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The Addi t icn of  Local  f lperators on ProCuct"

Spg"us

by

L,Sto ica

The study of  a product space is a elassieal  theme in

potent ia l  theory.  I {h i le the ear ly papers Ia l ,  IAJ study funct j .ons 
i

on the product space which are related to the structures of  the t
l

terms of. the proouct, the present paper fol lowing t ire idea of the i

. p robab i l i s t i c  work  f3 l  cons t ruc ts .a  s t ruc tu re  on  the  p roduc t  spa ' ;e

and studies th is  s t ructure.  Namely we construct  local  operatofs

which f  u l f  i l  the regui rements f rorn t t : I  on a proc iuct  space,  This

sub jec t ,  i s  a  pa r t j , cu la r  aspec t  f ron  the  recen t  p rog ram 'o f  N .Boboc

which asks for  the construct ion of  the not ion of  proCuct  ! .n  poten-

t l a l  t hec ry .
. ' t ?

In  sec t j -on  2  we ,cons ide r  t v r c  l oca l  ope ra to rs  L * ,  T ' "  on
l

J-oca l l y  compact  spaces  X l ,  X ,  wh ich  possesshases  o f  regu l .a r  se ts ,

Then vre construct the sum -l+fz on X, x X^ a.nd prove that the
T Z

product ,  o f  two regular  sets  is  regular  for  l l+r ,2 ;

'  In  sect j -on 3 we prove a s imt lar  resul t  for  the sum of  a

ser ies of  local  operators on the product  o f  a  seguenee of  eornpact

s p a c e S .

Sect ion 4 ccnsj -Cers a local .  opcrator  L  anC constructs  the

or :eratcr  t -d /Ct ,  A s i inr l -ar  .const ruct ion vr i th in  a d i f ferent  f ran ie

was made in t l l l  .
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In  sect lon 5 we are in terested in  those local  onerators

which y ie ld  Bauer  sFaces,  and j -n  proper t ies which imply  that  the

sunr of two such local operators also,/yielCs a Bauer spa.Ce. .

preserves th- i -s  proper t i -es unCer su i tab le conc1l t i .ons.  .This  res.u l t

extends to  conipact  spaces the resul t  o f  c .Berg,  a l though ntore

piec ise,  which constructs  a Bre lot  space on the in f in i te  c l imensional

torus [ I ] .  f t  should be a lso noted that  hdrrnonic  spaces in  the

sense of  Constant inescu and Cornea qre constructed on product

spaces  by  E . ! ' opa  and  V .Sch i rme ie r ,

Al l  terminology and notat ion whi 'ch is not speei f ical l .y

exp la ined here  w i lL  be  tha t  o f  [ r93 .

'#'
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l .  A s inrp le lemma

Let X be a local ly compact space with a countable base ancl

L a 
. local  

operator on X. Suppose that L is Iocal ly c l iss ipat ive and

loca l l y  c losed.

l . l ,  lgmma

Let U be a relatively compact open se.t such "that aU#

and

- o  -l -  tor  ?ny xe)t l  there exists a f  inJ. te fami ly

{ f r .  .  " .  Y t } " D f u r L )  s u c h  t h a t  
Y i > 0 ,  L y f ( - l r  . i = } 1 . . . k  a n d

I i m  ( i n f  
Y i Q )  ) = 0  ,

Y*X ir(k
y€u

.  . 2 0  t h e r e  e x i s t s ! r €  D ( U r L )  s u c h  t h a t  r f ( -  L , r l ; 0  a n d  l t f  l t  < " o ,

30 the spaces Do(t I )  anct  LD.(U) are dense in F"{ ,U) r  } rhere

I

( 1 . 1 ) .  D o ( u ) = { t e r o ( 1 1 1 6 o ( r l r L )  / : ' , t e g o t u ) } .

Then U is  P-regul -ar .

P roo f .

F i rs t  we are going to  prave the fo lLowing proper ty l

(1,2) i f  {  fn/net ' t t  is  a sequence ln no(u) such that t fn*-> 0 l

uniformJ-y on each cc'mpact subset cf t.l and sup ll Lf* ll4-o , then
tl 'r "

f- ----->- 0 unif orm1y.n

L e t  E > 0 .  I ^ i e  c h o o s e  a  f i . n i t e  f a m i r v  { p ' r  r . . . t  f o } a  D ( r r r L )  s u e h

" {

, l'.1: '..,



t h a t  p . )  0 r
I I

r f  f 6 D  ( U ) ,
e o ll,f [\< € on K

":p 
(t-ey )r<max , o '"Ifl (f -€ Y) ) ,

fr

because  L f -eLy )0  on  K .  I l ence

.  rk  and the  se t  K= 0  \ ,y  r> r€ \  i s  eon ipac t .
i ( k

a n d  l t L f l l \ <  L ,  t h e n  f r o m  t i 3 l  1 . 4  w e . d e d u c e

sup f St l ly l l  +max
o
K

( 0 1 s u p  f ) .
) K

On the  o ther  hanc i  L ( f - f i )>
i

sup f . (6 ,  rvh ich '  leads to
U \ K

0 imp l ies  f (y i , j - = l r  .  .  . 7 k r  a n d  h e n c e

3o { l t1 .

such

0

(1 .2 )  "  l r l e  conc l .uc le  tha t

Th.is proves the J.emma.

t l f  l l r( 6 i lr?l l  +I ) .

\

resu l t s  f rom th i s  i neoua l i t y .  j

Le t  now f€E  (U) .  Cond i t i on  30  a l l o rn f  us  to  choose  a  seouence
hu

I  yr,  /nex]c Do ( U) such that =:p l l  t f r , l l<* and 
"Yn* 

unif  ormly on
n

( 1 . 2 )

that l l  f nr-frr*: '

the con,po"2*. .Next we assert  that l fn]  is  a Cauchy segr lence in
,i{$-'f@ 

'r nr

I f  i t  i s  no t ,  we have a  d->  O and a  suhsequence {y r . ,O/Lex}

i l>f  ,  k6N. on the"other hancl  LV._ -LV ----->
f n k  I r k + t

Ca}O 6QYts cf u t
uni for r , i ly  onY-ccmpact  J  and th is  contradic ts

fn*  u  un i fo rmry ,  u*8o( I i )nD( t l r l , ) ,  and Lu=f  .

I .2. 9g5oJ.L?rX,
.  l ,  . " , : ' . , . - '  ; :

Let  us suppose that  the fan i iLy of  a l l  P-  and D-regular '

sets  for rns a base of  X.  I f  UrV are two P-regular  sets  then t lOV is

P-regular  too,



Proof

.. 
aonclit ions ro and 20 froni the lemma are cbviously

fu l f i l i -ed ,  rn  o rder  to  check  cond i t ion  30  one uses  t13J  3 .4 .

2,  The .sum of  t rvo lgeal  operators

.  Let  Xr ,  X"  be . local l -y  compact  spaces wi th  countable basesL Z & r

.  and le t  L .  be l local ly  d iss ipat ive local  operator  on y .  such that.  r # \
\ --j-,

the f aini ly of- P-and D=/lregular. sets is a base of v i  -r )^ i  1  I = L 1 1 .  I { e

denote by X=XrxXr,  i f  LrcX and y.eX, t  yGX.,  then we put
I - Z

'  u - -=  {zexr /  (x rz ) t  u }  ,  u "=  tze  x r /  (z ry )6  u } . r  i f  {  i "  a  func t lon  on  u ,  thenx
' f x = f ( x r . )  i s  d e f i n e d  o n  U x  a n d  s i m i l a r l y  t r = t ( , r y )  i s  d e f i n e d  o n  U y .

t t 'e  def ine a local  operator  on x ,  L=L(L1.L2)  t  as fo l . lovrs :  i f  I l  is

an open set in X, then D(U,L) is the fami ly of  a] . l  funct lons geB(Ul

such tha t :

o  - - - -1  f o r  a n y  x e x l  ,  f - F D ( L i * r L r )
r X X ' l

o o
.  r , ,  2 -  f  o r  any  y€X,  ,  f ,SD(U. , rL r  )

. r , '  4  Y  J .

