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H THE PROPBRTY CF
@

G . P f i s t e r  a n d  D . p o p e s c u

Let  (A ,m;  be  a  loca l -  noether ian  r ing  (a r1  the  r ings  are

s u p p o s e d  t o  b e  c o m m u t a t i v e  w i t h  i d e n t i t y ) .  A  i s  c a l t e d  a  r i n g

wi th  the  proper ty  o f  approx imat ion  (shor t l y  Re l l )  i r  the  fo1-

lowing holds (cr .  [+]  ,  [ rO] )  t

"  L e t  r = ( f l r . ! . r f * )  b e  a n  a r b i t r a r y  s y s t e m  o f  p o l y n o m i a l s

i n  s o m e  v a r i a b l e s  y = ( y l r . . . r y N )  w i t h  c o e f f i c i e n t s  i n  A .  f h e n

e v e r y  s o l u t i o n  J  o f  f  i n  f  ( f ,  o e n o t e s  t h e  c o m p l e t i o n  o f  A )

can be  we l ]  approx imated in  the  q-ad ic  topo logy)  by  a  so lu t ion .

o f  f  i n  A ,  i . e .  f o r  e v e r y  p o s i t i v e  i n t e g e r  e  t h e r e  e x i s t s  a

so l -u t ion  y  o f  f  in  A  such tha t  y= f  mod *uA ' :  c1ear1y ,  the  noe-

ther ian  loca l -  comple te  r ings  are  t r i v ia l  examples  o f  AE- r ingso

l ' {o re  genera l r  w€ ca l l  an  ex tens ion  o f  r ings  A"+B a lgebra ica} ly

pure  i f  every  sys tem o f  po lynomia ls  w i th  coef f i c ien ts  in  A  has

a  s o l u t i o n  i n  B  i f f  i t  h a s  o n e  i n  A  ( c f  [ f e ]  ) .  I t  i s  e a s y  t o

see tha t .A€AE i f f  the  ex tens ion  A. -+ f  i s  a rgebra ica l l y  pure .

Which r ings wi th the propert ; r  of  approxinat ion do we know?

f - )  Le t  R be  a  f ie ld  o r  an  exce l - len t  hense l ian  d isc re te  va-

lua t ion  r ing ,  then the  r ing  o f  a lgebra ic  power  ser ies

n ( r ) , T =  ( T 1  , .  . .  , T r . )  ,  i - . e  t h e  h e n s e l i z a t i o n  o f  R [ r )  
1 1 1  ,  i s  a n

AE-r ing  as  l i l .A r t in  p roved (c f  .  t4 l  ) .  The ease n=0 was a l ready

inves t iga fed  by  t r , t "J  "GreenUerg  [5 j  .

2 )  L e t  R  b e  a  v a l u e d  f i e l d  o f  c h a r a c t e r i s t i c  O ,  o r

p le te  va l -ued f ie ld  in  charac ter is t ie  p )Or  then the  r ing

a com-

ntr] '
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T = ( T 1 1 . . . 1 T " ) o f c o n v e r g e n t p o w e r s e r i e s w i t h c o e f f i c i e n t s i n

R  i s  an  Ax=r ing r  os  M.Ar t i n ,  M .Andrd  and  -o the rs  p roved  (see

llf ,[u , lril , [zJ , [g]l '

i l A o n e d i r r e n s i o n a l l o c a l , n o e t h e r i a n r , f € d u e e d r i n g i s

an AE- r ing  i f f  i t  i s  hense l ian  and un iversa l l v  japanese

( t h i s  i s  a n  e a s y  c o n s e q u e n c e  o f  R . E l k i k ' s  t h e o r e m i g i  )  '

4 )  A  two d imens iona l  loca l  regu la r  r ing  is  an  AE- r ing  i f f

i t  i s  hense l ian  and un iversa l l y  japanese (c r  [q  ,  [ r l ]  ) ,  (conver -

sely af1 AE-r ings are hensel ian and universal ly japanese [4i  '  [8]) '

Remark that in al l -  these examples of  AE-r ings wi th dimen-

s ion  225 the  lVe ie rs t rass  Prepara t i -on  Theorem ho lds '

