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! r 'o . t l .  1 :u r l re

I ) r .  [h r t  i  r i

( i l e r e i o l i  A l g e b r a )

A l r iebra ic  na i r l i i  ng  i ie r : ' tns  and ge  ner ic

l l ' ab1e o f  con ter t ts

i ; r o j e c t i o t i s

t h q  m a l n  r e s u l t s0 )  . J n t r o r l u c t i o n  a n d  f o r n u l a t i o n

f "=LD l r r iap . r ' inB Serns  and s tab i l l t y

$ r  l i o r n e  J r r e l i m i n a r l e s

$z 1iq t r ivale nce of  mappi ng Selr 'ms

$ :  j , ' i n i t e l y  d e t e r m l n e d  m a p p i n g  g e r m s

of

$a U nf  o l -d i  ngs

$ 5  i t e f o r m a t i o n s

$ o  s e 1 : i u n i v e r s a l i t y  o f  c l e f o r m a t i o n s  a n d  u n f o l d l n g s

$ Z  t l t a b i l i t y  a n d  u n i v e r s a l  s t a b l e  u n f o l d i n g s

$ s  S t a b l e .  e q . u i v a l - e n c e  c l a s s e s

$g j ' lormal forms of  stable mapping germs

Appe nd' ix. :  I , , l iu l t  i -germs and mult  i -Jets

: j i m p l e  c o n t a c t  c l a s s e s  a n d  n o r m a l ,  c r o s s i n g  o f  b r a n c h e s

T h e  n i c e  r a n g e  a n d  t h e  t a b l e  o f  a } l  s t a b l e  e q u i v a l e n c e

c l a s . s e s  i n  t h e  n i c e  r a n g e

$ f t  T h e  . c o d l m e n s i o n  o f  n o n s t a b l e  i e t s  1 n  a  c o n t a c t  c l a s s

$ r Z  ; i i n : . 1 , 1  e  c o n t a c t  c l a s s e s

$ r f  L o c a l  a l g e b r a s  w i t h  d i m (  * 2 / ^ 7 )  =  1

$ 1 4  I , r o n - s i n p l e  c o n t a c t  c l - a s s e s  o f  1 6 (  n 1  P ) .  r  e  2  4

$ 1  ,  i i o n - s i m p l e  c o n t a c t  c l a s s e s  o f  S 6 (  n r  P ) 3

$ 1 - 6  i , r o r r - s i r i r p l e  c o n t a c t  c l a s s e s  o f  I O (  n ,  P ) .  r  e  1  2



$r 'Z  ' l l i , l  c  od  j .  t t ie  ns  j -  on  o1  
" l  * (  n  r  P)

$ r  i l  i r : i r b l e  e q u i v a l e n c e  c l - a s s e s  1 n  t h e  n l c e  r a n g e

$ 1 9  T h e  i e t  b u n d l e

$ e O  G l o b a l  c i e s c r i i r t i o n  o j l  e v e r ; r w h e r e  s t a ] : l e  m o r p h i s * s

$ e f  l l o r u r e r l  c r o s s l n 5 ;  o f  t h e  b r a n c L r e s

$ z e  C a l - c u l a t . i o n  o f  c o c i i u r  i T f l ( t ' r  p )
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l n t r o c i u c t i o n  a n d  t . o r n r u l a t i o n  o f  t h e  m a l n  r e s u l t s

r t  1 s  ' v e 1 ' - k n o v '  t h a t  g e n e r i r :  p r o j e c t l o n s  o r ,  s m o o t h  a l g e b r a i c

c u r v e s l n t o t h e . l r r o j e c t l v e l ; l a n e c a n h a v e o n l y n o d e s a s s l n -

g u l a r r i t i e s a n t i t h a t g e n e r i c p r o j e c t i o n s o f s r n o o t h a l g e b r a i c

s u r f a c e s  i n t o  t h e  l - d i m e n s i o n a l  s p a c e  c a n t  u p  t o  a n a l y t i c

equ lv* f -e l rce  r  have on ly  S  ty r ;es  o f  s ingu la" f  
i ' u "  

t  narne ly

( 1 )  2  s r n o o t h  b r a n c h e s  c r o s s i . n g  n o r n r a l l y ,  ( 2 )  7  s m o o t h  b r a n -

c h e s c r o s s i n S n p r n r a l l y o r ( l ) a p i n c h p o i n t ( o r W h i t n e y u n -

b r e l l a ) o e r i n e d u p t o e q u i v a l e n c e e i t h e r b y t h e e q u a t i o n2
2 2

x y -  -  z  =  0  o r  b y  t h e  p a r a m e t e r i z a t i o n  x  =  u -  I  X  =  Y  t

Z ' = U V '

J .  I $ a t h e r ,  u s i n g  t h e  c o n c e p t  o i  s t a b l l i t y  o f  t n _  m a p p i n g

g , e r m s r  w a s  a b l e  t o  d e t e r m i n e  a l l  s i n g u l a r l t i e s  w h i c h  c e n

a p ! ' e a r  a s  s i n g u l a : : i t i ' e s  u n d e r  ' g e n e r i c  p r o i e c t i o n s

Xn C pl{ .r ['P f o r  s u l t a b l e  d i m e n s i o n s  P  a n d  n

r ' l
( c f .  L l r J  ) t  w o r k i n g  o r e r  t h e  f i e l d  0  o f  c o m p l e x  n u m b e r s '

H e r e w e v u a n t t o p r e s e n t a p u r e l y a l g e b r a i c a p p r o a c h t o t h e s e

r e s u l t s . w h i c h i n c } u d e v a r i e t i e s o v e r a r b i t r a r y a l g e b r a i c a l l y

c l o s e d g r o u n d f i e l d s . T h e b a s i c i d e a l s t o u s e l o c a l i z a t i o n s

i n t h e s e t r s e o i t h e e t a l t o p o l o g y o f s c h e n e s ' w h i i h l e a d s t o

t h e n o t i o n o f . a l g e b r a i c e q u i v a l e n c e o f s c h e m e s o r m o r p h i s m s

of l  schernes  i  n l  a  1 . ro i  n t  ,  i  ns tead o f  ana ly t  i c  e . tu iva le  f l ce  r

T h u s  t h e  n o t i o r i  o f  a l g e b r : i i c  p o w e r  s e r i e s  w i l l  P l a y  a n  i r n p o r -

t a n t  r o l e  i n  o u r  I r a p e r l  a l g e b r a i c  p o w e r  s e r i e s  o v e r  a  f i e l d

K  a r e  t h o s e  f  o r n t a l -  p o w e r  s e r i e s  t ( T r  '  ' :  
"  

* n )  w h i c h  a r e

a l  1 3 c b : : a i c  o v e r  t h e  f i e l d  l l ( T l  '  ' ' ' '  n n )  '  '
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l j '  t l r c  f i e l c i  K  1 s ,  f o r :  e x a r : p l e ,  t h e  f l e l d  ' 0  o f  c o r n p l e x

nur r r } re r r ; ,  these are  exaCt ly  those power  ser iee  t lh iCh represent

b r a n c l : e s  o f  a l g e ' l - r r a i c  f  u p c t  l r l n s  o f  0 n  . ' r t  t l i e  o r l E l n '

T h e  s c t  o  t l  ; r l J  a l i i e b r e l l c  l ) o w e r  s e r i e s  f ( T r  t  "  "  " n )  
f  o r n s

a  l o c a " ]  r i n g  w h i o h  v r e  w l l . l  c i e n o t e  b y  f '  ( f . ,  ,  "  ' ,  T n )

o r  b y  O n  a n c i  r v h i c h  l s  t l r e  i l e n s e l i a n  c l o s u r e  o f  t t r e  l o c a l

r i n g  o  l t n r o  
o f  r  w h a t  l s  t h e  s a m e ,  t h e  l l m l t  o f  a l l  r i n 1 , s

C I Q )  ,  * n r " "  U  r u n s  t h r o u g h  t h e  f a m i l y  o f  e t a l  n e i S h c o u r -

n
h o o c l s  o f  0  i n  A . n  .  .

' I h e  b a s i c  m a t e r l a l  a b o u t  l i e n s e l i a n  r i n g s  a n d  a l g e b r a i c  l o w e r

s e r i e s  c / - { n  b e  J ' o u n c i ,  f o r . e x a r , p l e ,  i n  f t t ]  o r  l " J  '

To  f  o r rnu l i l te  the  maln  res ' . t l t s  o f  our  'pa le r  ' / re  have to  in t ro -

d u c e  s o m e  c i e f i n i t t o r t s r

l v e  c o n s i d e r  s n i o o t i r  a l g e b r a i c  v a r i e t i e s  x  )  Y  o v : r  t h e

ground f  le ld  I i  and  a  f in l te  morph lsm ' f  :  X  - - - - :  Y

a n d  b y  X r  w e  d e n o f e  t . h u  l m a g e  t  G )  c  Y  o f  V  a n d  s u p p o s e

t f r a t  L f  i n d u c e s  a  b l r a t i o n a l  r n o r p h i s m  X - - - - + ' a '  ( f n  o t h e r

w o . r c l s ,  X  t h e  n o r m a l l z a t i o n  o f  t h e  v a r l e t y  X t  e  Y  ) .

C o n s i d e r  a  p o i n t  y  e  x r  a n d  { 7 1  ( i l  =  
f " 1  ,  " ' ,  " " }

a g  r i  s e t .

I t  i s  v r e l . l - k n o v r n  t h a t  t h e  p o i n t s  x l  ,  . . : ,  * "  a r e  i n  1  , 1 -

c o r r e s i - , o n d e n c e  w i t h  t h e  b r a n c h e s  o f  X f  a t  y ;  n o r e  p r e -

c i s e l , r r r  b y  * j  +  F ' e r (  6 " ,  
r ! - - t > O * r * i )  

=  U i

a r r c l  p .  *  V ( F o  )  A  S p e c  ( 0  * ,  - . , r )  v r e  g " t  a  ' 1  
, 1 - c o r r e s f  o n -

J  J  
"  

"  ) u

. r i e n c e  o ] l  t , f r r - '  s e t  f  
- ' ( y )  

w i t h  t h e  s e t  o f  i r r e c i u c i b l e  c o r i : -

l r o n e n L s  o ^ i l  . l ' ) p e  
" ( 0 * ,  . , )  ( ^  , i e n o t e s  t h e  c o m i ' l e t i c n  o f  1 o c a l

/ \  , J

r i  n g s  ) .

. 3

1
f
i;
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I t i s a 1 s o k n o 1 v n t - h a t t h e r e e x 1 s t , s a n e t a 1 r r e 1 g l r b o

U -_.> Xt of  y t  vvir ic l r  exact ly s l rn ' t ts tnto r  l r redr lc i"bLe

e -

c o n r f ) o n e n t s  l J .  t h r o u g h  t i r e  i ; o i t r t  7  c  U  c o r r e s p o n d i n g  t o

r r  '   
, *  id  /  P  -  .  1 .g .  we can a l raa 'dY

y  €  X '  s u c l t  t h ; r t  0 n  
r r i  

o  U X ,  
, y .  

I  t i

J

f i n c l  t h e  a r e r l ; . t i c  b r a n c h e s  o f  y r  a t  y  ! n  a n  e t a l  n e i g h -

,  F  1 . .

b o u r h o o d  o f  Y  ( c f .  [ t t J ) 1  h e n c e  i n t h e  H e  n : r e L t a n

c losu re

(X '  , y ) .  =  sPec  (  ( t  x \

(  U  e t a l  n e i g h b o u r h o o d

l l e f  i  n l t  i q n  1  T h e  b r a n c h e s

a r e  c r - o s s i n , a  n o r m a l l , v t  1 f

gernrs  (Yr . t )  =  (  / ' n t  ^  "

a n r i  c l o s e d  s u b g e r m s  
'  ( Z  

t  ,

( x ' r y )  l s  t h e  u n i o n  ( r n

(x ' r r r )  =duf  .  
(  a 'n l  t

R e m a r k :  I f  a l l  b r a n c h e s  .

b u t  t h e  t t n o r m a l  c r o s s l n g t t

( l :  r J l

o o r m
b - - ' *

, f  to

) = I t m  U
sf, '  'T

o f  I  ! . n  X t ) .

( x '  , y )
i n  t h e

o f  v t  ( o "  o f t '  )  a t  Y e  Y l

v r e  c a n  f i n d  a  d ' e c o m P o s l t l o n  o f

.  x  An rx  4n r+ '1  ,  o )

O )  C  (  A n I ,  0 )  s u c h  t h a t  t h e  g e r m

( Y r y ) )  o f  t h e  r t b r a n c h e s r l

. . .  X  / A n l - l x  z r , 1 * n r + t  "

or+1 n \
. . . X 4 -  ' " )

( f o r  i  =  1 ,  . . "  r ) and  such  tha t  /  I n t tuces  f  l ' n t te  morph tsms

? * i .  :  ( x r x i )  , -
(x i , y )  .

are smootlr thls-'x€- 
-lr1,rfff;{-=-

v' u s u a l  s e o s e r

l l e f  i  n ! t l o n z  A  matp lng  ge rm t  :  ( x rx )  ->  (Y tY)

(  ( x , * )  a n d

l f ,  f  or  anI

t j . o n  A  o f

(x" "-

s m o o t h  g e r : m s  o f  v a r l e t l e s )  f s  c a l l - e d  s t a ^ o - I e

( s r O )  o f  a n  a l g e b r a i c  s c h e m e t  a n y  l r o L o n g a -

a  g e r m  o f  a  ( S r o ) - m o r P h l s n

^ \  Q  r l t r  
n \  

' '

* O ) r - + ( y * S r Y l l Q )

U
x )  " ?  -  ( Y ,

i j ,  x

U

\ ^  r v)



. / / r . : \

l s  i ) ( l r r i v a l  , l n t  t o  t h e  t r l v l i i l  l r i o l o n S a t i o n  |  {  x  1 d - J  ,

i . 0 .  t h e r e  e r i i $ t  l ) r o l o n l l a t i o n s' \  l v  e  
I ' J  

v .

&  ;  ( ; i  x  $ r X  *  0 )  
- -  ( X  ' <  S r : <  r <  o )  o J '  l d X  :

i l  ntl

p z  ( v x S r y x O ) = < ( r * S , y x O )  o f  l d y

s u c h  t l i t r t  f o r  P  €  X r  s  €  S  :

+  (&  ( p , " ) ,  s )  =  l z  ( v  ( r r ) ,  s )  .

t ' h e s e  t w o  r J o ' f ' l n i t i o n s  a r e  t h e  b a s i c  c o n c e p t s  o f  O u r  p & D e r o

f , e t  u s  c a l - l  a  r n o r p h l s m  L f  :  X  *  y  o f  s m o o t h  v a r i e t i e s

) i  ,  y  a  i i e n e r a i  r n o r : r h t s m . l f  1 t  s a t l s f i e s  t h e  f o l l o r v i n g  t h r e e

P o i  n t s  :
f _ . - - " . - -

( r )  T h e  r n o r ; , f i i s p  l s  f  i n i t e  a n d  ' /  :  X  -  X r  =  /  ( X ) c  y

l s  b i r a t  i  o n a l  o n t o  X  I  .

( Z )  T h e  b r a n c ? r e s  o f  f  a r e  c r o s s i n g  n o r r n a l l y  e v e r y , ' i h e r e .

( r )  T h e  g e r m s  o f  ' f  :  ( x r x )  *  ( u r (  G )  )  a r e  s t a b l e

f o r a l l -  x €  X .

T h e n  v r e  c a n  s t a t e  t h e  m a i n  r e s u l t s  a s  f o l l o w s

( I )  I f  f  z  X  -  Y  i s  a  g e n e r a l  n o r p h i s m ,  i t  h o l d s  t h a t
-- ' . -" ."- ' --  - t t)-4he germ (x'ry),and the mult i -germ

'fv

'  a r e  u n i q u e ) , y  d e t e r m i n e d  u p  t o  e q u i v a l e n c e  b y  t h e

A r t i n i a n  K - a l g e b r a

a y( "f  )  =our. ?f.  U x) y /  ^v ,r(f* 
( l  i  y

. r  i .1  (  o  )= X. ux. \  7 . /
1 = 1  

!

w h e t e

ex(  t '  )  =0 "1  ,  O* , *  /  ny r  
(G)  

(9x r *
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-  o i rn_y.-- - r r (ct" (  f  ) \
p - n

w h e r e  g ( Q )  =
r

=
1 = 1

( r r p > n )

s ( r " r t )  r "  a  ce : r ta in  l nva r ia r r t '

o f  A r t i  n l n i r n  K - a l g e b r a s  (  e ( 0 , ,  )  )  e m b e d d i n g  d 1 -

m e n s i o n  o f l  Q {  i . n  t h e  1 . o c a 1  c a s e  )  ( c f .  $ 9 )

( r i i )  o i m  ( x ' r y ) " 1 n 8  =  d i m  Y  -  d l m  ( Q )  c o o t m ( x ' )  -  g ( a )

( i f )  I f  Q  z  X  x  S  * - r '  w '  l s  a .  m o r p h l s m ,  w h e r e  X r  Y  a r e

s m o o t h  v a r i e t i e s .  a n d  S  t s  a n y  a l g e b r a i c  s c h e m e ,  t h e

s e t  S r c  S  o f  a l l  s  ,  s u c h  t h a t  0 "  :  X x [ " ] - - t

l s  3 e n e r a l r  c o n t a i n s  a  Z a r i s k l  o ] r e n  s u b s e t ,  i f  l t  l s

n  o f  e  m1: tY .

( r r r )  t f  d i m ( x )  4  6  ( p  d i n , ( : l ) )  +  I  o r  l f

r r  -  d i m ( x )  >  I  a n d  d i m ( X )  <  6  ( p  -  d i m ( X ) )  +  7 ,  a n d l

l f  d l p + 1  ( w h e r e  p  a n d  d  a r e  i n t e g e r s ) a n d  i t

i f  x  i s  a  p r o i e c t a r e  v a r i e t y  r v i t h  a  v e r y  a m p l e  s h e a f ,

"  f - ,  t h e n .  t h e r e  e x i s t s  a  n o n - e m p t y  Z a r | s k l - o p e n  g u b s e ; t

U  A  G r a s s ( p r l ! 8  " d l  )  o f  p - d f m e n s i o n a l  l l n e a r  s y s t e n s

i n  l Y 1  
o d l  s u c t r  t h a t  f  o r  A  e  u  t h e  c o r r e s p o n d i n g

p r o j e c t i o n

4 a t X + B P

i s  g e n e r a l .

( I V )  U n d e r  t h e  s a m e  r e s t r i c t i o n s  o n  d i m ( x )  a n d

p  =  O i m ( Y )  a €  i n  ( f f f )  f o r  a n y  g e n e r a l  m o r } h l s m

4  , ' X  - -  t  t h e r e  a r e  e x a c t l y  5 4  L o c a l  A r t i n l a n  a l g e -

b r a s  w h i c h  c a n  a p p e a r  a s  t h e  a l g e b r a s  A x (  {  ) '

T .he  t4b le  o f  th is  a lgebras  : : .nd  the l r  re levant  lnvar l -

a n t s  l s  5 i v e n  1 n  $ 1 0 .  I I e n c € r b J ' ( I ) r  f o r  3 '  g i v e n  a m p l - e

( p ,  n )  t l i e r e  a r e  o n l y : i ' 1 n i t e  m a n y  t y r r s s  o f  s i n g u l a r i t l e s

L n  . f  ' ( x )  .
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I ' a t r : t  I  o f  t l ' i e  p a l ) e r  i s  c l e v o t e c i  t o  1 0 c a 1  c o n s l d e r a t l 0 n s '  T h e

: a c t e L : i z a t i o n o f s t a b l e m a p p i n S S e r m sm a i n  r e s u l t s ' a r e  a  c h a r a c t e L : i z a t i o n  :

( . p r o p o s i t ; i o  1  1 ' 1  s r r d  1 4 t  $ 7 )  a r r d  o f  t h e  e q u l v a t r e n c e  o f  s t a b l e

: i  o n  1 7  a n d  l t s  c o r o l l a r Y ,  $ B )  a n d
r n a p p i n g  d e r m s  (  p . r o ; ' o s i t i  o n  1 7  e r n d  1

t h p c o n s t r u c t i o r r o f t | n o r m e r 1 f o r m s | | o f s t a b 1 e m a p p 1 n g 8 e r m s

v , ,  s t a r t i n g  w l t h  t h e  1 o o a l  A r t l n l a n  a l g e b r a  0  ,  s u c h  t h a t

0 ( - /  )

b e t w e e n  u n f o l d i n g s  a n d  d e f o r m a t l o n s  1 s  c l a r l f l e d '

P a r t I I i s < i e v o t e d t o t h e d e t e r r n i n a t i o n o f t h e s 1 m p 1 e c o n t a c t

c l a s s e s  ( r e p r b s e n t e d  b y  t h e i r  I o c a l  A r t l n l a n  a l g e b r a )  a n d  o f

t h e l r  s t a b l e  r e p r e s e n t a t i o n s  a s  v ; e I l  a s  t o  t h e  g 1 o b a l  a p p l l -

^ ' r  - ^ 1 ^ * - . 1  a  A A n o * r t r n -

c a t i o n  o f r t h e  1 o c a l  r e s u l t s ,  b a s e d  o n  a n  a l g e b r a l c  c o n s t r u c -

, r o n  o f  t h e  i e t  b u n d l e  '

A  p r e l i n : i n a r y  v e r s i o n  o f  t h l s  p a p e r  a p p e a r e d  1 n  t h e o r e p r l n t

s e r i e s  o f  t h e t r F o r s c h u n g s i n s t l t u t e  f i i r  l i a t h e ' m a t i k  d e r  E T H

Zi j r i ch f r . .  The f i rs t  au thor  rvants  to  thank  the  ETH Z: i ' rLch  fo r

t l i e  e x e l l e  n t  v r o r k l  n g  c  o n d i t  i o n s  d u r i  n g  t h e  f a l l  t e r m  1 9 7 7  t

, r h e r e  p a r t s  o f  t h e  r e s u l t s  v r e r e  o b t a i n e d '  .  - . . "

. t
j' t
l
.l. , 1

1' j
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$ 1  .  q o r n e  p r e l l . m l n a r i e s

A. morphism of local  r ings A -r  B wi th the same re 's idual  c lass

f ie ld K wi l l  be cal led a Weierstrass morphism 
- 

i - f  i t  has the

fol lowing property:

I f  M is any f in i te B-module such that V*eM is of ,  f in i te

length as A-module,  then M is also a f in i te A-module.

We.r . r i11 f reguent ly use the fol lowing reqqtt , rBb,out 'Weieqstrassl

morphisms

.Proposi t ion 1: -  I f  M.)  g f  are f in i . tg :B:modrt les and. . there ex is ts ,* : : - : . ' : : - , - .

.a .n. 'd .nteger  h 'such that  J* . rq  Ml . i -  then, fg f  tar i -y  A=,submodule, - , , . j :  : - ; , i , i ;  ; : ;

P  c M  t h e r e h o l d s

r f  M f  ( P + * " j 1 u r  f o r
tt

M r  c  P

Proo f  :  r f  p r  ,=  P  n  Mr ,  t hen  Mr  =  P t  *  * t j 1Ur ,  and  we  have  *  . . ' ' r ,  '

to  proof  ,  that  the res idual  morphism -  P! .  1 ,&!  , '=  tv t t , /mayt  is

su r jec t i ve ,  t hen  the  resu l t  w i l l  f o l l ow  by  the  p rope r t y  o f

We ie rs t rass -morp i r i sms  and  Nakayamars  Lemma.  Now

a .T1  -
P |  -  l 4 r  /mB* '  

^Mt  
i s  su r  j  ec t i ve  by  h lpo thes i s ,  hence

a ] - 1 | -  c  i -  i + 1 -
I ( f r r7m"c " f r t )  = . : ^ r (m{Mr / ^ ,  - ' f t t )  

i  1 (p r r lmoe t )  a .nd  the re fo re
j = o

t h e  r e s u l t  f o l l o w s  i f  w e  p r o v e  1 ( P f / m O P r )

* ; t t  =  *"*1f r r  and f rom Nakayamar.s . ' lemma again we in fer '

c z eA(P) (h+e;(mo}) then

'n ; t t  =  o.

From *lu c Mt
EI

g .  e .  d .

f o l l ows  *AP g  P  
1  

Mr  =  p t ,  hence

h+1  h+ i  h+e r ,  (mr ' )
(e /mo" ' *e)

h
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$2.  l lqu iv l i lence o f  tnap l i -n i r i  i t ' eJms

' m  I  ,  ( a n , o )  +  ( a P , o )  i s  e q u i v a l e n t  t o  a  p - t u i ; e l

o f  a l g e b r a i c .  p o w e : :  s e : : i e s  w l t S o u t  c o n s t a n t  t e r m '  B y  J ( 1 t p )  v l e

w i l l  d e n o t e  t , l i e  s e t  o f  a l l  s u c i r  p - t u p e l s  a r r d  b y  , 1 . ( n r n )  t h e

a f f i r l s | a c e o . [ a ] 1 p - t u p e l s o : f l t r u n c e d p o w e r s e r r e s ' ; r i t h o u t

c o n s t a n t  t e r m ,  o f  d e g r e e  c  a n d  b Y

j " .  ,  J . r  ( n ' P )  *  J . ( n ' P )  '  ( - 7 c 1 7  s '  J -  
:  " ) -

-=\

t h -  ; ; " . u p o n o l n g  t r u n c a t i o n s  ( i t  Q o r r e s r l o n d s  t o

.  { ' h  .  a

r e s t r i c t e c i  t o  t h e  
" " t t i n f . i n . i t e s i m a l  

n e t g h b o u r h o o d

L ,  I  -

wi l l  a lso  cons ider  the  
" : - ! ,  

3 ( t "p )  =  1 lm J t (n 'P)
c

ser ies)  .

i . e .  t - h e

J  ( n , n )  ^

By  s ( r r 'p ) '  v te  f  gnot "  the  group o f  egu iva lences

It (rAn ,o) x ' Aut {lqP 'o)
group of  automorPhisms At

J  (p  ,p )  ,  ac t ing  91  
J  (n  'm)  bY

- 7
( g , r ) ( e )  - g  o g o r

rcapPi  ng  Serms

of  o  ln  t *n )  . r ; le

( formal Power

o f  J  ( n , p )  ,

o f  g  ( n  , p )

" ( n , n )  

X  J " ( P ' P )

again canonica l

c ) o

is  contai i red in

t he  ac t i on

groups  ac t ing  a lgebra i -

by  r  (q )  the  idear  .o f

The l inear  a lgebra ic  a roups  c . (n 'P)  =  image

i n J

ac ts  a lgebra ica l l y  on  a . ! l ' t r ) '  and  we have

' t r u n c a t i o n m a p s , w h i c h a r e s u r j e c t i v e

:  g  .  ( n , P )  +  c s ^  ( n  ' P )  ( - ) c r )
l c  c r  

-  - c ' - ' ' ' '

/ \  
'  

,  - - \  r - L i  a

w e  d e f i n e  c r ( n , p )  :  I i *  s " ( n ' p )  '  t h i s  g r o u P

c

3 ( n , n )  , *  3 ( p , p )  a n d  a c t s  o n  3 ( n ' p )  '  c o m p a t i b r e  w i t h

o f  s ( n , P )  .  & ( ^ , P )

The grouPs t r .  (n ,P)  a re l - inear  a lgebra ic

c a l l y .  o n  t h e  a f f i n  s P a c e s  ; . ( n ' P ) '

r f  . 9  e  J ( n , P )  ( r e s P '  3 ( n ' P ) )  w e  d e n o t e

I

I
r i

I



h
on = olon,o generated by

, A  

the ideal  o f  0r ,  =  @ot,O

by o ( .p)  ( resp.  6  t * l  I  the

and by x  ( ,p)  ( resp "  i  t  * l  I

wh ich  i s  t he  f i b re  o f  t he

1 1

the components o. f  g (resp. by

generated by the components of
. { A

A
I (e )

q ) '

K-algebra 9n/r (d (resp .  r9n/r ( , i l  )

the scheme Spec (O ( .p)  )  resp. .  Spec

mapp ing  ge rm 9 .

(o '/
kil-t1

I t  i s  u s e f u l  t o  c o n s i d e r  t h e  s o m e w h a t  l a r g e r  g r o u p  C ( n , p )  o f

c o n t a c t  e q u i v a l e n c e s .  C ( n , p )  c o n s i s t s  o f  F L I  a u t o m o r p h i s m s  y

of  gat rAP,o)  such that  the composi t ion.  p loy ,  UenXleP ,o)  *  66n,o)

depends only  on the f i rs t  component  x  of  a  point  ( * ,y)  .  fa t rnP

and such that  y  induces an automorphisrn : f iF lxo,o)  + ( ranxo,o)  - .

