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TIIE IIAHN-BANACH EXTI\ISION T}TOR]JM FOR MODULES OVER ORDLRED RINGS

by

DAN VUZA

rh  ou r  paper  f+ l  we  s tud iec r  a  c rass  o f  o rde red  r i ngs

and gave a theorem of  Hahn-Banach type for  n .odules over  Such r ings.

We in tend novr  to  cornplete the formulat ion by d iscuss ing the case

of  maps invar iant  wl th  respect  to  the act ion of  a  semigroup.

I f  G is  a la t t j -ce -  ordei red group we sha11 use the s tan-

dard notat ions

D e f i n i t i o n  I  ( [ 4 ] ) . a  G - r i n g  i s  a  r i n g  A  w i t h  a n  u n i t  e

and  an  o rde r j -ng .Z  sa t i s f y ing  the  ax ioms :

i } A i s a b o u n d e d 1 y c o m p 1 e t e 1 a t t i c e - o r d e r e c 1 g r o u p .

i i)  for every a€a+ and b€A we have ]

( a b ) +  =  a b * '  i

'  ( b a ) *  =  b * a

i i i )  2e  i s  i nve r t i b le .

Using a theorem of  B i rkhof f  and pearce one can show

that  a  G-r ing is  assocj -at ive and commutat ive.
I

The  c lass  o f  G- r i ngs  con ta ins  r i ngs  such  as  L@(0r I ]  )  o r
),

t h e s p a c e o f e q u i v a 1 e n c e c 1 a s s e s o f n r e a s u r a b l e f u n c t i o n s o n f 0 , 1 ]

6+ ={s€cls>, o}

g *  =  s u p  ( g r o )

I  =  s u p  ( - g , O )

l g l =  s u P  ( g ,  - g )  .
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r f  we requi re that  every non-d iv isor  of  o  is  inver t ib le

we  f i nd  the  c rass  o f  F - r i ngs  wh ich  was  s tud ied  by  A .Gh j_ka  ( [ l ) ) .

F romf4 lwe  quo te  the  fo l l ow ing  resu l t s  on  G- r i ngs :

on every G-r ing A can be g iven a unique st ructure of

vector  la t t ice over  lR.

I f  a r b € A , . O ( a S b  a n d  a  i s  i n v e r t j - b 1 e  t h e n  b  i s  i n v e r t i b l e
.  - 1

.  a n d  0 ( b  t .

For every a€A there is a v€A*such that

v = v

+
a  = a v

a -  =  a ( v - e ) .

Def in i . t ion 2.  Let  A be a G-r ing.  An ordered A-module

is .an A-module H such that  H is  an ordered group and for  every a€A+
+ +

and h€Fi '  we have ah€H'  .

'  I ivery ordered A-m.odule H can be turned into an ordered

vector  space put t ing

o(h .= (ote)h,  o(€ R ,  he l i .

.Pe f l n i t i on  
3 .  Le t  A  be  a  G- r i ng ,  E  an  A -modu le ,  l I  an

ordered A-module.  A map p:E-- .1  H is  A-subl inear  i f f

j - )  p  ( x + y l q n  ( x )  + p  ( y )  ,  x , y ( E

i i )  p  ( a x )  =  a p  ( x )  ,  a € A + ,  x ( E .

For reader 's  convenience $re reproduce f rorn [aJ the

foI lor . . r ing resul ts  wi th  proof  s :
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Proposi t ion r .  Let  A be a G-r lng,  i r  an A-modure, I I  an or-

dered A-nodule,  ptE--+H a map such that

p (x+y)< i :  (x )  +p (y)  ,  x ,y€E

p  (ax )gap  (x )  ,  a€A+ ,  xeE .

Then p is  A-subl j -near .

P roo f .  f f  aeA+  i s  i nve r t i b le  then

p  ( a x ) ( a p  ( x ) = a p  ( . - 1  ( a x )  ) 5 a a - l p  ( a x )  = p  ( a x )  .

:
+

I f  a€A'  then a+e j -s  inver t ib le .  ! {e  have

ap (x )7p  (ax)  =p  (  (a+e)  x -x )7 .v  (  (a+e)  x )  -p  (x )  =

=  (a*e)  p  (x )  -p  (x )  =ap (x )  .

Theorem 1.  Let  A be a G-r ing,  E an A-module,  I i  an

boundedly  complete la t t ice -  ordered A-rnodule,  F a submod.u le of  E,

f :F ' - , 4H  an  A - r i nea r  f rap r  p :E*2 ,H  an  A -L inea r  mapr  p :E - t I i  an  A -sub -

l inear  map such that

f  ( x )4  n  ( x )  ,  x€F .