, ,  J  r J r E \ | \ u , ,  w r t e r e  r J r ( x r y j = L r r .  ( X ) + L , ^ I  ( y ) ,  ( x r v ) ( : t t
.  

,o  r te  f (u)  where t r  
I * ,y )  

=r l t fy  (x)+r , r f  1y;  ,  (x ,y)e t , ,

L' is obviousry local ly dissipat ivg.  I . f  t t i  is  an open set

l n  x i  
" " :  

f i € D ( u i ' r , 1 ) r  L = L r 2 ,  t h e n  f  
r  @  f 2 € D ( u r  x  r l r r r , )  a n d

L( f  i  @t )  =Lr f l  @f r+ f  r  @r ,2 f2 ,  Thus  one can prove the  proper ty

f r o m  t r t l  1 . 6 :

.  (2 .1 )  (v )  xex ,  (y )  v  ne ighbourhood o f  T t  r i l  u  openr  x6ur  TTcv ,

.  ( I  )  se Fo(u)no(urr , )  such that  I  (x))  0 and l l  i ,g i l<"o .



Then t tr,e

and l .ocal ly  c losed.

thatl. t tre famiJ-y of

l oca l  c l osu re  o f  L  ex i s t s  r  i s

We denote by L. ,+L"=t i  Next  we
L Z

P-and.  n- regular  sets  in  a base

loca11y  d i ss ipa t i ve

are going to  prove

o t d .

2 . L ,  P r o p o s l t i o n

L e t  U .  b e
t

?i6D(ui ,L i )  ,  f i | r r ,

r e s p e c t  t o  L r + L r ) .

Proof

a  P - regu la r  se t  i n  X i  such  tha t  t he re  ex i s t s

" iY l (0 
,  i= ! ,2 .  Then t l= I l rx t l ,  ls  P-regul -ar  (wi th

. | .

Su l f  i l s  t he  requ i remen ts  o f  l . l r  2o - ,  Cond i t i on  l , l p  l o  may  be  r ' ,

checked  us ing  the  func t i on t  F r  
*  cUz r  and  eU l t  *Yz .  rn  the  rem inder

proof  we are going to  check l . l2  30.  F i rs t  we ln t roduce sonle notat ions

t ie  denote by 
" l=a l t .  

The [ I i ] le-Yosida theorern appl ied on the space

Bo{ur)  g ives us a co-c1ass senr igroup to t / t )0}  3uch that
60

i / r

"L= 
$ exp(- I t )P;U*,  X> 0"  {n l l . t>O} extends a lso as sut r - l r larkov

l 10
senr ig roup  o f  ke rne l s  on  U i .  The 'p roduc t  semi .g roup  P t=P ;@n;  r s  t he

na tu ra l  t enso r  p roduc t  o f  ke rne l s ,  i . e ,  i f  ( x r y )€ , t t ,  t hen

Plx 'y)=n.1,*  @ n l t  is  a  procuct  measure on t I .  {n t / t )o}  is  a lso g

Co-cJ-ass  senr ig roup on  t i re  space,So( t r )=Fo l r l r )@Vol t t r l r .  DTow we remark
co
c+.ha t  

"^=  )  
exp( -^ t )P td t r l )  0  de f ine  a  famiLy  o f  kerne ls  on  t , t  an t i

r v
G " r ( G ; l  G )  l -  r f  f  

i € € o ( t ] i ) '  i = l r 2 ; ;  t h e n

t . .
h  

- i -

t - t ' I  ^

. i U ^

We are  go ing  to  app ly  1 .1 .  Thus  we remark  tha i  Pr@c-2 t

\< Jnir. .  \ i  rr \ i .1\ ,r ' {
$

l { olr ra. I
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oo

t r l  
s

'  Bu t  Je l ia t  -+  0  (s -+e)  un i fo rmly  because $  n l re t=c : l€Fo( r , r ) .
) o

s
5 ef f ,  6elr rat€Vo(u) vre <recuce Go(f  t  @ f  )€Vo$r)  "  t rurrher
0

the re la t ion l l  Gol l  < i la l { [  snows that  Go is  a  l inear  operator  on po(u) .

Now we remark thar c l t fo(ur)  )  @ a3 (€otr ,1 )cDo(r ' )  .  r t ramely

i f  t f  €o (u i ) ,  i = l , 2 ,  t hen  . l t ,  @ 
"3 f  26D( r1 ,L )  and  l , t c j r r  S  c l r r l =

=c j  r r@fz  *  f r@" } t r .  rh i s  shows  tha t ; Ju l=Fo(1 . r ) .  Fu r the r  we

need  the  f  o l l ow ing  egu .a l i t i es :

( 2 . 2 )  G ^ ( c : f  r  @ ' c l r r )  ( x r , x r )  = G l ( c o ( r ,  @  " 3 t ,  
)  ( . , x 2 )  )  ( x l )  =

I  \ , ,  I  
-  

I  4  J  v  z .  a , . . * * .

= e 3 ( c o t e j r r  @ f z )  ( x r , . )  )  (  x r ) ,  t  r u € o ( u 1 )  r  * i . u i ,  i = L 1 2 1

(2 . .3 r  c l r r  @ c ] r  z=Gote j r ,  @ r r+r r  6  c l r r l ,  t r6?"1r r ) ,  i= l r2 .

,  The f  i rs t  resul ts  by s t r ight forvra l :d  cornputat ions,  The second

equal i - ty  resul ts  f rom 
'

l:

F r o m  ( 2 , 2 )  a n d  ( 2 , 3 )  w e  d e d u c e  r , ( G o f  c l f  ,  @  c l r r l  l =

7 ) 1 )= - c i f r  @  c l f z ,  a n d  h e n c e  c i ( H o { r ; r )  )  @  c ; ( f o ( U r )  ) c L D o ( T i ) ,

LDo(U)=Fo(U) .  The  ope ra to r  LLnL2  be ing  an  ex ten t i on  o f  L  we .  conc lude

t h a t  l . I ,  3 0  i s  f u l f i } l e d  a n d  U  i s  p - r e g u l a r .

S ince
!

o

g .

o0ro
F d  r  1  ?  ?  r  )
)  I  (n i r , )  {e i r r )  c lsdr= i  r  J  (p; r r )  (p i r , )  c ludr+
o g  -  o  a  

-

s
* T "  

1  I

,  
, l  ( P i f  r )  ( n - r r ) c u ) d s ,



B -

r f  the  se t  u ,  sa t j . s f ies  iT ,cv .  fo r  *qome P- regu lar  se t ,  v .  ,
V .  

i  T  I

t hen  t l . =ac  i L  f u l f i l s  ? , ) l  on  I l ,  f o r  su i t ab le  o [ .  Then  we  Cec luce
. l r  l I '  l -

:,

that  the sets  U=UrxU,  which fu l f i l  the requi renrents f rom L.2 form

a  base  o f  X .  I l ence  L r+L ,  has  a  base  o f  P - regu la r  se ts  od  (equ lva -

len t l y  on 'accoun t  o f  1 .8 ,  40  [ f : J t  i t  has  a  base  o f  P -and  D- regu la r

se  t s

Now Iet  X,  tXr tY. ,  he three local ly  compaet  spaces qr i th

coun tab le  bases .  Le t  L .  be  a  l oca l l y  d l ss ipa t i ve  J .oca l  . ope ra to r  on

X,  s t rch th .at  the fanr i ly  o f  P-and D-regular  sets  is  a  base of  Y,  ,ta
al

i = l r 2 t 3 .  O n  X r x X r x X ,  w e  d e f i n e  a  l o c a l  o p e r a t o r ,  L " ,  a s  f o l l o w s :

i f  u  i s  an  ope l  se t  in  x t  *  xZ  *  X3 then D(u ,Lo)  i s  the  fami ly  o f

)i

a l - l  func t j -ons  t€V$)  such tha t  fo r  each. -x=(x l rx r rx r )€Ur

a )  t , * r r * j )  D ( u { * r , * r )  '  L k )  f o r  i * i f k t l '  i ' j ' k € { 1 ' 2 ' 3 i '

b )  l o f e 6 ( u )  ,  w h e r e  r , o r  ( x r r x 2 r x r )  = L r f  ( x r , x . = )  ( * r ) + r , r f  ( * t r * 3 )  
( * z

r - r  F  t * 3 ) .' " 3 -  ( x 1  r x 2 )  
'

