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Lelerptyaf catcgories and the property of cnproximation

erhort Lurke ' Gerhazd Pfistex

Ue Imttaﬁuation

In his paper “0n ihc solution of enalytic equations® (of. /2.7
lie Axtin proved the fellawiag famous approuisation theoreoms
Lotk be, o valﬁéd f10ld of charselewstic Q aﬁﬁ

2QisY) = (£4(E57)5 eoey £,.(%5¥)) convergent powes gexies in

X = (Xyy svep Xp)s ¥ = (Yyy sesy X)) with ooclficients in
~I2 the eguation £(%,¥) = 0 has & formal solution

Foa(Fis seee Jyds 7y k/"/"x_7 7 formal power serieses in X,
then thers exlsts for suy intecer ¢70 & convergent ﬁalutieﬁ

¥ 3.(5*1 ) seagy :yv») 9 *'z.e k { Yj sc:zvezr*emt power sexiewcs m xs.,
“of the gouation £(X,¥) e 0 such that Ji._yé‘ad k“ _

nith gimilar methods 1, 4xtin prave@ the analogous: thaexem Loz

" aleebralo power soricses (the cese n = 4 was alveady eonsidored
by 1, Je Greemberg, ofs, [ 7.7) in Af3;7

The main ddea of Axtin's afﬂaﬁs is the applicatiocn ef the
'ﬁeiarstzag prepera stion thoorem and the implicit funktlon theawem
(reope liowteon's lomma) in order to be able Lo apply induchtion
on n (the number of the indetermine 1508 ).

mhis pave U2 the ldea to gonecralizeirtints prool o classes of

- zings with th@ p:x:epemtian theoren and soue othez. Begodt

properties (ei. £T4Q_7;‘£T%3“7). The geason fo¥ such a generalle
aotion wag to get o commou proof for “rtin's appramimatian



\ » .

fhearems 4n the slpcbrale and gnalytic casc, Taythermore we
wvanted to prove the approxination. theorem Lor cenveﬁgent pewex
sericses over o valued £leld of charecterdsile p>0 (For the
czue of the fleld belng @omvl@bely vadued auch an aypraﬁimati@n
. th‘,mm& Vs also proved by ile Apdrd f’i /g Ua ""%.mw Ké’%

Me von der Tul . 10 7 with dirfexent mathcua).

In /710 7 we developed the idea o consider vlzases of rings
with the preperation theorem to the so=called Uedesstral cate=
gories and proved the apreoximation theoxen for xinga of these
:acicr strald ecategor ricse ’
Ie Qeﬂeé and Le Lipshite paintcd outb &h&t Home details of this
§xasﬁ wero incomplete reo iﬁ orrect and invented Vesystems
belng similar to /7137 but more general (1.0, fanilies of
yegulaz local rings with the prepavation thaoy@m and some noxe
good properties) and proved the approximatioa theczem for xiﬁgs
of a W-systen (cfe [ 2.7 5

The ides of this papey ig alichtly to generalise tha»natian of

ey
¢ 2

- e

o
3

ayatral cantorories of /40 / to ﬂat also a coancetion €o
= &

Jm

L5 7 end to

t“,
{n

ive a aqm?lata nroof of the appromimetlon theorem,

L,
&
-

surthermoze we want to prove Bikik's appromimation theoren

(efe [76_7) for velcrstral catenories,

v L ;
'1) “he alibhges would like to thank lirs Donef and e, Idpshitz’
far thoir inltront in our Velcrstral catorories and for their

hints with weapeet to sone probdlems in our proof of the

approzination iaﬁgﬁem.




In the Lfirul theoce Gi’i&;}té;&‘%’.‘i v wlld glve a genesel defluition
o & velepstrab (}w*tﬁ“'b“" end its propexilic, igjvcinlly wo
will characterize gmooth m&?z’phmms s prove tho implicit Lunsotion
thooren an 30 sonts Zb*n,xh. v ‘
In chapter 4 we willl prove £ li.i}:’.. approximation theoyen for
Velerstroll ccbornories,
2o .pet an ddea of @ velesstrald cutegory we will give fhe defids
nition for the local caso hexos
et R be a Lield or an heuselicn discrete vaiuation ring wmi
by g‘::r»’. let us denote the oateogoxry of all noethexlan hensoelian
local xings over Ro-wlth the sgoae x:esidne £i0ld.
& full subcute oy i 0F g n &5 & Medoxolend cyst«max;f B
hug the Zollewlng propex tiess
1) Each worphisn in I R is a Velerstrafl-porphism; i, 0, 12 for
a moxphilsn 1,1 A ——‘> B in § . rzllfl 3 M‘id@&l KT B
{ : i:“mats“tgm}@”ﬂ —>0/K + m, B
is Zindte, then & —> L/E 16 Ailulle.
2) d n eontains free objects, la ve AL 4 €l R snd 4£ » -

£

(%59 soay & ) is a finite seouence of in w*‘cex'wwta&, |
there exists the fmea heglpebros A {{ 40 .“, i ?1} ing R
(this—:.me&m that for any smalgebza B € [ n end
ths seey by € np, there exists exnctly one A«»mmhism :
ABZy oasy K] —> Bdn [ ; mopping the Ty to the %)
Hox QOVQ?, the kernels of the cmanioal moxphlsns
A{{’l‘.,, sesy THY ——9.&.[{121, v _,7/(«...,,..., 2 } sxa the
idesls (&1, s0e3 ‘31,,)\1 IR L49 eoap Tm,‘&

3) Any A € Igisa nmf.imt of some R %%}3.3,..., T Z(?( F



in [0 7 we celled o vedeustral category i , ez..celloﬂt ALE for

A : .
all Ae § u Yhe wozphisn Hpes & ——> Spee A 48 formally cmooth,
o .

In this paper we wi:!.l ‘eenaifier o move general pltuation,

et

va eall 1 cmdw@ioellont 452 fap 511 A *‘i aiul 2

-

= (53.1 5669 9:::&}

&
e
o~

RS

the -m:w’iiﬂ;« Gy ‘GG/.: 'ézm‘.,fm?w?’——‘? L5360 4 f"jjJ ;ig Lormally
smooth in all P € Spce ;‘;f":ﬁj belng ?*sfnela of a suitadle
mozphian [““* 7 — 5, Bed o s

The nototion of & semiwexecellent &?eiewtmﬂ category is in
principle a poncralisabion of the czcellont v ‘?eicxﬁtmﬁ‘ezg.tegaz*ies

0£/ 10 7 ond the %,mgw't:czw of Done? and Idpshits 7757

Ve ¢o not lmow 1f a pedecxcellent Velerstrul catepsory i
adyoady excellent, Dut 1t 49 uae Jul te have ﬁ-his apmxcntly

more general notion becauce of the Qllavim;; exonplos

(‘i} Tet k be o quasioomplete)y valued Tield (dees the complotion
¥ of k with wespeet to tho valuation %s o sepawable extenalon

oxy ol o annlytic henlgebres, then

L .. 1o somieczcollent (of, LV, Tub we do neb Xmow i1f

an analytic kealgebro is c,ne’uw% in coce of cherk = 3> 0,

This only Qs to e kowa up to now 1f 'k 1o already :

couplote oz in the case Lxrk

L}
A
8

further excmnles of oxocllent 'ei sﬁ:?: :f3 ea@ee:;wies are
(eta L7107

(2) ©he catogory ¥ . of henoeldan pincs of Pindte typ over R,

g

R a ficld or an e;:mll@rz’t diccrete waluation zing,




e e o oy din gy - a s e 7 R FOE YA | -
(3) The catelozy § n O 211 nosthezden henselian locod

3 1. “ vy B of § . ’ ” X Sy By i S 5 L
ne-aleebras which are complete with roaspect to the n=adic

e Rt AT B o T A v e e TR e et
gornalosy such that, Ior ald LAEL g ME. 4 im hemcelian
o Bintba fun aver B0 < 5 21l o 4., vhere R is 2
of Tinite BYD UVeR Lg,l;.:;, TR niL e 2 g WARDT & iz 2
R 5 .

gonnlete digoxote veluation ping of charakierintic b

Tt i : : 40 v Py mm g g iy e s E A - PO, .
(4) 1=t ffigt\ he n Filtered grsteun of Lleldas or on comnleto

o Iy (e ot g e o i e (X w o S iy ey G
s401d cubtonnions are separable and R o= i Ly be 2 Fleld
e - 7 : x - LR e ] R ) - - £ . A Pr M
or on oscellent dizcrete voluation XUNg, :
!

3 s e s e Y e . = »
i g cobsgony o 211 Ranlgoimas in dy Ph Mﬂg,a.,“ﬁﬂ7 7

! N s ; !
and thelx guotdents.

/

mhe main result of this peper will be the Lollowing thaoren

cemiwenoollent Velorslzal gatesorles have he properiy of

Al ~
any

sroxination, .2, Lrtin's approzination theozen noldse

Tot (4,m) be & locel ring fuon & senimpxecllent Velezstzal
catogory aad £ = (£ eeey 2,0 an ax%itwaﬁ3 §g$tem of pa%iﬁgm$aia
in gome vordables Yom (Lyy 0oy E§§.withrcea£fiéienﬁg in A (ox
Bore g;azm;:mlfi ¢ AZYH ). Theon every solution ¥ of £.4n f‘\

(the completion of A) can be well epproximoted in the mmodlo .
tomolony by o ﬁaintion of £ in A (l.ee Tor overy pogitive ia%eggx
o thero exluts & solution y of £ in A guch that 53;?‘&@& n® A_).
ve would like to expresa eurvgxatiﬁude to Mies %ehregét’a&%

1iss Subdrge for typing the noousoript of this paper.
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1. Paslec definitiong

Heice .'//;f, it
We denote by C the category of all Hesechiw pairs (4, I,)
: = : Rt

guch that
ohfa ¥t 4, oy
i 5 s O
) A

Yie call & morphisume (4, I) —>(B, J) in C & Veleratrel rovphisme,

if 1t hes the following property:

(37) Por eny clogsed ideal K £ B (with respsct ¢

Lo

the I-gdic

topology) such that the morphisme & —>B/K + IB i

i)

finite,
the morphisme 4 — B/K is A-finite.

Remark  The property (V) implles in most ceses the stronger

properiyd

W) Por eny separated B-module E (with respesct/teothe I-adle

topology) of finite: type such thaet E/IE is of fialle type over

" A, the module T im of finlte typs over A

~ Eroposition 1 ' Property (W) lmplies {W!) in the following casem
(1) A and B are Noetherien ringa : , '
(2) A is complete with respect to the I-zdic topology

liore preciesly, gssuta A is Eoetherian, lgs (4, «T) (B, J)
be & Welerstral worphisme in ¢ and let E be e B-rmodule of
 finite type with ennihilator ideal-ﬁs; By such that ell ideals
BIY+ §/N S B/N < Endy (B) A TR s e
are closed in the I-adlc topology of Endy (E), the following
properties are equivelent

(i) B ip ef filnite type'ovar A

(L4) E/IZ is of finlte type over A



n

Proof ot (?)z I £1, eosy Dy €F end

A E = Ap1 + ees + Apy + IB
then E = Ap, + oo + Apy 4 @lnce A is complete
For the last sssertion we ilnfere ironm \&1) the prnpervy :

; ﬁ}'m §p1 + oeve + pr,}

hence Endg (%) is of finite type over 4 and by hypathesis
'D/uﬁ C.' Endg (;:,) € End 3 ( P There fore g/ﬂB i finlte over

! &nd @/%ﬁ + I8 = Efﬁ + 13 “is finite over A, hence B/N isg finite
uﬁar & by () and eince E ia of finite typ over B/N, it is
-élso'of finite type over- Ae ey

Ste tement (1) is a ap:cial case of the last assertion.
Fow we congider & pubtcategory I of C, end we defina the notion
‘of & free peir with respact to B in the obvious way as followss
I (4, 1), (8, J) are psira in § end 7= (¢1, sy ) a
£inite sequence of elements of J, we call (B, J) free over
(&, I) with generators Tyy eees Ty if for any morphisume
(A,'I) —» {C, X) in [ and any sequence (t1, 5%y Ln), t1 (e Y
there cxiste exoctly one A-morphisue o |

£: (8, J) —>(C, K)  buch thet £(I7) = %,

Obviously, (N, J) ié uanliquely datermined by thia propsrty and
we will denote it by (A, 1) % 1, e Tn gﬁ{A { Ti. vsey Tng} 5
17 5% 1, el ”n% j or glnply by %7?1, ve ey Tn{{ if there

ia no confucion obout the ideal J

low the eegential notion fo our paper is the follewing notion

of a VWelergtraQl category



Definition A fall aubcategory fof ¢ ie called o VelerstraB

”~

X i 1, & y : el "‘I
‘eategory/ i=ceterory for short, if it saigsPics ihe fodlowing
gxiomg

. : £%. +d v
(W0) For euch morphisme (A, I)—>(3,3) ia H the rings B/I B
sre Koetherisn send A/I —>B/J ie surlective

(W1) Each rorphisma in X i e Welerstraf norphiss :
(W2) H is closed with reapect to finlte wmorphigmes in ¢ ,

s
=4

e gl (JAA, 1)6 i end if (A-w I)w ) J) is & fmi.ije

—

beloags to g

(W3) H conteins free objects ., I (4, )& H end if (?1, "”Tn).

moxphicne ia C end A/I -—> D J surbcctive then (By J)

is & Tinite sequsnce of indeteyminates, there exlst tha
free pair :
mors_over satisfhes the propertys  The kernels of the
canonical morphlsmey L

A )")gri‘." ey TR §¥W::? Afﬁ'?; LE & Y Tﬂ"'7 / (?19 Oitﬁ'Tn)
(which containes (213 idiny Tﬂ)v ) are the ideals
: 2 - ;
(T", L Tn) A )117 T.}) dee g-n €3 ®

%

Furthermore, we define sn cxcellent Yecotecory ag a V-category,

where all of its OLJ ¢cts ars local rings (A, I) such thst the
morphismne Spec (A) *’?>S§cc () is formally smooth, ‘

The 8lm 02 this articél is to ghow, that excellent hwcateﬁories"
have the epyroziﬁ tion property, 1T they contsin & fleld or a
discrete valuation ring.



