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POTENTIAL IN STANDARD H-CONES

N.Boboc and Gh.guar t

The a in  o f  th is  paper  i s  to iex tend,  in  the  f ramework  o f
s tandard  H-eones ,  the  no t ions  Of "po ten t ia l  "  and "  harmon ic  , , .

More  prec ise ly  in  any  s tandard  H:  cone g  we d is t ingu ish  the
e lement$  h ,  wh ieh  are  spee i f i ca l l y  dominated  by  an  e lement
s e J  i f  i t  i s  n a t u r a l l y  d o n i n a t e d  b y  s ,  c a l l e d  s u b s t r a c t i b l e s

and the  e lements  p  wh ich  have no  spec i f i c  subs t rac t ib le  nonzero
m i n o r a n t ,  c a l ] e d  p u r e  p o t e n t i a l s .  l Y e  c a r B c t e r i s e '  i n  t e r m s  o f

b a l a y a g e s ,  t h e  s u b s t r a t i b l e , .  a n d  p u r e  p o t e n t i a l . ,  e l e m e n t s . S o m e

remarkab le  resu l ts  a re  ob ta ined in  the  case when any  un iversa l -
l y  con t inuous  e lement  o f  y  i s  a  pure  po ten t ia l .  fn  th is  s i tua-

t i o n ,  i f  t h e  d u a l  H - c o n e  o f  $  s a t i s f i e s  t h e  a x i o m  o f  p o l a r i t y ,

then the  pure  po ten t ia ls  in  Y  
" " "  

exac t ly  the  e lements  wh ich

can be wri ten as a sum of a sequence of  universal ly cornt inuous
e l e m e n t s .

O.  Pre l im inar ies  and rno ta t ions" Throughout th is paper

wi l l  be  a  s tandard  H-cone (s " .  m)"

We denote  by
(O ro

re la  t ion in  J  and Uy J  the convex cone of  a l l  un iversa l ly  con-

t inuous € lements or  I  .  Whenever  s  is  a  s t r ic t ly  pos i t ive e le-
rh  rA*  t  ( j

ment. of Y we r ight s>0. We denote by Y the dual- H-cone of y .

I t  is  known that  9"  i "  a lso a s tandard H-cone and we denote by
. nJ( rn{r
Y"  convex  cone o f  a l l  un iversa l l y  con t inuous  e lements  o f  J  .

[ Ie  denote  a fso  Uy

re la t ion  in  9 i  * "  remember  tha t  g  i s  embeded canon ica l l y
^r( Jk

i n  y  as  a  convex  cone wh ich  is  so l id  and dense in  o rder  f rom
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(0**
b e l o w i n J w i t h  r e s p e c t  t o  t h e  n a t u r a l  o r d e r .

o
are cont inuous is  ea l led naturar  topo, logy on J .  A b in i lar  to-

def ined by

The'coarseA[  topology on $ for  which the funct ions on y

s -*-+ /- (") , f' e9:
/ /

pology nay be defined on 9*("." atso lal I  .  The f ine topology

on y wil l  be the 
"o""r#topology 

on I for whi.eh the func-

t ions or, 3 defined by

s -->r,tr-ts ) , /.n 9*

are cont inuous.  Analogously  we def ine the f ine topolory  on g*  .

For any L.e f , ut) o we denote

v c  Y.  I  ̂ . * r .4  ]la . .= L; -  i
I
l ' /

The se t  Ko is  i  convex  and eompact  in  the  na tura ]  topo logy
.htr

on  Y.  w.  denote  by  xw the  se t  o f  a l1  non-zero  ex t ren  po in ts
. o

of K.,r -  .  Any se$ may be ident i f ied wi th the funct ion on x, . ._
'  

de f ined by

s ( x ) = 3  x ( s ) . j

and in  th is  * "  I  becomes a s tandard H-cone of  funct ions on the

set  x  G""  [ r [  r r ru  natura l  ( resp. f ine)  topolory  on xw is

that  induced by the natura l  ( resp. f ine)  topolory  on 9n.

rn  genera l  we say that  $  is  represented as an H-cone
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of  funct ions on a set  x  (seeDl)  i f  there ex is ts  uef ,  u>0 such
\ 7  ' n

that  Xc.X."and for  any s , t€Y r "  have s{ t  whenever  s(x) -<t (x)

for any xex. 0bviously in this case we have !- = 1 on X.