L o  i s  l o c a l l y  d i s s i p a t i v e  a n d  f u l f i l s  ( 2 . 1 ) ,  t l e n c e  i t s

I . oca l  c l osu r .  i o  ex i s t s .  We  a l so  no te  tha t  t he  p roo f  o f  2 .1  may

be repeated here word hy word,  and hence we deduce that  L"  has a

base of  P-  and D-reEular  sets .  On the other  ha.nc l  f rom L, r* I , ;  anC L3

v r e  g e t  a n o t h e r  l o c a 1  o p e r a t o r  L 9 o = L ( L l + L 2 r L 3 )  o n  ( " f  x  I r ) x  X 3

n n

de f ined  by  l o ,  2o ,  30 ,  such  tha t  i t s  l oca1  c losu re ,  Loo ,  i s

(L I+L2 )+L3 .  I t  j - s  eas l r  t o  see  tha t  D ( t l r 1 ,o )  D ( t i r l - oo )  f o r  each  cpen

se t  U  and 'Loo  ex tends  Lo  hence  i o? . * t * r rd "  i o .  I f  t t  i s  P -  regu l .a r
At

or D-regular wi th respect to Lo then i t  is  a l ive wi th respeet tcr
av .J-

ioo ana the kernels Ht l ,  GU associatecl  to Lo coincide wJ.th those



r ; J : - ' - " ' :  .  ; ' : "
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\\

f ' r " - '  
- , l i F

associated.  to  ioo.  r f  u  is  p-  and D-regul -ar  anc l  v&n(vr ico) ,  i icv .
I

"  -U,  Y . tT.  ,^  r r  e  .  1o fobl l  L " " f  l l ( s ,  then 6 ' ( - ioo f  )+H ' !o  =y .  Hence ye  n( r l r ;o )  and r ,J  =L"?  .

Further one cle<lu*"* ff=ioo. Thus we may put the notation

Lt+ .L2+t i= (Lr+ t r )+Lr=Lr+  (L2+r '3 )  and conc lude tha t  the  adc i t ion  o f

l oca l  ope ra to rs ,  i s  we l l  de f i ned  fo r  each  f i n i t e  f am i l v .

I
I

I
I

I
l

I

:  i .

J

I

:

t -
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3. TFe.sunr of g ss{ies of, logal._cpg.ralers

.  Le t  {X . / i eU}  be  a  seguence  o f  compac t  spaces  w i th  coun tab le

l : ases  and  i o r  each  i 6N  le t  L1  be  a  l oca l . l y  C iss ipa t i ve  l oca l  ope ra to r

on  X :  such  tha t  l €D(y r  r l , r ) .  L1 I=0  anC the  fam i l y  o f  P -  an r l  n - regu l .a r
L  L -

se ts  cn  y . .  i s  a  base .  I ' , ' e  knov r  f r c r i i  [ 13 ]  Coro l l a ry  3 .3  tha t  t he re
l-

ex is t s  a  l , i a r kov  se rn lg roup  o f  ke rne l s  tn i l t ) 0 !  on  x . '  wh ich  i s  a l so

a Co-c lass senigroup of  contrac. t ions on the Banach space Vt f ;  whose

'  fn f in i tes i r *a l  generator  has D(x i rL i )  as donia j .n  anc co inc ices vr i th  L i

as l inear  operator  on th is  last  space.  i r le  c lenote by x=.T i -  x , .
i 6 N  1

F o r J C  N  w e  p u t  X ( J ) = . T I  X i .  I f  A C X ,  f  : A - * R . a n d  x 6 X ( J )  v r e  p u t  it c J

'  z ' - ' ' t  
l ) / ( x r y ) € r t  i  R ,  f - - ( . ) = f  ( x , . ) .  I f  J  i s  f l n i t e  , 'A * =  {  y € X ( N \ l )  / . ( x r y ) € A t  a n d  f * : A *  - ?  R r  f * ( .  )  = f  ( X ,  .  )  .  I f  J  i s  

I

w e  p u t  L ( J ) = . F ' r
r i J "  '

!v 'e  def ine a local .  operator  L  on X as fo l lows:  i f  n  is  an

gpen  se t  UcX ,  then  D(U ,L )  i s  t he  fam i l y  o f  a l l  ,  f une t j -ons  f  v rh i ch

fu l f  i I  t he  fo l l o i v i ng  p rope r t y :  i

1 -  t h e r e  e x i s t s  a  f i n i t e  s e t .  ? = 7 ( f ) c N  s u c h ' t h a t  f o r  e a c h

pa i r  ( x r . y )€U ,  xeX(J )  t  ye  x (Nr  J )  r  t he  f  unc t i on  f  
*  

l s  eons tan t  on  t r *

.  and t ruD(Urr t  (7)  )  . I

I  Fo r  a  func t i on  f  and  ( x ry )  as  ahove  we  de f i ne

L f  ( . x r y ) = L ( i l ) f . " ( x )  ,  L  i s  l o c a l l y  d i s s i p a t i v e  a n d  f u l f i l s  ( 2 . 1 ) .  I t s
I

l oca l  c l osu re  i  i *  l oca l l y  c l i ss ipa t i ve  and  l oca l l y  c losed ,  I {e  c leno te

by F." t=t  The next proposi t ion impl ies that  Er, ' i  t ras a l . ,ase of- leU ictt/
P-  " rnd  D- regu lar  se ts .



I I

3 . 1 .  P r o p o s i t i o n

.  Le t  ?  be  a  f i n i t e  suhse t  o f  N  and  U  a  p - regu . l a r  se t  i n

X( t )  (w i th  respec t  t o  L (7 )  ) .  Then  Uo=UxX(N\ l )  i s  p - regu la r  (w i th
' i

' respect to .E.  r ,*)  .- 
ictJ

Proof

The proof is s imi lar  to that  of  2.L,  therefore we only
-  4 r .

h  i t .  Le t {  PT / I )O}  i r e  the  sen r ig roup  o f  ke rne rs  cn  I l  such  tha t

n *
l u * n ( - , f t ) P l d t , 7 7 1 0 .  

F o r  a  f i x e d  f i n i t e  s e t  K ( N I T  r v e  d e f i n e

b  t  O p l l ,  c : =  T  e x p ( - e t ) p l a t  ,  7 > 0  a n c  f o r  i € K  p u r
i g x  

L  '  
0  

L

sketc

^Utr i=
_-K "-*L )  : V: ' t  - t

i f i
c i=  J  exp ( -2 t )P ;d t r  l )  0 .  F i r s t  we  a re  go ing

' ,  o

i s ' P - r e g u l a r  w i t h  r e s p e c t  t o  L ( ? U X )  .  S i n c e

to prove that LrO=UxX (Kii
I

I

not  f in l t " :

3 ) .  T h e r d -

of  e lements

^ i  ^ ibo=f!P, ua Is

f o r  i €K  we  have  no  equa l i t i es  ana logous  to  (2 ,2 )  and  (2 .

' fore we consider  A)0 and put4=T/n where n j -s  the nuin l :er

.  f ronr K. Then. f  or f*€Fotul and t r i f l tx i)r  i€K we have

IT il, ":g=G; r ^  g )  t  @_c j f  . ) eo (u * rL ( l ux ) )  anc l  r , (TUx ) ^9= ( .E  r , 1+  F t ' ;  ) se f i ( r ' x ) "
i e K  r  r \  i e T  i c K  -  n

F o r  L ( T U K ) A  w e  h a v e  s o u l e , e q u a l i t i e s  s i r n i l a r  t o  ( 2 , 2 )  a n c i  ( 2 . 3 )  ,

'

( 3 , 1 ) cf rc! @,,gcl) ) =rc[ @t6ix.*) ) rcf lrqri , i  s r .o-clr I  =

=( rF^ (u )  b . l  Org ( " (Nr6 i ] ) )  ) c l (GX @ t t r , " . . ,  @ ( ,9 -  c l l  l ,
r ' O t " '  b \ n \ r \ r L J J l ,  v  t , " j ,  

j f {
t f l
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T T : W( 3 . 2 )  
" : @  

r @ c j l = c l G y r  ( . . , r  @  (  @ G , l ) + E " 3 o r e , u . r @
i e K *  

?  6 o t t - ' )  i € K -  j € K  e -  E r . , i i  -

. " .

b
a -

i:

k
One,c leduces  I (JUK)  GfS=-V and . f rom 1 .1  i t  resu l ts '  tha t  Un is

P- regu ldr ;s116 respec t  to  L (UUK1^,  ius t  l l ke  Ln  the  proo f  o f  2 . I .
- 4

F,urthlr  one. decluces that tk i "  P-regular wi th respect to L(JUK) by

:  u s i n g  t h e  r e s u l t  f r o n r  t l 3 ]  . 1 . 8 ,  2 4 .  , ' r  I

Fur'ther one ded.uces that U is P-regr-rlar relative to
i

7 -  t ' b y  a p p l y i n g  l . l  a g a i n ,
i e N  

!  '  
.  " ," , ,  

o

i .
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4, Tfre operator L-C/cl!