2. Smooth nmorvhisues in Welersiral catarories

In the following, H denots & fixed W-category. We firstly
determine the structure of formally smooth morphismes in H
~ Recall thet & morphisme (4, I) —>(B, J) is calleg formelly
émodth, it for any local Arimién ring (8, @) and eny (ﬁmell)
ex»snsion (r, m) —> (], §i) of Arth ~Rings there holds:

If =l I) —>(R, m) y

'(B.\L )g('? t‘-)

is @ commu*ative diagramm of morpniames (without the dotted
errme), the I"OI‘})hiSm@ﬂ cen be lifted to an (A, 1) - morphi.sme
1 (B 3) 2R m), ‘

We want to describe the structure of formelly Emooth.morphismes
in H. To do ihis, we firstily génerafﬁze tha construction of free
objects some what, ILet (A4y I) be @ peir in H end let E be a
;?aojective i=module of finite presentation }
fii+ e +-J‘.../>\(T)A PR S 0 1
5 waes p  linesr Tormgiin' T)
By (4, 1)%523%% = (A Q'Eﬁ 1 éiE @ ) we dgnote the follawin7
peirs ANER = ARTH /)4 Aliris + - + M ARTf

CENER sz afrf + T,A{{n}f»“..«s-“&{{nif
We want to show thet (4, I)‘% B§3 & H . ‘ |
cleerty {7l =zafial v B+ i 10 T by
ezion (W3) (obsexrve I & I fj2ff, 1 € I Laf  ioopns
A %‘ng .z % T§§ . ——> 4fI ie surjective by axiome (W0)).

E e AT

w
b

o o A XSRS A




) ¢ : '
Purthernore (,» g{eé %}‘ i {{ i) ;} ) i3 Hang }32}_ ' and theesfore 1%
- remsins to chow that
i o :
B ome A f,} m}} ls separsted in the J = { ;{’J wadlc

an

topology. To prove this we embed {4 fﬁf{ {ﬁﬂ,} ) in
{ 2 i = ¥
A f{’: {f ¢ W éi‘g T4 ). Bacsuse B is projectlve, there exints
a projection operator

T

e
b.,

!f“\ m e LS ]
249 EL R TORE  U RS A;1 - e o B

Lith kernal 2 3 (T) + ses + £ 2,(T)
The operator 7 cam be Lifted to & (4, i)-norphigme
S eap lamll oo p d0ndh e e 3 e Tl )
1 Bt e m@alrd ), e p(x 0l)., the pair
(8, S (aleh s r oY Yisin g (by (W2))
e ([{1,';0,, 5¥m) ore indeterminstes, we define a
{B', J')-nmorphisne by : o S L
-pi3- B {’zz:%iw; A{{T?] -',p(ﬁy)'z-& L
TR £ A-ﬂ»?@?' end iT(ﬁ(T)) = 0, the corresponding element. .
£ U Je B'&Q}?? 'im contoined in the kernsl of the margﬁi&me
B! {L€% ;n%é»ﬁ’ g _ﬁ(w =2 7 (T ) , hence we can w;i*@ ‘
(by (301 g

: s * P =
b 40 WY S 2 (v, - f(’"’“v ) gv ;/M/ B ,
{¢ i,(U)éQ&B' %%c?? ) anﬁ we obtein (apwlyiag the worphlsne p)
% 4
£(7) = 2" (e, = 7 ote, ) E v K21,

Therefors Lokl = §§ (P, =-7(2,)) A 47 ;}
it = = E DAkl
and (3, ) = (B, INE Fo

Now we can describe the mtructure of fermally smooth morphlsmes.



¢ ‘ I

Theoren 1 For eny pair (A, I) € H there hoids~: X
(1) It £ ia @& projective A-module of finite typ, the merphisme

L
e

/.

(A, I)—>(4, I) Lﬂ ia formally amooth.

(2) 1f (4, I)—>(B, J) ig a formally smooth morphisme in H

and if A is dansalian with respect 1o the 1deal 11 = J nA,
tba pair (4, I4 ) Ls contained in H and there eaist & pro»
jeative @-module/of finite type 3uch thatys &' ‘

B, ) = I / 3 It =} s {

A

\T\XX

N
WY

To proof the fﬁrs« part of the theovem we cen replace everything ;

by the I-adlc raap. - “,E?f -adic completions But the elgebra
A -
agz,g Mz%/}f AUTd 4= 4 AvAETE f

4 |

AL

‘43 obtviously, ?ermally smooth over As : ;
Proof of acsser ion (2):s Ve replace (A, ) by (A, 11) (cantainad

in H by sxiom, ( :2)), bhence we ¢8R asanmé ¢ AT B \\
Step I "1»;_ module I = J/J + IB 1sﬁprolect_i_vg.3 d __f_
£inite typ u;_w_ A= NI, \\ ‘ |

Obviously ) 45 s T-module of finite 1yp, @ince 3 = B/IB is
Foetherian, Ewé kave to show that for any ep&mu:phlsma
// '

e \
Of T—modules of finite typ eny homomorphisme ;@

‘csn be lifted to & homomorphisme p ¢ E *ﬁpﬁ&

o

v i
Let m be any maximal 1deel of A and asgume nYMam WN=0

~op» sultsble ¥V, Congider the epimorphisme of local Artinian
T 2

algebrss R=4/m & ¥ —> R=24/m & 7§ (E?'z N° = 0)
end the ho*oholphi,mes oi rings

a + 822 . 8°(b) = bnod J5  (obgerve 3/J% = %)

\\‘
N

-

e

e e eSS A S e SN

i et PP




AR e oy rlobita e e et s

L AL i an i @ nte

U1 7 VPR 4 TR % N

T

end T ¢ B iR

% % o LY e
.é (b) = (s(b) mod m o, Db =s(b))mod J°B))
Because B is formally smooth over &, we con 1ift T to en
homomorphisne el —2R
and t induces e lifting p: B —> ¥ of the honomorphisue D
This implies that for sny mezimal idegl nm of % the m=-sdic
completion of § is projective over the m-adic completion of

A, by faithfully flat decent we infere theresfore that I ia

projective.
step II'  Gonstruoslon of & surieotien. (4, 1) {Efl—>@, -

Since (A, I) is Henselian we can 11ft idempotent elements in

any finite A-algebra- ¢ from &/IT to &
' H

A

Yow & 1is e diresct summsnd of s.fres X module A" and we
san 1if% the corresponding projection operator in End (4" )/I End(A

to End (AY). Hencs ' £ can be lifted (uniquely up to sn

- isomorphisme) to s projective A-moduls I of finite typ.

Singe B = J/J° & IB we ban 1ift the isomorphisme E/IE & B

to an A-linear homomorphisms :

g E —>4Jd }

and 8 induces 8 morphieme {551 Z” §§~¥>(B, J), alao den&t@d

Ly s, which is obviously surjective (by exiom (W1)).

Step IIT The morphisme 8 is_injective,

It is sufficient to show: for eny ideel ¢ in A such that A/Q
is local Artinien, the induces homomorphisme

51 A Ysll /eal e} - /0B

ig injective (mince the intersectien of sll this ideals Q 1s O,

by axiom (%0)).

o



Hence we can sssume that A is local Artinian._SincévB is
formally smooth over A, we can ‘construct etep by step an

homomorphisme % ¢ B —>A %E{! such that the diagrémm

| - ' !
g Yo alF 2] 1
7
i ' i\
s e ¥ ' Y
it e pedBnicaN smbonttg A B C R BAd - TN

kE
X

ig commutative, therefore.#& is injective, snd the proof dﬁ\\x-
XK-L

the theoren is finished. ..
Wwe went to mention the following consequencs.

Corollary 1 1t (4, I) —> (B, J) 18 a formally smooth

worphisme in § and &/I = B/J, the module HomA(E, I) ects
transitwely and free on the set of mections

Hom‘(ﬁ., 1) ((8, J), (4, I)) , end this sei is not emptye.

In she next section we.derive the characteriza%ion of formal
gmoothness by the Jecobion criterien, For this reason we have
to introduce the following fects '
(1) For eny morphisme (A, I) —> (B, J) in B the pair
(B, J) cen bs written up to igomorphy in the form -
Behllof m , J= 1B+ ‘;%#'TVB
Ve hgva to chooas representatives‘t1,...;, tn of senératora

of the A-modwle _ T/ J° + IB, Then we put T = (TyreeesTy)

iy 1

‘end define A ! T}

g

- B by T b
K = kery (.A H T’SZ) --—-“"‘.;7 B)'
By exiom (71) we infers B e 4 2§} /& end J 1a generated

by the itoge of the ideael I and the elementct, o



S 3
{2) If Bdssany.. A sﬂTé} - moduls, sepsrated with respect to

the I-adic topologry, the modulse of derivations is
e
Der, (& 170 B )t e 59 (B¢ el am o B
o lf'\ 3.\.3{ g L T 'hils-. {ST’)%; LY J'\%N,» .t Gl 9 =iy
5 £ i \:

£ om /3 4 oY ~ - T
induced by & uni

,f‘r:(.
o
i I o) {/ ’
4 P o § % T ke S iy £ e
d H & § £t ;*;’ i ‘sj"‘i"j " ..‘*’s :( L g \.?;..(1 174
Ay v __;f}
= - e 4
di = = o o oLV

Vic. i 1
\

§d
~
e
=
4
;.

-
g
G
el
3

-
X

troofs The palr B = & {f??ﬁ + A {’”}ia, y 4 =

: 5
defined by %,2 = 0 -telongs to‘gﬁby azxiom (vW2). The A @»ijwn duls

7 It ! !
f;} ::':}!/} L Sﬂé B

ik
H

2

iz isomerphic to’ the wodul Der, (4

~egsocieting to a-derivation f§ the morpnlams-

VAR 4 =3 L+ _;‘f). Especielly to sny T, ‘we.can sasoclele

the morphisme T, T i. (bW 8 > T & & 4 %he
correspending darivatlion is denoted by ,%%} s

5

}i ’ < s p —
Ir 2. AR % —> B is eny derivetion, we consiuer

i ol : e
{f)a E(f) - »2: %ﬁi, D (7, )e Prom axion (i3)

£

infer that A [ /(“) 1145 is isouorgphic to

g JBeidaa(E) Lo Lf3u7 , hanss’ D _(£) & ()" & for any integer

s, end vecsuse I is ssparoted, we get Dy = 0,

; 41 g ;
X e - : !

-



}:'Quaainrajactive gohemeg oveY Weierstald cateroriss

\

‘we went to study eystems of equations of the typ g?(l, U)+,67,

'ﬁ‘-’hQr 7= (’I»}y eeoy Tﬂ) 3 U & (Uig ese Hﬁ) aﬂd F( ,U) é ﬁ.é;T]} [U 70

\wa gtudy

'In other words, in s slightly pore senersl form slotion,
abhemas of the type

- X = Spec (B) —> Byec (1), ' oA
where (4, l)-47(B, J) is @ morphisme in H and Spec (3 )—4§Speov(A)
is induced by this morphisme, and where X —> Speg (3) im &
quasiprojec {ve schema of finite presentation over B, L. e.\X
g & gutrachens of soma prajectiva goheme P(B), whers E is @ :
B-module of iinite presenisilon end ahere ¥ is ’ncally slasad
fn I(E) snd locelly dsfinsd in P(B) over B vy e ¢inits rumber |

}

df equations.

$ilod ; \\
If E i3 generated ty sgy P elerents, we can ITuid @ ologed &L= e
teddine P (3) < ?ﬁ)x spes (B) of finite present&tion, hence

we czn GEsunma ;QQQE? g Speec (B).
3‘»\

Kﬁwa ever, {78 = @& L&@@i /¥, we con assume ﬁ €;Eé?x gpes A{(ng,
" locally closed end &efin&d locally by K end finlte mﬁny

polynronlisl equat tons Mui*h c&aff‘eien&a in A % 3}

Ye prove the Jecobian eriterivm for thia mixed si udtion, we then
proof the uxisuenua of sections of X o*er A (\hearem on implicite
functions) cnd its generelizotion (thﬁ andlogepof leﬂuons Lﬁmma).