I t  acts  on ' ; (n ,p)  such that  the graph-  of  y .<R.  is" th ,e . t r .anS- 1; -  r ) :

f o r m  o f  t h e  g r a p h  o f  I  u n d e r  y ,  i . e . , . i f  w e  w r i t e  1 :

y  ( x , y )  =  (o  ( x )  ,  p  ( x , y )  )  ( t t r e  f  i r s t  componen !  o {  (an ,o )  ,  t he

second one of  14,P,o)  )  ,  then

( v p )  ( x )  =  F { c r - t ( * )  , e ( c . - 1 ( x )

Consider ing t runcated power ser ies we

o f  l i nea r  a lgeb ra i c  a roups

j c  t  c " ,  ( n , P )  *  c . ( n , P )  ( c t  >  c )

ac t i ng  a lgeb ra i ca l l y  on  the  p ro jec t i ve .  sys tem o f  a f f i n  spaces

J . ( n r p ) .  T h e r e f l o r e  t h e  r r r o i e c t i v e  l l m l t  8 ( n r p )  a c t s  o n  3 ( n r p ) .

T, . , l a i r r ' , i n i :  i : ' en r r i s  i n  t he  sa rne  0 (n rp ) -  o rb i t  a re  ca11ed  fo rma l l y

c o n t a c t  e c l u i v a l e n t .  T h e  f  o l l o v r i n g  p r o p o s i t i o I  r i s  o b v i o u s  ( c f  ,

a I ) p e n d i x ) .

,\
@ i . i l . p 1 l i n 3 3 e r I n S g , 9 t e J ( n , p ) ( r e s p . , l ( n , p ) ) a r e

c o n t i t c t  e , l u j . v : i l e n t  ( r e s 1 , .  f o r r n a l l y  c o n t a c t  e e l u r v a l e n t )  i f  a n r t

o n l y  i f  , ( y  )  . * .  X ( y ' )  ( r e s 1 , .  i C y  )  =  i (  f  ' ) )  ,  v r h e r e  x ( f  ; - - - _ - -

d e n o t e s  t l r e  J l i t i r e  f  
- 1  

( o )  , 1 ( f  )  ' t h e  f o r n r a l  . r . ' i l r r e .

I f  v / e  c o f  : i j  i  d  e r  1 - l r a r r i . n : e t e r :  . i a m i f  i e s  y t  e  u  ( n , p )  r e s  n .  C (  n  r  l ) )

, L . _

\ l

get  a  p ro jec t i ve  sys tem
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y  =  i d ,  a n d  i f  w e  c a l c u l a t e  v a ( g )  I

ca l l  t he  tangen t  sPace  to  the  o rb i t  a t

mod  ( t

(9 :

2 .
) w e

such that

g'et what we

T  ( 9 ,  € )

T  (9 ,  C )  =  mna  ( tP )  + r (,p) oP g *r,oP = J (n ,P)

h  -  t L - -  q P

where a ( ,p)  is  the CIr i " ,o-module generatecl  t ly  Er '  
'  '  '

<pt  (m-) is the maximal ideal  of  g(  er  '  '  '  '  '  *J "  
K(x1'  '

P
They are mapped onto the tangent  spaces

T ( j  
" ,1,  

G") resP '  T ( j  
"e 

' 'c")

o f  the  orb i ts  o f  o "  resP '  c "  a t  j "9  (n .  and c"  a re  a lgebra ic
\

grc iups  ac t ing  a lgebra ica l l y  on  the  a f f  in  space ' r " (n 'e ) '  we ca l l

9 u - f i n i t e r ' e s p . c - f i n i t e i f T ( 9 , € ) r e € P . T ( . p ' C ) a r e o p e n

i n  t h e  K r u l l  t o p o l o g y  o f  ; ( n ' p )  '  m o r e  p r e c i s e l y :

= mnA (q) + en (mn) @ g *rr@P = ;  (n 'P)

f u n c t i o n s  a  ( k ,  u )

9  e  ; ( n , p )  i s

k -C-  f i n i t e

w i th  the  fo l l ow ing  P roPer t y :

k - e - f i n i t e ,  t h e n  I  i s

d+ and' A x
N , L

,*.)  =O'f in,o

T h e  m o r p h i s m  I  e  J ( n , p )  i s  c a l l e d  b - s - f  i n i t e  r e s P '

i f  t ( q , € )  r e s p -  T ( 9 , c )  c o n t a i n s  m l J ( n ' P ) '

We  w i l l  a l so  cons ide r  t he  subgroups  
"u  

=  Ke r (g  - '  o ' )  o f  €  '

the tangent  sPaces to  the tgD-orb i ts  are

T (e,c ' )  = * l*14 ( 'p)  *  * ;  {**mn9) 
k

and  the  mapp ing  ge rm I  i s  ca l l ed  k - t su -  f  i n i t e  i f  *X "  c  T  ( ' p  '  au )

we  w i r l  show tha t  . , - f i n i t eness  imp l i es  n ' - f i n i t eness  and .  t ha t

i t . d e p e n d s  o n l y  o n  a  s u f  f  i c i e n t  h i g h  j e t  o f  9 '

P r o p o s i t i o n  3 :  ( 1 )  n b r  a n y  i n t e g e r  k  t h e r e  h o l d s : '

r f .  a  mapp ing  ge rm I  <  ' :  ( n  ' p )  i s  k -c - f  i n i t e  and  9 t  e  J  (n  ' p )

i s a m a p p i n g g e r m " u t h t h a t  i g * r ( e t )  =  i ' g * r ( e ) ' t h e n  9 r  i s

k -C-  f i n i t e  -

(21  There  ex i s t l

I f  a  maPP ing  ge rm
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a  ( k  ,  u )  s u -  f  i n i t e

( 3 )  I f  c  ( k )  =  k * 1

I f  a  mapp ing  germ

T h e  p r o o f  o f  ( 1 )  i s

lertrrna-

ge6l, s u c h  t h a t  j " ( e r )  =  J " ( e ) a n d  c > c ( t < ) . t f r e n -

*  p2 tn ln l  rhen rhere ho lds-  . p

I  is  k- rs- f in i te  and i f  e . r

a  s t ra igh t  f o rward  app l i ca t i on  o f

i s

, n f
t'

a mapp i ng 
SerY.t.

i s  k - s - f i n i t e .

Nakayama I s

Put

t t

To  p rove  (2 )  ,  r a te  de f  i he  a  ( k ,  u )  by  i nduc t i on  on  u .

a  ( k ,O)  =  f t  and  assume a  ( k  . p  )  has  been  de f  i ned  fo r

such  tha t  I  i s  a  ( k  ,  p )  t sp -  f  i n i t e .

F rom T  (q ,  a ' )  =  * r r ' + la  (9 )  *  *o '  {e * *ne  
p ) .  

we  i n f  e r

€ (r  (e,  ,eu-1;  /  ( r  (e,  su))  < "  
( "1: ; t )  + p te j l ; t l  ,

hence

AG/ r ( , p ,e ' ) )  I  e  G / r (q , " ' - 1 ) )  *  
" f " j i i t l * p (e;:;1)

€ (t/r (,p , e'- 1) 
) s (, G/m^a 

(k , u- 1) .r) { p I , n + a ( k , u - 1 ) ) _ 1 1

t h e r e f o r e ,  i f  k ,  n ,  p  a r e  f i x e d

e @/r  ( ,p , t ru  )  )  S  0  (v )  (depend ing  onry  on  u)

Now we def ine  in tegers  e i  (u )  by

g .  ( u )  + n  h r=  Q  ,  e i+1  ( r )  =  e r (u )  +  ( - l p  ' )  
p  r i l l t  +  t

n

9 o ( u )

The term

0  -modu le
p

t o  P . c - M  =

( (t/'t (,,r"

q.i

then m r
n

B e c a u s e  o f

n tfllr

, 9 )  +

( u )

is  a  bound

.  l ,  u*1P  =  T ( G - , q ) / ^ n

- ,  U * 1
. l /mn A(<p)  and

9 *  ( u )
*r, ' .l) =

the embedding d imension of  the

and  by  p ropos i t i on  f  (app l i ed
q .  ( u )

*r, M) '  i f

( , ( l / , t ( G u , q )  *  * r ,  
j + t ( " " , ,

for

a ( .p)

M l =

J  g  T ( € u , q )  .

a 6 / r ( a ' , q )  )  i  t ( v )

a ( k , u )  =  e { ( r ) ( r ) ,

we ob ta in  the re fo re ,  i f  we  pu t



PrgErosi t io? 4 C-f in i te mapping gelms

( i )  f in i te  maPPing germs

apply  again r roPosi t i " l  L

p  =  T ( q t , r s ) , / m r r a ( , p l ) ,  t h u s

a n d  J " ( + t )  =  j " ( e ) ,  t h e n

are th .e fo l lowing ones

the  i nc lus ion

Now we want

t o  M = J / m

w e  g e t :  I f

k -  -  r , . l , ^ l
* n  t  I  r - \ ( P

m a ( k , r ) J  c  T ( , p , e u )
n

to  p rove (3 )  .  we w i l l

, r A ( q l ) ,  
M f  =  * r r k M  a n d

c  =  c (k )  =  k+1+p2tn ln lp

, 0 )  q . e . d .

1 4

is  s - f in i te ,  then

X( ,p )  i s  a  comPle te

I

( i i )mapping germs <p suqh that X(tp) is 
i  

complete intersect ion

of  d imens ion  D-p ,  wh ich  has  on ly  an  iso la ted  s ingu la r i t y

proo f  :  c - f in i teness  is .obv ious ly  eqr : i va len t  to  the  proper t l r

that  the jacobian mat ' r i -x of  <9 def ines a l inear map

a ( q ) t r  *  Q ( e ) P ,  w h o s e  c o k e r n e l  i s  c o n c e n t r a t e d  o n  t h e  m a x i m a l

idea l ,  wh ich  is  equ iva len t  to  ( i )  o r  ( i i )  '

Remark  I f I  e  J ( n , P ) i t  must  be  C- f in i te  '

intersect ion wi th
hence  q  i s  f i n i t e  o r

an  i so la ted  s ingu la r i tY '
p

I f 9 i s f i n i t e a n d r g ( q ) ( P , t h 9 n . n e c e s s a r i I y d e b ( . p ) <

I f  t h e  f l b r e  x (  f  )  i "  a  c o m p l e t , e  I n t e r s e c t i o n  t h e n  L P  i s

n e c e s s i a r i l y  r e l ) r e s e n t e d  a s  a  g e r m  o f  a  n o r p h l s m  u ! v  o r '  S m o o t h

a l g e b r a i c  v a r i e t l e s  a t  p o i n t s  0  e  u ,  o t  
: { ( o ) e v  

s u c h  t h a t t  
. i f

C ( q )  < U  d e n o t e s  t h e  c r i t i c a l  l o c u s ,  t h e n  C ( . p ) -  t d i  - r  \ , 7  -  { O }

is  a  c losed embedd ing '

p roo f  Assume I  i s  f in i te  o f  rank  r  i  p  t . tha t  means i f  L

is the quot ient  f  ie ld of  On, then the vector space A (9) E rrnl

has  d imens ion  r  over  L '  Le t  us  denote  by  K c  L  the



I

. .  - 1 ,

quotient f: ield of g*0.. . O'. 'r then deg(q) = tf, : KJ and. } , I I

or, E ** bp
K = L. Because of the 6-f 'tnitdness of I we have

L p  = x P + a ( g ) & , r L ,  h e n c e  p  d e g p  S  p + - r . d e g p - , - i . e .  d e g q  < - .sn p-r

Proeosition ! If two mapping germs p,9re J{n,p) are fonmally

C-equivalent, then they are C-equivalent

a

Proof :  C-equiva lence means that  there ex is ts  an isonorphism

E r i (+t) :6tqt trence we get a e(q)-rromomorphism

* !  
:  Q ( q ) ( * / r ( q r ) Q ( q ) ( x ) *  6 ( , p l

by rf  (xi)  = E(x.) .  By the approximation theorsn for algebraic
J J

,  'egu'at ions, ,  f i>r  any integer. .c we can f ind .a O{q}-homornorphism., , '  . .  .  i

t .  :  O (q )  <x> / r (E f )Q (q ) ( x )  . -  a t e )

such that u" = i mod *A(n)"*t and r" compo ed with the

sanon ica l  map i  :  Q{Ef }  -  Q{d(x ) / t {q t )o ( ,p ) " (x } i (x j )  =  * j

r n o d  t ( p t ) O ( e )  ( X )  y i e l a s  a  h o m o m o r p h i s m  o "  :  u " o i  :  e ( q f )  *  e ( * )

s u c h t h a t  o  =  c + 1'" = o moa mf,a-r. For c 7 L the homomorphism o"

is thetefore an isomorphism, since, in the sane way, we can aplro-

xlmate th€ inverse isomorphisrn i = t1 to g€t a homomorphism

t. and tcooc is a ?rornornorp?rism of a{q) j.nto its€lf, whi.ch

,pgin id€€ llp to order ,c l4l..tllthe idecqtity and tber,e:fuFe .i:t

. m u s t  b e  a n  a u t o m o r p h i s m  b y  t 1 1 ]  a s  w e l l  a s  o c o T c .

Propog i t ion  6  r f  9  e  i r (n ,p )  i s  a . f in i te  mapp ing  germ and i f

the  mapp ing  germ gre  .T(n ,p)  i s  fo rmar ly  egu ivaren t  to  9 r  then

g t  i s  e q u i v a l e n t  t o  9 .

akes (9 to a eirrit.Proof Consider 9r, , Op - On, which makes On to a finite

O_-algebra and the fol lowing functor on the category ofp

Hensel ian-K-Algebras:  For a K-algebra R the elements of  F(R)



are ,  t r i pe l s

r inqs c t  i  A, P

the  Hense l i an

' f z C I
p

1 6

( e , o , t )  ,  w h e r e  e  t  @ p  - r  f ,  l s  a ' l i - u l o r p h l s n :  o f  1 o c a 1

@ A^ -r  f t  ls  a @--*otphism of local  r ings (E denotes
P P

t e n s o r  p r o d u c t )  i . e "  o  ( f  o g )  =  e  ( f )  o  ( 1  A g )

A On -  *  
I  

0 r ,  a .  On-morph ism o f  loca l  r ings ,  i -e .

up

r  ( f6g)  =  q*e  ( f )  r  (1@)

r '

r ( l&+t ' t  (9 )  )  =  o  ( reg)  6  1

] ' .
l ,  r  '

such that I
. t

: i  . . J  )  |

( h e r e  w e  u s e  t h e  c a n o n i c a l

f  o l l o w s  f r o m  t h , e  f  i n i t e n e s s

I I e n c e ,  b y  t h e  a p p r o x i m a t i o n

f o r a n y i n t e g e r  c > 0 r v r e

wh ich  co inc ides  uP to  o rder

ils an aptomorphism 0'^ 1 0' p p

F * c  ( f )  =  o .  ( 1

cr_l_.(f)  = r"(t

- ' - ' - - ' -
--tnen--6",9" coincide uP to

' r  
)  :

Then  F  commutes  w i th^ f i l t e red  l im i t s ,  and  i f
l' ' . ' .  

t  A  -

f o r m a l  e g u i v a l e n c e  o f  q t  a n d  Q r  i - e -  c r * o  9 t *
i - ' , { A

(where |*  :  9-  + 0- denotes the prolongat ion of
, 'P 

n

compLet ion) ,  we get an element
i " .  A

( ; , ; , ; )  e  r ( o - )  ,
i , \ P

w h e r e  Z  , ' 0 .  4  0  i s  t h e  c a n o n i c a l  s n b e d d i n g ,
p .  p

! - -

i  t r  og l  =  rF*  (9)
'  . r -  t  Y r '  :

? te e 'd = e* ( f )  i "  (g)  i

( ; ,F )
=  i * o

,g*

i s a

h *
P '

to the

i s  o m o r p h  i s m

o f  Y )

/\
, \ p . A
e J = v
n .  n '

o
p

p &rn or, = on
7

c  w i th  ; ,  E  ,  hence they

@(g
p

which

p c  e  A u t  ( a P , o )  )  , c t .  e  A u t  1 g r n , o )  )  b Y

t h e o r e r n  f  o r  a l g e b r a i c  e q u a t i o n s  t

c a n  f  i  n d  a n  e l e m e  n t  ( e  

" , o "  
,  r o )  .  r  ( O p )

c  w i t h  ( ; , ; , ; )  .  r f  c  )  o ,  E c

( s e e  t 1 1 l  )  a n d  i f  w e  d e f i n e

e f )

A  f ) e  r 9

orde r



.Are automorphisms.

is formal.lY equivale'nt to

- 1 7

( p :  ( f )  )  ,

o q

pr tr€ c-an r.eplace , 9t .by an' egriivalent

a *  ( g t  *

g l  o

Moreover

( f ) )  =  q *

q = B
c  ' ct . e .

pt'ogo?itianj tf 9 ig a g€rm of a functionn l.-e- 9 € nf'(n'1) 
"

w h i c h  h a s  o n l y  a n  i s o l a t e d  c r i t i c a l  p o i n i ,  a n d  i f  9 t €  J ( n , 1 )

j.s a function germ wtrich is formally equivalent. to *-t gh-e-n-.={---.-

it equivalent to q.

we only wi l l  sketch the proof:  one considers the group

A u t ( ( l a n , O ) )  =  R  c  g .  a c t i n g  o n  J ( n , 1 ) ,  a n d  " ' i - t s  " t a n g e n t  s P a c e

to-"the otbits,, 
.. 'T(q.,R) 

=. mrra(e) similar, as 'f,.Qr., the grpu.p .(t :

o r  c .  L f  ' g  h a s  o n l y  a n  i s o l a t e d  c r i t , i c a l  p o i n t ,  t h e n  T ( e , R )

is open in the f&ul l  topology, i .e.  there i .s ' .a k such that

k + 1 , r
to t ltrrAtgl .

In the same l.tay as for C (see the next section) one shows that

fo rmal ly  (2k+1) -R-determined '  i ' e 't t r is  impl ies,  ' that  9 .  is

+ *  *2k+l , t (n,r)  .  iq ( i -o.rbi t  of  e i l  i {* ,1))  -  Noru i f  I t

"function d such ttrat i2g*r{e*l ' 3z*4{+} , t}ierefore the

funct ion 9"  t :  formal ly  R ' -equiva lent  ts  9c i 'e '  the

.  q " ( c t ( x ) )  =  9 ( x )

h a s  a .  f o r u ; a l  s o l u t i o n  Z ( x ) .  , r . h e r . e i o r e ,  b j '  t h e  a i l : r r c x i m : r t i o n

t h e o r e m  f o : .  a l g e b r a i c  e q u a t i o n s  i t  h a s  a n  a l g e b r a i c  s o i u t i o n

c r  ( x )  such  tha t  j 1 (c r )  =  j 1 (A )  ,  wh ich  imp l i es  L t ra t  o ' ( x )  i s

a n  a u t o m o r p h i s m  q . e - d .

fu,wt 466 \ (
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3. FLnit-elv- detsf mingl mappi.nq-qerm.s-

We say that a maPPing germ I  e ;  (n 'P)

4
' resp "  " js -aetermined 

(where s  is  one

i f  any mapPing germ 9r  such that  jc

l r C

S  e q u i v a l e n t  t o  9 ,  i .  e .  m r r J  ( n , P )  +  I

-* plogo"i!ig!-9 For any- integer
- -

I f  a  m a p p i n g  g e r m  I  e ,  J  ( n , P )

(2k+1)  - c -de te rm ined  -

I f  t he  cha rac tb r i s t i c
ilt i

x  ( k+1 )  -C -de te rm ined )  "

where c (k) = p2 t*lolp

O P ,
where 5.g txt

i s  de f ined,  by

- , P
T h e r e t o r e  t ,

c "
I

a n d . i f  < p  i s

c u
I

Assume g l  €  J

is  c-S-determined

of the groups g or e)

( q t )  = j . ( e )  i s s - r e s P -
 

s  S  r e s p .  c  S  o  .- g q

k  t h e r e  h o l d s :

i s  k -C- f i n i t e  t hen  i t  i s

is  zeto,  then "k-c- f in i te" imPl ies

, , k - g - f i n i t e , ,  i m p l i e s , ' c ( k ) - & - d " t . t * i n e d "

L .

o f K

and

+  k , - +

, > u v / e d e n o t e t h a u n l p o t e n t a l g e b r a i c g r o u p
P r o o f :  F o r  r t U  w e _ o e r l u L e  u t r c  4 t ' r v v v '

\  r - -  n !
I i e r  ( c "  *  cv  )  oy  

" r

I f

the act ion of  c ;  on . . r ,  (n ,P)  is  g iven by

'  
r D  -  t  h  , -

v P ( x )  =  P ( x )  . * ( x ) ' ' ' o ( x )  +  9 o ( * ' p ( x ) )  ( p  t  J t ( n ' P ) )

denotes the matr ix wi th c(  
-  oP '  aP

rlumns ti .€nq ,",

consider ing P as a Pol lmomial  in x '

u * 1- P +. m'-^l (P) + mlr (e) - P + mf,tn (ce)

r r t f* {" = e + mf,r(e,c) + *l;
\

k - f i n i t e ,  t h i s  i m p l i e s

+ m r J > o * * ' * k J
n ' n

a n d  j z r * r ( q ' )  =  j 2 k + 1 { q ) ,  i . e .  q i e . E  +  m r r 2 k + 1 o
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T h e r e f o r e ,  b y  l n d u c t i o n  w e  f l n d  a  s e q u e n c e  y t .  c k + 1 ,  \ 2 ,  c k + 2 , . .

and

.  t  a  a - 1  Lj z k * . ( y ' o Y  * o . . . o y - q r )  =  J 2 g * 1  ( . 1 )

r f  1 =  l i m { y t o y t - l  y 1 ) . 6 ,  t h e n  i q t  a n d  g  h a v e  t h e
a-'co

same je t s  f o r  any  o rde r ,  hence  l g t  =  eo

By  the  p reced ing  p ropos i t i on  q t  i s  C -equ lva len t

to  q -

lt lor.r,  for: T >c ! 're consider the aff in subspace N . 
% 

of a1l

j e t s  P  h a v i n g ' t h e  c - j e t  j ^ ( q )  .  I t  9  i s  C - f i n i t e  a n d-  - c

-  c ) k +  L ,  a l l  e l e m e n t s P  e  N  r e p r e s e n t C - f i n i t e m a p p i n g  g e r m s .

The same is  t rue for  the group g,  i f  c  7  c . (k) ,

'1 ' " '  '  ' I f  G i rs  the group C2k*f  ,  c  = k  +,  1 , - - t t ren k-C- f in i tenes-s of  r , , , , :e , , . , , .

g  i m p l i e s r f o r  P  e  N ,  :  , . , j ,

Tp (cP) , *ok", I mneJr : Tn'(N)

ness  o f  I  imp l i es  j  .

' 
r- {ce1 2 m:J- = T^ (N)

we ryit.t 
"nor".n 

. ;t: 

t*orrl= 

N ( Gp for any p € N, provided

.ground fieLd K ie of chdracterlstic (tbe,.ground fieLd { ie of chdracteristic O.

i lenc:e,  for  the group C we Eet I  I f  FhB mgpBing gerrn is

k - c - f i n i t e  a n d .  9 t . '  i s  a  m a p p i n g  g e r m  w i t h  j 1 * ,  ( e f )  =  j 1 * 1  ( 9 )  ,

t h e n  t h e r e  i s  a  t r a n s f o r m a t i o n  y  €  C  a n d  j Z t * f ( V * l )  =  j 2 k + t ( p ) .

t lence,  by  the  f i rs t  par t  o f  the  proo f ,  q f  i s  C-equ iva len t

to 9.  By repeated appl icat ion of  the argument we get,  for  the

group ( !  r  chosing

c ,  =  m a x ( c ( k ) , a ( k , u ) )  r . -  =  c u + l  3  
'

U  v T L
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I f  I  €  ; ( n , p )  i s  a  k - s - f  i n i t e  m a p p i n g  g e r m  a n d  g f  e  J ( n ' p )

i s  a  m a p p i n g  g e r m  w i t t r  j c ( k )  ( . p r )  =  j " ( t )  ( q )  '  t h e r e  e x i s t  a

. u u -
sequence o f  t rans format ions  Y e  E-  and

i  , r  v  v -1 -  o
J a  , t y  o y  o " . . b |  g l )  =  ) ^  ( g )

-  u + 1  " u * 1

I f  y  =  l i m  ( y ' " Y ' - 1 o . - - o Y " )  ,  t h b n  l q t  =  9 '

To prove N g GP we f i rs t  need the fo l lowing lemma

lsmma 1 I f  G is  an a lgebra ic  grouP act ing on smooth var ie t ies

X  a n d  Y  a n d i f  j : X * Y  i s a s m o o t h e q u i v a r i a n t m o r p h i s m

- 1  , - - r  / a n t  C .

a n d  N  =  j - t ( O )  ( O  5  Y ) ,  t h e n  T p ( N )  g '  t r ( c e )  f o r  a l l

p o i n t s  p  e  N  i m p l i e s  d i m  ( c p )  =  d i m  ( G Q )  +  d i m  N ,  i .  e :  a l l

orb i ts  through N have the same d imension '

pr_oof T^ (c,Q) = Tp (Ce) 7r,  (cp) nTp (W) = Tp (GP) / rn (n) '  i f  Tp (N) c t ,  (cn)
tJ

hence a im (cp)  = d im Tp (GP) = d im Tp (N)  + d im TO (GO)

=  d i m ( N )  +  d i m ( c Q )  g . e . d .

In  ou r  case  X  =  J r ,  Y  =  Jc  and  the re fo re  a l l  o rb i t s  t h rough  N

have the same i i imension.  Now the resul t  N c  GP fo i lows f rom

Lemma 3  Le t  V  be  a  guas iSro jec t ive  a lgebra ic  var ie ty ,  W an

a lgeb ra i c  subva r ie t y  G  a  connec ted  a lgeb ra i c  g rouP  ac t i ng

on v.  Assume that  for  any 0 e w the fo l lowing condi t ions are

s a t i s f i e d

( i )  rQ (w) ( rQ (G0)

( i i1  d im GO = d indePendent  o f  O

f hen  w  i s  con ta ined  i n  an  o rb i t  GQ,  p rov ided  the  g round  f i e ld

' - - -K=aas character ist ic o.
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Proof :  The proof  i f  reduced to the ease where V i - "  a  non-

s ingu la r  va r i e t y  and  h l  a  smoo th  cu rve .  I t  i s  su f f i c i en t  t o

prove that  any curve on W is  conta ined in  an orb i t ,  because

the  i n te rsec t i on  o f  W w i th  an  a rb i t ra ry  o rb i t  i s  c losed  by

( i i )  ,  and  i f  W i s  no t  con ta ined  i n  an  o rb i t ,  t he re  r "ou ld

also ex is t  a  curve on W not  cpnta ined,r : i r+  an or .b i t .

Hence we may assume that  W is  a curve.  Now we can replace V

by  the  sma l l es t  subva r ie t y  V t  c  V  con ta in ing  W wh ich  i s

G - s t a b 1 e . T h e r e f o r e ' a n y G - s t a b 1 e o p e n S u b V a r i e t y . U . 1 <

a nonempty intersecti on wi!h,,. 'W.,. ,and . i . f-. :  ""!.$;,n,H1, . is - contalned ,. -: ,1,

i n  a n  o r b i t  t h e n  . i  i s  c o n t a i n e d  i n  t h e  s a m e ' o r b i t ,  t o o .  : : j ; j . ;

Hen ie "  wE '  can  rep lace  U t  by  i t s  nons ingu la r  l ocus ;  moreove l i  ;  '  -=  ' " "  I  - -

we can assume that  any orJc i t  meets W ( t t re  union of  orb i ts

i n te rsec t i ng  w  con ta ins  a  G-s tab le  open .subva r ie t y )  ,  and  ,  
' -

onLy  f i n i t e  many  o rb i t s  i n te rsec t  w  i n  a . s ingu la r  po in t  - .

(because  o f  d im  W =  1 ) .  Tak ing  the  comp lemen ta ry  se t  o f  t h i s

o rb i t s ,  w€  a re  i n  t he  case  desc r ibed  above .

