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'." * ldls fi tY.l,iJ c*',uegor$es

lierbr:rt hurlce

u^ Introttr.:et*.on
r:tu***.4|-.-.#

i;lra prs*'}f; rty *:r ir -tl':{)}'.u}ili;ru'f;$^tl$

Scrhered i'f,fu;f;or

&ilci

In tr{c r,oper wbn the as}ut*on of *.:a*L'rtgs oquittto:'l$tt (e'f" ;]AJ)

!,,o .-:t1:l FTriviri tl"ic fgiL*l';lng fcfilils appsCl:*'i;:;r'&i"cn t!:e$g+i:t

-l.cil, l; l;* i villued SicLil *f ahsrr:.**+':3;*:l* il ;''r;r1

*(;nX) * (f,*(:;rg), ,o'f g*{:try}} *s$Yerge;tt 3:oues esr$'ee t"s.

x t l  (I{1 r o..1 X*}r y - (y;!., .", r i ;) HJ,th ooe:rf*creets ts } io

Xf the equatlon f(XrT) o 0 hes e forru:L so3.utlos

f '(Fte *"0 S$), Fr. uffx]] f,asr'ral ps$es sorf,$sss *s xp

then't!:ere *xtctr: for rrar $.stegex a ) 0 & ssllvergant ssluttgg

- Jr.6 {**1,, r..s Si;} s Y*.Q,8t e ? ssi lvss$erit g:cvrw.aq1}s' 'q*s I Xt

"of ths s{liet$.ss f(xr$}'ln,0 ssch that rgl$gros* Xst r:

l';&th st*r3.fuar $€thod$ li" Ssttn Pssv{t$ ths e*s}o6s$s'.rthcosen* *os rr;

elgobra*o power aese*ge '(tfie Sess n * 'f wae alrsnsf oonstdsrsd

by L;, s. Greesbcrgl aE, tVJ) la {g-It
,.ilho ngtn *i1en of riets-grs psfsqrfs Sr the aBpli$at*On a* tbo

.i;isr.srsts*$ prepesatles thsossm er.s* tha $s*F3*,*tt fucitS'o* *hssxem

(res;:, iie,irtenf$ [*ueia] $.rs ey*sr to bs oble ta ailB]g -:!;:relass*on

onn ( t t r enugbe ro f t bg * rdo te rn i n r t t oe ) '

fhte gr,ve Y$ the *dea to gcncsal'le,Itrt*nra Fraof to alsssee of

sl"nge $lth tho pseperation thspren sn$ so1fre mthes'tt6****

sxoserttes (eg. ttri, f#Jlr tho s*esss fox su*h s senexsl.'g*

to sst & som#lon Broof fsr '/rrttnrs approx1raat{on



theorcne $n ths aSgobxa.{O s,md unnlytlc Oogsr itrgthosflisre $S

trs*lt.€xl tql Fr*v* ttrs eplr$xgn*itfeel, the$$es f,eg oos]rergCIl}t SFsgF

ses$,es$s o:\rss e val"Uecl. Sleld of olulX$otesgs*[s f )0 ($slf the

ee4e sf, the f*eld bei,ng eonple*el# rr*Iued eueh en &$ssosignt$"en

thooesm u;.,a3 i*}i;,,t ;txuved by i.ir i.teihr.* ;]tJo ij*.,Xlthnd" fu:Jt

&tr yag ti*s fte1, f]{O*} wJ.t}r t1*ffexsxr,t $etho6s). '

Sn 4]t C_f lr* derssl**cd the tqls$, .ta e*ne*.rler sl"fisees Of, rt*6e

wtth tle preperafi,+n thesrem $s the soc6s11e4 tJetexetra8 saten'

&os$.fls s,$d peenres th6 apfxsxfin{rt*.os theorerg' fop '*Xn"gs sf thees

'{ie J.exstrels c0,tegorj.ta.

f n ;,orr*$ e*r'* f,. LLpehfta po{.nted qus thst rroga dete{Ie of, th{s
i '

pf$*f tr€itrCI 3:te*r:rB3.etg rs**qr *gssgrsst and i'xve$te4 ii-oyet'ens

be$"ng n*;r11an *a {'tSJ hut $sro Scnqral (*.rot f,gn11tee of

XegUl*r LscaL r*ng* sith the grrepmrats'cn theosen and es-*Je $mve

gaos ilraFertt*e) and Fsnrred tha e.Bproxsmet$oa theogem f,or riags

sf, a i?*esstein (efr tLJ}" 
r)

ffhe 1d*e o,f thlg F.:}e:' tg .gl,3.3ht1y to 6e*eeieltge the nstta:r of,

:i,rs:lrir{itrcr.il c5.tr),tss*.cg of ff 
'$ to 5et al"s* & ssfi"n6ci;*on to

i\J *anl *o frlve * uo*lp}+tc peeaf, sf thE appro:rtxmt*as thaoremo

,i:r"lrtlicr*sfe t','8 finui* tO pUOVs lt3.ldlCrn Oprlr0::$m*'t1On the0fesl

(ef* tt J> for "r:i'e*eretra8 eategortesr

. , /
1) 'Jh+ ri[t*jS"rE w*u].rl lthe *o {;hnnl* ]'irc

fsr th*$'s S.rrtfl**rt [n clr's Tie**rstrs'$

l:.$n*n r','$-th rompcot tel sl\n:e probX'emn

*,P;lro;;Sli*S9.sn th* eirtn'

Scnef csrl IIg' I,$.Pshlts'

ostof,cgJ.e$ aud fos thetr

*n orar Broof, of, the



c

irr ths firut tllr*e; *lirl.;tctu t;* rq;$Ll t{*ve n Ssrrc;*:*" iii::i;'*"sr;ll;$*A

o:il $I" l,*$.cgs'i1:raEi$ $;ltql${isy gr.ul St* prmpertlr;i;' iie;;s*i*eeff w*

wSLI cll;rrp"*teff*.ss anoeth mcrph3xrh$sil prsrle ths *$pl"$o{t **nestsn

*h$t:y:{;i,: c'.:.,r'-l I;ellie:: tu }*mi-i*..

i* rlinjj*s;i: 4 vo ri3.L3 pesvs lllll"lrt$ s,3lpxoxtnrat3.*n thtl*ren fer

' ' (:l. l i..; i;r; '. i i ci. tc;;orJ.eu.

.)* 5*U ;:,x'r ;i.c.lti",, *$ il r-uiue;i;rgr.ili eiot*i:lj{Js} vrtl i;li,L} y"Slr* i;ll* ti*f**

a.$.SS.on f,ss the &*ce1 ssse hessr

I+t Ir la* * ftelrgl os. itxr !r$ers$Ldir^r1 ri*,ecE+:te v;L3Jrg"t**xr $fulg ajld
,ur

tif 9 it let $s deaoto Shsr siitsg:r3sy sf sH. noethee**n henp*Ll,a"n

Loaal ri.*sg oretr j,l"wl,th bhe erkts gesldne .f$skl* r I ii:

t'* :duli su'+tti',tc,:io;f.i' S n of f- ,. I,,; a 
',,'s;si;t:c;# 

catr.'*,tf3 t.f ft

l:us th..l f,ollaw"lng SiroB*ri;*esg '\: ' ' :

t) Eaetr morphlorl'*.*t $,n Sg,s',i"e3"€satxa$*mor3:h$,eeg.f* *r Sf fgg,

r 1*t**.,* ddeel s g $

T---+$/X * &* B

2)

*s fLnd,Sel thsn A -? */S *sI ii*Cl.uli.'Ss+

$ n oontelns.f,reo obJeatsl *" $r S;fr l, €$ U mntf $f

(L\, rrf , t!) {e s, fin*te fisq$s$se sS $"rr d.etcr:rtnat'er*n

str*rs ea{sBa t}r* Ssee *i**}.gebsa A 41- 1f,1 o ,".s ifuft *n g U
(tfr*.r, $sa.n$ that fos erw /i'slggirra S € $ n @

t4o ,.f r .\oA S3 thero *x$.ntp: *rr:rctlr sne 'lt*'raerpiatcn

t'.lllttr rlrs filTl -2 B r,n g * n*'*tl:in$ the f* to the tE)o

l.iorcover; the kerlrol.s of ths *ensni.oal mtlrpfs*mn

*t t t1 r  : . . ,  - r31 -rx{ \r : ' . r ' i 'e; f / ( 's{r1re,  * 'o} tsss tho

t *so3"s  {g lq  rc . r  * * ) t  t . l4 .E4t  o ' r r  9*Q ,

Ang A e &s S$ a quot$ent of som$ w,4Lxr,r.', -"q? r5)
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;H ;i'li;*f lrc cr:]"lcd s. ir'e$fiiietra.ft eate6or;, $ n er*c}le*t' {sf f*r

c,I-L *€ $ *tr tli* nruirhtn* il}rus f --> Ij;:elc .e f,s f,onml.ly $&oothc
'f,$ ti:dr,r 3r&$slJ lia vi[].3 co$sf-d.r,lr r] rr]$rs genor*,r nttuntlsnr
:is c{lli jl -, sci;;i*ro:r{:$l}*;rt I,ff jjnr ;;lL i d * a a,r:J ? * (st trcarfo}
tlin rxri'1iri;i;r tj;:ee i g:rJj-.t,,sc :, {,$ *s f*rnafry

en$sth"sn riL1 V € l:pco i/ t;] bu*trg.ksrnr*ls sf * $uJ.t:,,ble

Elot'3fuf 1i1'1 l, f2:-? tn $ € ij * r

th* na*r;t$*n s,f e {*sss**roellent lTes.eretras eateg*str .$,* 1n

Sr$sc$3;"l* * S*ristra3*eet*fi8 ,6f $rs es**I}**t,fietes{:traj} enitegerd.ce
offr{{r*f ,:nd ttie l?-ogstcmii. rf L\cn*f nnd L*p$[1ts {pJ,
ile d,g sjct lxt*,;i :Lf .ri 

ger::L**xcnll.Lcns L,e$.er$trutt eat€i;orff f.$

r : . ,@'ead; 'c i :eol} .en'* ,1"}ut*" t* .*une, f , : "* tohlveth$.gap3nrcnt1y

r*strs gcrr*reu1" nrt**n se*.,u*e oi the foll.srrl]t,{g e:r*rp3.c I

(t) -r-.€t lc t',e o gi.rcat{ao:npictcftf vslllcd f*eLd 6*..*" tlre oomp}erttern
' 

S .uf H w*tfr we*pec* to ths tnluatdae As a uelnratrle ex*oxstan
of i;) l:.:]il li i* lii,.r *;rtcg*;;. sf ;,'- ruu'].;tf"c k*nli;clja.*.ri,-, t.hl;n

$ b I 'J rici;rJ.*r::c;i; l l i : ,r{; (cf" fft:f:.;_.*f 
.se do uil i  ],sn*ir tf

' &I} tr&33J*** *,,'*rNIg{,'l;S:;t fu; *:i*elk*b :lLrr *;td3s Af *ltc,r k * ,F), *"

ftr*,lr o:,i]; g?fib,s t* -:+ hli;,i.;t it} f,o *+:? jl:f i: $,* ;rle,*aci"r

cc;.rr;ilo'$o sl;l srt th* ra*e fb $ kqJ 1@ t
fhrt,har **:cr.*;l}*s of e-=lotll*n* 1,,$*erstrL:Ii oo*e3gr$es aHe