Le t  X  be  a  l oca l J . y  compac t  space  w i th .a  coun . tab le  base

and L a local ly  d iss ipat ive,  local  operator  such that .  the fami ly
' o f  

P -  and  D- regu la r  se ts  w i th  respec t  t o  L  i s  a  hase .  I n  t h i s  sec -

t ion we shal l  const ruct  another  local  operator ,  L , -d, /d t ,  on the

sPace  X  x  R ,  wh ich  fu l f i l s  t he  sa r . l e  p rope r t i es .  f t  shou lC  be  no ted

that  in  f r l l  ch. rV a s imi- lar  operator  was constructed wi th in  a

di f ferent  f ramework.
:

, , .  I { e  deno te  by  T=(Or I f ,  t he  to rus  and  cons ide r  i t ' as  a

d i f f e ren t i ab le  rnan i fo l , l .  on  the  space  T  x  R  we  eons ide r  L? ,  t he  l
' ) )

l oca l  c l osu re  o f  ) "hxz -C /d t ,  Lo  i s  l oca . l l y  d i ss ipa t j - ve  has  a  base  l
I

of  P-  and D-regular  sets  (see [  13]  sect ion 6)  and is  t rans lat ion.  . l

invar iant .  The sun L+Lo is  a lso local Iy  c l iss ipat ive ant l  has a hase /

9 f  : -  
and D-regular  sets .  Ide shal l  use a lso the f  o l lowing proper i : -y :

i f  U is an open set in X x T x R then

( . 4 . 1 )

w h e r e  6 * : X  x  T  x  R . . + X  x  T  x  R  i s  d e f i n e c l  b y  F x  ( z t . y a s ) = ( z r x + y r s )  . '

I ' , e  d , e n o t e g : X  x  T  x  i l * + X  x  R ,  t h e  n i a p  d e f i n e c i  b y * ( z r x r s ) =  ( z . r s ) ,

Then a local  operator  denotec l  uy I  is  d .ef ined.  on x  x  i r :  i f  i lcx  x  R js

an  open  se t ,  a  f unc t i on  f  be longs  to  f i ( r - l r [ )  i f  and  cn ]v  i f
* t  n  u

f  ogen (+* (u )  )  r  L+L" )  and  i f=gn  where  g  i s  t he  un ique  func t i on  i n

P iu )  such  tha t  L+Lo( foe )=9o6-  ( t i r e  ex i s tence  o f  g  i s  a  conseguence

o f  ( 4 . I ) ) .

feD(7xtJt L+Lo)

L+Lof = 1r,+r,o 1f or

i f  f t1,i-*rD (Il, L+Lo) and

:

* l )  
o | - n ,  f o r  e a c h  x € T r

i  . ; '
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4 . 1 .  P r o p o s i t i o n

a '

Let  Vt rcX be a P ' regular  set  (wi th  respect  to  L)  and

h€D(WrL)  such  tha t  Lh=0 ,  h ) r l  on  W and  l l h11  ( *  .  Fo r  t o€R we  de f l ne

p r w  x  R  - - - - - - - >  R ,  b y  p ( x r t ) = ( t - t ^ )  c w t  ( z ) - ( t - t o )  Z h ( r ) ,  a n c t  p u t
O ( )

g = { ( x r t )  F I x R / t ) t o r  p ( x ,  L ) > 0 } .  T h e n  L r  i s  P - r e g u l a r  v , , i t h  r e s p e c t
v

t o  L .

Proof

w e  h a v e  p o g e D l d l t u )  r L + L o ) n  V o t t  
t ( , r )  

)  a n c  L + L o ( p c $ )  ( z , x , t ) =

. I r I
=-Q"  L(z )  -  ( t - to )  (  1 -2h  (z )  )  (  0 .  Moreover  . f  o r  each ne ighborhood A ,o f  the

.  
compact set  3tr 'xrx{ toJ there exists ae Rr- a;0 such that L+Lo(poA(-a

o n  d t ( u ) \ e ,  N o w  w e  n i a y  u s e  3 , . 4 t  z o ; r : ]  a n d  g e t  a  k e r n e l  v  o n
.  - 1

. $  ' ( u )  s u c h  t h a t

v f6 t ro{o- r tu)  )nD(s-r ( r r )  rL+Lo)  ;  L+Lovf  - -  f  ,  for  each
Q  , ^  - 1

eo  f<E ,^ {s - r (u ) )  p rov idec  supp  f / ' l ( )w  x  r  x f  ro ] )=0 .
L )  

- - v  , n - f .r f  t e V O ( $ . ' ( L r ) ) r  0 ( f { 1 ,  a n c - r  s u p p  f  n ( ) r {  x T  x { r o } ) = 4 ,

then L+LoGVi=- l ( - f=L+LoVf  and Vf=g on  J8-1( i t )  .  I t  fo l1ows

Y t ( z r x r s ) . ( e r ( z )  f o r  e a c h  ( z n x r s ) 6 € .  t ( u ) .

Fur ther  le t  {y r r lneN}cFc(w)  be  a  sequence such tha t

O(frrr(Yrr*r(  I  and for any compact set  KcW there exists neN such that

P r r = r  o n  K .  r f  i 8 ( @ ' r ( u )  ) e  0 ( f . ( 1 r  a n d  m T n n  t h e n .

0 ( v (  ( f * - f r , ) f  ) (  s u p i  v f  { f ;  Y n } t )  ( 2 , x ,  s )  /  ( i , * , r ) € g  1 ( r r )  
,  Y n l d  { r }

(  s u p  t c l v r ( 4 / Y n ( z ) ( r l ; : "  0  ( n - - * o o ) .
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" I r le dudu".  that  V(\Fnf )  -> vf  uni formly and vfeKotdl t t l )  ) . .  Hence.

- 1  - r
v o f € D ( d t ( u ) ,  L + L o )  a n d  L + L o v f = - f  .  T h u s  g - r ( u )  i s  p - r e g u l a r .  w l t h

respec t  to  L+Lo and v=Gs 
1(u) .  

Fur ther  on  accoun ' t  o f  (4 . r )  ,

straightforward computatj.ons show that t l 1s P-regular r,rith respect
V r I  1

to  L and G" sat is f i -es

( 4 . 2 ) t cu r ;og=v ( fog )  fo r  each  fe4 (u ) .

'  4 . 2 .  C o r o l l a r v

L  has  a  base  o f  P -  and  D- regu la r  se ts .

Proof

Let  xeX and {  Vrr / r reXJ a seguence of  D-regular  ne ighbour-

hoods which t ,ends to {x} ,  The proof of  2.5 [  r3J shows that
.V

H . n l ( x )  - - + 1 .  T h u s  f o r  l a r g e  n p
V

H n t=h  sa t i s f i es  h>0  on  a  ne igh -

bou rhood  o f  x .  Then  by  4 .1  we  can  cons t ruc t  a  base  q f  se ts  s ln l l a r

' t o  u .

is  .an

l ' A

f  6  v (u )

Next  we def in€ L,  another  local  operator  on.  X x  R:  i f  t I

open  se t  i n  X  x  Ro  then  D(UrL )  i s  t he  fam i l y  o f  a l l  f unc t i ons

wh ich  fu l f i l

lo  for  each

zo for  each

30'  ts rF( t , )  ,

- l
xe x,  fx€V' (u*)  r

s 6 R ,  f " e D ( U s r L )  i  .

w h e r e  t f  ( * r s ) = r , f * ( * ) - O / c t f * ( s ) r  ( x r s ) e  x  x  R ,

Once again condi t ion

the local  c losure of

(2 ,1 )  i s  easy  to  check .  ' h /e  deno te
 V A V
L .  Obv ious l y  L  ex tends  L .  S lnce  L

bi' I-'*d/dt"

i s  i o c a l l y
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closed there resuLts that  i t  extends L-d/dt .

