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A GENERALISATION OF REGULA FALSI

by

Flor ian A.POTRA

and

Vlastimil PTAK

Sqmmarv. The method of nondiscrete"mathematical induction

i 's  appl ied to  a mul t is tep var ia-nt .o f  the secant  method" , . " ._ , -

Optimal condit j-o.ns for converqence as well as error esti-

mates,  sharp 1n every s tep,  a t re obta lne<l .

S u b j e c t  c l a s s i f i c a t j - o n s .  A M S  { l t O s ) - : - ' e 5 H t 0 ;  C R :  5 . 1 5 .  , f  ' : .  , i

l .  In t roduct ion

Although less fasb than the Newton method the secant

method is in some cases - more convenient because it  does not

involve the ca lcu lat ion of  the der ivat ive.  Using the not ion of

the  d i v ided  d i f f e rence  o f  an  ope ra to r  ( see  de f i n i t i on  (3 . r )

be low) A.Serseev [ t r ]  and J.Schmidt  t tZ]  have extended the seca] tF-
- _  Imethod to  the  case o f  non l inear  equat ions  in  Banac!  qnaces .  Le t  C

, O - .and . f  be two Banach spaces and le t  f  be a (nonl inear)  operator

wi th  domain of  def in i t ion tn€ and wi th  va lues in  ,F.  I f  x -  and- o
,

x_r  are two g iven points  in  the domain of  f  I  the qenera l ized- 1 .

secant  method consis ts  in  the fo l lowincr  a lcTor i thm

' ! .  =w - l ' r r  -  r .  
- - ]

- - n + l  . , n  L , , n _ r  ,  ^ n ,  f l  t f  ( x r r )  ,  n = 0 , r , 2 t . . .  ( r )



where f * r ,_ ,  ,  * r r i  f ]  denotes a d iv ided d i f ference of  the.  operator

f  in  the points  xn- I  and xr r .  Tn the papers ment ioned above suf f i -

c ient  condi t ions are g iven for  the converqence of  x '  to  a root  x*

o f  t he  equa t ion  f  ( x )=g .  These  resu l t s  were  i rnp roved  by  s .u lm  [ t s ] .

The condit ions imposed. by him to the init ial data are in some

sense the best  poss ib le  (see Proposi t j -on (3.6)  be low) .  Hovzever

his hypotheses imply the. symmetry of the div' i"ded."dj-fference

( i . e .  [ x r y ; f ] = [ v , x r - f ]  f o r  a l l  x  a n d  y ) .  T h i s  s l z m r n e t r y  p r o p e r t y r .

which is  ra ther  rest r ic t j -ve,  was a lso supposed by Serqeev but  i t

does not  fo l low f rom the h l rpotheses of  Schrn i ,d t  (see a lso Hel f r ich : i1 , ;

t f l  l .  In  the above ment ioned r raper  S.UIm invest iqates a lso a pro-

cedure of the form

x n + r = X n - [ * - r ,  X o t  f ] - 1 f  { x r r ) , n = 0 r 1 1 2 r . . .

which is  s lower than the preceding one but  does not  reoui re the

invers ion of  a  l inear  operator  a t  each step

A procedure in termediate betvgeen these two consis ts  in

f ixing a natural number m and keepinq the same l inear operator

for  sect ions of  the nrocess consj -s t ing of  m steps each.  I t  may

be descr ibed as {o l lows:  g iven two points  *o=* l  and 1ro=x:- t ,
.  ' . :

const ruct  m sequence= (* i ) r rZr  ,  r l j5m by the a lgor i thm:

( 2 )

*l*r="il
( 3 )

"i*r="1*1-F"l-t, "l' rl-tt

and  H .Schwe th i ck

of  th is  procedure

. i  - ' l

t x f l * r )  ,  i = L , 2 ,  . .  .  , m
n = 0 r 1 , 2 r . . .

J. I , I .  Schmidt

convergence

f i f l  frave shown that the order of

is 
"oorr  

.o ; t**1@'1 
.  rn the



par t icu lar  case r r r=2r  P.Laasonen [ : ]  was able to  obta in a more

prec ise resul t  eoneern ing the suf f ic ient  condi t ions for  conver-

gence.  Opt imal  condi t ions for  convergence as wel l  as sharp error

bounds were g iven la ter  in  [O] .

In  the present  note we apply  the method of  nondiscrete

matematj-cal induction to the study of the i terative procedure

(5 ) .  f n  t he  pa r t i cu la r  case  m= l  t he  p resen t  resu l t s  con ta in  those

'of  
[S]  and for  m=2 the resul ts  f rom [O] .

2.  The appl icat ion of  the method of  nondiscrete induct ion to
:.

the study of a class of i terat. ive pr.ocedures

'  The method of  nondiscrete mathema-t ica- l  induct j -ve was , ; .  . . .

developped over  a number of  years in  a ser ies of  papers;  the

general principles of i ts.,applicaL.ion are. exp.lai-ned in the *: ' ."\ . .  r. ! : .

Gath j -nburg Lecture t9 l  or  in  the survey i I0 ] .  Approx imate sets

depending on a two-d imensional  parameter  were f i rs t  considered in

tSl  .  The correspondinq rate of  converqence was one of  tyoe (2. f ; .  r . . .  . . , , , , "

The  na tu ra l  ra te  o f  conve rgence  fo r  [O ]  was  o f  t l zne  (2 .2 ) .  I n  t he

present  paper  we vrork wi th  a rate of  conversence of  type (2,m) which

const l tu tes a genera l isat ion of  the not ions ment ioned above.