We denote by p the projection 5 } l ; \

: H :
i { !

v-A'%-)a : / 4 ‘;‘;l b 3 "-,‘\
/ e

dhyeX o e poiat sueh that plx) <= J(Z), we coll yj;:”ggig

Poa

p t X — &psc

grogth et x (or X formally emooth over A ia the puxnt x}, if

pdis
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tha mcrpaigus of paira (4, I) —>( C?i}x . 7@Zg;v Y (which
not in ) is formelly emooth. :

Tb"‘3 ST 2 - Agsume (A, I)é g - T = (T«’i'cco. Tn);. and

X & P= AN z Spae A ’/mé? is & locally clozed aubschema,k

p1 X —> Spec (A) the corresponding morvkisma. 1 e e
U.‘, esey U, be sffine cosrdinates ﬁwj e B ECHE,

plx) & Vv(I), the echema é is Tormally smooth over A in x,

§f 8nd only if the following condition is setlisfled:

(J) Thers sxiat funciions Tyy seey £ © A_é}T;Eg ur
which generate the ksrnel of the homomorphlisume

and ﬁuch that tha Jacobian

1';x;,f hes the %4

Proof: 1) Assume the condition (J) is satisfied‘and sgsuce R,

% = R/ER ara local Artinjan  A-nlgebrss guch thet wm,t = 0,
end 7oA . % is & morphisme of local rings,
Seges
: . % -
an 1ift the compositlion (X e R ded
we can lifv tns ¢ ST e itlon L/:f" P : (, X, 2 m,_

& morpnisue Vv 3 éﬁ? e (*" iftving tue i.’fm”
’ o

e
L (05 v e kerimef ),_ {/,L,

J)’ If the funetion £ on P »{”) hag the form ‘v( ) . s(f),

where e{f) € k = R/m (since t is ennihilated Ly mﬁ).

For any choice of elements @4y eeey B9 Dy ocoy b, € k

the nayp

; %
! 5 . e o e j
- i i : Wiy T e S
Y o == \" !T / ‘..,f 3) ‘,'L 28 t;’,.‘.,,,‘ s 2 !f
7 : j ¢ ¥
e




1e

It conditioa (J) is satisfisd we can GROVBE 84y eces L
b1| ecey bm in guch @ way t‘zat
V' (f,) = cow s vt (fk) e 0

. 8inse ker (v') cnntains some power of Iy o 4% conteins thersfore

9

elgo the kernsl of 67‘ o |

s X gt
and induces 8 1lifting /’4! ¥, X & — R of /6»
2)  Assume X Ls formally smooth over A in %. We will show that

conditien {(J) is satisfied. .
A A

G , 5 | -
Define  C U‘i’,x St By e WX'X SR Mi{er (Cﬂ?’xﬂ?%,x )

then C/KC = 3 and because of formal emoothness the
canonical ‘»Hawghiame v 55 :
} T
can'be 1ifted to @ A-morphisme

. 7 f B .50
I 7T 1 C —>8 is the cenonicsl morphisus, the composition

mey 1B —>B conlcldes with 1d, mod #,2, hense

{;"07 jg on isomorphisme of B end = ”/ 2 7@/ )"1
{g a sectiocn ef W :
Any derivation & T ”;1 [v] —> L ouer 4 wi*h values in en

Iaédia-sepsrated'umuodul'n extends in 8 uniquse way to @ derifation

-fo i
C —> Ey *géﬁa we have derivation
- g
a1y 0. — C : f:; : ¢ e G

e 5 _
ge i Al T ~y 7> XC/K%c = + K is defined by

G (2)= £ - £2 T (f) mod K, it is e derivetion, and

W8 can ﬂa@ﬁd it to C and have
o> Y et ). p 5 X |
i E” ’Z§ [7; 37 7 &,:; F, (U,-%)
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Ne
N 5
where tj = 2 @ﬁ(mj) . fﬁi « Q,ogr(Ui) . Thgn /
induces @ Belinear wap .
e e ol : - T
L= @2dT 2 @3, =K
=y ¢ h=1 1 {
U(ﬂf)ww 3 ) pdl K irﬂ{/k”éy ﬁi)““ Ko
: J G C: ! :
L et L>
The derivetion A 4|7 ﬁ.i v/ —= 52,
e H L"’
I ST ) e | it 2 :
F : gy(j7 )“'J 7“ i /)///;/,
. 0 %7, s 4::1
induces a ID-linsar mep Y
w 434 B — 22 e ; |
“(becsuse of (' B &) =g, =2 (K%)) =0 )
¢ * .
Por £ & KC thers hﬁlda P
la
’ ‘2 o, 7 ld /n/‘ b1 ‘_.. B
v 0w (£ nod K°C) ‘>" (; «z f 7,,51“ 2
s B (£) s gt pp B S o7(£) mod K20
= £ mod k3¢
Therefore Y o @ = ide , R is & direct swmand o £, hence
& free Be-modul. If the functions £,y ..., ¥}, ~© 4 %;@%j el 7
represent & ff@a_basa of &, the matriz correspanding to w
1 ﬂfﬂg ) (evaluated 64 X3, hence condition (J)
L TR : .

ig getisfied,

We consider the follewing question: CGiven 8 morphisme (4, I)—>(3,d)
in B end @ quesiprojesiive Beschoma & X — Spec (Bl

hasume thera is given a comrutative dagremm of norphisnas

y e (5

(1) ¢ o/ )

Spec {4/ B) Spec (4)



14

L want to eitend €, to & section of X over Spec (4). To

reoduce this questiﬁh to a slightly simpler situstion we first
prova»the’following:

Lemma 1 Assums that in (1) get-theoretical fhere holdes s
,R‘cvzo (v(I)) < V(J). If we denote the kernel of the homo-
morphisms (pg?¢, ) 1B > A1 by dqs the pair (B, J1)
»belongs“to i (and IB & 31) -

‘Yore_over there exists an smbedding X & @m X Spec (B) and

¢ gection ? : Spec (B) — P® z Spec (B) which coincides

on Spac (B/’J1) with the morphisme & 4 ' :

Proofs By essumption V{J)..Z V@) =p et (Ve = (1)
end by exiom (WO) the morphisme (43 1) — (B, J) induces 8
clozed embedding V(I) < v(I). :

Therefore V(J } = V(J), hence (B, J, ) is Henselian and the
inclusion J1 v WA Jq holds for some Y §> 0, more_ over,
‘\ gince bty exiom (W0) the ring B/IB s ﬁoetherian the ideals
J.-J1 end J r\J1 are finitely reserated modulo IB. If the
eléments tys ooy L & J Ny represent a baee.of

J n Iy / IB we can define en A-morphisme

Bl v B B.o=3B, T t—> t4s By exion (¥1) this
morphisme is finite, hence we infere thet (B, J ) belonga to
B (by exiom (W2)). How we construct the schema Y as followe:
The morphisme %, induces glso a morphlsme ?33 Spec (5/J1)wqpx
end we cen sssume that X SP" x Spec (B)e The morphisme

ig given as a point of o® x Spec (B) by an epimorphisme
(&3/&1‘m+1 —> I ojto en invertible (B/J1)~m9éula L, end’

B
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aince (B, J,) is Hensellen we can 14f% T to an invertible
Bemodule L and the epimorphisme to an epimcrphisma of E»moduls.
BmM —> L., Therefors  can be lifted to a Bfmorphiama

o 7 ¢ Spec (B) —> ™ gz Spec (B) Go€ole

Leq:gwg  let § be en effin schama and X P xS ] praqﬁctive
S-schemna defined by forms F (To, coey Tj) = 0 with ccei*icientﬁ
from [ (8). If 7t S —»X is @ section, corresponding to an
invertible sheaf [ on S end n+1 sasctions 79, ceos 7

N

géneratimg L , let U< & (H 2 (m+1)2) be the scheua

defined by the equations
ﬁé

and by me inequality det (A‘ 4 , )¢ 0 _
Then f(x) = (x, 07583 .55 0 #aU definea g section of U over
S and
Sk o 25
£ (x, yij) : (=, L!Pojf;jf/z: A /07'£ 9 ‘Z)
dofinss en Se-morphisme U —> X such that Eo; = o
Yore over ¢ is a locally trivial fibration with IibId

Gtk &° = <5g

Proof: let S, by the open set where [ 35 gensrated by Yy s

by & lineare chenge of coordinstes on Pm % S, apd 2 x S

we eaﬁ gosume  ( ? 08 0ees ? m) = (j7°, 08 %o e 0) gn Sy
Then U - is defline d by g
B (14»*:-.'00)%, Lap ?o’ sees Ymoﬁo) = 0
and ¢ by _ .
£, ?ij) = (2, ¥, % Yy bosse b B )
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'Hencs & 1is e locally trivisl fibration with fibre

< Imt

Gl(n) x A* x &, (atebilizer of @ point of P° under

" the sction of Glluet) D

Tor latesr use we notle the following

wh@re E is projective of renk k end 4f & A such that
x dex(2®) < imagaof A Q’

(@” 3 &% _5 5% the dusl map to (;5 )

there axig & hozome: rhiﬁua 2" T

puch that o = x iy

Vote that the co mdition about X can elso te written o8

g ¢ .image of (dst(D) o AE ABE _5 A) induced by Qé H

In the caga k>n the elemeat x must be O, hence we can

Put )’ﬁgo

hpeume K < n , the condition abtout x"impliea

x * < image of Q’

T p AR ® 15 an epimorphisce, we define a homomorpaisne

{5 e Y oy /&(ai) s Vy ARy

such that v, ere elements with the property qﬁ (vi) = X p(ei)

Since I"s" ig fgsmaeetive. p haa 8 section r @ R o B and

wa define Z'* = @ar i

Then there holds &*wﬁ’ #ax 1(133 gnd for the duwsl map
_— 76“{}5}% x idy Qe6eds ' ‘

it ¢ B s Rt a homomorphisme of A-modulsg,

PRSI




e

Mheorem 2= (theorem on implicite functiona)
 Ageume that in the disgremm (1) there holds
f8) p s, (V(I)) < V()
(b) X &5 forwally smooth over A in all points s (x)
(x ¢ Spsc (A(Z}) S :
[/?ggn”gk,cen e extended to @ msction of X--Qeé5§@c (1),
By lexms 1 ws can raplaaa'(B,J) by (B; Ji)’ hence we can
egsune  [Po€, Spac (A/I) —> Spea'(B/J). .
Furthermore there exlsis-an embedding =X < ?® x spec (B), 2n
-invertibia E»médule I snd n+t sections 7 ol “ves ;’m
of L genoraiing L, such thaet the cox respondlng point
7 s Spee (Z) —> P x Spec (B) conicides on Spec (2/J)
with the given morphisme £, ¢ Lot the projsctive closure

of X in " x Spec (B) te dsfined by the femily of forms
Fo ol Uy eeey U n) € B ZTUO, cooy U7

and gongidex Lndgterminataﬂ Yij’ Lo § =2 0, evey 1

- s i 5 ¢
and in the alrebra 3B {i ch’ fe1’ PRP Ymm%f = B 9 Y }

the I-pdic olosurs % cf the ideel generated by ths funciions

correspondizy to

R AN AL [

From lemme 2 we infere that the algebra C = }3 % Y?} /5
is formelly cmocih over (A, I), hence by Corollarg 1 the
homomorphisnz ¢ —2 &/I given by ( /9025)& 38 k)T,

. and Yij —> 0 exztenda to a homomoyrphisue C —> A, say by

Yy g PR

€,.

ﬁxﬂ%@@%@

i’v“

A'g



! boy
4,

i | 5
Then by (Y, y*;’;ﬂ&cgag%, f"%;' SRS 77“* *d‘f;,?‘zf ﬁ@)
we get & section of X over Spec (L) '

Our next aim is to fo&vmailate and to prove the so called
Nawton leiuna. : ‘

It Y= ( Py eees Vk)' 549 AZ’J\T?;) [V.7 end an
A-morphisue A% iy %; Ll = Ty =P ti.' i=at, .._‘}‘, By

Uj > uj s J =1y eeey B ié given, in the case_k £n5n+ I,

we defins the following idsal in A

as

¢ (70, t, u) = the ideel generated by the ‘
(kxk)-minors of { in/ 7 Tj, (t,é),ag.é%(t,b))
and by '(tﬂ?(t,a), L es 'fﬁ'k{t,ﬁz)
if 2 < Spec (4 l,[l?% L[U_7) is the set of zéros__of p 4 the
locus ?(G(_f , ©, 4)) consist of &ll points of Spec (A), over
which 2 is not & snmooth complate intersection of codimsnsion
k in Spec (ANEY LU :
- Theoren 3 (¥swions leuma, prsliminary version)
~ hssune {ifm ( [;ﬂ1’ o 5 ﬁﬂk” Y’i &bk Tfif [‘U.J’
T = (T1, Yoeg T ) o U E (U1, uoh ‘i!m) , and let H ax:a; Iy be
tdeals in A ouch that I, C I and 4/I; is I-adic separeted.
If the systen of gaquations
Yz, U) = 0O |
hes & selution (t% &) ,%?, i ug & A modulo }2211 guch
that the ideal in A, genersted by the (kxk)=-minors of

- ;
/":‘) (s :m ;
;

: , -/“mﬁ“-"- ¢ 1 r o X
( /c?sﬁw;é %, w%) hie, (+°, v°)) contains the idesl H,

then it hes @ aolution'é’;, u) in A su.ch that t = +° moad I1H,

peau? o ped 2,0
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-We cen agein consider a slightly more gensersl situstion 3

Given & mofpbiﬁme (4, I).N__j> (8, ,4): in H,

aesume‘p: X —> Spsc (B) is a qaasiprojeétive norphisme and

b s Spec (4) is formelly smooth. fonsider a locally free
09X~modu1e . of finita rank and & homamorphiame }O:éi~9'é7%,

then 90 defines e closed subschems Z of X by GZ? = coker ( g?).