I f w i s n o t c o n t a i n e d i n a n o r b i t , W € w i 1 1 s h o w ^ t h a t ' c o n -

d i t i on  ( i )  canno t  be  sa t i s f i ed  (assuming  V . ,  W nons ingu la r . ,

d im  W =  1 )  .  Any  o r .b i t  mee ts  W in  a  f  i n i t e  se t  o f  po in t s ,

hence  d . im  V  =  d+1  i f  d  i s  t he  d imens ion  o f  t he  o rb i t s . , ,The

va r ' i e t y .  V  i s  con ta ined  i n  some p ro jec t i ve  space  and  i f  B

i s  a  su f f i c i en t l y  genera l  sec t i on  o f  V  w i th  a  l i nea r  subspace

o f  cod imens ion  d ,  t hen  B  w i l l  be  a  nons ingg la r  cu rve  on  Y

a n c i  a l . m o s t  a l l -  o r b i t s  G , . ) ,  ( )  €  \ i ,  w 1 1 1  t r a n s v e r s a l l - y  i  n t e r s e c t  R

(by  Ber t i n i s  t heo rem)
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. I f  f  c v X B  d e n o t e s t h e c l o s u r e o f  t h e i m a g d o f  
- G x B * V x B ,

( g , Q )  ' '  ( g Q , Q )  a n d  p  ' ' i * B '  q :  i * v  t h e p r o j e c t i o n s '

ar i l l  be eta l  over  a nonempty open set  U c V and
- \  t h e n  q  w r r r  r J c  s u q !  v w  Y -

, \ - - - - -

a l m o s t a l l f i b r e s o f P h a v e t h e f o r m G o X { Q } , Q e ' 8 .
"  ^ t  * d a  i m a n p  o f  r e f t !  ( i )  w o u l d

l f  W c  V  is  the  inverse  image o f  W'  then prop

.  
-  

A '  z e f  6  t a n o e r
i tnply that the restriction x = Pjfr would have a zero t 'angent

m a p , h e n c e i t w o u l d b e a c o n s t a n t m a p a n d t h g r e f o r e w w o u l d

be conta ined in  an  orb i t '

R e m a r k T h i s l e m m a i s n o t t r u e i n p o s i t i v e c h a r a c t e r i s t i c a s
u

one can see by the fol lowing example:  V = lAt , ,  Q i ,  Ga act ing

p .

o n  v  b Y  ( t , ( x , Y ) )  " )  ( x + t ' Y * t ' ) '  " ' :

The orbi ts are the curves xP-y = const '  hence the l ine

W !  y  =  O has  proper ty  ( i )  and ( i i )  '  bu t  i s  no t  con ta ined in

an or ib i t .

4.  gn foJ-d inqs

rf  9 is a mapping germ (At 'o)  *  16p 'o)  '  by an unfording of  I

over a germ T, we understand a mapping germ

o :  (AnxT,o)  +  CaPxt ,o )

o ( x , t )  =  ( o r ( x , t ) , t )

such tha t  o ,  (x ,o )  =  ,P  (x )  
.

rwo unrora ins ; ,  * :  

" r . r . : : ; r  

( r ,o )  a re  car red  equ ivarenr ,  i r

n

where  R  i s ' an  un fo ld ing  o f  t he  i dend i t y  o f  (4 . " ' o )  and  L

an  un f  r , l d i . ng  o f  t he  i dend i t y  o f  (aP  ,O)  ( i .  e .  f ,  ( y ,  t )  =  (L t  ( y  '  t )  '  t )  '

f , r ( y , O )  =  y  a n d  R ( x , t )  =  ( R 1 ( x , t ) , t ) , " R 1 ( x , O )  =  X ) ,  e q u i v a l e n t l y



I f  T

f i e l d

which

o r i ( R 1 ( x , t ) , t )  =  L 1  ( o r ( x , t ) , t )

=  S p e c ( A ) r v r i r e r e  A  1 s  a  1 o c a 1  ( t l e n s e l l a n )  K - a l g e b r a  w i t h  r e s i d u a

K ,  a n  u n f o l d i n g  o f  I ' i s  g i v b n  b y  a  p - t u p e l  o f  f u n c t i o n s

o  e  A ( x ) P  ( x  =  ( x 1 , . . . , x r ) )

reduces mod mo(x)P to the p- tupel  9 .

Example Any mapping germ g .  ' l  (n ,p )  o f  rank

rank of  the l inear  par t  d f -  * I  is -  egqiva lent

o f  a  m a p p i n g  g e r m  9 o .  J ( n - r , p - r )  o f  r a n k  O .

r  ( i .  e .  t h e

to  an  un fo ld ing

r  o . .  r (D  a re  such  tha t  t he i f  d i f f e r :en -' P
l '

are  l i nea r l y  i ndependen t ,  we  ean
;

,  xn-r  ,  t1  ,  -  - .  - - ,  ar )  ( tA^,o)-  
-  , in  

such

. . , , q -  =  t -  and  "on  ta l , , o l  i n  such' p  r

S is a zeto-

equ iva len t  to

If the compon.ents 9p_r+1

t i a l s  d e ' _ r + l , . . . , d g n

f i n d  c o o r d i n a t e s  
. ( * t , . . .

a vray that 9p_r+1 = tr r .

a hray that
n

e1 =  eo i  (x r , : -  - , * r , - " )  * j= i * r * i j  ! * , t )  t j

f , o r  i  =  ! ,  .  . . - , p - f ,  ,  henee  a f te r  t h i s  coo rd ina t

9 becomes an unfo ld ing of  the mapping germ

9 o ( * t , . .  . , * r , - r )  =  (  * o r ( 1 ,  . .  . , * r , - r )  \t t

consider an unrolc i ing o " ' ) ; t - ; ' t * j ;  
;  J ; ; t *

I f  f  :  ; . i  *  1 f  i s ' a  m o r p i r i s r , r .  w e  g e t  a n  u n f  o l d l
- t t y  

f  a s  f o l l o w s :

.  
' f * o ( x , S )  =  ( o r ( x , f ( s ) ) , s )

The un fo ld ing  o  i s  ca l led  versa l  i f  to  any  u

' v : , A n * s , o ) 4 ( ^ n - ;

and to any mapping germ E : 3 * T, wher'e 3 c

d imens iona l  c losed subgerm,  such tha t  f *Q is

ons .

d u c e d

,

r i

i n

e transforma

g e r m  f  .

ng over  S

n fo ld ing  o f



2 4

t h e  r e s t r i c t i o n  v l n t * ! ,  t h e r e  e x i s t s  a  p r o l o n g a t i o n  t '  :  S  -  T

o f  ?  ,  such tha t  v  i s  equ iva l -en t  to  f *o '

I f rmoreover r  the  tangent  map

T o ( f )  :  T o ( s )  * t o ( T )

i s  un ique ly  de te rm ined  by  Y ,  t hen  O  i s  ca l l ed  semiun ive r?a l

I

or  min ivegea! -

I f  t h i s  p rope r t y  ho tds  on l y  fo r  a rb i t ra ry  o -d imens iona l  ge rms

S;-<.-i-s=cal-Led--@ resP ' formallI s-erniuniversal '

A s s u m e  t h e  u n : f o l d l n g  O  i s  ( f o r m a l l y )  s e m l u n l v e r s a l  a n d  c o n s i d e r

t h e  g e r n r  I , ,  =  S p e c ( i , ( t  )  / ( t ' ) ) '  I f  Y  i s  a n  u n f  o l d i n g  o v e r  T 1 '  l t

c o r r e s p o n d s  t o  a  l i n e a r  m a p  T o ( I 1 )  =  K  *  T o ( T )  '  h e n c e

to  a  tangen t  vec to r  r  o f  T  a t  o .  cOnverse l y  the  tangen t

v e c t o r s  o f  T  a t  o  a r e  i n  ( 1 , 1 ) - c o r r e s p o n d e n c e  w i t h

_ f
morpn lsms  t r -  I  t  because  any  f  i s  g i ven  by  a  l i nea r  map

f *  r  H o m  ( * * , / * r , O 2 , $ )

f * ( b r t r + . . . * b " t " + . . . )  =  b t f * ( t 1 ) + . - . + b s f *  ( t s ) ,  f * ( t i )  =  
" i t

Hence  TO(T)  i s  i n  (1 ,1 ) - co r respondence  w i th  the  se t  o f  egu i -

v a l e n c e  c l a s s e s  o f  u n f o l d i n g s  o f  < p  o v e r  1 1 '

An  un fo ld ing  o f  I  ove r  I t  has  the  fo rm

o ,  ( x ,  t )  =  9  ( x )  +  t g  ( x )

w h e r e  9  ( x )  i s  a n ' a r b i t r a r y  v e c t o r  o f  ( a l g e b r a i c )  p o w e r  ' s e r i e s  '

-  
T w o  s u c h  v e c t o r s  g , 9 r  . d e t e r m i n e  e q u i v a l e n t  u n f o l d i n g s

i f  a n d  o n l y  i f

e ( x )  +  t s t ( x )  =  e ( x )  +  t ( r i r t , 1 * t - H i -  +  g ( x )  1 r . ( e ( x ) ) )

where  r (x )  a  vec tor  o f  power  ser ies  w i t t r  components  r t (x )  ,
Ir' 1
I
I

I



t .

{,? t:

2',)
I

l (y)  a vector of  power ser ies wi th p components

.  ( i . e "  O t  :  L o Q o R  ,  
'

f , ( y , t )  =  Y  +  t A ' ( Y ) , R ( x , t )  =  x  *  t r ( x )  )

Hence g  and gr  de f ine  equ iva len t  un fo ld ing-s  i f  and  on ly  i f
n

s  s t e . i -  r r ,  # .  
*  + n ( O o ) P  =  a ( q )  $  e * { E ) P

i = t n - - - i 5 P

Consequent ly  we get  the fo l lowing isomoiphism

r ^ ( r )  Z  ,g -p /a ( ,p )  +  e * ro !  3  ; (n ,p )  / ' ( t ( , p l  n , l (n ,p )  )  *  e *J (p ,p )
O '  N  P :

,  R e m a r k  I f  .  d i m  r ^ ( T )  1 - /  t h e n
IJ

+ .p"03 (by Prop. 1) ,  hence there isro (T) = a'JV nr (q)

no d i f fer 'ence betv teen the formal  and the a lgebra ic  case.

i - " " - '  
Assume tha t  t h i s ' . ' space  i s  o f  f i n i t e  d imens ion ;  i f

t  r  - @ p '  
r e p r e s e n t  a  b a s e  o f  t h i s  s P a c e ,  t h e n  ' 4 ' f * ; ' r

g  t . . . t g  a  * r ,  t . ; .  c t  l J c t ; t E  r . l r -  L l l l D  D u q s s ,  u r r .

1 - .  T , .  r
o ( x , t ) -  =  ( , i ; ( x r  +  a 1 g * ( x ) + . . . + t r 9 ' ( x ) , t 1 , . - - , a r )  .  , ' , , t

' " r" . 's l tLid5i ' ' ,  ' . ihOUld' .bd"a'"Ca11didi i . t 'e.  fOr"a .semiuniver.sa' tr .  r- lnfOld' i , .Rgi .  "  .  - .  ^, , , . . r i r i : i

. 1 1
ExamPles  1)  I  2  ( /A-  ,o )  -+  VA '  ,O l

hence
.  n l ' l  n -  1

o ( x , t )  =  ( x t + 1  +  t r * t - 1 * . . . * t r r - 2 * , t 1 , . . . , t r r - t )

i s  the  semiun iversa l  un fo ld ing  o f  I

2 l  g  ,  ( l e 2  , o l  - '  ( A 1 , o )  e ( x a , x r )  =  * L x z

K ( x '  x r \ / x ( x ) - , * q > * L  +  K ( x r  , * )  * Z  +  K ( x r  , * Z )  =  Q '

hence the  semiun iversa l  un fo ld ing  is  t r i v iaL .



3 ) 9 :  ,$ '  ,o ' ,  '+ (^t ,o)

r(*r  ,xr l  /x(xr,*)  * t

o ( x r , x r , t )  -  x t  * z

- 2 6

, t  rn  
and o  mod ( t )

, f  or. ,*zl  = *! '  -  *r t
2 2

+ K(x ,  ,xz7xz  +  K (x t

?r + L * 2

3
x z j  =  K * 2

l . { * l g s l . t i o n _ g  
t , e t  * t ( * ) : . . . ,  g f ( * )  e } ( n r } ) -  r e p r e s e n t  a  b a s e

or the vector srace 
-1t,(Tl 

: qi 7."-!T], 
i.. i !.:f-,.r,*r,

T h e  u n f o l . c i . n r i  f  ( x r t )  =  ( t ' ( t * )  *  t r B  ( x ) + " " "  ' L a t 3

1 s  f o r r r r a l . l Y  s e r n i u n l v e r s a l '

e d  f r o n t  l j c h l - e s s i n g e r r s  c r i t e r i u m  [ r > ] '
P r o o f  T h e  p r o o f  i s  d e c i u c e d  l r o n l  i j c l l r e i j s ! t r 6 u r  s

l ; *uo t  t he  funo to r  (n  l oca l  A r t i n -k -a lgebra  w f f r r  res idua l  f l e ld

I t  sa t i s f ies  Sch less inger 's  cond i t ions ,  hence there  ex is ts  a

fo rmal  semiun iversa l  un fo ld ing ,  i .e .  a  comPle te  ioca l  K-a lgebra

E w i th  res idua l  f ie ld  K  and fo r  any  u  on  un fo ld ing

u * 1
0o over spec((E) /^oo*", suctt that Qu+1mo9 *i-- = 0, and

any in f in i tes ima l  un fo ld ing  is  induced f rom Some Q,  w i th  a

un ique tangent  map.

Moreover :  By  cons t ruc t ion  o f  Sch less inger

0 1  =  o ( z , t )  m o d  ( t t , -  - - , t l '

A  -  x f i t r ' - - - ' t r 1 l , / s o m e  i d e a l  r

,  I ' g  ( t 1 , .  . . , r r ) '

But  because fo r  o (x , t )  there  are  no  re la t ions  among the

and o  is  mod ( t ) ' *1  induced by  a  morph ism

f  ,  :  E  *  x [ t r  , .  - .  ' E r n /  ( t t , . .  '  , t r ,  
' *  f r o m  s o m e  o ] r  w i t h

un ique ly  de te rm ined  tangen t  maP r o ( f  , )  
=  7 - ,  w e  i n f e r

u + 1  i s  e q u i v a r e n t  t o  o u

f o rma l l y  semiun ive rsa l  .

L )

t

and

A :  x [ t 1 , . . .

h e n c e  O  r s



Thus i t  is  c lear that  the condi t ion

(*)  d im* ( ;  (n ,p)  /  (n ( ,p)  n,J (n ,p)  )  + q*,J (p ,  p)  )  (  co

i s  necessa ry  fo r  t he  ex i s tence  o f  a  semiun ive rsa l  un fo rd ing ,

and  i f  t he re  ex i s t s  a  semiun ive rsa l  un fo ld ing  o f  (g t  t hen

o  ( x ,  t )  =  ( q  ( x )  * r l r a rn '  ( * )  ,  t 1 ,  .  .  ,  t r )

r e p r e s e n t s  o n e  ( i f  g 1 ( x )  , . .  .  , g t  ( x )  e  . T ( n r p )  r e p r e s e n t s  a  b a s e

mod (  (a  ( .p)  n ;  (n  ,p)  )  +  p*J (p ,p)  ) ) ,  and any semiuniversar  unfo ld ing

i s  ( i . n  a  non -canqn ica l  way )  equ iva len t  t o  O(x , t )  .  The  cond i t i on

( * )  i s  obv ious l y  equ iva len t  t o  t he  p rope r t y

( * * )  I  i s  re -  f  i n i t e

Be fo re  we  cons ide r  t he  ques t i on  o f  ex i s tence  o f  ' sem iun ive rsa l  . ; , -  : . , :

u n f o l d i n g s ,  w e  w i l l  c o n s i d e r  d e f o r m a t i o n s  o f  g e r m s  o f  s c h e m e s . . . r . r -  . i *

5 .  D e f o r m a ! i o n s

l e t  v  b e  a  v a r l e t y  o r  m o r e  g e n e r a l  a n  a l g e b r a i c  s c h e m e  o r  a

g e r n  o f  a n  a r g e b r a l c  s c h e m e .  i i y  a  d e f o r m a t i o n  o f  v  o v e r  a  g e r m

T  w e  u n d e r s t a n d ,  a s  u s u a l ,  a  f l a t  m o r p h l s m  x  -  T  o f  g e r m s  o f

a l g e b r a i c  s c h e m e s  t o g e t h e r  w i t h  a n  l s o m o r p h i s m  u  a  * o  =  s p e c i a l

f ib re  o f  X  over  T  .

i l q u i v a l e n c e  o f  d e f o r n r a t i o n s  o v e r  T  1 s  d e f i n e d  i n  a n  o b v i o u s

v r a y  :  x r , i r  a r e  d e f l n e d  t o  b e  e q u i v a l e n t  l f  
. t h e r e  

e x i s t s  a

T - i s o m o r l ; h i s m  X  e t  X t  ( o f  g e r m s )  v r h i c h  m o r e o v e r .  i s  c o m p a t i b l e

w l t h  t t r e  i s o m o r l l h i s m s  v o  X o  a n r i  v  d  X o t .  T h e  p u l l  b a c k  w i t h

r e s p e c t t o a m a p  f  : S - - T  i n d . u c e s a d e f o r r n a t i o n  f * x i s o f  V

over g.  ' l lhe c lef  ormat ion is cal- led semtrnrt l leTsel- : { r_ 
lo 

ao;r .  615.r .

d e f  o r m a t i o n  i  *  S  o f  V  a n d  t o  a n y  r n a p l i n g  g e r m  t  . - - 3  *  f



' ) q
L L I

o f  a  ze to -d imens iona l  c losed  subgerm 
-S  

6  S  such  tha t

) i : - *ZS ( . .s  deformat ions) ,  there ex is ts  a pro longat ion

f  :  S  *  T  such  tha t  f *X  J  Y  (an  i somorph ism o f  de fo rma t ions )

and  . such  tha t  t he  tanqen t  map  To  ( f )  i s  un ique ly  de te rm ined

b y  ( Y  *  s ,  v  i i  Y o ) '

Now,  conce rn ing  the  ex i s tence

the  fo l l ov r i ' r t g  f i l " c t s  v rh l ch  a re

s h o u l d  b e  o b s e r v e d :

of  semiun iversa l  de for rna t ions  '

c o n s e q u e  n c e s  o f  t h e  f l a t  r t e s s

We can  th ink  o f  V  as  the  spec ia l  f i b re  o f  a

. 9 t ft\n 'o) (laP 'o)

rt

( i f  v  is  embedded in to (an 'o)  and def  ined

Then

( i )  Any deformat ion X *  T is  enrbedded in to '

and  de f i ned  bY  a  maPP ing  ge rm

( i i )  r f  Q  ( x )  =  ( e ,  ( x )

a . 9  =  t h e n  Q

P ( x , t )  o f  a , ( x ' t ) :

P  ( x ,  t )  '  o t  ( x ,  t )

(which is,  in fact ,  equivalent to

f la t  over  T)  "

mapping germ

by  p  equa t ions )  '

(an,o)  x  T

i s  induced

a de format ion

T- isomorPhism

c (zAt,o) .  The

e1 ' fiat 'o) XT * (raP 'o)
- 1

s u c h  t h a t  o r ( x , o )  =  q ( x )  '  x  =  o ; r ( o )  a n d  ' v  x  x o

n
by the embedd ing into lA xT'

, . .  -  , e n  ( x )  )  i s  a  r e l a t i o n  o f  I  i ' e '

(x )  can  be  pro longated ' to  a  re la t j ' on

=  o ,  P ( x , o )  =  q ( x )
- 7 ,  ,  ̂ , -

t he  p rope r tY  o f  
" ; '  

( o )  ' t o  be

r f  o t t  : (A t ,o ) x t-:-(aP l9 , i" an''othe.r map with the ProPerty

o rr(='x , o
=;;r,

equ iva len t  t o  X

< r : X r  c  a  i n d u c i n g

-  r _ 1
then xr = Q4

i f  a n d  o n l Y  i f

t he  i dend i tY

(o )  de f  ines

there  is  a

o n  X t o  =  x o



isomorphi sm

R  ,  ( A t , o ) r T

o

2 9

can be prolongated to an T- isomorphism
n

V A "  , O ) X T  ,  s u c h  t h a t  R ( x , O )  =  ( x , O )  a n d

, t )  )

( f l a tness )  i s  equ iva len t  t o

( x ,  t )  ,  w h e r e  n ,  ( x , O )  =  O ,

e . e  -  O  t h e r e . h o l d s

OroR genera tes  the  same idea l  as  6 r .  Us ing  p rope r t y  ( i i )

r r re  see that  th is  is  equiva lent  to  the ex is tence of  a  map

t ( x , y , t )  s u c h  t h a t

( 1 )  L ( x , O , t )  =  Q

( 2 1  L  ( x ,  y , o )  =  y

( 3 )  L ( x " o l ( x , t ) , t )  =  o r ( n ( x

Fur thermore ,  the  proper ty  ( i i )

( 4 1  r f  o r ( x , t )  =  9 ( x )  *  F 1

then fo r  any  re la t ion

q . F t  e  m r l ( o r )

( b e c a u s e  t h e  e l e m e n t s  o f  * t I ( o f )  h a v e  t h e  f o r m  e ( x , t ) . O l ( x , t ) i , . .

Q ( x , t )  =  ( O r ( x , t ) , . . . , Q p ( x , t ) ) , Q ( x , O ) ' = O ;  b u t  e . F t  =  Q ( x , t ) " . 0 r * ( x , t )

i s  e g u i v a l e n t  t o  ( e ( x )  +  Q ( x , t ) ) : o r ( x ; t )  =  O  b e c a u s e  o f

e . 9  =  O ,  t h u s  p ( x , t )  =  e ( x )  +  e ( x , t )  i s  a  1 i f t i n g  o f  t h e

r e l a t i o n .  e ( x ) ) .

I f  f  =  S p e c ( K t t  l /  r c 2 ) )  ,  w e  g e r , b y  ( 1 )  . .  .  ( f ) ,  a  d e s c r i p t i o n  ;

o f  the  tangent  space to  a  semiun iversa l  de format ion  ( i f  i t

existd ,  i t  mus,t  be.  isomorphic to

r o  E  H o m  ( r  ( q ) ,  O e  /  t ( . p ; v )  g  g n P  / t ( . p )  O  p  +  a  ( . e )

To Or . (x , t )  =  p (x )  +  t f ' ( x )  \ re  assoc ia te  the  map I  ( ,p )  *  g . ,
P P

g i v e n b y  x f  a  + x f  F l v  ( w h i c h . i s w e l l d e f i n e d b y  ( 4 1 1  ,
l r = 1  u ' u  D = 7 _  u  u '

f r o n r  ( f )  w e  i n f e r  t h a t  t v r o  s u c h  m a p s  d e f i n e  e q u i v a l e n t  d e - '

f o r r n i l t j . o r r s  i f  i i r r d  o n l j  i f  t h e i r  d L f f e r e n c e  i s  c o n t a i n e d  i n

a  ( . f  r V )  =  a  ( f )  |  V  .  T h e r e  a r e  d l f f e r e n t  f o s s i b i l i t i e s  t o
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1 ) r o v e  t i r e  e x i s t e  r i c { l  o f  a  s e  r r l u n i v e r s 4 l  d e f  o r m i : . t i . o r , 1  p r o v i r l e d

d i * r  , j l  <  6  ,  I  r v i l - l  d e s c r j . b e  o n e  o f  t h e n  ( l v h l c f r  w a s  s r r t - ' j e ' s t e d
o

b y  i L  c o f l v e r s a t  i  o r t  r , v i . t h  i l '  T e s s i e r )

I i y  a  r e s u l t  o f  G r t t s o n  a n d  l ( a y n a u d

F

s c l l e m e  T  o r r e i r  a  S e r m  T  l : h e r e  e

w h i c h  r e l r e s e n t s  t l i e  f u n c t o r

t t ( i )  =  [ r  :  s  * ' f ;  f * -Y{  *

Th ls  resu l t  l ve  v r i l l  app l , v  t t l  ou r  s i

P r o p o s i t j o n  1 0 -  L e t " f  e  X ( n , l )  b e  a  m a P i r i n g  g e r m t

Y  =  x ( t ' )  4  ( A n r o ) ,  a n d  a s s u n e

o imr (  t9  nP /  a  k )  +  r (Y ) *P) '  oo

I , e t  s 1 ( * ) ,  . . .  ,  g r ( x )  €  g  
n n  

r e p r e s e n t  e r  b a s e  o f  t h e  v e c t o r  s p a c e

g n n /  a @ )  +  I ( , - r )  o P  a n d  i t ( $ - n *  A r r O )  t h e  g e r m  d e f  i n e d  b v

Y ( x ) *  * ,  t s s o ( * ) = 0 ' .  .

r f  r  c  ( a " r o )  i s  , ; ; t c l o s e d  s u b g e r n  w h i c h  r e p r e s e n t s  t h e  f u n c t o r

s  * [ f  !  s * ( a t r o ) ;  f * ? * s  i l a t ]  ,

t h e n  X  =  i * ( f r r , O ; T  *  f  t o g e t h e r  r v i t h  t h e  c a n o n i c a i  l s o m o r -

i rh i sm Y  o  Xo  i s  a  de f  o rmat ion  o f  Y  ,  v lh i ch  l s  f  o rna l l y

s e m i u r r i v e r s a l .

] , r o o f  C o n s i d e r  u n f  o l d i n g s  h  :  ( 0 ' n *  S r O )  *  ( f . p *  S r O )  o f  ' P

a n d  d e f i n e  e q u i v a l e n c e  o f  u n f o l d i n g s  1 n  t h e  f o ] l o y i n 3  s e n s e :

U n f o l c t i n g s  Q  , 0 ,  z  ( i l n r  S r O )  - -  ( A p ) <  S r O )  a r e  c a l l - e d  e q u i v a l e n t

l f  h e r e  e x i . s t s  a n  u n f o l d i n g  R ( x r s )  o f  t h e  i d e n t i t y  o f  ( l t n r O )

a n d  a n  u n f o l c i i n g  L ( x , . y r s )  o f  t h e  i d e n t i t y  o f  ( a n X A P r 0 )

s u c h  t h a t  r , ( x ' y r s )  =  ( * r L . ( x r x r s ) )  a n d  L ' 1 ( x , O ' s )  =  0 '

L t y  I r ( S )  w e  v r i l l -  d e n o t e  t h e  s e t  o f  ; r 1 1  e q u i v a l e n c e  c l a s s e s  o f

u n f o l d i n , ; s  o f  t f

r f

L t  oJ  ,  t o  any  a ) -gebra . i c

x l s t s  &  c l o s e d ' s u b ' g e r r r  T c T

s f la t ]

t u a t l o n .



i i  {..;

3 1  -

' l ' h e n  S l * F ( r l )  i s  a  c o f u n c t o r  o n  t h e  c a t e g o r y  o f  g e r n : s .

l 3 J ,  t i i e  l ) r o j  e r t i e s  ( t  )  ( + )  a b o v e ,  l f  I l  d e n o t e s  t h e  c o f  u r i c t o r

f ) ( ; j )  = - ^ B t  o . f ' e q u i v i r l e n c e  c I ; : . s s e s  o f  d e f o r m a t i o n s  o f  V  o v e r  S t

t l ' r e n  l J  i s  a  s u b f u n c t o r .  l . t  i s  e a s J r  t o  c h e c k  t h a t  l '  s a t i s -

f i e s  t h e  S c h l e s s i n g e r ' s  c r j . t e r i o n  a n d

f  ( x ' t )  = y ( x )  +  2  r -  Q r  \/  
f t t  

t U  3 = ( x )  r e p r e s e n t s  a  f o r m a l l y  s e m i -

u n l v e r s i r L  e l e n r e n t  o f  F  .

S i r r c e  D  c  F  
" n O  

b y  t h e  r i e f i n l t i o n  o f  T  c  ( A r r 0 )  l t  l s

e v i d e n t  t i i a t  X  +  T  ( 0 e f  i n e d  a b o v e )  f s  f o r m a l l y  s e r n l u n i v e r s a l .

6 . S e ' l  : '  r  i r r e : : ' s r r  l  i t : '  o J '  r l t t i c , - r ' i : ' ; . i  . ; , o n c  t r t t d  u r i  i r l r l  i  r . a s

In  bo th  ca .ses , ,  un fo ld ings  and  de fo rma t ions ,  we  have  a  co_

func to r  on  the  ca tego ry  o f  ge rms ,

D  :  S  +  { c l a s s e s  o f  :  u n f o l d i n g s  o f  g  o v e r  S }  r e s p  - ; : , : : , , , r

$  -+ {c ' lasses: , ,o f  deforn iat ion:s ' ,o f .  v  - .ov:er  s} ,  and i f  the vector- .

s p a c e  J  ( n ,  p )  /  t ( , g )  n  J  ( n , p )  +  q * J  ( p  , p )  =  * *  r e s p .  
.