We remember that a balayage on $ i"  a m'p er 9*t 9, which

is  addi t ive,  increas ing and cont inuous in  order  f rom below
^ ^ \

with respect  to  the natura l  order ,  cont ract ive( i . " .  BA €, ,5 , t+)  5*3)

a n d  i d e r n p o t e n t  ( i . e .  B ( B s ) = B s . ( v ) a " f  )

We denote u" [9 ]  t r r .  ordered rea l  vector  Epace generated

" nby Y and by the order 
". . :" t ton 

given by the convex cone of al l

e lemen ts  s - t  where  s , te  J ,  s l t . .  The  o rde red  vec to r  space l i j i "

a vector lat ice and for any f  ,36tf  ]  we denote their inf imun

uv *ns. For any f etf], we put
l .

. 1* J

and fo r  Bny  fe [ f ] ,  f> ,0  we denote  bX B l , the  ba layage de f ined

by

Bfu  =YR(s^n f ) .

For any subset A of X..

Rf = ,Al"eyl" ,,

=Al" 'eYl" . r ,4

General ly the nap

s  -+B :

cont i r ruous in order f rom be1ow,

we denote uv el the function

9
o n  A  t .)

i s  s 6 6 i 1 i v e ,  i n c r e a s i n g  a n d
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cont rac t ive  bu t  i t  i s  no t  idempotent ;  f f  i t  i s  idenpoten t  then

th is  nap is  a  ba layage ca l led  the  ba layage on  A.  Th is  i s  the

case when A is f i l le open or more generaf  when A is a sub-

b a s i c  s u b s e t  o f  X o (  s e e [ r l ) .
t f i  r O  /  +  r \

r f  u*Y, . . tO then for  any s(Y we denote (" . "Lr l )  Cary s

the  subset  o f  the  na tura l  c toser {  o f  X  in  K . -de f ined by

, A

deF X,.\V
x€carr s 4=i 3 h+h for any natural closed

neighbourhood Vof  x .

The -se t  Car r  s  i s  ca l led  the  earu ig r  o f  s  and i t  i s  p roved tha t
. 4 , /

for any s*Y we have Carr s+d and s"),  s whenever this inequa-- \,,o l
l i t y  ho ls  on ly  on  the  se t  X  f lCar r  s .

l le remember that  V sat isf ies the axion of  polar i ty

G". [ r1)  
i r  ro"  any sego and any decreas ing sequence of  ba laya-

ges (Bn)n or $ *," have

n s ( f q s  )  = A B , r s ,

.one can prove G.. [ : ] t r r " t$*" . t is f ies the axiom of  po-

lar i ty  i f f  any element 
"€y 

which is  dorninated by an element
r D' soeJ is  o f  the form

s  =  5  s -  where  
" -e9 ./  I l  r r  v L )

1. Sgbslract ible elemegts in a*slagdgld H-cone

An element h nf i s  ca l led  subs t rac t ib le  i f  fo r  any
t l l

seY such tha t  h (s  we have
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h  2  e .)'

l le remark that  the set of  a l -1 substract ib le elements is
r  n  r l l

a convex subcone of  Y which is  soLid i t t  J  wi th  respect  to  the
r O

spec i f i c  o rder .  Moreover  any 'e lement  se  Y o f  the  f rom

s " ) h * r
- t l l , n , ^

*j " ns., b stra cf i b tx. .

hn subs t rac t ib le  ;

Theoren ] .  _Let  (Bn)n  be  a  deereas ing  sequenee,o f  ba l j l ra -
r n  , 6

g e s  o n  j  s u c h  t h a t  t h e r e  e x i s t s  u e ] ,  u ) O  f o r  w h i c h .

A t"*= o

n h

Then any element h e Y sueh that

n e N = ) B r r h = h

i s  subs t rac t ib l -e  and ur \h  =  0 .

