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AN EXTENSION OF AKCOGLU'S. ERCODIC THEOREM FOR -~
A CLASS OF NONPOSITIVE L,-CONTRACTIONS

by Radu-Nicolae Gologan

Abstract. Using a simple matrix representation we prove a point-
wise ergodic theorem for some kind of order relatively bounded

re&l .contraction in L,~spaces.

INTRODUCTION

Eni [1] Akcoglu succeded in proving the almost everywhere

convergence of the ergodic ratios for poéitive L _-contractions.
We know also from[2] that if the assumption of pggflgaelly
is dropped the ratios may diverge.
Using Uﬁ]XOur proof of Chacon's ergodic-theorem for real
contractions in L, ,we show that for some simple nonpositive
contractions in L2, Akcoglu's theorem worké;'for exemple for

contractions of the form f+» gTf where g real |gl£1 and T

is a positive Ly-contractionz

PRELIMINARIES

L ek (X,/O a ¢-finite measure space.
Let T denote a real L,=L, (X,x) contraction, that is f real

implies Tf real,andjkaI2Qﬂ4ffJZQﬂ for every feél,.

Our assumption will be that for every geL;

|| o coup  PE 18 L, bounded such that :
Tel3 |

[fl¢g



§< Izl £) *au ng2d,a. (1)

It is then easy to check that [T/ extends to a L2—contrac-
tion because of the Riesz-lattice structure of L, (see for exem-
ple[3] ). As usualy [T| will be called the linear modulus of T.

_ T +]|TI Nt T
S

Let is denote A = a5 B . From the fact that

[BElelr e - for fel,, f real, we seeithat A and B are positive
L,-contractions.
The matrix

Mos=
Beeso ok

. . N . o8 v
defines a positive linear operator in LQ(X{ﬂJ where X=X 14X and

~
18 the sum measure.

Let us check that under our assumption)¥ defines a. positive

L2—contraction;

It sufices to prove that:
2
< V/«L
/(3 a9l 7 J#
fop £,z Lg, that is :
J{/Af+-5g12+ [BE + Ag;zmwsﬂ/f/ 2 + gl %) au
Recalling the definitions of A and B we have :

[Af + Be|® +IBf + agl®=
E=g)]2 o[f=g)]2 _
-[o[545) +mf55E)° « pl3) - 5 -

1
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T and IT[vbeing L2-contractions we have :

S([Af+ nglz [Bf+ Aglz)d}u: E : ~-~.
% lT(f+g)19w +-—5I[T](f g)[ apu <

S% Klf+gl A+ Sff g[° = S(f + g )d/u

which proves our affirmation.

On the other hand we have T=A-B and and writing'for .

%n :(An BI’L )
) BI'L An

we see that:

Bog 1=AAnfBBn

B “AB et B

n+1

Our result consists n simply appqdng Akcoglu's theorem for T.

2. Theorem.let T be a real Lz-contraction satiefiing (1),

Then for every feL2

n-1
B 3 i g L1 i < ﬁ.. +T f

Nn-»00

exists/ﬂ-a.e. 1-10 L2.



Proof.

It sufices to prove the result for feﬁg. “

Tet us apply Akoglu‘'s theorem for §;(f,0). We have that in f2

the limit
L f+(n 4)7[*"' ’“(/B,L ff.)/
n-s oo ht A

exists‘/f-a.e. Writing on components we have that boths:

£+ Af+oo + AuF

—a-e. /",77; et e i
/L h—> oo n+ 1
and
> f + Bf+. e 0+an
/“’“e'iiﬁ” n+1

are in,L2.

TJaking the diference and recalling that Tn=An-Bn} the theorem

~is proved.

Remarks.

1% Tf gely is real ang [g]¢1 and P is a positive L,-contrac-
tion than Tf=g-Pf defines a real contraction satisﬁying 1. We see

than that

= T+gPf+gP (gPf)+...+gP(g (.. .PT)

13
n

exists M - 8.€.




2. We do not know how restrictive is condition 1. Peghaps

an alternative formulation will be useful.

5. It is easy to see that for other Lp spaces the proof
dosen't work.

4. In[E] the same construction is used to extend in Riesz
spaées for nonpositive linear operators the theorem of Ornstein
and Brunel. The proof contains a regretable error but a. reformu-

lation of the infrll'a/ assum/o#/'ons maécs /'71

7‘0 WOI’)é.



e e

BT BLIOCORLPHY

Akcoglu M.A. - A pointwise ergodic theorem for Lp—spaces.
Can.J.Math.27,1Q75-1082,1975.

Akcoglu M.A. - L.Sucheston - Remarks on Dilatations in
Lp—snaces Proc.Amer.Math.Soc.53,1,80—81,1975.

Bourbaki, Integration, Herman |, Paris, 1965,

RiN.Gologan, A remark on Chacon ergodic theorem, Rev.Roum.de
Math.Pures et Appliquées, 5(1976), 521-522.
~R.N.Gologan, On the ergodic theorem of Ornstein and Brénnel

for nonpositive operators.Rev.Roum.de Math.Pures et
Appliqué&es 2(1979), p.235-239,
Ulrich Krengel -Recent Progress in Ergodic Theorems,Astérisque

20 (19T7) 4 -ps151-192,