H o m ( r ( p )  , o v )  / t ( , p ) , v )  =  T v  ( i f  v  =  x ( q ) )  r . s  g . f  f i n i t e  d i m e n s i o n ,

a  g e r m  T  a n d  a  c l a s s  !  e  D ( T )  v / e r e  c o n s t r u c t e d  s u c h  t h a t  t h e

c o r r e s l r o n r l i  n 1 3  n a t u r a l  t r a n s f  o r m a t i o n .

A ' +

t :  T * D  ( f  :  S * T p > f ^  ( 6 ) t e  D ( s ) )

h a s  t h e  f o l l o w i n g  p r o p e r t i e s :

(a)  ;  is  formal ly  srnooth
 

(b)  g  induces an isomorphism

r^  ( r )  =  Hom (spec (Kt  t  l /  ( t2)  )  , r )  . .  D (spec (K[  E l /  rc21, t  IO -  
5  

- !  s - . .  t t  r - t  -  \ Y f - s r - ' L e I /

. (and To (T)  =  rn  resp .  =  Tv)

RecaL l  tha t  a  na tura l  t rans format ion  v  :  F  *  Fr  o f  co func tors

F , F t  o n  t h e  c a t e g o r y  o f  g e r m s  i s  c a l l e d  f o r m a l l y  s m o o t h  i f



for  anY zero-dimensional  
.germ

3 C- s the canonical  maP

P ( s )  - n  F r  ( s )  x  . - .  F ( 3 )  '
F I  ( S )

i s b i j e c t i v e . T h i s p r o p e r t y i s s t a b l e u n d e r p u l l b a c k a l o n g

a n y  n a t u r a l  t r a n s f o r m a t i o n  6 r  *  F l  a n d  i f  F '  p l  a r e  t e -

p r e s e n t a b l e , i t i s e q u i v a l e n t t o t h e f a c t , t h a t t h e J a c o b i a n

o f  v  a t  o .  has  the  rank  equar  to  the  d imens ion  o f  t he

ta rge t  ge rm F r  '

The  co func to r  D  can  a l so

ca tego rY  HX on  a l l  l oca l

r e s i d u a l  f i e l d  K '

I t  i s  easy  to  P rove

pjoposi l ion 11 Assume D is a functor on the category Hx into

t h e c a t e g o r y o f s e t s , s u c h t h a t t h e r e e x i s t a f i n i t e l y g e n e r a t e d

Hensel ian K-algebra A t  HK and an g € D (A) such that

,( i )  ? :  T = spec(A) - :  p is formal ly smooth

( i i )  T h e  c a n o n i c a l  m a p  l i m  D ( B . . )  *  D ( I i m  B o )  i s  b i j e c t i v e

fo r  f i l te red  t im i ts  B  =  l im B;
. . + 1

- - - - -  ( t i i r  f i re  canonica l  map D(B)  - }  l im D(g/* , - ' )  is  in ject ive

fo r  a lgeb ras  B  u  HK o f  f i n i t e  tYPe '

T h e n  ,  L f  . B  i s  a n  a l g e b r a  f r o m  H K '  7 :  s p e c ( A )  *  E  i s  a

m o r p h i s m i n t o a z e x o - d i m e n s i o n a l c l o s e d s u b s c h e m e S o f

g = spec(B)  and n e D(s)  such that  tF  = T*E'  '  there ex is ts

a p r o l o n g a t i o n  f 3 S ' + T  o f  f  s u c h t h a t  n =  f * g

j 2

S and any c losed subgerm

r l t *  ( v ( n ) ,  n ( 3 ) )

be  cons ide red  as  a  func to r  on  the

Hensel iar  Noether ian K-a lgebras wi th

i s  o f  f i n i t e  t Y P e '
r  o f  ( i i )  w e  c a n  a s s u m e  t h a t '  B



Le t be b ig enough

= spec tn/^f ,+21
^ A  

f  :  S  =  S p e c ( B )
'  

- A

f o r e  f * E = i - n , i f i : S * S

T h e r e f o r .  '  t  = ( f , i )

(we ident i fy  schemes wi th  the

Yoneda embedding)  t t=  = (?, I )

:  S * T x O S

s .  s ,  = spec fa/m!+11 c su+l  =

morphism t  extends to a map
 
t * g l s . .  =  n l s . . .  B y  ( i i i ) ,  r h e r e -

l ' " u

i s  t he  canon ica l  morph ism.

i s  a  na tu ra l  t r ans fo rma t ion

eor respond ing  func to rs  by  the

= o and the d iagram
d e f .

(pro j  ect ion)

c . . . .

+ f

3 3 -

such that

B v  (  i )  t h e

such tha t

q
T tDS --+ S

\ t
\  1 ia \ l

s

is  commutat ive.  By ( i i )  the functor T,os commutes wit t r

f i l tered induct ive l imi ts,  hence \ , , re can apply the approximat ion

proper ty  fo r "a lgebra ic  eguat ions :  fo r  any  in teger  there

e x i s t s  a  n a t u r a r  t r a n s f o r m a t i o n  o - :  s  *  T x ^ s  s u c h  t h a tc L )
. A

o ^ l s ^  =  o l s ^ .  W e  c h o o s e  c 7  L  a n d  s u c h  t h a t  S  )  S .  T h e nc '  c  '  i c  - c

the morphism t "  = godc 3 S *  S induces the ident i ty  on S" .

By  [  11J  ,  p ropos i t i on  3  .4  .5 . . , page  92  2  the  morph ism , "  i s  t hen

an automorphism and o = o^or^-1 is  a  sect ion of  g ,  pro longat ingc c

A .  T h u s  t h e  f i r s i - " o * p o n e r r t  o f  q  ! s  a  m o r p h i s m  f  :  S * T  ,

p r o l o n g a t i n g  T  a n d  s u c h  t h a t  f * 6  =  n  g . e . d .

rn  the  cases  o f  un fo ld ings  and  de fo rma t ions  (assuming  T
I

resp .  Tv  a re  o f  f i n i t e  d imens ion )  t he  cond i t i ons  ( i )  and  ( i L1

a re  sa t i s f i ed ,  t he  c ruc ia r  p rope r t y  i s  ( i i i )  ,  wh ich  i n  t h i s

case  means  obv ious l y  t he  fo l l ow ing :  I f  un fo ld ings  ( resp .  de -

fo rma t ions )  a re  fo rma lLy  egu iva len t  ( resp .  f o rmar ry  i somorph ic ) ,

t hen  they  a re  eq fu i va len t  ( resp .  i somorph ic )  .



t 4

Pfopq-si l ion -12 Let V be an algebraic germ over K such

; ;  h a s  f i n i t e  d i m e n s i . o n .  r f  v  h l r  o n r y  a n  i s o r a t e d

) r i f K i s ls ingu la r i t y  o r  i f  K  i s  o f  cha rac te r i s t i c  O '  t he l  i t  has

a  s e m i u n i v e r s a l  d e f o r m a t i o n '

P roo f  :  We  have  to  show tha t  two  de fo rma t ions  X 'X r  ove r

S  =  Spec  (A )  (a  a  Hense l i an  Noe the r ian  K -a lEebrd )  '  wh ich  a re

.  f o rma l l y  i somorph ic  '  a re  a l so  i somorph ic '

LL  ̂  & L '  :Y Lven bY unfo ld ing s
We can  assume tha t  X  and  1 r  a re  g r

. . . . , * r )  n  ,  f o r m a l  e q u i v a l e n c e  m e a n s z  I f
o ,  O r  e  A ( x r ,

i t " ]  = i { * r  ,

then

or (a (x)

where 
-., 

(x) €

p  ( x , v )

. . . , * 1 t  =  l i m ( A ( x r ". . , x n l / m t 4 ( * r 1 " ' s x

a  =  K ( t ) )  can  be  aPProx ima ted

arb i t ra rY  o rde r  bY  tL2 l ;  i f  K

> )n

E  ( x , o )  =  Q

Th is  equa t i on  i s  equ iva len t  t o  an  equa t ion

F ( x , y )  =  E r l d ( x ) )  + 6 ( x , Y ) ( Y - o ( x ) )

and  the  fo rma l  so lu t i on  i ( x )  'F ( * 'Y )  'G (x ' y ) -  (w i th  conponen ts  i n

i { * ,y }  s .  i [ " ,vn = xLt , * ,Y]  i f

b y  a l g e b r a i c  s o l u t i o n s  u P  t o

h a s  c h a r a c t e r i s t i c  O '

T h e c a s e o f i s o l a t e d s i n g u l a r i t i e s g o e s b a c k t o R . E l k i k . o n e

u s e s t h e f o l l o w i n g r e s u l t o f E l k i k : I f R ' i s a N o e t h e r i a n r i n g

w h i c h i s H e n s e l i a n a l o n g a c l o s e d s u b s e t V = V ( I ) 6 S p e c ( R )

and  i f  Y  *  Spec  (R)  i s  a  guas ip ro jec t i ve  R-scheme wh ich  i s

smoo th  ove r  Spec (R)  ou ts ide  a  c losed  subse t  
:  

c  Y '  t hen

R - m o r p h l s m E : S p e c ( R ) + ! s u c h t h a t E ( S p e c ( R ) - 0 s . Y - w



. ' 3 ,
 

(n  deno tes  the  I -ad i c  gomp le t i on )  ,  t hen  fo r  any  i n tege r  c  7  a

the re  ex i s t s  a  sec t i on  r "  :  Spec  (n )  -+  !  such  tha t  . .  =  ;

on spec (n/ r "* l )  .  (see f ,  7  1 or  t tz l l  .

I t  c a n  b e  a p p l i e d  t o  R  =  i ( * ) , r r  ( r )  a n d  !  =  S p e c ( n ( x  )  / t ( o r l n ( x r ) )

ove r  B ) .  The  fo rma l  i somorphy  o f  t he  de fo rma t ions  means  tha t

.  t he re  i s  an  i somorph ism .

s z  A { x t  } / t  t o r )  A { x t  }  :  e { x } / t  ( o )  a 1 x }  . "  ,  , :  . :  :  :  ,

i n d u c i n g  t h e  i d e n t i t y  m o d  m - ) .-  - r  " 'A '  '

:  :  I f  H r  c  R r  =  i < * r ) I  ( @ r ) ; ( x r )  i s  a n  , i d " e a * ; d . e . f i n i n g  t h e  c r i t i c a l ,  . : :

l o c u s  o f  s p e c ( I i r )  o v e r  s p e c ( i ) ,  t h e n  - , r r / H , ,  i s  f i n i t e  o v e r
^
A ,  because  i t  ' i s  quas i - f i n i t e  b . y  the .as$ump: t : i on -  - t ha t .  * : 3 i r . . 1>  . . . , 4

=  Spec  (Rr /mARf  )  , ' . has  on l y  an  i so la ted . ' s i ngu la r i t y .  (po r  Henge l tan

' ' : r : r I  r  ' ' ' :  r ings,  quasi - f in i te  impl ies -F in i " te ' , : rb .14 iZa-r - tskr ts ,  m4in , t l t ,e ,o5.erny, .or  4 ; i : j  , r i j

s e e  f o r  e x a m p l e  [ 1 1 ] ) .  :

Therefore the quot ient  i tTut i .  is  i .somoqphic  to  Rt /Hr  (because

i t  i s  t h e  c o m p l e t i o n  o f  R r / H r ,  b u t  P - r / H t  i s  a l r e a d y  c o m p l e t e ) ;

i f  H  =  ! l  n  ? ( H , i , , ) ,  t h e n  R / H  ,  i t " ( n , i , ;  z  s t / H L  i s  f i n i r e
A A ^

over  A ,  hence  comp le te ,  hence  R /H  :  R /A f t tR r )  ;  and  H  de f i nes

the  c r i t i ca l  l ocus  o f  Spec  (R)  ove r  ; .

We  app ly  E l k i k rs  theo rem to  the  i dea l  I  =  *AH,  the .  r i ng  R

i s  H e n s e l i a n  w i t h  r e s p e c t  t o  V  ( I )  a n d  b e c a u s e  a l l  q u o t i e n t s

,, ^
R / I '  a re  f i n i t e  ove r  A ,  hence  comp le te ,  t he  l -ad i c  comp le t i on

i s  -  =  i 1 x ) / r ( o l i t * ] "

The  idea l  H r@ de f i nes  the  c r i t i ca l  l ocus  W o f  Y  ove rv
(because  Y  i s  de f i ned  by  the  same equa t ions  ove r  RSpec (n)
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A

as spec  (Rr  )  ove . r  a )  -  By  E (x t  )  =  E  (x r )

. A A A t \

Spec(n)  -+  !  and E* tn t t0 r )  =  HR )  moHR = rR '  hence

.  E 1 s p . " { i )  -  v )  (  y  -  w .  L e t  e  :  S p e c ( R )  ' +  t  b e  a  s e c t i Q n

)  , - . t

W n i c i  c o i n c i d e s  o n  S p e c  ( R / T ' )  w i t h  ; .  I f  q  :  Y  *  S p e c ( R t )

denotes  the  canon ica l  p ro jec t ion  (g iven  by  the  embedd ing  Rr  c

,  ? r ' x t t S / I ( o r ) n < x f ) ) ,  t h e n  q  o  e  :  s p e c ( R )  *  s p e c ( R r ) '  i s  a n

. )
A -morph ism wh ich  i s  mod  I "  an  i somorph ism,  hence  by  [11 ]  t

^ 4 ^ A A

i t  i s  an  A- isomorph ism s  .  a (x t )  /T  (a t  1  g  (x t ' )  =  AG) / r  (o )  A(x ) '

Now by the approximat ion theorem i t  can be approximated by an

A- isomorph i ' s rn  (x t ) /T (a t ' )  :  A<x>/ r  (o )  ,  wh ich  induces  the

i den t i t y  
'mod  

mO,  hence  by  an  i somorph ism o f  de fo rma t ions  q 'e 'd '



S t h b i l i t v , a t d  m i n i m a l  s t a b l e  u n f o l d i n q s

1 t

A  m a p p i n g  g e r m  9  e  J ( n , p )  i s  c a l l e d  s t a b l e l  i f  a n y  u n -

fo ld ing  o f  9  i s  egu iva len t  t o  t he  cons tan t  un fo ld ing  ove r

the  same pa ramete r  ge rm (a t  l eas t  f o rma l l y ,  l a te r  we  w i l l  see

tha t ' t h i s  imp l i es  a l so  a lgeb ra i c  equ iva lence )  .

U s i n g  t h e ' ( f o r m a f i y )  s e m i u n i v e r s a l  u n f o l d i n g , w e  s e e  t h a t

s t a b i l i t y  o f  a  m a p p i n g  g e r m  i s  c h a r a c t e r i z e d  b y  T ' 1  =  O ,  i . e .- ( p

by

a( rp )  +  <o*0  Pp
g p =

n

or  a lso  by

' ,  : . r ( n ; b )  g 4 ( d , )

Here  are  some-proper t ies  o f

+  p * J ( p , p )  +  K P

stable mappings

- ,  ' -  . :

- : : 5 -

P r o p o s i t i o n  1 3  
- L d t . -  

9  €

(  1)  9  s table r -+ J  (n

(hence 's t .ab t - I i t y

mapping germ)

, f  ( n , p l  b e  a

, P )  c  a ( q )  +

depends only

mapp ing  ge rm,  g  )  p

r ( . p ) o P + * ; q . T ( n , p ) +

on. the (p+1) 
fet of

K:

a

( 2 )  r f  n ) p

c r i t i c a l

(3) " I f  "*  4:p

dimr. ,Q( y )

and 9

locus ovbr

';' and g

4, . -2-
p-n

stable,  then^ (p is f lat  wi th f in i te

(AP , o)

i s  s tab le ,  t hen  I  i s  f i n i t e .  qnd

o r  V  l s  a  c l o s e d  e m b e d d i n g  a n d  n = 0  .

canon ica l  map

of dim*F. g p

P = p /m,p  *  Vm M =
P P

th is  i s  egu iva len t

M

P r o o f  ( 1 )  I f  *  =  A Y a ( < p )  :  p  =  * * @ n n  +  a ( q ) / t j , p ) ,  r h e n

P = t r l  i f  and only  i f  the

i s  s u r j e c t i v e ,  a n d  b e c a u s e

to  the  su r j . " t i . t i t y  o f



) 6

F -- Fy*l+lFr

h e n c e  s t a b i l i t Y  i s  e q u i v a l e n t ' t o

Orrn ; *"%n + a(.p)

a c losed embedd ing ,  d imK(O)

proper ty  (2 )  i s  obv ious ,  because s tab i l i t ' y  imp l ies  tha t  the  image

o f  t h e  J a c o b i a n  O ( q ) D  *  Q ( e ) P  c o n t a i n s  m n Q ( e ) p '  h e n c e  t h e

Jacob ian  o f  q  !s  sur jec t i ve  except  a t  the  or ig in '  hence i f

11 '  >  P ,  then d im x(q)  =  n -P and i t  has  on ly  an  iso la ted  s ingu-

la r i t y ,  wh ich  means tha t  I  i s  f la t  w i th  f in i te  c r i t i caL  locus '

I f n = P , t h e n g m u s t b e f i n i t e , h e n c e f l a t ( b e c a u s e b o t h

i -oca l  r ings  are  regu la r )  '  : .

To  prove (3 )  we cons ider : "aga i -n  the  cokerne l ,  say  c '  o f  the

, J a c o b i a n  a ( q ) t r * Q ( e ) p . ; B e c a u s e o f  n < p  a n d  a i m * ( c )  S p  w e

see that O (q) must be Ji5r i te and aim (c)

Tn case of  equal i ty we must-have dim (C) = p and the Jacobian

must  be  in jec t i ve ,  hence I  must  be  o f  rank  n  and there fore

+ r  (q )@P + * f i  
" (n ,p )  

=  KP +  l ( .p )  + r  (<p)eP*31(n ,p)

= L = --9- , n = O.
p - n

c o r q l l a r y  I f  p  7  2 n  a n d  I  e  , l ( n , p )  i s  s t a b l e ,  t h e n  I  i s

a  c l o s e d  e m b e d d i n g .

This is crear because of dim*(a ( '+) 1 '  f t  
= t '  + 

; f t  
< z

o r  n  =  O .
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Fropo: i l lcF_g Let e e J(n,p) be a mapping germ of rank O

a n d  ( O ( x , t ) , t ) e i f ( n * r , . P * r ) '  b e  a n  u n f o l d i n g  o f  e t  t h e n  t h e

fol lowing statements are equivalent

( i )  (  o ( x ,  t )  ,  t )  i s  s t a b l e

( i i )  For some c 7 r  the vector space
lEr- nla

. T ( n , p ) / t ( r p )  +  r ( s ) *  +  m H ' - J ( n , p )

is generated by the c lasses of  the vectors

ff. to 'ot

P r o o f :  ( i )  -
p+r p+r

n = V*{ir
" 'n*r "p*r

.  
ex is ts  a  re la t

/ \
I v ( x ) ] - t | u ( o ( x
\ r o  / -  \ r ( o ( x

ion

, t ) , t ) \ * 3
, t )  , r )  I  

' i ] t

i
t .

I
i .  r

t
! . .

I{
J
t
I
I ge t

/ae \

I",o) 
=\ufit ) ana

(x 'o) 
)  

(where 
"e

a n d f o r  t = O  w e

o ( x , o )  =  9 ( x ) ,  #
I

# (x , o) = \utl 
u:n

"e
unit  vectoi or xl i

V ( x )  =  u ( e ( x ) , o )  +

( i i )  :  I f  ( o , t )  -  Y  i s  s t a b l e ,  t h e n

+  a ( v )  ;  h e n c e  f o r  a n y  g e r m  V ( x )  e  J ( n , p )

f  ,  ( x , t )  # { * ,  t )
- A\y*nlrtn (x ' t) ff{x ' t)

there

e-th canonicaldenotes the

,  hence

n .a.^ r

, l r t ,  
(x 'o)f f t"1 

nlr 'n 
( 'p (x) 'o 'E (x 'o)



f  [ a r r '  a a  1

=  1  " ^ ' ( o , o ) l #  
( x , o )  -  #  ( o ' , o ) l  m o d ( a ( e )

g = f  A '  
'  '  o E e  o t e  J

(because V(o)  =  Q and rk ( 'p )  =  Q imp l ies '

f : a

u(o ,o)  i  r . , to ,o l f r  (o ,o )  =  o )
e = 1  

Y  " - Q

B e c a u s e

for u

40

r
o f  ( o  -  :

u = 1
4 r
4  t  .  .  .  t 5

+  r ( . p )  o P )

", 
t, , t) .- ( o , t) vte can as sume( i i )  . -  ( i )

f fr 'o 'o) = o

r
a - x

v = L
c u . t r , c =u

_a-g
ot u

( rep lac ing  o  by

( o , o )  )  .  B e c a u s e  o f  F 1 , . . . , t r e l  ( v ) ,

" f rom 
( i i )  we infer

we can consider  J  (n+r  ,P)  .  as a

and therefore as a submoduLe of

a(Y) + i l(n+r,p*r) = 0rrl ,  +

which impl ies

iI (n+r ,P*r)

hence s tab i l i tY

direct  summand of

rnP+r rn (7p+x
"n* r  '  4 r '  

n+r

J . ( n + r , p )

i;
t.i
t
t

J (n+r ,p) c r {v) @P . -l l : r (n+ri ,P} * ,1.  ̂  oo
u=1:n+t u" + F iq34'

o-=t uto
-,J 

(n+r ,P*f,) ,

there  ho lds

t r (Y) @p+r . {l i"(n+r,.p+r) + a (Y) ,

of  v  by  the  preceed ing  propos i t ion .

f x Y \
Exa lnp le  I f  q (x ,y )  = l  

a  -  )  and i f  the  charac ter is t i c  I  o f '  K
\.*t+rro i

sma l les t  s tab le  un foLd ing o f 9

J ( 2 , 2 ) / ^ ( e )  +  r ( p ) @

s p a c e .  I n  o u r  c a s e '

1  )  e "a  i t  con ta ins

of the Jacobian of

does not  d iv ide a*b,  then the

can  be  de te rm ined  as  fo l l ows :

Consider  the vector  space E =

d e t e r m i n e  a  b a s e  o f  t h i s  v e c t o r

l Y  \  /  x
genera ted  by  \  , _ ,  /  and  ( .  b -\axo - t ,  . by -

b a
6 = by"-ax-  is  the determinant

2 ano

a (,p)

)
x ( 1  -
" " 2  t

9 r

a s

where



- 4 1

Q ( x , y , s , t )  = ( * "  : .  \\  * t*" . - t*a-1*.  .  .+srx+yb*tb-1yb-1*-  - ' -+E Ly J

we get  there fore  a  s tab le  un fo ld ing  o f  9 (x ,Y)  -

B e c a u s e o f  6 + a g r =  ( a + u )  y b ,  o f r -  $  =  ( a + b ) x a  ( y r = * u + y b ) ,

the vector space E is the quotient space

t xK I  x t /  . *a t  o  yK [  v \ /  Ub l  1e2 / t ( r i - r )  , ( " ] " - r ) t * r  x ,Y l , /  ( * v , * ' , vb )

i  x t l l  o.  . .  o x( la-r)  @ K(;)  o- -  -  o r( |u-r)

B y  Y ( x , y , s , t )  =  ( o ( x r Y , x , t ) , s , t ) ,  w h e r e

R e a(x)n

This example shows that a stable unfolding is not necessar i ly

a  ve rsa l  un fo ld ing  o f  ec  . :  1

N o l v w e c o n s 1 d " e r t h e f o 1 1 o w i n g f u n c t o r o n t h e c a t e g o r y " * o f

Iocal  Noether ian K-a lgebras wi th  res idual  c lass f ie ld  K.  :

L e t  9  e  J ( n , p )  . b e  a m a p p i n g . g e r m r . . q n d  c o n s i d e r  O  e  A ( x t , . . . ; * J n

such tha t  o  mod.moa(x)p  =  I  and a(o)  =  o .  ' .

W e  d e f i n e  O  -  e t  ( O r  €  A ( X ) p )  i f  t h e r e  e x i s t s  a n

s u c h  t h a t  R  m o d  m A ( x )  =  x  a n d  a n  L  e  a ( x , y ) P  ( Y  =  ( Y 1 , " ' , Y p ) )

guih that  L(x,o) = Q and L mod mA(x,Y) = Y and

L ( X , o t ( x ) )  =  o ( R ( x ) ) .

ny  D (A)  we denote  the  se t  o f  a l l  equ iva lence c lasses  I  O l

of  such unfoldings O with respect to the equivalence relat ion --

-  L ^  ^ L ^ - l -  ! l ^ -I t  is  easY to check that

D ( A )  *  D ( A r ) * o ( o . / t A r 1 D ( A " )  i s  s u r j e c t i v e  i f

A  =  A rx t r r7XgrA" ,  tA l  : i  K  and  .A "  A t / tA  a  morph ism

i n  H K ,  I f  [ 0 , ,  I  €  D ( A " ) ,  I o t ]  e  p ( A f )  a n d  i f  6 t ,  i "  d e n o t e s

t h e  i m a g e  o f  e r ,  o "  i n  ( A r / t A t ) { x )  ,  t h e n  f  r  -  6 "  m e a n s

tha t  t he re  a re  t rans fo rma t ions
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i  (x  ,y)  e  (a  ,  /EA' )  (x ,  v f  ,  R (x)  e  (A ' /EAXx>p as above and

! r  = L ( x , t r ( R ( x ) ) )

W e  c a n  } i f t ,  f , ,  R  t o  L ,  e  A t ( X , y f  a n d  R  e  a ( X > n  s u c h  t h a t

l ( x , o )  =  o ,  L ( x , Y )  =  Y  m o d  * A r A t ( x , Y )

n ( x )  =  X  m o d  * A r A t < x >

and we can rep lace  4r  by  L  (X ,  o t  (R (X)  )  )  ,  hence we can assume

6 i l  = 6 t

a n d  i f  e  =  ( p r , e ' r )  e  A < x ) p ,  t h e n  t o l  l s  m a p p e d  o n  I o r  J , [ o " J .
' ' t

Hence the  f i rs t  cond i t ion  o f  Sch less inger ls  c r i te r ion  is

f u I f i l l e d .

r f  A t = K [ t l / ( x 2 1  , t h e n  A = A " O K I  w h e r e  1 2  = m o , , t = o

and the  l i f t ing  o  i s  un ique ly  de termined,  and

)  -  ,  .  ( + l p .
D (Kt L\/  rc-)) ;  . l  (n ,p) / l . r ,(n,p1 n a (<p) + r ( ,p) @p l

This is  a  f in i te  d im'ensional  vector  space i f  <p is  f in i te

o r  i f  x (q )  i s  a  comp le te  i n te rsec t i on  w i th  an  i so la ted
F

c r i t i c a l  p o i n t

Propgsi l ign 15 Assume 9 is a f  in i te mapping germ or x ( ,p)

is  a  comple td  in te rsec t ion  w i th  an  iso l&d c r i t i ca l  po in t .  Le t

V ,  r . . . , V -  e  J ( n , p )  b e  m a p p i n g  g e r m s  w h j - c h : r e p r e s e n t  a  b a s e  o f
I L t

the vector  space

;  ( n  ,p )  /  t d  (n ,p )  n+  ( .p )  '  +  r  (e )  oP  I  and

o (x . ,  t )  =  .p  (x)  n  3  t , ,V, .  (  d

T h e n  ( O ( x , t ) , t )  i s  a  s t a b l e  u n f o l d i n g  o f  I  a n d  i f  ( V ( x , s )  , s )

i s  any  s tab le  un fo ld ing  o f  I  ove r  
. a  

ge rm S ,  . ?  :  
-S  

*  T  a

mapp ing  ge rm o f  a  O-d imens iona l  subgerm S  c  S  i n to  T ,  such

t h a t  ( o ( x , - f ( E ) ) , ; )  i s  e q u i v a l e n t  t o  ( v ( x , E ) , E ) ,  t h e r e  e x i s t s

a  p r o l o n g a t i o n  f  :  S  *  T  o f  7 ,  s u c h  t h a t  ( v ( x , s ) , s )



is  equ. ivalent to (  o (x,  f  (s)  )  ,  s)  .

