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A ROHLIN TYPE THEOREM FOR GROUPS ACTTNG

oN vcN ITEUUTANN SLGEBRAS

by

Adrian Ocneanu

fn  c lass ica l  e rgod ic  theory  one cons iders  an  ergod ic  au to-

morph ism o f  a  measure '  space;  a  na jo r  p rob le rn  i s  the  c lass i f i ca t ion

of  such s t ruc tu res .  A  f i rs t  s tep  towards  such a  resu l t  i s  the  Roh-

1 in  tower  theoremr  sccord ing  to  wh ich  the  space mey be  d iv ided in to

any  g iven number  o f  meaeurabte  su l l se ts r  cyc l i ca l l y  permuted by  the

automorph isn  nodu lo  some sna l l -  measure  se ts ,

A  f i rs t  way  o f  genera l i z ing  t ,h is  resu l t  c i lns is ts  o f  the  con-

s idera t ion  o f  a  locca ly  compact  g roup G ac t ing  f ree ly  by  au tomor-

p la i -sms o f  a  measure  spaee.  The theorem was proved fo r  G =*

by  Katzne l -son and we i " "  l f l  ,  fo r  d isc re te  ab ;e l ian  G by  conze [2J ,

fo r  G =R*by  L inc l  t+ ]  r  fo r  d isc re te  so lvab le  Cr  by  Orns te in  and

W e i s s  [ 5 J  a n d  f o r  s o l v a b l e  o r  a ] . m o s t  c o n n e c t e d  a m e n a b l e  l o c c a l y

c o m p a c t  C 1  b y  S e r i e "  [ 6 J .

A  n e w  s t a g e  o f  g e n e r a l i t y  a p p e a r s  i n  t h e  w o r k  o f  A . C o n n e ,  h J ,

where  i t  i s  used fo r  the  cLass i f i ca t ion  o f  the  au tomorph isms o f  a

f in i te  von Neumann a lgebra .  The theor 'e rn  i s  s ta ted  fo r  an  aper iod ic

automorphism of a vora Neumann algebra which leves f ixed a fa i thful

n o r m a l  t r a c e .

fn  the  seque l  we ex tend the  resu l t  o f  Connes t ,o  severa l  eommu-

t i n g  a u t o m o r p h i s m s  o f ' a  v o r i  l l e u m a n n  a l g e b r a ;  i n  f a c t  f o r  f i n i t e  e x -

t e n s i o n s  o f  Z ^ .  F r o m  t h e  q u o t e d  p a p e r  o f  C o n n e s  w e  u s e  t h e  t h e o r e n

o f  c h a r a c t e r i s a t i o n  o f  p r o p e r l y  o u t e r  a u t o m o r p h i s m s r b u t  f o r  t h e  r e s t .
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our  p roo f  i s  d i f fe ren t ,  even fo r  ene au tomorph ism,  o f  the  proo f  g iven

there ,  be ing  par t l y  insp i red  by  the  proo fs  i ra  [a ]  ,  [5J  fo r  measure

s p a c e  s .

Let M be a von Neumann slgebra and Aut IJI  i ts  automorphisms. We

r e c a l l  ( [ t ] )  t h a t  f o r  g 6 g u t  M ,  t h e r e  i s  a  l a r g e s t  ( c e n t r a l )  p r o j e c -

t o r  p ( S ) ,  l e f t  f i x e d  b y  B r  o n  w h i c h  g  i s  i n r : e r ;  g  i s  c a l - l e d  p r o p e r -

1y  ou ter  i f  p (g )=O.  A  group G ac t ing  on  a  von Neumann.  a lgebra  is

s a i d  t o  a c t  f r e e l y  o f - p ( g ) = O  f o r  a n y  g  #  l -  .

A  nonvo id  f in i te  subset  K  o f  G is  ca l led  a  pav ing  se t  o f  G i f

one can choose r igh t  t rans fa t ions  o f  i t  to  cover  w i thout  over lapp ings

G .

The main purposes of  the paper are the fo l lowing two theorems.