Let  he I  such that

n ( N : )  B r r h  =  h

h  € s '

0
Since BjL= h i t  fol lows from [r l  , .  that the element

and l-et 
" 

n f o" such that

fn=t (s-h),41(u-Brru)
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is  of  the forn t -Bt  where

t-Bt+Bnu e Y

r f i
fr, * Brrue J '

(s-h)nu e $

, }

$-..= (s+\u) A(u+h)

^^lt
Let now Yf ,Yre$, sueh that Yn (yz. Silrce

t-Bnt < u-Bnu

i t  fol lows that

1 . €

We have

I 
((s-ti)nu) S !(frr+Bnu) ( 

y/"(f,r+Bnu)

3 Yr(fr, )+Yr(Enu ) <Ye( (s-h )a u ) + fa(Brru )

and therefore

Y,, ( (.s-n)nu,) ( Y*( (s-h)nu ) .

R  - -  H e n c e
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.  s ince we can change u by any eLement nu where neN and since

u>0 we deduce that

s  -  n *  Y  .

I f  we denote

p - u ^ h

we have

B r r P = p  ( s i n e e p + h )

B n p { A B n u = O , f = 0 .
h-

Theorem 2 .  Le t  h
qg,

be\  subs t rac t ib le  e . lement  o f Y e s u p
such tha t  pAh =  Q.  Then the  ba layage$o ynere  f= (h-p)+  sa t is f ies

the  Drop€r t ies

Bfh  =  h ,  B fp(  h .

Let 
" 

*9 be such that

s 7(nf )nh (v) o e,ftr

ltlre have

Since

h  -  s ( p r  p 7 R . ( h - s ) .
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R ( h - s X h

i t  fo l lows that  R(h-s)  is  subst ract ib le  and theref ,ore

R (h -s  ) i p .

Using the hypothesis we get

R ( h - s )  =  O r  h < s .

Obvi.ously we have

hzBrh =Y* (hnnf ))h, Brh=h

and

Bfp  =YR(p, tn f )<h  .

t h

Corol l -ary .  Let  h  be a subst ract ib le  e lement  in  $  and le t

p  be a s t r ic t ly  pos i t ive e lement  o f  I  such that  p^h = O.  Then- t _ _ v

the  decreas ing  sequence o f  ba layages (B+ )- n  n
where

f  =  (h - r , nn \ *^  
n  1 r r - r&p  , f

"sa t is f ies  the  fo l low ing  proper t ies

1 ) / \ B . p = 0
Y\ 'ro,

2 )  B r h = h
n

(v )  n€ . [ ' [
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*

Let  u  b .e a s t r ic t ly  pos i t ive e lement  o f  y  and 1et  Yo*

be the set of al l  non-zero extrem points of the compact convex

se t

Ko* = {au 
y**  |

We say that  an e lement  rey is  u  -  representable i f
^ 7 i

there exists a Borel  measur. fo on Yo* such that for  any Ye %

we have

Y(rl =!re)7*s(o)

The neasure 
/Us 

is uniquely determined by the preceding

e q u a l i t y .  r d e  r e m a r k  t h a t  a n y  e l e m e n t  s g y  s u c h  t h a t  u * ( s ) 1 e

i s  u * - . r e p r e s e n t a b l e  a n d  t h e  a s s o c i a t e d  m e a s u r e  i s  f i n i t e .

Genera l l y  s ince  Y ( " ) .  o< ,  we deduce tha t  the  assoe ia ted  measure' n

L L  i s  0 - -  f i n i t e  a n d  t h e r e f o r e  a n  e l e m e n t  
" e Y i s  

u  -  r e p r e s e n -
/

tab le  i f f  i t  i s  o f  the  f rom

s  = * r E n

x
w h e r e  o ' ( s n ) < € "

t n

Theo rem 3 .  r , " t  u t g  ,  J ,  o  an9  h6Y" .u *  -  r ep resen ta -

b le  e le rnent  ,euch. thg t  th .e  assoc ia ted  gegsur -e  i s  car red  by  a

po la l  sgbset  A  o l  Yo- .  Then h  iq  gubs- t rae l ib le .

