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DUEI,IZINO DII'ISOE.S OF T$O-DL]{EN$ION.AI SINOUT"ANITIE$

Irucian 36d.escu

Introd.uction

Shls paper ls a contlnuatlon of or:r previour parer f3Jr frorn'*hich r.re shall

bo$ow in general the terninolo8Jf.'He ehall fir a nornal non-regular two-d.inen-

siona.l local r ing R essential ly of f lnite type over an algebraical. ly closed f ield.

k of arbitrary cbaracterlst ic throughout. Let frX------..y = Spec(y) le the ni-

nimal desingularlzatlon of &e E tbe reduced exceptional f lbre of f  ( i .".  the f i-

- t  e
bro of  f  over  the e losed poin i  o f  y) r ,  U.o X-E and @X* n i /n  Our  a im is  to

atudy the p-duallzing divis.or of R, where nTzL Lg a f ixed. integer. ?ble divj"sor,

denoted. by D*e ls by d.eflnit ion the snallest effective d.ivisor L on X with. m '

suppor t  in  "6 such that  for  every 
f  e f  1u,cr , r | )  ono has (y)  *  A 2,  o ,  where (F)

stands for the divieor on X. associeted. to 
T , 0f part icular interest is the

divisor D = Dr, oal led afunply tbe Belj .zi!4: divis.oi of R, which coincid.es with

the 9o-reirqlgl4*dJvis,or of R lf R ie Gorenstein (ue* ff]), and. wlth the rilnirnally

el l ipt ic cycle of 
'E 

i f ' the geornetric genus of R is one (aee fS] for the d.efini-

t ion of  the e in lna l ly .  e l l ip t ic  cyc le of  R) .

fhe paper bag three eections. The f irst one contains a l lst of tho known d.e-

f init lone and results whlch wlLl be used later. $ection Z deals with somo gene-

ra1 propert iee of the in-dualizlrrg dlviocrs of R, the key result being theorem

(2.7)"  I r i  the }ast  eect lon we apply  th ls  theory t .o  e l l ip t ic  s inguler i t les.
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f r . Pre l irninaries

(f.f) Let frX*-*---t-Y - gpeo(n) fe an arbitrary desingula-rlzatlon of R, whe-

re R is ae ln the introductlon, )enote by S tbe reduced. f iUre loO-, over the

closeal point y of Te of imed.uclble oomponents EUe...rErrr and by U o X-E g I - y.

3y the theoren of  connected.ness of  Zar tsk i  (see ESA I I f  (4 .3. f ) )  n  is  a  eonnec-

ted. curvel and by a rosult Broved ln t1"] tha intersectlon natrix l /(tr. t l) / l

le  negat ive def in i te .

(f"a) rhe f,p4gqgg-tel g,fgl.S of E (or of f) 1s the smallest d,ivisor Z)o

wi th e iuppo: : t  in  E sucb.  that  12, .n*) (  o  Vi  o  7t . . , r r t

a conrjlut_allqg sequenc-e (eee f?-l), w

* fzJ).
hich ls

( u u 7" can be caLcu-

a Grequencelated by the help of

( t . a . t )  z o E  o r  Z 1  -  E *  ,  Z ,  a  Z .  *  E
-  . 7  

- i + 1  - i  ' ' - i . . _  t
J+1

wlrere E.  ie  arb l t rary  and (2. .E.  ) ;o  i f  J ) r7 .  Secauee the natr ix
L+ J tJ*1

le negatlve definlts. this aequence nust termlnater s&y at Zg and" then

le Just the fund.a,uental cycle of E (see [t]).

ff (nr.n, )ff
7 r * %

s

( f .3 , )  4 ,  deaingularLzatLon f rX-->T -  Spoc(n)  is  sa id.  to  be min imal  l f

E doeg not contain any excoptlonal cr.rve of the flrst kind. as conponent. $uch

a deeingularizstion exlsts and. is unigue up to

(r.+) Tire gllt-!rye.LigtrSp pe(R) of R tg

pa(B)  e  su .p {n* (A )  /  A }o  and  supp(A)en}

rbs:re pe(A) - Ih,(A+r"A) + I  a 4.- f iah) is the ari th"metlc genuo or A (r
. / l . l

belng a canonical clivlsor of X). Ono knows that n*(n) is tnaepend.ent of tbe

d.esinguLarization (eeo I4{J)o Tho geonetric genus n*(n) of R is by d.efinit lon

di& SC(0X) and. it is also ind.epenclent of ths d.esingularization" fn general we

havs the inequ.al l ty r la(R) ( pa(n). hre say. with Art ln fa] tuat R has a rgt+gtgl

&n

by

isonorphisn.

def in i t ion (see [ t{ l

J
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s1.r-reula{ity lf p-(B) - o. llhe oondlti.on n p-(n) - o n elgo ohaxacterlzes re-- g '  & - '

tlonal singularitles (eee fa]). se eay wlth Wegreicb [+tf **b R has an sl,ltp-

tto singulsritu lf n"(n) - { .

(r.5) Tbeorero-. (t3]) Iret f:4----*3, bg t4e rni.g4al ci,eqitgulqflzatiori of

R. She.q_R is gore+gt_ein if gncl -onlfjll .gpe gL the .fo*owi{K go{$+!igne.}o1d:gr
i

r) S 3ge .g,,{q!:Lgna1 {oqble sigsq.ariF.

11)

,{ = (cr,rx@ox(D))80D ig isomo-r.phic to oo.*)

Noreoverr lf i i) Uotas, t ire d.ivisor D (refered tn the ooquel ae tbe i loren-

qte.i+ divi-sjr gf .n) witl the jlove pr:o_gelly 1.s *iri-quo. D).4 hbei.n{-tbe-fgg:

*.aareglal g-ycle-oi' t), tr(R) - dj-m xo(0") a+a UI,E o*(-l). .

If I hae a rational d.ouble eingularlty then t.be Gorenstein dirrieor of R 1g

zero by conventlon.