Let  T be e i ther  the set  o f  a l l  pos i t ive real  numberS or

an  open  in te rva l  (Orso . )  f o r  some =o tO .  Fu r the r  l e t  m  be  a  f i xed

posi t ive in teger  and le t  cJ be a mapping of  t2  in to Tm; i ts

componen ts  w i l l  be  deno ted  by  OL ,uz , . . .  I  k )m so  tha t

c r ( s ) = ( d t  ( s )  ,  O 2 ( s ) , . . . ,  r i * ( s )  )

f t  w i l l  be  conven ien t  t o  i n t roduce  a l so  the

Uo by the formulae

f o r  e a r : h  s =  ( o  , t )  e  T 2
"  \ r 1  |

f unc t i ons  e )_1  and



4

'  r ^ \  / o )  ( s )  = r i .  s -  ( q , r ) e T 2  ( 4 )ur- ,  (s)  =r; : i  (s)  =q, @o (")  =om

'  (n' l 2 
- '- '  

- '-- 
-

.  T,et us def ine the functj-ons -,; ." '  :T'-? T by the reccursive

formula

2 m
We shal l  at tach to the mapping -q' :T--+ T" '  ,  the maoping

E J  ( s ) = ( d r i r _ ,  ( s ) ,  r o * ( s )  )

o f  t h e  u s u a l  c o m p o s i t i o n  o f  f u n c t i o n s  ( i . e . 6 0 ( s ) = s ,

n we have obv:; ; ' ( n + r )  ( " )  = q - ( t )  ( " )  )  ,  n = 0 ,  r , 2 ,  .  .  . )  t h e n  w e  h a v e  o b v i o u s l y

\  / n \  ?
6 5  ( n )  

i = ) = @ j : l  ( s ) ,  d j n )  ( " )  )  ,  f o r  a r l  s e  r z  a n d  n = 0  ' L ' 2 , . . .

. ( n ) ? m
Cons ide r ing  now fo r  each  n= l r2 , . . .  t he  mapp ing  q i : "  zT -  1  T^ "  w i th

/ * \  / * \
components  . r { " )  ,  u : " )  } . .  .  ,  -J" )  . ,  i t  for rows that

( n + l r  - { n  I  )
c o  

' ( = ) = . ^ r ( d " ' ( s ) ) ,  f o r  a l l  s € T ' a n d  n = 0 r r , 2 , " '

In what fol lows we shatl omit the brackets or the sign rr 'r  for

ind icat ing. the composi t ion of  funct ions For  example we shal l

/ - \  f  n \  -  t / n \ '

s i m p l y  w r i t e  . r D ( n )  ( s )  i n s t e a d  o f  < ^ s ( € 5  \ r t r  ( s )  )  o Y  @ o 1 5 \ " /  ( s )  .

k = ; 1 r - 0 1 1 1 . . . 1 I I 1  ( 5 )

n = 0 r L 1 2 r . . .

( 6 )
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I
i
i: - 5 -

) m
(2 .1 ) .  De f i n i t i o r i .  The  func t i on  d :T - -+T" '  w i th  the  l aw

of  j - terat ion descr ibed above wi l l  be ca l led a rate of  convergence

o f  t ype  (2 rm)  on  T  i f  t he  se r ies

e m-l

o, ( " )=L f  - . ( t )  t " l
n = I  j = 0  J

: j

/ o \
\ J  1

S i n c e  . , . ] ( n + t ) =  - j t )  f o r  a 1 I  n = 0 r 1 , . . . ,  t h e  a b o v e  e x p r e s s i o n
o m

--- '  for 6 may be replaced by the fol lowing one

^t f-t o=  o

( 1 0 ) .

6 t  = 6 - ( - o * . . . + - k - r )  i r  l E k { m

In the sequel we intend to show how the notion rate

of  convergence o. f  type (2rm) may be used in  the s tudv of  a  c lass

of i terative proced.ures

Let  X be a complete metr ic  space-  I f  k  is  a  natura l

k
number,  Xo wi f l  s tand for  the car tes ian product  o f  k  copies

o f  X .  f n  t he  who le  paper  m w i l l  be  a  f i xed  pos i t i ve  i n tege r ;

the e lements of  Xm+l  wi l l  be f in i te  sequences of  the form

z = ( z ^ r z t r . . ' .  1 z * )  w i t h  z - e X .  F o r  e a c h  j = 0 r l r . . " . r m  w e  d e n O t e  b y' o '  r '  m -  l
n J ' l

n j  t he  mapp ing  wh ich  ass ingns  to  each  ze  X" " '  i t s  j - t h  coo rd ina te ;

thus

i s  conve rgen t  f o r  each  ' s  eT2 .

@ m )

G(s) =t*E 
Ef l tr  t") '  5= (E1;g') '6 r '< :  :  "  -  

,

I t  w i l l  be  conven ien t  t o  i n t roduce  th .e  func t i ons  6o ,e1 r . . . , qn
l

by sett ing
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z = ( P o z ,  P L r r . . . r P * r )

We shall also use the mapoing P from fl'*l onto x2

defi-ned by

P z = ( P * _ 1 2 ,  P * z )

^ ?. . -Jn+I
Le t  $ "  be  a  subse t  o f  X '  

' and  
1e t  F  be  a  mapp ing  o f  D ,  i n to  U_ ' ' .  ,

To sirnpli fy some of the formulae it  wil l  be convenient to use

the abbreviati-ons

F r = P r F  r  i = 0 r l 1 . . . 1 I I l

a n d  t o  i n t r o d u c e  t h e  m a p p i n c l  F - . , r X 2  + X  d e f i n e d  f o r  u = ( y r x ),  - I

by the formula

F  , U = Y- I

'T,et 
G be a mapoing from D F into Xm and let F be the mapping

f rom D 'n  i n to  x * *1  de f i ned  b1z  se t t i nq  F (y , x )= (x rG(Yrx )  )  - .  Then

.  - l a
for  every zeP 

- i l '  
we have PoFPz=P^z

For  our  purposes the fo l lowing par t icu lar  form of  the

induct ion theorem is  most  "su i tab le:

. Let F be a mapninq frorn Drt*2 into x**1

- 1 A
f o r  z e P  

- c U F

( 2 . 2 )  L e m m a

sat is fy ing the condi t ion

P  F P z = P  z  r
o m

( r z 1

L e t  Z  b e  a  m a p p i n q  w h i c h  a s s i c f n s  t o  e a c h  t e r 2  a  s e t  z ( t ) c $ '  t  .