4 . 3 ,  B l o p o s i t i o n

v
L=L-d,/dt

Proof

Let UcX be a P-regular set  wl th respect to L and let

{ral t>0} the semigroup of  kernels on U such that

' o 0
. T T n

G Y = J  e x p ( - r t ) P t d t ,  a > 0 .  t r { e  d e f i n e  o n  U  x  R  a  s e m i g r o u p, ^ 0 - t

t a t / t > 0 1  b y  p u t t i n g  Q a f  ( X r s ) = ( P r ( f  ( . r s - t ) )  
{ " ) n  f o r  e a c h

re8o(u x R1 ,  i .e.  er=pr @ pl ,  I  where {yL/r>0} i s  t he  l e f t - t i ans -

lat ion semigroup. Further 
"=,1 

e*dt  is  a kernel  on U x R and
O L

G t  ( x r s ) = G U l  ( x )  .

Le t  te  Fo tu l  and ye$t  { r , . )n t6 . , * , .  Then we have 
:

o " ,  G ( c u f @ f  )  ( x , s ) = c u ( e  ( r  @ r p )  ( . r s ) )  ( x )  f o r  ( x r s ) € u  x  R  a n d
" t

c ( c u t  6 f  )  ( x ,  . l e f r  t * l  ,  d / d t  G ( G u f  6 l y  )  ( x ,  .  )  = G ( G t l f  @  y ' )  ( x 1  , )  ,

An equal i t l '  anulogous to  (2 .3)  hotds and i t  a l lows to  deduce that , ,

c (cur  @ l (  D(u x  R, i )  ana tc tcut  69 )=-cur  @y .  on the other  hand

since t 'aCut -+ Q uni formly when l -2oa ,  one deduces that G(GU.f  @F)

€ ,  % ( u  x  R )  ,  T h u s  6 f € D ( r i  x  R , L - c / d r ) n f o ( r " r  x  R )  a n d  ( L - d l d r ) G f = - f

f  or  each te€o(u x R1 ,

L. t  {Frr}  be a sequence ' , ,  
?o(t t  x n) sbch that 0.( fn.(  fn+t(  I

and  l im  V_= l  on  U  x  R .  The  re la t i on  G l= l im  Gg-  i n ip l i es  tha t
n + -  l D  n + -  

I n

G(t - rp- )  - -+ 0 uni formly on each compact  subset  o f  t l  x  R.  r f'  t n '
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'  
feK (u x R) then G(f !a-)- '+ Gf uni formly on each cornpact subsetb  I n .

.o f  
u  x  R,  wh ich  shows tha t  c feD(u  x  R,  L -d /d t )  and ( r , -a la t )Gf=- f  .

: "  Next,  for  each open set vcX x R we denote by1L(r / )=
. v . . v= { f6D (v,  i l ) / I r=91 .  Then Corol lary 4.2 and tr f  l  2.6 show that l^(=

=U((v)r /v open set]  def ines a quasiharmonic space on x x R. From

[ tz ]  t .4  we deduce tha t  Gf  i s  a  po ten t ia r  fo r  each czQ t i t  - -  r.  : h  t € t o * ( t r  x  R ) .
- a 1

.  F r o m  t r z l  L . 2 ,  2 "  i t  f o l l o w s  t h a t  G l = r  c w  , . - p  )  l s  a l . s o  a
n € N  

' l n * l  l n '

poten t ia l .  Then [ l2J  2 .8  shows tha t  Gf= f  .Gr  fo r  ea 'ch  f rVyr (u  x  n ) .
. F i n a 1 ] . y l d e d e d u c e t h a t I = i , - d / d t b y u s 1 n g C l r , 3 5 . 5 , 5 ; . r .

o
tr

lLrw 4,s74Y
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5. Paggl  Spaces and Strong Fel ler  Sem:lgrouns

i
Let  X be a local ly  compact  space v, r i th  a countahle base

.  and L a local  operator  which is  local ly  d iss ipdt ive and suppose

that  the f  ami ly  of  a l l  P-  and D-reguJ-ar  sets  is .  a  base of  X.  I {e

deno te  by

U e  = { X ( u ) = { f e D ( u r L )  / L  f  = 0 } / u  o p e n  s e t J a

It  is  known tr f l  2.6 that .  (Xr i l )  is  a quasiharnronj-c space,

Now we recal l  that  a kernel  R on a local ly conpact space

We say that L sot isf ies the p-roperty of  "strong Fel ler

reso lvents"  i f :  (SrR)  There  ex is ts  a  cover ing | . / -  o f  P- regu la r .se ts

such that cU is strong Fel ler  for  each t te?,

! {e say that L sat isf ies the property of  "btrong Fe}Ier

semigroups"  i f :

r i  "  (sns1 There exists a cover ing 2 ' t  of  P-regular sets such that i f

U(U and {n !Z t>o}  i s  a  semig ' roup c f  kerne ls  on  t l  wh ich  fu l f i l s
o o - r '

11 n 11 l ' r
C ; ; =  )  " * p ( - 2 t ) P ; d t ,  

f o r  e a c h  r  ) ,  0 ,  t h e n  e a c h  k e r n e t  P : ' ,  t > 0  i s
E '

0 -

s t r o n g  F e l l e r .

The fo l lowi-ng proposi t ion is  essent iaJ" Iy  kncrvrn in  a

st ronger  var iant  [  5J "  i

5.1"  Prg-pos i t . ion

- The f  o l l .owing propert ies a: :e equivalent:

I o  L  s a t i s f i e s  ( S E n 1 ,

6  -  F  F ' t

2" (N, l ( , )  is  a Bauer space in the meaning of ,  l .5J .  .

T  i s  s a i d  t o  b e  s t r o n g  F e l - I e r  i f  R f € 8 ( T )  f o r  e a c h  f € q ' ( T ) .
, . D



o
!.

1 -

I 9

30  Fo r  each  P - regu la r  se t l  Up  t l r e  ke rne l s  G \ .AVO a re

s t rong  Fe1 Ie r .
o ' ^

4"  The g lo l : 'a l  reso lvent  Ic t /X>0]  cons t ruc ted .  in  [ t : J  2 .3

is strong Fel l "er .

Proof

we prove only u 1o'-> 20" because the reminder proof is

obv ious .  The  ex i s tence  o f  a  s t rong  base  o f  regu la r  se ts  resu l t s

r l
f , r om 1 "2 .  Fo r  each  po in t .  x6X  we  have  H" f  ( x )  -+  1  r , rhen  U \  [ x ] r  and

U is  taken to  be a D-regular  ne ighbourhood of  X.  This  impl ies tha. t

^r1 is  non-degenrate at  x ,  Let  nqq V be a P-  anc l  D-regular  set  such

that Vcu for some rJacll. Since GV=GU-HVGU one d.ecluces' t].at CV is

st rong Fel ler .  Therefore each excessive funct ion is  ]ower semi-

continuous'. One deduces the' Eauer "convergence property. .

Nex t  we  a re  go ing  to  p rove  the  ma in  resu l t  o f  t h i s  sec t i on :

5 , 2 .  T h e o r e m

The  fo l l ow ing  p rope r t i es .  a re  equ i . va len t :

1o  L  sa t i s f i es  ( sFS)

2 0  L - d / d t  s a t i s f i e s  ( s F R ) .