Moreover,  the tangent map To(f)  is  uniguely determined by

( v  ( x ,  s )  ,  s )

The  p rop f  i s  comp le te l y  ana logous  w i th  ' t he  p roo f  o f  t he  ex i -

stence of semiuniversal deformations in the preqeed:-ng-"-"919!:

w e  c a l l  ( o ( x , t )  ; t )  a  m i n i m a l  s t a b l e  u n f o l 4 i r l q  o f  e  ( i t  i s

uniquely determined up to eguivalence. As a corol lary t^te get

colol lary 1 Eor a f in i te rnapping germ g e J(n,P) or a mapping

germ which defines a complete intersection with isolated s'ingu-

la r i tY , -  the  ProPer t ies

in f in i tes ima l  s tab le

formal stable

stable

are  equ iva len t .

Raynaud 'guoted  in  the  las t  sec t ion 'Us ing  the  resu l t  o f 'Gruson and

- .""- .  .  we also get the fo l l -owing

:-

C o r o l l a g v 2  I f  ( o ( x , t ) , t )  ,  ( r a t * 9 , O ) i *  ^ n + 9 , O )  a m i n i m a l

stable unfolding of  I  and T .(AP*9,O) the maximal c losed

subspace over  wh ich  (o (x , t )  , t )  i s  f la t  and v  :  x  *  T  the

*apping germ induced from (o(x, t )  , t )  ; : "  then V is semiuniversal

( i . e .  v :  x * T  i s  a  s e m i u n i v e r s a l  d e f o r m a t i o n o f  x ( , p ) ) .
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B.  Sqab le  eqq iva lenca-g lassgg

p r o p o s i t i . g n  1 5  T h e  s e t  o f  s t a b l e  j e t s  i n  J p + 1 ( n , p )  i s .

Z a r i s k i - o p e n  i n  J p + 1 ( n , p )  .

Proo.f . " :  The po. ints of  Jp+1(n,p) are p-tupels Z(x) of  poLy-

;omiaG of--aeErai i  (  |  + i-  such that z(ol = o. Let 
"(u) 

1x) be

the  components  o f  Z$ ' )  and ,b , * l  the  coef f i c ien ts  o f  , (u )  1X)  '

f  , ,  r
c r  =  ( c , r r . . . , G n ) ,  O  <  l r l  =  q 1 * . . . t u r ,  (  p + 1 .  T h e n  t h e  , ' ; '  a r e

a f f ine  coord ina tes  on  Jp+1(n ,p) ,  and the  coord ina te  r ing  o f

Jk*r (r,p) is Kl,zl = K[ t z (i) t t .

Consider the modules

s p + l  =  ( x 1 ,  -  -  -  , * r l p + l x [  z , x ] p  +  K [  z $ )  ( X )  , .  . .  1 z ( e )  1 * ,  , n
n 

A7,
+  x  -  K [ Z , X ]

u=1Qx ,

. and

Tp+1 = K[  z ,x lP/sp+1

a l

t i h e  l a t t e r  o n e  i s  a  f  i n i t e l y  g e n e r a t e d  K L Z J  - m o d u l e  a n d  f r o r n

p r o p o s l t i o n  1 J  w e  l n f e r  t h a t  s u p l ( T n * 1 )  =  [ p * . 1 ( n , p )  .  J p * t ( n r p )

' i s  
t h e  s e t  o f  n o n - s t a b l e  j e t s .

C o r o U . a r y  .  
F o r  e a c h  q .  >  p  t h e  s e t  o f  s t a b l e  j e t s  l n  , l o ( n r n )

.1

1 s  a  Z a r t s k l - o p e n  ' s e t . l T , e t  u s  d e n o t e  t h e  s e t  o f  n o n - s t a b l e

m a p f r i p g  g a r m s  b y  I I ( n r p )  c  J ( n , p )  a n d  i t s  l m a g e  l n  J r o ( n r P )

- f t l \
by II,.( n r I)) .

SoJos i t iog  17-  r f  I  e  J (n ,p )  i s  a  s tab le  $app ing  germ'

t h e n  C 9  r  r l ( n , p )  .  ? q .

w e  s h o w :  T ( 9 , t ; )  =  T ( 9 , c ) ,  i f  . p  i s  s t a b l e ,  i ' e '

I  ( q )  @ p  
c  T ( , , € )  =  m - A ( . p )  +  9 * m ^  

@ p ,  w h i c h  f o l l o w s  i m m e -
: v " ' - n p



dfa te ly  f rom

0 P = a(<p) + e*@ 
P

n p

by mul t ip l i ca t ion  w i th  q*m- .p

Therefore for  any g 7- P + 1 we can conclude

.  s , j  -  ( .p )  =  c - j -  (q )  \  n -  (n ,p )
q - q '  q - q "  q

(because the an-orbits are open in the Cn-orbits and the

C--orbi t  is  covered by cr--orbi ts)  ,  hence C-equivalence of- q  q

stable mapping germs impl ies formal e-equivalqlce.

Coro l la rv  S tab l -e  mapp ing  germs grgr  e  .J (n ,p )  a re  fo rmal ly

equ iva len t  i f  and  on ly  i f

a(q) /-3\; i :  Qr*' l l*31i?l ,
I f  the character iGt ic of  K is zero,  then already

: a ( e) t^o\irl g o ( n'r z*Eti 'r I
imp l i es  fo rma l  equ iva lence  o f  g  and  g t .

a _' . ;  ; ,  I f  -p  - .L  s r  i f  ' rn - - {  p ,  then fo rmal  €gu iva lence imp l ie .s  ,gqu i -

va  lence.

Proe-! An isomorphism a (e) /^?r\;? 3 o (p ,t nSoio?, implies

q t  e  C g  *  * 2 P * t J  ( n , p } ' =  c 9  b y  p r o p o s i t , i o n  8 .

For  charac ter is t i c  zero  the  proo f  i s  anaLogue.

For p = 1 or n ( p the eguivalence follows from propositbn 6

r e s p .  p r o p o s i L i o n  7 .

I t e u r a r k  S a ; b 1 1 1 t y  i s  n o t  l n v a r i a n t  w l t h  r e s p e c t  t o  c o n t a o t
X i .  Xa

e q u i v a l e r c e .  i i x a m p l e :  ? =  (  - - ' , - . - - )  a n d  + t  =  ( - ' )  a r e  c o n t b , c t' Y  + X Y '  - . - -  '  ' Y  '

e q u i v a , l e n t ,  ?  1 s  s t a b l e r . b u t  9 '  1 s  D o t r
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9. NgrJ[al  forms o. f  .stab.1s-mapping-.germs

Let  O be a  Loca l  Ar t in ian  K-a lgebra  ' \ Y e  w a n t  t o  d e t e r m i n e

a ( q )  :  9 . .a l l  s tab le  mapp ing  germs I  such tha t

I f  0  l s  o f  t h e  e m b e d d t n g  d l m e n s l o n

e x i s t s  a  s u r j e c t i o n

0*  =  K (x r , .  . .  , * J  ' +  Q

we denote i ts kernel  by r  and def ine (according to l r {ather l

i  (O) = dim (r /mmr) -  m

which  is  an  invar ian t  o f  the  a lgebra  Q '

I f  a  e  J ( n , p )  i s  a  m a p p i n g  g e r m  a n d  a ( q )  e /  p  t h e n  n e c e s s a r i l y

p  n  7  i ( O )
, ^ . . -

The integer p = d im (Ory'a (  9) )

image of a ( <p) in QP = lgnP /t

mean ing ,  i t  dePends  on lY  on  O

accord ing to  Mather l  bY

(where a (,p) '  denotes the

( ,p )@ P)  has  a l so  an  i nva r ian t

. a n d  p  -  n .  a n d  v e  d e n o t e  i t ,

t*
I
I

I

{
I

I

!
$

t
I

T
t
I

' l

I
i
!
i

:
I
i
I

I

I
1. I

:

pp-n (Q) = dim (opla ( ,p))

The invar iance fo l lows f rom

Lemmg- 1 There ex is ts  a constant  g  (O)

r r p - n ( Q )  =  ( P - n ) d i m  Q  +  g ( Q )

f u t o l  = P i ( Q )  i ( o ) d i m Q '

Pf-qe! Consider a presentat ion Q = AJt e = dim t*o/*02) ,

and  choose  a  m in ima l  se t  o f  genera to rs

/ 'q., \
{ ,  = {  :  t l e  J ( e , q )  a n d  O  =  Q ( { )  .  w e'  \ ; , 1  -

' q ' '

i f

e (Q) and '

i  =  i ( 0 ) )

where

V n , . . . ' { ^r Y

c a I I  V

o f r ,

p  =  d lm(  ̂ , , / rnz )  ,  t hen  the re

then
a minimal
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p r e s e n t a t i o n  o f  e ,  h r e  ' h a v e  
i  ( O )  =  e  :  e  a n d  i f

p  -  d im(oq, /a (v )  )  (=  l r i  (o )  (o )  )  ,  then  p  q  i s  rhe  number  o f

p a r a m e t e r s  o f  a  m i n i m a l  s t a b l e  u n f o l d i n g  o f  v ,  i . e .  t h e

smal res t  in tegers  p ,n r  such tha t  there  ex is ts  a  s tab le  mapp ing

germ ,Q e  J (n ,p )  w i th  { ib re  Q ,  a re

P = P  a n d  n = e + p r ; q = i ( O )  + p  ( i y p n o p o s i t i o n  t 4 , ) .

Now we consider the mapping germ

l v  \
, -  / x -  \q t=  I  i ' e+11  e  , l ( n ,p )  (p -n - i  (O)  ze ros )

l ' x '  I
\ n  I
\.6 /

t h e n - Q ( p t )  g O ( q t  = Q ,  h e n c e  9 r  a n d  9  a r e c o n t a c t e g , r i -

valent,  whichl. i*pr ies di,n oPoT;) = di* dZIT.pj by usins rhe

defini t ion o_{.gorgtect equivarence. on t I :  other hand, we can
. l

ca rcu la te  a im  o /a l6 - f  )  v . . y  eas i l y  because  o f  t he  pa r t i cu la r

s imp le  fo rm o f  g r  I

a tC l  =  f f i )  x  o  (E  e "e+1* . . . +een*u1 rh " r "  . 1 . ,  r  r .  r €o
.  - _ .  . i . . t *  .  * .  ; ,

deno tes  the  canon ica l  t ase  o f  eP)  ,  
"o i  

r "  ge t  
' :

u1* pPTa(e) = dim (OqlaT) ) + (p-n) dim e - i  (O) dim e

I S

i  (O) dim O

(e-e)  d in ;Q

generatgT.i r each of which

:

e

hence g (o) = -dim (OqlA (,1,) )

= q dirf i  Q =. di in ^(,{r)

= e d i m e - a i m l - i t i

because a (qr)  h ,?g-  at  most

conta ined -in m CI qI
t t te

notv integers such that
- t ha t  

p r  n  a re  pos i t i veAssume



- + e

I t  l s  s t a b l e  b Y  P r o p o s l t i o n  1 4  t

Th ls  Proves  the  t r l f -Par t f r  o f  the

b y  c o n s t r u c t i l o n '

. T h e o r e m  I f  0  l s  a  l o c a l  A r t i n i a n  K - a l g e b r a '  t h e r e  e x l s t s

a s t a b l e m a i ) | i n S S e r m t e J ( n , p ) v , r l t h o ( r ) c 4 c } t t a n d o n l y

i f  ( r )  a t t d  ( Z )  ( s e e  a b o v e )  a r e  s a t i s f i e d '

A n y  s u c h  r i r a p p i n g  g e : r ' m  l s  e q u l v a l e n t  t o  o n e  w h l c h  h a s : n '

r r  p6rf lo.1 f  orrni l  (3) ,  and

d  =  f l - -  ( u )  ( p - n + e )  =  ( p - n ) a r m ( m u )  +  s ( 0 )  I  1
' p - n -

s  =  p  - / p_n (o )

l r o g f  W e  h a v e  t o  s f i o w  t h a t  f o r

I t  h o l r l s  t h a t -  P  ' . / p - n ( o )  ( t h e

any  rnaPp ing  ge l :m V such tha t

( 1 )  P - n  )  i ( a )

( 2 )  p  > P p - n ( Q )

a n d  l e t  V  e  . l ( e , q )  b e  a  m i n i m a l  p r e s e n t u : t o t t .  
" t  :

we want- to construct  a stable germ (P e J(n,P) such

t h a t  O  3  a ( , p ) .

- : ' - -  . r . r  - ( V \  6  6 ) p - n + e  ( o b s e r v e  t h a t  p - n + e  )  Q
We cons  ider  V '  =  \O )  -  e

-=--hy_=(11 ) , then

o .< (p-r)d im(me) + (g(o)  e)  = Fp-r(o)  -  (p-n+e) S n-e

by (2 )  and there fore  there  ex is t  an . in teger  d ,  o  <  d  (  n -e

a n d  g e r m s  ; 1 , . . . , v d  e  J ( e ' p - n * e )  w h i c h  r e P r e s e n t  a  b a s e

of J (e ,p-n +e) /  L(q,  ) '  " i ' '  i  ( . t r )  O P-n+e .  Consider coord inates

* 1 , . . . , x e ,  t t  r . - . ' a u '  - " 1 " u  
z L " " ' z B  ( i f  s  = ' n - e - d  >  o )

on tn] ,of and *".n:t* 
\

( q ' + t 1 v 1 + ' ' ' * t d t d  \  .  . r
( 3 )  e  = [ t  

r  ' L  o  
" )  '  ' Y ( n ' P )  ' '  -

\ '

- /  \
e  . i ( n r F /

h o l d s  f o r

o b v i o u s

a n d  . o ( v )  d  O

f o1lorv l ng

s tab le  map , ' i ng  Serms  f

i n e q u a l i t Y  P - n  7  r ( Q )

O( f )  e r  0 ) .  r3u t  t t r i s  i s
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b e c a u s e

pp-n  (Q)

of oim (oP7ffi1 ) ( p for  s tab le
n=  d i m ( O Y / ^ ( d )  S  p .

Exarnp le  0  =  K[  * l /  ( * "+L l

I f  c + 1,  is  not a mult ip le of  char (K) ,  then g (O)

d i m ( Q )  =  s * 1  ,  i ( Q )  =  o ,  h e n c e  s t a b l e  m a p p i n g  g e r m s

ex is l -  i f  and  ,on ly  i f  p  7  n  and p  ) (p -n)  (c+1)  +  c

this case, they can be put into the form

9 =
P - n , 1 x

germs  g t  hence

=  C r

g  e  , I ( n , p )

. I n

|  
* " *L* t "_1*"  t * .  

.  .+r1x

/  
* r o * o  +  t 1 " - 1 x o - 1 +  . . . *  t J 1 *

I  t  * "  +  a o _ r r c - 1 x c - t + . . . + t
\  

n - n ' c

r
\z

where z

I f  c *1

: *  ' : bu t  w i th

l z t \= [  i - l  ,  s  =  n -c (p -n+ f1
u t  .

s

i s  a :mu l t ip le  o f  char (K) " ,  we ge t  a  s imiLar  resu l t ,

. . g ( Q ) ' = ' s - + 1 ; , h e n c e  p  )  n ,  p 7 ( p - n + 1 ) , ( c + f 1  .  .

Corol , larv 1 T. t

d im (Q (<p) )  S q-"'  -  p - n '

i f  and only i f_.  p

g  e  , J ( n r p ) is  stable and. p > n,  then

where

=  pP-n  (Q)

e = dim t*O/mO2) , 
"1d 

equality holds

a n d  e  = $ ( e ) .

i s  s tab le  and p  >

qnbedd ing .  o r  rk  (p )

C o r _ o l l a r v - 2  I f  9  e  . T ( n , p )

then e i the: i  19 is  a  c losed

and (up to  equiva lence)

n + rk (<p) ,

D - 1 ,  p = 2 n - 1 ,

{ " , ' \

Il't
-
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proo. f  I f  p  >  n  +  rk  (q )  ,  , then  d im (a  ( 'p )  )

(by  the  preced ing  coro l la ry )  ,  hence I  i s

p . = n + r k ( < p ) ,  t h e n  a i m ( Q ( e ) )  4 2 ,

embedding or dim (a (q) )  = 2 ,  rk (q) = n-1

f o r m  o f  I  Y i e l d s  t h e  a s s e r t i o n '

p -n

a  c losed embedd ing .

h e n c e  I  i s a c l o s e d

= p-n,  and the normal

d i m ( Q )  =  l ,  t h e no i s  l o c a l  A r t i n i a n  K - a l g e b r a ,Remark :  I f

i r - 1 \
i  ( 0 )  (  l - r -  )' . .  -  I

P r o o f :  I f

de termined
r ' l r

hence U)

9 1 "  "

b y . a t

(1 - r )

' 91 -1  t  *e

most t l l

=  ( t ; t ) ,

i s  a  K-base o f  *e ,  then A

e q u a t i o n s  g r { *  =  E d r * q L  i  (tiqj = 
i.tjn*

i ( 0 )  q . e . d . ,

l s

) ,

Exgmple  Stab le  mapp ing  germs 9  e  J (n ,p )  such tha t  4P ) -  4n  +  rk ( rp )

For the corresponding local  a lgebra A = Q (q) there holds

dirn (O)

T. f  d im(e)  =  5 ,  then necessar i l y  e  =  y (Q)  ,  w t r i ch  imp l ies  by

def in i t ion  o f  9 , (Q)  :  d im( ; f f i , i )  =  e  d im(me)  .  There fore ,  i f

O  -  Q ( U ) ,  w h e r e  V  e  J ( e , g )  i s  a  m i n i m a l  p r e s e n t a t i o n  o f  Q ,

the vectors 
#r,  

.  .  .  ,#.  must be l inear ly indepenf ent -ove.r

Q/ann(m^)  and ann(m^)  must  be  o f  d imens ion  L-  I f  * . r t * t  =  o ,' a  a .  l /

* ^ c  I  o ,  t h e n  n e c e s s a r i l y  * o "  =  a n n ( m e ) ,  d i m t * 0 2 , / * o t )  =  3 - e  )  1 -
a

o r  c  =  )  a n d  e  =  3 .  r f  e  =  L ,  t h e n  c  -  4  a n d  g i t O l  -  4 ,

w h i c h  i s  n o t  p o s s i b l e .  I f  e  =  2 ,  t h e n  c  =  3  a n d  b . y  m u l t i -

p l i ca t i on  we  ge t  a  non -ze ro  quadra t i c  f o rm

t*0,/*02) a {*0,/*02) -. me2/me3.

there  are  genera tors  x ,Y  o f  *e ,  such tha t '

) 2 . 4
x o K  +  x ' K ,  x - ' =  Q  a n d  x y  =  O ,  a n d  u p  t o  i s o m o r p h i s m

a r e  t h e  f o l l o w i n g  p o s s i b i l i t i e s  f o r  a  m i n i m a l  p r e s e n -

Hence

2* e =

t he re



, 1

t a t i o n  o f  Q :

.  , 4  2
Vl  = (x  ,  Y t ,  xy )  ,  g (0 )  =  g

. ?  2
U ,  = ( x "  +  y - , x ! ) ,  . g ( O )  =  5

. 1

These a lgebras  have no  s tabre  representa t ive  in  the  range

4 p  )  4 n  +  r k ( r p ) .

r f  e  =  3 , .  we ge t ,  in  the  same hray /up  to  i somcph ismr ' the

fo l low ing .  poss ib i l i t i es  fo r  a  min ima l  p resenta t ion  o f  e

w 1  =  ( x y ,  x z ,  y z ,  y 2  ,  
" 2  

, * 3 )  r g , ( e )  =  1 0
' + )

v2  =  ( *y ,  xz ,  yz ,  y2  *  * ' ,  zz )  .g (o )  =  g

q3  =  ( xy ,  xz ,  yz ,  y2  +  *2 , " t * *2y  g (o )  =  J

These  a lgeb ras  have  aga in  no  s tab le  rep resen ta t i ves  i n  t he-  - J

range 4p 7 4n + rk ( ,p)  .

There fore  i t  remains  the  case d im(e)  S  + .  We descr ibe  the

cor respond ing  3 lgebras  by  min ima l  p resenta t ions .

'  ( i )  e = 3

V  -  ( x - , y - , 2  , x y , x z , y z \  ,  i ( O )  =  3 ,  g ( O )  =  6 ,  d i m ( e )  =  Q ,
" - - .  '  R a n g e  o f  e x i s , t e n c e s  p  -  n )  3 ,  p  )  4 ( p _ n )  +  6

( i i )  e  = )

v 1  =  ( * 3 , y 2 , * y )  i ( o )  =  1 - ,  g 1 ( e )  =  s ,  d i m ( e )  =  {

R a n g e  o f  e x i s t e n c e :  p  n  )  3 ,  p  )  4 ( p - n )  +  5

v 2 =  { x 2 + y 2 ; x y 1  i ( o )  = e g, (Q)  -  4 ,  d im (e)  -  4

R a n g e  o f  e x i s t e n c e :  p  n  7  2 ,  p  2  4 ( p  n )  +  4

V ' 3  =  ( * 2 , y 2 , * y 1  i ( O )  =  i - ,  g ( o )  =  4 ,  d i m ( e )  =  3

Range o f  ex is tence:  p  n  7  7 - ,  p

( i i i )  e  =  L

{ s =  ( * " * 1 )  ,  i ( e s )  =  o ,  9 ( a " )  =  s r  d i m ( e " )  =  s  +  i .

( s . =  1 , r ' 2 r  3 1

R a n g e  o f  e x i s t e n c e :  p  ) ( s  +  t )  ( p  n )  +  s .  a n d  p  n Z  2  o J

s S  2  a n d  p  n  \ - L -



Ap.peJr , l i :<  :  $u 1t i :qe-rms Ud my I  t  j . -  i  e ts

F o r  l a t e r  u s e  w e  n e e d  s o m e  s l i g h t  q e n e r a l i z a t i o n s  o f

a b o r r t  g e r m .  ( : e t s )  t o  m u l t i - g e r m s  ( m u l t i - : e r s ) .

By  a  mu  l t i - ge r rn  ( resp  .  mu  I  t i *  j  e t )  r ^ /e  mean  an  n r -  t , l oe l

q )  =  ( * ( ' )  , . .  - - , * ( * )  )  e  J ( n , p ) * ,  i . e .  a  m a p p i n g  I I ( ^ t-  m -

t h e  r e s u  l t s

( r e s p .  j e t s  z  -  k ( 1 1

T h e  g r o u p  C m  ( r e s p .

( r e s p .  o n  J n  ( n , p )  m )

a F  . ' l a r h c
Y v !  r r t r  t

, o )  ( aP ,o )

+ r  (p )€P  .  , l  ( n ,p )  n

/tlr

+ r  (z)e? c Jt ,  (^ ,?,)  *

o  * o * F o t ' P  c J { : r ' r ) t t '

i 1 " "
+  z * , . , , r t  ' '  i  . Y ,  i  , ,  

. . '

^R tt k /

i s

-  ( m )  ' ,  -  - r  / n , p )  * )  
..  , L  , l  <  

" k ,

o f  c o n t a c t  e q u i v a l e n c e s  o n  , l ( n , p ) m

d e f i n e d  a s  t h e  s e n i d i r e c t  p r o d u c t  o f

the  s lmmet r i c  . g roup  b *  w i th  the  m- fo rd  d i rec t  p roduc t  o f  t he

g r o u p  o f  c o n t a c t  e q u i v a l e n c e s  o n  J  ( n , p )  ( r e s p .  o n  . I o  ( n , p )  )  .

The group of  equiva lences m(E (resp. oi l) is the subgroup

of  the  semid i rec t  p roduc t  o f  S*  w i th  the  m- fo ld  d i rec t  p roduc t

o f  the  group e  o f  equ iva lences ,  cons is t ing  o f  'a11  erements

( ( o r , F r )  i . . . ,  ( a * , 9 * )  , n ) ,  ( c r ' F r )  €  €  s u c h  t h a t  F L  =  
, . : .  

=  p m .

Th is  g roup ac ts  on  . t  (n ,p )  m 
resp .  on  J*  (n ,p )  *  (a lgebra ica l l y )  ,

for  example

r . , ( 1 )  y ( * ) , r , )  ( * ( t ) , . . . , q ( * ) )  =  ( r ( t )  e ( t ! 1 ) ) , . . . , v  
( m ) * ( n ( m ) ) ,

\  L . .  . . ,

:
-m -m

, q. resp. ck are l inear algebraic aroups having ml connected

components and telll " = tcfit " " oil (where o indi"ares the
.

connected  component  o f  the  un i t ) .

W e  p u t '  a ( q )  =  e ( " ( t ) ) r ,  . . . .  *  e ( , p ( * ) )

a ( z )  = e ( z " i  , * . . .  x e ( z ( * ) ) .

- -The_ tangent spaces to the orbit,s are

r (cme)

r (cfla)
*j*) o (* (*) ) )

"j*) o (" (m) ) )

"j*) a (u (*) ) )
,n,lnt) * (u {o) ) )

x
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P r o p o s i , t i g n  A  1  M u l t i - g e r m s  9 , g  e  J ( n , p . ) t  a r e  c o n t a c t

e g u i v a l e n t  i f  a n d  o n l y  i f  O ( e )  :  O ( , t , ) .  T h e  s a m e  h o l d s  f o r

m u  l t i - j  e t s

Proof :  obv ious ly ,  con tac t  equ ivarence impr ies  i somorphy  o f

the  cor respond ing  a lgebras .  Converse ly ,  assumb a( ,p )  :  O( , t r )  .

B y  q  p e r m u t a t i o n  w e  c a n  a s s u m e  O ( * ( j ) )  :  O ( V ( j ) ) .  T h e n

there  are  (pxp)  -mat r ices  A 
(  j )  

,  B  
(  j )  

w i th  coef  f  i c ien ts

in 0_ and automorphisms cr.  of  . (at ,O) andn  F - - - - - - ' -  
I  

' - -

e ( j )  =  a ( j ) v ( j ) o o * ,  v ( j ) -  B t i l * ( j ) . . . ] 1 .  w e  c a n  a s s u m e

A ( j ) B ( j )  =  r , ,  u " 1 . . , " .  o r  q ( j i  =  ; " i r ^  A ( j ) B ( j ) ) + g ( j ) ) e ( j )  . o I ,P p ' j
by the fo l lowing

J€mma rf  A,B are (p x p)-matr ices over a l -ocal  r ing (wi th . .

in f in i te  res idua l  c lass  f ie ld )  ,  there  ex is ts  a  (pxp)  _mat r ix  C
t

over  th is  r ing  such tha t  c ( rp  AB)  +  B is  inver t ib le

Proof of  the lemma: Reducing modulo the maximal ideal  we can

consider matr ices over a f ierd K. Let E (  Kp be a sub-

space complernentary to fer(g) (consider B as an endo_

morphism of xp) dnd ret  F c xP be a subspace complementary

to  Im(B)  ,  and le t  Co be  an  isomorph ism Xer (g)  a  p .

We def ine

t_r v  e Xer  (g)
I'  l C v

c v =  l "
1
I I v
L

w h e r e  I e K  i s

an isomorphism

i f  v e  E

a scalar such that
N ?-t

E * K-,/F (observe

c ( r  A B )  +  B  i sp

A( I  AB)  +  Bp

tha t  B  i nduces  an

an isomorphism of

i nduces

isomorph ism

g a xPrlF) . Then Kp g . e . d .



Nou the  propos i t ion  fo l lows by  choos ing  the  contac t  t rans-

fo rmat ion
t ;  \  f  i  \

y t l ' ( x , y )  =  ( c t .  ( x ) , B " ' ( c r .  ( x ) ) y ) , j  =  7 - , - -  - , m -

Unfo ld ings  o f  mu l t i -germs are  de f ined in  the  same way as  fo r

germs.  I f  T  i s  a  parameter  germ,  d r l  un fo ld ing  o f  the  mul t i -

germ (P over T is given by an m-tupel

( o ( 1 )  ( x ( 1 )  , r )  , . . . , 0 ( m )  1 x ( * )  , . ) ) ,  w h e r e  ( o ( j )  ( x , t )  , t )  i s  a n

u n f o l d i n g  o f  e ( j )  .

The mult i -germ (p is cal led stable i f  and only i f  any un-

fo ld ing  o f  I  i s  equ iva len t  to  a  t r i v ia l  un fo ld ing .  As  to t

the  case o f  germs there  ho lds

P r o p o g i t i o r J A  2  I f  n ( p ,  t h e n  t t r e m u l t i - g e r m  q  e  J ( n , p ) *

is stable i f  and only i f  Q-, ,  t6 l  
p = KP + fT6' l  .

P ? r

(a* (  e)  = e (e) /^k*L,  ; lA image of  a (e) in ep*1 ( .p)  p 
.  )

P r o g o s i t i o n  A  3  I f  n  4 p  a n d  i f  9 r {  e  J ( n , p ) t  a r e  s t a b l e ,

.  then 9  and q  are  equ iva len t  i f  and  on ly  i f  they  are

contac t  equ iva len t .