'By.f* x/n Ye denote the universel I-adic sepsrated differential

mwodul snd Lty 4d: 6722 —> 521XIA' the univarssl derivation

(for deriﬁstionscwsr A with values in I-sdic sepsrated

quasicoXarent Gﬂx-modula).
The universal I-sdic separated derivetion d: GZK e 521XIA

exists en can by deacribed as follows:

I X =Spse (A 7 LUT 7 (Fyy eeey B)) then 2l

corresponds to the .moduls

5 =
)@ Uy ar, @ & Opavy / @7y, oeny ary)

: M F ‘ ; 5 =
where ar, = ; T’ 3 + :;é{’_dUh » and .
| 2 el J, | A——rf h
Liggt s : S
dfa.zvffdfz-.» ——de.
= J
, el o s«»
The derivation d indugea an (Z’Z»ILnear zap :
. . 1 ;

| (by o Q< > d (P(e) & 1), and therefors un
: Gﬁgolinear map

aet (£) @ O, —> 28 p O,

(whare 52§/A is definsd as /\r S?%la ) .



20

11 e g t Spec (A) — X is a seetion end it XN ie tha ideal in

A such thet Spec (A/N) = ch ad (z), we restrict this map to Spec(A/H).

’ It'e dual definea 8 bomomorphism
Hom, ( & (@) 9 0,), $f et (8) @) — A

Then we define the ideal C( ¢ , So ) <& Aby
¢( ¢ ,'so )/ = imsge of this homomorphlsme. :
In the specisl case X = Bpec (4 4iT Wby LU 7)o Em & 88 { [_”U_]‘k
eand Y = ( Pys eoes (f k) §t coing’des with the ideal dafined
gbove.
We can defina C( (T') S0 in en alternativa way as followss
Congsider the anaef % as @ umodula -ﬁ the gection o ar_;d
the mep induced bty v
Der,( Uy, 4) —= Hom;/x( £,4/184)

o

D s Do Y mod W A
If rk( ) = r , X( s 5o ) i3 generated by W and the alemants
ast( D, (¢ { ) }), whers (Dis s.., Dy) runs through the set

.i}e,rA( (QX, A ) snd (61, v o ety er) trough the (local) .;ectiona of

o
loe.  Cly) 5% U 4 tunge of
A Der (U5, X ) & (/\rvom @, (g’,.m:A)) pLEYV

Theorem 3' (llewionscies Iemns ) ;
Let (&, I) —>(B, J) te a vorphisms in H 4, X -—-B*'> Spec(B) e

queaiprajactive schema over B end 5, Spec(A) —> X a mectlon.

Assume X ig formally emooth over A in the .poinis of s, (Spec(A))
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end p < (V(1)) € v(a). |
To - F éia»67~ be e morphisze of a vectorbendle of finite
rank over X, 2< X the schems ol zeros of ;Z gnd H and

I, €. I fdeals of A such that (A,; F /11) =y —

b

I (&) o (Spec (A/z*"",,)) S <2
there exists a scotion $3 Opec (A) —> 2, such thet

© o $5 ©8 Spec (A/HI1)

Praof:  Siam 1 Reduction to the offine cage

By leume 1 we can essume A/I = B,

if K demotes the karnsl of (gavsb)g : M? _— A,‘the'pair (B; K)
im Henselian (since K < J), ‘

lience we cen sogume that X C Pg and *hera'exiata g secticn

8 Spee (B) PzB given by (L, 91 ST 7m) {L en invertibla7 

;ﬁg module over B genaratad by .? e SR }L) which colncideg on

(pa ) (Spee (4)) with the glven ssction s et

¥e consider egzin the equations B (Uo. N U ) = 0 defianing
the projective ‘cloaure 0% X in F* x Spec {(B), the alge“rd
Bl o (¥y3d » 48 -0, (ousy my the T~adfs Glogure

X of tha-iaeal generated by the funsiionsg Correspendling to

/K : .
P (70 420 Yod ?J . ’ o-o,‘?m--} {: ij 73)@1; - Bg; Y?

(2, = deg ;M) and the algebra C = B [ v §J /&,
By (70 53:1 o5 Y5 Foeee 8 Y 2 J% ) there id defined

B B—morphiama <3 Spec (C) —> X, and vy Yid >0 and pgosﬂ
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we get & section t, of Spec (C) —>» Spec (&).

By lemme 2 we cee that (C, J &Y 0 /K) is formslly smuoth

over A. | X ,

Ve considsr tha ham&morﬁhiame of sheafs &%&E 25@2 ép%peo (c)
end we ghall proof that C(E¥(P), t,) = C(y,S)e Since £
_is the schems of zercs of ag(ya), the esgumptions (a), (b) are
then satisfied for Spsc (C), gﬁ(ka) and %

If we prove the existence of & sactlon |

t: Spec(a) — 51(3) satiafying t = %, on Spac(A/HI1),

the gection s= %@ t s Spec(A) —Z has the required property.
Haence we have to prove C( g?(yv), t ) = C(?a,sb) and then we

heve to prove: ‘the theorem in the apgcisl case whera X = Spac(C).
Proof of C( ¢ ((/). ty) = C(piS,) ¢ |
sxnceAt61 5.1 Z= S, 1 Z , this aubecham&a of opec(A) are

~

defined by the sene {deal . Furtharmore we have e canonical

restriction msp DarA(C, o L R DerA(G9X, 2y

By lemme 2 this mep is surjsctive, therefore

SR )y 1,0 = Oy, S

Kence we have reduced the prove to the cese

X = Spae @:%g;i). ? & projective A-module of finlte tV§ and
such that § eraspgnds to & é{Fﬁ f>A, P —20 (by theoren 1
and corollu“y 1)

g o P - : . oy ~ 7
Step II Reduction of the cagse X = Spec (A ﬁé?}f )
'11211 + FA f;ﬁ?‘{é 2 Inege of (E-—(Jf? 4 !ﬁ Rr {5)

ay ¥ 2 ,:?
(where E —% 4 % & g ias the honmomorphisme of A @ 7y -modules

) i o
‘53 = 8 glgr-&‘, 6oe3 ‘637 e

.//

. f;?
corresponding o el sz) to A {F

o S ki ki
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We ean reduce the proof to the cese, where T ig free, 1. @
X= Spec A %S 1' ¢ceoy Tn %} ag followss e, ¥

The module E cen be written as E= F {ﬁ A !}ll f} s Wwhere Eo
ie the projective A=noduls obtained fram bydreduction

e
moé FA Yli e AN iSO&OLpui,&ﬁ Zo V’A A 3 is thaine& by

1ifting the idendity of B, to an Avlineaf map § + B, —> E
(&iﬂemve thet B ig projective) and by X2 of }~? £i(=)
g . ¢ € A 42‘%). Thig map reduces to the idendity med FA.{ Eﬁ/
and ein@ﬁ 74 { P} 18 conteined in the Jacotson redical of
A {{¥] ena o 18 of sinite type, it ja surjective (by
Yekayohnas leume) end tharefora bijectiva (sirnce E 18 projectivs).
Th%refore $ 0 -”A%%&s determined by en A~linear map

o B H211 + Fall Y . There exist @ projective
A-modul F' guch that F @ F' = A T4 39 vee @A T 8 gres.
Ve can 1ift y to an A-linear mep P 1 B, —> BIy¢ St sl 7

and extend it by the embedding 4 : F' — Alﬁw@{ to an A-~lineer
i
map Qidg. . , n
prt ey KB it oo 1oL %;‘EVA%TQ

Any A~éari:uxion Ds A@i“? —> A can ba cxtended to 8n
pederivation T v 4§ ;;, —>4 , hence C(p,0) = c\y

Step III Proof in the cese

X = f}}”&?c A {Ys T1' ecey Tng
j 31

el 2 o {
@ v E, 7B 4 2 Ty lfn

Sy
has o

(z, & projsciive A-module)e
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We have to determine elemantis t, & BI, C I such that under

3} :
the map A %T ‘;‘5} —2 A, Tv —> %, the horomorphisms % ig
‘mapped to O, For any nmep Qﬂ t By —=> A%%L T?Z and t, &1 let vs

denote by 5&(*&1, ceey £,) 3 B, —> A the composition of &

with the i-hcuonorphisns A %;ii = ) ’I‘v z»’—*? tv‘ L«"f/é Qs Oy o
n
(1) g o Bia T g
}ﬂ é&‘l gL ¢ Wij V=1 = yv Vot a‘! = yv{"
2 3 % 1

%15 :Eg — xis g,-DV 330—"914
?vﬁ “’"551 {{‘i‘}? s Where “I;', ooy a are cui able

, elerents cf H.

n
(This 1e possible since In(y) S B, + g DA g0l

_=n21 + Z e T B e
val ' v,/- 521

Than we try to find elements ty in the form

(2) t\f = “’Cv ‘{’ﬁ”}\' = z Xf M\’P
: {) =1 i

with eloments u, Cails © 37 5

-3
{

The idesl Q{%; @) ia the idsal generatesd by the dmoge U oof

r
2 b2 Y Vo y " the clewren?
aki.»;‘, ({ :}-j QH 0 ¢ ; e

by =1

(z/vf‘-(wai)‘ovo %V“l(wk)

PR : - ¥ <'VV,I’.‘"'4%?IQ /dj?d' AL/N:;)

(ff (4"‘1) sas (wi{)

if k = r%(u ), whers @ 1s vees 4)) ring tho through ths set E

G?‘?

e




5

1et A denote tha ideal 'g@nerated by the ¢laments 5%'4.,,3 y&j%ﬁw,»,ﬁ&i}ﬁ%‘
we went to show A = C(gp, ?) . We have by assumption

_(a) that N E 1{211 and by (b) thet N + A 2 H, hence

I < (n -&-A ) HI1. ; ’ e S i

S

Therafore “here holds the idendity W + A w NHI, +A . $lnce .
N is of finlte type we infere from this idendity (by E%’akayamaal

lemma) that C(c/, @y -a +HB=A . : '

Since ths elsmente x5€ ESel h )eA are mA we can

find for azecm index J &n .av-linear map

such that o ,
@ 1 s 2 5 Rragidly T
_ ve=1 : 1
(by lemms 3).
Substituting (2) into (1) we get
T > sio el ‘3
)= 5 x4x, %13 + Z Z 24Uy 9‘//"@,
13331 v g {} =1 ‘

n b = .
+ s = 5g2y vi‘}a;j %/Q (t{u))

V,/M =1 i,j;’-

'Usizng; (3) we can write this as

: r n
) = Z X ol f}"z;j 23 (Tp) + U g+
" L1 X =1

vé;;“‘ éj uvif}l‘j\fi&fq(%(u)) \ (” ) 7}4%,

Hence it is sufficient to determine the elenents Uyy gu h that
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_the terms in ths square brackets vanish, l. e. we have-te

consider equations of the iype

(4) GL&/‘JLQX” ' 2 é(v’ /‘ o‘ff Ve

e ‘i

b)) =<

//—/"/ 3

9(/”15 veeg Jig i.“‘!, eces I
Gy € 330 A 00 AU 1
The Jscobisn meirix of this systen in U= 0 is the Mmt natrix,
‘gnd for U = O the equa‘i:ions ‘vanish modulo 11, hence by theorem 2

they cen be solvaed by elements 4y, & I, Since 4, 2 1, we

infe.-are from (4) thet U, él‘ 4 (Z Ay 3) and ssince 31 ig

J«ndic ¢lossd, hence alsc clcmed. with respect to the ( Z Auvj)-adic '

. Y1
topology, this impliss u)e’-' & I, qee.de

T S

LT S SR
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4, Generalization of Elkiks theorcm

In this section we consider a W‘-cat-egory where all pairs (A, I)
are Noctherien. ' pes e |
We congider A 1,?_"‘% T = CT,,, e 7;) _and 8, algebraic schena
P —78zc cﬁd 21’9 wh hich is smooth over A{(Tg}
For cny closed subschema ZC Py defined by a sheaf of id ;.,ls
KC @}?r we defing the following sheaf of ideals S L hes
For U C P open end affine, £{U) = Z Li(8) & ESLse 7.4 (£) -t-K(U)
where f runs through the set of all tuple (£49 eoes )6 K (U) 2
P= 1y 2y eesy I (£) demotes the A‘Q@lz,&(u){ and A (£ ) the idesl
in O (U), imeze of the mep /\ 'DQVA (& ), Gh (1)) —>
@ (0) =/\p@9 (U) P which is induced by the map '

per , (fo (W), &p (W) > Hp (V) P

& \—> (S (fy)s esey & (£p))