30 I f  xo is  a  locaI ly  conpact  space wi th  a countahle base

and Lo j "s  a local Iy  d iss ipat ive local  operator  such that  the fami ly

of  a l l  P-  and D-regular  setq.  j .s  a  t rase of  Xo and Lo sat is f  i .es (SFR) t

t hen  L+Lo  sa t i s f i es  (S fn1  too .
. . ,

40  r f  xo=T  x  R  and  Lo  i s  t he  l cca l  c l osu re  o f  az /a *z - ) /a t

(as  i n -  sec t i on  4 )  t  t hen  L+Lo  sa t i s f i es  (S fR)  .

50 I f  U  ls  an  open se t .  UcXr  anC tp t / t>O]  i s  a  suh-

Markov semigroup of  kernels which is also a (Co)-c lass semigroup
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of  opera tors  on  a  Banach space FcK( I I )  whose in f in i tes imaL genera tor ,
D '

A Lhas  a  d .oma in ,  D (A) ,  such  tha t  D (a )c t r (u r l , ) rA  =L  as  l i nea r  ope ra -
: " - .

t o rs  on  D(A)  |  anC 8o ( r i )CD(A)  =F ,  t hen  Pa  i s  s t rgng  Fe l l . e r  f o r  each

t > 0 .

In order to prove this theorern we need the fol lowing

lenunas.

5 .3 .  Lemma

Let  X be a local1y cotnpact  space wi th  a countable base

and v ' r  v ,  t rvo sub-Markov kernels  on x  which are s t rong Fel l .er .L Z

Then V 'VZ is  a  compact  opera tor  f rom VOIX)  in to  V tX l l  i ,e .  the

f  anr i l y  tv  rv r t / t€  B  (X)  ,  l f  l<  r \  i s  egu icont inuous .

Proof

As in [fO] Lemma 9 we cieduce that for each segrlence

le , r /neu] 
c[  t  x l  wi th l f  n\  < r ,  n6N r  there- exis ts a su]rsequence

$ "
$no/t e N) and f  €3O tx l  such that  ur t rn  (x)  ;>  VZf  ( * )  f  or  each Tnx,

Let  now 9O=V, ( f  - f  )  , r  s ince {  -=tp So/ fe l l  }  is  decreasingr k  ,  y i f - r ' " -  J

t ,o zeto we have

v t  t ; ; i  gk ) \  0 (1  *oo  )  un i fo r rn ly  on  each compact  se t .

i

Anal -ogous Vf  ( i l l  gk ) \  0 (p  - '  oo  ) ,  anc l  hence VrVr f r .  - : '  Urv r f
a7F^

uni formly on each compact set .



be tvro Iocally compact spaces vrlth conntpble

a sub-Markov semigroup of  kbrnels 'on Xi  such

f l ight  cont inuous for each >€Xrr f ,eVr(Xi) .

2 t

5. 4 , Lenma

bases irnd

that t --+

L e t  X r r X ,

{P i l t>  o }

n i t  t " t  is

oo
6

e = )
0

I

I

given

fami ly

number c>0

The fanily

Y.,
thaE /'t' 

t'

- -  / x n G X . ,
^ 2 z L

" l  u ,  x r , t )u f ' ( x r r t )=  I  t i ( s ( . , t ) )  ( y .a )a t ,  seSo tx ,  x  R* ) '

Y- ,  )
/ l  

' (  f )  =Cl f  (y r )  we deduce tha t  there  ex is ts "  a  reaL

( l ) r (c  f  o r  each yzeK.  L ,€ t  Yz€Xl  anc i  6 .>  0 .

r le /  a being equicont inuous we canr  p l r
r t

r F i
Suppose that G]= )  P;dt ,  L=I.Z are ( f  in i te)  kernels 'and

0 -

lr l t>01 , cZ are strons Feller.

Then

X "  x  X ^ .
L Z

t a

n i  @eia t  i s  a  s t f ,ohg Fe l le r  kerne l  on

Proof , !  I  t -
-  t ;

From 5 .3  the re  resu l t s  tha t  { f  l fZ fen (x t )  ,  \ f \< t }  i s  an

equicont inuous fanr i ly  for  each t>0.

First  we are going to prove that f ,or  a

such that '  l f  l< I  and a given compact set  KcX, the

t c f  ( . ,  v ) l v r e x \ is  equicont inuous.
- i

If yZexZt Ehen 
f

f u l f i l s

Since

such

choose a neighbourhood I{ of y., such that. I

Y "o wi- l l  denote the measure on X^ x R. which
z +

f 6 s  ( x l  . x  x 2 )
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, I l ".  
I n . r  , - _  \  _ n r c  ,  ( V i l l <  t / Z c
I  

- ' t ' * "  t Y l J  - " t r x ' '  
4  IZ z

c

for  "each Vf €w. x"6X" and t>.  €, /  4.  This impl ies- r  z  I  2

I oot (y t,y z) -Gor Qi,y) l< e Z 4+e f 4+

+ 5
Y'g>,''e 'rv)

Next  ive are go ing to  prove that  for  reS{r ,  x  x2) ,  l r ls  r ,

. h
( 5 . 1 )  c f  ( y  

L n y , J  
=  )  h  ( x r , y 2 ) d / , r ( * t )  "

I rlt*, tor) -nlr*" tv,)t,t/, (xr, r) ( r

for .each yieW and y. ,6K2 which prove$ our assert ion.- I

and yr6'  Xt  ah: funct ion Gof (y l r . )  is  cont inuous on X2. The propert j -es
I

o f  t he  semig roup  {  p } f t>01  and  the  resu l t  t o .V r I I  f r oh r  l 9 l  a1 low

us  to  cons t ruc t  a  f i n i t e  measure  r /4 ,  on 'X ,  anc l  a  func t i on

ge 3 t  (0 , - )  xxr )  such that ,

vln =9 ( t, .l 'y f or ,each t; o .

Y
. t i ,  .  r f  we pu t  h  (x r r  t r )  =  

J  
I  i . , rx r )P | t * ,  (v r )d t r  x16  x r r  yzexz  ,  then

Noru  we.asser t  tha t  h (x r r . )  i s  con t inuous  prov idec l
9 0  I -

) g ( t r x r ) d t < " o .  L e t  x I € X I  a n d  € )  0 .  I \ ' e  c h o o s e  y U V n ( ( 0 r * ) )  s u c h  t h a t
0 l:

ea
1 ! ' t

I  I  g ( t ,  * r ) - f  { t l f  a t  <  G o
v  |  -  '  

t '  |  ' l

0
\  . t ; f j .  1 i n ; ;  . . r  . . r "  . . . i  , i . : ,  . 1  ! i l i . , ! - , r r r i !  +

and  a  f  i n i t e  number  o f  cons tan ts  * '  ,  4  
Z? . . . . ,  { r r ) f  0  ,  and .

. t 1
4

c ,  t c . t ;  o  o  o c -  s u c h  t h a t
L  -  l l
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f h ( x r , y 2 ) -

( r ) - *
i : ' l

}Lr
i = J

-oa. t ,
c , €  t  

l < 6 ^  o n  R ,
t l - +

"r"1, t*,  tor) l (  6

lr

Then

r f r f  y2 )=€+  €  cz t (y r )  ,

t  f  '  
) ,  o  are the k  resolventwhere  c ;=  J  exp ( - * t )P ;d t , , 4 ) ,  0  a re  the  ke rne l s  o f  t he

0

assoc ia ted  to  L r l / t >0 ] .  s i nce  c2=c2  i "  s t rong  Fe l l e r  one  c leduces

that  for  each * .70 the kernel  
"2 . , i "  

s t rong Fel le . r .  Fof  a  compact

rr_ ^2f  u n c t i o n s  o f  t h e  f o r m  > :  . i S .  f * - .  H e n c e  h ( x r r . )  i s  c o n t i n u o u s
i = t  t  r

+ e  s
0

I

/

l

I
I

o n  X . .z  
?  r Y . .