In  [A  r  M.Ar t in  pu t  the  fo l low ing  ques t ion :

i ) L e t R b e a c o m p 1 e t e d i s c r e t e v a 1 u a t i o n r i n g a n d

X = ( X t r . . .  r X r r )  ,  r = ( T t 1 ' ' " , T r )  s o m e  v a r i a b l e s '

Does A:=Rl ixna  f )have the  proper ty  o f  approx imat ion?

t n [ A J ,  a  p o s i t i v e  a n s w e r  t o  i )  i s  g i v e n '  b u t  t h e  p r o o f  i s

wrong. \ l le see that fcr  A the $leierstrass Preparat ion Theorem does

n o t  h o l d ,  i f  n r s ) 1 .  A  h a s  a l s o  n o t  " e n o u g h "  a u t o m o r p h i s m s t  i ' € '

a  fo rmal -  power  ser i " t  #  0  rnod p  (  p  denotes  a  loca l  parsmeter

in  R)  cannot  be  regu la r ized  by  an  au tomorph isn  o f  A  (as  i t

'a
h a p p e n s . i n  t ) .  T h e s e  f a c t s  m a k e  i )  d i f f i c u l t .  H o w e v e r  t h e  e a s e

n=O o f  i )  i s  a l ready  known (see 1)  )  and c lear ly  i t  i s  enough

to  prove i )  fo r  sa :L  Fnd a l l  n71 '

A  pos i t i ve  answer  o f  i )  wou ld  g ive  some in te res t ing  exam-

ples of  AE-r ings in dinensiora l  but  f i rst  of  a l l  i t  would

y i e l d  s o m e  n i c e  a p p l i c a t i o n s ' i n  d e f o r m a t i o n  t h e o r y ,  b a s e d  o n

the  fo l low ing  consequenee o f  i ) ;

, r  T , e t  K  b e  a  f i e l d  a n d  f = ( f ' , . . . r f m )  a r u  a r b i t r a r y  s f s t e n

of  po lynomia ls  w i th  eoef f i c ien ts  in  f (X) r ,  X=(XI ,  "  'Xs) '  Suppose
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f  has  a  f o rma l  so l u t i on  f= ( f 1 , . . . , fN )  such  t ha t  V1e  f 6X r , . . ,X *p ,
where the.  naturar  numbers oi  sat is fy Knt( . . . (n*(n.  Then y can
be welL approxinated by sor-ut ions of  f  in r(X)naving the same

p r o p e r t y  " .

For  K  be ing  an  a lgebra ica l l y  c losed f ie ld  the  ab ,ove  resu l t  was

a l ready  ob ta ined by  T"Mostowsk i lq ius ing  some o ther  methods .

T h e  a i m  o f  t h i s  p a p e r  i s  t o  s h o w  t h a t  R D x l ( t ) , n , s a I  i s

an  AE- r ing  fo r  an  arb i t ra ry  cornp le te  d isc re te  va lua t ion  r i .ng

R.  Th is  g ives  us  many i ra te res t ing  examples  o f  AE- r ings  in  d imen-

s ion  1 ;  r .e t  A  be  a  two d imens iona l  AE- r ing  wh ich  is  supposed to

be a  domain  in  unequa l  charac ter is t ie  case or  a rb i t ra ry  in  equa l

charac ter is t ie  case,  then .q ( t )  i s  a lso  an  AE- r ing .

$  1 .

( f . 1 )  T b e o r e m .  L e t  ( A , m )  u e  a n  o n e  d i n e n s i - o n a l  l o c a l  n o e t h e r i a n

r ingr  Ihen A is  an  AE- r ing  i f f  A  i s  hense l ian  and un iversa l l y

j  apane se .

I h e  p r o o f  i s  g i v e n  i n  s e c t i o n  2 .