1 .  THEOREM.  Le t  C be  a  g t "oup,  f in i te  ex ten t ion  o f  a  f in i te ly

genera ted  abe l ian  group,  Suppose M is  a  von Neunann a lgebra ,  €  i s

n o r m a l  t r a c e  o p  M r E ( 1 ) = 1 ,  a a d  l e t  G  e c t  f r e e l y  o n ' l t t l  p r e s e r v i n g  Z .

Then fo r  any  pav ing  se t  K  o f  G and any  t>O there  is  a  par t i t ion  o f

un i ty  ( f f )  
Ek  

in  M such tha t

119r*-r*611 1<t for all k6K, sec with ekeK

(where f or x€M, l l* l l t = E( t"l I I

f f  G is a group and S is a subgroup

t h e  l e f t  q u o t i e n t  s p a c e  o f  G  m o d u l o  S .

2,  THEORXM. Let G be a group,

g e n e r a t e d  a b e l i a n  g r o u p s ,  a n d  l e t  S

I f  M  i s  a  v o n  N e u m a n n  a l g e b r a ,  %  a

i f  G  a c t s  f r e e l y  o n  M  p r e s e r v i n g  B

c f  G,  then G, /S  w i l l  denote

f in i te  ex tens ion  o f  a  f in i te ly

be  a  f in i te  index  subgroup o f  G.

normal  t raee on  M wi th  f  ( t )=1  and

, then for 
"ny 

t>O and any f in i te
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l lefi-r*ill* < E ror all e€Ga'' iec,/s

subset  G1 of  G there is  a  par t i t ion of  un i ty  ( f i ) iec ,zs i r  M such

tha t

5 .  c o R o o L A R T .  ( A . c o n n e s ,  t t J ) .  L e t  M  b e  g  f i n i t e  v o n  N e u m a n n

a l g e b r a ,  E  a  f a i t h f u l  n o r m a l  t r a e e  o n  I H ,  E  ( 1 ) = 1 ,  a n d  0  a n  a p e r i o d i c

automorphlsn of  M which preserves .

For  any  in teger  n  and any  t>O there  ex is ts  a  par t i t ion  o f  un i -

ty ( f  I  )  ; . . ,  in M such that
. /  J q I ; . . . ; D

l l0rto )-tzl lr< r, . .  . ,  [$rt i)-r j*r l l2- ' . t ,  .  .  . ,  l l f ir,. l-rr l l2(E

(where ll " ll" 
=6(x+1;Vz , xet/rl

Proof .  We take G =2, S=nZ, K=tt]  in The orem 2 (where thi  s

t ime G is wri t ten addit ively) and '^re remark that

ll * lll = Jl x#xl\ <lk ll l[* t\,r E3

In  the  app l - i ca t ions  o f  Roh l in  type  theorems i t  i s  requ i red  tha t

the  index  se t  o f  tne  tower  (K  in  theor 'em 1)  can be  chosen arb i t ra r i -

1y  la rge  and invar ian t .  Lernma 6  -shows tha t  in  our  case such a  cho ice

i s  a l w a y s  p o s s i b l e .

$ie shal l  use the special  form of  the group in.  Theorem t  only

:  resu l t  see  to  fa i l -  fo r  genera l  so lvab le  g roups .  We reca l - l  the

fo l low ing"

4 .  D E F I N f T f O N .  L e t  G  b e  a  g r o u p  r  K  a  f i n i t e  s u b s e t  o f  G  a n d 8 ) C .
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A f in i te  subset  Gt  o f  G w i l l  be  ca l ) .ed(6 ' ,  I ( )  invar ian t  i f

${c1n A s-1c1)7(r-s)*cl
geK

+
(wherevdenotes  the  card ina l i t y )  .

