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THE HAHN-EANACH EXTENSION THEOREM FOR MODULES OVER ORDLRED RINGS

by

DAN VUZA

In our paper f4] we studied a class of ordered rings
and gave a theorem of Hahn-Banach type for modiiles over Such rings.
We intend now to complete the formulation by discuséing the case
of maps invariant with respect to the action of a semigroup.

If G is a lattipe - ordered group we shall use the stan-

dard notations

e ={gec\gz,o§
q+ = sup (g,0)
g = sup (-g,0)

|g}= sup (g, -9).

Definition 1 (f4]).A G-ring is a ring A with an unit e

and an ordering £ satisfying the axioms:
i) A is a boundedly complete lattice-ordered group,
ii) for every a&A+ and béA we have

(ab)+ = ab+;

(ba)+ = bta
iid)2e is invertible.
Usinag a theorem of Birkhoff and Pearce one can show
that a G-ring is associative and coﬁmutative.

The class of G-rings contains rings such as ﬁ”qp,n ) or

the space of equivalence classes of measurable functions on (0,1},



If we require that every non-divisor of O is invertible
we find the class of F-rings which was studied by A.Ghika ([1)).
| From{4]we quote the following results on G-rings:
On every G-ring A can be given a unique structure of
vector lattice over R.
If a,behr, 0¢{atb and a is invertible then b is invertible
and 04p™*,

For every a€A there is a veA+such that

v = v2

_+ ;

a = av

a = a(v-e).

Definition 2. Let A be a G-ring. An ordered A-module

- ; : = %
1s an A-module H such that H is an ordered group and for every atghA
and h€H+ we have aheH+,

Every ordered A-module H can be turned into an ordered

vector space putting
«h = (de)h, ke R , heH.

Definition 3. Let A be a G-ring, E an A-module, H an

ordered A-module. A map p:E— H is A-sublinear iff

1) pilxtyid pix)tpily), %,vcE

ii) p(ax) = ap(x), ae€A

+r Xek.

For reader’s convenience we reproduce from {47 the

following results with proofs:




Proposition 1. Let A be a G-ring, E an A-module, H an or-

dered A-module, p:E—>H a map such that

px+y){p(x)+p(y), x,y¢E

p(ax)¢ap (x) 2 aeA+, xeE.,
Then p is A—sublinear.
Proof. If acA” is invertible then
p(ax)gap(x)=ap(a-l(ax))gaa-lp(ax)=p(ax).
If ae_A+ then a;e is invertible. We have

ap (x)>p (ax) =p ((a+e) x-x)2 p ((a+e) x) -p (x) =

=(ate)p (x) -p(x)=ap (x) .

Theorem 1. Let A be a G-ring, E an A-module,'H an

boundedly complete lattice - ordered A-mrodule, F asubmodule of E,
f:F~> H an A-linear map, p:E—3>H an A-linear map, p:E—H an A-sub-

linear map such that
Elx)d ploe), xEeF.

Then there exists an A-linear map g:E——bH'such that

g {F=f and
gx)Lp ()., xEE.,

Proof: By Zorn’s lemma it is sufficient to consider



the case E = F + Ay with y¢F; For.xl,xzéF we have
£(xy =%, p (% =%,)4 P (%) +y) +p (-y-x,)
so there is: a kéH such that

f(x)+k<p (y+x), XEF : (1)

E{=)=-kep (=y=x%), xeF (2)

g L+ :
Let a€A. There is a v&A  such that a+=av, a=a (v-e) .

ne is invertible, so a"'+(ne)"_l and a:+(ne)—l are invertible.
Let
+ -
bn=(a + (ne) l)v,
cn=(a—+(ne)-l)(e-V),
an=bn=cy
We have

1=l Ik

a. ElaSumey ) i simn)s )—l(e—v) el
n

bn=anv,

cn=an(v—e).

In particular, a, is invertible.

For z¢€E we have

vp(anz)=p(anvz)=p(bnz);bnp(z),

(e—v)p(anz)=p(an(e—v)z)=p(—cnz)=cnp(-z)

SO



pla z)=b p(z)+c p(-2z). d (3)
! From (1) and (2)

f(bnx)+bnkébnp(y+x),

_f(qcnx)-cnkgcnp(-(y+x)).

Using #(3) it results

f(anx)+énk$p(any+anx5.

Replacing x by a;lx we get

f(x)+ank§p(any+x), xXeF., (4)
We have
p(any+x)=p(ay+x+(ne)-1(2v—e)yﬁ$p(éy+x)+(ne)-l(2v—e)p(y).
According to (4) we get
f(x)+ak,§p(§y+x)+(ne)'l(2v—e) (p(y)—k)‘*'.

As H is Archimedian %t resulté

f(x)+ak<p(ay+x), a¢h, xeF ‘ S (5)

From (55 we have @hat the map g:E—>H given by

g(x+ay)= f(x)+ak



is well-defined and satisfyies the requirements of the theorem,

Definition 4. Let E be an A-module and X a semigroup An A-
linear action of K on E is a representation of K into the semi-group

of the A-linear endomorphisms of k.

