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A_ROHLIN TYPE THECREM FOR GROUPS ACTING
ON_VCN NEUMANN ALGEBRAS

by

Adrian Ocneanu

In classical ergodic theory one considers an ergodic auto-
morphism of a measure space; a major problem is the classification
of such structures. A first step towards such a result is the Roh-~
lin tower theorem, according to which the'spaée may be divided into
anj given nﬁmber of measurable subsets, cyclically permuted by the
automorphism modulo some small measure sets.

A first way of generalizing this result ébnsists of the con-
sideration of a loccaly compact groupr G acting freely by automor-
phisms of a measure space. The theorem was broved for G =22™
by Katznelson and Weiss K%l ;. for discfete abelian (G by Conze t2],
fof‘ G :ﬁznby Lind [4] , for discrete solvable G by Ornstein and-
Weiss c5]xand for solvable or almost connected amenable loccaly
compact G by Series [6] .

A new stage of generality eppears in the work of A.Conneé i1 i
whére it is used for the classification of the automorphisms of a
finite von Neumann algebra. The theorem is stated for an aperiodic
automorphism of a von Neumann algebra which leaves fixed a faithful
normalkirace. ' l

In the sequel we extend the result of Connes to several commu-
ting automorphisms of a von Neumann'algebra; in fact for finite ex-
tensions of‘ZZh'.jFrom the quoted paper of Connes we use the theorem

of characterisation of properly outer automorphisms,but for the rest



Sk

our proof is different, even for one automorphism, of the proof given
fhere, being partly inspired by the proofs in [4] , [5] for measure
spaces, . '

Let M be a von Neumann algebra and Aut M its automorphisms. We
recall ([1]) that for geaut M, there is a largest (central) projec-
tor p(g), left fixed by g, on which g is inmer; g is called proﬁef-
ly outer if p(g)=0. A group G acting on a von Neumann algebra is
said to act freely of . p(g)=0 for any g % lie,

A nonvoid finite subset K of G is called a paving set of G if
one can choose right translations of it to cover without overlappings

G.

The main purposes of the paper are the following two theorems.

1..THEOREM+ let-G be augroup, finitesextentionvof a finitely
generated abelian group, Suppose M is a von Neumann algebra, % is a
normal trace on M,%(1)=1, Bnd let G act freely on M preserving z.

Then for any paving set K of G and any $»0 there is a partition of

unity (fk) ¢

" in M such that
"gfk-f.gkﬂ 1 €8 for all kek, geG with gkek

(where for xeM, “X\LL=E(\X\))
If G is a group and S is a subgroup cf G, then G/S will denote

the left quotient space of G modulo S.

2. THEOREM. Let G be a group, finite extension of a finitely
generated abelisn groups, and lat o béia finite'index subereoup of G.
If M is a von Neumann algebra, § a normal trace on M with #(1)=1 and

1f G acts freely on M preserving ¢ , then for any >0 and any finite



subset Gy of G there is a partition of unity (fi)ied/s in M such

that . 2 i
“gfi‘fgiui < 8 Tor ali geGaL,' ieG/s

3. COROLLARY. (A.Connes, [1]). Let M be a finite von Neumann
algebra, 2 a faithful normal trace on M, B8(1)=1, and 4 an aperiodic
automorphism of M which preserves . '

@

For any integer n and any >0 there exists = partition of uni-

% a0 in M such that
Ve J)Jel,...,n

9oy -2,ls5 ..o, W ga-£,all,25 ,eeey ke -2,0,48
(where‘l#!k_zt(x*x)vz s XeM).

Proof., We take G =7Z, s=nZ, K=§fl} in Theorem 2 (where this
time G is writtem additively) and we remark that

Uz =1 *ell, <lell N, ; | =

In the applications of Rohlinm type theorems it is required that
the index set of the tower (K in theorem 1) can be éhosen arbitrari-
ly.large and invariant. Lemma 6-shows that in our case such a Qhoice
is always possible.