( 1 . 2 )  R e m a r k . . T h e  e q u i v a l e n c e  s t a t e d  b y  ( 1 . 1 )  d o e s  n o t  h o l d  f o r

t h r e e  d i - m e n s i o n a l  l o c a l  r i n g s .  J n d e e d ,  i f  w e  c o n s i d e r  A  t o  b e

t h e  h e n s e l i z a t i o n  o f  t h e  r i n g  R  c o n s t r u c t e d  b y  C .  R o t t h a u s  ( s e e

S r tr+]), then A/a" A is an integral domain uut tz.r. f  is not (see

$ 4  P4J) .  Thus  A is  no t  an  AE- r ing  (seefe l  ) .

Let  R be  a  compl "e te  d isc re te  va lua t ion  r ing  and x ,T  some

v a r i a b L e s .

rox imat i  on

( I , 7 )  f n e o r e m"  R [XI(r> is  an AE-r ing.
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fhe proof  is  g iven in  sect ion ] .

( 1 . 4 )  C o r o l l a r y . ,  T f  A  i s  a

supposed to  be  an  in tegra l

case,  then A( t )  i s  AE- r ing

of  the  loca l  r ing  AI I I  (T ) )  "

two dim.ensional  AE-r ing which is

domain  in  unequa l  charac ter is t i c

too  (A(T> denotes  the  hense l iza t ion

Proof .  F i rs t  we cons ider  the  case in  wh ich  A is  a  ldca l

comple te  r ing .  Then,  by  the  Cohen St ruc ture  fheorem,  A  is  a  f i -

n i te  ex tens ion  o f  a  loca1 comple te  regu la r  r ing  B o f  d inens ion

t w o .

from [gJ I .

Now, i f  A

By (1.1) ,  B T is  an Af l - r ing and thus l ( t )  is  a lso A[ - r ing,

s ince  i t  i s  a  f in i te  ex tens ion  o f  e (T)  (app ly  (1 .2 )  chapter  I f

i s  an  AE- r inB,  then the  morph isn  Ac->A is  a lge-

braical ly pure. Thus the norphism e(T).-*t tr f . t  i t  st iLl  algebrai-

ca1ly  pure by coro l lary  1 .12 [ fZ ] .  As f { f>  is l  an AE-r ing (see

above), the rnorphi"* f ,<f>.-*t- t t f$ is st i l1 algebraical ly pure.

Consequently, A(T>.--* i  ITX is slgebraical ly pure and thus A(T>

is  an  AE- r ing .  
e .E .D .

A is  a  two d imens iona l  noether ian  loca11y

more general  an AE-domain),  then A(f)  is

i s  a l s o  f a c t o r i a l . .

By (1.4)  Acf )  is  an 1g-r ing and i t  is  enough to

chapter V [9J .

( 1 . 5  )  C o r o ' l l a r y .  I f

cornplete donain (or

fac to r ia l  i f f  A I ITn

Proof .

apprY ( ,  .7  )

( 1 . 6 )  R e m a r k "  I f  A  i s  a  t w o  d i m e n s i o n a l AE-ring whieh is supposed
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to  b ;e  domain  in  unequa l  charac ter is t i c  ease,  then the  fo l low ing

s t a t e m e n t s  h o l d :

1) Every pr ime ideal-  qcA<T) ext ,ends to a pr ime ideal

qAlr TJI o

l-ar

2)  A pr ine ideal  qcA(T)  is  regular  i f f  qA{ f fn  is ,  a  regu-
p r i n e  i d e a L .

5j  Every pr innary decomposi t ion of  an idear-  gcA<T> ,
g=qf  " f lgs  hav ing p i=oE as assoc iated pr ime ideals ,  extends to
a pr inary  decomposi t ion gA I  r I  =  e I  a  I r ] r l  . .  $  qsA[  T$ hav ing
piAf i r$  =Ql [ [ ]  as assoc iated pr ime idealso

4) a(D is an univereal ly catenary r ing.

( 1 ' B )  T h e o r e m r  L e t  K  b e  a  f i e l d  a n d  x  r z r T  v a r i a b l e s ,  t h e n

e=a IYJ / fr) 
be an A-alqebra

set  o f  p r ine  ideaLs  qespee

f (DEXTZT,  i s  an  AD: : . r ing .  f f  K  i s  a  va lued f ie ld  o f  charac te_

r i s t i e  z e r o  o r  a  c o m p l e t e  v a l u e d  f i e l d  o f  c h a r a c t e r i s t i c  F ) 0 ,
then ftr] i [x,yj! is a]so an AE-ringr

T h e  p r o o f  i s  s i m i l a r  t o  t h e  p r o o f  
- o f  

( r . ,  ( e f  .  r e m a r k  ( 5 , 3 ) ) .