The proof of  proposi t ion A 2 is exact ly tJr .e same as for the

a n a l o g o u s  p r o p o s i t i o n  a b o u t  g e r m s .  F o r  p r o p o s i t i o n  A  3  t h e

proof  i s  a lso  the  same as  fo r  germs,  p rov ided we know tha t

t h e  s e t  t ( r , , n )  
.  J k ( n , p ) m  o f  n o n - s t a b l e  m u l t i - j e t s  i s

Z , a r L s k i - c l o s e d .  T h i s  w i l l  b e  p r o v e d  i n  m o r e  g e n e r a l  c o n t e x t

i n  S  2 1

S t a b i l i t y  o f  m u l t i - g e r m s  ( r e s p :  m u l t i - j e t s )  c a n  b e  c h a r a c t e r i z e d

a s  f o l l o w s :  W e  s a y  t h a t  b r a n c h e s  o f  t h e  m u l t i - g e r m  I  a r e

t*an-sr*-ersal ,  i f '  the l inear subspaces

h o r u. a lly C. r,e Ss t ut.i1
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r i  =  image or  (  oap,o  n  ( r  ( *  ( t )  
)  (  e^n ,o)  *  *n*  ( t )  * ,qn ,o)  

)

i n  . r o { a p )  a r e  i n  g e n e r a l  p o s i t i o n ,  i . e .  i f

c o d i m ( T f  n . . . n T * )  =  c o d i m  T ,  +  
: . .  

+  c o d i m  T * .

In other terms

T , ,  =  6 P  n  ( a ( * ( i ) )  a  r ( er p

Propos i t ion  A t  The mul t i -germ 9  is  s tab le  i f  and  on ly  i f
: - : : ' '  ' ' ' - :each 

component t t j l  is  stabtre.and t t re br inch-es o. f  g are 1=,:-- : ! : - . ;1-

n o r m a l . I y  c r o s s  i  n g .

I f 9 i s s t a b l e , t h e n e a c h 9 ( j ) i s s t a b 1 e - : N o w a s s u m e . t h a t

f i )r , '  ,  - ' 1 '  .  each  g " '  i s  s tab le ,  i  .  e .

Cons ide r  t he  d iagona l  map

ono = KP + "r,.c*:( j) 
1 * r (e ( j) 1oe. :"*,1u.,. i

( i )  
)EP) / t t f f  + Kp + (o ( ,p ( i )  

)  + r  (q ( i )  
,en.

, "'. ,,.. '''.' ., ] -

d' : KP * 
;[,  r^o +,atr( j),1 + "r (*( j l loBl7o"t.p(i]  I  t  r (.p,( j) )eqj: j : ; i ;1,",,; : ,  r"
) = L

T h e n 9 i s s t a b 1 e i f a n d o n 1 y i f t h i s m a p i s " s u r j e c t i v e . . l . . + : 4

.  9 " n e r a l  p o s i t i o n  i f  a n d  o n l y  i f  d  i s  s u r j e c t i v e  g . e - d .

An  ana logous  p ropos i t i on  ho lds  fo r  k -mu l t i - j e t s ,  k  )  p  +  i - ,

Fu r the r  p rope r t i es  o f  mu l t i - ge rms  a re  de r i ved  i n  s  22 .





$ ro The n ice range

To .  app ly  the  l oca r  cons ide ra t i ons  fo r  t he  c lass i f i ca t i on  o f  p rd ina ry

s ingu ra r i t i es ,  i . e .  t he  s ingu la r i t i es  wh ich  appear  as  gener i c

pro ject ions of  smooth pro ject ive var ie t ies in to some lower d" imensional

pro ject ive spacer  we have to  c lar i fy  the naeaning of  tgener icr  in  th is

c&seo  One  cond i t i on  wh ich  we  impose  fo r  t gener i c r  p ro jec t i ons  w i l t  be

that they have stable gerns everywhere. As J. Math'er found. out, there is
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a  fn i ce  ranger  o f  d imens ions  (n r i i ) ,

t he  se t  o f  p ro jec t i ons  V  -  PP  ( f i x i ng

which are local ty  s tab le everywhere,  j -s

d in  (A (z )  /  n [ ( z ) )  =  n

ho lds  fo r  z  €  C i ,  t h i s  imp l i es

Hence we have to d.eternine

a )  pa i r s  (o rp ) ,  n  (  p ,  such  tha t

cod im I In (n ,p )  )  n .

c o d i n  W n ( n r p )  >  n

n = d in(V)  < p = d i rPPr such that

"oru 
pN)

I  n i c e

an embedd ing  o f  V  in to

not  empty ;  ou ts id .e  the

rar]8er there are always exanples of var iet ies V and. embed.dings V c pN

V + PP which atre stable

We wi I l  der ive here the resul ts  of  Mather

c losed.  ground f ie ld .s  K,  but  for  S impl ic i ty

Most  of  the id .eas are roughly  the same as

I"  $  20 we wi l l  shev that  the n ice domain

such that  tbere are no pro ject ions

everywhere.

over  a rb i t ra ry  a lgebra ica l l y

we exc lude char (K)  =  2  o t  3 .

i n  M a t h e r f s  w o r k .

i s  charac ter ized .  by

c o d i n I \ ( r , p ) > n

rn  $  r2  we  w i l l  show tha t ,  i f  } I { n rp )  c  . l n (n rn )  d .eno tes  the  za r i sk i -

c losed  se t  o f  con tac t  c lasses  depend . ing  on  modu l i  ( f o r  p rec i se

de f i n i t i on  see  $  re ) ,  t hen  cod im wn(n ,p )  5  n  imp l i es  cod in  I I o (n ,p )

(  n ,  and cod. im w*(nrp)  > n inp l ies that . there are only  f in i te  nnany

con tac t  c lasses  C1r . . . rC ,  o f  cod . imens ion  be ing  a t  nos t  n .

I f
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: :

U)  t f re  ( f in i te  nany)  contact  c lasses of  codinension c  (  I l '  and we have

to check for then that ain(A( z) /  n!(z)) = n'

The  resu l t  n i I I  be  the  fo f l ow lng :

The  rn i ce  range?  o f  pa i r s  (p rp -n ) ,  f o r  wh ich  n  (  cod ' i n  I IO (n ' 'P ) '  l s

character ized by the inequal i t ies 
F

p { ? ( p - n ) +  ?  o r  P ( ? ( P - n ) + 8  r  P - n ( J



i ,
a

t

- t -

r r  ( p r P - n )  i s  i n  t h e  n i c e  r a n g e  a n d  y G  J ( n r p )  i s  a  s t a b l e  m a p p i n g  g e r m ,

the a lgebr .  Q(Jf ) ,  which deterro inus y  up to  equivarence,  is  one of  the

fo r l ow ing  48  l oca l  A r t i n  a lgeb ras !

Tab le  1 :

s tabre equiva lence c lasses in  the n ice range (c tass i f ie-d by tho

corresponding a lgebra Q = Q(Jr)  =(0.  /  t  )

N r . H i  I be r t -
sequence
o f 8

Generators of  I a im(Q) 8 ( q  ) i ( a )

1

2

4

5

6

7

e(Q )=h.r -1

2x

xt
4

x5

6x

*|,

Ix .

2

?

4

5

6

7

B

1

?

3

4

5

6

7

0

0

o

0

0

0

o

1 0

110

1110

1111A

111110

1111110

11111110

8

9

10

1 1

12

1 1

14

1 5

1 6

e(Q )=h,,=2

20 2 2x  r x Y r Y

y2**2, xy

x 3  , W  r T 2

y2**3 rxy.--

x4rxYrY2

2 4y +x ,xy

x5, xY r-VZ

y2**5, *y
6 2

x .r xVrY.

3

4

4

5

b

6

?

7

4

4

5

5

5

6

7

7

8

1

0

1

0

1

o

1

0

1

210

2110

21110

21111



Generators of IH i lber t -
sequence
o f Q

6

7

6

7

7

B

9

7

8

B

o

1 06

5

5

6

6

5

, 6  :

6

X ;  , ,

: ?  * :

7 .

7 .

w rx3 ,!3

y2 ,*2Y r*3

.rry, *3*y3

Y2 r*3

"Y,*4lYB

yz ,*2y r*4
L . 3

rx r x 'tY-

,2 -v3'rxzY
6 : ?

x Y , x -  t Y :
::

4'; 4
x Y r x ' . r X  .

,3 ,*2y rxy2 ,J3

y2 -*3 , *2y , *4

2 1

22

2 3

24

2 5

2 6

27

2 9

30

3 1

32

33

e (Q)  =  3 ;
3

2

Z

2

4

5

5

5

o

q

7

: 8
1 0

N

( x r y  , z ) 2

y2 **2 ,  12 **2 ,xy ,xz,  ,y z

y2 *r2 ,  uz ,xy ,xz, ,yz

x 3  , y 2  , % 2  , z f ,  r x z  t y z

y2**3 , r2**S r*yrxzryz

4

1

1

0

0

1

1

1

o

o

1

1

2

r . l

i
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N r o Hi  l be r t -
q a d r r A n n a  /

a f nvr EC

Generators of  I a im(Q) s'(q ) i ( q )

34

)5

36

37

38

39

40

4 1

42

2 i 2y  + x -  , z  , x y  r x z r y z
4 2  2x  r Y  , z  , x y r x z r y z

2 2 2
x +y  +z  xyrxzryz

2 2 2x rv ,z ,xz*yz
2  2 2

x  + y z  t x z t Y  , z

2  2 3
x  t y z  t x z  t l  , z -

2  2 r 3
x  + y z r x z r x y r y  ,
2 2 2

x  r X  r z  t y z

2 i 2 i
x  + z ' t !  * z '  , x z r y z

6

6

6

6

6

6

6

6

7

9

1 1

?

B

9

9

10

1 1

B

2

3

1

1

1

?

2

1

1

120

321O

43

44

45

46

4T

1 ,

48

e(Q)=h,,,=4
t

( , * 1 . . . r * 4 ) 2

<*7**1,*l**1,*f;**\,x. xj ; i>i )

{*f;**\,'*f,**\,*[,*r*, ; i>i )

{*?"*"\ ,*} ,* f ; ,x.  x. ;  i>i  )

(* / ,*2",*3,*?r,x.  x.  i  i> i  )

4

q

5

6

6

1 6

1 1

1 2

14

1 7

6

5

5

5

6

40

41

41

41

+1

e(Q )=hn= l

( x 1 , . . . r x 1 .  ) z 6 25 1 05O
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$ -11.-  The cod" inneJrg ion of  J4onstAble je ts .  in  a,  contact  c lass

l f e  f i x  i 1  )  p  +  1  and  cons ide r  Jo (n ,P ) '  Fo r  k - j e t s  z  e  Jo (n ' t r )  we

cons ide r  t he  a lgeb ra  Q(z )  =  Q^ /4 * t  +  I ( z )  and  the  con tac t  c lass -
n

c ( z )  o f  z  i n  J o ( n r p ) .  T h e  r n o d u l  A ( z )  =  
i X = r  * ' q C z )  

i s  o n l v

determined modulo , *n(r ,k)  @ n therefore tq , ( " )  aG) is  un iquely

detdinined and

c ( z ) =  d i n ( J n ( n , n ) / m n a ( z )  +  r ( r )  O P

l s  un iquely  d,etermined.  and is  the codinension of  C(z)  C JO(nrP) '
':

t f  e defi ne

p(a) = ai '(0fl /ETJ, * (*o("r*rtn )"

then

c ( z )  J  p ( z )  -  p  +  d i m ( [ G )  +  ( * k )  @ p  / ' ; G  *  ( * k ) @ p  )

(where  m =  mq(z ) ) "

l {e  hhve equa} i ty  i f  rK = O,  so for  instanee for  s tab le je ts

( b e c a u s e  o f  1 ) p  +  1 ,  b u t  a i n ( Q ( i l p  /  a c f  *  ( t k ) o p  ) 5 p ) "

By  Vn(n rp )  C  JO(n rp )  we  deno te  the  c losed  subse t  o f  con tac t  c lasses

of  codinension > n

ero!-os}l i-9rt- lg- Let C be the contact class of a jet :z in

J o ( n , p  ) .

(1 )  vn (n rp )  g  I I oOn 'n )

(e )  I f  c ( z )  !  p  -  n  1  then  z  Ls  ac losed  embedd ing ,

h e n c e  c n \ ( n r n )  = . 0

g)  I f  p  =  n  and '  c (z )  =  1 t  then t  ^ l - tnCnrp)  =  $

and  z  Ls  equ iva len t  t o  \ {1  , xz r .  . . i  * r r )

( 4 ) , :  I f  c ( z )  5  s ,  t h e n

c o d i n a  ( c ^  
\  

n , p ) )  =  m a x ( O r P  -  p ( z )  + ' 1 )

Ptp.c f  :  I f  z  is  s tab ler  then
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p(z) ana c(z) = p(z) -  p + din AT7) /  n E(r)
j  n r  t h i s  p roves  (1 ) .

" ( z )  
5  p  -  n r  t hen ,  because  o f

? 1p-t ' )  (n-r),

,  .  this proves (2).

by the sane argument r = n - l r h e n c e

_  r = { * t r ,  +  i l a
and 2x,  t  0 ,  hence z is

Now we wi l l  in t roduce the

If e -- rr we denote by

Jn(nrp)e ( t ransfornnat ior r  o f  the

c losed .  subspace  o f  Jn (n rp I  and  the

norphisn

Jn(n,  p  )

tathi.c-h h a s  l o c a l  s e c t i o n s .

i s  a :V  € f i " rp ) - s tab le  subse t  o f  Jn (n rp )u ,  t hen

o (z )  ?  a i n ( J * (n ,p )  /  r nAQ)  + . t ( r )@e  *  ( ' l )On l  =  ( p - r )  ( n - r )

( i r  r ' r k (z ) ) ,  ve  ge t
. \
p i n l ( p - r ) ( n - r )

h e n c e  , r - r 5 1 ,  h e n c e  r = n

I f  c ( z )  =  1  and  p  =  n r  re  ge t

z  is  equiva lent  to

A g ( n ' p ) "  C  J * ( n ' p )

the subspace of  a l l  je ts  of  tbe forn

z  =  ( z 1 t . . .  r z p - n + e r f e + 1 ,  . . '  r X n )

where  z ,  =  f r ( x  1 r . . . r * " ) :+ . ; f , =e+1  xSw i ; ( x ) ,  o rd  ( f t )  :  2  and ,

o rd  (w r r )  I  r  ( un fo rd ings  o f  j e t s  f ron  Jn (e ,p  -  n  +  e ) ) - . .

Ep,ch contaet  c lass meets exact ly  one AO(nrp)e (e is  the enbedding

dimension of  the corresponding a lgebra)  .  . .

By JO(nrp)"  f  denote the }ocal ly  c losed.  subspace of  , fO(qrrn)  o f  Jets

of rank n - e and by AO the group of k-jets of automorphisms of the

germ (Anro) .  Then Ao acts  on

c o o r d i n a t e s ) r  u t  n ( n r p ) "  i s  a

ac t i on  o f  A . -de f i nes  a -smoo th
K

A n (n ,p ) "  x  A t  *

" i o i ,  
l f . 2 r . , .  r * o )

s tab l .e ,  hence equ iva len t

fo l lo r * ing  no ta t ion :

to  (x f  ,  xpt  .  . .  ,  xn) .

I f X
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l (  open  ( c losed ,  i r reduc ib f  e )  : * x  ^  A  ( n , p ) ^
K t i

o p e n . ( c l o s e d ,

i n  A* (n ,  n  ) "

i r r educ ib te  )

+

c o d i n u o ( n , n ) u  ( * )  =  c o d i n n n ( n , p ) u

holds t rue.

I f  I I  denotes the norPhisn

Ao(n,p)"  - ,  Jn(e,p -  n  + e)ox Jx- r (erP -  n  + e 'n-"  
u ; .u

t  O z l  r - -  n \
z  , +  ( z r  ( x 1 r . . .  r x " r 0 ) r  # " n , t  

( x . 1 r  "  r x " r u J r  "  '  r

dzr '
# o ( * a t " " x " ' o ) )

( s h e r e  z  =  ( z r r x . 4 4 r . . . r X n ) ) r .  . . 1 "

then by proposi t ion 14 we get  that  the c losed subset '  rL(nr ,B)  ^

A*(nrn)"  is  the pre image of  the c losed subset  o f  a l1  poin. ts

( z f r w l r . . . r w o - . ) €  v  s u c h  t h a t  t h e  p r o j e c t i o n  "  "  i  '

K w n  + . . . +  K r / -  ^ * - J i . - 1 ( " , P  -  n  +  d / L ( z $ )  +  r ( z [ ) @ p - n + e
' l  n-e K- |

=  T o ' t
. - o

l s  no t  su r j  ec t i ve .

F ix ing z ,  hence z$r  the cod, imension of  th is  set  ( in  [ :u5 ]  
*

J t  _ , t (€ rp  
-  n  +  e1  @ n -e  

)  i s  t hen  equa l  t o  t he  cod inens ion  o f

,  *  ^_ -  
, ( l i n )  

i n  C .  So  . t he  resu l t  f o l l o1vs  f rom the  fo l l ou ing

!-qUS L'et E + T be an epimorphisrn of vector spaces and r a

I o s e d  s u b s e t  a c n @ "  o f  a l l  r - t u P e l sposi t ive in teger .  Then the c losed subset  A

whose image in  T does not  generate T has cod. im equal  to  max(Orr  -

d.in$ + 1 ).

To prove the lemna we can d iv ide by the kernel  F of  E - ) f  ( l  is

" t  
Ui i -Bt=-:aanslat ions f ron r  @r),  .hence we nay assume E = T.

(x  n  An(nrp )u  )

In this case the }emma is e-El.y;
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1$  12  S imp le  con tac t  c lasses-

I f  a  connected a lgebra ic  group G acts  a lgebra ica l ly  on an a lgebra ic

var ie ty  X,  there nay be G-stable non-empty open sets  which conta in

only  f in i te  nany orb i ts .  The orb i ts  of  the largest  o f  such open sets

are called the srmp-lS--qrbilg of G in X.,

By  Wo(n rp )  we  w i l t  deno te  the  c losed  subse t  o f  Jn (n rP )  o f  non -s imp le

En(n rp  ) -o rb i t s .

l r o p o s i t i o n  1 9  ( 1 )  I f  c o d i n  W O ( n , p )  ! t  n ,  t h e n  \ ( n , p )  
C  V o ( n , P ) ,

h e n c e  W o ( n ,  p )  C  
\ ( t r p ) .

f f  for  the f in l te  many s inp le contact  c lasses

neet lfn(n,p) - vo(nrp) aira (A1_il / nG)) =

c ( z r ) r . . .  r c ( 2 " )  w h i c h

h o l d s ,  t h e nn

1 S  n O

V o f

cod in  l l n (n rp )  )  n ,  t oo .

(2 )  I f  cod i s r

P roo f :  Le t  V

orb i ts ,  hence

for any orbit

i .  e .  W n ( n r n )

I f  C  =  C ( z )

w*(n ;n)  5  t ,  then  a lso  -eod i ro  \ fu ,p )  
5  n .

be-a  conponen t  o f  WO(n r l ) ,  t hen  V  con ta ins  no  s inp le

no orbits r*hich are open in v, hence cod.inc ) cod.imv

C ih  V .  Thus  we  have  V  c  Vn (n rp )  i f  cod in  WO(nrp )  )  o ,

c  V O ( n r p ) .

i s  a  s imp le  o rb i t  nee t i ng  I IO(n rp )  r  Vn (n rp )  and  i f

n a x ( c ( z ) ,  c ( z )  +  p  -  p ( z )  +  1 )

n a x ( c ( z ) ,  n  +  1 )

codimensic ,n 5 n is  conta ined.  in

such component  and i f

W n ( n r p )  o f  c o d i n e n s i o n

c o d i m  w n ( n r p )  5  n ,  t h e r e  i s  a

*  5 . ,  and there are contact

a i n ( a G ) / n l T - - l - ) = n , t h e n

cod in (C  n  I1 , - (n rp ) )
K '

h e n c e  c o d . i n  
\ ( q , p )  

J  n  +  1 ,  w h i c h  p r o v e s  ( 1 ) .

I f  a  component  of  l , {n(nrp)  o f

\ (n r r ) r  t hen  cod in  l i n (n rp )  j  n .

I f  there

component



- 1 0 -

c l a s s e s  C  =  C ( z )  o f  c o d i m e n s i o n  
" i n  

( o t h e r w i s e  V  c V * ( n r P ) €

\ ( n r p ) )  
a n d  c  )  m  ( s i n c e  V  c o n t a i n s  n o  o p e n  o r b i t s )  i n  V  . .

f h e n  c o d i m  0 l n ( n , p ) ) :  ( v  n I I n ( n , p ) )

=  c o d i m  V  +  c o d i n u ( v n  l l n ( n r p ) )

5  c o d i n  V  +  c o d i n a ( c  n l i n ( n , p ) ) )

= n a x ( m r m + p - p ( z ) + 1 )

r f  c $ \ ( n , n ) ,  t h e n

n (  c = c(z)  = p(z) -  p + dim([Cz) /  n[6))

5 p ( z ) - p + n  :

hence m +  p  -  V{ ; )  {  n ,  henoe coc i im l l * (n rp)  5  n  i4  th is  c&s€r

r f  c  g I I  
u (n ,  n  ) ,  then cod in r (c  n  

\ (n 'p  )  )  =  0 '  hence

c o d i n ( 1 1 - ( n , p ) )  5  *  .  
"  

I  o  g . e . d o
K

That  is  why we bave to  detern ine the codimension of  l fn(nrn)r .  the

s inp le  con tac t  c lasses  nee t i ng  l i n (n rp )  x  V* (n rp )  i f  cod in  SO(n rp )  >  n

and  to  check  a im(6  /  sn ( " ) )  =  n  i n  t h i s  case .

$e ad.d.  some genera l  renarks before we deterro ine the s imple contaet

c lasses .

L e g l n g l  I f  G :  i s a c o n n e c t e d a l g e b r a i c g r o u p a n d  i : X + Y  i s

an open norphisn such that G acts equi-variantly on X and" Y, then

4

j - ' ( w ( y ) )  C  ' r { ( X ) ,  w h e r e . t ' I ( X )  a n d  W ( Y )  d e n o t e  t h e  c l o s e d  s u b s p a c e s  o f

no-n-s inp le orb i ts  o f  X and Y.

P roo f  I  The  se t  X  Vd(X)  i s  open ,  G-s tab le ,  and  con ta ins  on l y  f i n i t e

nany  o rb i t s ,  hence  i (X  -  W(X) )  i s  open ,  G-s tab le ,  and  con ta ins  on l y

f i n i t e  m a n y  o r b i t s ,  h e n c e  i ( X  -  w ( x ) )  Q  y  -  h I ( Y ) .

By  th i s  ] emrna  we  have  wu(n rp  )  €  j - 1 ( r , t r ( t t r p ) )  i r  1  <  k  and

3  i  J n ( n r p )  - +  J t ( n , p )  i s  t h e  t r u n c a t i o n  m a p .

t e m m a  2  L e t  h  =  ( h ( 1 ) r . . . r h ( ] ) ) ,  f  5  f < ,  b e  a  s e q u e n c e  o f  p o s i t i v e

,l

i
i
I
i
I
!
I

i

i n t e g e r s  a n d  l e t . I U ( n r l ) n  b e  t h e  s u b s e t  o f  a l l  j e t s  z  s u c h  t h a t ,  f o r
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the corresponding local  a lgebra Q,

Then  . IO(n rn  )n  i s  l oca l l y  c losed ,

we have

c o d i m  J n ( n r n ) "  =  e ( p  -  n  +  e ) .

F o r  x 7 Z  w e h a v e

J n ( n r p ) 1 . _ ^ " ^ )  I  0  i f f
\ v 1 t v 2 t

and cod lm Ju (n, p ) (e,l , 
"2 

)

i f  i t  i s  no t  empty ,

t

Proo f :  On ly  the  l as t  asse r t i on  nay

p roo f  f o r  i t .  t e t  A  be : the ' . subspace Ar(nrp). ,  which r*B€. consi.dered. in
"1

the last  sect ion.  Then

c o d . i m  J o ( n , n ) ( " , ,  
, . 2 )  

i  i o d i n  J r ( n r n ) " ,  c o d . i n n  ( A  n  J r ( n r p ) ( " t ,  
" r ) ) .

. .  The je ts  of  A n . f r (nrP)1 
errer)  are d.etermined by

i )  p  -  n  + .e l  quadra t i c  . f . o rms  f r ( x , . r . . . . r x " , , , )  gene ra t i ng  a  subspace

of  codimension e,  in  the space of  a l l  quadrat ic  for rns

i i )  ( p  -  o  +  e , , )  (n , -  e , r )  a rb i t ra ry  } i nea r  f o rms  u r r ( x ) .

I f  S  i s  a  vec to r  space  o f  d . imens ion  N ,  U  C  S@t  the  space  o f  a l l

r - tupe ls  spann ing  a  subspace o f  cod . imens ion_ eo ,  then
a -

-'/
4

codin U = er( r  +  .A, -  N) .  In , -o+r '6{se r  = p -  n  *  e1r

which  g ives  cod inon (A  n  . l r (n rp) ( " t r " r ) )  =  ez(p  -  r  *  ea  +  e ,  -

d i m ( n (  r ) o  /  * ( " ) t * 1  =  h ( v )

9 ; (n rP )  s tab le ,  and  fo r  k  :

ho 1ds.

1 ,  
"  

. 5 . n ,

'"*fo, ["Jl- (p:nr] r ", t ("':')

= (e . ,+er )  (p -n)+e, ,2+er (ee-  ( "J l  ,

not  be obvious,  so v /e wi l l  g ive a

u = ( " r: ' ) ,-?i},
Therefore

c o d i n  J * ( n r n ) ( " a ,  
" a )

1 en+1
e a ( p - n + e , )  +  e r ( n - n + e 1 + e 2 -  ( '  

"
( 'e,+e.)(n-n) + 

"r '  
* erler- (t l

) l
l .
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2  Z .

' ; : -
f f  e ,  s '  t  a r e  i n t e g e r s r  s  -  z t  ' t  -  t  -  a t

0 .  .  (e )  the  loca}  K-a lgebra' - s r t

."  - f*K [ [xJ l / I '

w h e r e ,  x  =  ( x 1 r . r . r { e )  a n d  I

s + l  2  , - sx 1 -  , x 2  * x , 1 r

3y  Q" ,  a (e)  we deno. te  the  a lgb

x , x ,  =  0  ( i a j ) .
r J

SropoFition 3Q If
)

d . i m ( m / n - ) = e ) 1

exact ly  one of  the

the ideal

2 s
x r  t x r ,

l, l

-  € .

d.ef ined by

generated

?
* t n 1  t ' "

s+1
x1 =

denote bY

2
and.

a - l t w e

Q i s a l

and di

a lgebras

e ) . =  e  +

(

) -  (

l
L

by

, x

, .-.

xz

l s

. l t

J : I.f .t

brd

1  Ar t i n

'^ 
/  ^3)

, ( e ) .  
l l

oca

n(m

w
D t

s

* ( j |+  s  -

i s  easy .

1 )

+ ^
t/ if,

1

0 ,

n

4

+

; ^
I d

)

=

,l

e-ff -

e ( e - t

e invar

^ 2 / ^ 3
, 2nen m

' - ' Q  t
*r* €

of  th

d im(

ttt, t

and

ian K-algebra

=  1 t  t h e n  Q

e have

such that '

is  isomorpl ic  to

- O  |  .
2 t  1  = f l

1  i f  t > 1

Now assume

I
. l

t  ! .  .  r t
:a
]

i !