(f.g) _TFooqen. (b]) If f:X----->Y i_s_gq arli.tqeqy dosinsul+rlzatlon of R,

then for evory invertible O---mod.ule M there le a canonlcal eract sequence
c - . . . - -

(t. 5. r ) o --) l-(xrr*r ) ""u r f(urx )

rhsre E{( .  ) f  denotes tb-e dual  o f  the k-vector  spaco A4(") .

(r.?) Vgnishr.ng Lhqore.,T o{ ,tgBfehRgn0qFuJg.g. 1u"* fil) It {rx-;;t{.ls

desinsuler.i.zatiq.l of R end.q, ag i.nlrsrtlble 0--gqtUlg__rUgbtq (r,"nr) > (wx.EL)

V r  -  { r . , . r n ,  t h e n  H 4 ( L )  -  o .

(1.8) Consld.er tbe nrnerieal invarlante of n (introduced, ln the conplex-

analytlc caoe by Kn611sr fn [6])r

. x-\"t In f{ttr" cond.it ion i l) in theorem (4.a) ls inoorrectly etated. because

the cond.ition n $upp(n) - E tr ls ornlted. The proof of the corrected. verglon of

theoren (4.A) la in fact exactly the proof given f" ftJ, All the other results

fr* [fJ rhicb ere eorollariee of, theoren (4.2) reraain unaffectodn -
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rxn (R ) s d.in f $t , (t4) /;1x, ar| ) ,

It turrrs out 'bhat 
"*(n) 

ia ind-epend-ent of the

(a"* f lJ) '  ar .d b; '  ( : . "5)  
"a(n) 

coincidea with

nurn,srical .invarlants c&n be comput eil-v-l=a;

(r.9) Ptgpoqiutor], ([i]) Lq!-fiI-::- -TY le. lhe :ULg]13}. deq:,r.KBlarj,z,q[j..or]

o-{ B..*r.ne:r (Qx"frr)}zo V-iL * l-r-:--rrr. Hi(ar:) * o *r4 "u,(n) 
; d.im H/(tl*)

f qI _9:g-Iii_g),1.

(r. ro) pgs]1Lt1s9q1(Laufer [gJ ) e d.ivisor Et ) o with support ln E is mini-

mally e- l l iot lg i t  
7$. , )  

-  o and 
7@O)2 

o for  every A auch that o([ (E' .

( In  other  words,  pe(E' )  -  o  end"  pa(A ) - . -d  o for  every A such that  o( [18 ' , )

(t.tt) thgorem-d"eflni!iqp. (r,aufer f6]) n i:ae-a mi-i!.ge].]g-gl-Llg!.rc.-g.Uggg-

rILy_ lf lhe qj+irma1*4ssinfiglgr.if alion {IL--*+Y o{.A-p_etisfies one of t49

{o} 1 ow *,ci" -e cl}-iJalgn!."*go +ti t i o ril:

a) fhq. ru$angntgl gvclg 4 g{'1 ie_e_Jglnmg!1{=e1L1g!_W_{lyissr,

b )  ( 2 . 8 . )  -  -  ( c < r t - . E . )  V i  =  4 7 . . o 1 a .
r n l -

InTr l ' "

d.esingularLzat|on for every n){.

the geonetrLc genus of R. These

c) F$,) - o qn* qpy plqpqr. qu-br{err.9t,U*o{ ? ig_1}'q*gggg.Ltigqql s.e-t, forli- . / L '

qgL{g Pgl -s + qlY}g*i"t Y- "

(1.12) Ir.op-q.s1*Llo*. (Laufer fBJ) Agsua.q-tA*t & ht}s, -an.elLiptic-S,r.nqgrariu{

gq*. 191...{E-E::-=-ZL}e-}}re.Jigi{+llgsin.-eil*}gtlzatio.lr of. R. th.gq tbe-Lg, ex{ets-a

st$lp.o,rt_!4,3. s]lgL.thgl p(o-; * o. Tlege.e*Llt_ga_qg.x,r"Rql1t:o.Lilsgg*99_ll,rA*!)

,{qq thg-Lrigggtgptp}*efql,e-? g{ n *B_c_h rhar s, - u1 {9lq q._rl.tqFlq.}:(rS p

iqxgrS r*glg*..g'S3), *qgg$.l;r, (s' , or) - - (ox. Er) €,g{*,9re:yl_gg9}_j_k!.

n i  C  supp(n ' ) .

Although Laufer irorke r" [eJ over tho cornplcx f iold @, his proofs of (f . f f  )

and. (1.. le) reiaain val id" ln arbitrary characterist lc.

gp!r"q.ug_-rqinlnqlly el l :Lptic divisor Er on X. At ls the snal. lest divisor Flo wit lr
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{ 
2. &Bal-iqine gj:vis.g{s.

(a,f ) In the situation of (f . f  ) (wfth ft t*Y an arbltrary deolngula-

rlzation of R), let L be an arbitrary o*-raod'ulo and A an effective d'ivigor on

X with support ln S. Tben tbe ruap 8a-? s/u rleflnes a.n isonorphisn betweon

r,eox( N/u and" r,f iJ, where s €l-(T,taox(A)) (vcu) and' ue l-(x'ox(A )) is a

section of O*(A) eucn that tbe d.lvisor of u, cLenoted. by (o), ooi 'ncldes witb A.

Applylng (l .d) to M = Lo?oX(A) arl i  taklng i.nto account of the above id'entif i-

cation we get tbe exact sequencet
d , ^

(e . t . t ;  o  - - -? / - (x , l8o"(A ) )  / - (u 'L)  4

4  - )  4 .
--2 ;L (x, o"(- A )ol-a e co x)'. 

> n'' (x, ox(a )& t ).