Let  < . r  be  .a  ra te  o f  converqenqence o f  type  (2 rm)  on  T .

)
Le t  u  e  D^  and t  e  T '  be  q iven.

o  ! '  o -

I f  the  fo l low inq  cond i t ions  are  fu l f i . l l ed :

ro  
"  

Z  ( to )

P F Z  ( E )  c .  z ; a  ( t )

d ( F O u ,  F k * r t ) g  c r k ( t )

( 1 3 )

( 1 4 ' )

( r 4 " )

( r 5 )

{ r 6 )

( r 7 )

( r 8 )

,' ?..i

I

i

;
:

rE: l

d (Pkxn

d (PUx'

,  Pk+rxn)'r of") ttol

,  x * )1  6oD( t - t )  t . o )

0 tk {m-1

0gkErn

40 suppose that, for some natural number n, we have

P (  . €  Z ( d  )n - f  n '

where  dr r=  (d  (Pm_txn_t

f o r  a l l  L € T 2 , - u e Z ( E )  a n d  k = - 1 , 0 r . . . r m - I ,  t h e n :

to the iteratj-ve procedure

xn=Fuo

xn+l=FPxn ' n = L r 2 , . . .

30  the  fo l l ow ing  re la t i ons  ho ld  fo r  each  r r=1 r  2 ,3 ,

n * r . r O ( n ) ( t o )

_ _ 1 < ry ie lds  a  seqUence  ( * r r ) r ro l  o f  po in t s  o f  P  'Du . , t

.  20 there.  ex is ts  a point  ** .  X such that  each of  the m+I

sequences  (P ,xn )nz l  ,  0 ( j !m ,  conve rges  to  x *  ;

' ( 1 e )

-.,.-

Pw l t - --'^o -o-}-:-*...-'  P * { n - 1 )  ' d ( P * * . , - l  ,  P t " r r ) ) e  T 2  a n < 1



Th.en:

d (Pkxn ,  x*)9 dk (dn) ( 2 0 )

P r o o f . r , e t n b e g i v e n a n d s u p p o s e t h a . t t h e p o i n t x , ' h a s

r e n  ( I 6 )
already been obtained via the iterative procedure. Th

- t  / n \  r - - 1

impl igs xrr€ p Lz; ; ( t )  { to)"  n-b,  so that w'e may apply ( I5)  to
- l

obtain a new point xn+I which in its turn wil l belong to P pr

, - r  ^ c  1 1  r \  1

Thus par t  1-  o f  the lemma is  a consequence.  of  (16) .  In  the

seque l  we  sha l l  p rove  the  re la t i ons  (16 ) - (18 )  '

I t  fo l lows f rom (L4 ' )  tha t

0gkrm

Pxr=PFuo €

"so  
tha t  (16 )  ho lds

have

P r Z ( r  ) c z a E ( t o )

for  n=I .  Assuminq be true for nr w€( 1 6 )  t o

(  1 7 ) also t rue for  n=l because  acco rd ing  to  (14 " )  and  (15 )

d (P:<xr ,  Pk+txl)  =d (Fouo ,  Fk+tuo) l -  oo ( to)

I f  ( I 7 )  ho lds  fo r  a  ce r ta in  na l  t hen ,  app ly ing  (14 " )  f o r  u=Pxn

'  l n \

and t=  6 \ r t /  ( to )  r  we ob ta j -n

d  (Pkxn+ t  ,Pk+ Ixn+ t )  =d  (FOPxr r rFO* rPxn )  1 d.
K

a(t) (to)=.,fffir) tto)

observe  f i r s t  t ha t  re la t i on  (12 )

I t  f o l l ows  tha t :

p
z.
j =

L S

P ; . - = P F P x - € P F Z c o ( n )
n+ I  r r

t he  es t ima tes  ( I8 )

P x = P x  f o r a l l-n l  n  o n+f

( to )  c ( to )  =Z i ;  
(n+ t )  

tao)z a,;b)

To prove

impl ies

m - l  .  i
X c.r.( n+J ) 1t^ )
i - - ^ K ( J
l<= u

r^t6

n .

-  
-  d(e*xr,  ,P**



the rest  fo l l -ows i f  we a1low p to tend to inf in i ty

.  fn th is manner the f i rst  three parts of  the lemma are

es tab l i shed.  In  par t i cu la r ,  fo r  r r=1r  the  es t imate  ( f8 )  assumes
:

the fol lowingr form

i f  u o € z  ( t o )  t h e n  d ( P U F u o , x x ) ! ,  d k ( t o )  ,  f o r  k = 0 , 1 , . . . , m

To prove 40 suppose n is  a  natura l  number for  which (19)  is

sat is f ied.  Replac ing in  the impl icat ion above ro ,  to  respect iye ly

by Pxn- l  ,  d '  we obta in (20) .  The proof  is  complete

fn what fol lows we shal1 cons.truct a rate of convergienc.e

of  type (2rm) which wi l l  be then used in  the s tudy of  the i tera-

t i v e  p r o c e d u r e  ( 3 ) .