5 .  LEMMA.  Le t  G be  a  l roup,  f in i te  ex tens ion  o f  a  f in i te ly

genera ted  abe l ian  group.  Then there  ex is ts  
"qE 

such tha t  €  has

arb i t ra r i l y  la rge  arb i t ra r i l y  invar ian t .  subsets  Gt  w i th

*t ccltc1)ga6fu1

Proof  .  For  m ,n  GZ,  m{ in rwe se t  f  rn ,n l= [ * ,m+l ,  .  . .  , t  .
r l

A n y  G  a s  a b o v e  i s  a  f i n i t e  e x t e n t i o n  o f  Z n ,  N e 0 { .  f n d e e d  i f

G ' € G  i s  a  f i n i t e  e x t e n s t i o n ,  w i t h  f i n i t e l y  g e n e r a t e d  a b e l i a n  G , ,

a n d  i f  G ' = T Q  Z N ,  w h e r e  T  i s  t h e  t o r s i o n  p a r t  o f  G , ,  t h e n  Z N i "

cornp le te ly  invar ian t  in  G ' .  so  ZN i "  a  nor rna l -  subgroup o f  G and

ZtC  i - "  a  f i n i t e  ex tens ion .

f f  N=O we can take GI=G for a]1- Kr€ and uc=l .  Supf,bse N>0 and

l -e t  KgG be the  i raage o f  a  sec t ion  o f  the  pro jec t ion  G+G/ZN.  For

m 6hl we let Cor=f-rn,*JNc7.N. Suppose we are given an arbitrary f ini te

s u b s e t  F  o f  G .  T h e r e  e x i s t s  p € S {  s u c h  t h a t

(t) Fulo(vK-lKuc.nK€Kco

because - *raitao=K 
RN=G

We have induc t ive ly  f rom ( t )

cnrsrcno I n}l



ii

5 -

and so

(KCn ) (Kcm)qKKcrrpc*gI"p"rrp"*=Kcm+ (n+1 1 p

since 4t '(Kcm)=(#K) ({$cm)= $Fx) (2m+r)N we have

*il$, 
KC** (n+{) r)r4rnc*) ) =r

So,  fo r  each  n  and  any  Q)01  KCm 1s  (6 , ,  KCn) - i nva r ian t  f o r

large enough'm;  rnoreover l  each f in i te  subset  o f  G is  inc luded in

KC- for some n. We also haven  .  
' -

1 xc* ) 
-l*c*=c 

"*- 

t*"*E*"mp+p+1

and we can take 3U=(p+t)N,  su i tab le for  any m?p+{.  For  instance,

if  G= Z* we can take .q=4 o . 
t=

The fo l lor .v ing resul t  is  t rue j -n  fact  for  a l l  so lvable groups.

Ornste in and Weiss have conjectured that  i t  ho lds for  any amenabie

g rouPo

6.  LEMMA. Let 'G be a group as in  Theorem t .  Then there are ar-

b i t rary  large,  arb i t rary  i rnvar iant  pav ing sets  K of  G.

!r-oof. In the proof of lemma 5 remark that KC- are paving sets,

because

c = xrY;|xc*rr

e +

where  h  ranges  i n  ( (2n* t )Z ) ' \  and  the  se ts  a re  d i s jo in t .  F - * rt r
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I

: *i l
, I
, i

la t t ice of  pro ject ions and Aut  M

the fo l lowing fundamenta l  resul t l

t-r

In al l  tne sequel ,  I {  wi l l  be a von Neumann algebrarYq i ts

its group of automorphlsms. l le use

due to  A .Connes [ tJ  t  _

.  THEOREM. Let M be countably decomposable and ggAut l{.  Then

g is properly outer i f  and only i f  for any non zero s 6CFH ana any

, t)0r there is a non zero t$Ot, f{e such that

l l r .d l l<e

having as consequencel

8. COROLLAR.Y. Let G., be a f inite set of properly outer

morphisms of Mr €>0 and 0#€en. Then there is f €QH, Ot'f(e

l [ t  .sr  l l (a f  or a]r  s€G,

From the same paper we use the fol lcwing technical result.

g. LBMMA. I f  €"0, with n!e(l  and (" j)  jetfrnf,g9la such that

[ fere*l l (a for al l  i#k, then there is a famiry (f j )  jeOr"]EqM such

that  t f j )  are r r ru tua l ly  or thogonal r  t ,ne: ,  l l " j - f i l [ {nre for  a l l

i€f i ,nJ and 
f "r= Y 

rr.
In what f ol lows r w€ let Z denote a norrnal- f  aithful trace on

M' with Z,(11) =1. r f  e1-. ,e.n9n then from the paral le logram law ( [7J,

p . 9 4 )  w e  e a s i l y  i n f e r

F (e1Ve,  )  =3(e1)  +E@Z)  -E(e1Ae2 )  .