We shall use the special form of the group in Theoreﬁ 4 only
by meahé of one of its properties, given in the lemma 5 below. Thé
result see . to fail for general solvable groups. We recall the

following.

4. DEFINITION. 1Let G be a group , K a finite subset of G and g>0.



A finite subset G, of G will be called (g, X) invariant if

4Hopn O &0y (e i,

i

(where¥denotes the cardinality).

5. LEMMA. Let G be a group, finite extension of a finitely
generated abelian groﬁp. Then there exists aGi>~O such that G has

arbitrarily large arbitrarily invariant subsets G1 with

3 (677G g0 M0,

Proof. For m,n &€ Z, nmgn,we set [m,n]={m,m+1,...,n} g

Any G as above is a finite extention of Z 5 Ne[N . Tndeed if
G'eG is a finite extenstion, with finitely generated abelian Gy
and if G'zTQEN, where T is the torsion part of G', then ZN i s
completely invariant in G'. So ZNis a normal subgroup of G and
ZNCG is a finite extension.

If N=0 we can take G4=G for all’ K,gf and ad=1. Suppose N»>0 and
let KeG bé- the image of a section of the projection G-&G/Z./N. Tor
m GW we let Cm=[—m,m1NC2N. Suppose we are given an arbitrary finite

subset F of G. There exists pei}\( such thaﬁ

(1) FUKKUK—iKUClKQKCp

because \JKC =K%‘.’N=G
~ps4 P ;

We have inductively from (1)

C KEKC, Siaig]



and so

(KCp) (Kcm)c.._xxcnpcmg_,xcpcnpcmﬂcm +(n+1) p

since #(KC )=@K) @ )= @X) (2m+1)Y we have

lim{#¥( KC )/AB(KC_)) =1
m-bo(o rr1+(n-l~‘1)]g>/4*‘l’ga m

So, for each n and any €% 0, KC., is (&, KCn)—invariant for
large enough' m; moreover, each finite subset of G is included in

KCn for some n. We alsc have

&

1 i

(RCpy) , KCi =8, K KCmEKCmp+p+1
and we can take aQ=(p+1)N, suitable for any m;p+1. For instance,
if G= Z%*we can take aG’=4. : . T

The following result is true in fact for all solvable groups.
Ornstein and Weiss have conjectured that it holds for any amenable

group.

6. LEMMA. Let G be a group as in Theorem 4. Then there are ar-

bitrary large. arbitrary invariant paving sets K of G.

Proof. In the proof of lemma 5 remark that KCm are paving sets,

because

C = KZZM= \eJKth
A

where h ranges in ((2m+'!’L)2,’f:’)"’1 and the sets are disjoint. )



In all tne sequel, M will be a von Neumann algebra,@M its
lattice of projections and Aut M its group of automorphisms. We use

the following fundamental result, due to A.Connes E’l:[ e

7. THEOREM. Let M be countably decomposable and g&Aut M. Then
Vg is properly outer if and only if for any non zero eGGPH and any

€£>»0, there is a non zero fE'G'? ¢+ fge such that

lle.atl ge

having as consequence:

8. COROLLARY. Let Gl be a finite set of properly outer auto-
morphisms of M, €»0 and O;a’ee@ﬂ. Then there is fé&™, O¢fge with
ff.g£ll€e for a1l geq,. ’

From the same paper we use the following technical result.

9,'LEMMA If €20, with nlg<£l and (e. ) C@ such that

jell,nl=
“e eku<g for all j#¥k, then there is a famlly (fj)jefl Xﬂg@ such
that (£ j) are mutually orthogonal, f o

ey lej-fjﬂsnla for all
. je[4,n] and \/e —\/f

In what follows, we let % denote a norrra] faithful trace on
M, with Z(1)=1. If eq.,e, Gc?ﬂ then from the parallelogram law (L7,

pP.94) we easily infer

<@

Z’(ei\fez)f-zmi)'*z(ez) ~g(e‘1Ae2) .
In the conditions of Lemma 9

ek 2
(2) .&?’(ﬁej) =&@(ej)



40. DEFINITION. For finite HGG and $20 we say that £&7,
f#0 is (8, H)-invariant if

BEAN ¢ 1) 2(1-8) B(£)
g&H
41, DEFINITION, For finite H4G and £%0 we say that e€'c§)ﬁ is

an (g,H)-basis if e#0 and

oqe-9,e] <2 - 9q,92€H, 9459,

In this case we call (ge)g the H-tower with basis e.