Note that

(a. l .a)  r*(dr ,a)  -  f  o ef  (u, t ' ) - [o\  /  ( " )  + A7z o]  u [o l '

wbere as abova (") standg for tbe dlvisor of e over X. !tre are i 'nteregted 1n

studylng tbe d.ivisors L2. o r i th support in s sucb that the ( inJecttve) map

4r,8 be an foonorphisin' Denote Uy Fl the eet of al l  such divisors'

Fron the exact  aequence (4.1"1)  we eoe that  Ae n,  .L f  
g ,4(0x(-A)et -% UN) =

s or Theorem (r.?) oays'that one has this vanishing if

(a . t . 3 )  * (A  ,n r )7 r  ( l . n r )  4  t  *  7  t . . ,  rY t '

Div lsors A sat io fy lng (2.1.3)  ,1o er is t .  In  fact ,  d-enote by d -

a aut f/(ur" n, )// and choose n posit ive 
'integers 

d'r, r o . r d'o such thar d' 
ry' 

(l' n, )

a.nd d. divld.ee d., Vi . '  4 s.,,srL, Tbe'n by Cramerrs rule there Ia a unLque A w:,ttr

supp(A)(E nuch tbat  -  (A.ur )  -  ur }  ( l .nr )  V i  -  { 'eo"sr r '  s ince dr )  o  V i  -

- Ls.re 1!re &n ea6y argwnent of [a] showe that A)o (and' in faet $upp(A) - n).

In other worcls wo bave ehown tbat F, is a non*void. set for every desingulariza-

tion f ant for evory invertible O*-module L'
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Sy (2.1.2) the errr ject iv l ty of

every e€ f(ur i , ) - {"}  bas a pole on
.TL

L - e"rui'

tho nap d,, n
L t 6

E. of ord.er at
1

le equivalent

nost  r r r l f  A

with oaylng that

bas tbe form

(e;a; !g$qg, tAere e-x:leje- e.*iv.isol

A g P- ire have D-.-< A .
! - , - *  L

D" gugh,!trqt._
I J . - - - *

Iggg!.  I t  tE suf f ic ient  to ehow that l f  A,  -  Zr,*Eun 1* Lr?,  ere two
+L 

t  j=n  l -J  J '

dlvieors ln F, then, d.enotlng by A- 7 min(r'rrrrr).Err for every tlon-zero
tr 1=.t

sectlon s 6l-(Unt) one h.as (*) + LVI o,Blr*" this lnequali ty ie an obvLous oorse-

guenos of  the fo1 lowin6 onesr  (s)  + ArTto and ( " )  *  A7,  o ,  Q.E.D.

(a.l) !g{irr1!lgg. let f rX-*---r-Y be the mini:nal deeingularization of

R. For every nTtl tbe d.ivisor D,.,-,  d.enoted. si iuply D , is cel led the n-dualr-- x m

?**g_Slfreqq of R. If m - i[ we sball r*'rlte ] lnstead of ]4, and ttre d.ivlgor D

w111 be referod as tbe d.ualizln&j:Lrrijsor of B (instead. of the tl-&va"Iizing dirri-

so r  o f  B ) .

(e. *) SggpggiSigg, 3gsgr.e .,tbqt__t-bg,re _e.xtq!g a toyhers vaqlshinS, F-ec-tign

e e  I - ( u , L ) .  T h e n

n part lcular, i f B ls Gorenstein and if  f  ls mini-ural then D coincid.es with tho

Gorens te in  c l - l v i so r  o f  R  (aee  (1 .1 ) ) .

g R (e {s normal) ana s

e '€  f (u , t ' l - [ " ]  there  is

( e ' )  =  ( o C )  
"  

( " )

f*g-o.{. fhe hypotheeis irnpli.es that L/U # oo/u. Theref ore l-(url) = f(urur) =

a baels of f(Url) as R-rnod.ule, Sence for evory

funct ion "C€n- [o]  euch tbat  er  *o{ .s .  Whence

&
(oC)  +  / - ^ rn (o rde r -  

( s ) ,  o ) .E i  ,
T;i ol

or elso,  I& < -A min(ordn (u)n o) 'Ei .  The opposi te ineciu.al i ty is obvious
t=i oi.

boostu*:e Supp ( (u ) )e g,

1s

&
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If 31 ls Gorensteln and f le mlnimal tbere ls a nowhere vaniahlng Z-form

dre [ - (u ,  - * ) ,  and by ( r .g)  we haw ( (a t ) , t r )  -  ( ** "* r )Vo Vl  -  Le"o "  1n.  r f

B hae not a ratlonal slngulority -(dJ)V Z, where Z ls tbe fund,aroental. cycle

of  E,  and.  in  par t lcu lar r  ord,  
. (co)  

{o  for  evory L *  I ; r ro ; ix t1  By the f l rs t  par t
t

of tbe proposl.t ion D - -((,, t),  and. tbue D is t l le GorensteJ.n divlsor of R by (1.5).

Q. E. D.

(a.5) Fr.gqgs;Lttot, i,s-s.ume tbat (l,nr) V (Ux,Er) for overy | * -/r..."{:,

Sben D, - o i! aqcl only i{ 
"t 

6-78 U,) - o. 4q gel!-lgglgl, ,D - o ll-end o&}y
l J A

iL"R.hq,g_a_tat_io*q?.l-..sjn,qularit.Ji.

IIgg!. The htrpothesls end. (1.1) i.rnply that H4(l) - o, and. thorefore the

exact  sequence (z . t . t ;  (wi th  A -  o)  becomeet

o --*+ I-(xr l) ' """ " I-(u, r,) g{ (x, t+o M^)'--_-} o.
. t .  - 4

Therefor" I !  * o 1o equivalent to B'(L-'@ Q/*) - o. The last part of the

propoeit lon fol lows taklng L = Q,/*" Q.E.D.

(a. g) Hgp"osi.t-ion.

p (n)  -  d . rm s l (o- ) .
8 D .