In  the condi t ions

auto-

rith

h S
( 2 )  r  t { e ,  t  = Z  S  t e ,  )

of Len",rna 9



- ,
Z(f  . \n  s-* f  )? , ( t - t )  6( f  )

A

{.1-. DErINITION. For f inite H6G and S*?0 we say that e e*f,$1 is

I

r l  l t

I  st. .s2e I qe

i0.  DEFTNITION. For f in i te i l$$ and $>O we say that fdt ,

f *o  i s  ( t ,  H)  - invar ian t  i f

f  o r  g 1  t e 2 t r ,  g l 7 e q . Z

rn  th is  case we ca l l  (se)ge  
, '  the  H- tower  w i th  bas ls  € '

The fol lowing Proposl t ion shows, using Corol i .ary 8,  that  under

any  su f f i c ien t ly  invar ian t  p ro jec t ion  f  one ean f ind  an  (g 'u ) -bas is  € ;
- ,

such that  the tower tVe)reH covers at  least  1Za")  
-  o f  f -

LZ .  PROPOSIT ION.  Le t  G  be  a  g roup ,  f i n l t e  ex tens ion  o f  a  f i n i -

te ly  generated abel ian group G,  take aG as in  Lernma 5 and suppose that

G acts freely on 1"1. Then for any f inite K.TKEG and 8> O there i-s a

f i n i t e  HEG sa t i s f y ing

( 1 )  H  i s  ( S , K ) - i n v a r i a n t  a n d  K o S H

- 1  \

such that  for  any (1/2.  H- I r i ) invar iant  f  eqn and any €:0 there is

an (&,  H)  bas is  e such thaL

(4) nYn o"*t

(s)  = ,  q- f*  ee) ?r(2a")  
-1e,(r  

)

I t  w i l l  be  conven ien t  to  denote  UV 
StXorK,E)  

the  se ' t  o f  a l l

t ]  as above.
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35gs. Th" idea of the proof ls the f ol lowing. hTe take H as

in Lerr : , rna 5.  Suppose f i rs t  f  is  l - ,  and consider  a maximal  (€ ,  H)-basis

€ r If e ' was or thogona I to eO= 
Y, 

g€ r then $ Sel would be or tho-

g€u-rtt g€II

gona l  t o  V  g€ r  and  f rom Coro l l a ry  B  we  cou ld  f i nd  an  (€ ,  H )  bas i s

F H -
e ' ,4er .  fh6n e+e" would be an ( f ,  H)-basisr  contradic t ing the maxi i l&, -

L i ty  o f  e .  So en={  and f rom (2) ,  . {  is  a t  n" .ost  uG t i rnes larger  than

V ge.  In  the genera l  case,  i f  f  is  suf f ic ient ly  invar iant ;  the above
geH

reasoning can be done und.er f .

Let us go to the proper proof of the Proposit ion. I!-e choose

as in Lemma 5 a f inite HgG such that

Let f  Sq, t f l  be a given Project ion such that

f  is  ( I /2,  H-tr i )  invar lant

Let e?0; we can suppose without loss of  general i ty that

(e)  e(*H)  !< t

(6 )  H is  (6 ,  r ) - invar ian t ,  xou  { f }gu
- t

17) ( l i  - r i )da" 6rH)

( 8 )

that

( to  I

L e t  ( . i )  
i " r

e i  i s  an  (L ,

be a maximal  fan i i ly  o f  nonzero pro ject ions such

i c r

({t) Yo seidf
g€u 'H

t l )  *bas i s ,



( tz)  (  V - . ,  .  are mutual ly orthogonal
gir i - ru f t i )  i€r  t

.  - -  - -

'  
Under  these c i rcumstances,  i f  I * {  then .= E . i  ls  an' i r l  4

(€rH)-basis  and sat is f ies condi t ion (4)  ' in  th 'e  Proposl t ion.  I^ le  now

prcceed  to  p rove  cond i t i on  (5 ) .