€H
The following Proposition shows, using Corollary 8, that under
any sufficiently invariant projection f one can find an (g,E)-basis e,

4

such that the tower (ge)ge

covers at least (2a'G)_ of £%

H

42, PROPOSITION. Let G be a group, finite extension of a fini-
tely generated abelian group G, take a; as in Lerma 5 and suppose that
G acts freely on M, Then for any finite K _,K&G and €> 0 there is a

finite HEG satisfying

(3) H is (§,K)-invariant and KOQ;«H
such that for any (1/2, H—lﬁ) invariant fe“ and any €30 there is

an (£, H) basis e such that

(4) ool 9okt

) ge) p(2ag) " Ta(E)

1t will be convenient to denote by @-(KO,K,E) the set of all

H as above.



Proof. The idea of the proof is the following. We take H as
in Lemma 5. Suppose first £ is 4, and consider a maximal (€, H)-basis

e. If e’ was orthogonal to eas N/ 95 then \/ge’would be ortho-
gen ‘u .  gen -

gonal to NE ge, and from Corollary 8 we could find an (g, H) basis
ge.H =

e"ce’. Then e+e" would be an (&, H)-basis, contradicting the maxima-

lity of e. SO e;=1 and from (2), eq is at most ac times larger than

N/ ge. In the general case, if f is sufficiently invariant, the above

g&H .

réasoning can be done under f£f.

Let us gb to the proper proof of the Proposition. We'choose

as in Lemma 5 a finite EEG such that

(6) H is (5. K)-invariant, KO\)§ﬁ}QH

(7) (H“'lﬂ):saG @3 H)

Let £ €9 , £#0 be a giveh projection such that
@)y £ is (1/2; 5" 1H) invariant

Lét €70; we can suppose without loss of generaiity that
(9) s.(:gﬁ) 1%:1

Let (ey) be a maximal family of nonzero projections such

el
that

(40) e; is an (€, H)-basis, ieI

(41) \{:{ ge; &L
g&H” “H

e S



(2 6NL

a9 e are mutually orthogonal
géH "H “Ti‘iel :

Under these circumstances, if I#g then e= 3, e. is an

TRk

(g€,H)~basis and satisfies condition (4) in the Proposition. We now
prcceed to prove condition (59

Let us take

fa.= i ol
SRt

e= ‘\:Z gye
g&eH "H

b

f2=f1ﬁ(f-e)-
We infer

(13) B(E,) =T(£,)+T(E-e) ~T(£,V(E-e) )2 B(£,) ~3(E)

As e is‘an.(e,H)—basis, from (9) and (2) we have

T(\/ ge) =HkH)E(e)
g€H

It results

B (¥)g GH(H 1E) )g(e)gag W) Ble) =agz( V' ge)
, geH

and by means of (13) and (8)

B(E,) g B(£) ~B ()3 (1/2) B(£) -an(g\E/ng)

If (5) was false, then 3(f2)>0 and f, would be nonzero.
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According to Corollary 8 there would be an e'eGP A O#eﬁgfz such that
“e'.ge'”sg; £ or geﬁ-lﬂ\ii} . Then e’ would be an (g, H)-basis, e’

would be orthogonal to \vfi ge and so N/ ge'’ would be orthogonal
geH “H geH

to \/ ge, thus contradicting the maximality of the family (e5) o1~
geH

Propositicn 12 is proved.