Note the followinz propertics of &
-(A) " xe X, then SX £ @p, x if ond only if R, =1 (£) for a
sﬁ(éi:ai)la p=tuple f& Kzé psatisfylns A(L) = ﬁp, X

(B)- T iu zcnerated by s regulare sequonce (¢1, caey fn}
in é’;:zg x 4 the idcals { and A (£) + R .,5_{ have the cane

set of zeros in @"’), Xe

Now the formulation of Elkiks theorem is

Theoren 5 If {4, I)E il 4 there exisisc a fun—c‘cicﬁ

d S E m, é (“,Y e) > max (r, c) s with the following property.
Asoune P o= PP x Spec A {{ ?131 snd X CP is a (qus “i)plOJCu’GiVG
gupbechens and ¥ C Gy a ‘quagicoherent sheof Qf jdeals, such that
for a ew;f;:,’;:-la integer a there holds ¥ a@{, c 5(’(, P J

Then: for any A=morphisme

S‘oési}@.c ”'MZ')——-——"‘" s dad@ (e, 24 0)



¢

such that (12 V () demotes the closed subschema defined by the
ideal X) . ‘
sg (Spec (A/ YOV NAX
thero exists e section & 3 Opec (A) —> X such that
8= 8, on Spee (A 15) -
The progf is ccslly reduced by lemma 1 and lenma 2 to the case
X C Spee (:;({}3 11?]) = P (thé ideal H has to be replaced by its
inyerse inzge in leuma 2)e .
In this cese, If T = (T‘l’ iy sz)’ giving en A-zorphisme
g, ¢ Spes (2/ Id)———- X is the same =28 to glve & n-fuple
O o (£3) eeey t3YE T Buch that P (£°) 2 0mod 12, where |
F=F () deyotcs 2 tuple of functions from A2 1YY s wihich generates
the ideal of X. If H CAQT Y deuotes the given ideal, the conditiocn
By {speec (4/ ) CiNV (¥ means in this cese that
I O (oince d > 1),

Pe
ead
€

We conglder in the following

Fe L{{JBI ;

'.}C’..LI (J’&i' z)‘ a q"tu;lc

¥

ard the ideal E corresponﬁimg

.
&
P
=3
et
L
L 3
.
@
“w
=
o

(Y C P = 8pec "{L 531 a8 defined above.
@ M ;
are given { € 1 s X €I ond en idesal

X €4 and the i’ollcmnirzg conditions zre sabisfied
) = 0 mod x° ¥ for an integer 80
(3L Y% CTE ) ' for an integexri =210
(1198 ¥ o ST P e 7 T
In this cape there czisbs an (3/ C & m e

P e f} - 3" i
gatiofying F (t + y) = 0O mod x l) 0




7 f7
o

Renmerkss 1) The asscrtion is of course trivial if 2 (s - 1) < 8,
1, e. if 8 2 v, sivnce we can tske y = O in this case,
'iiow}{wer, if 8 >/ 2r+ 1, the veetor t + y glves & bettber
approximation of a2 polution of the equations ¥ = 0 asAthé'vec%or te
2) If x €1 is not nilpotent, we can always find an interer k

e
guch that 0 ¢ ¥ = 0 z“ Hal _—i o,

Hence If in- the lemma ‘8> max (2 ¥+ 1, r + k), we cen find
a gequence.

25 da~N 2 Cv) 3
& t ? t\ ) » t(‘); ss ey ] 3 sao u‘/ veoctiors ﬁxll).ul“_,..l‘:;
't(v + 6 t(v) o el Yy

P 2 0moa x®* VR

£ (observe that the condition x* € E (t(v))'and

t(v 1) i t(v) G XtV ayp P (t(v + 1))zi 0
el g neties o g @t By

Proof of the lemmss If _J(F, t) denotes the ‘matzrix with the

rows i97?(t) s We can write for any y = (y1,v..., ;ﬂ) & I ¥
TR (bay) =P (t)+y J(F, t) mod ZJi.‘z’

Hence we have to determine y ¢(x® 7 g M in such a way that
(1) y J(Fy $) = = F (t) mod 2 (8 =2) g

It is cufficient to solve the congzucnce

(2) =2F(P, t) 5 = & F(t) mod x° ° W, 2elx’ )

1f z is a solution of the congruence (2), we can write

22y, 36 (T NP, ana o Ly TUE, 8) 4+ F (DT - 3”
XT(x? 8 =T 9) for a sititeble vector v ¢ ¥, 1. e,

y :}(F, t) + P (t) - g2 8 =T v = 0 mod =T 2 %0 125
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But from condition (ii1) we infere Py s =y
TP b S xS B (61 x ) =D,
henee y J(P, t) = = P (%) mod = ° T
e eganclder now the congruence (2)« If < = Xy + Xy 8 -d if the
-yootors Zy € (”S "“) 8FC molw ions of the congruences

zy —J(E;%‘;g t) 3in P (t) mod x> 93 ,im1,2 §
the vector z = 24 -kfz is & solution {rom (2).

ﬂew, since ¥ € E (t) 44t is a finite spmm of an element

x4 se T (“) {t) € ¥ T and of elementa g (¢) n (%) , where J‘iu
d"uermjned by a p~tuple £ &€ 1 (”")499 ag Sm det (?01[(_ s ,25,
end where h 1o sn clement of I (£) t I (F) i
For x, wo cnn take 24 = 0 to solve the conurunnce

JUr 6y m =% P P (t) mod x° % W. '

Consider on the other hand elcments gkt) h (t), assume for

exanple <§ = det ((b;'g e (%Q ). There exists
4 .

a (p z q) = matrix (‘{/ové;' *’({ YYsuch that
(3) h Pt

end a (p x n) = ustriz | over 4 such thet

(ay (7 J(ey t) = S\(t) Iz) (I (p x p) - ~uvale .m@:trix)
(since g(t) i 8 {p x p) = wiuwv of JCEy Gl :
Prom (3) we infere (cinca P(g) =0 zmd e

G T8, e 108, 8 ‘%( ) mod x° I,

Blt) T LtEs b)) Eaddt) W4 mea xT N
and by (3) " |
i (“ (t) ) T (Fy tha J(8) h (£) P (5) mod x° ® N

o




Thefefora tho vector 2z =4 (t) £ () e (P P)&*{
solves the GOﬂf;uenca .

z J(F, t) = X(t)h(t)y(t)modxzsn q.e.d.
Proof of theoremes 53 e proceed by induction on oi(n).

Iflall elements of I ere nilpotent, we can take the functlion

d (a, ry ¢) = max (T, cyv) + 1, if P Sl PR

Assume ¥ ¢ I ia not nilpotent, determine k such that B ¢ < &

0 s zk e ove for esach Lﬂterer s an integer ¢ (s )

‘such that 1° + © (5)/\‘, i & 18

(lernms of Artin-Rees) | ‘

Define sz, r) = mex (2 a1 + 1jar + 1) cad CCa,¥)=Lua¥fCC§&h¢»ﬂ“6,
Because of cldur/ x® &4 < dwi ve can assume that for each

& there exiot a function H>—>N for (A/ x° Apad ofz® A); we

shall demote it by 4d (s, a, T4 C).

d {(a, vy, ¢) = dor @ (ax(n; B) a2y 0 $=0 Lo, 2)). and we
4.9

chow that it zatisgfien the assertion cof the theorem.

asoune P € A{{% Q}‘aﬂ& 9 é;rﬁn are given, gotis=-

(3
Q_‘T
r-k
Q
3
rn\—
Lo
O
L—é
LS
o
L2
i )
etd.
i)
ot
o
<
o
Q
<
G
Lo
o
=
9}
s
et
.
-~
o

Dy induw
(1) P() =0mod x4, 8 =s(ar)
(2) 9 mea 1¢ t ¢ (ay 7)
Chaz,iagfzx}cfn essume

(@) i = mod gt TR (e, )

=
eme

+ 254

AtO



b

Prom (1) end (2') we infere (since ¥ (¢°) = 0 mod uIA( :

3 oud c (e, ) 2 o (8 (ay 1)) :

(3#F (t) = 0 mod x° I° , 8 = 8 (2, ) end

(4) F¢c B (&), hence I T C E Ta

We con thorefsre spply lemnas 4 (with N = I° and r replaced bz a r)
rfﬁaiﬁﬁﬁﬁﬂﬁﬂggeﬁame |

e TR P SRR e R L I°
Qs in remerk 2 (observe s  max (2 er + 1, 8r + k))
%e can write ¥ = h (3),h&H, alnce =5 £ Irgg'ﬁ {+)

Cese 1 Assume that the schema X of zeros of F on the open set

X@'a-£x~é X, h £ 0 in x {is & complete intercection, 1. @. defined
by e regulare segusauce (ﬁ1. veey {?}f

. By the propexdy (2) of the ideal T we infere

0 mod A(E) + T (#F ‘und ok saglaietn) o Tt

for /157 ' and for a suitable ze¢ I (M.

b

Rl o "
2/«1 ¥ 1. end*T{ 0580 (5] ,“then
b :
(6)PAEY) = o moleH® ¥ Tigo
e v . "
t = % mod X7 wlog?

These consrugnecs ingly”
b (8) = b (t) mea of * WI°
: v

hence A G

Therefore the conzrusnca (3), (6) d““ag ,
3 : v Wl ¥ G
Flee Vi o B8 BT TG } = 0 mod z° o L =,

and we can apply thsoram 3.

&
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133 this theorem there exists s solutlon t of the equétiona
£ (t) = O such thut sl : =
(7) t..‘i +Y god g3 421 28t
We daim that + is elso a solution of F (t) = O |
By (6) and (7) we get & 0/ (8) + g (4)) = 2/ 4,
and T (3) = O med &/ Y iC
- By (5) 1t follows th ere*owa
[ B (O .

hence P (t) 20 " mod 0 ' 2T ‘xr/‘ # okt
- Since we can cnoose/t a*‘“‘é‘"’“‘“f 2ilzs we con-assune
L 12k, in this ca'se..there holds R e L T 8
0y x /‘r)[\ x~¢"/4 Fol ¥z 0 G (02 xk)r/‘\ixk’ A= 0, i R
hence P () =0
Case 2 The gencrel case will be reduced to case ‘i.

, 2) € Az D alr H}u generate the module

&
o
o
~
=

7o Tt esen B It by

P'= (0, D07 eoes Ty Gy eee, G.)

end H by HY = H A2, T, ‘332_\ 4-4?___ as A{{J, pry & Z 4, ‘{‘ G 62[
12 7 .(:%) = 0 mod 1%, replace t° by

B9 o (4%, 0,°F (49)), then

P ($'%) = 0 mog 1°

19 furthermore H (5°) 2 I it follows B L7 e

(for +¢ a), and if t' = £09 mpd I° enda P ()=

e ) 3 [ y O o C s
tha Tirst w. couponents off t' satlisefy t = 1 mod "I~ and



3¢

If &' is the idesl corres sponding to ths embeddlng
24« ¥ (31} C P = Spec hQlz, 1%y 2 Wy, then'E A, T, 2 F<E.
Thevefore we cgn replsce F Dby Pt

L L s

L S 3
“a congider the sghemsg 5 = oD () end

pee ,Z{ EI!] {F)) C 1 = Spec (A{{. %) C %2 = Spee (:2{1‘ "'SS}

T‘_v_,_ﬂﬂw,ﬂ
X' = gpec (8 U2, 2YW/ I (F, 8)) C ¥' = spee (£3T, 2% ¢ 2'=
Spec (A llz, T, z%&) (where W desotes the projection)

T

{’2

Wie ghall ahow that ‘any affin opon set U' & X! -V (%) is &
conplete intersection of w + q hypersurfaces in somc open
gubschens of Z%e

Tha opsn get A = V (%) is maﬁ;ed jinto X - YV (H) under the
map T . Toorefore, DY properiy (1) of the idealg B Yesp -

. -
EY , if we consider the universs) separoted differentiel modules

4 : :
(a&uoéea(bﬁ-fzi } snd the concrmal sheafes (dexaueé by.H), resiricted

onn XY - V (#i') we have the following exset sequences of locally




5, The I=-adic completlion of We=categoriecs

Let us stert with a Vecategory H and a peir (4, I)C H.
e will constréict a W~category ;(\ov;r the vadic o35 “nle*ion
A of A which is in e certain sence m¢ﬂlu81. el Ll s
Ve will need this congtrlction for the prove of the approzimation
theorem for We=cebezorics. It is exsctly at this stage where ther-
theory of Wecobtegories is still a little bit maesy because we where
not able to prove that this com wstrliction preserves the property.
of bénz Hoetherian. That is why we had to develop the whole tﬁeory
of w~categories also in the non-noetherian casé.
For example, if we consider the construction in the cu%C"OTy of
Henselian algebres of Pinity type, the property of being §oetherian‘
will be presevered - However, if we consider the category of
anelytic d:~ algebras, and if A—>3 is a morphisme of € -alg cbras,
we have to consider algebras of the {yp
»Bﬁ:?’B{wu--|uw}@B =
where (uq ... 4s) runs-through the set of all finite sequences in

mg end ‘where Biu, ,~~¢A'ﬁ is theldiase of the free algebra

w ;
3 {_J1, voey U & in B under the B-morphisme defined by e
Uy F—>‘ui. We do:not know, if BA is Hoetherian.

