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POTENTIAL IN STANDARD H-CONES

N.Boboc and Gh.Bucur

The aim of this paper is to'extend,in the framework of
standard H-cones 5~ the notionsg%”potemtial " and " harmonic ".
More precisely in any standard H- cone &9 we distinguish the
elements h, which are specifically\dominated by an element
seff if it is naturally dominated by s, called substractibles
and the elements p which have no specific substractible nonzero
minorant, called pure potentials. We carecterise, in terms of
balayages, the substratible:. and pure potential.. elements.Some
remarkable results are obtained in the case when any universal-
ly continuous element of 59 is a pure potential. In this situa-
tion, if the dual H-cone of i? satisfies the axiom of polarity,
then the pure potentials in tf are exactly the elements which
can be writen as a sum of a sequence of universally continuous
elements. |

O. Preliminaries and motations. Throughout this paper

will be.a:stendard Hecone (seeind)s.

We denote b& & (resp.d) the natural (resp.specific) order
relation.in E? and by'thhe convex cone of all universally con-
tinuous elements of 69. Whenever s is a §trictly positive ele-
ment. of 8> we right s>0. We denote by Ef*the dual H-cone of Sj .
It is known that Ep* is also a standard H-coné and we denote by

éPi convex cone of all universally continuous elements of‘ff%
We denote alébmby < (féSp.é) the natural (resp.specific) order
relation in EPT We remember that Ef) is embeded canonically

X %
in E? as a convex cone which is so0lid and dense in order from
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below{iLS;ith respect to the natural order.

The coarseﬁ% topology on Eg for which the functions on t?
defined.by

.)(-,
s—~4%//L(s) 3 /“~€f§f;

are continuous is called natural topélogy on :?. A 8imilar to-
.)L—
pology may be defined on ff (see also LP?]) The fine topology

&P will be the coarse&ttopology on Ef for which the func-
tlons on E? defined by

' %
)
s ~43/L(s) ,/pLé
are comtinuous. Analogously we define the fine topology on E? .

For any uet? y WL> 0 we denote

:\(uz .{/_%Q \ LLCL«L) \}

/

The set ¥< © convex and compact in the natural topology
on E? ‘We denote by X, the set of all non-zero extrem points

of KL e TAny sef§>may be identified with the function on X _
defined by

s(x)=: x(s),

and in this way S>becomes a standard H-cone of functions on the

set X  (see Eijl The naturel (resp.fine) topology on X, is
: *
that induced by the natural (resp.fine) topology on(? .

In general we say that E? is represented as an H-cone
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of functions on a set X (see[l]) if there exists uc—ff, u>Q such
that XC_Xwand for any s,t eﬁ? we have s<t whene_ver s(x)&t (x)
for any x¢X. Obviously in this case we have L= 1 on X.

We remember that a balayage on 3) is a map B: 50-> bo , which
is additive, increasing and continuous in order from below
with respect to the natural order, contractive(i.e. BA i/S,M/Sc—S’)
and idempotent (i.e. B(Bs)=Bs. ) béi?)a

We denote_by[':ﬂ the ordered real vector space generated
by ‘:9 and by the order relation given by the convex cone of all
elements s-t where s,t¢ 30, syt. The ordered vector _space[ff]is

a vector latice and for any f,jc{boj we denote their infimum

by %\g. For any f&[ﬁ‘?],' we pﬁt
Rf = :/\gvsec:ﬁs > f}

and for sny fe& [‘g], £>0 We denote by Bge .the balayage-defined

by
'Bgs =/R(sAnf).
T
A : ;
For any subset A of X _ we denote by Bs the function
Bé =/\5Ls'e£yls‘>,s on A%.
Generally the map -
S =—=B

is additive, increasing and continuous in order from below,
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contractive but it ié not idempotent. If it is idempotent then
this map‘is a balayage called the balayage on A. This is the
case when A is fime open or more general when A is a sub-
basic subset of X ( see[3]).
T1 uefﬁc¢70 then for any seff we denote (geefbl) €arr™s
the subset of the natural closer-iz, of X in‘K, defined by
de}l XSV :
x¢Carr s &=> B A== for any natural closed
' neighbourhood V of x.

The set Carr s is called the carrier of s and it is proved that
for any sejl we have Carr sfﬁ' and s*3» s whenever this inequa-
lity hols only on the set X f)Carr s.