{e f. ;ft,q"J} s

{x}:'r.* *eit'o*,gury H;l cf hl,:tnel.f.,rn r*,:r;-: *f fs.rrtte t;rp.over it*

}t n f$.cl"d rlr en e;iersl-3*rrt ex*,r:sr*tc v*I^u*,tf*n rl"ndir



(y) *U,: e***iitri: ii i:i $f a1,1" notitliaja:il;ir h*nr:slfn:r 3**ril

;i*,ir.]3g*hrn* g;l:leli nR'e **::13*8* trySt'lf f**'I'r*t:& t* 'sli'; l:t"'*e**S

*+r:*-l-n::;i srrii*l-l 1ii;et, :'er *'J'l '; € il t r *l'll .t 'l)" i^'''-l li*::isr':l$';:"'s

cf :f:irttte tlr'S 'lv*r it/g;i ferr r:'ll" s 21 s n.'iiterro u,** 
_?

ccr.,l3.}ete d,tecgs{;o ya}u*.tLnn r*3ri of, *hsalistcv$*tjLrl il*

{4} -L,r,$ L.,;"^l4"ttr r: ftl.tt::t-:t3 *;r*.*cu Af f;1.*I"rl"r: s.ff i.}.:J} c*:rl:13-*t'*

ctg;scy*f,0 v...igati*n xln.3 riucir tlir::'* *ii* s$x';':tjilT:r"ittll'nli tr**:lrlng

:l**1c. *::i;*:rl:1"*ir.* ilfo r:*'5r.tr*htt s:-t.:"l tf * 3:1li ii.t be a', f!*3e1

s* i;:i *':**).3i::-tt; *j.s*getn vl:'3'*:r?$'*;i 35*":i;t

$ * ea*s6*sg of ;11.i13n1;*'rr;* e*s. ll*

€,$rl tire* quotJ.cntn r

J e  / r y . i

L L  , - i  9  i t6 .  l " ' i . * t  -J

she rs;:*r s*#ult of ths* IsI!*r e*.1L be tb* f,*Llorvlng tho$nen

(cf"  Eh+orcn 6#,) t

ileffit..g::o$Ltent l.ie3,qgetre"$ cafeSof*c* lrlve thc a::'ni'"'*rt;r of

npi:re,.c*rxrttcn; xcCIr j-rt$grg *pprox*rretl'en thpoEer }tgl*:r t

I , * ' t ( i , 'nn)beslooalpt i r f l l f , rsn&sssS'*6s*e11set l ' ie* '

Sat*anr}'i*rd f, * {fir f..t gffi} ffXI eri}gtearS'. sffnlexi *f; p*fu"n*:***}e

Jn saris vrrs-abLes Y r (Y{r erry Ti;3 'ri'th uO+Sflctc'*t9 il:r A (oe

$i.l?CI 6;+rie,ra1 fs.€ adxTt ). then uoi*g sslut'd'€B! S of f sY& t

(the camplett sn sf Jt) snn he wslS rqp$soxf'v"ur'bs'($' *n tire ur'6'xl3'o

r$*t*'v{, $"n€*gee
ts:nl.all;r fu;. n s*rlt'ltton nf f $m' A (*"et f,or $Y$sf P{

o ther$ ex5-$ds e so3.ut*on y sf f tP A r:ra*h thst e-'S r:*sg *xo A- )'

e.^

i
I

',ie 'tfsuld, l-1ko to exSlres$ eus

l*[wsr $u]ltrge far tfp*ng tb*

#$nt*tudn to bit*s &chrenrSB sffis

ffi&*ruilsstBs *f, thln g:Q):esr





1 .  l J ; r s t c  d e f l - i : i t l o n g

A("s4 !' ' '7 -
iT; denote b;i $ ti ie cntegory CIf all, -tier*#;*[*'p*i"* (n, 3r]

such thst

f i r i  E '  o
v.;C 'l

1:;s ca II a uolphlsue (4, T) *-a (8, J ) t$ g e j**p;r,,J;1-tjlitirjlfi'l-1J3Q-r

tf t t  h' ie the fol lo';r ing propertyr 
=

{l?) For an;r cl-oeed Lii*al } i  6 B ($[tb reepect is the I*ef, ic

top*Iogy) eu,ch thut the norphieno A -+SlK + f$ is ffni"te'

tba rasrphlsne A *7&fti  Ls A-flnlter

SSg"g\ . fiia property {i'r} lnptles ls rcaEt eaeieer the otronger

properiyJ

l , : ;  l , ; l ' , : ' (T f f  )  f 's : '  eny pe ipa, ra te{ '3-no i lu le  E" twf tb  rarpect , to ' ' tho l *ad l ,o  : '

:"' *: A'r tbe nrodule S. ls of f lgt.te typo ov$r A

, . ; ' - i  ) , '  F*,qqqs-i , !* i$J'Fropo,rty (w) tnpl les :( tr t)  tn tue f ,or lowtns cB66B ,

't ' '  (1 ) i enf, B ere l{oether!.an rlnga

t2) g ls corupleto rsl th reepect ts the E*'sdl.o tapolagy

Sore pr€oleel,yr q6su*' t(  A [s $oetherlsn, ]*t  (er I)  -*){3r "f}

: f ini te typo $!th anni l i l lstcr l i ieol 3f e Bf euch t l rst sl l  tdsnLn

sI '+ lf/? e 8/W f Endu ($) ( v  * , 1  n  P ,  . " . 1

6rs sloeed ln the l*edLc topolsgy of FndU (E) '  tho fol lowlng

propert lee ere equlvol.ept

:  (r ) g la of f lnlts type ovqr A

(t[) E/Is ls of f lnlte typo Pver A



?

Proof  o f  (e) :  I f  F1 ,  o . .  ,  Ib  e  E endl

n . fo$1 + .i. + APg * IE

then  E 'AF1 +  . . .  +  A$$ I  a f ,n ro  A  i 'e  conpLote

f$r the Isst ; ;sser ' 'blon we infsi 's fr . 'ai :  {1i)  the p: 'operiy

henee End6 tf i l  ls of ftntts tyFe CIver 6 and by hypotheeto

$,luf g xno6 tfl q- nnd f, (:1). rtrere fore f$# ls ft"nlte over

f, en* $nt$ u #i - 84 * :S . to f lnlte over A, hence B/S ls flntte

olvsr * by (;'r3 and alrce E !e of, flnite typ over B/Sr tt ls

els,? of f lnite typs over $.

stat*pest  ( l  )  l .s  a op*cla l .csce of .  the lest  esEert lsn.

Sos we Gonelser s subcetegory $ of $r snel wo doflne the notlon

of e freE palr stth r*epeet to S tn the obvlous wsy ss fol lowat

I f  (& ,  1 ) ,  { i3 ,  , } )  a re  pe lxe  f *  $  ssd  $" :c  ( f t r  . . . t  to )  I

f tnt ts  ss{r l l?y leo of  e lenente of  J,  $a eal l  (8,  J}  f ree over

(4, I) wit i :  { ioi leratore f l  ,  . . . ,  Tn, l f  for any mCIxphleuo

(4 ,  I )  -+  (c ,  3 i )  tn  i l  en i l  eny  ssqusnca ( t t ,  . . . ,  io ) ;  t i  €  l i t

thera eJeii:is rrJre.ctiy one A-florphteue

f i (1], J) *-;> (fr, K) suctt ttiet f (T?') n t1' .

obv!.cruoly, (8, J) Xs unlquely deternlned by thls property ead

we ut i l .  denote i t  by  (4 ,  I )  4 i  ?1 ,  . . . ,  to  ${a { (  * .1 ,  . . . ,  toJJ r

$loru *he essent!.el  nu*lon. f 'o our pspsr ls thg fol lowtng notlon

of a ' , i 'e le:"gire8 cate;orY

r {\ *, I ,ng t,*Tl i {'?: si"r,:pry by o f{Sr, ...1 or, il [f there

ls no esnflesion olrout t l is X*eal J



A fuIl subcstogory ff ef $ is cn}led s '6elerstrs$

este.rlr:: :F7 l ' i*coteiytrry fo:, short, l f  i t  cs, ' ;gif ies the f*, i ionl.ng
e$ ioss

(t'i0) For e&clr no*phlsne (A, I) -*p (Br*t) t:r $ the rlngc S/X?
sre Sfoetherlsn encl A/I *_"S/J le *xrJesctlus

(1:,i1 ) Faeir ru*r'phle$* tr: $ $.s e '*i,oi.orp:treg n*rplilsa*
=\---

( i?2) IJ l ;r clsr;$d v*lt;h res{r)sct to ftnite morp}rJ.nsrcn tn $ ,
t.  G, s. j t  (A, I)€ I j  ond tf ($, I)*_-+ (3, J) Ls u f i_ni",te
il$iJi;i?i*;e r* $ cn.i i/i *+ */$ sur;icotlve then (::; a)
beloni;s tn S

(r : )  S contalns f ree obJec|e ,  r f  (A,  i )  e g sad l f  (T1 r  , r .n?n)
ls a f lnlte seguencCI of tndeternrnntegl there exj.gt th$
frso patr

(A, s) fl ri , ,, , ' *" li ro $ .,*h rcrr
Eoroyovsr s8tl#b.u tt ie propertyr l irs kernels of tho
canonlceL narphlsiass

u lf up o'. '  so t l  *"*b 4fnr, ., , ,  y;? ! (Tt, ... ,  *o)-
,  (whleh conta!.nes (f l  o ,.. ,  t*)t ) sro the ldoels

( s " ,  a e . ,  t r )  t  A  4 l  T r ,  * . . ,  o o  l J  .1

' l'urthersor6* ss d,ef!.ne sn gsgs&lg&& ksgs$gs#, &*r & {,r,*o6tegory,
where o} l  o f  i ts  ob jects  ars  locs l  r in f ls  (An I )  such that  the
morphlems Speo tfl -> Speo (A) te forrnaLly smooth"
['t:o slnn of tbls'nrtle€tr ls to ohsm, that e.xsollent W*o8to6o3leu
hevo tbe npFroslmetLon propertyo lf  they contein s fteld Gr e

: dlsarsta vslustLon rtng.
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2. srnno t h noruh i*l;e-E- Ln ?;e tgr-e!xg-fi.-a-aj'-e:Q.g-lgE"_ - - - -  - - ' * - - - _ - - - -

xs the fo11.oreln6, s etenote o flxact ig-est88orf,e ITe flratly

dete:mlno the structure of foynally emrroth norphlnuee tn g

=-.ReceLL,t+*at s morphlsne (A, I) -+(ts, J) le callefi forroelly

omooth, lf for any loceL.Arim*€n rlag ("Q* fi) and ony (ensll)

c x t e n o ! o n ( R , n } > ( , 1 , 6 ) o f A r } , , * R ! n g s t h e r a h o ] . d e l

If

lg ' 'a eommutetlve dlagrarn of norpblemes (wlthout the dotted

emoir),  th* norphienerd cen b€ l l f ted to aa ( lr  f)  -  &orFhlese

l^  r  (8 ,  J)  -Gl (R,  m).
(

Sc sant to descrlbe the etructtue of forselly enosth norphlsnea

tn S. to do i l tsr w8 f lretly gener*tL*u th* conetructlon of fres

obJecte sone*rwhatr L€t (&n I) be e polr ln S esd lot E be a

$:'oJeetlve ri-ffiodtiLe of f lnite preeeatetlon

E  *  A f l  t -  c . . . s  l " T r r /  l n ( T  )  a ' t  . . .  +  l r ( n )  i

(  )o r  . * . '  t r r  } ! .eesr  foms Xn t )

Bv (A, r) 4l r: {$ s (.q i{, *ii , r {{ s ?? ) we desnte rhe follo*1ng

Fotrr A+\Eh -- Aift i i  /  \rAi irr i  +"" '  + )t ' l f i i i i

X.t;, nll s I .t { e$ + rrl fi nfJ + ..o + roa {te3l
tr lE want ta mhoriu thst (A, I)4{ s$l G g .