:}. z
' '  

?

d.in Q- * (
D t  l ,

i ( Q " ,  r ( e )

a i r a ( A / A m ) = e

e ( Q ^  * ( e . ) )  =
i r t  v

( ; )

( ; ) -

i f  t = 1

1 i f  t > 1

Proof. l  The

d.im(n / ^2)

r f  *2e nt

l {ence there

by Nakayamas

r f  * " * 0 ,

Furthermore

ca lcu la t i on

= e ) 1  a n d

fo r  a I I  x  €

i s  a n  * 1 €  m

l ,emma.

e + 4
= 0r  then

whieh cont rad ic ts . d im(62  /  *3 )

u  q , '  u 7  2 ,

- 4

therefore mv = x1

x1

a -
Q /

-  dip

= d.im

" * o, *,,"*' = O .

din x1Q

x,'Q )

4tn(0:x, .  )



"  o r *r r e l  * 1  ,  , X Z ,  
. .  

e

0 = Q / x r Q * o . r * x

Q + Q x l
2 2 - ' >

and x.Q is raapped onto Q*t = m', hence d / xaQ F air ' / !<--<.i{,' t -

n = x1Q + xrQ +r . .+  x"Qo 
\=-

I f  t he re  i s  a  v  ]  Z  ana  x . x -  e  ru ,  bu t  no t  a l l  o f  t henn  a re  i n  ru+1
\  

l J

for  i r i  
- -  

2 ,  then we get  a  non-zero quad.rat ic  form on the vector  space

K x ,  + . . . +  K x "  b y

(xry) ---) x y mod. ru*1.

l ' Ie  can d iagonal ize. ' i t ,  hence r r re  can assume

I f  * " '  =  t  *1ur  n € Qr,  then nul t ip ly iag

hence u = s  and normal iz ing the xnr  v  =

. ( tne rank of  the quadrat ic  forn)  such that

2 s Z s Z
*Z -  Xl  1 ' . ' r  r  1* t  = *1 ,  Xv.  =

, * i * . . =  0 ' ( i f j ) ,  h e n c e  Q  i s  i s o n o r p h i c  t o  Q , , r ( e ) .

I f  a 1 I  x , x .  -  0 r  i ,  j . , ]  2 ,  t h e n  Q  i s  i s o m o r p h i c  t o  Q ^  n ( e ) .] -  J  
-  - S r - l

R - e 4 a a k :  I f  C - . ( e )  d e n o t e s  t h e  c o n t a c t  c l a s s  o f  q .  * ( e )  i n  J n ( n r P ) " ,
"  

s r E  - s r r

the  boundary  o f  C=  r (e )  cons i s t s  o f  a I ]  con tac t  c lassbs  C . ,  
U (e ) ,  

where

c r ) s  o r  c = s  a n d  B ( t o

y r o o l :  l n e  J o t  \ x l  ,  x Z  *  * 1  r o . . e X p  *  * 1  r  x g + 1  +  A  * 1  r . . r

2  \ 2  s  2  2
. . . r X r '  * ) - * 1 ,  * e + 1  1 . . . p X " ' r  * i * J ,  i < i  )  i s  c o n t a i n e d .  i n  C -  . ( " )  f o r

' i ' i ' r  
r  J  S t l '

\ r r
)  f  0  and  spec ia l i zes  to  t " rp .  f o r  )  =  0 .

I f  c r  )  s ,  p  >  t ,  cons id .e r  t he  j e t

- 1 3 -

= a i m ( Q /

i e .

b e  a  b a s e

0 .  t h e n  ae "

,  q ,+1 ? r2 s  s
\ 4 1  ' x ?  + A  * 1  *  * 1  ' o . . '

2 u z
. . . ' t  * p  *  * 1  t  * p * 1  r . . . r  * "

i s  c o n t a i n e d  t n  a " r r ( e )  i t  )  f  o  a n d

0 .

2  2  z '  t
m' + x , , ,Q)  (s ince ^ t  E *1tq € x , ,Q)

of (O r *,,  ) and consid.er

mu l t i p l i ca t i on  by  x1  y ie lds  a  su r jec t i on

" . * r e * t * 1  f o r  i t i .

by x1 ue get trt+1 = o,

2 1 . , . 1 e  w e  g e t  t 7  z  .

I o  € o

I
I| /
I
I :

I
t - -
I
I

i
i .  " -  *
i '  - . '  : -  -

t
a !

f ;;-.;. . "i" ., ".
t -

{ .
f ' r  i '<  

' ; r l  
+: l

i

l E^
i *  , - : . - . . :  ,

0 (v>t)  and

i  t  r , ,

2  t 2  s  c* t  +A  *1  *  *1  '
z cxt+ti-_.t---Tf?

' ,  
* i * j ,  i< i  ) .

s p e c i a l i z e s  t o  t o r B ( e )  f o rI t

) =

^1 r:::
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1 9  c a r '  ( e )

dirn Q", ,( 
e )

Coro l la ry  1.€

ain(ra2 / *3)

ebra

i s  a  s p e c i a S . i z a t i o n  o f

5 " * r i a t r Q o r p ( e )

c _ , ( e ) ,  t h e n ,
b i  r ,

= e * d '  h e n c e

ndeessa r i  l y ,

" 5 o .  
I f  s - ctr, then

because  o f  t n -n (q " rg ( ' e ) )  5  un -n (QorF (e ) )  we  nus t  have

s ( q s , r ( e ) )  i  a i t  e ( Q o , U ( e ) ) ,  h e n c e  t  : . U  Q ' € ' d '

Assume Q is a local l le*se{ian K-algebra and aln(m / rn 1 l

G)  =  o . .Then  Q con ta ins  an  a lgeb ra ,  i somorph ic

' ) t

to

f  (  x f  r .  .  .  f  x" )  ' ,^ / , ,  (x"2 r  " ' ,  *u t  ,  x1x1t  " "  ' ' ;  x ix"* '  x rxr r  " '

. . .  r  x r xu r . . .  r  * " -1 * " )  and '  bo th  have  the  same.  conp le t i on '

f lgggj- Q / *"n1 is isomorph-1g-, t-o. Q"rr(e), hence for any integer s the

system of equations " ')-: t '  . . i ," 
:

For s = 2e - 1 we can appl$"-. l r lewtonrs lemmat

r ,  r l - - l  - -  - -

x 1 r . . . r x "  o f  m  s u c h  t h a t  * 1 * j , +  0  f o r  i  -  2 '

r f  x . x .  *  o  fo r  some i ,  j  ]  z ,  t hen  we  wourd '
r . J

which would.  imply  *au*1 = o,  i .e .  *u*1 = 0,

x, lu, = " '

has a so lut ion modulo n

= 0
e

whi .dh. . together  wi th

-)

x -  f o f n i s  a r b a s e  o f  m .' l

hence there .6x is ts  a base

:a

h a v e  x i  x i  - -  * 1 u ,  u  €  Q * ,
.r rJ

hence a contrad. ic t ion.

*1u
s+1

t
I
I

t
{
I
I
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$  f+  Non-s imn le  con tac t  c lasses  o f J o ( n . p ) " ,  "  
]  4

Pr:oposi t ion 21 For  r< ? z  and u ]  +  we have

Jn(n,p)" ^ wn(n,n) ? { l - f" ' t l "
t  J o ( n , p ) ( " , a )

( . f ,GFTe,2) g"tn" ' thb ZarLske closure in Jn(nrp)u).

Proo f :  I t  i s  su f f i c ien t  to  p roo f  th is  fo r  k  =  2 ' .

i f  p-n

if p-n

: G ) - ,
: ' ( ; )  -  1

__--

by lenma 2r f  r - " : ( ; /  - 2 ,  t h e n  J r ( n , p ) ( u , n ) = f  r o r  q = o  a n d 1
6 .

of I 12.

Therefore we have to  show (by proposi t ion 20)  that

J r ( n , p ) ( " , q )  a  W r ( n , p )  f o r  q J 2 .

Consider the rnap

Ar (n ,p ) "  n  . " J r (n rp ) ( " rq )  -+  Grass (q ,  sz {xx , '  * . . . *  Kx " ) )  =  0

i , . r : i , . ' , , - . , r , (subspaces  o f  cod imans ion  iq - )  wh ich  assoc ia tes ,  ! ,o  z r ,  the  "ke f ,ne t  o f  tbe

nu l t i p  I i ca t i on

5 2 { r * 1  + . . . +  K x " )  ^ ( r ) 2

152 means the second.  synmetr ic  power) .

This  is  a  morphisn and.  the contact  c lasses correspond

o f  G ,

B u t  d i n G = q ( ( " 1 1 ) - e ) ,

din lPGl(91 = eZ - 1

and  the  sma l l bs t  va lue  o f  q ,  f o r  wh ich  J r (n rn ) ( " rO)  *
/ A \

q  =  n o a x  ( 0 ,  t ; )  -  ( p - n ) ) ,  i n  t h i s  c a s e  J r ( n , p ) ( u r e )  i

So  i t  i s  su f f i c i en t  t o  p rove !

t t  eo  -  max (2 ,  ( ; )  -  ( p -n ) ) ,  t hen

( * )  

" 2  
-  1 .  q o (  f ; ' )  -  q o ) ,

because then there are no open contact  c lasses,  hence

c l a s s e s ,  I f  e o  =  2 ,  t h e n  ( * )  i s  t b u e  b e c a u s e  o f  * :

?

I

, . :
t

i

to  the lPGl(e)-orb i ts  ,  '

+ '  i s
s  dense  i n  J r (n rp ) " .

no s imple contact

4 .
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?,  then we have to f r rove,  by put t lng
Assume {o  =  ( ; )  -  (p -n)  >

p-R = rr  that

rrf;') - G).
l l u  +  

" ]  
-  

"2

r l - e

J o

_ for r = Or . . :r f1f i .---=.--_.---___.-/,

noi-TG)-tt;) " _ "'
* r / t \ - r ) = i [ e +r \  I  1 2  I  

-  ) t  -  )

2
e= T *

( ; )  - ' ) -

$ - s , o
h e n c e  f ( r )  >  0  Q . e . d o  ! . r ' j ,  . . '  

' : '

F o i ' t h e  f o l l o w i n g  s e c t i o i r s  t b k e ' i n t o  c o n s i d e r a t i o n  t h a t  
' ' t  y U  J * ( n , P ) u

ds 'C., losed in r I*(nrn),  hencd;,cai l j tact c lasses which ane: Si l [F"]e in

J * ( n r n ) o ,  J * ( n , p ) r  u  J * ( n r p ) 4 ' v  J * ( n r t r ) ,  a r e  s i n p . l e  i n  J n ( n ' p ) '  t o o '

o

?
e

i f  e - 4 r
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R
V 15 Non-s inp le contact  c lasses of  J ._(n.o_)=_

The sanne calcu lat ion as in  $ 14 wi th  e = 3 y ie lds

.  : t k ,n , r ) {  3J )  u  Ju (n ,p ) ( } r+ )  t /  Jn (n ,p ) (1 ,  
i l  

u  Jn (n ,n ) ( : , e  
)

.  c  w n ( n , p ) .

H e n c e  t h e  o n l y  c a s e  1 e f t  i s  t h a t  o f  J n ( n r p ) ( 3 r Z ) ,  p  )  r .

There must  be 4 equat ions wi th  l inear  ind.epend.ent  quad.rat ic  in i t ia l  forms

i .n  x ry rz ,  hence  the  f i r s t  s tep  i s  t o  c lass i f y  J -d . i nens iona l  l i nea r

systens of  conics in  P2.  I f  the conics are g iven by 4 l inear  ind.ependent

symne t r i c  (3x j ) - rna t r i ce "  51 r52 r53 r54 ,  we  can  cons id .e r  t he  space  o f

a l l  s y m n e t r i c  ( 3 x 3 ) - m a t r i c e s  S  s a t i s f y i n g

Tr($,s) = Tr(S2s) = Tr(. frs) = Tr($Us) = o

wh ich  g i ves  a  d .ua t i t y  be tween  J -d inens iona l  sys tems  o f  con iqs  and  penc i l s

of  conics in  1P2.  Choosing a su i tab le base in  the penci l  we have 4

poss ib i l i t i es  fo r  t he  d i sc r i n inan t

det( l  S, , ,  +  fSr)  = A( l rF)  
i

o f ,  the gener ic  nember of  the conic

( r )  a ( f , r r )  =  o

(rr) a(,\ ,p) = trf
( r r r )  A( ) ,p )  =  AzF
( r v )  A ( ) , p )  = , l p ( I + r r )

To  each  roo t  o f  A ( ) rp )  a -degenera te  con ic  comespond .s ,  i , e ,  a  l i ne  pa i r

or  a  d.ouble l ine.  To a s i -mple root  there never  corresponds a d.ouble l ine

because i f  we consider  a double l ine s iven by t ,1  = 
| / ;SS ]  ,  then
I  ooo/

det(s1+)s 2)(err,.zn.r) = 12( (e,,+lsre,, ) n s?.2 ,: srer)

(u r re rLe r )  deno tes  the  eo lumns  o f  t he  un i t  na t r i x ) r  hence  )  i s  a  doub le

root .  fnd icat ing the nulber  of  double l ines comesponding to  r \  =  O we

ge t  t he  fo l l ow ing  poss ib i l i t i es

I
I
t

i - . , ,
I

I
I

:
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l l

rr,t 1

--+

\

rrr l

(The  a r row  A-+B  ind i ca tes  tha t  A  l i es  on  the  boundary  o f -B )

( 1 n c a s e I w e c o n s i d e r ( e x 2 ) ' m i n o r s ' t o o . ) / ' . \

I f  we wr i te  out  the matr ices;and change over  to  duatr  systens,  we get

t h e f o l l o w i n g p o s s i b i l i t i e s f o r t h e q u a d r a t i c i n i t i a l f o r n s :

Tz I o

I
T

I I o

I
l,

I I I o

Iv
IVo

r r " r  r r r

found 4

.  I v  ( t he  l as t
o '  o

s i rap le  con tac t  c lasses ,

Le t  C r ,  =  C  be  the  con tac t  s lass  i n  J r (n rn ' )

i f  
"Z  i - ' ( c re )  Q  €  Jn (n ,p ) , '  k  :  l )  ana

correspond. ing a lgebra,  then rov= xvQ + yvQ,

x *od *2, y ,rod t2 in such a way that xY =

coi respondtng to  l t i

i f  q  =  Q ( z )  i s  t h e

(v  =  , )  and  we  can  choose

O (cons ide r  t he  equa t ion

( r2  rw  rYz rxz )
t f l l ( * t '  Y2"2 'Y i l  l

T

- T
l( *2,r2,*r,r" ) l-t l i.*z,n2 ,r' ,*' i. lri l |

(*z+v\rz ,xy ,xz rv z)

The contact  c lasses corresponding to  Io t

co lumn)  do  no t  sp l i t  i n  Jo (n rP ) r  hence  we

and.  4 remain to  be invest igatedo

. 2  2  ?(x -+yz  , xz ry "  , z -  )



X Y = 0

I f  k =

- 1 9 -

i n  Q and use Newtonts  le rnna) .

3 ,  t h e n  Q  i s  a  s p e c i a l i z a t i o n  o f

Jru c wu(n,p)
' 2 4

and therefore a lso

i - 1 { c ,  )  g ' 8 . ( n , p }
" 1  A

( b e c a u s e  C ,  l i e s  o n  t h e  b o u n d . i,4  )s  on  the  boundary  o f  a r r ) .

So on ly  the  cases  I f , ,  and  f f f , ,  a re  le f t .

r f  z e i - 1 ( c r r a ) ,  q = q ( z ) r t h e n  * r - " u Q  r o r v ] I
Newton ls  lemma we can choose x r  y  such tha t

2
x  + y z = x z = Q

(consid.er  the equat ion zx = 0 and then the eo-uat ion z !

Hence Q is  d.ef ined.  by *2 *  yz = xz = e and.  by at  least

equat ions wi th  the in i t ia l  for ros yA and ry ,  i

I f  xy  €  r "  .  ^ " *1 ,  t hen  the  nu l t i p l i ca t i on  by  z  y ie lds

hence

xy = t, 24,- o

y2 e rb a rb*1,  thun ,  because of  yzz = -* ,v  = -x t  _z
-  Or  hence  b  =  B r  y2  =  t r za .We.caa  a lways  no rna l i ze

0 or 1 and t1 = 0 or 1. Thus r*e get that Q

fo l lor , r ing a lgebras K[ [xry  ,zJJ /  I

q" roro ,  r  = . (x2+y  z rxzrxyrv2r  , ^ *1)  ,

q " r o r l l  r  =  ( x 2 + Y ' ' * ' ' Y 2 1 ' a , x x ) ,  a

Q " r r r o ,  r  =  ( x 2 + y z r p z r y 2 r x y f z a ) ,  a

qar l r l s  r  =  (xz+yzrxzr *y* r " ry t+za)  
r  &

K[ [x ry  rz )J  /  ( *v r r2 - t ,o*3- t ry3r * r -+ ,2v t rvz - t rx l )  +  (x ry ,  , )4  .

I f  to ,  tZ ,  t3  -  O,  th is  a lgebra  is  i somorph ic  to

Qt = K[[x,  y,zJ7 /  (*yrrz-*3-tyS rxz-. '3r .y?-xJ).one easi iy

Q*i  r  Qte i f f  t l  = tz,  th is meanss

checks that

,  and us ing

+ x 2 = g ) .

two further

* t * 1 = " " * 1 q = 0 ,

* - o r w e g e t

in such a way

is  isonorphic  to

I f

b+1
z

that

one

t =
o

of  the

? z

? 3

7 3

- 3



Qura,a  is  l sonorPh ic  to

a ie  a l l  o f  d imens ion

g ( Q " r o r o )  = t a  +  B

, g ( Q . r o r 1 )  
=  u  n

g ( Q a r l r g )  =  r  n

( t y  a i rec t  ba l cu la t i on ) .

'SiniTdr1y"we treat the case

that

X z =

e

and i f  n*  *  0 ,

2
x =

but  because o f

Q t  =  K [ [ x 1 J r z 7 ]

n l*  a r o

Q l ^  4
.  s a t  I

8 r-  4 t z

I ience we go t

Proposi t ion 22: Jn(n,p)]  ^ l , i r (nrp;e 
. . : ryt  

t . ,

(c losure  in  Jo(nr l  ) r )  ro r  r . . ]  I  and '  the  contac t

Jo(nrn), r  ( in%l U .r; '*1r"r) are siven

I i s t

Tab le  2 :

But

They

- 2 0 -

t t ^  n  4 .4 r v ,  ,

+ 4  a n d

I I I 1 .  By  us lng  Newton rs lemna we nay asswne

6

8

y z . =  O

r"*1 = o,  wei .ge. t  4  cases

tr r^ ,  y? '= l1r^ ,  ,u*1 = o,  tor t l

synmet ry  w i th r resPec t  t o  x rY  we

/  I  o f  d i n a e n s i o n  a + 4

:  r  =  ( x y r y z  , * 2 r y 2 r ^ a + 1 ' ,  a

: r = ( x z r y z r * z r y 2 * r ^ )  a

:  r  =  ( xz ryz r *2 * r ^ ,  y7 * ru )  a

' : .  . ,

E  F n  a ls  t v r r J  r

get  for  eaeh a J  a lgebras

Z z , . s ( q ) = a + ?

Z l r s ( q ) = a + 6
' - 3 , s ( Q ) = a + 5 o

r  / *  * \u k \ r r r  r  t  ( 1 r 1 )

c l a s s e s  o f  
.

by  t he  fo l l ow ing

Generators of I a:.m(Q) s(a) i ( q )

c * n 1 ( ] )

c  ^ ( l )
s . t  I

c " r 3 ( l )

s + 1  2 2
. x - -  r v  , z  r y z r x z r x y

1 5 1y  +x  ,z  ,yz rxzrxy
2 s ? sy  + x -  r z  + x  r y z r x z r x y

s+J

s+t

s+3

s+8

s+6

.  s+5

2

I

5 = 1 1 . . .  1 k

g = 2 r . . .  r k
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Generators of  I a im(Q)

14

9

B

?

a+B

a+U

a+6

a+7

a+5

a+5

1

1

1

1

2

1

,l

2

1

1

a=2r-.---rJc

g = J ,  .  .  . 1 k

a = 2  1 . . . ; k

a = J 1 . . ' 1 k

6

6

6

5

a+rr

a+4

a+4

a+4

a+4

a+4

2 2 2
x  r V  , z  t Y z

?  2 ?
x  * y z r x z r v  , z '

2 2 2
x  rs  ,z  ,xz+yz

2 2 2
x +y  +z  rxy rxzryz
.2 2 a+1

x  + y z r x z r x y  t l  . t z

2 a z
x  + y z r x z r x y + z  r v

2 2 a
x '+yz ,  xz r  xY  tY  +z

2 2 a + 1
x z r y z r X  r v  , z

2 2  a
xzryzrxry  +z

2 a 2 d
xzryzrx +z tY *z

ro

c__
r ro

c r r r o '
(1

"rvo

qa ,  o ro
qar  l ,  o
qa,  

o ,  1
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$ -  16  Non-s imp le  con tac t  c lasses  i . . +  Jn (n 'p )u  '  u  1  2

JO(nr f  )O is  an open orb i t  and . fn(nrn )1 consis ts  of  f  in i te  many s imple

o r b i t s .  I t  r e m a i n s  t o  i n v e s t ' i g a t e  J n ( n , n ) 1 z r z )  a n d  J n ( n ,  P ) ( z r 3 ) '

r f  z € J - ( n  t  ^  A
)  t P t ( 2 1  J r u ) ' '  " r ( n '  p ) z ' '  t h e n  i t - i s r u P  t o  c o n t a c t  e q u i v a l e n c e t

un ique ly  de te rm ined  by  the  nnu l t i p l i ca1 ion  S l ( f *  +  Ky ) - -+  n (z )1 '  Hence

associat ing the kernel  o f  th is  mul t ip l icat ion Lo z  we get  a  morphism

Z
i 'd x ( n r ' p ) ( z r J r u ) ^  A r ( n , l ) ,  - 1  G r a s s ( v r  s ' ( K x  +  K y ) ) '

and the contact  c , Iasses correspond to the_Pgl(2 i -orb i ts .

Because  o f  d imPGL(? )  =  3 ,  d in  Grass (v ,  SJ ( tCx  +  Ky ) )  =  v (4  -  v )  t he re

a re  no  open  con tac t  c lasses  and  hence  no  s inp le  con tac t  c lasses  i n

J r ( n , p ) C z ,  
3 r z ) ,  

i . e .  l f n ( n , p )  ' J  J n ( n r p ) ( ? ,  
l r z )  

u  ; o ( n ' n ) ( 2 r l i l )  u

J n ( n :  p ) ( z 1 3 r 4 )  C r .  ]  r ) .  J r ( n r p ) ( 2 , J , 0 ) t o * " i s t s  o f  ' : e x a c t r !  o n e  o r b i t

co r respond ing  to  the  a lgeb ra  Q  =  K [ [ x ,  f l ]  /  ( * , y ) J ,  wh ich  does  no t  sp l i t

.  i n  J O ( n r p ) ,  f  4  3 ,  h e n c e  i t  i s  a  s i n 6 , 1 e  o r b i t  i n  J O ( n r  n ) ( r r t ) ,

J r (n rp )1  Z rS . r l l cons i s t s  
o f  exac t l y  J  o rb i t s  co r respon< i i ng  to

Z-6 inensional  f inear  systerns of  d .egr  ee 3 ot  rP11 i .  e .  to  morphisns

4 )
F ' -+  lP -  g i ven .bY  I  cub i c  fo rns .

Case  1  ( f i xed  conponen t )

c (o )  :  Q  =  K [ [ x r  i l 7  /  ( *2v ,  * v2 rv3 )  * '  ( *4 )  '  '

Case 2 (no f ixed conponent ,  the image of  P l  in  F2 hu ' " -a cusp)

Case 3

g r ( 0 ) :  Q  =  K l t x r v ' ] l  /  ( * 3 , v 3 , x v 2 ) ,  d i m ( Q )  =  ? ,  e ( Q )  =  1 Q

(no f ixed component,  the i .mage of  t r1 in p2 has a no<le)

6r r (0 )  :  q  :  K [ [x  ry ) )  /  ( *y2 ,  *2yr *3*y31,  d i rn (Q)  =  ? ,  e (Q)  =  g .

Tbe  c lasses  co r respond ing  to  case  2  and  J  do  no t  sp l i t  i n  JO(n rp )  and '

the  con tac t  c lass  co r respond . ing  to  case  1  sp l i t s  i n  Jn (n rp ) ,  U '  Z  3 ,

i n to  f i n i t e  many  c lasses  co r respond ing  to  c (ObQ =  K [ [ x ry ) f  /

( * t * 1 r * 2 y , * y ' r y 3 ) ,  a = h . . . ' k ;  d i m Q = a  + 4 ,  g ( Q )  = a + B .
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l i o w  w e  c o n s j - d e r  c o n t a c t  c . l a s s e s  i n  J O ( n r p )  ( r r Z ) ,  I f  k  =  2 ,

then one quadra t ic  fo rm in  x ry  must  van lsh ,  i .  € .  fo r  a

s u i t a b l e  c h o i c e  o f  c o o r d i n a t e s  x r y :  l f  Q  =  Q ( z ) ,  z  €  J t ( n r p )  ( Z r Z )

e l ther  xy  e  mi  o r  y2  e  m3 .

In  the  f i rs t  ease we can use l {ewton 's  lemma (c f .  t t t l l  fo r

the equat ion XY = O and. we infere,  that  X,y can be choosen

in such a way that xy= 0.  Hence we get up to lsonorphism

the fol lorv ing algebras:

c ( 1 ) u , " :  a = K f l x r v ] l t ( * v r * t - v " )  c ) a ] 2

c ( 2 ) & , c i  a = x [ [ * , v ] 7 t ( * v , * " * 1  , v " * 1  )  c - ' a > * 2

. Now j . f  y2 e *e ,  then mv+1 = */  and dim(o:x) = aim(Q/xQ) = 2.

Let  eQo*t  {  0  ,  but ,  *Q"  = O,  then Q ie  a  quot ient  o f

Q(a ,c )  =  K f f x r v ) l t ( y2 - t ^ , xcy r=c+1  )  l 4  a  4c+1

I te consid.er the fo l lowing cases!

'  c a s e  ( i ) :  h  =  ( 2 r . , .  s 2 )  a n d  c  r '  2 ;  1 . e .  d i m ( r c )  =  2 .

Then r,ve have

c ( 3 ) * r . :  Q . =  Q ( a " c )  3 z  a 1  c + l

" ' r '  c a s g ( i i ) :  I a  ' ' ( Z ' i , . . ' e l r 1 )  a n d  c Z  j ;  i . e .  
' d i m ( m c ) " =  

1 ,

b u t  d i m ( m c - t  / ^ " )  = '  2 ,

0 f  cou rse  we  have  a  =  Q (a , c ) / ( f ) ,  t  a  *3 r "  =  Kxo  + 'Kxc - l y .

S u p p o s e  f  = " * " + t x c - . 1 y  a n d ,  s #  o  a n d  t  l . o
'  Us ing  the  fo l low ing  subedtu t ions  we ge t  t  =  o  o r  s .=  o !

1st  stepi  x != r  -  
"$t  

,  then a = Kf [x,  v ] I  / {v2-x461***-1x€2,xc)

gi are unltes from X[fxl l  .

2nd stepi  y := y - t*u-1€ 
z,  then Q = K[xry]J /$2-* 'erxc)  ,

€ a uni te _.

3"d  s tep :  x  ts  *1  ,  , l  a  su i tab le  un i te .

I {ence we have the fol lowing algebras:  '

c ( 4 ) 8 , c 3  a  =  x f t x , y l J / * Z - * u , x c )  i l a L c .

c ( 5 ) " , " :  a  =  r [ [ * , v ] l t ( y 2 - * ^ , * " - 1 y r * " * 1  )  I ' L  o r c  i  a 4  c + 1
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c a s e  ( l i i ) : '  h  =  ( 2 ' . .  .  r 2 r 1  , 1 )  a R d  
"  

>  + i  i  1 ' e '

din(rnc-Z 6c-1 ) = Z and. dim(mc-1 /*") : dim (*") = 1.

!x/e have again a = Q(a,  c) / ( t )  ,  but  t  G - : ; l  -  t3,"

*:-1 = Kxc-1 + Kxc f, Kr."-2y + Kxc-1y. If we bssume
'a t  v 

*"-1 = ,*a + t*"-2y +u""-1y r  w€ get

* t - ]  ( r  sx -uy)  = t*"-2y

*"-1 = txc-2y(1 + sx + uy) = txc-zy + stxc-1y

* " -1  (1  e t y )  !E  t * " -2Y

.  * " -1  = (1  + s ty) txc-Ay = t * "4y .

But then rve obtain the relat ion

*" = t*t-1y = ,2*c-2r2 = r2*c-2+a ,, .  h"*. '

: *" = 0 and T"-1y = O , which i9 a cQ.ntrad'tction

because of  * t  /  o '

Therefore there remaj-ns only the case

*"-zy = 
"*c 

+ txc-1y

* " ' 2 y ( 1  - t x )  =  
" " '

* " -2y = 
"* " (1  

+ tx)  =  *xc

I f  s =  o  w e g e t  

c " - Z y r * " n 1  )c ( 6 )  & r e i  a  =  K I x , y l  / ( y ? - * u r * " - Z y r * " n 1  )
'  

3 2  & r  4 L c ,  a r t l c Y a

( for a = 3 x"*1G W' '*30*"-2Y) ')

rf, s * 0 and. a = 3*)o" s = 4 the following transformation

. t t l +  \  .v c \ u / .  Q t  =  K f  x r y l ]  / $ 2 - * 4 r * " - 2 y - t " " ' * t * 1  )  . c )  5

are not simple, because @t g Qf i f f .  'b2 = t '2 '

A l l  Other  contact  c lasses are conta ined in  the c losure of

't
i.

i

reduses A to the case s = 0:

y : =  Y  +  u * 2  ;  x  : =  x €  ,  t '  a . u n t t e '

If  6 # 0 and. 4 = a ( c the contast cLasses

+) for  a = 3 the t ransformat ion has the form

x ls  x+ i  y ,  
" ; ;= " ; ; ; ; ?n  

t ' * ,  AeK '  E ' l n l ( i [ 4n
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U
t

cl ( t  )  !