We remember that E? satisfies the axiom of polarity
i

\see[ﬁj>if for any se;gg and any decreasing sequence of balaya-
ges (Bn)n on(g we have

Bk(/n\an ) :/r}BnS‘
2
One can prove (%ee[}i>that(%)satisfies the axiom of po-

larity iff any element se;%? which is dominated by an element

-soeglis of the form.

s = § 8 where sné;ﬁl.
™

1. Substractible elements in a standard H-cone

An element h é%? is called substractible if for any

845%9 such that hg{s we have




We remark that the set of all substractible elements is
a convex subcone of Sf which is solid in S)With respect to the

specific order. Moreover any element se-ﬂ) of the from

g= 2 h., hosubstmeetible & - i o
N\

i substroctible.

Theorem l. Let (Bn)n be a decreasing sequence of balaya-

ges on SP such that there exists ueff, uyQ - for which

/NBw= @

Then any element he;%P such that

{
=g

meN=>g h =

'is substractible and uAh = 0.

Let hér&? such that

1]
o5

neN =y Bnh
and let sesy be such that
h <s.

Since B{%; h it follows from ]:Bi} , that the element

fnzt(s—h)A(u—Bnu)



is of the form t-Bt where
s (s+Bnu)/Wu+h)
X
Let now Yl,#afagl such that %;sﬁa_. Since
t-Bnt & u—Bnu
it follows that

t—Bf+Bnu 6:%9

£, + Byu 6~E€ .

- We have

¥, ((s-hau) €W (f +Bu) < W (£ +Bu) <

£ \szfn"wégn“’wg( <S—h)/\u)+\ra(8nu)
and therefore
Y, ((s=RIAw) <Y ((s-h)au) «

Q G Hence

(s-h)Au 6—5?




Since we can change u by any element nu where neN and since

u>0 we deduce that

If we denote

we have

Bl (since p3h)

Bnps/\Bnu =0, /f’ = Q.
o

<
Theorem 2. Let h gg\substractible element offf and p

such that pAh = Q. Then the balayage?ﬁf where fz(h-p)+ satisfies

thg properties
Boh, = hy prg h.
Let se&? be such that
s>(nf)ah (W) n N
We have

h - s¢p, pzR(h-s).

Since



&8s
R(h;s)ﬁh
it féllows that R(h-s) is substractible and therefore
R(h-5)3p.
Using the hypothesis we get
R(h-8) = (Q, h¢s.
Obviously we have

h2B:h =\/R(hanf)zh, h=h
Mo

Br
and
Bep =/ R(panf)<h .
o .

Corollary. Let h be a substractible element in E?and let

9
p be a strictly positive element of 8’such that pAh = 0. Then

the decreasing sequence of balayages (Bf ) where
nn

f, = (h-np)

satisfies the following properties

1]

/AN B.p=g
N boil

2) B h=h nel
n

]
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Let u be-a strictly positive element of t? and let Y

be the set of all non-zero extrem points of the compact convex

set

TS

We say that an element S(E&F is u - representable if

- there exists a Borel measurgf%’on Yu* such that for any “WérSl

~ we have

Y (s) =S‘f’(9).d/us(6)

The meaéure‘/As is uniquely determined by the preceding
‘equality. We remark that any element sE:g9 such that u™ (s)< eo
is u“- representable and the assoéiated measure is finite.
Generally since Y(s)<cw we deduce that_the associated measure
W is ¢0°- finite and therefore an element sz;q?is u - represen-

i

table 1ff it ds ef the from

where L;’t (sn)éoQ .

X
x ¢ F'a > X
Theorem 3. Let uegf S0 and he an u - representa-

ble element such. that the associated measure is carred by a

polar subset A of Y #+ Then h is substractible.

- S e
Let sﬁgf? , >0 such that s =+eoon A. Let (Bn)neH B

the sequence of balaysages on Sjsuch that
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, G : '
neR=B) =B, G ={yey x| s*(y)>n}

(-&
Since for any Y& Ji_we have

X

Be W =4 on G
it follows that
ol e o =

-\V(Bnh)» (an)(Ll—anv§f7v~§Y%ﬂ&jT(h)
and therefore Bnh = h for any ne¢N.

*
We remark also that for any pe&? and any‘vefﬁ>we have
e} ;

W ¢ ku' for a suitable &> Q and

e ab, x
N (;\VBnp) = inf W 1wrif (B;v) (p) <
inf %% ar(p) = 0

Hence
A Bpp =0
and therefore
/\Bnq =0
s

for any qgfg of the forme

a=0 e paeth

ne N
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The assertion. follows now from theorem 1.