;'
,
I
I. . I
I
f
t

, t

$
I,
t' t

,irt
i' t
t
!

I

c l e s r t y  i { { t { t r  : s r s { i  r l {  + r r A { t l f  n . .

Bslon (v{3) (obeerve r {* t 4t tif , tr d r +{
A {'\ tJl I r t ril *-} irll to uurJecti've b;r

r t

rri
8S

ton {{ rff by
and

tome (Ho) ) .



ilur.t;!:r;::K$r$ (;. f{ ;,; ii , I ll n il I is }i*srr: L*"*n an,$ th*r*f'ov* Xt

rsn$lna; to ehnr** tlr*t

n s A 4l n$J Lsr nspsrCIted ln the J t i{ tl j 
*ad*s

topolo6:y, so provs ttrls we e&bsd (rr {lnl{ , x {trl l } rn

(-t  g, { l  ,  i  i f  r i /  } ,  Sec$use It  to proieet1.vs, * l iere exlqte

I  p ro jec t ie tn  o i :e re to r

1i : .tT, J,i , '. + ATu '-*-? J":l * a *, + 'rtfn

' , i t h  h r r i : i : !  r i r ( T )  +  * e t  +  h l , * { f ) '

tbo op€rstor '1 i  cER be t t " f tes to a (4,  I )* Igsr lh iemE

i r  A I r t \  - +  A f f r l j  ,  f ( r - ] ! n n ( t , , ]

r r  s r E F t a t t r { l  } ,  J , ,  f f t z t l  r f t  ) , t h o p e t r
( F ' , J ' ' ) g t , r h t r l l  ,  r 4 t t l j  ) t s l n S  ( b y ( ' # a ) )

r  i  B t

I f  l r l , ' ( U l , , , r r  H  n )  
a s o  t " n i l * t e x % l n e t e s r  T t &  d s f l n e  a

( B t ,  J r ) * r a o r p h l e n e  b y  i  -  . ; :

! , r  s r  l !  u l l  .  ) * * r y  A l f  r f t  ,  p l ku l  * -  r v "  :

f*  f (g) I  , \ . { t  r f r l  end i  t r(r}}  v '  0f  ths sCIrrsspondsnf elemnri t '1 ' .

f( # ) e s,{lt{ i l ' ,  
' le 

Eontnined !.n tho kernet sf the aorphl*ma

B , { [ [ t ] i  - - > B r ,  N *  l * r z r r ( f , ' ] r b e n c o w o c n n w s L t a  
"

(uy (ul)I ,

f(u) '.
r  t r  

' ) l

ts 
'u (u) € '  Rt t !  t t  i i

f (B)  E A ( [ " r
vr,,

tbo;rcfors -F ( f)

l . | l

5 (u ,, F r{T, 'l g" i4}
i l2,

) anri wn oh'ric i.n (r:PPLYtng,
,

s  t r  { r v l |  & ' n  ( r ) .
{*

$eY
tLre nu,;lpphloura p)

) /  ? t
l t r t )€r t * "  

-  r r ( f '  ) )  A

E,rfr) A fl *11
( 8 "  { r } Q  $ rsnd

$ow wg

(8 ,  J )  2

cen denerlbe the strusturo of f,nr*ially emeoth morpblnss$r



6

:  (4, r) e $ tbere ho-lde' '
$hfpges,1 sor aav pol' 

, rr;;;, irn, ilre norphi.sree
(1 ) If  a ls 6 ProJectlve A*aodule o:

'  t" - 
I l  ls fsruall 'Y omooth'(A, I) -*7 1o' r) 1! E lt t's rsxuE r

(?) If (An i) *-q{Br J) ie s formally er$ooth 'tnorphlelCIe 
,1" s

:  t  to  the ldeel  11 o 'd '  ( t  L t
'  and t f  A is  Sensol lan wl th  respec

t b g p a l r ( - t , I l ) l g c o n t e i n e d ! n f i a n d t h e r e . g s l g t e p r o o '
i

feotlve E-reodulelof ftatte typa such thsy i i  \

(8, r) ;;; trl {t Ell i , 
' ':' 

i', ,'' , 
tll

T I  \ :

To proof the f i rs ' ; ipart of the theoven: w€ cEtl  reglace everythtag

6c ,"u,1j,,, I 11 gli -adlc conpletlon. But the e''gebre I "., 
"\'

' ./\ t !t-N i

S*-ui$ , '  t *s{ / t t f r i t r i 'a ' - "  1 ' \Y- t l l i -d  :  ' \ . \

tg  obv lous ly , 'go*oal ly  eno 'o th ov83 r l i  l l  \ .
' i (Jn; r) bY (Ar rt ) (cont6"lned

proof  o f  assar thon (2) r  
"1e.  

reSr lace i  F

1n*,, ' i 'rz)), hence we ccn sss*b t Alr * n/J ': 
i  \

$tqp_ I inp eogule i s J /!2 + lr l-tgof,e gtlvg 3ng *',, t'....

!tg{o-t$'"*q3:g I s t'n' \ \.  . \

;t;;.;; ";,";" a E-moduLe or rinite tvp' *,fnoe 3 * BllB ls '' \
\.

. ,1;*  have to s l to l , 'J  t f rat  for  any eplrno' :phisne "" ;
z./

,)' 
'

/  \ -  ? .  \ t i

. ,Of T.-nodul-es of fintte typ eny hosiosiorphisno 
'F t 3 .-'-7Il

'  ;  - -

' .ca'n be l i . f ted to a tronosorphiane p I E:*SI 
:.

Let rr bo srny nsxtnal l .deat of I and assune *-U o * 
tf i  = 0

fo r  su l * ;ab l -e  v  .  Cr :ns i 'dar  the  epknorph l$ t ' i s  o f  loco1 Ar t ln lan

; ; ; " ; ; ; '  r * r / m  @  r {  * t r * ? / n  @  N  ( } " 2 = s 2 ! E o )

und t t re hot;onoi 'phleinee of  r lngo

s r S * * r i  ,  $ ( b ) E : b m o d  J S (observe S/f3 * ,1)



7

snd ? r S -> fr.
; '

{  {v }  *  (s (b }  * r }d  $  
' - ,  

$  ( ( t ,  -  m{b}

lJocsrune I ls fornsLly emooth ov*rr f; ,n

)  n+*  Jz I )  )

tTs  c i ln  t l f t  T  t$  en

honorrorph ls$e t s  S  - ) H

and t lncluces tl ltf ';5.ng f,r S *--+ il of the hs.rriarr.CIrplr lni:i+ $,

ur sf fi the fii*{&{:l*Th!s tnrpl ie s t i iat for nny na.xirrsl  tde*r l

cor; iple' i ; lon af .S ls Sf,oJ*e 
' i ; lve svsr th*

E,  by fa i th fu l }y  f ta t  secsnt  y?s l * fere

p i ' o i e c t t v e .  
i

Fteg-JI gogssrgellgn-og g eqnigcllgn- (4, r) lt nll-+(s, J)

Stnce (An I )  ls  l iensel len Hs csn t t f t  ldenpotent  e lernents  tn

any ftnlts A-algebra E from L/It, to € .

liorr E !e e dlra*t eunmend sf e free ? modula ?3 snd we

cqR. l t f , t  the co{reaponding pr.ojoct los aperetor fur l ,nr l t#l f  gnd(g}i I

to  End (aw).  I lencs. r$  can bo t . t f ted (un lquely  up to  pn . ,

. LsomorpbJ.eme ) to a proJectlvs A-reoduls I of f lntte tXlrpo

Slnoe E * J/J2'+ I8 we 6an t ' ! f t  the leornorpblsme E/IT. k S

to Bn .0,- l lnear honoporpbtene

a z  S  * p J

u:-adl'* eorrplet i"*i ' l  CI

thersfs.vsl ' t,hst * [e

t

s
I

t

i
I{
,{
i
i
t

:i

and I lnduses I rnerphlesre (4, r)  { i  ni i  *}  (8,

by ss rshtch [s  obv lous]y  uurJect i "ve (by e. : ( lon

Sten I I I  The r . :orph lsme d is  tn jeot lve,
r e - s - - ' F 6 5 - E - G . ? E C G . -

I t  l s  su f f l c len t  to  showt  fo r  any  ldes l  t  tn

ls locel A"ItnLen' t lu lnduoes honouo:rphleue

6 r  A { i  n l l  / q a { f  n } l ; > B / q B
le  tnJect lve (s ince the ln torseat lsn o. f  n l . l  th te  ldes le  Q 1o 0p

by ax iom (vo)) ,

J) r al .so deitotsd

(,,i,t ) ).

A sueh thst A/a

$
,
I
{



I

t {enca we cgn as$u&e thst t  tg loeal

forsal ly snooth over A, YrB can 
'cangt

bsnonorptrterna t r s ->A I{E li 8u

B -1---' t

dq"
A  { l u

I t  - -1

(wtth tbe cenonical enbeddlng A l{  E i i  L A

le  oownutat lve,  therefore.& ls  lnJeet lvet  end

tbe theorei i .s f  lnlehed. '

y{e eant to mentlon the foLlowlng cons€Qu€Bcse

coroLler-y 1 I f  (4, I)  * ip(B, J) !s s fs:maIly enooih
_- ' -  -4

norpirlsue in E and A/I Y: B/J, tl ie msdulE I{onO(5, I) ecta
f

t ranstf issty and free on the Eet of gect lone

t t r  ? \  f  t  r \ \  a n r : l  f h { a  o a *  l o  n o t  S l I r D t V .
Ho*(A,  I )  { (8 ,  J} r  (A,  I } )  '  and tb ts  eet  te  not  eupty '

. :

In *he BSfir  esrct lsn we d*r lve t tre aharectevLr'at lon of fonnal

ef i loqtbness by the Jacoblon cr f ter lan.  For  th ls  rAEBon uo have

to introduee the fol lowtn€, fecte

(1) Sor n;ry,,morph1ese (Ao E) *-? (B' J) fo S tbe palr

(S, J) $$n be r*.r l t ton up to toomorphy t:  Lhs forn

B * A { l  * i l  f i t  ,  J *  r B . +  ' s . r r ' ' , 8

f fe  hav8 tO chooee r€prrssentat lvcs t1r  . . . r  tn  o f  Eenerators

of the A*n*cluLo J- /  JA + JB. then r lo put T s ({t  r  " '  ,To)

and dei:lne g ii r |i ----:p B Ff l! y' I ';:: t'vl
r r  ' t 1

I  s  k ,3 : '  (A i t  t l i  * ->  B) ,

By e;ri*u (:r1 ) r.r* lnfere -B :" a {; f . 11 fn and J ts €,en€r'rited

by t t re  i l : rge pf  t t io  i .deal  I  and the e lenent" t "  .

i,rtlnlen.-

ruct eteP-

sh thet  th

' I

$ lnoe 'B  la

by etop on

e dlegrqnm
\\

l\
,]
t
.rI\

. i ,
':'l

1 l

, I l

'\ ..
i l  r .

t".
:.1 .

f i  o T ? r  
' \ i

b  " t J  
t  i  \-  r i -  \

: 1  \

the proof o{ 
",-  

\ , \
\i ).