Tie general conatruction runs as follows:

Let (B, 1) be a (A, I)=- algebra of H and‘f)be the set of finite
A AT
subsets of the image of T A IinJ B (ﬁxﬁhe I-edic compleiion of B),.

For = = (51. RS sq) € jP we define B, to be the ime
- morphism T j—>
of B{ﬂ‘.‘, ey kagin B via the B = noknok-/morpl 3163 *i Si‘
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Ssle Definitions Bp = Ufzas
3 gg

It ie clear that (Ba, 3 Bp) 18 & Henselian (A I A) - algcbra

and the functor of (A, I) =~ algebras (B,:I ) — (Bf\, UB/\) is
— & functor of thh subcategory L, of 211 pairs (B,™) over (A, I)
of B into the calegory of le nsenm pairs over (A oF ;a).

542, Temmas The canonical .morphism B/ I B —» By/ Iqiiﬁx,.

2N T
g = 1y 290909 18 an isomorphism and B is the ‘JBﬁ\«éadic completion

of g,

Zxoof: Ye know that I Bﬁa A\;'e/f (I B+ QZM; S Bﬁ -
s0 the canonical morphism

B/ IB->Bs/ I Bps= _'g_‘;u%__; B, /(TIB, + =, 5 Bs )

ia surjectiv, i. e. BRr=3+ 1 3qe :

But this meens also Bp = B + I Bpstas 1

Stnce 19 B N B = I% B8 the morphism

B/ 198 —> Ba /1% 3. s sleo injective.

This gives us also the isomorphicsm B/ :)q@—)Bi\/ *3‘5 3

and the lemma is proved,.

T I R S S e oy gl N b S
:;;3,,3 0 O P e B S h/%}f LGNS L L0 e LG o ia{\ be fthe Casn oY O g ll
s e e

Henselian pairs (3, 1) finite over a u::ir (Bﬁ, ._Bg) for an
(2, I)= aloebre

A &> L3
X ->BLT i mzrjectx.ve.

PJ
a3
~~
L

s
-l
A
O
Do
g
aQ
)
:Bw‘
IS5
5
o
1S
H
ted |
1

0 and

Then P~ is a W=category and (B8, 3) +— (BF’ T3Ba) 15 &

-y

functon gj},\ —> iln,

PR T

ki g e

e

S SR

R



L, P Lk ~ Rl s T O ORI VI £ s
Proafd ('—:a’ C‘) s Lala2 are fTullfiilad oy dafi ?“i‘?.ﬁie’)n.

——————

et} Ny ot {zr o @ iy g > gD :
e lio) _,- ove (s 3) we C¢hiooge o Pinite sagticnce

u ey G
e T~ e
e may suppose thet (2,3) is the quotient of &'(Ba, TIBa) of
21 . o 3 chies e T i Siay
i with cex 1l @t ‘,j} fu Linite over p»;‘, N ;A}, bicn fop
corie (X4, seey X p) = X there is'a nurjeciive ue L% a—>13),

e will asnew thet 340 715..« /i with
e o> >

= P z‘[ 3 & ™ o : S : T D

= /\ }U{_ %/\ $ I35 3 {%_71}4} igebhe €roe paiy {{L ﬁ.

Y=a - :
; Let (C, F;) he a (3, j )-« ngﬁbrﬁ of E‘f‘\ aﬂd t » 0oy P é‘E’;Q
- 4

o]

3.2"9 h ':- T"

~

, 1
> o abow thet there exisde exsotly one (3,7 )= morphiam
T Q0 ;,\/ X -——> g yith £ (2 =5,

. wda

Ve choose a (f y I)=.sdzebra (C, K) € H  such that. (G, X) is

the cuotient of (\,x, K Gf\)

it G = bge Y HYN C P it el T e
0 v }ng v(.‘,,a 75 N Cy {4;’1(,.: €0 %8 uj, se00 E?z; al g ull‘@&&y

in some C /"‘"/jcﬁ,- : ' :

with cernel it

By construction tﬂm‘c holds G/ BVard Csi and this is8 a

(B, I)~ algobra, e obthiM & unigue (J,j)- orphign

T4 B o ¢ /WA Cy with T . > t, snd the —= " 58
o
/"/ L

following commutative Glogramm,
BLTY —> ;
B [{b 7 —>

For this reeson we can 1lift fg to a (B, I)= morphism

@{2931\ —> ¢ a«uwlfgaéfug Wy 1. e, B AV 4 2 / H.= BT @}

ig {ree in HA'

G oo

L ]



o

Wow we have to prove that the canonical morphisms - R
15 UG SRR RGBSy (8 AL ST

are injective, or the canonical morphisms

517 ~> BN /(T aee T Y

are surjectives

1%

However the canonical morphism ln B, Q1 —> 3R
being surjectiv, we obtain a comiztativ diagram

B /1 7 __9_’__9 BREGY / (Tqy sees Tﬂ)v

e : N ‘ "

5}3 Byl B> ;%_; B, R2% / (g eens Ty)
Then qbvis also surjective
To prove (w1) let (ﬁ:}i-),—€>(§7, %7 ) be a morphism in Hp and
K g;ﬁ‘ a closed ideal (with respect'to the J =adic topolégy)
ouch that B' / K+ 13' is B-finite. We will prove that B' / K
in g;finite. Now (i: 3) is finite over some (Bﬁ~?‘3 BﬁJ
for a (8,3) € Il and (B3, 1) is the quotient of some
AQTYY in He S’oﬂws may suppose that (B, J) is the freec object
Ajiéiiﬁs\}n éﬁ\ on %hs other hand (3', I) is the quotient of i
pair (B'é;féﬁlﬁiggfor a suitsble pair G ) € He
Since B is free we ﬁay coeume that (ﬁ‘,i“) = (B’ﬁ:.‘jf3¥ﬁ).
Lot K+ I B'p = £ B0+ eee + £, B+ I B,y £4y eeey e K
(B'ﬁ\/ 1 B'ﬁ.a B'/1I3'is neetherian).
We consider the free algebra 'E?QE, 15y, T = (21', Sl R
snd choose an & 2T ~morphism AT, T' WY—> Blas .
B

Ka (I A)%{f% ig Ain, T'%%*llﬂlta and it is sufficiant to show

> £,. low the algebra B'p [TAMD, T'{B'y = 3'p /

A 3
that the elgebra B'p is A{4r, 1'Y§-iinite.




(J' o B'A) bs an ?{{ﬁﬁ} nloebra ‘such that

it (w 2 Bt s 2014 einite. Ve have to show thot
B is {2 Yy -Linite,

Since B'g /1 B‘f-z 8" /I B'eH we lnfere that Bﬁ@ / I:ﬁ%&

2 /} { T iu s 3.4 ’ Tx3 % 5
is £ {199—1lnlco too. ¥We choose = sel of gencrators modulo

I D% Wiy eeey ﬁbné B! end consider for suitzble
E .
Fi > TR T vy el e I s S 0
A = (895 eeay £.) (such thet Vg sama My and the lskcen of
okn

elssura~norphlism,

e
et
;..;
©

e fes

s 1%, —> By . It fg clear thet DY /I BY Z;J

is Aé@?%ﬁ.qﬁj1te cenerated by W1, ssey hq. But the al: eargs

i eens T.odim B's are in BY

Bl s ZZ” !1715 ere COIILDJ_RPCI in H and congeqguently
Z P{ZT% "1‘ Thos 1n31:1.e3 s/\ % Z A{{"G} i
Propcsition 5.3+ ig proved.

Bo Benerslization of Lr+i1'9 tnforv“

.

In thig chapter we will prove for ”?GCllCJt seinrstra}uc tp leg
over © field or &n excellent discretve valuaiion llﬁw e famos
approxination theorem of M. Artin (ofeZ8d - L3 1 v,

ﬁr this way we zive @ common proof for the analytis and the

S

algemreic cage (cf. examples of excellent Welersirelcuteporles

in chepter 1)

1 o,

one of the basic tools to prove the apsroximation itheozenm is t

deb

o
18

following lemma:



Gale ﬁo“rngrrti@ﬂ princinlo:

Let g.be & u«ﬁate?mxyg (hy L) (8, J)—>(C; K) morphisnrg

e

in H and 191, ‘/—1 noethericsn and I-adic complete ring.

Let X > ©Spec C be quasinrojectly B-scheme and sgi

A & o . P
Spee B ~—>3X a formal gection of the I-adie completion B of B
guch that X is formally srmooth in eg (Spee B) end pesg (V (0)).
Let 2?*-—C>6% be a morphisme of a vector bundle of finlte renk
over Xe 2 C X the vcheme ®f zerds of %9amic (\e ( So) be defined
eg8 in théorem B

o :

1t thure holdg: (a) aog (Spec RYC Z

A

A
(b) 8 / € (\(190; ig £inite over A

e
coth over B a Be=rmorphisn o3 ¥ —> 2 ond ¢ formal
A , 5
: Spec 2 —> ¥ such that se = Che

procf of theorem 3 ITcppe cl¥ubt'c theorem we cenirodice

the proof to%hs Tollowing lermes
G2+ lenme: 5

YT e T R
with the gore

_,,J

(l g I)g (ugj:’ fi‘} 12‘1 f.‘}g IJC{: E" = (Fr‘g Qoog. F,
ifﬂl’lﬁ, i i,e P{{ Iﬁ / I 7 1= ( S e ey 1‘»}‘))
I 2 (Dt veey Thad, B¢ ' 0 md (¢, £") & formel solubion

: = S ey {
e P =0 +t €18 , t €5" such thot for the idezl

: e R 1 e 1
be & syeten of egust

Am (7, £ ,t') genescted by the (mxm)-oinoro of the rmotriz

: S o A
CO(Fys wvay i) /9(2, 2%) (£,F") 1n B the A=olgebra B /Am
(il ¢1) 1o 9hnttes )




Then there exist & free B-algcbra 3 {{Z% iin B

xy ’
L o= (Z?y dewg Z‘,«.)p & (2:5 € j{{Z%&Z-%i’ g
Ll oy \‘i en A
end @ = (24, eeer 5,) € I3 cuch thet P (8 (2), ¢
; : ¢
end t (2) =¥, t' (2) = T
,«JIC*&'{;"@ N gj in g fi}ii&ﬁf},y ng‘t;%rb‘;cé idg&l

i A
B /K T' mod KB)E€B /K

SRR e
& B9 D¢ 1704 U

nostherian and (%,

:::z‘*.

Proofs Let K ] be an ldeal such that B / K is
w gz S e - =
(ég £ med K Ls) & Hhe uid Qi i’)f‘*‘_. h-ig eeeyp ﬁ,&

ho= ( Pty

L#
&

e 25 o z 7\
' X 2 e-wsirix over H. Boa B a8, B

e To S B
E'}n i&;’J;ﬁ /Akésf'g “ztiy ') 5.”

£19) & Ph, U

HOW

\ *‘*
>
-4
£

/[T—>

SRR e s g 1 2 A LA el s ;
surjectiv and by the leoma of liskegans also B —
. /\
- 3 & 2 * 7/ 5 - g 5
lpysurigetSuh el : B la; 5.8 6 A o (P T
&y e $ . g e O I X s s ot .
B /A, ia noctherian and complet with respect to
A
~ % 3 s 3 & e o T R A,
topolosyy Le 04 B /40 e W /AL Be Thile neenn

A
vt .{!\ S o Y A 22 o f e d Y rr ey sepac 1 e i 2
gni v =0 4y Gl LEDECIIERAYING B s ST A 0

7 e R S bz b %4 by d o}
feet we con write i = -%Zdi cye Uy

/7@343 /A

# [\/l
Qﬂsbﬁ?%
£Y (=2))

in B such thst

. e % Yoy
then one can choo

mm sherien and

& K such that

< -
<')ut‘;'az §

“d enz.

b3
i &

a finite L=modul

vac Ieaddic
A e
.:.3 = A“im"g [ ‘19 ?)