Let us take

f  q=  4  g - ls
-  g € f i  * H

E= \C Ee
g€ H -ri

tr=t'o.l\t-d)

We infer

(13 )  A$21  =s ( f1 )  + r ( f -e )  -E ( f1V( f -e )  ) ) r ( f l )  -e (e )

As  e  i s  an  (QrH) -bas i s ,  f r om (9 )  and  (2 )  we  have

t( \ . /  ge) : *r{) 6(e)
g€u

'
I t  resu l ts

3 (E)< (#{n- tn)  )s(e)€.e(*r i )  E(e)  =a6z( V se)
9eH

and  by  means  o f  (13 )  and  (8 )

*$i lva( f  t )  
-E(E-)>/(L/2)  s( f  )  -a"r( \1 se)

I f  ( 5 )  w a s  f a L s e .  t h e n  a ( f  , ) > 0  
a n d  t . 2  w o u l d  b e  n o n z e r o .



Accord ing to  Coro l lary  8 there would be an et€q ' ,  0*er l f  2  such that

l l " , . g e , l l { €  f  o r  g 6 u - 1 u . " f f }  .  T h e n  e ,  w o u l d  b e  a n  ( L ,  H ) - b a s i s  ,  e l

would be orthogonal to V
g eH-1u

to \l 9€ r thus
gev'

Propos i t i cn  12

ge and so V ge? vrould be or thogonal
g€H

the rnax imal i ty  o f  the fanr i ly  ( " i ) ie  
r .contradic t ing

is  proved.

I

i t r

r i

t '
i i

i t
i i
l .
, 1
: i
i i
i i

Proof  of  Theorenr  { ,  For  conveni -ence the prcof  wi l l  be d iv iCed

in to  th ree  pa r t s ,  The  l dea  o f  t he  p roo f  i s  t o  app ly  succes i ve l y  P ro - '

pos i t i on  12 ,  t ak ing  i n to  accoun t  t he  fac t ,  p roved  i n  pa r t  (C ) ,  t ha t

the 'complenent  of  a  tower (9e)gqH is  arb i t rar l ly  invar iant  l f  H is  suf -

f i c i en t l y  j - nva r ian t  and . i f  t he  con rp le rcen t  l s  no t  t oo  sma l l .  The  cons -

tants are choosen for at most n t imes of usage of the algorithm des-

cr ibed in  par t  (A) ,  but  we stop ear l ier  i f  the tower arr ives at  the

desi red s ize in  less than n s teps.  The towers obta ined th is  way are

then.  a f ter  be ing or thogonal ized by means of  Lenrna g,  put  tcgtether

and Lr tdexed by X;  then,  in  par t  (B) ,  the desi red par t i t ion of  un i ty

i s  ob ta ined .

We begin ' the proof  making some choices

( ta1 |3  =L-  (2ac l  -1  
t l -  

$1, ,  
where we have supposed $<{- ,

( [s )

( 1 6 )

( 1 7 )

nd{N with 0"< $.

t r= *  
2

E ' t
and then f or k€[2rn] we choose th, > 0  w i t hq

(4B) 5t S E.
I

(Lo1 f,o-,, _ q, > ( &_ {lCl_ ([*tu*n)(a_ $q))



s i t ion

- !.{- -

l lo=to= 11" Gr and take succeslvely

kf fl-, nJ

Hr * Q (L*-r, L*-* L*-l K, 5*)
- {  * l

Lk=Lk*=hk*Hk

he choose a >0 such that

for  a l r  kef l rn ]

Bart  (4) .  h 'e  use an a lgor i thm, the s tep k  of  whi .ch is  descr ibed

below1 for  k=nrn-1r . , . . , r1  or  unt i t r  we stop in  the meant i rne.  '  , - i

f 'or k=n we take tn=t€tt,  For general k we suppose in<luctiveJ-y 
l; 1 .

that we have a projection rk €?H such that t i ' i

(241 Fk is ( trk, l ,o) -  invariant.