Le t  
" *c .$o ,  

so>O such tha t  s*  =+oo on  A.  Le t  rR )  he' "n 'neF{
fo

the sequence of  bal .ayages on J such that

0 c . i * ) = a  J

c r  r _
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G
neH + BX = B" , G. =[ver,r* | "*Cvlr" ]

J€
r A "

Since for any \f€ Y" we have

B ; Y  = Y  o n  G '

i t  fo l lows that

V re,,r,1 = {nfv) rh=fefiv l,p=5rg*,=y(h)

and therefore Br,h = h for arqr n5N.
rr) o*

ltre remark also that for any OeJ ana any Y1J" *. have
+

Y < " ( u ' f o r  a  s u i t a b l e  r ( > O  a n d

AB'Q = o
')'\-

' n
f  t ,

for any qeY of the forme

i n f  4  o * (p )  =  o
h- 

rl

Ilence

and therefore

A B n p = O

q  =ZPr ,  ,  Pna$ -
ne l.\
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The asser t ion. fo l lows now f rom theorem 1" .

Proposit ion 4. l , . t  , r [$*, o*>o and 1et hef be sush thar

g+y specif ic m"inorant of h which is u*-*up"us"ntqb1q is-

to  ze ro .  'Thgn  h  i s  subs t rac l i b ]e .

Let  . r *e  g*  b"  such that  l r *>0,  vLux and vx(h){ } .  we denote

by7,(6 the representing measure on yo* associated to h. lve shal l
/  

' -

show that AL is carred by the set 
\

/  h -  
- v

t

we denote by A- t r r "  rest r ic t ion of  Le Lo the Bore l  set
/ / r 1 /

r l -

{v .vrr . * lo*(" }  = **3

Y(hn) *9,"*-  ,  (v)  yey:

and le t  h

{ verr,* I "*r"l<n J ,

, ,  b. the element of I  def ined by

obviously u* (hrr)_. 
2{v* 

l< n

and therefore hr,  is  u*-"epresentable and hrr{h.

Using the hypotheses we deduce hrr=O for any n and

,l rr[r.r,r" I o* (v ).*"]) = o.

2,  Poten t ia ls  in  s tandard  H-eones

Suppose that  I  t "  represented as an H-cone of  funct ions on

the set  X.  A.po int  xeX is  ca l led guQgl lgqL wi th  respect  ao I  i t
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( 0  L  . - t - - \ .  n  f ^ -
there ex is ts  s€ J  such rnat  s(y)>O for  any yex t  l l fx  and s(x)=O'

proDos l t ion  5 .  For  any  x^ex  the . - fo l low ing  asser t ions  are
r - v r -  - v ! v - -  / !  - - -  - : - ' . i  - - O - ' - : -  @

e a u i v a l e n t :

1 )

2 )

5 )

x^ is  absorbegt  wi th  respect - t ,o  Y
v -

" 9 { * J  
( x  )  = o

" 1  
v  \ o o '

there  ex is ts  a  subs t rac t ibLe e lement
o

P € J  r pfo such

t,hat *j"t = p'

1 ) 4 + . 2 )  i s  i m n e d i a t e .

2 ) + r )  S i n c .  { " o 1  i s

f t  i s  e a s y  t o  s e e  t h a t

_1x"7
o p  P '

, l {e shal l  show that

that

f ine  open i t  fo l lows tha t  { "?  
(xo)=1.

the  e lement  p= ,e je }  u" longs . to  $ .  ana

p  i s  subs t rac t i b le .  1e t  
"  

*9  O"  such

We hsve

p<s .

s (x) for any

O for

C t".1
B 6

t
\= 1
I
L

x l

x =

*o

X .o

since {""1 is  f ine open

A
, r ^

. Llx"f
R (  s -Bs

we have s (xo) rW 
,

)  =  s ( x o ) . p r

and there fore
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s  ( x o )  . p  4  s ,

P{"foJ + s'

7)  *  Z) .  Let  p  be a subst ract ib le  e lement  o f  $ . .  p1O sueh that- t ) ' ,

u{e3 = , ,^-p

Ob3ious ly  p(xo l  /  O and we nay suppose that  p(xo)= l .  f f  ,?" ,
[ ' c u  r  ,