.  Then there exj_sts an A- l inear nnap g:E---)U snch that

q  l r= f  and- l

Proo f  :  By  Zo rn l s  l e rnma i t  i s  su f f i c i en t  t o  cons ide r
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the case B = F + Ay with y+F'  .  For .x,  ,**F we have

f  (xr-xrKn (xr-x z l {p (xr+y1+p (-y-x2)

so there is a k€H such that

e (x) +k(p (y+x) r x€F

f  ( -x )  -kSp ( -y -x )  ,  xeF

We have

In  pa r t i cu la r r  a '  i s  i nve r t i b le .

For z€E we have

vp (arrz )  =p (arrvz )  =p (bnz )  lbrrn (z )  ,

(e. .v)  p (arrz )  =p (ar,  (e-v)  z)  =p (-crrz)  =cr. ,p (-z )

( 1 )

( 2 t

Let  a€A.  There is  a  v€A+ such that  u .*=urr r  E=€[(v-e) .

ne  i s  5 -nve r t i b le ,  =o  . * * (ne ) -1  and  a ]+ (ne ) -1  a re  i nve r t i b le .

tet

+  - 1
b r r = ( a ' + ( n e )  * ) v ,

c r r=  (a - *  (ne )  
-1 )  

(e -v )  ,

art=bn-crt

SO
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. '

p (a r rz )  =br rp  (z )  +cnp \z l  
(3 )

From (1 )  and  (2 )

f (brrx) +urr:<(brrn (y+x) ,

f (-cr.,x) -cnk(crrp (- (y+x1 I .

Us ing  (3 )  i t  resu l ts

' f (arrx) +ank(n (arrY*arrx) .

Replacing x uy al lx we get

e (x) +arrk(n (arry+x) , x(F. ( 4 )

We have

p (arry+x)  =p (ay*x+ (ne)  
- t  

(Zv-e)  y)<p (ay+x)  + (ne)  
-1  

(Zv-" )  p  (y)  .

According to (4) we get

f  (x )  +aKp (ay+x)  +  (ne)  
- r  

(zv -e)  (p  (y )  -k )  + .

As H is  Archimedi-an i t  resul ts

f  ( x ) + a k ( n ( a y + x )  ,  a € A r  x € F  ( 5 ) .

F,rom (5) we have that the map gzlt- l i  given by

g (x+ay)  = f  ( ; )  +ak
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is  wel l -def ined and sat is fy ies the requj - ren,ents  of  the theorem.

pef  in i t io+ 4.  Let  E be .an A-module and K a semigroup An _4-

l inear  act ion of  K on E is  a  representat ion of  K .  in to the seni -srourr

of  the .A- l inear  endomorphisms of  E

Def ln i t ion -5.  Let  ErF be A-modules and K a semi-group

act ing A- l inear ly  on E.  A map f :E-- ->F is  K invar iant  i f f

f  ( kx )  = f  ( x )  ,  k€K ,  x€E .

Pef  in i t ion 6.  Let  E be 
.an 

A;nod_ule,  H an ordered A-module

and  K  a  sen r i -g roup  ac t j . ng .A - l i nea r l y  on  E .  A  map  p :E4H i s .  A :ce -

c reas ing  i f f

p  ( kx ) (p  ( y1  ,  k€K ,  x€E .

For  a semi-group K ancr  an ord.ered A-module I i ,  le t8o(KrH)

be  the  se t  o f  maps  t :K - ) t i  such  tha t  t (K )  i s  o rde r -bounded . .BO(KrH)

is an ordered A-mocrule by defining

( t1+r2)  (k )  =  r l  (K)  + t ,  (h )  r

(a t r )  (k )  =  a t ,  (k )  ,

tzo <+r (k) >o v k € x.

I f  heH we denote by th the map given by

l

a.

t n  ( k )  = h .

let  ?be the semigroup given by



P,ef in i t ion 7.  An invar iant  mean on the serni-group K is

a posi t ive l inear K- invar iant  map \  r3^(xrR)---e R such that
R
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t\t

K = K x K ,

( k I r I t )  ( k 2 , 1 2 )  =  ( k l k 2 , 1 2 1 1 )

we have a  l inear  ac t ion  o f  ? "onBA(K,H)  g iven by

( k t l )  ( m )  =  t ( I m k ) .

X(t t )  =r  '

Theore rn  2 .  Le t  A  be  a  G- r i ng ,  H  bounded ly  conp le te  l a t t i - .

ce-orqered A-module and le t  K be a semigroup which admi ts  an inva-

r iant  mean.  Then there is  ^a f l i r r r rur i ln t  A- l inear  map F:rB^ (Kr t i ) tH

such that 
4

/ u ( t h )  
-  h '  h € H '

. t" (t) 70 if t7o -

l Igof .  Let

Def ine  p :E- )  r I  by

p ( t )  =  s u p  t ( k ) .
k6K

E *  8^  t r ,H l

c &g = 
\  l . t r . t t i l i - t t )  l "eXt/ , t ieE,k i , r ieK, r1 i (n {
L d = !  

!  '  I  +  L  4  
)

" 
=l.n * "\r,eu, vevl
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: '  :  :  . .