Proposition 4. Let uﬁég*, u*>0 and let h&ﬁ)be such that

any specific mimorant of h which is ux-representable is equal

to zero. Then h is substractible.

x

* !
Let vxeif be such that V¥>O, Vit and vx(h)gl. We denote

by/A& the representing measure on Y,« associated to h. We shall

-show that/ﬂbis carred by the set

Jyex, ] u%(y) = + o]
We denote by/uh/the restriction of,uﬁ/to the Borel set

[ yet,. | w*(y)en i,

and let h  be the element offy defined by

_x_

Yy fyaum. v ved,

Obviously ux(h )<n (V%)<n
RCNIETNS

and therefore hn is u*~representable and hﬁﬁh,

Using the hypotheses we deduce hn=0 for any n and

/uh({.YE-Y_‘V«[ u® (y)¢=}) = 0.

2. Potentials in standard H-cones

Suppose that S)is represented as an H-cone of functions on

the set X. A point x¢X is called absorbent with respect to 9)if



N
there exists se(g)such that s(y)>0 for any yeX, Y£X and s(x)=0.

Proposition 5+ For any x eX the. following assertions are

equivalent:

1) X, is absorbent with respect to EP

2) BC{XO} (x,) =0

3) there exists a substractible element pef? p#0 such such

that B o o ple

1)¢>-2) is immediate.

%
2)=3) -Sinee §x0§ is fine open it follows that By = (x/)=1.
It is easy to see that the element p*'fo°} belengs to 31 and
1%
B ‘%= P.
p
We shall show that p is substractible. Let s<&%7be such
that
p&S.
We have
C%@} dsi(x)  Tor any % % X,
B/> =
0 for X =X

(o)

Since_gxo§ is fine open we have s(x,)<ep

[
R(s-Bg e ) = falEan,

and therefore

§



s
s(x,).p 38,
S
p4 3 8.
LEHE T
3)=>2). Let p be a substractible element of'gl)pfo such that

'Bp&@ﬁ S

Obviously p(Xo) % O and we may suppose that p(xo)=l. R 2.
B

B, (xo)>0 then there exists a natural closed neighbourhood

Y of X, such that

YAV :
By () Z 0.

Since p is substractible it follows that

for a suitable «{y 0 and therefore

XNV

‘Rp = Do

we may'embeded X in a natural way in the set X, of all extrem

points of the convex compact set

'K1=§/Lgﬁ>%i/&c4> <4 |

Let U be a natural open neighbourhood of X, in X such that

W/
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. We have

B

Z N SN
?Sﬁ;k=sx = p.

p P

From this equality it follows (see E3j}) that
Carx ‘p CY\ U

which contradicts (see [3]) the relation

i

P

Proposition 6. Suppose EP represented as art. H-cone of

functions on the set X. Then the set of all absorbent points

from X with respect tds? is discrete in the matural topology.™ -

.If X is an absorbent point sf X “with respect to SP

we denote by pkthe substractible element of ngsuch that

BQI%

b T p, (x)=1.

Any point yeX, p(y)>0Q is not absorbent because in the contrary
x

caz we have
Py AP,
for a suitable « > Q and'therefore

PyRo( Py

which contradicts the fact that
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carr py ={y}, carr p, ={x}.

An element pé;%jis called pure potential if for any

substractible element h(&%? we have

pAh = 0.

Pfoposition . Any pure potential pe&? is u*-representable

*
%* ¥
for any u e&? y WS 0. *
o
Let peff be a pure potential and let u<;3> such that

u§>0. Since the set of all specific. minorauts of p.which are
u*-representable containes its least upper bound it is suffi-
cient to suppose that any specific minorant of p which is u*-re-
presentable is equal to zero. In this case we want to prove
that p=0. Indeedlthis 1as£ assertion is a direct consequence of
proposition 4 and df the definition of a pure potential.

In the sequel we denote by.jﬁ/the set of all substractible

elements off?.‘

Theorem 8. Suppose thatEP:is represented as an H-cone of

—X—
functions on X such that any element of'gg is represented by a

borel measure on X. Then any element offyfq%;bis of the form
<

Z o x Py
x

where x runs the set of all absorbent points of‘}(with respect

to 3>and for any such point x

Sy
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Let peﬂéﬁgifnd Suppose.that
PAPy = O

for any absorbent point x of X with respect to gl For the
proof of the theorem it is sufficient to show that any such
elelent p is equal to zero. Suppose that pio0.

We dencte by G| the set of all non zero extrem poiﬁts

of the compact convex set

K, = f/»e\‘f* \/um) sy
*-
Since any universally continuous element of 9 is repre-
sented by a Borel measure on X it follows that any coﬁpact part
of X MX is semipolar. We Wanf to prove that there exists a point

X & carr pnX

which is not absorbent with respect tot?.
In the contrary case if we denote by A the set of all
absorbent points of X with respect to&?, then A is countable

.and therefore carr ppnA is a G5 - set contained in i;\\x. Since
XEA = PpApy, = Q

it follows that {éee 3‘1

L Xk P
¥<(carr p\A)nXl
k compact

P =Z(carr p\A)ﬂXqp
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Any compact part k of X1§x being semipolar we deduce p=0.
From the fact that > is not an absorbent point we deduce
that there exists a naturélly closed_ neighbourhoed V of X, in

'Kisuch that

;X}V;)vo

We choose now W a naturally closed neighbourhood of X, in Kq

such that
(o]
WeV

and such that

RN
'P<EBq on W

for a suitable €. If follows that

KW J
= :R(p-B*a )sGBEC\

Since X, Carr q we deduce that p B and q 0. Obviously q p.