$ 2.  l fppf  o f  theorem ( f .1

<i f  f in i te  type

B sueh that the morphtsm

Let

The

F o r  t h e  p r o o f  w e  a p p l y  ( 5 . L 1 ,  ( 5 . 2 y ,  ( i . : - r ,  c h a p t e r  V  f 9 l  .

( I .7  )  Renark .  Wi  th  the

1.5  one cana lso  prove

A ,  w h i c h  i s  s u p p o s e d  t o

case, a(f)  f ras also the

same methods  used in  the  proo f  o f  theorem

that for  any one dimensional  local  AE_rhS

be a  domain  in  unequa l  charac ter is t i c

proper ty  o f  approx imat ion .
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A.-+BO is  no t  smooth  fo rm a  e losed.  se t  de f ined by  an  idea l  Hf '

By  a  resu l t  o f  R .E lk ik  (see  [6 ]  ) ,  there  ex is ts  a  func t ion

d:h{" lh l  - -+ N with the fo l lowing property:

, , F o r  e v e r y  y € A N  s u c h  t h a t  f  ( y ) : O  m o d  m  d ( s r c )  a n d

6

Hf  (y ) fg " ,  there  ex is ts  a  so lu t ion  y  o f  f  in  A  such tha t

i=y mo.l gt " .

N o w ,  l e t  f = ( f t , . . . r f m )  b e  a n  a r b i t r a r y  s y s t e m  o f  p o l y n o -

- 'tlJ
ur ia l s  f rom e ty i ,  Y=(Y1 , , . . ,YN)  and  !6 l i ' a  " fo rma1"  so lu t i on  o f  f .

Adding some polynonia ls  to  f  we may suppose that  f  generates the

-kernel - ,o f  the map .  :A[ f ]+ t  g iven by p*>P(9) .  We consider  the

i dea l  H+( f )  genera ted  in  f ,  Uy  e lements  o f  the  fo rm P(y)  r  PeHr . ' l Ie

have the follondng cases:

Gase  1 )  .  h t  H f  ( ) ' )  = t

C a s e  2 )  h t  H f  ( y )  = 0 .

o r  H -  ( v ) = A .
r

C a s e  1 . I f  Hf ( t )  is  a  m-pr imary ideal  le t  us put  i { f  (y ) tg" f '

Denote t=max lUf  u ,c)  r2s]  and ohoose y€AN such that  y : f  rnod t t f .

By  Tay lo r rs  fo rmu la r  w€  ge t  f  ( y ) :o  mod  md(s ' c )  and  ms f .Hr ( f ) '

H r (V ) . f  *  *2 " f  .  I t  resu l t "  t " i . t 1 . ( y ) . f ,  anA  thus  ns .Hr (Y ) .  Con-

sequent ly ,  there ex is ts  a  so lu t io t  ieRN of  f  such that  y= i  mod

*" .  f f  Hf  ( t )S then the norphism A->A[ : t .J /  6)  
is  smooth and we

may apply  the Impl ic i t  Funct ion Theorem.

C a s e  2 .  W e  s h a 1 l use the fol lowing lemma

(case 2  can on ly  appearcase to  the  f i rs t  one

c e d ) .

.t\

(2 .1 )  Lemrna.  Le t  BcA be an  A-a l -gebra  o f  f in i te

A

re  is  a  B-a lgebra BrcA of  f in i te  type sueh that

AD- algebra for al l  ninimal pr imes pespec A.

t o

i f

reduce th is

A is  not  redu-

type.  Ihen the-

B:  is  a  smooth
P
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Apply (2.1)  to our s i tuat ion B:  =rmtrgArr i  /  rc1,  the isomor-
ph is rn  be ing  induced by f  .