.According to (20) and to the fact that

Proposit ion 1[2 in order to obtain an (& H*) b

(2s)  \1 ger {rx
teHu

(26) (sL) 6(ek1 =t(ffi 
!er<)) (2ac) tts(Fr)

9;e define

(27) 
"*= ftrrn.i 

nttkgrlk

( 2 0 )

(2i l

hie put

12 for

r * *
gt$ru) r<r

accordj.ng to Propo-

e can apply

wi th

(22 l

( 2  3 )

frcl'
as ls  eO

From (20) ,  as Hh is (  qr  rh. f  Lg*rK) - lnvar i -ant ,  and making
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use  o f ,  Q3)  and  (2 ) we in fer

(28) scr) (4-tk) &sr.)
..ra (V gex) = Qlt,r.)E(ex)

g€Gr

tze', erl)=(er) =e( 
)d,* 

se*)p(t

then we stop. In th is case, f rom

If k=i[ we stop. For k>l .there are

' .

Case {-  '  l - r

two  poss ib i l i t es .

- 
$l etrol ,

(28) we have

( 3 0 ) " HJ 
ea) * (*F Gr-) u Ga) a (t * th)&Hd €(e!) >({- tkx,t -*l xt; r0 - il a (Q

C a s e  2 .
+

I f  (291 doesnr  t ,  ho ldr  that  ls  i f

( 3r ) (# Fts) a (eL) = 
"ffi?.*r) 

* (r -t ) o (ot)

we go to the step k-t of the algorithm taking

- ,( 321 Fk-t=Fk 
X* 

n"o

In part (C). we sJral l  show that F'--O is

and that

(  33) ? (rr_{.)g$r(r 'o) .

by p the step

(Q-t 'Lt  - t )  - lnvar iant

Par t  (8 ) .  We denote at  which we have stoPPed'



F r o m p a r t ( A ) w e h a v e o b t a i n e u . n , . . . l € n n ? n t s u c h t h a t e o i s a n

(e,  Gn) -basis and the projectors =*=X. gek are mutual ly orthoVonl_Ir
Y Y  v t -

'  f o r  ke fp rn ]  .  we  have  
u  R

( 34) - (Hia*) *-u ({,^" Fr*{) , , * B.

Indeed,  i f  p l l ras a consequence of  (3 I )  we in fer

?q4) dfre$s$

a n d  i f  p = 1 ,  t t r e n  ( 3 a )  r e s u l t s  f r o m  ( 3 3 )  f o r  k = n r r - t r . . . 7 { [  & n d  ( 1 5 ) .

Ee apply Lenuna 9 under each'e* to obtain a family of mutually

o r thogona l  p ro jec t i ons '  t * rn ,  ke fp rnJ ,  .  g€cx  w i th  { t * rn -s .1 [ [Sa

and  f * rgegek  fo r  k rg  as  above .They  fo rm,  toge the r  w i th  Fp - l=
tt

xll - 
-U Ek . partition of unitY in M.
k+

We also have

( 3s) l l  rr,r-s"*l l1 gslku 
,sY s"kl lr{ 2 ss(ek)

K being a paving set of G we can Choose a part l t ion G= \J Xtt; then
hell

c  = \J  H is  a  par t i t ion too.  For  kefu 'n ] ,  IeK we le t
Xe$: '

'G,- ., =Gk f\lr1
Then  

-J< r  I  -K '  - - - -

gGk,  tAGL,ntGvGrAGt

where A denotes the symmetr ic  d i f ference"  Asr  f rom (20)  and (27)

Gk is  t f ,UrX)  - invar iant ,  we in fer

(36) +(eGS a 6p,*1) (2S*.(#Gk)s 
? 

(#eL)

f,do {-alro



1"4

,r=*- ̂ A rk,a. k*p qe trpS r-ra

Shen for any leKr geGigl€K we obtaln

(32) [tt *rdr *f;,ll 
#*n, $fo,to-Fr,f-,tJlus

{,,. t 
(*Gs1)a(eJ "*o 

(q 60,, o, Go,*)z(en)
where the f i rst  part  6f  the inequal i ty resul ts renarking that for

gGK, g1€ cr,  L,  g2=99, Gk,9i  f ronl  t29) we have

n s{u,t, - {u,*r[nn [ ?$n,lJ ? ?r*u{r+ [ X"uo-{L, ?*tr * 1., a e (en)

So,  f rom (28) ,  (37)  and (3e1 we in fe r

I s$r*fr1to * 
fi *. 