_  L t ^ o J
E}1 txo) )O then there  ex is ts  a  na tura l  c losed ne ighbourhood

V of x^ such that
U

x$/
81 1*.)  > O"

Sinee p  is  subs t rac t ib le  i t  fo l lows tha t

p4d rr t*

for a suitable d> 0 and thenefore

Xrlr
Rp = P''

TtIe may embeded x in a natural way in the set x1 of a1l extrem

points of  the convex compact set ,

Kr = l fe 9* |  1,n, rn 1
/

Let U be a natural  open neighbourhood of  x^ in }-such that
o

u nXcV
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We have

oX'\f/ ^X'u-- P '  ' ' ' - -  =  B P  =  P '

J ' rom th is  equal i ty  i t  fo l lows (see t l l  )  that

C a r r  P c X r U

which eontrad ic ts  (see t : l l  the re la t ion

,j*"i = p'

r n

Proposit ion 6. Suppose $ rsDresented aS anr" H-SS"9--€

f_unctions_ on the set X. lhen j lhe set of al l  absorlent poinls
. r A

f rom X wi th  respect  to  $  is  d iscrete , in  th i  natura l  topolory . -  '

tm"oturrrt point of x with respect to I
r'h

we denote by p- the substract ib le element of  Yo such that
.J€

{ z  1  .
B ; , , =  P x ,  P * ( x ) = 1 '

Any po in t  y6Xr  p (y ) ) ,Q is  no t  absorbent  because in  the  cont ra ry
a-

caz we have

P, -<{P*

r i  for  a sui table c(  )  0" and therefore

py{ r/ pR

which  cont rad ic ts  the  fac t  tha t .
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carr py =iyl ,  carr px ={* i .

An e lement  p  e  Y  i "  ca l l -ed  pure  po ten t ia l  i f  fo r  any

s u b s t r a c t i b l e  e l e m e n t  n * 9  r r "  h a v e

P^h = 0'

: i  + i  . , . ,  ' 7  A n r r  h r r n 6  n n f  o n * l  n ' t  * . 4 0  *  ^  , , IPropos i t ion  7 .  Any  pure  po ten t ia - l .  pcJ  rp  , . r  - representa l le

for ar\y o=e3*,. u*>0. ,t
* r O

Let  ne f  Ue a pure potent ia l  and te t  u  +J such that
3

u^>0.  s ince  the  se t  o f  a l l  spec i f i c .  m inorauts  o f  p  wh ich  are
*

u ^ - r e p r e s e n t a b l e  c o n t a i n e s  i t s  r e a s t  u p p e r  b o u n d  i t  i s  s u f f i -

c ien t  to  suppose tha t  any  spec i f i c  minorant  o f  p  wh ich  is  u* - re -

presentab le  i s  equa l  to  zero .  rn  th is  case we want  to  p rove

t h a t  P = 0 .  f n d e e d  t h i s  l a s t  a s s e r t i o n  i s  a  d i r e c t  c o n s e q u e n c e  o f

propos i t ion  4  and o f  the  de f in i t ion  o f  a  pure  po ten t ia l .

fn  the  seque l  we denote  UV 9o the  se t  o f  a l l  subs t rac t ib le't1J

r9
€ lements of  t {  .

U

c
Theorem 8. !gppo_e_g_-Ug! J is represgnted as an H-sggg_gg

rn?f
funct ions on x such that any_elemelt  gf  $o is reprssented by a

4

bore l  measure on x .  Then qnyJ lene_nt  o f  9  n l l  isof_ the form- o

R ' t
where x runs.the set o.L g11 alsorbegq_poinlg_of I  w_Lth.tespect

r '  l
to Y and for any such po:Lnt x

PE = t{"i

z
)t

d *P*
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pr(px = o

'  r n
fo r  a+y  absorbent  po in t  x  o f  X  w i th  respec t  to  J .  For  the

proof of  the theoren i t  is  suf f ic ient  to show that any such

e lement  p  i s  equa l  to  z€roo  Suppose tha t  p lo .