Progl. fhe exact Eequeuce

o ------i c<-/*-----> b*@0x(3) *- Qrr--> o

ytelds tb.e eract sequence of cohoi;nology

Ilence applying d.uallty on D we get t

d.tua s{(oo) - dim fLD, uo} - aim l-(x, **@o*(n) )/l(xru*),

and. roca,l l lne that D is the d.ualizing d.ivioor, f$rf4OO"(n))=f(Tl,Al^) (vla

the map d,.* n ), and. therefore we get:
-xru

A
dln E? (oo) * drn f(u, \)/t '  x, cdx).

The last  d . inension ls  prec iso ly  f - (n)  by (1.8) .  Q.E.D.
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(e.I ) ryggsq., I*t nbl be a poeitive int;ogqt. If, flX'--r--.--+Y ie the

ninlmal rlesinguJ.arization oE'n and D 1o the *.-d.r+glizinfi .d.igtsoJ c{-8.'tiiqg- . . " .

(Dr.E" ) + n(&.lu-x r)V o

Soneover 'thrl- 
*rlequtlitigs F",?..1) Sg"cpree-a]l eo.Ueillrlie.^q-if. anil ,olrl*y lf

- r n
O-(-D )ZW:,  avrd in th is  ce.se we have e i ther  3 a o e.nd.B has arat j .onaJ

A - m - J t . & ' @

'dgEFle qinggl3{ity" or else D*7t Zr E

cuLar

( 2 , 7 . 2 ) (r.ur) u lLUr..frr)")t " Y-l-:1-s*.r-eg,

Iilh_eqq,a1,itie,E -e.Ig.rwlgqg, it-and. -qnlr- j:{ R'iq._qo.gl'!tg1$ I{,,R _4as _not' a rat_Lc_r--

per" pM n"(l)) 1, end-F*(n) * { and Sripq(ll. - E lf qnd-.or:ry :{_{

is Gor,enstein.

P*oof. $rite D
t;

ln ord,er to pr'ove.{e.t.l) one dlstind.utshea

two casesr

'*1 , r, s or ,fhen (%.nrDzo, :antl ty (r.g) {U;"tr)}o ss relt. Eence

''r'(D*. TJ " 
m (Ct!" n, )V o because 'm774.

b) tfbo: FJ the-,defi: i{ t i .on d }- ' t .bere,, i$:€:soctLon er€' l-(U,(o}) sucir

that

-  ) , r . E . .
t='l 

lt u

( ( * r ) - X " i j r j  * h y ,
) 

' 
i'=c 

rtl ol v

( 2 . T . : ) ]  t i r r ( t 1  V , J  -  4 . r . n . r n  ' a n d .  I . .  *  T . ,

i ' 
L A, effecti:ne d.iv:lsor ,no sontaining ar1y Ei ae coirponent*

fhen tre have

(o,o,ur) - *i fni l  *Xrrr(nr.nr),. . i + i r J r

c{&r*nr1' ({er}.nr,) * -r l iGi) - 
*-r+tur"*j) 

* (Ar.*r.))

and usims,relation" (f.?"3) one getsr

(a"?.+) .  ( l * . r r )  + *{ t rx"ur)  *  
E 

( r"*- : , " r )  . r  (s i .T i , ) . -7: ,
t + 1 .  d

I t  remalne to seo what.,happens if  al l  (2.?.1) becprne equall t ie$. 1{o dist ln*

1 - . 1  r r c o i l l r -  
-
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gulsh also tso c&aesl

e') fgeqqj-Lq"_t3gg"*.i S.g*L-tlg}" rt * o. Orclerlng the componente of S

convenablsr we may assune that 
"i 

o o if and. only if 1-(t, wbere t le such that--
.!L

4. . ( t . (n ,  then D* -  T. r .E.  wi th  r r )  o  for  jTr t+ ln  For  l ( t  we heve eeen f roxn
n ,i=t+1 J J J

case a) that (nr.Er) - (&f*.Er) * o. He cleiru that t - nr i ,€n !* - o tn thie

cg.se,  fu  fsct  t f  t<n th .en one conponent  of  E1r" .orE* r  8eX Err  nust  in tersect

Sunn(Uro)  *  Et* lU. . . t , ,Eo (otheru ise E shou-Ld.  be not  eonnected.) ,  and then ( l * .nr ) )

)o, rahlch is abeurd. Eenco t * r and tbus (UX"tr) - o (1.e: nu(Er) - o utrd

, )
(n ] )  -  -e)  for  evoty  i  =  ler roenl  In  other  word.s ,  i f  tbere is  an ln&ex l  euch

] - - .

that r, - o and. one bas equallties in aJ1 (2.7.1) tnen D* - o and. R bas a r&tli.o*---...-

naL d.ouble singularlty (and. hence B is Gorensiein),

b t )  r . )  o  fo : '_eye{y 1 : :  { r . . . , , .n .  Then for  every 1 we can chooee a sect ion' L '

er6 f  tu ra{ )  sa t ls fy i r ,g  (2 ,? ,J ) .  F rom (e .? ,4 )  we see tba t  one has 'on1y  equa11-

t les ln  (2 .7.1)  l f  and.  on ly  i f  r ,  -  
" i j  

for  every t  *  L  euch that  S.Aqi  ## end.

(Ar"E.)  -  o .  In  par t icu lar  we can take s ,  c  s .  for  every i  +  i  euch that

ELnEj f f  .  Sinoe E le connected. i t  fol lows that *t * o, for every i  and J.

Eence there ie a section s e f(ur$|) sueh ttrat

( u ) = - r u , * A ,

nbers A$upp (L) * 
f . $ince f ls a propor norphS.sm s.nd. B Ls a locaI rlng wo

infer t lret A - o. thw we get Atl t  OO(*n*), and sJ.nco (O*"Ur) (UX,Eo)(o

for  every i  (by ( f .g) )s  we h.ave a lao 9*)7, .