There are some d i f ferences between the cases m=l  and

ml2 but  we can study them together  i f  we make the fo l lowing

convent ion:  i f  an a lcror i thm requi res,  a t  a  cer ta in  s taqe,  the

c o m p u t a t i o n  o f  
.  

a  q u a n t i t y  Q t  f o r  k = 0  1 I 1 . . . 1 p r  a n d  i f  p  h a n p e n s

to be negat ive,  ignore th is  inst ruct j -on and pass to  the next  one;

i n  the  same sense  the  sum ro * .1 * . . . * . p  w i l l  be  taken  equa l  t o

ze ro  i f  p  i s  nega t i ve .

numbers,

in teger .

( 2 . 3 )

le t

For

a b e a

a l l  q r r

Lemrna.  Let  T denote the set  o f  a l - I  oos i t ive

nonneqative real number and let m be

e T consider  the funct ions:

r e a l

a  p o s i t i v e

( 2 r )

( 2 2 )

f ( q ' r ) = r +

- _ ,  ( q , r ) = e ,

and def i -ne

. f

- !  
t

(q+ r )  +a

r ) o ( q r r )



r 0

uy(-_r+oo+2 (do*. : . *,L- r ) )

Then

( 2  r m )

-k * l 2Y *a- t

atn-f (o-t* '*- 
I+2 

( '^2o+ '  '  '+c^r*-r) )
*m 2r l -2  (<, ro+.  .  . *A*_2)  -dm_t

t h e  f u n c t i o n  t = ( @ L , d 2 , .  . . , - n )  i * r a t e

and the corresponding 6- funct ' ion is

6 ( q r r ) = r +

k = g r 1 r . . .  r m - 2 .  ( 2 3 )

of converqence

qiven by:

( 2 + 1

of type

(2s)

( 3 5 )

The

the

m . --m-lxo=xi=f (q , r )  ,  Yo=*o 
-=cf (q , ' r ) *9

i terative procedure (3) reduces in thiS part icular case to

siheme

o mxn+1=Xn

k + t  k .Xn+l=xn+I
r txf*, ) k = 0 r L  1 2 ,  . .  .  r I T l - 1 r  n = 0 r I , 2 ,  . .  .

**-1***
n n

From the convexity of f  i t fol lows that

Proof .  Consider  the real

For anv posit ive nu.rnbers

m m- l  1  o  m
xn+ t<xn+ I  < '  '  ' ( * r r+ t< * r r+ I=Xn

By def in i t ion we have

m - l  m
x"  - -x-=c l= c ;_,  (er r )

and by d i rect  ca lcu lat ion we obta in

oolynomia l  f  ( * )  =x2-  a2 .

q  a n d  r  s e t :

. ,

r  (q+r )  +a



I1 .

f  (xm)
o  I  m  I  - ' - - o '

x ] -x l=y_-x i=  * f : ;= f=  c .2n  (q ,  r )
I I O r l . .

x 1-x
o  ' o

L
f (x'.'). I=-fr:ilT

x + xo o

For  k=0  , ! ,  .  . . .  r IT t - l  se t  bv  de f  i n i t i on

:

:

r.ro (*, t) =*T-*l*t

6

m.r ( x . ,
m I '

- l l '  = -' - I  m- l  .  m
x .  * X ,

I I

and,  f ina l ly ,  set

o* (q ,r) =*!

t he  above , re la t i on  i s

?=xm= I .reduces to  ,xn o ,

( 3 7  )

( l a 1

,m thb fo l lowi-ng

a lso  t rue  fo r

Thus we may

l-----=_

Equa l i t i es  (37 )  imo ly  tha t  f o r  eve rv  k= I ,2 , , ' -

r e la t i on  i s  sa t i s f i ed :  . '  , '  :  -  : - l

12*i=Y- (-o+...*1tr.-r)

Accordj-ng to our conventj-on

k=0 ,  because  i n  th i s  case  i t

w r i t e ' f o r  a l l  k = 0 r l r . . .  r m - l f

r r*f+I)=r (xf-"1) = i"f l2-z*\ut u+ -f,-a2=

,f;-2"\- k* -o t"f,*1**t):.--__

=rf-Z"frO+r^.rO ( 2(+ 6 -L) =dk (dk+(.)-r+2 (<.ro+. . . +t^lU.l )

Hence we get the formulae

'  
L + l

cJ, .  -_ 
!  (x l - t )_r& (a ' ro+c' : - t+2 (oo'  '  '+oro-t)  )

-k+r 
**-1+** 2t?+ <'t 1

O O I ' - r

=Q-z*\uo+r (xf ) =

k = 0  r 1  m - )
L  f  .  .  .  t L L r
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"T*"T-t 

2y-2 (-o+ . . .*(')^-2) -dm-r

wh ich  a re  exac t l y  t he  fo rmu lae  (23 )  and  (2D .

.  T h e  f a c t  t h a t  t h e . f u n c t i o n . ; , = ( d I  , . . . t - * )  ' d e f i n e d  a s

above const i tu tes a rate of  convergence of  type (2 'm) fo l lows

from the monotone converctence of  the sequences t* f i l  , r r ,  
(see ( lS)  )  .

fn fact we have

6(q , r )  = ;m-4=  
Y@, r )  

-a  %

C^)