Then there  ex is ts  a  B-a lgebra  gr . i  o f  f in i te  type ;  1e t  us  pu t

B L A [ y , x i  /  C g l ,  X = ( x 1 , . . . 1 x " ) p ,  g = ( g 1 r . . . r g " ) ,  t h e  i s o n o r p h i s m

b e i n g  g i v e n  b y  y ^ + $ ,  X , , ^ . r f ,  ; = ( I f  r . r o , i * ) e  t r , s u c h  t h a t

h t  Hg (Y , f )= r .  o r  Hg ( t , i ) =A .

Now as in  f i rs t  case we get  a  so lu t ion (y ,x)eON+r of

8=0.  fn  par t ieu lar ,  y  is  a  so lu t ion of  f=0.

Proof  o f  Lemma (2. f ) .Let  M be the set  o f  n in imal  pr ines

of A and s=Arup. The incrusions 51.8.-31e.-o31i '  spl i t  inro ap€ui
produet  induced by the canonica l  maps

n
peM

'-l[*t @AAp-I-f *oAo

nf@AAp*S4r , "
see,  

- fhat  
i t  is '  suf f ic ient  to  prove thatn[ f ' f  t "

Ao

(Renark that

Now we

a  f i L t e r e d

fe.
or equival  ent lyYprove

of  smooth  f in i te  type

t h e r e  e x i s t s  a  s m o o t h

that  AOi  is  a  f i l tered induct ive l imi t

A ' -a leebras for  a l l  p6M. fndeed,  then

314-"rgebra E=Stf,  of f ini te type whieh

induct ive l in i t  o f  smooth f in i te  type lTAo-argebras
p M

conta ins  Sag and we may choose g 'c f ,  to  be  a  B-a lgebra  o f  f in i te

type such that

B  l * 8 .

Final1y,  i t  remains to  prove that  f " f  t "  a  f i l tered induc-

t ive l imi t  o f  smooth f in i te  type Ao-a lgebras,  p€M, Let  kc+K be

-1
s
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the  res idue f ie ld  ex tens ion  o f  Ao Aof  and Kt  c  K  a  f in i te ly

g e n e r a l e o  r - e x t e n s i o n .  K t  i s  a  s e p a r a b l e  e x t e n s i o n  o f  k  ( A  u n i -

v e r s a l l y  j a p a n e s e  i m p l i e s  K , / k  s e p a r a b l e ) .  C h o o s e  * = ( x 1 r . . . r " r k t C

a lgebra ica l l y  independent  over  k  and y€K '  a lgebra ica l l y  separa-

b l e  o v e r  k ( x )  s u c h  t h a t  K r = k ( x , y ) .  L e t  X = ( X t , . . . r X 1 ) r Y  b e  v a -

r iab les  and F(Y)€Ap[X,XJ  be  s  po lynomia ] ,  wh ich  l i f t s  the  i r re -

duc ib t -e  po lynorn ia l  o f  y  over  k (x ) .  Le t  ( I , i )  be  a  l i f t ing  o f

A  . P P  A  - e l l  . * P . , ' |  |
(x ,y)  to  io f , "  we have r ( i , i )e  pa and f f i ( ; ' tE  pa '  Apf ,  be ing 1o-

ca1 art inian, there exists f  'e i ' f  sueh' lzF#,Y')=O and yt i  mod pf.

Let  q  be the ker"ne l  o f  the loap e,  Ap[X,y i  * i ' i  g iven by

pn+p( i , y , ) ,  T t  resu l - t s  h t {q )=  l  because  qc (F )  +  O IOIX ,YJ  and  so

CK.  = Ap[X, fJ  / ,  ts  a  smooth A ' -a l8ebra of  f in i te  type '
z . ' l l / \

Now we remark rhat  fo i= #*(cK, )pcK, and so lof  is  a f i l -

Kl  / k  sepa rab le

terec l  induct ive l imi t  o f  Ao-a lgebras of  the type (CiJ , ) * ,  gy 'RC*"