.  l j t re denot,  e by xt  the set  of  a l l  non zero extrem points

of  the compact convex set

K r  - l ; e g *  l y r 4 ) s r ]
rt-

Since any universal ly continuous element or Y is repre-

sented by a Borel measure on X i t  fol lows that any compact. part

o f  XrrX is  senipo lar .  We want  to  prove that  there ex is ts  a  po int

x o e  c a r r  p n x

which is  not  absorbent  wi th  respect  to  y .

In the contrary case i f  we denote by A the set of al l
r l l

absorbent  po in ts  o f  X wi th  respect  to  V,  then A is  countable

and therefore car::  ppA is a Gl set contained in f .  r  X. Since'

xgA *> PAPx = O

.0 cp
Let peJnJ*una suppose . that

i t  fol lowe that [*see 5-- l
L . J

o =t,rcarr p\A)^xi =X,35n",
k  compact
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Any compact  par t  k  o f  Xr rX  be ing  semipo la r  we deduce p=0.

From the fact  1|rert  xe is not an absorbent point  we deduce

tha t  there  ex is ts  a  na tura l l , y  c losed-ne ighbourhood v  o f  xo  in

KUsuch tha t

X.v

l le choose now \r f  a natural ly c losed neighbourhood of  xo in K1

such tha t

o
T{cV

and such that

XTV
P{flBf on, W

for  a sui table €.  I f  fo l lows that

B 
r 

cxo)>o

X'\d X:Vq  =  : n (p -B f  )<Oe i

Since *o Carr q we deduce that p Bp and e O. Obviously e p.

Using the fact that p is substract i^u*le wer have

X:Vq  4 &  B r
:

which  cont rad ic ts  the  fac t
rl - -

br-1. Lb\ \\

q*0, carr  qc { t [ .
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From the  preced ing  theorem i t  fo l lows tha t  the  fo l low ing

a s s e r t i o n s  a r e  e q u i v a l e n t :
t h

1)  any e: lement  o f  J  is  a  pure potent ia l

2)  any ext rem e lement  or  J-  iu  a  pure potent ia l

7 ' )  t he re  ex i s t s  a  se t  X  such  tha t .9  i s  rep resen ted  as  an
^tF

H-cone of  fur rc t ions on X such that  anyAe$,  is  representable
I

a s  a  B o r e l  m e a s u r e  o n  X  a n d  s u c h  t h a t  X  d o e s n r t  p o s s e s s  a b s o r -

b e n t  p o i n t s .
t O

4)  i f  J  i s  represented  as  an  H-cone o f  funet ions  on  X such
.^ ik

that  any efement  o f  % i "  representabl -e  as a Bore l  measure on

X then  X  doesn t t  possess  .  abso rben t  po in+ -s .

5 )  There  ex i s t s  a  pu re  po ten t ia l  p )p>0 .

$Ie ssy that  the s tandard H-cone V sat is f ies  the ax iorn A

i f  one of  the preceding aeser t ions 1-5 ho lds for  $ .

c
Theorem 9 .  Assume thg !  J  sg t is f ies  the  .ax iop  A and l -e t  h

r A
be gn  e lement  c f  j .  Then the  fo l low ing_asser t . ions  are  qqu iva len t :

1)  h  i s  subs t lac t i b le
t h

2)  There  ex i .s ts  ueSr  u  >  0  and e  gecreas ing  sequencs lg f  ba-
r 0

l ayages  (B* ) *  on  J  such tha t
r r l l #

A 
trr" - o, Brrh = |

tor  any n6 N.
- .n

5 )  Ther "e  ex lg l :  ueYr  u )0 ,  u  pu re  po ten t ia l  and  a  dec reas ing

.sequelqe gt-bjr layageg (Bn)n g I  sueh that

Bnu=O,  Br rh  =  h  fo r  any  n€N.
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(0
4)  Fo r  any  