We shall  use the above two lemmas in the proof of the

main theorem of the next section

3.  Convergence condi t ions and error  est imates

'  
The genera l isat ion of  the secant  method for  so lv ing

.  nonl inear  equat ions i -n  Banach spaces is  based on the not ion of

d iv ided d i f feren" .  o i  an operator ,  not ion in t roduced by J .Schroder

l t  n 1 - - - ' r {  €  ^ - :  d  ^ - - ^---,-,--,-trTJ . .f F and if are two Banach spaces we denote by L{€,F) the

space of  a l l  l inear  and bounded operators def ined on € anci .  wi th

values in  F

( 3 . 1 )  D e f i n i t i o n .  L e t  f  b e  a  n o n l i n e a r  o p e r a t o r  d e f i n e d

on a subset  D of  the Banach space E and wi th  va lues in  the Ranach

space  F .  I f  x  and  y  a re  twe  des t i nc t  po in t s  o f .D  we  ca l l  a  d i v ided

di f ference of  the operator  f  on the points  x  and y a bounded
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l inear operator fx,  y i  f l  €t  (€,71 which sat isf ies the condi t ion

[ x ,  y ;  f ]  ( x - y )  = f  ( x )  - f  ( y ) ( 4 0 )

'  
Of course the above requi-rement does not determine the divided

:  d i f ference uniquely ,  except  in  case E has d imension one

- - - - - - L - - !  - ^ - - &  a * a { - a  m a { - ltn miny important part icular cases, concrete methods for

construct ing such div ided di- f ferences are known (see LtZ]  and [ tO])

(3 .2 )  Theorem.  Le t  f  and  FA"  two  Banach  spaces  and  x  ;

- . -  |  1  .  a  ?

p e n  b a f l  U = { x e  € ;  $  * - * o l t ,  ( l  .  L e t , f ; b e * a  m 3 p p i n q  d e f i n e d  a n d .  . ",  . o l
f\,

. " ' '

- '  t  " .  
- ' r :

'  
-  , , . € J  i  c  n i r r a n  r - r r r { - h a r m n r o  s l r n r l o s e  t h e r e  e x i s t s  a  r r o i n t  y ^  € Ur.

Lx ry ; f ]  i s  g i ven .  Fu r the rmore  suppose  the re  ex i s t s  a  p  -L r

such that  the l inear  operator  Do=. [yo,xo i - f , ]  j -s  inver t ib le  and that

f o r  a l l  X r y ,  x '  , y '  €  u  w i t h  x l y  a n d  x ' f y '  .

I f  the fo l lowinq condi t ions are sat isf j -ed:

l f  o ; t  (  [ " , y  , f ) - [x '  , y '  i f i  l l l f  r ro  (  l l  * - * ' l l  +  f l  v -v '11  )  (42)

- r
l l*o-Yo l l  <- ao , l l  o; 'r (xo) l l  I  to , ( 4 3 )

( 4 4 )hoeo*2 /h[ rr ,

f ,  
* ( r - h o q o -

/ f f i )= G(eo,ro)  (4s)

then the i terat j -ve procedure (J) 'w i th  s tar t in5 l  po ints
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* | - t=oo ,  * l=*o y ie lds m+l  sequences t* l l r r r ,  ,  (0s jgrn)  wi th  the

fo l l ow ing  p rope r t i es :  t he re  ex i s t s  a  po in t  x *eu  fo r  wh ich  f ( x * )=0 ,

each of these sefluences converges to x*., and the iol lbwing estimates

+  . L  1 n - 1 1 ( 4 6 )t l  * i-"- l f  I  dj D *" - /  (qo, to)

n ' j-*n l lt 6j ( l "l: l- i l-, 1 , 1 "l-"1ll ) 
(47)

i l ^ n  - . I  n - . I  r ,  '  r r  n  n r .

h o l d  f o r  e a c h  j = O r l r . - . r m  a n d  n = r r  2 , 3 ) " ' ,  w h e r e  c D  i s  t h e  r a t e

o f  conve rgence  de f i ned  i n  Lemma (2 .3 ) ,  t he  cons tan t  a  be ing  g i ven

by ! '  
' : .

' r f f

"*  V { r - r roro) - -4horo ( 4 8 )

Proo f .  Le t  us  f i r s t  remark  tha t  (42 )  . imp l i es  tha t  f o r

e a c h  x €  U  w e  h a v e  - l + *  L x ' , y ' ;  f ] = f  ' ( * )  w h e r e  f  ' ( x )  d e n o t e s  t h e  ! .
xly,-.+ x

Fr6chet  der ivat ive of  f  a t  the poi -nt  x .  Thus,  set t ing for  each

x €  U  L * , * ; f ] = f  
' ( x )  w e  m a y  a s s u m e  t h a t  ( 4 2 )  h o l - d s  f o r  a l l

x r Y  r x '  , Y ' €  U '

Let us denote bv fr^ the set of those u for v;hich the above- r -

f o r m u l a e  m a k e  s e n s e  ( i . e .  [ V , x ; f 1  i s  i n v e r t i b l e  a n d  F r ( u ) e  U  f o r

j = 0 r I r . t . r m - I )  a n d  l e t  u s  d e f i n e  a  m a p p i n q  F , D f - ' E * * t  O O  s e t t i - n g

f  ( u ) = ( F o ( u ) ,  r r ( u )  t . . . ' r * ( u )  )

Th is  func t ion  c lear lv  sa t ls f ies  the  proper t ies

PoFPz=P*z r POFu:FOu' for al l  zeV-a2, and ue DU
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I t  wi l l  be convenient to introduce a mapping F_l  as weII ,  by

se t t ing  F_,  (u )  =y .

The proo f  w i l l  be  based on  lemma (2 .2 ) .  to  th is  end we

assign to each t= (q , r )  €T2 a subset of ,  €2 aunned as fo l lows

t - )
z ( L ) =  I  ( y , x ) e 6 ' i  y e t J ,  l t y - x l l  g q ,  l l  y - y o l l  g  6 ( r o ) - 6 ( t ) + q o - q ,  ( 5 0 ) .

11x-xol l{  6(to) -  6(t)  ,  D=[y,*;  f  ]  is invert ible and i lo-tr f* l  l l ' l  t l

I n  t he  above  de f i n i t i on  o f  Z (E )  r t o  s tands  fo r  t he  pa i r  (g . r ro ) .