$ 5. Proof of -tlg-qrgrn ll:21-

L e t  F = ( F . } , . ' } . , F * )  b e  a  s y s t e n  o f  r n - p o l y n o n r i a l s  i n  v a r i a b l e s

y= (y1, . .  .  ,YN) with coeff icients in A: =RtrXji( T> such that'  i t  has

a so lu t ion  $= ( f1 ,  .  . , fN)  in  t=n i [X ' r l  ]

Adding (perhaps) 
'some 

polynomials to tr '  we may ,suppose 
that

F generates rhe Kernel q of the norphism 5r: AtYl-t f  ej- . 'en by

p  , . . ^ - > p ( y ) .  D e n o t e  r = h t  ( q )  "  I f  g = ( g 1 r . . .  r g u )  i s  a  s y s t e m  o f  s - p o 1 y -

nomia ls  f rom er  then we cons ider  the ideal -  A(g, f )c f  generated by

al l  r  x  r  -  minors of  the matr ix  (3+ ( f  ) ) ;  sondimes we denote

We sha l l  p rove  in  some s teps  tha t  F  has  a  so lu t ion  in  A .  I

S t e p  1 .  D e s i l a r i z a t i o n  s t e p .  R e d u c t i o n  t o  t h e  c a s e

ht  (A (F,y  )  ) )  ?

th is  reduct ion i t  is  enough to  apply  theI n  o r d e r  t o  g e t
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fo l low ing  lemma,  wh ich  is  in  fac t  p ropos i t ion  7  f ron  [ r r ] .

( 1 , 1 )  ! , e m m a '  L e t  A , A * ,  A c A r  b e  n o e t h e r i a n  f a c t o r i a l  r i n g s  s u c h

that every pr i rne element t  f rom A remains pr ime in Ar and the

e ' x t e n s i o n  Q ( a / ( t ) ) + Q ( A ' , / t A r )  i s  s e p a r a b l e .  s u p p o s e  A ,  t o  b e

l - o c a l  c o n p l e t e  a n d  t h e  e x t e n s i o n  Q ( A ) c o ( A ,  )  t o  b e  s e p a r a b l e .

T h e n  e v e r y  n o r p h i s n :  t r : A f q  - ) A . ,  y = ( y 1 , . . . , y } i ^ )  e a n  b e  e x t e n d e d

to a morphi  sm r la iy,uJ ' -+g t ,  u=Cur,  .  .  .  , I rg,  )  such that ht  (Aor))2.

f n d e e d ,  w e  m a y  a p p l y  ( 3 . I )  f o r  A ' = t ,  t h e  h y p o t h e s i s  o f

( 7 . I )  b e i n g  f u l f i l l e d . b e c a u s e  A  i s  a n  e x c e l l e n t  h e n s e l i a n  r i n g .

s t e p  2 .  R " d o . t i o *  t o  t h "  
" " u e  

i . ,  * h i " h  q . o r t u i ^ "  
" : p o l L ,nomia l_s  g= (91 ,  .  .  .  ,g r )  sueh tha t  h t  ( ,A  (g ry  ) \  2  z

L e t  g =  ( u i i ) i = 1 1  
. .  . 1 r  i  i = r ,  .  .  .  , m  

b e  s o m e  v a r i a b l e s  a n d

Gi  = 
;$_ 

Ui j  f j  po lynomia l -s  f ron A<U>[ f ] .  As before,  le t
rJ  

- r

/\
A(G, f )ca(u)  be  the  idea l  genera ted  by  a l l  r  x  r -minors  o f  the

matrix fff i  fv I I  .  we rnaintain ht (A(c ,! ) )>.2 . rndeed , we have

f f f i fv) )=(u1rl . f$fvl I and thus a r x r-minor of fff i fvl l  is a
polynomia l  in  U (of  degree 5 1 in  every var iabLe Ui j )  hav ing

mino rs  o f  fH f i l  )  as  eoe f f i c ien ts .  C lea r l y ,  t he re  ex i s t s  r r .o

common a i l r i ro"  o f  the r  x  r -minors of  t f f fV l l  because otherwise