(*u* a(e6)=*fr-cu; * 1
To make ( f t )  

fux 
a par t i t ion of  un i tyr  w€ just  rqPlacel  for  an

arbi t rary Io€K)OLor *g%+ .  As f rom (34) a(d-4)<L- z
the concluslon of Ttreorem {- i-s satisf i-ed.

!35l-l$,L It remained to show that , in case 2 of part (A),

F ;s -q  i s  { t * -1 rLx-L) - invar ian ' t ,  and sa t is f ies  (33) .  Take

(38) tr ]= * { tFn t f ,F 
te Ltu-c. s

'  As,  f rom (201 ,  L , . - lGLx,  as a 'consequence of  the induet ion

hypothesis 1Za) I^/e obtain

(3e) eCF{)>,(t-\)u(f,)



- a s -

From (27) EuSx-tLt<-1Gkr so for 9trr92Q\-l="i l t r  9€Gg we

get  succesiveLy f rorn (25)  and the def  in i t ion (32 ' t

-0  -n
92*9eyr( 9t*Fk

Le t t i ng  g rg l rg2  run  we  in fe r

i no , \ , /  -  ge r< ry  t t Fn= t
XeLU-tht* " tnLt-{ 

-

From the def in l t ion of  Fk-{ . ,  for  9tr€L1_1 we get

,i* A-* = 3; r r[ *s;r Vqn3*r.) a r* *r{-^*ntun

Letting SO rL *" obtain

A,q*tr-{ 
>F;1;;.,u*{to

and f rom (40)  the r lght  n ienber  ls  a  pro ject ion.  We have

" 
(UQ,g' trr*-r') t 

:ttt 
(+(u'o-* Q-))r cek) b

> {t*f,h) s(Fh) -(tFllx) t(es) }
.  
( 4 r )

( 4 2 )

( 4 3  )

> (,l-th-a)e fi) - c{-&-n)Ct-$6)@Hs)a(es} p

> (i -t'i*a)r(6.1

w h e r e  1 a [ )  r e s u l t s  f r o m  ( 3 9 ) ,  ( 4 2 ) f r o m  ( f O 1  a n d  ( 3 f )  a n d  1 a f )  f r o m

(321 and (28) ;  hence FU-O is (  tg*,  ,LU.. . l  ) - invar iant .

On the other hand

r (r1-a) * s(Fr4) *(dh 86)r@) E a(tr1*)*(4*6nX+FHr.) ees){

< (r$.au)-{(4*[.h] a(r6] * t]u(d)



- 9.6

f rcrn (?6t,  ( .2g) and then ( /14) .  This

ttre proof of Theorern t is done.

way v/e have Proved

Pjgo5..gf Thgorgm ? . he maY

e
is  a  ( t ,  Gn) - invar ian t  Pav ing  se t

choose a Partit ion of unitY in l ' It

a l t  ggGrkbx with gk€K vre have

assume that

K o f  G .  B y

denoted bY

S <,a. By

means of

( e 1 )  g 4 6 .

(  4 4 )

we get

(  4s )

rix keK. Adding

v\-t
Fr{,

al l  l€K the inequal i tY

$-c+'t

for

llqeq*a*q €

$*r"& *1[lk{e*!l+ ( Ilarlo+ [:t'uo- e1fu{ r{el[r+ I C*r*f{

ar= {t eK\ptt"J=i} and rr=#^r*n

Then for any g€G, we infer

Iltf- -4$fi r * F*U *eg$* +I. j*totlr "fin{ teo- 
e1kll1

wlrere *r= 
,\?nT 

(A; r s aA*i) = g rX-rK

Kz= 
r\dr, 

(6tAxi-Aii =q{K-l''c"

@s)ileoll4{{*t

Let  p iC **e/S be the natura l  pro ject ion and le t  for  i6G/S

( 3.3) ancl hence

' E l

Lemnn 6 there

Theorern l- we

such that for

Kl* KftS'*K



L1

c
A s  K  i s  ( + ,  G ;  ) - i n v a r l a n t r + ( K ' L ' K 2 ) € E ( * K ) ,  s o  f r o m  ( 4 4 )  a n d

l t . '

( 4 5 )  w e  o b t a i n :

ll gri-rgillt€ '} C,t+ {)*t *$

and the Theorem is proved.
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