, t  
\ \

. \

ti-

fJ
,v
g

-i?

B i i



(?)  I f  n  lc r  &n: r

bi:e I-ed tc

Tlnp ( a,5 v r  a  l - -
jr

r r  l l
. , \  i l  t l l  - - r . io i lu l r : ,  seler$i*d ' r+tr ' l i  r "c$i l ' *ct  t t l

topCIto; : l t ,  the nis ' . lu l .€ of  dcr[v*t i 'e iv:r i  ls

',t ,:n ?. il I .. 

t?

bulr '  & r r l{omu 
{i r i} {. ,#,i* j{

i -nducet i  h ' : i  o  un lvarsaL der lvc t lon

r' i i;:,'i' } i  \ r
T \

df*  r  f ; ) r

'r.l

d r ;r. {t r;i -.--=" vt , L f{ * ;j dt '

di' rE ;: 
''l! 

ilr Y
i i t  , , {  

\

I , roorr , ihe palr B = A { l  t l l  + A f i  * i }  e ,  r  a r  {{  r ' f1+ c r. ' i f  $i l
, ,  , | :

ct.rf lned by L ?-= O belongs to.&bl '  orlon (l fz). the t (t,  f  ! i*nodu!'+

# *lv i v;,,,:-;',1,!'1,i,a,1.,," t )'(&I"I
-  i  

-  -  * - : i ,  i l

i s  lsomorphlc  to  the"uodi ; l  Dero {g  f ,  * t i  '  A  t t .#  )  lv

8 s s o c l o t l n g - - * i , o a . - d e * * f a t t o n 8 t b e $ o r r i r | o m 9 ' - . ' . , - . - - . '

+""!- ' f f i?)t;" 'sspea"lqLly ta *ny f r 'ss 'c&n {ir}ssclate
y I f l-;)f .. 

|sc"l8rry rt} {3rl

the nclphlsnie f l  t r - - t i  ( f  *V!-  ,  tv p--  ln + f  ,  the , '

, . ?
sorr€spondl, trg, dErlvat lon ls:densted by 6rn - g'

i f  D: L i i  f  l f  *> ^F ta eny &c:r lvat ianr s€ con,$lr l*r

$o (f) q! s(f ) * 
E, 

gr. F {.T, ). Fror. cxluri tu:} nq,

lnfer thai e Ji t !, /(u) 
* n ?i 

' '  i i  ie !*oi:olpl ' lc io

t" frJ /(s) =r A {gJ n honoo' no(r} f (t}" E for anv lntegor

'/ , antl bscause n trr eepnratedr w8 SGt $., o"'O'

t )^

J  n , +  1 4
L  U L ' y  r  } Y v

Y3?

{ "  S .  d . Ip 3



1 0

Se seot to otudy eyetemr of equetlone of the typ ff 
(Et'L!tp 

,O 
1, 

r -T

where  {  , "  ( t r ,  .Go t  To }  i  U  -  (u t '  "e t  uo )  and  F ( f  ' u )  * ,  d { l t i f  t vJ ;
- { \

In othe'rurdar ln a ol l6htly nore S€rfisfsl fsrngle-t lon'\rrva utu$y
' t ,

gcbeuado f  the  t ype

x ---a $pec (g) ;-> sPec {s} ' n'

shers (A, I) ---7 (n, J) 1g e ssrphlsme ln $ and $npc- (g) --$pea te)

l"e lnduced by thts norphls,ee, and ehere f i - '+ lpeq. (nl  tn I  ' ,

gueetproJectlve schena of f lni ter prcesntat lon or 'or I t  l '  6r x

!e e eubache&e of sstlls prsJectl. 'rb eeh*n:s ?(S)'r, whers"E ls g

s*nedula af 1' lnlue presrntst l .* i? ond eherp, g ls !"9c4l ly al"s*ed

in 3(E) end lscallY deftned tn ?(SD CIv?r B bY a f tnlte"number r,
't

of aguatlons. +:rd ,, '  
' \

If E !e 6enereted by*oof p olessntsr Yle Ga'n J$f4 
: ::::t*,::.

beddtng 3 {: i} 9 pP s $pea &} of f lntte preeentatloar hcnae
' 4 l |

;ws esn 6sruu:a :<6ri i ' f  x Spec (S). 
b; t ,  z,

.  t  ? t

l ,TorevotJer, l j :  : ]  A J,\ t t l  /Kr E€ c$n sssune X QFP', x $pEe Aif  f  i '

' troeatly ol*asd en* deflneE locally by s and f'turu*rl *ot

rq i ro t lor ip  ' r r i l l th  ceaf f  lc lents  ln  A + i  
' ;  5J  ' ,  

-  , ,
tfa prove th: Jssob[sn *rlterlri*r fsr thl$ ntre* s,J;tUaf,tunr *:-*:uo

pro'f tho e.xteten$o of Eections sf x ohur A (tr;heof,gg,1otl tnpllctte

fusct lpnrl)  und l*s ! ; trsrxsfsl lnat lon (t tro enaloeo\ of t fe ' l , tsns"lel tma)'
i \

' f ie denotm b:t F the Px'ofeetlon ,
p t X --+ il,Pec {i). 

i
I
I
I
/ t

t l

i \
i t t , u ' ,
i :  i i '  ' )

I  ;  ^ \
ig  x €X l$ *  pctnt  s+.*h ' ; ! :c , t  p( .x) ' *  Y( i ' ) ,  , is  cei i l '  n  SfX'* I*X

\ l

at s (or X forsaLty emooth f iver A Lri the Bu1nt xlr Lt
.  . t  . i

I

l i i
f i

t j  l  l

\
l : l

,{
I  : \
r  i \

i \. . t  nj l  i ' ,;  11  I
.  . i l  I

svilno*?t
aril*|lffi



1 1

the norphlsiiiu

no t  fn  $ )  ts

fh*er,ieix I

tbe nnp

! . ' .  ' l
'\/ 

11 ' ='- -/

tn a r*6r1ilt3.u;3e of

of pelrs (,s, I) + ( ff*," , fu.4s \ (thlch ls

forws 1!"y cmooth.

. & s s u E a e  ( A *  I > A & .  S ' ( T t r  . . . ,  t o ) r  a n d
t

y l lx  I  r . / A * x  $** $poo A \{r l{ ls e locally cloeeil euboohemo,

p I N *) ,S1iss (A) the cox'rfispondlng uorllhlerao. I'sT--.- 
-- ==-- --

Ul ,  i . . ,  t *  L€ ef f  l r i *  c r - ru* ' i ' i i i :e  tes 
FdS 

' . I f  x  €  N,

f (s) & Tdl),  the echeria X !s fovnsf ly snooth over A !n x,

l . f  end cn3.g t f  the fcl lc ' ,+Lng e*:r* l t loa !s settef ledt

(J) Thers e:r lat  funct lo*u f  1r e 6,,  fk Q e { l . t  l t r  ;U3

strloh generato the lcarnel of ths hououagphleno
-a

t f ;^- - n s and eueb that th'&'Jecpblan'
{ jzpr x vXl +

natri.x ( {1-. tt t ' :;; 
'-'i 

} hee the r*rt k'
,..{ u '8 5' r",l'r

( fg f  i i  i_r. ,  +:? tse denote by f  {x} the resldual, ,  cless of f  ln
.  i ,  4

(frgn s /  n:,  s )

l rosf l  1) . ts6qr' :e tbe s*ndlt tsn (, I)  ls get inf led asd

$ * a/t : t  i : r3 1' :ee1 Art lr lnn .A*ul"gebree s$ch tbat

ggguno Rt

en* { z A ' , *v S ls a nsvpblEne of loca1 rlngs.
L {  '  7 * * s

;;€ cri * I tf 
't .1."i;* ctlulll$tJ if l*u Ultl l e

a ,  d t

, : j ! : , ! ! ,  r r ! 1 .  !

% J * o r

& norpiir;r.* v , (!r, * ,T-?,,u.,,.(*ot ;'ri::,:!,"i:rrr$r,,Lrl:ui-1;:t
tS), :f  ths furr:t i*n f on F-' ' l  : '4f ) l :ee t i :e forn vtf ) d't

rsbere. e{t '} € ! i  u, fr/n {eis*e t le ennlhi"lated hy n3}"

For  ong c l : ,o i *e  o f  e lengntg  &1,  . ' . r  En ,  b1*  f  . ' f  b*  * ;  k

/)
-T

i t  b
, l!.lt ! !.d' '.i ' :;tn,

e ( f ) ,  - '

!a,t

{i i  ,r * {.r,i  '  -  
f ' * r  t ]

v

A*n lf;ebi:ils



1 ?

I f  osn0l t lon ( ' i )  le  sat tsf l *d ws

bl, . .  '  r blo ln euch I wsY the t

- - ' . - - - P  v r ( f ' )  o  6 "  l B

L a  f ( r )  m o d

It to C and havs
( \ n

9 {  l r * l  }  . - tn*\ (i l  l i  r !
d ' \

c e n  q h o o g o  € 1 ,  . . . r  E n ,

o.t (fg) c' o

I t
SlnEe ker tvt) contulns f iGlnq pawer of *Pr* ssstelns tberefore

,/l - f4
elgo tho tEer*el of oF, 

* " '<*-r/ o.X, r

fi ----)
anil lnduces a l l f t lng -f I  v X, s 

e

8) Jrssu$e X ls forruelly nnooth ovEr A ln

condtt lon i i )  !e eat ls f ted '  , \

D e f l n s  c  = 0 r r * ,  B *  A * r *  ' K '

thes C/f,rC 9 3 end because of foraral

eanontce 1 ;"*1.1*iph isse

B -4 efii0 + nra

aanbe l i f r *d 
T:T_T:"

I

I f T f t C : " s l g t b e e a a o n l c a l n o r p h l s n e t

t iov.t  r  B -)B eonleldee wlth ldf nod
f

lTovl ls *n teomorphlsus of B and I a ' )
,  

t  

t  & u r / $ r v l l ' ! ' - - - -  

. l

l e  a  sec t lsn  c f  i i  "

A"ny derltraxi"*n ti ii *i\ {uJ B ohqr 'A wtih vs}uss l$ ttn

I*adlo oep*rated t l* lnodul E estgnds [n a unlque'*sy'to E dorlfatlon

C *+ n, d# *u hats derlvatlon

c ,
(l

-_G-
f . l ; f i
v  " , . i

C .