the r  x  r -n inors  of .  CSC; l l  woufd have a conmon d iv isor  in  f ,

w h i c h  i s  a  c o n t r a d i c t i o n  ( h t ( A ( F , Y ) ) > 2 ) .  C o n s e q u e n t l y ;

h t  (arc ,y) )>.2. .  Now,  i f  there ex is t ,  u= (u i ;  )  some non-uni ts  in  A

such that  the map i r r r t t (U)  - " i  g iven by p^+P(u)  sat is f ies

h t  (eu (A(G,y )  ) ) .2 ,  t hen  g1=Gi  (u ) ,  i = l r

i n  f a e t  f r o m  q  a n d  A ( g , f  ) = r u ( A ( G , ' )  )

prove the fol lowing lemma:

. . . ; r  a re  f rom a tyJ  ( t rgA* *N)

.  So  i t  i s  su f f i c i en t  t o
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Let  A be a loca l  regular  r ing of  d inens ion) 'Z  and
(5 .2 )  Lemma "

t \ ,  .  - 6  ^ 1 - ^ r ^ * ^ : ,  
' s i n v a r i a b l e s U =

i(rr> trt. ring of afgebraic power serrei 
/\

- r .TT -  -Tr  )  w i th  coef f ic i -ents  in  the conplet ion A of  A '  Let
-  f  U 1 t . .  '  t v l l /

a c l ( U ) b e a n i d e a l w i t h h e i g h t } . 2 . T h e n t h e r e e x i s t s o m e n o n -

un i t  e lemen ts  u= (u1 , . . . ' un )  i n  A  sueh  tha t  the  nap  r ;A {U) - -+  A

given by P *+ P (u )  y ie lds ht  1ao(g)  \>2 '

Proof .  Us ing

non-unit elements

proposi t ion 4

I

U = ( U r l o o o ; L l - , |
I  I I

frt  trt""e exist some

sueh that the map

fr .nm

i n A

/ \ A
r ' , f , f fUj-41 given by s ^-r  S([ )  y ie lds ht( ; r5(a A[ f  UI  ) )>2 '

fhus,  the nap 65=\ l  ku 
y ie lds rr t  (3u (a))22.  consequent ly,  i f

f r = ( h I r . . . r h " )  i s  a  s y s t e m  o f  g e n e r a t o r s for a ,  then the sYstem

( x l h 1  ( [ )  = 2 .  Y i  r  i = 1 r " ' 1 r

has  no  so lu t ions  in  i  i  Z r l i  be ing  var iab les '  Us ing  theorem

2 , 5  [ r o 3  { o r  t h e o r e m  1 . 4  c h a p t e r  [ g ] l  '  t h e r e  e x i s t s  a  n a t u r a l

number ce6[ such that the system (;)  has also no solut ions in

? \  ima l  ideaL o f  A '  Choose u€m'AD such'A/^c| ,  
where s is the maxl

that ugfr , 'mod g"A. fhen the sYstem

( x )  h 1  ( u  )  = 2 .  Y i  r  i = J ,  "  '  p r

has  s t i 1 l  no

A/*cf and so

Thus the map

solut ior , "  i t  f  (otherwise (x)

(n)  has solut ions in t /*"6 '

ao:t4u)--ri giten bY s -*>s(u)

has so lu t ions  in

Cont rad i -c t ion  !  )  .

y ie lds  h t  ( "u  (a )  )> .2 .
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S tep  3 .  There ,  ex i s t s  an  i
^ ,  - .  . \

A ( g , y l r e  A .

. c Iea r l y ,  i t  i s  enough  to  show tha t  fo r  eve ry  p r ime  idea l  .

!*. t  of height two there exists an ideal acA sueh that ht a=2

and ura to  .

Now,  l e t  b {  be  a  p r ime  idea l  o f  he igh t  t f t o .  r f  bc , (p ,x ) . f ,

t hen  b  =  (p ,X ) f ,  
"nA  

we  take  g=(p ,X ) ,  p  be ing  a  l ocaL  pa ramete r

of  R. I f  b f (p ,X) f , ,  then a conta i -ns a T-regular  power  ser ies h.