Proof of Theorem 4. For convenience the prcof will be divided

-

into three parts. The idea of the proof is to apply succesively Pro-~ -

_ position 42, taking into account the fact, proved in:part (€),-that

‘complement of a tower
the complemen (ge)geH

ficiently invariant and if the complerent is not too small., The cons-

is arbitrarily invariant if H is suf-

tants are choosen for at most n times of usadge of the algorithm des-

cribed in part (A), but we stop earlier if the terr arrives at the

desired size in less than n steps. The towers obtained this way are

then, after being orthogonalized by means of Lemma 9, put together

and indexed by K; then, in part (B), the desired partition eof “unity
. is obtainéd. .

We begin the proof making some choices

(14) ‘3=1~(2aG)~1(1—%%y, where we have supposed S<ca.

(15) nelN with (3“<§i
(16)

it

M oofon

5
(17) 3'1 =
and then for ke[2,n] we choose Sk,¥%'>o with

48) gk:i S
8

a9 ¥, - ¥ 51~ =A%, (- §,))



-

We put HO=L =4 G, and take succesively accorxding to Propo-

(@]
sition 12 for ke€[1,n]

(20} —k@@(Lk,gng..‘g L&,»éK gk)

=4 =
(21) L =L =¥, Hy

e choose % 20 such that

(22) a«c;a%
(23) <.@i) 1«1 for all kela,n]

Part (A). We use an algorithm, the step k of which is described
below, for k=n,n-1,...,1 or until we stop in the meantire.
For k=n we take Fk='1€(?ﬁ' For general k we suppose inductively

that we have a projection Fk GC?H such that
(24) F, is (§, L) - invariant.

Accoerding to- (20) and - to theée faect that &kg.’%we can apply.

Proposftion 42 in order to obtain an (&, H ) basis e, with

(25) \/ g€, @Fk

(26) (L) Bley) =2 NV gek>>(2aG) a(E)
gc&Hk

Ve define

(27} G- £ g“irikgxzk
g€ byl

From. (20}, as Hk. is (g&_‘, Lﬁ_aLﬁqu)"invariant, and making



=4
use of (23) and (2) we infer

(28) @G (4-F,) dsy)

- (\/ ge, )= &G, )Ble,)
o AR LA

If k=4 we stop. For kpl there are two possibilites.
Case 4., 1f
(29) @k =ley) =Bl N/ ge)a(l —%) $(E))
ge’IAk %

_ then we stop. In this case, from (28) we have

=0 "(ﬁ\éﬁ&% )= GG, ety R VLA SEANE BTG

Case 2. If (29) doesn’t hold, that is 4if

(31) @kH, Juley) %(%5&%’%) <(-£)36F)

“we go to the step k-1 of the algorithm taking

(32) E _,=F, - SV/ gey
Y E€Gy

Ip part (C) we shall show that Fk_,l is ( k_i,Lk_i)—invariant

and that
(33) B(E,_,)SBEE,) .

Part (B). We denote by p the step at which we have stopped.




= e

From part (A) we have obtained ep,...,en e@ﬁ such that e, is an
(E,; Gk) -basis and the projectors "ék= Vi ge), are mutually orthogonal,

g&Gy -
for kelp,n] . We have : :

(34) z(éé“h):z@-‘ B2 4_.%:

Indeed, if p?l, as a consequence of (31) we infer

a(R.) €5 @< E !

and if = p=1, then (34) results from (33) for k=n,n-4,...,1 and (45).
Ve apply Lenma 9 under each e, to obtain a family of mutually
orthogonal projectionS‘fk'g, k@fp,n], .géGk with q:?k'g-gekugg
and fk,g-"wgek for k,g as above.They form, together with Fp—l=
= .
= €, a partition of unity in M.

k=p
We also have

(35) Ufk'g-gekui Sﬁ{{fk'g NG gekni*“:‘» 2€5(ey)

K being a paving set of G we can choose a partition G= \_ Rh; then
he E
G =\J H is a partition too. For kelp,n}, lek we let
ded : :

G =G,  M1H
Then k’_ 1
g6, - 1‘5 Gk g lg_gGkA Gy

where & denotes the symmetric difference. As, from (20) and (27)