6 thi

= A
Nal+nlxe -natrlx over By &y [ + ¥')wx ¢ —nairizes over B,
So we get (%, ":“;’U =0 80 e 2 a4 (‘ff’fi 5000
Now let .z-.tfe{;.«zs}é;& )%= (Z4)g :;3 = (2@51, eves Oy Rl

£ 3 s D TR
free B=:l.0brne

(P67 Y 48

56
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We will conglder the gystenm of equallions _
AG (D BtY = F (L2 T%) + ZLl 2y) = Oy The Mcs]’ is to

. : 9 e 0 o}
apply dewtons lermn to this systen Z and (6, )% (67, £') » B ha

[0 A
Pirgt we will show that A, (¥, t, ") = Do
end 4 (?9 54 =l B BAL U

') :; "i;' t') KJQ(} AD }.‘; 13 j»'.}plics

A~ s
4
w

mod Aoz Z 3 4{”971 €y Fnd recerve similarly . LGy 1y
L] v . IS e
(7088 Tt T D GBS (1,800 &, S35 ¥ D, @9
\ SRy = RS Sl
@w, t -+ ;'i l;-))g/

N /,\/ Ry : - o - o

.'\}QV‘(’ G ('i}, J-o“) = .[:“ 2 C‘.t; ili) ;

A Vv
$ ') fAQd AD Jx lj $ JQ e. »

; V

- o e B ‘. ; ke 3 27 QT
a2 can epply dewlon'es lemmn and st o ssolution (t, W B dl

~a

g%

fo

T
-

g
1

O Then (% (4), &' (2)) =

G, st . DRTE Z.L 1576 solution" fer®® ' 0, V)

(% ") moa.Ao‘ ég’ﬁ

¥
{1
$
¥
4




. e e Py e pnoem 4 Moy 2 e e e 19 ] ‘o
Delde friinite chieorein: Letl il be on excellent Jelery by

7y r 3} 3 sbterory
! ] t' 'C;"_«:,():g.':]

over aon excellent divorete valuution réagt B g by albdessonlaid)

ot v s 4w Z 3 Srmee 1 e e Sl oot ort 3y Deaoss s s
8 moroinlen in. £ and lebeR BICC 2 08 0 guaelpr DJCOUAV U=SQ0E0ne .
2%
W ./\
e ¥y A FL o " e B RSO < RN Ak sy
€ 8 Jpec A —X lg g forngl cion of the leadic complation

s of A then thepe exlst. aifrec (Ay I)es) lgebed (0,00 € ¥,du0

. -
% Rered

Y o o Iyan - v 3 : LY g oy s F A= % 1 U, S N e T k. e o
A.MﬁAl;vbQJ L0 T)tzii:}n s: \;Dﬁ\f’;‘- 19 —-__..> % ﬁi.},‘-_{ 28 OF Ed {‘;::ﬁ U,i:-.!é_). u;ég

I > N AR Ve B ) e Y 5 5 28 ) 2 3 5
+az prool of this taecorem bresks inin sev al stepe:
a Sy P LY = IS 4 s 2 [ DO A 2 x o

Lo Bi@N2 cauetion to the cuse thet A is rezular

> r P a . A o
g1 et il be sn excellen

Let 7 = (?1, axitcoy E“) = 0. be a systen of ecuntions,
2L e BRATNY L0 7, X ow (a},. ootony 1K Jpndd =
e (17, i Tﬂ,) and (¥, T) & formsl solution of J z»ﬂ,
T e L R R T B R A T
Then there exis y (B €l Mo Byt B0 1t Uil 2505 bilBRe & 2{1-:; 33}‘3’

-
e
~
€
e
A
~
Gy
P
-
-

this etep we will show that theorem 6, o' dumplies theoorcnm 6,3,

de mey stert with s systen (??Q, g Y = PP oamp

Tet A = ﬁ{{xfﬁ/ K end let K bg zonershted by Bys snss Do
e ~ iio chooae F—i & R{’}L, Lﬂﬂ; é”‘fg;’:?, (¥, D). & .,cf e ZE»H‘&;" ou
Buch that P, mod K YUK, w3} /™2 7 = ff’ and (¥, T) mod

18




Then B, (¥, T) mAZZijMQH for sultable W ;€R /i[““ Reaile
. whon 3 =

We apply now theorem Ga3.' to the system ¥y = QEZ'BYLVZQ'

Rx ;8= 2, W T and irecelve W (2y Sy (8)3y°6 (2) £

X

Xf%ﬁi, 24y for = guiteble 2 = (Zﬁs R &z) and e z e Q\ %7 7
such that .y () i=.F t (2} =T (&) = W and

R i ¢ 55y wuo. _
Yow (¥° ¢ 0, VALY = (yl2h .t @) mﬂ%{ﬁ&ﬁ,zyﬁﬁgﬁﬁis
the required solulion of e = O.

I1. gteps Reduction to the case that the qu cons Fm

of 6.3." generate the Qwag g1 of
R S of D 7 et RS R el T ARBR [  oys
To prove theorem 6.3, it i clcer that we may suppose thet
Pys vees I, ceneratc the kened I of the morphlsm
Js Rz, e __._> ® fﬁw./:-'ﬁw?ﬁ7 defined by Y v §, Tv—oF
(@taefnﬁfgﬂ we ooy 2dd some ecustions)l If INA LR, v49 = (e

"
(443
]
3hY
L&y
i
3
®
o |
=5
o
<
t)..
"X

1er

o

18 & : b4 age we chonse én auvonbrphls y

Y1 BUN N BT =S8 a3 Y g1 7 with 4He ‘Sollowing

propertiens

{1 ¥ / REX, Y?j = 14, 2%, <0 rod (

(L) QG Y-C 34, Vi

(111) -L{(I) ia gzencrated hy éﬁ, sy 6" &
il Y [3;*%‘>" Y T jand

P

02 5 Ry, w3

(6 s ceey é’;,i) ﬂzz(:i!‘tu“ \/élj—{’[‘féml fN;TKA‘Z{{X‘%l‘“.I\/{t{&:Z)

(Ve mey choose W o be the comnonition of automorphicms of the type

¢ e k ; H k
j’;.i —> :j- + Y:~ = 5 l.(/\. P \r 3 + .\rw, b ond f’j_)’{)l‘\' the

o AN O I P oo s =R L
preparation theorem %o get the Giy +oey B, )0



/5

Soi, Jop T A AR e, YT IR Pk o
morphisnseneing \e (T) 4o zero, but in gencrul JD«.P is
Nk {{ 9 -morohism. Beccuze of (1) andg (1%) e u.p /w215y
induces 2 Reautozorphism of A/\[j 7 7+ Let Y be LI% inverse
of this sutomnrphiasnm, shen Yo do "e s Y%, Y%;ZJ R i Pt 3
Sl L e R {{.i:;zﬁwwr;ﬁziﬂn f&ﬁD:’)iI}.;r lu{(i) 0 2670, Le@s

= -
14 e denobe by 3 =Yedoy (%), T=te e @7 (1), then
,“\./ ('\.,‘-' - 71 2 ] 9
(s B ra Dy Lim Ty~ /% ¥, 000

oy Lot ut suspose theorem .36 ‘holds for ths G:L'
Then for o gultable % = (21, .;., ZG)' here exist y (”), T (2)

L 7%, I e e R /X7 70 suohithet 6 (T AL, T (8)) =0
and ¥ (2) =, % 5 (’5) = te Lot us denote by’ Yot tne BT £
norpnien RY %, Z, Wﬁ L7523, 759 defined by ;
3’/(.&}, K (2) an /A i Z{;x, 7!5 = _[ i u%-f.ﬁ =:0rphicn :
defined by 2, then /Ao)&/ {{ Al #5g Fo J\a v s
Let us denote-the-canmonical g,\.“:;lou.x $ion of g( to B %{;., Zy Yg}[’“ 7"'

.A

(3

also by < , theh-)\of (cspcciz*l‘"/« sk o of ) maps I to zsro, bub in ..
Mo -/ w{kX, 2y Le not the identity (aote Ao f(Z) = 2’;),

‘ : 4@53033.&11*} /A b "(Iﬂ/ E‘i{Z:-:;S} mey not be ths c:;nf;nicml injectlion,
Secduse of (1) Endi(2l) A/ R4 %, 2% is & R-cubomorphlem(snd
/«OA Bl I &_?ﬁ induccs en Hesubomorphlsnm of R ”/_",f X o7 D

Let 6° be thae lnverse of /\0{/ rdx, u‘ﬁ Jhnenswo )\ °“€ . tlan
alix, &Y -norphiem of Rk, Z, MU /1 7 into R A%, 254y mapping
I to zero, Lece if y (2Z) = G’DXone(Y) and“t (2) = 6% 0o f CEr
| et SR R R bt ¢

>
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o

If we put @ = 1(3) it io nob diificult to see that

(Z) = T and ¢ (2) = ko
TII. atep: Heduction to the finiteness . condition of the

¢

L3 l i & 2
approxisation principle (N’erOu s. vlowing up)
25 3 B

We moy etart with the following gituation (with the nobatlions

of §03¢‘}F

L ‘-(’-373 M7= R L A L 7 7 defined by ¥y and T‘: and
1N RUX, YWY = G

I, R, vy 71 and A (Tgy eees Pps T T) the 1deal genersied
by the m=-ninare of the Jmeovlan metrlx
P P i IS it B et T
4 veng R $ i RS e b g S i ) B &
o £ 0.
Gohet Rexath: Iemna 6.4+ holdo also if we replsce in the sgeumiior
3T bede the vglustion ring R Jy g fielde
Prooft let B=:¢ R {L\.%ﬁ aad uithout restriction of generality we
mey suppose thal the vy are a0t uniis, then we cen 1ift uhe
i :; A T ™
worphisn 3 Y Yy 77— B 6o s morphlen 5 4 e B

.

with kernel H gencrated by the Y:I. B ﬁf.iﬁ Let us denote

2

o
g =B LY, T Ty B,y the nexinal ideal of 4 and « the reoidue
field 5 i simal ddcel 6f Bedix auglvd I
N
5 4o a Formally aiooth Eocel P_Z//‘}‘Zr»a 1eovral 8 [T BR pUSTT <5

Now et us cas':'agzi-"'f\f:: +the canonlegsl morpilom

o Hom,. e s w) —> ilomy, (w-, ) induced by the inclusion

My —D m. ;'Jj.i;h reapcet to the bLage UQ, Cals BYV'I+“J' of
m ., T U Ty w . (7 Ve o LeH
Ii@l‘a.\:\: (E;Eag Mp) $ Li ( Y j - :!3) J;‘jg Ul ( j -, ?Q) C 258 mé

1
F
§
L

f
!




¢F

V1‘ sev g 'V',,, OL .J’,)ul\) (m?’ 1&)’ V (L’j)

to ¢ is just the Ja coblun ne

) = 0y Uy (;3 - ?’) = 5;3 if 1> N, and the bese

J;j the matyix adGO"ldﬁ&d

“L“"'l}\. /9(.{31; '."F)/Q(Y_:_)J\

i S e o, RN B
<E%i;§>' To orave th lenma vie h ve to show that L@ LS»»&I‘LGg,ﬂﬁHfW’“\——\
Lot us conslder hs folloning conmutative diszrams
o2 5 o =
Dery (Q¢ ) =4 Homy (m., &
? b
l L
3 b 0 Ty "y ”
UCI’:{‘- («?’ f‘\) —_— Z)‘ l:s? (:ﬁ:, I\} :
: = _
siven by the reetriciion meps (x = ¢ (B) the frection field of 3).
<2 [ - &
Yie will poove that @ zzghB/ ays surjectives
; P X (:, W’ ».-, o il =
Let v € lions (Bo X) = Homg (mp/ Zp%s a) end B/ mps = L &2
A 2 : 2 4 :
p/ 2,° =t © sa sabedding of ine coefticient field of ? wileh
Y “y .
extends ths czuonleal empedding & &> <.
3 1 4 =% - - x > )
Such an endedding I &> 7 exisis decause L/ K is & ssepurable
A A i
extencinn (L €4 (2) and ¢ (3) / 2 (8) is meparzdle end T is a
: Bk - ' =2
comnlste losel ring, (Theorem oi uonued, cfe FCAT)-

How' T T 1@ ./ 352 end clesrly the morphiem v is the T trictvion
4 4‘}/, Anvrixes ‘-i é é) : { - Neg ™ o (' { T > ‘*" / a3 2\
'O‘f the derixatlion 3 v (b e = v ) \ & é Adigic 3 é..}"“, aln /o

1.6, 5 is surjecilve.
The norphism ? 1o surjecbive becaube of the formzl smothneses of
the Pealuebra Q (cfe £ GA_T)s
e - » '
et § ¢ P —>KW be a K=de vivation. In order teo get a 1if

S0 e Wy nE

vetare & ¢ (q + ©y)

[‘y?/(\r )=uas

‘.ul

g +

L

il 5 by I TSR S 1 8
ing i_.), q w3 —-’\?Bl.&l}.‘@ ¥ <@ Sef 0L

P respe g in Z¥. Slnce the cononienl morphiem B —>B/ y E= Q is 2



vé

P=glgebra morphlon and becsuse of the I ormal smoothne$s of Q

» We can 110t the ldentity in Bomy (Q; Q) to a m:c*mia

A A A : =S - ~
W’Q"ﬁi“"“{s@@yhg j e
e S : ’ A - 1
> =—tparel 4,Q i
- - — 5 ‘
= i L s 3 i
ety f
) T S B % e
A 5 B/ y B el B

o ]
S L%
fow 3t is clear thet 4 (QY L 5 end Y(g) = q+y G lade.