Hence  us ing  (45 )  j - t  f o l l ows  tha t  z ( t )  cvz .  Cons ide r  now the  ra tb

of  converg lence d descr ibed in  lemma ( .2-3. ) ,  t .he constant  a  being - .  
"  .

g i ven  by  (48 ) .  Our  theo rem w i l l  be  p roved - i ' f  :we  show tha t

z  ( t ) c 'D -  and  tha t  t he  cond i t i ons  (13 )  ,  ( 14 )  and  ( f  9 )  f rom
-b'

we clearllr have uo € Z (to) . Let us prqve" tgry .!hat u € Z (t) 1mp1i-es- .1

and

FU (u) e u for  - lxktm

f f  ro tut -Fk*r t")  l l  g c*>k (t)  for - lEksm-1

( 5 1 ' )

( 5 1 " )

For  k : -1 these re la t ions reduce to  1re U and l ly ;x  l l  I  q i  for

k = 0 t h e y f o 1 1 o w f r o m x € U . a n d . | l f y , x i f J - I r ( * ) | | s r

C o n s i d e r  n o w  a n  i ,  0 ! i g m - 1 ,  a n d  s u p p o s e  t h a t  ( 5 1 ' )  a n d  ( 5 I " )

h o l d  f o r  k = - l r O r . . .  r i .  I { e  h a v e  t h e n :

l l  L*,(u)-xoll ! f lrr*,(u)-x l l  +ll x-xoil Ie l l  Fi+r(u)-ri(u)l l + flx-xoll !v"  j=o r

i  
( 5 3 )

t  E  - - , . ( t )  +  6 ( to )  -6 { t1=6{ to )  -  6 ' * ,  t t )
j = 0  J '
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s o  t h a t F . , ,  ( u ) e u  a s  w e l l ;  t h i s  e s t a b l i s h e s  ( 5 1 ' ) .  L e t  u s  r e m a r k
r-ra

! h a t f r o m ( 5 0 ) a n d ( 5 1 ' ) i t f o 1 1 o w s t h a t z ( L ) C D g . T o s i m p 1 i f y

u ) ,  F i ( u ) ; f J  a n d  l e t  , jt he  fo rmu lae  l e t  D= [Y ,x i f J ,  D i * t= [F i * t ( t

s tand for  the .va lue fF-r  (u)  .  The re la t ion def  in ing Fo - ' ,  (u)  may
)  f ' r r

thus be rewritten in the form f i=D.(nt 
(u) -Fi*t (u) ) '  Now

F i * t  (u )  - r r * ,  (u )  =o -1 f  
i * r=o - r  

( f  i * r - f  i -D  
(F i+ r  (u )  - r t  (u )  )  =

( s a 1
-  r  '  - ]  - ]  - ]

=D- '  (D i+r -D)  ( t i * ,  (u )  -n ,  (u )  )  =  (  1 -D- '  (oo-o)  )  
'Do*  (D i+ t -D) (F i * ,  (u )  -F i  (u )  )

- ' l

prov ided f l  D ; ' (Oo-O)  l l  <  I .  Th is  i s  t rue ,  however ,  s ince  accord ing

to  (42)  -  we have

f f  o; t  (oo-n)f l<-rro ( l lv-vof l+f f  x-xol l )  5 ho (26(to)  -2e ( t )  +qo-q) =

=t-ho ecy(t )  +q) < r  .

This est j -mate and another  apol icat ion of  (42)  y ie ld

' 1

! 'i(
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l[ ti*, (u) -r'i+2 (u) ll t 
Whm I o]1 tnr*r-D) ll llrr*, (u) -r, (u)fl !

t qp.fu ho (llFi*r (u) -y ll * ll r, (u) -" ll I r^:, tq) I

. 1
t 

ryETlA 
1<^r, (t) +q+2 1r"ro (t) +. . .+ar. _r (t)))-i (.) =-i*r (t)

I n  t h i - s  manner  we  have  es tab l i shed  ( f  4 " ) .  I f  we  show tha t  ue  Z  ( t )

impl ies

( r * _ r ( u )  ,  F m ( u ) ) €  z 6 ( L )

we sha l l  have  (14 ' )  as  we1 l .  I t  w i l l  su f f i ce  to  p rove  the

f .o l lowing inequal i t ies

l l  r ;_r (r)  -r*(u) l l€ -*_r ( t )

l lF*_, (u) -yo l l  g O(to) -  6'm (t)  +co-ur* ,  
( t)

l l r * (u)  - "o  l l  I  6 t to)  -6m(t )

l lo-1rm l l  t  <,r*(r)

The  f i r s t  i nequa l i t y  i s  a  consequence  o f  (51 " )  and  so  i s  (60 )

wh ich  fo l l ows  f rom (53 )  f o r  i =m- l .  To  ob ta in  ' ( 59 )  we  wr i t e

F t 
(t) -Yo Fo-a (u)-x + x-Y + Y-%m - .  - r  -  -  - o

m,-2

i  
( t )  +q+ ( to )  -  ( t )  +qo-q= ( to )  

m 
( t )  +eo-  * - r  

( t )
j = o

As in  (54)  we ob ta in

( s 8 )

( s e )

( 6 0 )

( 6 r 1

, t L e d t 6 G z {



1 8

oilr*= ( r-olr (oo-o*) ) 
-ro-1 (o*-o) (F* (u) -r*-, (u) )

prov ided l l  o ; t  (oo-o* )  l l  <  r .  By  (42)  ,  (59)  and (60)  we have

ll o;t {o*-oo) ll E ho ( ll F*-, (u) -yo ll * ll F* (u) -xo ll ) I

l h o ( 2 6 ( d o ) - 2 € * ( t ) + q o - o m - l ( t ) ) = 1 - h o Q F L ) . 2 ( a o ( t l 1 . . ' . * O n r 2 ( t ) ) - c 6 - , ( t ) )