' r f i l e d e f , l n e d b Y

ls I derlvetlonr ancl

7lt t c

r ii tuJ*j"*o Kn/Y'ac
, - 2 n  t , t
. S r  . V ;  l e

$* M,,*t'r,)

R

a
{ | a

Ker (Ayr"-  4,*  )

emoothnoss tbs

o f  , ; .
f

We rutLl ebow that

tbe conPoolt lon
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$i r  lo$r ;e  2  th i . *  u*p le  sur iect lvot  th*reforo

c (  a s t y ) ,  t * )  *  a { y , s o ) .

l iencE wE hav* rs*sced the prcvs to tbe ceso

X r* $pee (rl  { iFfi), 3 o proJectlve A*nodule of f lnlte t irp nnd

sush thnt f, ** u*x-roepondo to & fi e/l rAn F *+ A (by theoren I

and ooro l la ry  1 ) .

$ser ,I i f;t*irst[un et' the c{ise X n $pec ta {{ r fJ ),
wrd.w

iuFtf + F/, 4t.r$ Z rxega CIr $ -W * {j r il I
(wheye n --+ A \i t ij ls the horcnorphlsno ot 

I ii ti -mod

sorri lspandlns &* t *o @r) t* A {1 rl i  nr s {1 tt , .. ' ,

ules.

* i c' n j !  e
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sa oen roducs tbe proof te ths e8ge, where F ie free, l .  or

. rr - rF i} ae fol loqsl : .X  c  S p e C  A  l l T t r  . . t t  * n  ) i  
i r E  } v & r v ' s '  

, ,  , \

$ho nodule E oo,n b6 wrltton ee g rr so g A {t Tt} , whgrs r}o
A

t e t h e B r o j e c t l v E . & - n o d u l $ o b t g t n e d f , r o g - E b y - r e d u a t l o n
'fr 11 

Ar: 1sp;s1'tlill; { e-.'4 
*u# 

obte!-ned hy
nod i"A ti ti- A;: leorolsirlpl:s 7o # A & '

1fftfus, t i le tdsndtty of Eo te e$ 'A-l lnser nap J I sn - E

(&bserve t i rat  to t l  proiect ive) '  snd by e €f  F-7 fJ(s)

(x G ;ro, f e ei4x,l!,y. Thts naB reauces to tha tdendtty nod 3A {t $J

end et;6 JA {i i t$ fc contelned tn thq Jscobeon redi 'cal of

rt 7l

* lLfn t l  end i !s of f, lnltc tyss, l t .  Ln eurjectlve (by

liaftay*rgnae lerina) end t lrerefors biJecttve (slnee E le proJectlvs)'

' 
, I -t $dte dei;ersrlned by en A*ltneer Eap

Thsrefo'e v e ' i  r l l  r fberE exret e proJaottve
t /  z Eo E I t  + lA { l  } ' ) }  r  t t l€ l r€ sJ[rn o:* ' - : " -^-  

_
A*codul tr'r etiah thet i? @ 3r ra A 91 * ot' @ O Ul tu 

fr"*'- rr ^.,!
rro can llf i; i to en A-llnser Ersp y' , Eo ---+ $tX1. 

"A 

Su A il T')t

sn,3 exto$d tt by the enh,eftdtng x r Fr - '+ Alfrt l l  to an A-ttneer

aap . r{t t}- r -, --? n 
" ?)

" - ' ' y *  s  ( L ; -  ) :  L . o # l l . . r  * * ' F  l i . r l  +  
E ,  

f v A f l t l J

Any A*d,srl 'ratlon Dt AIFli '+ A ean
. '  l )

A-d$ylve1ic* i l '  t  A {\ r i i  -+r I honce

Steo lII  ?roof tn the cese
-*..d*#€r

bs e.xtsnded to en

q( ' f  ,  0 ' )  - .  t (  f " ,  o )

I'il' 1 t

11 *,(

(ro s

ra Sp*c A

r 1. .#'tr. "rJ

z l
. . .  r  Eo 5J

n
t?r

tilt "v
L  i r t

a { i s  l l

{\

F?

projr is i ive A*moduls )r
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lfa havo to iletsmlnc eleuents tv €: I{I1 C I euoh thst under
I  t  

' ) )

ttre u',eB n +\f 5r -?A' Su F> tn the hsnansrphlsmg y L

nappod to 0. Fnr eny nsp f , $o --.+ A {l ojl anil t, € I lst sr

denote by Y &,n, t . . ,  to) ,  Eo --+ A the csnpostt ton of F
$lth ths *.*ir*uou:orphiii,:e ; I tii -1il i;, 'io ?2 tv. bt'e cr, * :i;*"f'&

( r )  Y * e . s i x f  Y r ,  +  i . r o f u + L  u u * r ? r *
t  i l J * l  

l .  d  r  - d  
V r e i  

t l '  
! ' ? _ ,  

' l ^ l ' i
v t f + 1

i l , , ^ n . s \ r
Y U  o F o  - - - + r . , ,  

f o  r s n 4 A

Yuf ,  
ro  -  pA { t - } l  ,  i - there - i i ,  . . . t  } f  are  au l tab le

oLo$ents of I{n n
' (sl its ts ?ilorstbte stnoo *(F ) g. NtI, + 2a pu{ fl ,{!

C I ' v P l \

. $?x1 + E r,,.r + t T"EF * {l sli ,.
v - l  u r t * ,  r

Bhan ws t4r i;o fLnd olensnte to ln the farn

(?)^;v *  to&":  -  i_ x? Euo
1 f * { n j '

u l th  e le i :en ts  uu{  e  I f  €  I

fnE t i leel ttgn, i i  ls ihe ideal gsserate,* by ths luCIger 3i sf,
J c {

<-
^1-. "!*'i f' ,.J &'t' ot tt e c-{e *"' s {{
l r  J - i

t( or(1,'l r )

a a l

fyu 
( &tl )

' r  r k (uo ) *

f ,t( i lu)

s (Yro a  "  nYut ,  
lQt  a ' ' '  "A, " )

" '  ?u*( tuk)
shsre , t f l ,  toc , -t f k 4{.} n,oo tbo ti:roush ths eet n[ .



s5

' lEt A denote th* ltleal gsn€rateil by the slesente lPtoa"'a fuu t $"r' 't-1"'4i
*'l

ws aant to eholl I  u a(P, 0l '  iss hevs by eseunptl 'on
t

_-(a)-tnaj tt ! H'rl end bY ( u )  t h n t g + A ? f i ,  b e n a s

N g ( l i  +4 )  I I r r .

1d*-e
'i

a r

ShErefore therE holdE the Lderitiity n + A *1tlII1 +A . Slnce 
-=l--.

1:1 is of flntte typE we lnfore fron thle leteadlty (by Sakafatrss

l e r i m a ) t t r a t c ( ( t 0 )  ' s  A  + S ' * A  .

S f . n c e t h E e l . e ' t r e n t a x 1 8  g  g { (  ,  } * 4  e r e l n /  w E o s s  
i

flnd for eech lnilEx J an **llnear sisp

n I Af.,  0 . . .  @ Aso -)so : . .
v d r

eueh that  n
(3) 't"3 o ( t- so Yi o sJ

vorl

(by lenne 3)" l

$ubet l tu i ing (e)  ln to  (1)  HQ €st

V ( r t u ) ) *  2  s t s J  Y n + Z  €  * J o y J  f v'  
1J"1 voel  ;  

*1

n r
+ € Z-  * ru3uvt /J  fu /$(u) )

or l"  * t  113*1

Uslng (3) we can wrlte thla aE

r a

f ( { ( u ) ) *  Z  4  Z  { { Y r r T J  ( r a ) + u * 1 +
l -*t I  *1 d

F Z oor?r Vvo (t(ut) ]ftt ,J faV r &  
- J  ' " /  u I  - l  '

I IEnce tt ls euff lclent to d,etern:lne ths elements {tu1 Btl '  t l  that
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..the tsrne ln th* squerq br,eokete vanl.eh, i. €r 8€ haVe-te
'4

const&6r equatlons of the tYPs

ut qxd rn /tr ) =.:0

) f  e  l t  . . . ,  n r  1 s  1 . . . . *  r

&xi e 11, 4nlrl^ft) &"t {f u ll .

fhii Jeaeblen netrlx of thLa eyetem t$ U - S ls llla untf nstrlsr

and fort! o:0 thsegua?lons.rdnlsb sodul.o 11 r hence by theore$ 2

th€y cen ba aolvsd by elements kX,' I  I .  Slnce 4d., '  6 I, we

l
t
I
I

.F
1
ii
I
,T,i

AuvJ)? rrnc s ince 11 !sln fere f ; "sr*  t4)  t t is r t  uer '€ I1  + (e ,
, ,/td

I-adIe glowrot ln hsnce also -b&Eeed;S,l th

topology,  th lE lap l lea nre i  I  I l

rosp,ect ts the (

qr  6 .  i lo

2 .  &o. . r ) -edlc
, td vr ,



4 a

Lf

.
4,r-. tg:llf q11, zEi,i *g of, .n$+,lp .tligoqgn

la thls ssctlon wE

ero. $oethsr l t rQ.

fJe consld,er Ark31

conel.der a l''i-cetegory rryhore ell psl"re (Ar I)

! .' ffn , T,) and a* srlgobralo sshoaa

P -)sp**a{/r Q, r'rhicb is sno*th oYer * Jly\3,

far i:ny cl*l-=*cl si:.bscire&:; X.C Pr dsfk$al by a shsaf of l{eels

KC Op1 iie r1cflna '[i 're f*l].or-rin6 cleef of ldea]e eU ,7 )" t 
"

For U c P open encl aff ine, fru) s { {t (f) t  i(  (uu4 (f} +K(U}

vr ieme f  runs through the set  of  e l f  tnp} ( f t ,  . , t r  fp)C K (U){ .  t

p *  t r  Zt  c. , ,  I  ( f )  denotee t i re Ld"aa|D&a)f ,*na,  d( f )  t l re tdcaL

fn 0p (t i),  ieese of t l ie nap A? 
-Da. 

* *, l& $), @P (u)) -->

&p ($) * At, 6p (U) p '.rhlch 1$ ln,luced by the :nep

i ler  *  (6e (u),  4r (u) + fu (u) P

e  r - - )  ( +  ( f 1 ) r  ' r . r  +  ( f i r )  )

Ilote the follolvlng prapertLas of e

(n) I f  x€ 5r thcn t*xi  45r, x t f  *nd, on3.y l f  f r* * g (f)  for a
t  P  

:  L $ J * 8 ) r *st{S:erie p-i"u;: le f  € K; cai lcf"; l : ;  AL' i)  * 8)

(3)  I f  i l=-  le  ; ; *nerp. lcC i iy  e  r *5 i tL i ,xe s€q,ucncc f  *  ( f1  r  . . . r  t r )

Ln &pr x , the ldcck: {r, r-''n* 4 (f ) + Ii* € €* }i+,ve t,he c$rits

sct  o f  r ic rcs in  ( f . t r  x .

iior"r the f,cri;'iulqttioa r:f iiLltiks thsoren ia

geg-H.g3j If ir'io i) € * , titere ex.l$'tc e funct-lcn

d I tl3-t |i l, d (rn rr c) ) i:*x (c, c) , r' i itf i the foLlo'-"ring prop*rty'

& s s u ; . : *  p  * l t r l  x  $ p c c  l i t r 1 3  i i n i l  i C P  l s  { }  ( q u * o l ) p " o i e c i l v e

sgi:i;c..':-+:::i, ':,":.t.:',. ! C 0"o o e1rr,;lriCOilCrent gllcirf of fu3-cer1[i , gllCh tht:t

for ; i l  *W;:,bi .* inl :1'1tr i . ,  t i :*re i :oldp Y^ 0, e €k, P )