I f  n *l '  and. B Lras not a ratlonal slng'ularity ( i .*e" !)o by (a"5)) we haves

ryL

l .(n) * 1-/2.(pa) + 4./2.(ar*.D) + 1 - !/a.fr"r[n.ur)*(o*,ur)] +4.7tL"
L z 4

I f  m o r o o v e r  S u p p ( l )  -  E  ( i . e "  r . > o  f o r  o v o r y  1 * 1 . r . . . r n ) ' u n e n r " ( I )  -  1  i f

and. only l f  one has o_4_1y equall t ies i-n (. l .?,1), that ie l f  aird. only i f  & ls

Gorenste in by theoren ( f .5)  end.  the f i ro t  par t  o f  th i r  theorem. Q"E.D.



(?.S) cqqofJ,q!ff. l,eL f rI;:;**?T rbg LLe.ginlm.ql -dep,i,{rrrularlzg*t.1.gn o{. R

an$ pjlhe jluq.l,i?jj$-{tvlsor_g{ &, -4g-e}ptg tlrst .}\o (1"9r_.Ir".}qg-ggt e., qqLLggL

eggfifgggl!gL-Tpgg n*(l) * 4 $ *gr$-o'i]f,-{{ Afnx oor g}d jgLe ,gumbgr gf ..eo_n-

qgqt,e$jggeg{rqlitq_q{,0 kpe- *g!_gqpg$,!}1o _{Ee-gre!.qlg sg{ge_qf t if p (l) - 1.+ . d - & \ _ - t

Ilggl. 8y the deflnltion of 6d-, lt is clear that lf *O* 0O then n*(D) -

* { (uocause 
fao) 

- d.im so(o}) - dixn ut(oo) o d,i.rs no(oo) * di.ro fr*(q7) * o).

Accordlng to the proof of theoren (?.?)n the cond"it ion ,,  fr( l)  a L n meane

tbat

(l.nr) + ldf*;aij-- o for every i such. that Er€supp(l).

Then tygl' '(2"1,3) and (2.1.4) *" lnfer that r, - 
"ij 

for every i f i suoh that
--"/

tur ,  U ie supp(n)  and.  E.Aui  f  # ,  and.  that  (Ar .E. )  -  o .  In  par t icu lar ,  for

e\rery oonnocted conponent Dr of D (euch that ord."r(ut ) - orau. (D) i f  Ei g

€Supp(It)) tu" caa take s, - Et, a Et for every'1 and, j  such that E, and. E, are

contained. tn tbe support of Dt. Thus we get

( s ' )  -  -D '  +  A '  ,  w l th  supp(  N lnSupp( l ' )  *  / .

Therefore un, 6 (tr*Eo*(l ' ))&o' c 'ox(d)80D, t  o'  oinco supp(a )

ancl' Supp(nt ) rrava no co{runon points" Since }t was en arbitrary connected, compo-

nent of D the$ we get *OX Or.

-sssune now that n*(l) - {. ; we harro seen that thie ne&ns thet e.r'a Or* By

propoeit ion (2.6) and dueli ty on D we have p*(n) - dirn Eo(A/D) -.d. in uo(oo). I f

t ls the nuuber of connected eomponente of D we have obrriouoly t ( Aim So(gD),

Q' E. ).

(a.p) 3y a characterization of the retional d.ouble slngularit ies 6ue to

Kn0Ller [e] ir k * C (and. also [:J *l k ie arbitrary), R has a rationat d"oubte

eingutarlty lf and only lf r*(n) * o for every ,n)7!.. Thls last cond.itlon nray be

obviousJ.y expresaed by saying the* D* ar o for every n2.L. fherefore lf R bae

I
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not & rational d.ouble singul.arlty then Dr) o f,or some u)71,

(a.to) Pr.ggosition. Assuqe that qgjlhq miai4iql__d.esi artzation f l ----+.y

of- R rr"q have WY - O-(-n*) anti D-)o {er--e-gge- ry?t!-. fnsn

'  r*(n) - ru(R) - Clfil ,(n-t)/en.

Fropoait ion (a.to) ie an oxtension of corol lary (+.t) of FJ, wh.ere

sunes morsover that R ls Qorenstein a.nd. hae not a ratlonaL slngularlty.

the proof of (a.1o) ie an easy extension of tbe proof of thle corol lary,

not give lt. If k - 6 thls forrnula results atso from f5J.

i

I

one &s-

Because :

we shall.

(a.tl) Renqgfs. 1) Seeides the eituation lrbere I is Gorenstein and. bas

not a ratlonal singularity, ' the 
hypotheees of proposltlon (e.to) are aLso fu1-

f i l led in the fol lowing two inportant c&sees

1*) R -\as q ratlonal sl4r{ulq:rity of m.gltl.plicitJ Z.?. rndeed, ir t ie tire

punctwed. spectn:rn of the conpletion of R with respect tc its uiaxiical ldeal' then

Uv [g] f ic(t) ls a finlte group and tbe carroni.cal h-ononorpbien p1c(u)---*pic(f)

ls lnjective. thus Plc(U) fs also finlte and. therefore U*/U has a finite order

n (necessarily ){ because B i.s not Soreneteln fry (1.5}). Ebnce there is a no-

rbere vanishi.ng sectton s€l-(ur(r);), By proposltlon (2.i l D, - -(s) (stnco f

! .s nini .ual ,  ( (") ,ur) .  -  t (Ojc.Er)7ta V{ -  i .1. .orn and by [eJrrs ean d"ed.uce that

-(u)7?,, wLtb, Z tbe fund.anentel cyclo of g), an* beuce O*(*l*) EUI?.

to) Rlloqfl,,*ot have .*.{a,tloggl ,4ouble-gingrLqf.lt{ }ut } iq. the,al,Eg$raic

q.l,os g qf a,firnitg fl.e}$" rnd.eed., ay UJ nrc(u) is then a torslon group,'and.

bence ttt*/u has again a finlte ord.er tn lic(U).