Hence

tf tJt* [\ : tiro Q(f ft) -2 (-Jo(t) +. . .+ c.rn , (t) ) 
-cr,,rr (t) ) 

-1 
llool to;o)ll .^r,,*, (t)

Since

. nr2 rnl

l lo; t (Dm D)l l  !  ho(f lFn r(u)-yl [  +f l r*(ul-xf l  i r l ro(E .r . , ( t )+t o. ,( t ))
j-I -r j=o r

=ho b*_ ,  ( t )  +C+2 (do  ( t )+ .  .  . *dm-2  ( t )  ) )

, ,  - l  . l

we have ll D;'f* l lt c"r* (t)

:

Unt i l  now we have proved that  condi t ions (13)  and (14)  of  Lemma

( 2 . 2 )  a r e  s a t i s f i e d .  O u r  n e x t  t a s k  i s  t o  p r o v e  ( 1 9 ) ,  t h a t  i s  t o

show that the i-nclusion

,  m - I  m  - ,  i l  m - l  m  , ,  r  m  If " i_ i ,  x i_r)e zt  l l  " ' r ,_ i - " "_r t l  ,  l l  " , ._r-" i  l l  )  (65)  i

h o l d s  f o r  e a c h  n = I , 2 , . . .  .  B u t ,  a c c o r d i n g  t o  ( 1 6 )  a n d  ( 5 0 )  w e

already know Lhat .



il "l-r-"1ttc ,rj") (ro) = 
"rj"-t) {to) ( 6 8 )

It is easy to see that the fr. lnction 6 given by (eS) is monotone

in  the  sense tha t  i f  e t *gZ and r r l - r ,  then  6(41  , r I )L  6G,2 , t2 )  -

Using this property f rom i f f i51 ,  $11 and (68) i t  fo l lows that

il d-r-xo ll r 5 (ro) - 6( ll "il:l-"il-r ll , ll "l-r-"1 lt I

l l "l-l-o"llt 6(to)-6tflx|-i-"1-rll , l l "l-r-nl I r+ao- Il "i l-l-"|-rl l

The  above  re la t i ons  toge the r  w i th  (65 )  imp ly  (65 ) .

Then Lemma 2.2 i rnp l ies that  there ex j -s ts  a point  *n€ U

wh ich  i s  t he ' common l im i t  o f  t he  sequences  ( * i ) r - rA ,  (1 t j {m)  and

tha t  es t ima tes  (46 )  and  (47 )  a re  sa t i s f i ed .  Thus  the  p roo f  o f  ou r

theorem wi l l  be complete i f  we demonstrate that  x*  is  a  root  o f

the equat j -on f  (x)  =0.  To show th is  le t  us observe that  Vn impl ies

l ln;tr (xl*rrl l =llo"t tr tx|*r) -r (*f,) -[ol-t, xfr; r](*l*r-*l) l l =

= ll olt ([*l*.,*fi ; r]- t"il-t, *ili r] ) (xl+r-"Tll{ ! ho il "l*r-"f-1 F:.t-"| // l

From the above inequal i ty ,  us ing the cont inu i ty  of  f  on

E  w e  d e d u c e  t h a t  f ( x * ) = o '

I f  we  compare  the  es t ima tes  (46 )  and  (47 )  ob ta ined  i n
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the above theorem we see that the estimates (46) can be computed

before performing the iterative procedure ( ) while the estimates

(47) can be computed only after obtaining.the points 
" i l : l  

,  * l - ,

I
and x '  .  That 's  whv we shal l  cd l1 est imates (46)  apr ior i  est innates

n

and est imates (47)  aposter ior i  est j -mates.  The aposter ior i

est imates are in  genera l  more accurate than the apr ior i  ones.

In  what  fo l lows we shal l  par t icu lar ize the resul t  s ta ted

in theorem (3.2)  for  the cases m=I  and m=2 obta in ing in  th is  way

some improvements of  the resul ts  obta ined respect ive ly  in  t5 ]  and

L61.  For  m=I  f rom lemma (2.3)  we obta in a rate of  convergence

o f  t y p e  ( 2 . r )  g i v e n  b y

c J ( q r r )  = O l  ( q ,  r )  = r  (q+ r )
(  7 0 1

r + 2 V r ( q + 2 )  + a

The associate funct lon 6:T2 -> 12 wi l l be then defined bv

6  ( q r f )  =  ( r ,  c ' s  ( q , r ) )

With the above notatj-on we can state the fol lowing corol lary of

t h e o r e m  ( 3 . 2 )

(3 .3 )  COROLLARY.  T f  t he  hypo theses  o f  Theorem (3 .2 )  a re

sat isf ied and i f  one takes *_I=yo then the i terat ive procedure

(1)  w i l l  p roduce a  sequence (x r . ) r r ; t  o f  po in ts  o f  u  converg ing
rL

to  the root  x*  o f  the equat ion f  (x)  =0 and the fo l lowing est i rnates

i ^ r i l l  be  fu1 f i l l ed :

(  7 1 )

i l  * r r -*n l l  g g (6(n)  (9o,ro)  ) ( 7 3 )
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ll *n-"*lft 6 t l l*n-t-xn- z l l  , l f *n-r-*r, l l  ) 
-

t l  -- .,u x  . - x  f l
r  n ' l

where the functions d , ,p , 6 , are griven respectively

(70 ) ,  (71 )  t he  cons tan t  a  be ing  chosen  as  j -n  (48 )  .@

For m=2 we obtain a rate of converqence c^l of

de f i ned  as  fo l l ows :  f o r  any  qzO ,  r . 2O se t  t= (q r r )  and

aJ ( t )  = 1ra,  ( t )  ,  cr  
Z 

( t )  )

have of  course d( t )  = t^ t ( t )  . '  We

func t i ons :

( 7  a 1

b y  ( 3 4 ) ,

type  (2 .2 , ) .  . ^ .