't'ltc:i fer ir"liy ri:i*i.lo.ll*:,ili. :'.:1Q

S, *  s . ; t :s  { i i  ; * ;  - ) r ;  ,  11 *  d  ( r . ,  Er  e  )
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$pec (r,.) -> X suclr'thet

n'y lel;:fira 1 ald lerima ? to the crrss

lrLoal t{ httc to be repleeed by lto

euch thet (1f p (tl de&ptee the closed nubecheaa dsflned by the

tceat P )

s 6  ( s p e e  ( A / r " " ) ) ? v  ( f r n x

theso err.lsts s eestlon s !

s s i * C I  $ : t  S p r * ( 1 . / * * )

t '}re Frno{ f* casily red,ueed

x ( $rae (A {lr ?.1 I '' { (ttre

J.nyerse kaa*go ln Le:ms ?) r

Xn thte sasar l f  9,o (f1, r*rr tg)r gtvtng R{t A-;}orphieme

o; * $pes (l / fd) -)-ti l.s tiie s&me iis to glve a n*tuple

to *  ( t i f  err*  t ron) e IY euch th*t  F ( t  " )  *  O nct l  Id ,  r , ihero

F a S (t) dc4+t;e s tuple af funstlons frsm A{tt}} n'ui 'r i .cir 6eneratcs:

the *riaaL of X. If  t l  CA<li IJ dcncree the glven ld,eal, t lre conciltrc,n

ss tspcc (l /  f t i)  glX nV tm rjoenft !n thls caoe that

t { ! ,  t t  ( to)  (s inse d,  )  r } ,

l ' ic c*ileld,cr in tho foLlo,;;iafr tlra palr (4, I)r e q.-tui;lc

t € $,{{tt]n ,. f * (t1 , f r* f*) r.r*d the lCcerl r-: corr'€rjpcniilus

to the u:;;:;ct1,u-;:;

s c v (r') C r ' $pec A&:ii i::s tls.f-lned r:bsve.

"sJgr$,Iq, 
Asnur'*.s tlte;e are gl' lcn t € lun , x GI nn* en LdcaL

.li S .', rinC, ti'le follo','Jlg coniitiong ilrc satiilficd

(f ) $ (t) g 0 nod xs i{ for en lnt€$er s ) 0

( i 1 )  f  C ; ( t )  f r r n n i n L c r i e r r ) 2 0

( * i l )  s ) v  a ; t r l  o r * s - ! s o l * " - f  * 1

In thss ci isc t i :ere cxis;s on p G (; is -  r  i i )@'

* n i i s f ; " l n $  l ' ( t  + ; , ) : 0 : m t l .  *  Z t "  -  r )  i i
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l lq j55;gl  1)  The esscrt ion in of  cot t : : r :*  i ; r iv ia l  i f  2 (s *  r )  € * t

i .  or  l f  e !  ? * ,  s lnce r ' ic  can i ;n lsc y s i )  i -n l . . i i - i "s crr* f
t

t to r ' . , ' fu rver ,  l f  n ) r? .x  +  1  r 'b l rcvce tor  t  +  y ; ; l ves  r - i  be i ; i ;e r

approxlmatlon of, 'a solutlon of the oquctlons F a 0 es the vector t.

?) Lf  x C T le not ni lnOtent,  ' { ' , ,e Csn cl l ' tays f tn i l  l . i : t  i r 'Lc. :er  k

e u c h t i r a t c r , * k = o r o k * 1 -  '  
'

j j r :nge t f  iA the ler . i : ia s) ,  nex ( t  r  + 1r r  + k)r  l ' * 'e cr : r :  f ! i :d.

a se qtl{:rr '?e.

t  . .  t ( ' I  , i r )  ,  t ( t ) ,  . , r r  , & )  ,  . . n  d  v c o i ; o r i ]  e a l . ! - u ' ; l r g
; t f

1(v + 1)  g t (v)  rnod xr  + v t  1 :g

. , :  . '  F ( t ( o ) l * o n o d x s + v s
. ( o b e e r v e t h a t t h e c o n d t t 1 o n * ' € g ( t ( v } ) a n r l

* ( v  +  t )  
*  * ( v )  n o d ,  x f  +  v  +  |  n r ,  F  1 1 ( v  +  1 ) )  o  o  n * r l

* # , + . v  +  i  $ . l s r p l l e s  x r 6 ;  s  1 1 ( t ' +  l ) l l

r?oof of the les,utal I f  Jt . f ,  t )  detgobes the mtrtr ix vu. i th ths
@ t <c D P

rCivs #,&)  r  v le  ean v , " r i te  for  any y  ! '  (V1 n . . . ;  S. , r )  e  I -
U . aq - -

:  p  ( t  +  y )  s  F  ( t )  +  y  ] ( r '  t )  n *&  1 -J1 r5  A

Hsnce n,e havs to detcrnlne y e (*" - r i ' l)@ ln such a rialr bhet

( t )  y  l ( s ,  t )  E  *  F  ( t )  n o d  x ?  ( s  -  r )  $

'  I t  ls cuff lcLent to solve the congrucr:ce

(a)  TJQ.  t )  s  -  x r  I  ( t )  ,ood.  x t  s  I I r  7  €  \ *o  i i )@tt

I f  n te s solut lon of the congrr iense (2)r t ' /6 cun wslte

z  a  {  s r  v  e (xs  
-  r  s ;@n '  end  t  { ,  f , ( rn  t )  +  F  ( t ) J  .  {

xf(*a s -  r  v)  for  a sdtabLe veetor  v € } f* ,  1.  er

y  J ( F r  t )  +  F  ( t )  * * ?  6  -  r  e g  o r n o d ,  x s  
- r  

A  n  ( o  t  
" n )



$.tt frosr eondltion (111) we .lnfo:re

l r s * " n f \  0 r # g * s o r . A  4  ( O r x * - I ) * 0 r

hence y 
"ft i tr 

t) g * F (t) mcd. x? s * r 's.

Ys crnrll l,:Y

:r*ctors nL

;13';; 1;lre eol:r*.?rifin*e {?)" Ig # E!

€ (xs :qle* sre solutlons of the

xl * sA and^ if the

consruenceg

! : r  t r  2  t

for

- u d k . r n a t r l x )

t ) ) .

I t

ll
I I
i !
I I

il

il
ii
l t

il
{ i'll
l r
tl

ti
!l
i t
l i

i l
li

l l

,&g J (Isr t) .g * xL F (t) s$d x? s S

the vee tor w * .&1 + 8? le a soLutlon f,fom (A) *

Hows sLnse # e e (t) I'tt 1* n finite sBIfirB of an eleraent

x., € I (r l  t t) g **iq aafl nf elements d'tt) i ,  (t),^r,wlrer'e J fu

deterulnecl by e p*tuple t € | ( iu)@u as .| '  aet (W,"',f f i ,},

;:nrtr, whese h is {rn etenent of I' (f) I I (F)

fon x, THG cf;'rl' tarke z1 s o to solvo the eoagruenge

el7 I (3or t) : - Kt F (t) nod rP s H.

conelder on the othcs hancl elenente trttl b' (t) r assirn€

€x.+r: ip!s J * c let  
#,  t . , '  t  f f i1.  

t l rcre exlsts

s, (p s q) - nrrltr ix f ov*" r,/fr l lsu': ir that

(3) i r  P * f  Y

ilncl a { r: x n) r ii.i{r trj.s l- sver .A euch ti:et

(4)  l -  J  ( r ,  t )  =  , I t t l  rp  ( tn  (P x  P)

(e ln*s  J t t l  i *  a  {p  x  p }  -  v< l ' "o r  o f  J (g t

rerrn (3) r,r'{1 ini*srs {elnce F (e) e 0 mod *" $}

lr ( ir i  I  {- l ' ,  i)  g I (r, t) ^l t t) i"aod *b ,{,

hcr rce  i ry  (4  )

h ( r )  f  J  t ; ,  i )  3  ) ' t * l  Y tuu)  n* i l  t :  $

an:'i ir;t ( 3)

( r r  ( t )  r  ( t )  i -  )  I  ( I r r  t )  : -  . l t t l  h  ( t )  r  ( t ) *o"l x? s tt



3 t

f 'herefore ths vecior t,  * h (t) f  (t) f  € - (x9 nl9-

eolves tho co:rgruenoo

u ,  I  ( p ,  t )  : .  f t t l  n  ( t )  r  ( t )  mod ,  x2  "  s ,  q ,  e  .  d .

f roof of t fueoreme 5l ; ie proceed. iry induction on "!- '*^(A).

I f  al l  elenents of I  are l iLlpotcntr wo can toke the funct iotr

d  ( a r ' r r  e )  ' -  n a x  ( r r  c ,  v  )  +  1  ;  f f  l t l ;  0 .

Assrr.:se x e I ls not nilpotent, deternise k such that $ I *k o

O, *k ' *  |  *  . r r  anr l  for  eech in teger  s  an Lnteser  c  (s  )

euch  tha t  I c  + .c  ( s  )n  xu  Agr "  
"B

(lemma or' A:stin-Reee)

Def ine  S(e ,  r )  !a  r r fx  (a  I  1 .  +  1 ) :a r  +  1 )  a* , /  CCa,+) "  tn ,av l ,Ccsh,+) ) , ' *n3 .

Sec ause of J'Ll / xB A

e there exlst a functlon tl3 ->S for

ehal l  c le: : ;ote l t  by ct  (sr  Br t1 c) '

(A l  xs  A,  r  lx*  a) ,  $re

Then ',ro Cofiira

d  ( a ,  r ,  c )  a  d . e f  d  ( s  ( a r ' : r ) r  8 r  r r  o  +  o  ( a ,  r ) )  a n c l  w o

show ihat i t  eal isf ief l  lhe asge.I i lon of the theorein.

fo d,cr i;irl,sr &sstlno 3 € A ltrl}, anii to l ftt are givert, sai-r

f y i n g f  ( ' G o )  3 0 , r o d I d  e n f , I ?  g  ( t o ) r  w t l e r e  d o  d ,  ( 4 r  3 1  e ) .  
- - - - -

i3y 1nrLue't.1cn tJrcr:c e:tist, a vecfor t sr:.cb tliat

(1 )  e  (+  )  3  0  noc l  x "  A f  { t  =  s  (a ,  r )

( a ) t  : t o  n o d ,  r c + c ( a t r )  * * * A

Cltrinl;j.n1i t ll 'a cL-n fls:lllte

( ? r )  +  g t o , n c d ,  r . s + c { e r r )
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t t ram (1) and" (et) we infere (sinca F ( ' !o) =

,@O^^ac  ( * ,  r )  > /  c  ( s  (a ,  r ) )

(3* F (t)- 3 o sod x" Is t I  = s (a, r) ancl

o nrod I'/

ar + k) + y).2

t5) '  (6) leL
,  g  ( t t )  *  { }  nod *? 'x7+ 1  r " ,

3 ,

t4 )  i * * *e  ' $  ( f , ) ,  he t tae  rs  r  g  $  ( t )

We cen t$crefcre *,pply lesna 4 (vrtth S ' Ia and r reB]"*ced tr$ e r)

e
a '.? +ri( 5 )  t r  t t r  o  r  . e  . t  . '  t

Os tn reaarh' 2 (obeerve

r f . ,  F (tv) g o naod Ns * Y xo

s ):  neix (2 er + 1r ss + k))

se can v,si te *f ,  , ,  h (t)r  h € f i '  eL3:se xr 6 !*€ I l  ( t)