Gy is (SR,K) ~invariant, we infer
= < 8.. ke
36) (9% AG‘%%@ é?.%k(w@xg)\,»h GrGy,)

Wo +ake



e

e

\;_up %Q Qki'ck,%

Then for any l€K, geGjgl€K we obtain

(37) Rcﬁ%%&ﬁi&Zl{Z} gf,

kap ‘3&65 ¢ G‘k,fg ?z

ska%@mk,ﬂmg %.? 4 (36, 0G, BRLCA

where the first part of the inequality results remarking that for

%& ‘116

g&kK, gleGk,i, 9;2=<;;91_le'gi from (29). we have

“g*’k«fu kg, QM&Q 92+ %z,%“{k,% 4 <’4£€<%)

so, from (28), (37) and (36) we infer

e £ S8
“9‘£1 g@“‘lég’;(%&k)z(ak) %‘Epg(ek')s%-

To make (fl) a partition of unity, we just ZTYeplace, for

leX
drbitrary 1 £K, flgby £1°+FP*'1. . As from (34) ECF’P_Q}Q&_

the conclusion of Theorem 4 is satisfied.

Part (C). It remained to show that , in case 2 of part (A},

Fk-& is (\f k i -invariant and satisfies (33). Take

e
38) F/=/\ F <k
s ’a“—mﬁ e

an

As, from (20), Lk-lC«Lk' as a-consequence of the induction

hypothesis (24) we obtain

(39) SRR (4-% Yo (R




...&_5_

s ' )
From (27) HKELk‘lLk—le' so for g&,gzéLk_i-—Lk_ir géGk we

get succesively from (25) and the definition (32)

=4 =4

Letting 9194,9, run we infer

(40) - A Sl %

‘}ka 4 k %"L\u‘l

From the definition of Fk-i' for 9g€Ly_4 We get

& :
F - (\./ Fle\/ e
sk = 3*. Fe-ac gek)?» i I

Letting g‘l run we cbtain

AN -QF e Fk e 369‘
ﬁ"Llwl Feby-1Gy

and from (40) the right member is a projection. We have

PANT RN PR ICWEIC (M EICRES

qei.k-4 v
(44) > (4-‘§'h} (P - sl 2
§oy PCES 4)-6(5‘;,‘) - C&«X‘;{, QC&-—SQ@%&HQ L SCTR B
(43) ‘ ?( (’l L fk—'i}‘?‘?’cglg."p

where (44) results from (39), (42)from (19) and (31) and (43) from
(32)..and (28); hemee ¥, , s ( N ook )-invariant.
On thelother hand
2 (R )= (R — b 6 ) w2 € BEEY - (1- 6, YekHi) B S

< U-Ra) M U-8.0) 2CF) 5 Balr,)
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from (26), (28) and then (44). This way we have proved (33) and hence

the proof of Theorem 4 is done. - 5 =

proof of Theorem 2. We may assume that §<4. By Lemma 6 there

is a (%, Gi)-invariantvpaving set K of G. By means of Theorem i1 we
choose a partition of unity in M, denoted by (ek)kéK' such that for

all geG,keK with gk€K we have

(44) Nae,~e.pll, <& Gpyt
% K™ Sqky in%K)
Fix keK. Adding for all 1€¢K the inequality

Loyl =I1e, y slleg l+HTe, el <ol + 3G e
we get

(45 @Eeolely sa+d

Let p:G «»G/S be the natural projection and let for i€G/S

A = fkek\p (=i} and £;=7, e,
kehs

Then for any g€G, we infer
o ¢ ‘ —‘e “
Iofitaby € Z3 gty T Jeae 5 el

where Ky=\_) | : Ay~ g_ﬂ«&%i):’ 174 \.%"'"K

se Gl
= Shh . s N ea T~
i e s

K 3= 174 I’\%ﬂﬁ 24




As K is (&, Gg)-invariant, 3:(Ka K, )¢ & @K), so from (44) and
L , g . :
(45) we obtain: ;

and the Theorem is proved. ‘
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