Thus the canonica l  map n t tx ] * r i t  6)  iu  f in i te  by weiers t rass

Preparat ion Theorem and g must have a

wi th  R I i f ,X because of  h t  (p /  
6)  )  =1.  Let

mia l  f rom n i IXI  l r j  which is  a  mul t iu te

a the  idea l  genera ted  in  A  by  h  and b  n [XJ l  .

Step 4.  Prepa:at , igr  for  Newton lenma

Let  c€0{ .  fn  th is  s tep we shaLl  prove the ex is tence of

s o m e  y € A N  s u c h  t h a t  e ( v ) e  ( p r x ) "  a 2 ( g , y )  a n d  y 3 f  m o d  ( p , x , T ) c . f , .

Let  acA be an ideal  o f  he ight  two such that  a(e, f ) : " f .  Let

u = ( v 1 1 . , . p v . 1 )  b e  a  s y s t e m  o f  g e n e r a t o r s  o f  a ,  1 e t  u s  c o n s i d e r

v i =  g ,  M i  ( t ) . [ i ;  r i = 1 ; . . . ' t  w h e r e  E r ; e f  a n d  M r , . . .  e M "  a r e  t h e
j = l  d

r  x i -ninors'of (H ).  We remark that A/X"""2 is an AE-ring
3 J

( c ' f  .  ( 1 . 1 )  ) .

Now,  cons ider  the  fo l low ing  sys tem o f  equat ions  over  A :

( r )  g  = o

Fr*, 
(Y) 'uii = ti

nonzero  in te rsec t ion

h be the nonie polyno-

of h. l l le may take for

,  i = 1 1 . . . 1 1

where  u=(u i j )  s re  some var iab leg .  The pa i r  ( t r [ ]  induces  a  so-
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lut ion of (+) in f , /*c"21 ,  which can be approximated modulo

(p rX , t ) "  by  a  so lu t i *  o f  (+ )  f rom A / "eu l ,  i ' e '  t he re  ex i s t s

(y ,u)  in  A such that  B(y) :o ,  g  Mj f f )  f i j= t i  mod 
""g2"nd

Y.=f  n  u : :G mod (N.Z,T)c f , .  Conse{uJnt fV,  there ex is t  d iOexca, i ,k=1,

. . . 1 1  s u c h  t h a t  g
j =t-

a l l  i = l . r  .  . .  1 t .  T h u s

u ; ( r )  u l j = t i+ fd i t  v *  and  so  v teA(s ' v )  f o r

g (y  )e  x"A2 (g,y) ' -  
\

step , .  Newton lemma

ApplYing the Newton lemma we get

that  i=y nod xeA(e,y)  .

a solut ion ]EaN ro" g such

g tep  6 . rnh o so lu t ions  o f  g  ob ta ined fo r  c  su f f ie ien t lar

L e t  a i  i = l r . . . 1 t  b e  t h e  n i n i n a L  p r i m e  i d e a l s  o f  ( g ) .  c l e a r -

l y  q  i s  one  o f  t hese ,  1e t  us  say  Q=Ql .  Le t  # :  A IYJ -+A be

the nap given by P.-+p(f).  We have fu"i  t" f6 and thus we are

ready i f  t=1.  I f  t )1 ,  then cons ider  a  po lynom Se h^ Qi ,  which

i s  no t  i n  q 'Thus  S(y l lO  ana  the re  ex i s te  a  na tu r t l= io *U . "  c l

s u c h  t h a t  S ( v ) l o  r n o a  ( p r X  T ) c ' A .

I f  c ) c , ,  t h e n  w e  g e t  S ( f ) / O  m o a  ( p , X  I ) t '  b y  T a y l o r r s  f o r -

nu la  and so S/ fer f  .  f t  resu l ts  that  q .Ker  f r ,  the seeorad ideal

be ing pr ine.

(5 .3)  Remark.  One can prove theorem 1.8 wi th  the same methods

used in  the proof  o f  L .3 .  Quest ions eould on ly  ar ise in  Step 7,

but  a lso here one can use the same idea beeause

are  so lu t ions  f ,o r - the  who le  q

r{{gx,rl r rc(r) t[x,z]r K {Jx,f, ( r),
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