N\
el =5 b, b = T L
ot alfficult %o-verily that @ ¢ ¢—> & is a derivation

n
i
gnd @/ P =0 o The lemma ls provede

oximation principle wo gze in iv*c,sted to hsve

RLLRTT A G haiani F., 7, T) to.be a finite
1 24

£

R [[Z{V SR & TR 7 ~modul. Fhe next lemma will arrange this o

£.5. Tcmmng We use the sane pobations and assus aptions a3 in leama 6ol o
-ww,‘ = L, 1] 3” 7 Q 2. - d "“_’ - -
et w“””;*msi}..d:z -B_\T’n & F —> 2 Ziven oY ‘( ) — ) -1 > oy

.1

extende %o a 3=moyhism 3 {{szk Ly 7——-’> 3: 3 = (31! ceny Bg)a

e ”l, with bernel X znd g minimel set of ;sscrﬂt oYt 67, il hep 53
9:&' 3RuYy L7 27y such that the ideal .
(61; etey 6«;;9 ?9 ?a ?:) g /TTB'
Proofs We know thut A (Fys eees D :f', T) f 0 (lemma ook By

Xf A (:i“ ¢ sev }{E%M, ‘”’;‘, ﬁ“‘?) g/"ﬂ 3 we arc I‘Cﬂdyé
e L'l < 1 , - hia 5

e e 2 A S i e }“ “‘ : 5
Otherwhige 1o A, (“""1’ eses Fig s Thel o B k> audwe will

¢
b

. : o
drop this k ctep by sbepe Led C(Fys coos ‘9:;1* Ve ©)

mimf&’ﬁ’ A- e (:19 "‘ﬂ.;j’}ﬁ! ‘3;1 '{:’) 3'5,1‘141 /Z(I’ Y %-) iin{é(z"‘a!gh'fa; Fm!

Ts By Fys weey T € Togonereting I BaR e 7 T

7o prove the lemma it is suid ieient to prove the following lenmag



Iieron srr-ucm.nuulu;i ations 7ith the sess notatlons and

aspunptions of lemua O44s the B-morphiem 3 {% % qf']f;. 7— B

oxtends to a B-morphism B LA LT Bl B,

Z = (249 vy 2,04 zi 'ui, with kernel K such that A, 5, Tzl <
UL, T B

To prove thls lemma, we may supposa that. . /{1, Ty ‘%'). oS00

Lot Fyy eesy Fy € T such that ord A (Fqy sees Fpa Ts T) = k,

¥

1,64 there exists a meninozr of the Jecoblan matrix
9(&;, R ) /’B G- 2% (T o) which 1s exactly divisible by vkvi
Let'K = | £ ¢ BRAYWLLT, /it G, Dfiand Gys ssos &,€ BERL T
guch that T 3 635 ceey 6, in a minimal set of g;eneratcrs of
BRY W/ ?K' The zcglf.‘iw clzsses of the Gi mdt goncrate
(3 Av W/ 7/ v BRYYW T 7y =1 m, K is the kernel of the
B/ w Bemorpnism B/7B Ry W/ 17— Bin— T induced by the residue
clagses of the :f}, and '55} mod 7o Using lemma 6e4.' we rccelve that
the ideal gounerated by the €-nminars of the Jacobizn matriz of the
Gi. nodw ie not in m, 1l.c. g
A 16y esini By ) € 4 wks
Fuvbker more the reasidue classes of Fyp eees T modw are lineerly
dependent in n / mz, f.0. copecinlly
(81). 10 B € LK » T
If the 1’*‘1 s svey I would .ba linearly independent we could find

,“_1, seenyg :;‘ € K such th@.t F‘%’ a0y Fe mod W Woulé be a base of

th\/é :
n/ m . *#L s the ideal zencrated by the e =ninarg of the

P

Jscas.ﬂn of »:1, sy E“a mod m i not in me Dut this is wot possible



bécauss the ideml generabted by the menmlinars of the Jacobian

of the r1, cecy T mod W ia aliready in . '

Now let us conoider the Bemorphlem B 2{‘{}71[1?, 2 7*-'9 B

& _QL:......Z

Z = (245 seey & ) end ‘(ia‘—> Jir Ty > "xs' oo Gyl

Let J be the kernel of this morphism, then Wiy = 65. and I are
in ] and beceuse of the assumptions at the beginning of (IL )
we have 1N BUYY = 0 and B e aidets |
ffs’e will show that £ (J, ¥4 Te Z) € ko We have to choosce a “good"
mininsl set of gencrators Hys eeey g, 0 B -@,%}[i, z_77 such
thet ordy & . (Hyy eeey Hoppo T sy m) e

By definition of the & we cen choose aH € 3 QI

3 €fk 2nd Dy, Kyy'€ 3R vYy /77 such that
_, HP = 7D, + inj 6 Le8e -

(D BT = i+ = (63 - W), 1 €34 Y7ﬁ el
Galng (1i) we can :i‘;.’xd Iiy eeey b, €3 {i‘f%/i 7y In é/ K
for tome k & D1, LHWY i Wnav Il Do, € BBidee.

V=2

(2) Z Iy 2 = Z.-;4 ;.43. (53-» 74“',3.) + 7~ o for suiiebles
l{, ljé ;J {{’L{y]‘é L, {J 7.

Y
4

FOW’ 'ii?,'z bu!g seoy Au, .«.3 = 25,6_ 1’ M‘{: = 23, s Ii}"l‘?: b= I%}I_+1, eve g Eiﬂlgﬂ ~§m’

3 = Wh, - ,G‘i‘ PRGN I -G peuerate

e b 0

1B AWl 275

Using (1) and (2) we will show that.

3) Qxﬁ“. A ;,““e {Ei;}’ ¢6 P }: G, ‘;, 1‘?, ':E) < k.
Diffepentiating (1) end (2) we roeeive G rratee

e
) B 08,/ D Ut TN IN Vuy Pophaie: 92, (R e
Q6,/2(7, 1) moa I :

H d
i S mod )
&;.,g XU

i= 1; ceoy B =1, K & Ty eeey M




fu

48) S0 OB ST Z: ‘396/9(?
w0 /D (Y, 1) mod J ==

T-‘?%—:h*- lf‘ nod J
(6) /bzzm;/(b s T 62, D)

(BH.M;;//D '/33 = YT e 53’*3

1= 1. teees © .
Using (4), (5) end (6) we can see that the Jocoblan matrixz.

(7)@("{ »ar % I{-QO § v EE\ 1 3 Tr? ::‘;’ T Lu,+1 ]

()(Y, Ty 2) (¥, T, 3) 48 equivalent 15 the matriz
(8)( AR/ DY, ) (T, ¥ o)

Y0 s TGN Tfjé
j;;ﬁ;he g ¥ € =ianntitite uofe wt&.tiﬁ{x'
By definitlion of € (1,7, %) = k the matrix Q(E:‘.)/g( e ) 43,8}
75, then 1t is clesr that the
matriz (@) Hos 8 @ +e =-nlmor not divisidle by wotl +d - (d-n)

Trk«e»n}ﬁ, because A _ (G, T, Y/ B (cf. (1)),

te ey Wﬁm; HHH-‘;’ ‘..,.' HF.’H-B)/

hag o o-ninay not divieible by

]
5y

3 = . el
- Gl ma g : Y O e e Yo e d
Finelly we have g @ + €& =uiner Ciitiots divieglble iy T 0,
i.e. there 1 8 m +e  =ziner of

9 (1 Tys eony 1l (oGl T, ) (%, T, Z) nob dlvisible by

:' s : A e Dins
Ty lees (3) holds and consequently 1 (K, ¥, ©, ) Ke

ﬂ+<,}

Neron's deslinzularization step is finiched.
IV. oteps Induction on n using the epproximation principle,
Vo may gtaort with the following siﬁuﬁtion (with the notations

7 o S e R PP r o £ 4 < —
I =07, ,%5%4 P ) igsthéiXernel of the ;{{{A'ﬁ} ~moxnhisn

1
L0 o /M“ ey ,\ ¥ ainal? b T A o 3 o
Bz, e d > B[ kg Fdactine d. by ¥ and T, ond



i

Am(f1’ sseg ?m; e ?) é/ . R[[.X__7“70

Clearly it is enough to look for a solution of E“1 = gee = Fa a'.Og.

‘(F.’, ceoy E’m generate 1 R{} X,v '{,3 ‘[‘T_JI) :

Iet us cuppose for a moment that f‘ar.suitable % = (Z‘l" R Zg),
yiZ), s Ly e r 0z, z%) ana T [f e, g

W (;97, BlB)) = 0 L8 1 ey 1 B0 9T T D) T,

If +% m, then G *F, = Zf_“ ‘”"’j j for a suitable

B/ 1ty =

G (3 (20, °(2)) » 2. (¥ (2%, 't (2)) = O,

Fow it iz clear, that G €/ I implies G (T, T) 4 0 and

opeelally aety (@), & (20) ¥ ol tue. B lyels ), 5 (2)) = 0.

1e Case n =

Iz this case A (Fyy eeey P gy I) iz 2 unit (fcr simplificity we

ey suppose the T, to be not zmius).-, oA

d@t (a (4. ¢ odauay &’ )/ 9 (\(, $ secy Y ey P T.{ - ] LR Y T,, ):‘k
1 1 I's A o4+1 Jia s
- M’“N
@m & Lhlve iien we concider the systenm

2, P =i - 7 2z =) 44
&1 = O’ s ey 3-?1 b o ‘t.&.g+4 ‘ Y,,-g*,‘ d.i‘1 g""%ﬁl.las :§+:3 = O

defined over o {)L 1'1 $ ‘.." zi:-;-.'?'«;z’ Y Ij} éﬁr__?t
Ve haove Fj (O 5) 0 mod 673 3: toey ﬂ'+43*m)

S 060 (“0 (Byy’ s o Figarnd 200 0 ¥y 1) (0,000 el i
m ?’LM?, ¢ ® o5 u:z#’f‘;""};i?j}.

Using the implicit function theorem we get y (a), t (2) €

Wl By vee Ayt ag W 2uCH that B (7 (80 B (2)) =00 i M eyl

%K‘,d*%'j() : 351, ceep d' « g

77_//// : tjk ( ) ”.u"'

i -.ﬂ*.}{ LL"“}, LA *"i‘{?"‘aﬂ



Using again the implicit funection theorem for the sysiém

&3 ”33, I J= 1y eeey 8" = g
Cit stk ?;jzz ‘ T A
defined over ’i [ [ A7 ve get the requirad € R‘“’“ e B
/. :
guch that y (3) = y and ¢t () = 1,

2. Case: n > Q.

We suppese, the theorem 6,3.' i truve for R {{221,_ ..., };:,1_1?& o ald

‘I:urther, we may auppcse (after applying a suitable Ix-’uﬁﬁf"e?‘u smo

of 1 L L7 7 ond using the preperatlon theorem) that

A

R’ Ll b G e Poe 39 ) 18 2 finlte

R [["{3, P .(%.,,1“'1_.7 7 = 20dul, How we mey apylv the approzimatio
/\ £ 2

principle G,Z.t0 the paivrn (R / ‘C }11, ey 2{,}_7 hs

(m .-.",.qg e8 ey A,.) ) .1(« Ilat\.y’ﬁ “1[;{1‘ .‘.’ .t{ 7 70

Y et e v ey
There exis tes a free wlw cbra R .G = 3 [[A“ . 7 75{4;35

Z,) and  F42), % (2) ¢ REx 173[[&1 X 17"?’
AL Sous

G AN o ;
and 2€ R/ /X7 7" eueh that
:\.)) o {:‘ i = 1, LR 49 f_ifld :‘; (:) = ?}', bt {‘.’v) = .?:0

7

t et = 4 VS
i ;’jm_"' ,5‘»,,;, cseg 7 7 { = = )P %{J Y % / “f 4;1,0‘0!3&1 “.;m_ -

o e e L S o A Y el by . exde
B4 Looking caveiully to the consiruction of

" oy wWe can chooze 8

B4 m.“':*’}9 """“ﬁ Fon? wes

1}. = {fi‘»}, LA I ") E{:T) -] L‘ é— (IT B :.‘w}y 060’ }L [_A 4&1’ ol‘, 4’&21.’1“?“7’

such that {"' (7 )’ 2Y) & B Adx, Eﬁm e Wicn s i o

-

G e : TR e S & %
2 @ :. [ %) b:ﬁ GG gZernel 8 .cs.C’ al {Zn‘.!’ Q.t, 1». 195 s »}lﬂT.La

B, soia o U — G40 Ky wnry %,‘7;3 definad by

Gy g ~ 5 \ e 3 P o
Uel—>ad, u (221 € ’{{_;, tesy 4 ,-;’.'__{3 v gozure of K



gy

v

- ' - , | 5 b
7Y = (21'9 KT Zb') and z'é R f[}{1, .QQ" Xn_1__7__/
such thet u (3') = UW.
We consider the R%{K1, ceey Xn«THB -norphism
Ry cees Tl ey 2SR PR, 2, 205
defined by u —> u (2'), X i—> X, 21 —> 2 and
"
denote by y (Z, 2') reep. t (2% Z') the image of Y respe t
this morphisn. : ’
Then Fy (y (2, 20, ¢ (2, Z')) = 0 and y (3, 2*) = ¥, t (2, 2Y) = ¥,

The theoren is proved.
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