( 7 5 )

( 7  6 )

( 7 7 )

sha l l  a l so  use  the -

( 7 8 )

dl ( r )=+
n*rt*ffi

q + 2 r + o r ( L )
O2lL) =cJ, (t)

I n  t h i s  case  we

fol lowing three

D ( ( t )  =

Now we can state another

( 3 . 4 )  C O R O L L A R Y .  r f

sa t i s f i ed  then  the  . i t e ra t i ve

(Yr . )  
r rz ,  '  ( *n)  

r r r r l  
o f  Points

the hyootheses

p.rocedure ( 3 )

o f  U  such  tha t

o f  T h e o r e m  ( 3 . 2 )  a r e

prod.uces two seguences

1 0

I imi t  point

The sequences (yrr) 
rrrr, ,  (xp) 

nrrl  
converge to the same

xx which . is  a  root  o f  the eqr la t ion f  (x)=0

r  (q+2)  +a -u ,  P(t )  
=x(  t )  +r  ,  f , ( t )  = x(  t )  +q+r

c o r o l l a r y  o f  T h e o r e m  ( 3 . 2 ) .
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20 The fo l lowing est imates hold:

Ivrr-**1 l- f1,^r(n) (eo,ro) )

ll *r,-* ll t pt-(t) {no, ro) )

ll vrr-*x ll ! x t ll v,r- r-*r,- r ll , 11 *.,- r-v,, ll )

( 8 r 1

( 8 2 )

( 8 3 )

1{ *rr-*n llt- " 
t llvrr-r-*r-, fi , ll ",.-r-ynll)- <^rr(ffy,.-1-xn-rl/ ,

(84)

lf""-r-v"ll )

In  the fo l lowing proposi t i .on we show that  est imates (46)

and  1A l )  ob ta ined  i n  theo rem (3 .21  and ,  consequen t l y ,  es t ima tes

(61 .1  ,  r c4 )  ,  ( 81 ) -  (84 )  f rom the  above  co ro l l a r i es  a re  i n  some sense

the  bes t  poss ib le .

(3.5)  PROPOSITION. For  any t r ip le t  o f  pos i t ive numbers

ho ,  Qo , .  fo  which ver i f ies the inequal i ty  (44)  there ex is ts  a

function f : lR -- i  tR and two poj-nts xo,Yo€ R which satisfy the

hypo thes i s  o f  Theorem (3 .2 )  and  fo r  wh ich  the  es t ima tes  (46 )

and  (4 '1 )  a re  a t ta ined  fo r  a1 l  n= I  , 2  t  -  .  .  .

,
where the funct ions @ r  tDr ,  d2,  v  ,

wi th  the constant  a  chosen as in

Proo f .  The  p roo f

(2 .3 )  obse rv ing  tha t  t he

f u n c t i o n  x * . + t o { * 2 - . 2 )

p ,  *  a r €  d e f i n e d  b Y  ( 7 5 )  -  ( 7 8 )

( 4 8 ) .

is a consequence of  the proof of  Lemna

iterat ive procedure G) appl ied to the
l+h cI

and  i n i t i a l  Po in t s  *m- r= - - -o *9  ,
2ho
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m r-hogo
x_- =--- - --: produces

o ,ho

to the functi-on x r--+

*3= f L-qo) /.2

the same sequences

2 2x- -a-  and in i t ia l

.  i .
( x i ) ' n . z l  ,  r 6 j {mras  i f  apo l i ed

m- lp o i n t s  x o  ' -  ( I * e o )  / 2 ,

that

i f o

Analys inq the hypotheses of  the Theorem (3.2)  we observe

inequa l i - t y  (44 )  p rays  a  key  ro le .  Th i s  i nequa l j - t y  i s  sa t i s f  i ed

and ro are small enough. The number q can be chosen very. .

smal l  f rom. the very begin ing because having an in i t ia l  approx ima-

t ion x  we can choose the poin l 'yo c lose enough to xo.  rn  ordero  r  - - - - -  r o

to have a small ro we must have a qood init ial approxj-mation.

Th is  requ i remen t . i s  no t  so  easy  to  be  fu l f 1 l I ed  i n  p rac t i ca l  app l i -

cat ions.  However  we can show that  condi t ion (44)  imposed to the

in i t i a l  da ta  i s  i n  some sense  the  weakes t  poss ib le .

(3 .6 )  PROPOSIT IOI I .  Fo r  any  t r . i o l e t  o f  pos i t i ve  numbers

ho ,go ,  ro  which do not  sat is fy  (44)  there ex is ts  a funct ion

f  : lR€ S,  and two points  xo,yo€ lR such that

10  cond iL ions  (42 )  and  (43 )  o f  Theorem (321  a re  sa t i s f i ed

(U  can  be  taken  the  who le  rea l  ax i s ) ;

20  the  equa t ion  f ( x )=O has  no  so lu t i on .

P roo f .  Take

f (x)dox2- afotrn" (eo+2ro) t-n3* ,

i f  q  + 2 r  - 2* o o

1 ' )
a n d  f  ( x ) =  - x - * r

q o

if #- ( 8o+2ro- 2
o

x =
o

1-hoqo
-T*

o

l+h q' -o-o
v = _-=---o zi t

o

< + -
n

o
(  q+2ro+Z

,  *o=0 ,  Yo=9

o 
(qo* t
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