$ ' + E e - - l . A e g u n e t h a t t h e g g h e m a X o f a € f o g o f F o n t b e o p e n a e t

(F) g r (f)

n 

" 
-a sonPleie I J" €e d'effuzed

X* l *  l_x  €  X ,  h  /  O tn  s ' ! f s 'a  conp le ie  in te rsec t lon l

bs  e  reguLare  s *qus f , i c#  ( f i t  . . r t  {n i :

. Sy tbe pr:perty (B] of the ldeal E re j 'afere

-  t ,  i  r  - r  , € l d  - , !  t 1  

l '

{F} hi' s o nod Atst + r {s} and' (hr.+ s}rJ

f o r  7 ) ) ' *  
s , nd  f c r  s  su i t * b l c  ge  I  ( 3 ) '

Shocso v sr- ici t :  t l rst  I  (n, r)  + v=f iag (e er + lr

' l  en1  rv  !n  (5 ) ,  t hen2f 
" 

+ 1 en::r r
. . ' , i h r +  1 I *

( /,:, ) ,41 ' 
) : 1; :letl ::"f* 

-r ' I*
-- 

ttg t noct xr + 1 tr"

fhe s* con";.riicrici13 i",i;::}Y

h (t ') s rr {t) arod f + 1 xo

honce,'A h (tv) i: t,,'"r 't

an{t h nf (tu} E' ,'.'f !,

$herefore' i ;he eal i f , rL i€ i :s8

= J f  e  A ( r )  t J l
and wo oen ePPIY t-leor;:n
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By thle theoreu th.ere exlete e solutlon

f (t) :r 0 such tiir:t ;
t , t \  +  + v , . o d . x #  + 1 I c .
\ f /  l ,  P  t ,  i ' -

Se c4*,1s tirat t J.s, elsCI a solut'ls$

sy (6)  *nd (?)  se $et  A & f  ( * )

a n d g ( t ) s o m o d  # f  1 1 i o

3y (5) l.t fol,lows therefore

xf r  r  ( t )  *  o

henee F (t) E 0 mod (0 t xl o) n {f n 
"1- rt'

.  .  '  '  t l4 t+ 1)z k,  ln th le s&ge . thete hold, ,e- : - :  i " . , : j -*  r r '  '  i  i
l /

'  ' ' , ,  '  ,  10 ,  x  l+r . )n .x . ' * f ,  , *  1  Iq  g  (c  l } :k }^o" I {  6 i=  O,

helce i r  ( i )  rF 0

t of the equatlono

o f  3 ( t ) *

+ sJQ_l *
, 0 .

{/ A ,

ceu.g:F The geairaL ce€te wi l }  be rsd,uced,, tc  c"sse.  1r . '

i€r s r (.I, ?,t € ,l{4,rt3 st},. A aQttl za sener,ate the moduLe
/  

^ +  '  - ^ r  ?  l r .  
1

ef rclati.one of S mod I (I ')?

Repl rce t ,Qt \ \  by  Adt3,  f t ,  413
q ' t  ' '  ( 1 t 1 ,  . . r r  ? L ) r  F  b y

F r  s  ( i t ,  f i ' ,  ? . r r  ? r n ' ,  S 1  ,  r o . r  0 r * )

an<l i i  by i i t  , r  l l  J, .&f ,  f  t ,  At l  
"4 

f i

r f  ' "e ( io) g * :p* id, rcplacc to r:y

$ f o  , '  ( t s ,  0 ,  F  ( t o ) ) ,  t h e n

3 r r  ( b , o )  g  0  n c d  I d

: , i  4

i i .  fur ther : ro l 'e  H 1g0;3

(for {< tl) r ir.i l ' l if t t

t i l t  f i rct  w cc;;P;rc:rt*

f ( t ) * O r

it i iollows
' A

' t ro r"toi l  I"

t  t  oni isfy

A{?r, r, , zfu .V Tntt,t,',',#r"

^ ':r-
i { r  ( t ' )  2  r

encl 
.r;, r ti.l--* g__

t 
' s to :irod Ic
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If, fi.t 1g' the ldoal oorress*rlti. i i:; i irr Ljr+ e:rbcditng

Xr  *  V  ($ r )  C  F r  r s  Jpce  e l l f ,  ? r ,  n  tn  thea  S  A  l& r  T f ,  3  f iSS '  *

fherefs.rs rie oari rcpLnce S bg Sr*

Se conniCer the sehil;:u:s g :* l ipcc (i.) enql

* $pee (r?{.* }r/ :- (i{)-C i :a spec tA At?3 ) C fr o $pt* (r?l 't, 'r '15}

oFll** 
t . ,  t l* ,  nlyl  r  (r ,  e)) C vr , '  $Eree (r?t,  f rW) C t ' ' "

$pec ( l  &f  *  Tn,  Zt t )  ( ' i ;hcre r t  r ;c :  c ies the psoJect lon)

fie slr&Lt slr+r.v tirat any effla o.lan *et $t ll xt.- v (;{r} ls $

c*;;iplc$c irr$sr***tloa of w + ti i: l ipersurfeeea ln: scrilc op'3n

subsleher*r of fif r

fbo op, ;n  sr* t  
-1r  -  V (Ut)  le : r * :pped ln to  X -  T, ( I i )  wrdcr  the

ry{rp Tr } *il,;lcf,,rr*o 
'o3 prrperi;, ' (,1) of t!:; j"d.e:iit i -i l #s F 

'

s | r ! f t l e c c n s j . t l e r t h e u n l . v e r s r l 1 ' u e x l a r a t e d d 1 f f e r e n t 1 a ] ' n c d u 1 e e

{ &*ok; oV 9n } *:rd. the c+ncrr:al eheafe (denotecl tly :{) 1 reetrlcted

o;r - tr  -  V ( i i r) . , ;r ;  h.avg t i i i :  fol ioi ; in$ exirsl ;  seqtrcnc€s of lce:: ] ly

f?se s}:c*fr!

(1 )  o  - )  '  &=t/ { z'
(2) s -> -*  ' :

" ' -  " 'x l  Y' (3) o--r *rt t
( ; l )  c  - ;  tX ' {  y '

A* n  x , {  Z , -+  
tk ' {  y ' -  *

J*4,'{ - i 'n}*"rrs-o
4  d X , r  S  

+  A L '  
X ' , / d - > o

----Crifo*, 9x'/ g -) a
r,*d *F* 

I Z, @ @No 
^= y\d, lE i*a

*tx,1 s gx'{s '
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5' The l-acl ic co;: ,plet lon of . f f-catctclges

Leb u$ s i ;ar t  l ; i l ; i r  a ' . , ' -cabe6ory I I  enc l  a  p* i r  (Jr ,  f )C S.

TJe rvilL constrflct a !' i '-catc8ory $^over tbe l*eyJlc ccr)pl.etLon
'/\'A-of 

A rvhich ls in a certal ,n sence i ; l inLnal.

1!'e r:111 necd tiris consbrhction for the provo of the a'p;:r*:;i.*ratLon

thcoren for i j -cate;orlec. I t  is e:;eci; ly at tr : ie s1; i :ac i ' ; . ' i *re the

t l ieory oi ' i r ' -cr: tegorles j .s €r i i l i .  a Li t ' i l le bib f i i i . t6[ iJ/  becausc'. ;e w]uerc

not able io pr.ove tha'b thio consrr i{ci ; iotr prcf ist 'ves thc ;ropcrty
l -

of bcin; ..cetireyian, llha'f in r','!ry '";e irr.:C. to dcveloi: ilrr: i:hc.!.c ti:eory

of iT-categorlcs also ln the roi l - l lo€bherian caser

For exa*ple, l f  vto corlsiclcr the conr: ' l ; rusi lon in ihe cl ' i ;e;ory of

Ile nselian n}$ebras of flnity ilrpe, the property of being itoetherlan

r ' ; i1.1 bo preseyered. '-  I loi ' iever, l f  t 'o 'e consid,cr the cate3ory of

arrel1,,'Nig C- a1sebras; &od if i i >S ie s norphisiie of C -algebraol

' v/e lrave to consider alge-hras of the typ
, ' i l a

rvhere (r. , .  . , t4^) runs-ttrror: .qh t l ie set of al l  f ini te scqtr.ences ln

rn# end vi:ere Elu",-- rAr\ is the i*{*g* of the fvep ateebga
J3 ,/ 

-.=-

B LUt, ,r . ,  U*\ fnf,und.cr the B-ruorphisnic Cefl-nea--Uy

Ul H oi. 'rtJe d.o ncrt' lcn lv, if qil le ltoatherlan.

' I l ' ir: gc:lcraL constrr-Lctlon run$ rls foLl-oirigl

Let ( r3,  J)  be a (A,  I ) -  a lsebra of  g and f  Ua the cet  of  f i r : l te

subsets of the Lr:age of I X f*, g f ?f, the l-edLc conpletion, of B).

\\J 
Iror ii { r (s1 r , ui!) e I v''e clefine So to.be the lraego

of  B  lJ1r r . , .n  t * ! ! fn  f  v ta  the  B -  bomo,?-no tp t t inn ' r r fo t r
\-/



5 . 1 .  D e f l n i t l o n l

It is oLesr" thst

36

is a HenseJ.lan (f,, - algebra

L
i

I
. i

$
..I
ri
ns

' : '
i i
t'  r !
u.
t

- l
. 1

, i. .
:

" , i
j

. f

i
I

i
. , i

t
I'{'*
i
i
i
t
.{'
. .

r  a )
lf; * Vr*'

(qf, 3 %)

el l  paire (Br*l  over (A, I)

palrc over (f, r f;) ,
Rl tq. B -+ Btl ra,w

B Ls the -3 
l6**aie compLeiloir

al l

&n

, : s'  
: l

' t i !

i ;
,il
{a, t

s = O

ead, the functor of (An 3) * alsebrae (BrJ ) r-> 
!qf, I Ef) lg

----€-mGTbr-cM subcetesory gi of
J '

of g l"ato l;hre category of iiennelian

5.frr. &SWqJ fhe eanonical .rnorphlem

q g 7, 22.. . . ,  ls an lsonorphlan and

or qfr

ft'"S$r l?e knsvd that I Bn - V^ (I Bt + Z sv. 8.3 )'a  4€f  
'  

} ; -
so the canonical eorptrl"sn 

t"?a

' 8 / t  8 - - t B ; / L B . 1 ,  U B o l ( r B r +  { * 8 " )J1

Lc su jec tLv ,  i .  Gr  B f  *  B  +  I  3S.

&rt tiris n66us also Brf * I + fq A6r , q), 1,
^ ,4,

slnce Iq g- A B * ra n tho uorphlsn

Sl Iq B -;)  sp /  Iq t f ;  fn alsc tnJect lven

thie gives ua also the lgoriocphLra Sl 3a -2ftur 

"c! 

tA

and iho lenmr lc ;rnvodr

5d":*#=frti:,.:l:gs-ulgil*i -lei ii<+ be i;he caf ei.lar:y of

llensel"i*:r pai.r* {3, f} fi:rtte oves i p*fr (1d., f,Bf) for
F

(Ar  I ) -  e ) . . - iebra  ( ; r : )  Gg euch t l ra t  n  I "  F=  0  and.
7 \ - - - ' r

A --a B/ 7 ie sl i rJcet ive.

fhen 
$C 

tu a ifrcatesr:r;r and (9, tr) p_- (Bf, Tsp) ls a

func i ; o r  i ^ - ) I I + .
*t.t eli
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I t rgl : .  ( ,r  C) r. : i . ] .  ( ;  2) nru fgl i f  i i tet l  
'uy 

r lcf  rni t lnn.