z,) Ftr h and. t two posltive ihtegore and. write
.lL

^  Zr lE . .  I f  r r )o  there  ls  a  eec t ion  sg f (Ur ( , t ) l )
L = 4  I  l -  L

( " ) - t i $ l - 4 r ' 1 8 . , + A ,
*=F t' d a)

o^ * 
*"iei

eucb that

and. ! a
nt

where r:< r* for j  I  i  and , A)ro d.oes not contain any component of E. Then
J -  J



Bot

( e t ;  *  - t " . 8 L -  
T , r = l " j  +  t A ,
*+L

and" tlrerefore (recall ing the d.efinit ion of D*r) ri ); trr, rn perticular,

D .  > tD  ,
M T '  I D

_ t 2 , *

(a. la ) &Lgqosit ig*. Astg[q tha-b R _iq__]!]grqnst€in and. has not a ratlonal

*]*ced bf, t4g jlllc.l.usio-q o,C Dn+1 qf srllec.hggee_.of x.'j:s, gn -isoh"o_LegfsBr_a.nd,tle

F ap-.Pic (x )--? P ie(.p )-in4qc q4- by t he-,x nelue i qn p 4_L ie -iqiegt !yq.

Pgpq4. Tbe hypothesle lnpl iee that D)or Su+p(!) o E and D*= rr} (Uy (a.5)

ana (a.4)). The etand.srd. exact seo.uence

a ----> o* (-rnl)8 o,
-tr 'oi -- QY ---- *> L

n+1  m

(ln wiiich u le tba nap e ra+t+a) yleld.s the exact sequeuce of cohouologyr

u1(u,o*(*rnD)8 oo)-------; llc(rur+1) ' ric(u*) --->n2(n,o*(-,rD)€l0o) - o.

.  
$os tv (1 '?)  H{(Ox(-* l ) )  -  o becauee (-uD.rr)  *  ^(ux.ur)7 (ux.nr)VL(t t ,e

firet equality coroes from thooren (e.t) and. the inequ"&lity from tbe fact tb.at

f le mlnimal), Fron ihis we infer that E4(Dro*(-rnD)@0n) - o beoause the natu-

rnl homornorphism n1(o*(--ral)) ------+ u{(lro"(-nu)&0o) is surjectlve. thus rre

bave proved,'the first part of tbe propoeitioru

Let L be. an invertlble O"+nod.ule such tbat L, - i,@Op is isomorphic to 0D.

tben (["$t) * aeg(t,/E'] - d.ea(Orr) - o for everx i  - ! .  s..nsyr. fhe exact sequonce

o---* t,@O*(*U) + & --* Ln* 0O *-? o

yield.s the exact sequence of cohornology

ftx'r) ----.+ f-(n, 0o) ------i ua{l@o*(-l) ).

3ut (alwava via (1,?)) tne last group rs zero beqause (r,eo*(-l).nr) -

G ( l .E t )  *  (n .u r )  -  - (n .n r ) . '  ( ( , { , s r )  fo r  c*ver . r  i  o  l r , " . r r ro  I {e  ge t  tha t  the

I
I

1
?" l
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mep f(XrL)*f-(noOO) ls or:r jectlvo, and tberefore thore 1s a eeotion

g f - (Xr i , )  wbose rest r ic t lon to  D 1s 'J . .  Consequont ly  s(x)  y  o for  every x€f t

and. elnce Supp(l) * g, u(*) I o for every x€X (f l.s e plroper norphlsrn arrrL R a

. .  1  d o- .  nu""* ro"e ' the map ? lo( t t r - ' ; ;c ( l )  ts  fnJeot lve"loaal ' r lng)1 l .eo L d 0X.  fherefore ' the map ?

Q,. E. D.

(a.f i)  Wu nor d.efine a sequence {n*(n)\ ^>rt 
of nr:rnor1ca1 invarlants of

B b v

pn(R) - d.in r$r, ct|)/t(x, a.rleo*(l*_n) ) , s w77 4,

nb.ere re put Do = o, and. where fai/,-)-Y ie the niinlrnaL d.eslngularization of

R. For ever{ a)z 4- we bave the lnclusions

r''- ' ^.) e t-iu., aloo*(l*-n) )e 1-1u, ctri)t \N't u-rx

and thue-

(e . r3 ,1)  pn(B)  3  r* (n)  for  everv n7 l - .

Moreover nn(n) - rr(n) -  p?(R).

(a. rq.). If .{g4= ,.-;-| T 1g the -q.lltmal desinsulari?3ti.qggl

B then

pm(R) - dt$ uo(*,*l-*oo*(-l*-n)) Yry>rl,

i f p ( n ) - o f o r e \ r e r ; r

p,goo{,. a) rf in (?.1"1) ve tako 
" 

**T and'

exaot ftequence

A * D*-i we got the

o -+ r(x, ato o* (o*- o ) ) 
*'-+ r(u, 4) --*-+ t{4(x, arf-*e o* (-%-l) )' .- -

na qx,arlEou(l*_r) )"

t{e q1atun the.t H{(X,C,{AO*(O*-I)) - d" To provo thie tt  wil l  be suff lcient

a)

b )

c ) has a rational d.ouble si arity Lf and. o
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by  (1"?)  to  see tha t

(cr"rfieo"(n*-.n).8i.) 7t (t*.nr) Vl * Ls..,1tL.

But thie fol lows from theorem (a.?), ancl thus the a.bove exact:_:luence prove$

tbe asser t i .on a) .

U1 
- f i  

R ls  Goronte in,  Uy (1.5)  ]ne have two poss lb i l i t leet

* &.bas*3 jgl{glgl .d.quFlg.,P.lg$ulegtty. Shen D, o o for eirery nVls and lrenco

r*(n) - i*(n) - o'for evsry n7tlE on tbe other han'I no(R) ls also zeio.