Definition 5; Let E,F be A-modules and K a semi-group

acting A-linearly on E. A map f:E-_—aF'is K Inveriant iff
f(kx)=f(x), k€K, xX¢E.

Definition 6. Let E be an A-module, H an ordered A-module

and K a semi-group acting A-linearly on E. A map p:E—H is A-de-

creasing iff
plkx)<p(x), k¢K, x¢E.
For a semi-group K and an ordered A-module H, 1et$3A(K,H)

be the set of maps t:K—>H such that t(K) is order-bounded.&gA(K,H)

is an ordered A-module by defining

(aty) (k) = at, (k),

ty0c>t(k)yoV k €K.
If h¢H we denote by th the map giveﬁ by

t, (k)=h.

Let’RJbe the semigroup éiven by



~
K=K x K,

(kl 'll) (k2 '12)=(klk2 '1211)
; L
We have a linear action of K onf%q(K,H) given by

(ktl) (m) = £(1lmk).

Definition 7. An invariant mean on the semi-group K is

a positive linear K-invariant map %~:&3(K,R)——6 Bz such that

Theorem 2. Let A ke a G-ring, H boundedly complete latti-.
ce-ordered A-module and let K be a semigroup which admits an inva- .
=g

riant mean. Then there is .a K-invariant A-linear map ;4}CEA(K,H)~>H
/

such that

M(ty) = h, neH,
M(£)20  Lf £30.

Proof. Let

E = \BA(K,H)

<
]

,rb |
(=

F =ith + v\héH, veVE.
RBefine p:Es—> H by

p(t) = sup t(k).
kéK'



By proposition 1, p is an A-sublinear map. We want to

prove that
hép(th+v),-hGH, veV -‘(6)_

Suppose tnat

=

Put

Z sup iti(k)"

k&K

Let z&€H be such that
h + v(k)Qz, KEK.

Caonsider the order ideal I of H spanned by h,z and z;,
lsicn. bet A be an invariant mean on K and let @ : I— R a positivé
linear map . If u:k —» [R is given by %(k)=&P(v(k)) then ué,_BlE(K,ﬁ)
and A.(u)=0. It follows that Q(k)é$(z). By Kakutani’s representation

theorem.we have’ that h¢z.

(6) shows that the map f:F—> H given by
f(th+v)=h, heH, veV
is well-defined and satisfyies

feldp(t), xEE.



Applying theorem 1 we can éxtend»ftnyz E—>H such that
PP (), tek.

It follows that t»0 implies M(t)»0. As Mv)=0 for vev,

o N . o
’1 is K-invariant.

Theorem 3. Let A be a G-ring, E an A-module,H a bounded-

ly complete lattice = ordered A-module, X a semi-group acting A-li-
nearly on E and-admitting an invariant mean, F a submodule .of E
such that kx€F if keK and x€F, p:E—>H a K-decreasing A-sublinear

map, f:¥—>H a K-invariant A-linear map such that

f(x)é pilx ), %CcE,

Then there exists a K-invariant A - linear map g tE-—>H

such that g | F = £ and
g4(x)<p(x), x€E.

Proof. By theorem 1 there exists an A-linear map
gy: E—>H such that gyl Ei= ' el gl(x)gp(x), xeF. Define

TeEufl (R, ) by
Ti(zx) (k)=gl {ex) ,  X€E,. k€K,

-Let/¢ :ji(K,H)«—ﬁH bg the map given by theorem 2. The

nmap g:¥—2H given by

g(x) = M(T(x))

satisfyies the requirements of the theorem.
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If we put A = [R in theorem 3 we obtain a result of
Silverman ((2],[3]).

As an application, let A be the G- rlng of classes of
measurable real-valued functions on EO 1] A sequence (f HG?EJ
of elements of A is said to be convergent to £ A iff for a
choice of representants ¢ €f ,YEf we have viiﬁgf (t)=4Y(t) for
almost every té{O i] Let E be the set of order-bounded sequences

of elements of A. E is an A-module by defining

Enlnend Onlnew = Eut9n)n e
Sl )nem (ffn)némﬂ

The semigroup[hr agits on B by

kw’néW' nﬂgngw‘

Let F be the submodule of order-bounded convergent
sequences of elements of A and 1l:F—> A the map which associates

to every convergent sequence its limit. Define p:E —> A by

e T
p is A-sublinear andl}f = deereasing, 1 is ﬂ\f— invariént and
we have 1l (x){p(x), x¢€F.

By theorem 3 we obtain an invariant bositive A-linear
map L:E —> A such that LlF = 1, that is an invariant A-valued
limit of Banaeh type. This limit .cannot be obtained ' pointwise ",
i.e. by applying a limit of EBanach type for scalar sequences to
the sequence fn(t) (?ne f,) because we do not kﬂow £ the‘limit

function is measurable.‘
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