values ave €x*  CI .0108,  6o= 4000 kgf  cm-2 ( lgeZg N.*-2) ,

,1,= 43 d.-1. For natural chalk which is a soft roelc with 6r=

45 kgf co,-2 (q+f N erl-Z) and. inltiaL density g * L.6? g cm:3

we ge t  t . *  0 .0?  ,6o=  550  ke f  c {2  ( : : g+  N  cm*Z)  and  , l *
.|

,.U? + f..0? d-*. The value of ,l was d.eterruined from several-

tents of tests (of horizontal plateaux at various ].evel-s of

stresses ) . General3.y it was found. that tl is qulte eonstant.

$ince a smaJ-l number of experiments were used. to deterroine

these constants, the values given must be consJ.cl.ered onl"y as

ind"icative ponding further experimentaL data.



x+
$5 C.glr-cL$s.ions

It was shortun how wlth several diagnostic tests one ca3 d.e-

te:rnine eLastic vlseopS-astic constltutive equations for roci}----

to be used. ln one-dimensionaJ. compressive loadings and in the -'- --

eCImpressibiLity of the vol-ume. A three-dimensionefl generaliza*

tLon of the mod.el- based. on these one*dimensional. modeLs a:

not yet possible slnee experimeats which wot:-ic-"erruiltfr* 
-===-=-

relatlonshlp between shearing properties and" voLurne variation

(aitatancy) are stij-l necessarXr. Certainl-y that even experi-

nents of the kinil discussed. are further necessarTr to ma,lee

precise many detaiLs 1n the mod"el (raain]"y more exact values

of the constants fnvoLved. etc. ).
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