Llrqg.*4-gj--q {p!.to-pel q-+3}sq1ar1ty. fhen ty (a"4) and (2.5) } )o and'

D, - ftD. fherefore for every nTtL we bave tt\x O*('+rD). In tbis caee b)

follors b.y appfyin$ the forraula of a) '

o) Ho have alread"y seen that t^(n) r o for 6r/ery sV ! if R has a ratlo-

nal double siggularity. Conversely, ass'uso that p (R) - o for errery m771, Since

p1(a) - t*(R) o o1 R has a rati6nal singularlty. 3y reuark (2,11) la) rrc(u)

ls then finlte and. hence there ls a positive integer s21 euch tbat *i/O f, 0U,

s
or elee, (tr;  s 0X(-Du). By propoglt lon (a"4) we get tbat D*o - tD" for every

t 7 7  L ,

r{'w' pe(E) 
;;;;;_rl i:il,;,'niec'fiv' 

nap

le an teomorphism, and. recalling the dofinitlon of D"r we get that D*_ 
,7, 

D*

for evory n7l 7. Tberofore Dn V t* for evory p and ra such that ,1.( p ( n. ti

parttcular I*71DA" - ?D", and. since Du7ra, we'get D* o o. Th.ts rneans that

WiX 0*r  which impl ieo that (0*,*r)  -  o for  evsry I  -  1,r .ar t l ,  or  e lso,

n*(nr) - o B$d {sf) - -a for every L * Lrocorn. fn other word.se R iras a. raF

tlonaL doublo olngularity" Q.S.D.
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f f . 4geligg!;1g3g-3" "llipt"ie- "."d S"1S

. 
(:.1) tbggrg. 4**p'oe.Lh*t A haq **.gl].:i#tic..g1l,glit?rityr_ apd ret fr4_*_i.J

Fp,.t4e m{nlma} deql,ri€ularizati.oq,g{_R a.n*,$_!}tq dllaliaineJt.qvlegL gf;n, tho-r}

0o 
" 

oo'

.Hqq,r ,  s ince & ie  e l l ip t ic  (and.  bonee not  ra t ional )  l>o (by (a.5)) ,  and

thue p*(n).-( j .  By theorero (2.?) we bavo also p (n)>.7, The f lrst part of the- & '

thecren foLlonrs froro corol lary (a,g)n and. the socond. fron tbe laet part of

theo ren  ( z " t )n  Q .E .D .

(l.a; Pggeqy-ilioq. rq-L!9---gotal"iqng gt-(l,1) let zo, ztt... tz" - Z E-3

ggggg!"et i. on . s"e_qwlce- -tq* t b

tg,4;--;-::J.of R LwLe{e-F,-l.q aq-.14.th.q .igt-Lg{ugtlon)--I.'or a-fi{e.S 1n3..e.x t-Legh

that y'-(-t(.s den-ote b.X Z' n Zt, and Let L be gn-inver-tible- 0r,@

$pfqgy9f"_8_$_ 0oreBstrql"e lf and only if $upp(I) * E.

f(.i,)_._*_q-e"i u*uur(tur) - o

L6 - l,@06 f  or every A such that o ( L( 7, '  " Then L G'

Eence

( 3 , e . a )

f or ..e.r'er,y i -sgcb thgl E. ( Supp (2, ), lrlggjg_get-

o z r '

Fqq€. .fbe exact sequence ( 4-( i ( t )

o --'+], o[o^('-2.,r)lo*(-zrn )J----" Lz. + Ln.a o
J+{  J

yield.s the e:ract eeguence

(3.2"r) o ----*t-(i,e[o*( -zr)/ou(+;on)] ) -> f (n* ) -------+ [ (hz ).o i * r  o j

0n the other hando or(*J)/o*(-zro') i" an i .nvert lble Osi e of d.e-

J+1.
greo - (Ei .  

. , r i ) ,  
and.  s lnce aeg( t ' .  )  *  o  we get

-  
i+L 

- t jn '

dee(refo*(.-2, )/a^(-r,,*o)l ) - -,rrr*0, z,)4. o"

f ( t 'O&*i- t r ) /o*(-zroo)])  *  o,  and. tho exact sequenoe (3,4.1) becomoer

o ** - i  [ ' (Lz .  . )  
-  [ - (Lz ) ,  41 i<t .- j+4 - j
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I f  &€f(t) ls a non-uotro global sectlon of I i  ono ded.uces that the restr lc-

t lon a. ^ aft,-.  ls again non-zoro for €very ,f-(J..(t .  In part lcular, e7 / o and.
J J

elnce Z,r * f i ,  is an intogral curve and. d.eg(t".) = o, a(r) - ar(x) f  o for every'L tL tt 
!.

x € ? r ,  -  8 .  .
L ' I

stnce  ̂r -  urr*  *r runu lEi i  t r r ) t  o we havu urn n t r r  s .nd Ei4nEL?l  f .

T&king into account t.hat a(x) - a1(x) f o for every x.€ E. end. that the set

{*en, 1 ar(x) * 4 io open Ln ?'r, i t  fo}lowe that a(x) - *r(*) /  o for every

x€%*" Repeating this procedwe 'yt-e see by induction t lret a(x) I q for evsry

x G Z t l  1 o e .  I "  X  O Z ,  .  t Q . E . D ,

(1.:) @gk, If  1n the exEct seguence (3.?.?) rce take 1 - 07,, ono sees

by inductlon that P,o(Oz,) - k, and in part lculatr, go(02) - k. I f  noreover R has

an e1l: ipt ic singulartty and" E' ls the ninfuna11y el1iptic d.ivisor on X (wlth

frX--+Y the rnlnimal deolngularLza.t lon of n), then Uy (1.12) ttrere . is a con-

putat ion ssquence (1.2.1)  such that  Et  *  Z,  for  a  su i tab lg , .<  t - (  6 .  l le  deduce

' that  
Ao(08,)  -  Ic ,  ard.  s ince 

?(O*r)  
-  o ,  rse have a lso c l in  I {4(0r , )  -  l .