P
Using the fact that p is substractible we: have
ANV
Q0B

which contradicts the fact

at0, ecarrgz="W.

L LoD
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From the preceding theorem it follows that the following

assertions are equivalent: ' |

a) ahy element of SL is a pure ﬁotential

2) any extrem element of:fois a pure potential

3) there exists a set X such that.fy is represented as an
H-cone of functions on X such that any/&&ff:—is representable
as a Borel measure bn.x and such that X doesn't possess absor-

bent points.

4 A f EP is represented as an H-cone of functions en X such
fhat any element of Sz%is representable as a Borel measure on
X then X doesn't possess - absorbent points. |

5) There exists a pure potential D, p>0.

We say that the standard H-cone $7 satisfies the axiom A

if one of the preceding assertions 1-5 holds for SZ

Theorem 9. Assume that E? satisfies the axiom A and let h

- be an element offf. Then the following assertions are equivalent:

1) h is substractible

2) There exists ueg, us> 0 and & decreasing sequence of ba-

layages (Bn)n on 3)such that

JNE W =0, B h=ih
YL

for any n¢ N.

3) There exists ueﬂ?, uSO, u pure potential and a decreasing

Hequence of balayages (B on g)such that

n)m

/\ Bpt=0, Bnh = h for any ne¢N.
~ .
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4) For any ué??; u>0, u pure potential there exists a de-

creasing sequence of balayages (Bm)n gg'%7such that

*Czﬁaéi.z 0, Bﬁh = h for any ne¢N.
1)=)4) follows from the corollary of theorem 2
4)=>73) follows using‘the axiom A
D)=l is immediately
v2):§>l) follows from theorem 1.

Theorem 10. Assume that gPsatisfies the axiom A.Then

the following assertions are equivalent:

: *
1) The standard H-cone 3) satisfies the axiom of polarity.

2)i Any. pure poténtial pis of "the feorm

P 2.2 Ppo pAE ARl
‘YLGN i

- ;
3) For any u?e§7, u‘}o and any pure potential PEE?.EEE

corresponding regresentation_measure/ﬁ%?gg Y doesn't charge

any semipolar subset of Yu*'

¥
. /.
4) For_ any u*e:f . ux>0 gg.uﬁ—representable element h&;?gg

substractible whenever the corresponding representation measure

/ALﬁ’is carred by a semipolar set. i
1) =73%) [;ét.péf??c be a pure potential and u#ej), u%>O.From

proposition 7 there exists a measureju? en Y = such that
' /i

- Vepd= SM/‘F

S
for 8ny'Yér§L . From thegrem 3 it follows that the measure ;&F
/
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doesn't charge any polar subset of oo and so, usiQ% dess e
measure/uﬁ, doesn't charge any semipolar subset of Y s
3) = 2) follows from [ 3]}, theorem 3.7,.

2) =>1) follows from { 3], theorem 3.8..

1L)i=—54) Let\xfejﬁ; u'> 0 and let h be a substractible element
of 3)'which is d*-répresentable; The corresponding represehta-

tion mea_su:r'e/ug’D may be decomposed in the form-

B
where/u’ is carred by a pclaf subset of Y « an%/L”doesn't charge
any polar set. The element of g)associated withxuf/is a pure
potential (see 1)%%3))-and being a specific miﬂérant of h is
equal to zero. Hgncgf%)is carred by a polar subset of Yu*‘
3)=>4) Indeed any specific minorant p of h is represented on
Y, x by a measure carred by a semipolar set and therefeore p
can't be a nonzero pure potential.
4)=>7%) If p is a pure potential and/uF is its cofresponding

representation measure then/ﬂ. doesn't charge any semipolar set.

Corollary. Suppose thatS? satisfies axiom A and that its

%
dual.g)satisfies the axiom of polarity. Then we have:

Ve
* -
a) for any u QEP , >0 and any substractible element héf? which

igpui - peprezentable @ a.iithe corresponding reprezentation mea-

“gsure (4 is carred by a polar subset al Y «.
7

*
b) an element pe is a pure potential iff it is u - represen-

o :
table for any u¥€f§, u§>0.
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