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AN EITENSTON 0F AKCOGLU'S ERGOpIC THEOREM FOR
A CLASS OF NOI\TPOSITTVE L2-CONTRACTTONS.

b y  R a d u - N i c o 1 a e ' G o 1 o g a n

Abst rae t .  Us ing  a  s imp le  mat r ix  pepresenta t ion  we prove a  po in t -
wise ergodic theorem for some kind of  order relat ively bounded
r e a l  c o n t r a c t i o n  i n  L 2 - s p a e e , s .

TNTRODUCTTON

rn [ t l  Akcoglu succeded in proving the almost everywhere

converge&ce o f  the  ergod ic  ra t ios  fo r  pos i t i ve  Lp- .on t rac t ions .

l i te know also rron[2] that i f  the assumption of , igi i i , ] .rr"
i e  d ropped the  ra t ios  may d iverge .

u s i n g  ( [ + l ) o u "  p r o o f  o f  c h a c o n , s  e r g o d i c  t h e o r e m  f o r  r e a ] -

cont rac t ions  in  L r ,we show tha t  fo r  sone s imp le  nonpos i t i ve

c o n t r a c t i o n s  i n  L z ,  A k c o g l u ' s  t h e o r e m  w o r k s l  f o r  e x e m p l e  f o r

cont rac t ions  o f  the  fo rm f  r+  gTf  where  g  rea l r lg f  <  t  and T

is  a  pos i t i ve  Lz- "on t rac t ion ;

FRELTMTNARTES

1 .  L e t  ( X r / . ) .  a  V - f i n i t e  m e a s u r e  s p a c e .

Let I  denote a real  Lz=LZ(J.r f )  contract i

es Tf reat, and Jtrtl 
2 aTrJttlz dy f or every

9,r t  
assumption wi l - l -  be that for  every grL;

lT f  e  = 
:9P* Tf  is  Lz bounded such that ;t'ry
lrl<e

o n r  t h a t  i s  f  r e a l

f  eLzi m p l i
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f n f

Jc trt e)2ay, Ju'V.

.., {1, gl
r  - l  I

\ e  a l

f t  s u f i c e s  t o  p r o v e  t h a t :

f  t ( A  o 1 1 t t r 2 ,  ( l { f 1 , -
r t ( s  ̂ r , g l l J i  \ <  J l l l o ^

f/ar."*/2* fsr * o1t') dc, ( 
lc rct'

( 1 )

r t  i s  t hen  easy  to  check  tha t  / r / , ex tends  to  a  Lz - "on t rac -

t i o n  b e c a u s e  o f  t h e  R i e s z - l a t t i c e  s t r u c t u r e  o f  L z  ( s e e  f o r  e x e m -

p f t  [ : ]  ) .  A s  u s u a l y  l f  t  w i l l  b e  c a l l e d  t h e  l i n e a r  m o d u t u s  o f  T .

L e t  i s  d e n o t e  A  -  r  + l r l  
r  B  - t r f - r r  .  ! , r o m  t h e  f a c t  t h a t

h r 1 < l r l ' r  f o r  f e l 2 r  f  r e a l r  w €  s e e ; t h a t  A  e n d  B  a r e  p o s i t i v e

"  L . - "on t rac t ions .

The matr ix

def ines a pos i t ive l inear  operator  in  L ,  f f . r i l  where f=xr . ,x  and
. v .

7.r  ts the sum measure.

Le t  us  check  tha t  under  our  assunpt io* r f l  de f ines  a .  pos i t i ve

LZ-" ontract i  onl

f o r  f  , g  L t ,  t ha t  i s  i

+ lsl2 ) u1,

Reca l l ing  the  de f in i t ions  o f  A .  end B we have ,

l l r  +  Bs l2  +  le r  +  ag l2=

= l'(#J * iri W)f . l'{#l - t'r{#ll' =
= * l t  ( r+gr l '  *  *  l t t l  r r -s !2 

I  .



1A -
. t

f

t  and l f l  be ing L2-"ont ract ions we have

I r  h t *  Bs l2* In r  *  As l2 )d /=
J t r .  

t Z  T f  l ,  t .  - t 2 -=i1t t ( r+e) l  g"  .  iJ l t r t  ( r -e) l 'dP <
r l l-. * [r.* f dr* * It'-* I'y= JF 

'. *

which proves our af f i rmat ion.

a

,, ur

0n the other hand we have f=A-B and and writing for fn:

f  +  T f +  . . .  * T t - l f
l im
n-Doo

e x i s t s  i l -  a . Q .  i n  L c .
/ 1

*" =(:: l; )
we see tha t :

!  r  - l  l  . mArr*1=AA*+bo,*

Brr*1=AB**BAru

that , is  Tn=An-Bn.

Our  resu l t  cons is ts  -n  s imply  appTng Akcoglu ' ,s  theorem for  f  .

2 .  Theorem.Le t  T  be  a  rea l  L2 -eon t rac t i on  sa t i s f i i ng  ( l ) .

Then for everY feLz
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Ploof .

I t  suf ices to  prove the resul t  to t  rc$,  - -
^ / N

L e t u s , a p p l y A k o g l u | s t h e o r e m f o r f = ( f , o ) . W e h a v e t h a t i r t L 2

the lirnit

li*
/,-D oo

8 " l F
A ,  l r

/ A *n ( E *F. (; :) -:-
4

+ +
I

,*

ex is t ,  /  
-a .e .  Wr i t ing  on  components  we have tha t  bo ths :

l t  t P  A  f
'  l '  f  t A t + " ' + A n l

l L  -a ,€ .  l tm  t - - - -  '
'  /  n + 4A"- oO

- and
t

/L-a'e '  l im #/ r'[-r oo

are in. L, .

1.  1 f  ge l2  is  rea l  ang /g l * " f  and P is  a  pos i t ive L l - "ont rac-

I

than that

,r ,  f+gPf+gP (gPf ) i .  .=+gP (g("  .  .Pf  )
n

Tl .k ing the di ference and recal l ing that  Tn=An-Bn, the theorem

i s  p r o v e d .

.  Remarks .

e x i s t s  f  -  8 . € .



q

2.  l i t l e  do  no t  know how res t r i c t i ve  i s  cond i t ion  1 .  Pethaps

an a l te rna t ive  fo rmula t ion  w i l l  be  use fu l .

5 .  I t .  i s  easy  to  see tha t  fo r  o ther  LO spaces  the  proo f

dosenr  t  work .
f a

4.  fn  L5J  the  same cons t ruc t ion  is  used

spaees fo r  nonpos i t i ve  L inear  opera tors  the

and Brunel .  The proof contains a regretable

la t ion  o f  thq
t ,

fo worK,

;nili"l

t o  e x t e n d  i n  R i e s z

theorem o f  Orns te in

error but a. , ,  ref  ormu-
t ' noles rlass amPftons I
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