S ince  J  P ;  ^d t  l s  a  f i n i t e  measure  on  x r  we
A v I

8 0 €
f l  ^ r  n

J s ( t '  . )  dtei( '  V) ,  and hence i  v ( t ,  ")  l .atf-a "e. since
0 .  f  0
! h ( " ' y 2 ) ' l (  )  

g ( t r . ) d t  f o r  e a c h  y #  x  o n e  d e d u c e s  f r o m

0  
' 2 .

r | o . o. ior  tv  L,y l , )  
-* .of  (y 

, ,vZ),  provid"d y l  ey;  ,  J .ne.  Go
i .

cont j -nuous on X1, '  Further i t ,  is  easy to deduce that

cont j -nuous,

j

P roo f  o f  Theorern  5 ,2  l

deduce

(  5 .  r 1  t h a t

f  ( v . ,  . ' ) .  i s- I

G f i s
o

Lenrma 5,4 shot^r that the

Ulc X is  P-regular  and the

s t rong  Fe l l e r r  d rx i ,  I ) . c  10
1-

ro -=7 30 rhe proof of 2 , I  and

ke rne l  GU i s .  s t rong  Fe l1e r  i f  U=UrxU2r

kernels  of  i ts  associated semigroup are

i s  F - reguJ -a r  anC G" r  i s  s t rong rFe l - l e r .

30 f i  no r t  is  obv ious.

40 Q 20 The kerner cu assoclated to the open set Lt from
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P r o p o s i t i o n  4 " L  i s  s t r o n g  F e l l e r .  T h i s  r e s u l t s  f r o m  r e r a t i o n  ( 4 , 2 ) .  .

J" 2o ==> 50 Let f€D(A) and define 
F 

:uxR+---->R by

( 5 . 2 )

Then I

( 5 . 3 )  y e  D ( U x ( 0 r o ) , L * d / d t )  a n d . , ( r - d / d t ) y = 0 .

sinbe fo(u).6-61 and L-d/dt  is  locaI ly cLosed one ded.uces that

( 5 . 3 )  i s  s t i l l  v a l i d  w h e n  f  i s  d e f i n e d  b y  ( S . Z I  w i t h  t € V ^ W )  .o '
Further a tuonotone class theorem together vr i th Proposi t ion 5.1,  20

shows tha t  (5 .3 )  i s  s t i l l  va l id  when y  L= de f ined hy  (5 ,Z)  w i th

Y 
( * '  t )  =Paf  (x )  .

t*Q, (u) ,  
'Part icurarly 

nateK(u) f  or each re 3o tu) ancl r> 0 .

50  *  I o  I t  i s  obv ious .

Example
-m...*-

O 1

\ o  .  Le t  X=(0 r€ )x ( - * roo )  and  l e t  L '  be  the  l oca1 -  ope ra to r
? t

assoc j -a ted  to '  (a  /Ex f  ) -+x13 /axZ,  Then L-^d /dL  sa t is f ies  (S f 'R)  on

accc ,un t  o f  Propos i t ion  5"1  and o f  Coro l la ry  f rom p , l0 l  L2J ,  and
I

hence  L t  sa t i s f i es  (S rS) .  I l owever  ke r  L  i s  no t  d  B re lo t  space .

I f  w e  o e n o t e  b y  L 2  t h e  l o c a l  o p e r a t o r  a s s o c i ' t e d  t o  1 t / x t )  ( A A . * r ) 2 t

+? /Ax2  we  see  tha t  L2  does  no t  sa t i s f l es  (S rS)  wh i l e  ke r  L l=ke r  L2 .

We do not  know whether  for  a  loca1 operator  L  the proper ty  (SrS)

fo l }ows .  f rom the  assunrp t i on  tha t  ke r  L  l s  a  B re lo t  space .
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6 .  (SFS)  fo r  t he  sun  o f  a  se r ies  o f  l oca l  ope ra to rs

tet  [Xr / {eN} be a sequence of  compact  spaces wi th  coun-

tab le  bases ,  Suppose  tha t  f o r  each  i eN ,  L i  i s  a  l oca l1y  d i ss ipa t i ve

loca l  ope ra to r  on  x i  such  tha t  l €D(x i r l , r ) ,  L r  r=0 r  t he re  ex j . s t s  a

base  o f  P -  and  D . t regu la f r -  sP ts ,  and  La  sa t i s f j - es  (SFS) .  f n  t h i s

sect ion we are going to  prove that  
a-" i  

sat is f ies (SfS)  unCer
'  16N

sui tab le c i rcur t ts tances.  We are golng to  use the notat ions f rom

sec t i on  3 .  Fo r  a  ke rne l  V  de f i ned  on  a  co rapac t  space ,  T r ' v re  pu t

( 6 . 1 ) M(v )  =sup  t  t v r  ( x ) - v f  ( y ) l  / x , 96 r  r  f  68b  ( r )  ,  l r l - <  l ]

O b v i o u s l y  w e  h a v e  M ( V ) (  2 .

6 .  I .  Le tnn ia

:
Suppose that P' is a sub-Markov

prr l )  0  and the fami ly  {  ln fTre ' -? txr . , )  
r  l f  l r<  r l

each n€N.  r f  t :  M(P, . . , )1*  ,  +- : : ; :n  p= @ p^
n 6 N  n € N  

t '

that  t  pr l re  $(Xrr )  ,  I  r l (  t ]  i * r  equicont inuous.

;
Proo f

kernel  on X such thatn

is  equi -cont inuous,  f  or

i s  a  ke rne l  on  X  such

choose no€ N such that

Vk . neighbourhood of5-
r,) rt

^k

.Let  x= (x

s ( P n ) < E / 2  a n d
o

such Lhat

l p - s ( y . ) - P - f' l - k - . ' k , ' k

o r x ' i n . . ) d : X  
a n d  g )  O ,  W e

for  each k (no  we choose

(vr) l  (  € /zno, ir yk€vk, feg (x;, ) r I r l( t .



& : /  P '
l le  a re  go ing  to  p rove  tha t ,  fo r  y6 f l  vL  x f i  Y l ,  f€ t } (x )  ,  l r l ( t ,

k=0 
r f  

i=n^  
*

-  - ' o

2 6

L e t  y = ( y o r y l ' . , . ) e x ;  w i t h  Y k . V k  f o r  k " ( n o .  W e  p u t .  .

we have

( 6  . 2 ) f e r ( x ) - p r ( y ) l < E  .

I

r y  = ( w  - x  6 ( { T  x .  ) ,  p e N
i=0 ro k t r ^ o r - I 1 " . r X L r  Y k + t  r Y k + Z . r . . . ) r  f o r  e a c h  k € N .  I f  t e ' l

i s  r e g a r d e d  a s  a  f u n c t i o n  f € V ( x ) '  t h ' e n  P f = (  @ P ' * ) f  @  ( 6  P r l ) .
.  i=1"  r  i=p+I  *

Then fo r  k )p 'we have

' I + i
P f  ( 2 , - ) = (  @  P .  ) f  ( x , . . . x ^ ) .  I  I  P . 1 . ( x .  )  l l  P , . 1 ( y .  ) .K '  ' i r r  1 '  r  p  

i - p + l  1  t  i = k + I  t  - r

On account  of  Lemma 6,2 (s tated below) we deduce

; '
I
i
i

r : n ,  p f  ( 2 ,  ) = p f  ( x ) ..  J , I r r r -  
k '

k+"o 
r-

i :

I

i  On the other hando i f  l f l< I r  one decl .uces

,  
t  t  t ( z k ) -p t  ( " kn r )11  € / zao ,  f  o r  k (no -1 ,

l r r  {  z*)  -Pf  (  r**1) l< t ' ln ,  for  k)no-1.

T h u s  w e  g e t  l p f  t y ) - p g 1 " ) l < 6 .  F u r t h e r  i t  i s  e a s y . t o  C e d u c e  r e l a t i o n

( 6 ; 2 )  f , o r  e a c h  f € f  ( X )  s u c h  t h a t  l f  l (  I  a n d  u s l n g  a  m o n o t o n e  c l a s s
i

. A

theoren to deduce t t re rei-at ion for  f  e U(x) such that l f  l .< I

6.2- l f f i
. i

.  ^ /  t  )  <  I  l '

Let O(a-r  bJ 11 n€N, l :e such t t iat  iEL \u"-hn\{"o.
n '  I l '
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€
T h e n  l i m  I l  a , = l i m  I  I  b  .

ft-+e n=ft t k-- n=k D

t i ^ r
S i n c e t h e i n f i n i t e s i m a 1 g e n e r a t o r o r { n | l t > o } i s r , a

- . 1  - ' t ^ - ^ J  r  1  . i  - ^ ^ -  ^ * ^ u ^ r ^ e  h  , r r  -  l -  ^  . O,consic lered as a l inear operator on D(Xir l ,a)by Theorem 5.zr )
- i

e  
one deduces that  e i  is  s t rong Fel ler .