E r rDy proposi t ion 1,  p  is  an A-subl inear  map.  I r Ie  want  to

prove that

h(p( th+v)  ,  hCI{ ,  vev

Suppose that

}l,
\-

v  =  
+  

( k i t i l i - t i ) .
L : {

( 6 )

Put

z i  =  sup
h€x

Let  z€H be

I
r i ( k ) 1 .

such that

h  *  v  ( k ) ( z k € K .

Cons ide r  t he  o rde r  i oea l  I  o f  H  spanned  by  h rz  and  , i ,

l i i ( n . . L e t  \ f .  a n  i n v a r j - a n t  m e a n  o n  K  a i r a  t e t g :  I - ) R  a  p o s i t i v e

l inear map .  r f  u:K --+ f i  is  s iven by }11cy 
= 

f (v 
(k)  )  then u e$;x,61

and\ (u )=0.  r t  fo l lows tha t  Y(k )< f tz ) .  By  Kakutan j . rs  representa t j -on
'  theorem we have' that  h(r .

(6 )  shows tha t  the  nrap , f  :F -€  H g iven by

f ( t n + v ) = h ,  h € H ,  v e v

i s  we l l -de f i ned  and  sa t i s f y ies

f  ( r ) € p  ( x )  ,  x € F .
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Apply ing theorem I  we can extend f tc f  :  E--9I I  such that

l , t  ( t )<p ( t )  ,  teE.

I t  fo l lows that t7.0 i rnpl j -es l^k)>/O. As f(v)=O for v6V,
n ,

t l  is  K- invar iant .

Theorenr  3.  Let  A be a G-r ing,  E an A-module.H a bounded-

Iy  complete la t t ice :  ordered A-module,  K a semi-group act ing A- l i -

near ly  on E and'admi t t ing an invar iant  mean,  F a submodule.of  E

such that  kx(F i f  k€K and x€Fr  p:E-rH a K-decreasing A-subl inear

mdp,  f  . . i ' - - )H d K- invar j -ant  A- l inear  map such that

f  ( x ) S  p  ( x )  ,  x € F .

then there ex is ts  a 'K- invar iant  A -  l inear  map g :E - )H

s u c h t h a t q [ f =  t  a n d- l

g{(x} 1p (x)  ,  x€E.

Proof. By theorem I there exists an A-l inear map

9 I :  E_ - )H  such  tha t  g l l  F  =  f  and  91  ( x )<p1y1  ,  xe1 l  .  De f i ne- t

r:r -+S (K, H.) by.

T (x)  (k)  =91 (kx)  ,  x€E ,  k€K.

IJet  l {  r6^t i<rH)- - )H be the map g iven by theorem z.  Ther A

map g :T-2I I  g iven by

e ( x )  = f ( r ( x ) )

satisfyies the requirernents of the theorem.



of  e len ients  of  A is  sa id to  be convergent  to  f  A i f f  for  a

:  choice of represenrants f  .€fr, ,yef we have 
," j : t  

yn(r)=T(t) for
a - r

almost every tq0'U. Let E be the set of  order-bounded sequences

of elements of  A.  E i -s an A-m.odule bv def in incr

t 0

I f  vre put A = R in theorem 3 we obtain a resul t  of
^ - . t  r f ^ - l  F ^ " l tb r _ r v e r m a n  l L z ) ,  L J J r .

As  an  app l ica t ion ,  le t  A  be  the  G- r ing  o f  c lasses  o f

measurab le  reaL -va lued  func t i ons  on  fO , f ] .  e  seguence ( f n ) r € N

' (fn) 
r.ell$ 

(9r,) 
r,ed 

= (fn+gn1n 
etry'

f ( f n )neN= ( f f n )ne [ r l .  :

The semigroup IIf acts on E by

k (fn) 
n €Sf 

= (fr,+t ) It elll '
!  

- . '  
' i '

Let F be the submodule of order-bounded^ convergent

sequences of  e lements of  A and 1:F-JA the map which associates

to every convergent sequence its l init .  Define p:E --2 A by

p ( (rn) n€N) = jJfV il,: 
t*

p is A-subl inear anA.0rf  -  d.ecreasing, I  is  N- invirr iant  and

v r e  h a v e  I ( x ) < " p ( x ) ,  x € F .

By theorem 3 we obta in an invar iant  pos i t ive A- l inear

map  L  2E  * )  A  such  tha t  r , l n  =  1 ,  t ha t  i s  an  i nva r ian t  A -va lued
I

l im i t  o f  Banach  t ype .  Th i s  l i r i t  " ganno t  be  ob ta ined  "  po in tw ise  " ,

i . e .  by  app ly ing  a  l im i t  o f  Eanach  t ype  fo r  sca la r  sequences  to

the  sequence  Y r , ( t l  
( f ne fn )  because 'we  do  no t  know i f  t he  l i n i t

funct ion is  mbasurable
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