"GJ i  
u>0 ,  u  pu rs  pp teQt ia l  . l he re  ex i s t s -a  de -

r O
creas ing  sequence o f  ba layages (B ,n)n  on  V such lhs t

A B-"w = O, Boh = h for any n€N.
trLeN

Yc1)- Sufr
+k

. 0 '
for any Ye Yo , From theorrem ] i t  fol lows that the measure ,4p

i l

1)=)4)  fo l lows f rom the  eoro l la ry  o f  theorem 2

4)+ r )  f o l l ows  us ing  the  ax iom A

5)  42 )  i s  i nmed ia te l y

2 ) :>1 )  fo l l ows  f rom theorem I .

a\

Theorem 10.  Assume tha t  Y  
" " t i s f ies  

the  ax iom 1 .1hen

!1':_191l9gge :
' n , (  

PoJar i ty .1) The standard !{ -gg!e y sat isf igs 3he-axiom o-f

2 ,  Any  pure  po ten t ia l  p  i s  o f  the  fo rn

P = Z prr, Prrg 9.
: t € N

# n
t )  F o r  a n y  r * o 5 ,  t * > g  a n d  a n y  p u q e  p o t e n t i a l  p € Y  t h e

cor respond ing  representa t ion  measure  i -L . .  o l  Y , , r .  doesnt t  ch ie lgq
, / l

anI_semipolar  subsel ,  €  Tu* .
r ( )

q For any t** . fo,  o*>o an ux-rgpresentgbLe ele- ingql  nej is

subs t rac t ib le  whenever  the  cor respond ing  re -Presenta t ion  measure

l L l  i s  c a r r e d  b y  a  s e n i p o l a r  s e t .  *
r t ' 0 x O *

1).+5) l ; ' " tPe$ . ,  be a pure potent ia l  and u^E) ,  u io 'From

proposit ion 7 there exists a measure ltn On Y.^.,* such that
/ l
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doesnrt  charge any polar subset of  Yu. '*  and sor u

measure r , t tg 
doesnf t  charge any semipolar subset

5 \  : )2 )  fo l lows f rom L l ) ,  theorem 1 .7  ;  '

2 )  = + 1 )  f o l l o w s  f r o m  [ - l ) '  t h e o r e m  5 . 8 . ,

1)=94)  l . , " t  u le$ i  , r *> O and le t  h  be a subst ract ib le  e lement

of  Y which i "  r * - r "presentabLe.  The eorresponding representa-

t ion measurerS nay be decomposed in  the form'

f r =f'*/"'
I

where pr '  is  carred by a pclar subset of  Y6
/  ( 0

a n y  p o l a r  s e t  '  T h e  e l e m e n t  o f  J  a s s o c i a t e d

p o t e n t i a l  ( s e e  1 ) e 1 )  )  a n d  b e i n g  a  s p e c i f i c

equa l  to  ze to .  Hence/ [  i s  car red  by  a  po la r.  . / ' r
5) - )4 )  Indeed any  spee i f i c  minorant  p  o f  h

Yi , ,*  by a measure carred by a semipolar set

c a n r t  b e  a  n o n z e r o  p u r e  p o t e n t i a l - .

" t B  
1 ) ,  t h e

of Y;P.

t/
and4-  doesn ' t  change

with , . ' /  is  a pure

minorant of  h is

subset of  Yox.

i s  r e p r e s e n t e d  o n

and there feore  p

representa t ion  measure  then 1r ' -  do#n ' t  charge any  semipo la r  se t .
/ P

I

a
Coro l fa ry .  Su lpose thg t  J  sa t is f ies ,  ax j -g rn  A  and tha t - i t s

a"'*
Y sa t i s f i es  the  ax iom o f  po la r i t y .  I hen  we  heye :

4)  +  5 )  I f  p  i s  a  pure  po ten t ia l  andr . ,L rp  i s  i t s  eor respond ing

dual-

'rA 
rA

a) for qn{ ,J.y" , , i '2 o an9-any-subslractible qlemenl heY which

i s  u  -  r e p r e z e n t a b l e  -  . .  t h e  c o r r e s p o n d i n g  r e p r e z e n t a t i o n . n e a -

' .gure , t (L is  car rec l  by  a  po la r  subset  a1  Y, ,+e .
: . : - r - : - -

i € f  i t  i s  , r *  -  represen-

t'sLle for -any ""efT 
ux2O.
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