Further Lenrma 5.3 and Lenima 6.1 al l .ow us to deduce, that
u ^ u

-  the kernel-s P*o,  t>0 def ined ny eio=ntO,,q, ._nl l  ,  where uo andc
,  L e N \ d

t '  
t i ng  f  rom 3 . I ,  a re  s t rong  Fe l l - e r .  Th i s  imp l i es  (SFS)P i  have  the  mean ing  f rom 3 . I ,

f o r E  L '  .
J /  r r  I  l

' 'le !Y

Next, we are going to shcn^r that. Theorem 6. 3 applies f or

o â  J-arge class of  examples.'  t .  r - - - - -

. '1"  
'

,.: '.,
6 . 3 .  T h e o r e m

.

If the semigroup Lnt/t>O], i€l ' l  satisfy the conclit ion

- . ' r : '
A  M ( P ; ) ( " o  f o r  e a c h  t ) 0 r  t h e n  -  L '  s a t i s f i e s  ( S f S 1 .
l (N  

-  
i € r

Pr,oof

Lerc,ma 6,4

Let ,  T be a compact  space wi th  a counta} : le  base and le t
, I

{ r - / t>O} be a Markov semlgroun of  kernels .

10 f  or  an1,  sr t )6  t
i

M ( p " + t  )  t t / 2 )  M ( P s ) r ' { i p r ) (  M ( p s )  .

20 t f  the kernels Pt,  t>0 are strong Fel ler  ancl  there
*

exists a measur e/cn T such that ni n,f ( t  --+ ".a ; for ea.ch xGTr

t h e n  l i m  M ( P * )  = 0 .
t'+"g
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Proof

' .  1o  Fot  f€3b(T)  '  i f  l<  r  v re  pu t  &=( l /2 )  (sup  Ps f+ in f  n " f  )  an i l

g=(2 /b l  (Ps )  )  (Ps f  -qc )  ,  S ince  O* t=  ) -  v re  deduce

s u p  P s * t f - i n f  P = + t f  . (  l t / z ) M ( P s )  ( s u p  P a 9 - i n f  P t g )  <

20 From 5.3 vre kncvr that  i . . .  is  a compact cperator on g(: : ' ) .

I f  f€q(T)  and s )0  then t r t t / t )sJ  i s  equ icont inuous ,  anc l  hence

P - f  - - +  ( f  )  u n i f o r n r l y .  o n  t h e  o t h e r  h a n c l  K = { P  ̂f  / t € 3 ( T ) ,  I r l ( r }- t  J  .  ' s

is  a compact subset of  K(r)  and the fami ly of  cperator= {P r / t7s}

is equicont inuous, Then Pt--?t@ f  uni fc:rmly on Kr vrhere the

.operatct  tL @ I  associates to each f  unct ion t€V$) the constant

func t ion  f  $ ) .  Th j .s  in rp l ies  the  asser t ion .

Let T be a conipact space with a countabl .e baser L d local

' q

genera to r  has 'D (T rL )  as  doma in  and  co inc ides  w i th  L  as  l . i r ea r  ope ra -

tor on this dontain. 
'

We  suppose  tha t  * i *  and  La=a .L r  a r€R* . ,  f o r  each  i 6N '

_ i
Then Pi=p^ *  for  any t )Or  i€N.  we a lsg s l . lppose that  there ex ls ts

L  c L .  t -
I

a i l reasure K on T such that  P!  * .F( t - -zo lc ;  for  each xCT.
t -  E  I

6.5, P.r:rPo.si_t:Lon

r f  the  sequence {a . , / ieu  !  sa i - - i s f ies

( 6 . 3 )  E o - % i  ( " s  f c r  e a c h  g )  O ,
lGN



29
I

then  = .  L . :  sa t i s f  ies  (SFS) .
!

I€l'l

Proof

'  
From Lenrna 6.41 lo  we deduee

F .  ,  a

M ( P r ) (  2  ( M  ( P t  )  / z ) L V  
t  r

fo r  each t r r )O,  where  Et / r lg  N and sa t is f , ies  0<t -  [ t / t ]  r< r .  t rs ing
n

6 . 4 c  2 t  w e  c h o o s e  r  s u c h  t h a t  t 4 ( P r ) ( . 2  a n d  d e n o t e  b y 9 = - J n ( M ( P r ) / 2 ) .

Then we deCuce /

*(n.r.) ( ze$.- (otlr) a '

Hence Y. -  M(P i )  ( -o  and the  propos i t ion . resu l ts  f rom Theorem 6 .3 .
i e N  

t

l -
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7.  Tbg sum of  lwo l -ocal  oPerators Sssociated

to harlngric spaces

hhile the author was prepearing for oublicatlc'n the pre-

v ious sect ions '  o f  the present  paper  E,Popa'and LT.Sehi r rne ier  have

inc iependent ly  conimunicated to  h im a resul - t  very 's imi l lar  to  Theoreni

5,2.  Nanie ly  they consj -dered harmotr ic  spaces in  th .e sense of  Constan-

t inescu and Cornea and used the Markov process associated to  a s t r ic t

po ten t i a l  i ns tead  o f  t he  l oca l  ope ra to r  usec l  i n  Theorem 5 .2 .  Nex t

we present  the resul t  for  harmonic  spaces in  the sense of  Constan-

t . inescu ancl  Cornea by us ing local  operators associated to  them in

the  sense  o f  t 13J  sec t i on  4 .

'  Le t  ( x r? )  be  a  ha rmon ic  space  su .ch  tha t  L€A(x i . and  x  has

a countable base and le t  L  be a local  operator  associated tc  6[1.  The

proper ty  (SF'R)  is  obv ious ly  sat is f ieC by L.  The proper ty  (SFS) for  L

is  def ined as in  sect i -on 5.  The sum of  t ruo l .oca1 operators associa-

ted to  harn ionic  spaces is  def inec l  as in  sect ion 2 anC the operator

L-d/dt  is  c le f inerJ as in  sect ion 4.  Then we have a rest r l t  para l le l .

t o  T h e o r e n t  5 . 2 ,

7 .  I .  Theo fe$

The fo l l "owing proper t ies a"re equi .va lent :

1 0  L  s a t i s f  i e s  ( S f ' S )  .  .

Zo  r . . a /a t  i s  assoc ia ted  to  a  ha rmon ic ' space .

30 rf  (xonqlo) is$Sarrnonic space such that ryUt(xo)/

xb i ru"  a  ccuntable baserenC Lo is  a  l .ocal  operator  assoclatec l  *oQJ,o)

ther  L+Lo is  asscc j -ated to  a harmonic  space on X x fo '



3 1

,O o ' \  
'  t  '

{  r f  xe=TxR,  Le  i s  t he  l oca r  c losu re  o f  e ' / ) x ' ' ) / JL ,

.and i lo  is  the hyperharmonic  sheaf  associated !o  Lo,  then L+Lo is

assoc ia ted  to  a  h rmon ic  sPace . :

50 t f  u  is  an open set ,  UCX, ana {Pa/ t>0}  is  a  sub- l r ' larkov

senr ig roup  o f  ke rne l s  wh ich  i s  a l so  a (Co) -c lass  semig roup  o f  ope ra -

tors  on a Banach space r€t rb(U)  whose ln f  ln i tes i rna l  generatorrA ,

h a s  a  d o m a i n ,  D ( A ) ,  s u c h  t h a t  D ( A ) c - . ( U r L ) r A  = L  a s  l i n e a r  o p e r a t o r s .

on o(A) .  and f , . r (u1cf f i=r ,  then P* ls  s t rong Fel l ;er  for  each t>0.

The proof  o f  !h is , theorem is  qu i te  s i rn i l lar  to  the proof

of  Theorem 5.2 on account  of  t f : ]  sectLon 4 and especia l ly  Lemma 4.1.

t
t
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