To ; i i "JTe ( i ;  3)  r . ,e $jrco.r)s r : l  f i r r i  ve :1. ] i i i lc j iee J-  = (11,1 I  . .  o,  f l l )

of  in l lc tq: ' r : r i : rat t*n l i :d (" :  ,J )  € ; j . . '-  
a J  |  -  '  :  s n i '  ( p c t f

i?e r:r;:ry uurposs th*t (5, f ) r.s tire !'iicil.errt +r F(.nf,, Irp,) of
'1.r.* 

i;.i. lh cer:rcl ;: (i.f (:-irJ) lE: f,j::rit* or,,€,r { jfn l;:,f}, fi ircri f.1g

f r - ' i e  ( : : r r  . , , r  i  g  )  F  A  t i r c r c  l . ' * :  c  * u r j , : . * ) i v c  i i : a , : ) : : 4 1 : ; % 1 1  . * ] ) .

. ic t i l , l "  ni io, ' , . ,  i ;hr" i  ;  ?/ ' ;3i1 /  i  i . ; i . th
@

; = 
A i,r ' ,;4]i11" + 3t i: l):\\a) ir ri:s f.c.ri i ,: ir i;: i- 

- l l_; 
!1,

let  (Cr i i )  b€ & (S, f ,  )-  a]-gelrre ot '  $f and i l  ,  , . . ,  tg €"ttc

irs hir* 'e to gl i :ou th;, t  t i :ero exlsis e:r: , f t} ;-  oi :e { i I  )- ,n*r:g:}r l r tsr

f  r e  { ' l f i X  l t  - - +  e  s i t h  f  ( r r ) * E .
riio chac,ss 

'e 
(A, tr}.r^e.,lgebra tC, ii) 6 j! su.ch that, (A-r fr') l" :

ire qrrcbicn' i  of , (Jf,r X ;6) ' ;r i th *ur,-,J ,t, ,

i l  - , -

t nh:

,1 iro.* i = -W- , .C1 / ::r n L, t\6 t 
-''

l n s c s s  C a /  g f n  C g . , '

f o t  B t I ! ! - 1  C r  / Y ' n  C r
follor*ing ccrnmutatLve ciiogr eir,m.

t t

islLt rtt - C
,1,

+ E
For thig re*son ne c$in l i f t

r*t2i(!6 --? c ar..,.!/ah',.1
J.s free ln lffr

sy ccnstructlonr t i iere holi ie e o / :{f n caGIl anc. ttrts le B
(Jl, l)- alsobrar i', 'e obt&if,,l n unlgue (:r J)l morptrism

a;rC so the bl  r '  '  " ' *" '  r t f - ready- : -  - l t  f " t  u l l  c r s t t

- i " : ' : :  
t - 1

v*itlr *, *_, tv nnd ry

f,g "i;o *, (F,

l f ,  t ,  s ,  i

J ) - mi:r phi cm

4rr t96 /  r i -  Elar l3
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Iforv ws irave to proya that tno canor1ieal crorphle4s

E&r!\  /  ( r1 ,  . r .  n*) t  - -+ T frJ /  $,*  rr . '  *ru)t

are lnJectlvos or the cenonlcal morphlnrils

$ , : a - f x * 7  - + F d r l l  /  ( r r r . r . , f l n ) v

ass sf f iJect ive r

Boweve:r the eanonJ-cel morphisn 
# 

so 2 ry gl *> F&v!9

belrrg eurJ*ctlvr l:io obtaln a cCIr'glrutatl"v dLagram
A

s [*J 9''>

f
E?ti \\ / ('rr , .. o r ril) 

t

{r

lp Br l''t-7 ->' 
* 

*a Qt\\ / (rr' ' c ' t
ghen d is also strrJocblv.

t Y

to provo (, i1) let (Br i  ) -> (5" ? ) be a morphlsa in $X'and

fr € e, a closed l i ieal (s/ i th respect to the f -a,i ie topofofy)

such thet gt I K + f fr-t ts ts-gfnlte. lie wiLl prove that Br / X

f e t-ginite. t{orv (s, i) ts flrr.tte over eone (tf g I %J

fc,r a (8, f, ) € J! and ("ilt I ) ie the quoiieat of sqne

AA?11 in $o So-,re auy suppo{ie th,at (8, i) Ls the free otiJect

-1411 f" il5r" Cn l;Jrl othcr bond. ( jit, {') is ihe qr.roblc:rb of scJre
=-.\T 

T
pqir qr';r.----J-'-l!. '), f or a suitable paj.r (8t,lr ) 6 jJ.

e

Since B !s  f ree we n,ay cssruro t?r* t  (St r  l i )  s  ( ,Bt f , l  : {3r f ) .

I re t  X -+  I  E , t  =  f l  E 'C*  ro r  *  f . -3 t f  *  I  B t f  ,  f 1  t  o . .1  f *€  K

(8t6.  /  I  t t f  o 8t  /  X At  is  noetber lan) "
Yse  cons i c i e r  t hu  f r ee  a l geb ra  i e i ,  r t 33 ,  i f  *  ( 31  t r  r . . r  r  t ) ,

an* ehoo se *0. 1 4l!3 -l*orpli s,o f,?t'l , r ' kt -> B h ,
t -

t ;  r - :  f r .  l -ow the a lSebrn $ l f  lc r t l4 l : , ' t '91 i ] ' f  =  B ' *  /

F+ (r  f ; )44t| ]  r* ,1l t r ,  n ' l l - r in i te air .J t t  is cuf j ' i .a iart 'u to shorv

thet the algebr* i ) ' f  rs t{ t ,  T '(&- i in i isr

rn)
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'31

;;o &xs Ll:.":refore i::: "i i ie f*3lo';; ing :: i" i.; l i : l l i* l:: l

LcL (r ' f  ,  
' f , '  l ]) ' f) be an i l l- :93 rl ,-;81,'r:,  ct ici] '  i ; lrn't

rr ',"\ / (s 1 ) ?u 93 ,1 tf is: i, LU|$ f i.ni.i; *, i,rc lr;".l'c 'l,o siin,; bhi:'b

, i  h is  t l l i |1  - r i , r i te r

$ i n c e  B ' f  / t  B , ' f , *  3 f  I  l n ' e Y  H o  l n f c r e  t h n t  B t 6  / T  j l ?

is X/ttI?*f inif c tof . i ;c clro*r-rc r set af g.encr.s,tors nstlulo

I  j ] t f  i i1  r  , .o ,  ; iq  € f . i t f  r . l r r l .  consider  fer  ru i t r ;bLe

, ^ "  i 3  (S1  o  . . . ,  
" " )  

( suC l :  t l r c t  i , r 1  r  , * . r , t r '  an i i  " r : he  f r ' , i ' r i :C t  c f

' i 1 ,  
r .  r  r  l ' : ;  i r i  3 f+a  c re  i n  U : -n )  i ; i l e  r " l ' . , c ; ' tH - r i J r ' p i : l so ' "

, . 4 r \ r o  ;  r !  .  r t  l r :  c l s n r  t h t t  l t  /  z  3 d  *  4 + ' ] ' 3
j.s t tLrllts -finite i;enererted. by fir, .,:, sq. u*t *03"1',t,iJ' 'u

3to , t 'tLf \\5 eTe contnj-necl !" g *nt consei]'Jently

R,r - 
T 

alslf,t ti;, thos mpJr*u s',S " T 
|inT.k';y

i \ 'c1:;esi ' t lcn 5,3, ls Provcd.r

gr- tir:T g q-: l* 3.?3 ip +*s *--j r,.; lgl-ijsg r gq

In thle cirapter tie rrLll prove for exccll"e:r'b ifelerstr_tt"il i

ovcr c field or sn, ej(cetleni d.iscre'ie-valuation-4t- 
-- ti le fqnoe

p.i)rlroxlnation tlicoren of h{' -Lrtin (cf ' t?lT r f 3I ) '

In this lrey rve glVe B css:tsn proof for th{r erna}.yt5-{t and t}re

alg;ebrelc case (cf n exanrpleo of '  exccl lei : t  ' . is iersi ;re3c*iedlcr*cs

ln cl:' i::pter 1) t 

ir 'oxir,.ru'i;ior: i l ic,;rcn in t*gLlne of tire bn,sic tocls to prcve tiic e"i):

followitg lerurual



T{/

fu ,1x."" *1 ":,:r.p.:**: J ll g*.-rg-lffi;,1,; i
te ' i  ; i  bs e 

'd*crrt€; lor) ' r  ( , 'u, I)  -)  ( : ] ,  J)*+(Co i{)  morphlsms

in $ antt  fet @?,, ncct i :cr i l .n rni l  l*n,. l . ic cc:: ,pJ.ete r in;n

Let X -b .5peo f i  be guRniprojcchtv

$F*c "$ 
*> X n f".rrx*} sectJ"on of the,

such ihnt  X l -c for ; . , i l3. ; ,  e i r .oct i r  j .n sg

I]-r"rohcne nnri. agt

I*riri ls e ciirpleti"n ? of s
.4

( l ;pce  r r )  s r :d  !@cA (V (J ) ) .

Iret 6'&> e* U* n norphinme oi' a vcctor }rr-rndlc of firi i te rr nk

ot,er X* f, e X the r:chatig of ffci:os of ./ a"d C
t

e ,g  in  the * rs : t i  J .
,/\

Tf tJrere i :cld-ql (a) ng { ipec : i }  S: , :

(b)  f  t .  c  (  .1  ,  s r )  ls  f i : r i . tc

t i :cn t l : ,cre et:J.srt  * ( i" l r f  )-rrJ-5cb;:Lr (0, L> e j j

-i l**C.:e::re Y *.:,coth $v*r B a .li*coi.piricn si i
.1

crct lcn + :  Upcc j i  -+ Y luc,h thr i t  s:o t ,

I

t {  r  so ) be defj .ned

I
i  . t  ! : i - - r  l f  n r : f  + ' l '  e l r , ^ - , ? ' r - . " ' l  ?  r  r  ( { ? . r  . 1 a n t , ' . . 1 n
r \ 1  4 , 4 ,  \ " v *  { r r u . s / +  v 4 , .  J  i  L L s / a  r - g . . a A f _  I J

thc lroof {,ct\ lajc}1.rv;1ng lenil:g

6 .1. ictlii-:r: :

f i l t i i  t l r r :  { r i : : : , *  jJr  ( f , ,  I )c ( i l ,J)

bc  c  e ; rn te i i l  o f  f iq i la t lono ,  T i€
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$eron t s r -d$si{1;;u1;*'l-:*i;ic::l :Tlth the rs*'='E aoiatl'ons,snd
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Let  Kg L*  €  EAYRJ] I *7 t  r /  t  f f ,  f l14: : r1  f t f  , . . '  6*€ s?bS/" :J
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usfuxs agaJ,n tho inpltctt functlon theorern for the eysten
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