(:.+) {qrql3-q,X" 4s*}'ge-!b.gl,q bqq qn el}i.pt.ic qi ari ty anC let  Hf be

3,k-x.*.*slel1J -s}}i!i.is.-Usi*.9g,-g3-3}sqlqlnal dgsingularlrat ion X of R. Tben

(trg, € oE, "

Br.gg{. By (1"1e) (n,.nr) + (**"tr) - o for evory i such

and- Er * z, far a suitable cornputation sequence (1,4.1). $ince

- oJ-*@0"(n')@ o* we get

dega ( f t4. ,80* )  -  o for  overy i  sucb tbat E.gsupp(n') ,
oi  Lr '  * i  I

By duality on Er and the above rernark we harre d,Ln f rcJ;,) = din E1(08, ) .4
"hi

Now the conclusion fol lo'.rs applyfuig proposit ion ( j .e). eoE"D.

(r.l) Igs)-ggi3-{gg. Aesrune__-rh{L p" has_an etltptic siruutaxtty ancl LeL D

thar Eig supp(gr )

*u, *

. a

I

q$-g' ","bJ th- S"9:1i?i"s-*liilg*?Uu-gllrl*.Ateor*"r_g-regpq_tiy9lfli!-tho
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nlnlmal d.eelnqulerlzatlon X of R). fhsn D>nt and D has a aonnoctcltl eurpport.

E g,{e gye$. . t Eg {pll qJl{ss g} g+ lt i o nP -qgis . e qutvalo-+t-t

e )  D  - 3  E r .

b) supp(DL- qupg(S:\.

c) ps(R)-r,4.

Froof. Xy tbeorem (3.1) po(U) .{, or equlvaLently 
/(%) 

o o. Therefore

appLylng (t. ta) we 6et D>tlt" let nor D(') r. . . ,  D&)brtbe oonneoted components

of } (such that for every L - !r..et ana ElaSypb&'))orau (D(L)) - ordn (o)).
"J tJ

then UgCtl* 0'cr) and' hsnce 
/(OOct) 

- o'.6,gain by (1.1?) wo 6et the,t {oveverlc,

D&))rE ' ,  and.  hence necegeeJrL ly  t  -  L .

8y tbeorem (a.?) ,  theoren ( l . f )  and.  proposl t ion ( t . ta)  wo banet

( l .nr) .  (n' .ur) -  -(ux.sr) ror ov€ry 1 auch tb&t Elggupp(n').

$eklng lnto account.that fftnr.nr)ll lo negativo d.efinlts ve d.ed.uce that

a)  ( *  u) .

e) ----)"). 3y renark ( l . l)  u* r l{o, ,) - L $lnoe D - sr 1tr1g lmpllca,?

t lon fo l lor+s f roo propoel t ion (a.g)r  ,

n-) --:=5 &). Tho exact aequencev l - - _ 7 . 1 . . - v v . r r y

" 
n OX(-Et) - 0*-----+'0g,--n

ylolc}a the exact sequence of cohomology

no(ou;-1--'notor, ) ------>n/(ou(-e')) t nl(o*) u{{ou, )----+ c,.

stnce go(os, ) - k (cf" the Broof of, (3r4) and remark (:.1)) ttre nap u is

I '1 ,
suriectlver afid slnce we bavo also d.Lrn E-(0X) o d,lu U'(Our) - ln we g'et

n{(0"(-u ' ) )  -  o.  t lben tho oxast a6que&ce (2.1, ] . )  (wl tb I t  *  QJuand A* E')

ebowe thet the natural rnap f(XrW*@0X(s')) #f $JrA\) le en i.sonnorphS.smn

In other nords S'€ tdx , and rocalltn$ the dEftnitlon of D we got that fi'VD,

end. flns.l1y D o Sf by tbe firet part of the propositlon. Q.E"D.

li*i'Lv\\U
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(1. e ) qo$gl,lgny." ,t-gt,{sJ,;---:+Lifq*!be_grn*tg}_ 4e..s_1r'Urg-ri.q*gatJlqp jr E,
' : :

grjl. U Jhg_ tg+tiryqe.ntsl c-tg_1-e,,_gf, &.. the igllqq,le,L.ccgcll_t1qne ,gre .g.q:+r\,"g1:ip,t.r
' o) F- hqg*q-rr*,rl$e}ly- SJ.l{qt,tp. qtirgu,r-.+.itu.

b ) $. j$ q qr e apjp. * g -grA;Lt s_eoqe qqgp"i_e _*.q.Jigqs*q o Lngt*e.sJ 9 -A,.

o) 4-3e-gq'esgggis'eqq, p-(n) - /.g

3[gg{. a) -===4b)" Shls i.rnpllcstlos fo].lowg frou (1.+)e the fact'that

Et  -  E and theorem ( f . i ) .

.  \  \  / -  - (  ,  r  ,  I  O ,

b)  - - : - *c) .  By tbeorern (1"5)  end.  rernar lc  ( f . l )  p*(R)  -  d . im g"(02)  . , ! , .
s

o)-*: - -*>e),  l ,s t  D bo the 0orenstoln div lsor of ,  &.  Sy propoal t lon (a"4)

D aolncirtes fo the d.uallzlng dlvtsor of R, and. D >n. slnce a-(n) - 1, propo-
tt

E l t lon ( f "5)  shore tbat  D -  Ern sut  Ef  =(  z  uy proposi t lon ( l . .La) .  sb.ue Er  n Zr

tbet 1g R has a ratnlnally el l lpt lo elngulartty (see (r.rr)). Q.g.D.

(l.t) gggg. l[ho oqulva].eneo between co*d.ltlons e) anl o) of corollary

(:.9) *e a reeulf,  d.ue to l . ,aufer i f  k - [ ,(eee [gJ). leuferts proof makoe.use

of sono onal6r0tc argr.Lnonts at eonae pointe.
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