J o ( n ' F )  q  z e , .  r z 1 1  , 1 ) =  
c ( 5 ) 3 r c  u

S lnce  e (Qt )  =  2c  +  2  we  ge t  cod im(

lr5rposit lon 23:

V  
c f ( t ) ) ;  c > 5 .

c ; ( t ) )  =  B ( n - p ) + 1 ' t  .

i - 1  (  u  c l ( t ) )
t J

(

v
t

The contact  c lasses of  i l re cor:plement of  \ r fU(nrp) fn

JO(nrP)2  are  g lven by  the  fo t low ing  l i s t ,

Ju(n,p)2 4 vrr(n,pl  = . , f f i f r  er j ,z)U
(  c losure  in  Ju(n ,p)e  )  fo r  k  >  5 .

e+2

s+2

a+4

7

7

a+e

a+e+1

2 e + 1

2 c

2 c

2 c - 1

"l

t-=--___

c o d i m ( J u ( n , P ) 2  A  t t o ( n r t r )  )  =  c o d . i m  J o ( n r p )  ( Z  , 3 1 2 )  
=  T ( p - n ) + 1 o .

s+2

s+3

a+8

1 0

9

. * " - )

a+c+2

2c+a
\

2c+a-2x )

2c+a-1

2c

a+5

x) not for al l  values of char'K

re ! ]e  3 :

G e n e r a t o r s o f  r  I  a i m ( Q ) l  e ( q )  [ i ( A )

c  r  r 2 ( z )

c r r l  ( 2 )

c  ( o ) a

c ' ( o )
c " ( o )

c ( 1  ) " ,  
"

c ( r ) r , "

c ( 3 ) a , c

c ( 4 ) a ,  c

c ( 5 ) a , c

c ( 5 ) 3 ,  c

c ( G ) r , 4

ry, y2+xs

xY rY?r= t *1

*a+1 ,*2y r*y? ry3

*3 ,Y3 rryZ

*3*y)  rw7 rx2y,

xY, xa-yc

xxrxe*1 ,y"*1 '

y2 -*u, xcy, *t*1

y2-*", =c

y2-*2r*" -1yr*"*1

'2 
_*3 ,*"-zy

y2-*4.  *2y.  *5

o

1

2

1

1

0

1

1

o

1

0

1

s )  2

s )  1

a > -  z

c > . a > 2

s ) - a ) 2

3 L a l c +

3 4 a 1 e

3 * a 4 c +
3  a c

c L 4

g =  4 r 5
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$ 1? TlLe c .gdimsns: ion of -WO(n'P)

In each 'Jn(nrp)"  we have now determined a Q(nrp)-s tabLe 
subset  r *h ich con-

s is ts  of  non-s imple orb i ts  on ly  and whose complenent  conta ins only  f in i te

nany  o rb i t s .  The re fo re  the  un ion  o f  t hese  se ts  i s  dense  i n  WO(n tn )  and

we  can  use  i t  f o r  compu t ing  the  cod imens ion  o f  WO(n rP) .

F o r  
" S f w e g o t t h e  

e m p t y  s e t ,  f o r  e = 2  w e g o t a s e t o f  c o d i m e n s i o n

- f i f f f f )4g ,  ; ,  e  =  3  we go t  the  se ts  J -1 tc r r )U Ju(nrn)1 ,131 (where

CI^  was  the  con tac t  c lass  i n  J r (n rp )  g i ven  by  q  =  K [ [ x ' y } i  /

L ^ 2 7

(  u2 rxv rvz  r * r r * t r "3 ) )  wh ich  a re  o f  cod imens ion  6 (p -n )+11  and

${p-n)+9 respect ive lyr  and.  for  u  J  4 we got  the Eet  JO(nrn)"  i f

f ; )  
3  p -n+Z  and  rn (n ip ) (u ,e )  t t  ( ; )  5  p -n+1 ,  hence  to :  cod i rnens ion

o f  t h i s  se t  i s

e(p-n+e ) i r  p - n  5 ( A  - 2

D  . a  t -

(e+2) (p-n)  *  
" '  

+  2 t2 - (3 ) )  =  (e+2) (p-n)  +  e  +  4

i r  p - n :  ( 9  - 2 .
<l

fhe codinnension of  Wn(nrp)  is  the n in inum of  a l l  these in tegers t  that

is  why the resul t  is

P ropos i t i on  24

c o d i m W o ( n r p ) = 6 ( P - n ) + 9 ,  P - " 3 1  
'
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0  18  S tab le  equ iva lencg  c lasses  i n  t he  n i ce  range

The n ice rar lge is  character ized by , r  5  6qp-n;*B or  n  i  6(p-n)+f ,

p - r ,  -  4 .  l t e  have  Wn(n ,p )  g  vn (n rp )  c  i l n (n ,p )  i n  t h i s  range  by

p ropos i t i on  19 .Thus1  a  con tac t  c lass  no t  con ta ined .  i n  I I n (n ,p )  mus t  be

s imple.  I f  i t  is  represented.  by an a lgebra Q,  we must  have
\ \

? ( p - n ) + B  i  p  1 r o _ r , ( Q )  =  d i m  ( q )  ( p - n )  +  e ( Q )

and i (q)  5 n-n. ' -

( *  )

I f  we  wan t  t o  de te rm ine  a } l  o f  t hese  a lgeb ras ,  we  can  use  the  resu l t s  o f

the  p receed . ing  sec t i onsc

For  a : .n  (Q)  5  6  the  i nequa l i t y  ( * )  y i e lds  no  res t r i c t i on ,  bu t  we  mus t

have e j  5  ar ra we can use proposi t ion 20 and 22 to  determine a l l  o f  these

con tac t  c lasses .  Fo r  e  =  2 , .  t he  H i l be r t - f unc t i on  o f  t he  co r respond . ing

a l g e b r a  m u s t  b e  o n e  o f  t h e  f o l l o w i n g  s e q u e n c e s  h  =  ( h ( 1 ) r h ( z ) r . . , )

( z 1 3 r Q ) ,  ( 2 r 2 r 1 ) ,  ( 2 r 1 ; 1 r 1 ) ,  ( ? , 2 r 0 ) ,  (  2 r 1 , 1 ) ,  ( 2 r l r O ) ,  a n d  (  2 1 Q ) t

f o r  e  =  J  w e  h a v e  t h e  p o s s i b i l i t i e s  ( J 1 2 , o ) t  ( 3 1 1 , 1 ) ,  ( J 1 1 1 0 ) t  ( J r 0 s 0 )  r

a n d  f o r  e  =  4  w e  h a v e  t h s . . p o s s i b i l i t i e s  ( 4 , 1 )  a n a  ( 4 r 0 ) .

Fo r  d in  (Q)  =  ?  the . i nequa l i t y  ( * )  y i e l< i s  t he  res t r i c t i on  s (Q)  i  B  and

by proposi t ion 20 we in fere that  in  th is  case we have *  5  1 . "  
"

neeessa ry  cond i t i on .  Fo r  t he  H i l be r t - f unc t i on  we  have ,  i f  e '=  2 ,  t he

p o s s i b i t i t i e s  ( 2 r J 1 1 ) ,  ( 2 , 2 r 2 ) ,  ( 2 1 2 1 1 r 1 ) r . a n d  ( 2 ,  1 r 1 r 1 1 1 ) ,  a n d  i f

e  =  3 ,  ( 3 r z r 1 )  a n d  ( j r 1 r 1 r 1 ) .

Fo r  a in  (Q)  )  ?  we  ge t  t he  res t r i c t i on

(a in  (Q)  -  ? ) r (q )  +  s (q )  5  g ,

Check ing  the  l i s t  in  p ropos i t ion  20 ,  22 ,  and,  2J  we ge t  as  a  necessary

c o n d i t i o n  t S  2 .  B y  i n s p e c t i n g  t h e  I i s t  o f  t h e  a l g e b r a s . o f  p r o p o s i t i o n

2 l  w i t h  H i l b e r t - f u n c t i o n  ( 2 r 2 1 1 1 1 r 1 r . . . )  a n d  ( ? r 2 r 2 r 1 1 1 r , . , )  w e  s e e . .

t h a t  n o n e  o f  t h e s e  a l g e b r a s  s a t i s f i e s  t h i s  r e s t r i c t i o n  .  H e n c e  f o r

e  =  2  t h e  H i l b e r t - f u n c t i o n  m u s t '  b e  o n e  o f  t h e  f o l l o w i n g
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t 6  ' )  2 r 1 t O )  o r  ( 2 r 4 1 1 1 1 1 1 ,  1 1 . .  o  ) .\ l t e t C ' 1  l 1 L , l t  t J L -  \ 4 t  I t  r t  I t  r t  ' r t ' o t '

Thelresul t tng contact  c lasses are g iven in  the fo l lowing th-eoren '

. ? - - > r ,
Theoren :  I n  t he  n i ce  ra tge ,  n  -=  6 (p -n )+B  o r  n  I5 (p -n )+? ,  p -n  

- -  4 t

the fo l lor . r ing algebras descr ibed by the ldeal  of  re lat ions can appear

as  f ib res  o f  s tab le  mbpp ing  gerns  (A4ro)* - l (Apro) l

(1 )  I f  p  )  n ,  a l l  a lgeb ras  o f  t ab le  1

(A)  . . I f  p  = t r r  there can appear  those 1$ra lg.ebras of  tab le l  for

wh ich  i (Q)  =  O  and  s t i l l  t he  fo l l ow ing  4  a lgeb ras :

l

t

,i
, i

{

f l i  Ibert-sequence Generators of I ain(Q) s(a) i ( q )

( 1 r . r . r 1 r o )

( 2 1 1 1 1 1 1 r 1 r 1 r 0 )

i

( 2 r Z i 1 r 1 r 1 r O )

( z 1 2 r 2 r 1 r o )

I
; q
* '
'' 2  

6y +x ,xy

"y, 
*5*ya

'  4 4
xy rx  +y

9

R

d

B

8

8

B

B

0

o

0

0

.:ei
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$  1B  App l l ca t i on  to  Eener i c  p ro .Jec t i ons

} l le  cons ider  snooth  pro jec t i ve  var ie t ies

p  +  1  f o r n s  o f  t h e  s a n e  d . e g r e e  d ,  L ? ^ r . .
.  l u

map

of d.irnension ,n and

t h e n  w e  g e t  a ' r a t i o n a l

v a t r N

. '  ( p ,

Y  =  ( ? o !  . . .  :  f o )  :  v  - - +  f .

I f  p  >  n  and  
fo r . . . ,  ( p  a re  su f f i c i en t l y  genera l ,  t t r i n . {  : l s  a . f i n i t e

- b i r a t i o n a 1 n r o r p h i s m , h e n c e . v - . + q ( v ) i s a n o r m a I i z a t i o n m a p : - ' . . . . . -
I .-_.==-_-=

We want to show

Theorem.  I f  ( p rp -n )  i s  i n  t he  n i ce  range ,  t he re  ex i s t s  a  nonempty

Zar i sk i  open  subse t  u  o f  Grass  (n ,  lS rCa l ' l  ) ,  d  >  p ,  such  tha t  f o r .  each

A e U the corresponding nap Qn z V- tPP has the fo l lowing proper t ies^  
f  

r .  t  - r  -

( l )  qn  is  a  f in i te  b i ra t iona l  morph ism.

( 2 )  F o r  e a c h  x  €  V  t h e  g e r m  y n ,  ( v , x )  * ( t r P ,  
1 k ) )  

i s  s t a b t e

(hence up to '  equiva lence there are only  48 of  such genms),

3)  The branche's  of  .  t /  are cross ing normal ly .

. : : r  By  cond i t i on  ( J )  r *e lnean  the  fo l l ow ing  p rbpe r t y r

:  , . * l re t .  VJ-+W be a.yno ' r ,  'h i "sm.,of  snooth var ie . t i .es,  then xar . r . .  rxr -  a  { :1(v)

. .  ̂  and ,  % :  ( v rx r ) - -+ (Wry )  t he  ge r ra  i nduced  by  V  c
l 3

Consider i ;he map T(c/ r )  I  UUr* i  -+ (? i  0W)*1 and the natura l  rnap

j r o } { , y * ( { i ew)*i

be the subspaceThen le t  T.  c  Ty(w)

i -1( t (y i )  ( tv ,*r )  *  ^r( r (*  O,, , r )* i  )  /  * rn*, ,

r r  
"  

* * ,  , ( ( )  ( rx .  (v ) )  c  ry(w)  .

w" 
"aytirat 

the branches of 
. 

,f *r" ""o"slng

|  * t , . . . , x ,  
]  c  

{ ' f t )  
c o d i n  (  

i { r  T i  )  =

c o d i m e n s i o n  i n  T y ( W ) )  h o l d s .  I f  p  -  d i n  ( W )  >

, .  - 1 r . (  P
+,g- ' (v )  - -  - I -  and rnoreover ,  i f  a l i  

Y .  
a re

normally
i f  for  any f in i te set
r

. L ^  c o d i n  T .  (  t t r e
I = - t  ] .

n  = . d i n  ( V ) ,  t h i s  i m p l i e s

s t a b l e ,  t h i s  i r n p l i e s
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d . i ro  Q tg l5  ph .

where  q  ( f )  i s  t he  semi loca l  a lgeb ra

( r ( . A i v /  * r ( Y * o u ) ,  o  
*  r ,

For the proof observe d"in T., 5 n, hence p ? coai* ( i€f Tr) =

, i. "ouin r, 
? '9d',

t r  F '  '  

t /

stable,  lhen46e shows

E6-d property 3)

hence 
" 

: 
5$ '  Furthermore' i f  each f i  i"

by us ing t f re  character izat ion of  s tab le mapping

and  by  rep lac ing  V  bY  SPec  (U l , r ) ,  W bY

g *  e w  =  K P  +  t (  f )  
( o v )  +  n r ( f n  0 w ) .  .  : ' i ' :

As in . the case of  mapping ge5ms we get  f ron th is ' " ; ;  {p1n$! t  A( f  )  5  p,

l rx*spec(@ f , r )  
=  l l  spec (U 

* , * r )  t i ra t :

hence

d"im Q( y ) -.P- .p-n

As in  the case of  napping germs one a lso gets  that

co inc id.es wi th  equiva lence;  hence we have

Corol la . ry .  f f  (prP-n)  is  in  the n ice range and A

singular i t ies of  , /4  (V)  are up to  eta l  equiva lence

by the Ar t in ian a lgebras

%(fn  )  =  (Yn*0  i v  /  * r ( f  *  ou )  o

I f  p  )  2n,  a fn is  a  c losed embedding '

con tac t  . equ iva lence

e U.r :  then the

unlquely d.etermined'

*
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$rg  t i r u  j e t  bund le

We wan t  t o  g i ve  an  a lgeb ra i c  cons t ruc t i on  o f  a  bund le  Jk (V rW)  - -+V  /  1 { ,

where  V ,  W a re  smoo th  a lgeb ra i c  va r ie t i es  such  tha t  t he  f i b re  ove r

(x ry )  e  
,u  "  

*  i s  t he  va r ie t y  o l  n - i e t s  Jn ( ( v rx ) ,  (Wry ) )  and  such  tha t

any morphism c l  z  V ' -+W ind.uces 'a V-norphisn

.  f  . ai o ( f ) :  v + J k ( v ' w )

w h i c h  a s s o c i a t e s  t h e  k - j e t  o f  9  :  ( V r x ) ' * ( W ' f  ( x ) )  t o  x  €  V .  M o r e

genera l l y ,  le t  T  be  a  scheme and V 5  T ,  W - ->  T  be  T-schemes.  We want  to

show tha t  the  co func tor  on  the  ca tegory  o f  Vx ,nW-schemes wh ich  assoc ia tes

v*rr*)lt1r/ u = y  l

t
{
s

i

i
i

I
I
i'
i -
4
t '

I
I

!

l'
3
t .

l,
i
,l
I
a ,
J
I
I :

for each x G V t h e

(u,here we eonsider  v  as a vx*w-scheme.by y  ( id '  Y )  o  vx*w) which g ives

k - - j e t  i r . ( f  )  e  Jk ( (v t ' x ) l ( t r '  . p (x ) ) ) .  k '  >  k

k,  
(v /T) ,  hence by rest r ic t ion r+e a lso get  a  natura l

assoc ia tes  to  each  k t - i e !  t he  co r respond ing  k - j e t '

o f  JO is  a ionsequence of  the fo l lowing lemna

w e  h a v e  A .  ( v / r )  A
K

t ransformat ion which

The representabi l i tY

to  each 9o  :  U+VxrW the  se t

J.  (U) =
. K

i s  r e p r e s e n t a b l e ,

{+ " 
ttomu(ao(v/T)xuu,

Here A 
k 

(V/T)  denotes the k th in f in i tes ina l  ne ighbourhood of ,  the

d iagona l  A  6  U* *U ,  i . e .  i f  A  i s  de f i ned  by  the  shea f ,o f  i d ' ea l s

21 a QU*U, then Ak(V/T)  is  aet ined by the sheaf  6k+1.  We ident i fy

V w i t h  A C  \ ( V / f ) ,  
t h e n  A O ( V / T ) x U U r A x U U = U .  A n x v l , { ,  i s  t h e p u l l

back  w i th  resp .  t o  t he  f i r s t  p ro jec t i on  Ak*  V .  I f  espec ia l t y  U  ->Vx rH '

fac to rs  th rough  a  po in t  ( * r y ) ' €  Vx rW ove r  t  e  \ ,  t hen  we  ge t ,  becausd

or nn(v/r)xu {  (* ,v) J = (vt ,x)u x {rJ t"nur" (vt ,x)k = spec(Qvrl* /* l*1))

( Ju ) ( * , r r (u )  =  { !  n  t t om( (x t , * ) k  *  u ,Y t ) i  V  ( [ * ] '  u )  =  { v l  }

f o r  t h e  f i b r e  ( t u ) ( " , y )  o v e r  ( * , y ) ,  h e n c e  ( J n ) ( * , v )  =  J 1 ( ( x r , x ) t r ,  ( Y t , y ) k ) '

I f  {  |  V+1{  is  a  T-raorphism, we get  a  V-raorphisn

3s( f  )  =  ! "P tz :  An(v / r )xuv  =  Ak(v / r )  
n t t  

ov  t  x
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appt ied to  Wr = WxTV, Vr  = A*(V/T)  under  the condi t lon that  V ls  smooth

ove r  T  (hence  Ak (v /T )  
P "1  t  v  i s  f l a t  and  p roJec t i ve )  and -

W-> T is  smooth and quasi -pro ject ive '

Lemma. Let  V be a noether ian seherne,  Vr  -+ V a f1at ,  pro ject ive norphisn,

Sl  . ; : -+  V  a  f la t  quas i -p ro jec t i ve  morph isn .  Then the  co func tor  on  the

ca iegory  o f  V-schemes l

t t  F--+,Homu(Vt*uU, Wf ) ,

is  representable by a V-scheme J -+ V and a universal  V-morphism
U

VtxUT -J-+ Yr .  The connected.  cornponents of  M are guasi -pro iect ive over

V;  i f  Vf  is  f in i te ,  gver  V,  then J is  quasi -pro ject ive over  V.  Fur ther-

no re ,  ( J ,  L l  )  has  the  fo l l ow ing 'p rope r t i es t

(1) For each norphisn f,"-t V the couple (Vxu"l, i*u{ ) is a

representat ion of  the cofuncior  ( i  - t  f )  , - t  Honu(dt*ut ,b

-N N ^ t  ^ r -
( v t  = v r \ v r w t  = ' d t * u u ) .

( 2 )  I f  l l t f  c  $ r  i s  a n  o p e n  s u b s c h e n e  a n c i  J r r  =  J r ,  n b C V - t ( " t r r r { r t ) ) r

t h e n  ( ; t t t r 9 / V t * v J t t )  i s  a  r e p r e s e n t a t i o n  o f  c o f u n c t o r  ( U - + V ) | - }

Homo(VrxoUrWt  t  ) .

3 )  I f  V t  + , ,V  has  a  sec t i on  d ,  t hen  J  has  a  na tu ra l  s t ruc tu re

as  a  l f f - scheme desc r ibed  by  p  and  g i ven  as  fo l l ows :

- - - - /  
(  o 'P ' '  id)

v l x r r J - v  > i y ,' r /

L / r '
t"/

I f  fur thermore Vr  -  V is  f in i te ,  then " f  
- -4  Wt is  a f f ine.

Rema{k_:  In  our  appl icat ion the sect ion a wi l l  be the d. iagona}  embedding"

Proo f  o f  S l re  l eg .ma :  Le t  Wf  C  f r  be  a  p ro jdc t i ve  c losu re  o f  Wr  ove r

T ,  t hen  $on ' (V txUUrWt  )  c  i t o rS (v rx 'U r i l t *Uur .  . I t  i s  we l l  known  tha t  t h i s

funetor (u +v) t_.*uomu(vtxuUri , r r*vu) iu representable by a v-scheme
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H ^ -  l r r r  i i r  \  / -
3 !E t1 ; \  v  1 r  z  rd  subscheme o f  t he  H i l be r t  scheme o f  V tx , ,Wt  ove r  V )' Y

(see[ feA]  )  and a universal  morphism VrxUHomU(Vr r f r  )  J l r  q txVHo4V(Vr r f r r  ) .

f f  F = t r - W t  a n d . i f  M c H c " r ' l t r i ' \  l4 U ( V ' r W t )  d e n o t e s  t h e  i m a g e  o f

- - 1  . -  r - -
V ( . ! ' x \ rHomr r t y r r f r r  ) )  S
I  V - V

Vt xul loev(Yr ,f  r )
I

J p r
Ho* r r (V r  r f r  ) ,

t h e n  M  i s ' c l o s o d .  i n  I { o + r U ( V r r f r r ) ,  h e n c e  J  =  @ V ( V r r f r r )  \  M  i s  a n  o p e n

subscheme of Eseutvt rfr ' t ), and y /. vrxul factors through wrxuJr hence

y ie lds  a  J -morph i .sn

V :  V f  xuJ  *  Wt \J

such  tha t  - ( J r , { )  rep resen ts  the  func to r  wh ich  we  cons ide r .  The  rena in ing

asser t ion of  the lenna immed, ia te ly  fo l lows f rorn the proper t ies of  the

Hi lber t  schene or  d. i rect ly  by the construct ion ,  except  perhaps the last

asse r t i on .

To prove that  J- )VxrU is  an af f ine norphism i f  Vt - - rV is  f in i te  and

has  a  sec t i on  o rwe  w i l l  desc r ibe  the  cons t ruc t i on  exp l i c i t e l y  i n  t he

fo l lowing two remarks

( i )  Assume Vr  V r ,  W. t  a re  a f f i ne  w i th  coo rd " ina te  r i ngs  l ' ( v )  c  l t ( v t ) ,

f  ( I f  t  ) r  assune Vr  -+ V is  f in i te  and f  la t  and has a sect ion correspond. ing

t o  a  d e c o n p o s i t i o n  p ( y r )  =  f ' ( V )  @ f ,  w h e r e  w e  a s s u m e  t h a t  t h e  i d e a l  I

cons id .e red  as  a  f l  (V ) -moau te  i s  f ree  w i th  genera to rs  w1r . . .  rwg  (wh ich

is  a lways t rue af ter  local lzat ion) .

Le t  Wr  be  de f  i ned  by  po l ynon ia l s  ove r  l t  (V )  3

f  ( r r l r  )  3  f  ( v )  
. [ t , , , r . . .  r T r J  /  $ r r . . . 1 F " ) .

w e  c h o o s e  n e \ i r  i n d e t e r m i n a t e s  , o r p  r  c  =  1 r . . . r N  r  p  = . 1 1 . . . 1 f

and  cons ide r
N

Ft(ra + \z 'urvot. i .  rTr * &zor"o) 
-  

plo gip(zhr '

(where we put  to  = 1) ,  where g.p(  )  are polynonia ls  over  l - (Wt) .



-  3 4 -

l e t .  J  c  Wr  x  a , rN  be  the  c losed  subscheme de f i ned  by

S i p ( Z )  = . 0  ,  i  =  1 1 " ' 1 s i  F  =  0 ' o " i N '

Then the universal  norphism t f  is  descr ibed"  by
N

T. F-> T. + sEo 
Zoi*oo .

?t
( i i )  I f  f  !  V ->V  i s  a  no rph i sn ,  t he re  i s  a  canon ica l  (Vx rg ) -morph isn

F, -r'l

.  v \Jk(V/r ,  N/T)  + Jk(V/T '  \ i l /v )  o

I f  f  i s  e ta t ,  t h i s  i s  an  i sono rph ism (because  o f "AO < i l t >  I  i xpn (V /T ) '

( f i i )  I f  g  I  f r - - - "  W is  a nnorphisn,  there is  a  canonica l  (VxrW)-

morphi snr 
_, 

.,

rk(v/r, '#nl -> Jk(v /r, w/r)\fr . i

I f  f  i s  e ta l ,  t h i s  i s  aga in  an  i sono rph ism,  because  we  can  l i f t  any  f

o f  the d iagran below to a norphlsm Yt

l[

(u1
{,
4t *vu

ger  a

, 1 4
9 ' . -

. t  
( t  

,

Vx-S-scheme )
L

o f  Jk (V /T ,  N /T ) .

i-
}J

Using these remarks we r6. ther  expl ic i te  deser iPt ion
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o

S 20 GLobql  des_cr ip t ion_ of  everywhere s table morphisE

consider  p - -  g  < k  and Jn = J i3 / I ,  l t / I ) ,  where V,  W are

quasi -pro ject ive T-schemes.  lQ construct  a  coherent  sheaf

wh ich  g i ves  the  coheren t  shea f  T  on  the  f i b res  ( J t ) ( * r y )

s u p p  ( f , )  i s  t h e  s e t  o f  n o n s t d b l e  j e t s .

Then 
L(V{T, ' t /T)  

= supp (q )  is  a  c tosed.  subset  o f  Jn consis t ing

p rec i se l y -o f  t hose  j e t s  wh ich  a re  no t  s tab le .  More  p rec i se l y ,  f o r  each

(t lx*w )-mor.phism g ! U * Jo(Vlt ,Li/ .T) |  i .  e. f  or each U-morphism

V :  Ak(v/T)xuu-+l lxru (corresponsing to f  by the functor iat  des-

cr ipt ion of  J*)  we wi l r  constr  uct  g lTg on u,  where o 
( :a '"r )o 

vx*! I

is  a Vx*l l - -schene. Consider the embed.d. ing

the pro ject ion p :  Ak(V/T)xUI i - - -U and

Z =  Ker ( r l  , i "p )  c1$ /T)nu ,

! {e def ine

c -  = c o k e i ( $ o m d o . * . .  o  r y ' _ i- uk ,.nrl/tJ'- zg ) .L+$on(f .,cl6a 
v/vrazL ))

and'  9-  = P.  6 .*Th.en I  t ' t  i -  a  coherent  sheaf  on U and the congtruct ion

commutesr'vith bas€.ej i t 'dri*nr, 
l , t  

--+ U (since p is aff int j  and ,0.

is  rocar ty  f ree) .  

\vrgvv v  "  era5*s ' " *  -1 fx 'u /u

S ince  f  and  i . p  co inc ide  on  Z2 . t  t he re

p.(i"p)-1 ew**u/u = i-leetxru/u

(induced o, V-tuw*rilua$oor(f "ow**u /u,@zr) = Y 
*eir*ru/u 6uoo*uu', 

).

since i is a closed embedding, this norphism factors through a

morphisn

i*Qu**u/u. -)- 3

and ve define g*T{, as th.e cokernel of this noorphism.

This  construct ion cominutes r* i th .  base change ut  - - . '  ur  tak ing u = [ (xry) .1

---""'--'
smooth

ft on J.

such that

i  :  U-r  i . txrU, E ---r(sr(u),u),

the c losed subschenes

Z t  =  Z n ( L { v / r ) x o U ) .

is a canonical morphisrn

-+O
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,n" gli-tt" sheaf we considered in $ B. Hence supp(f) = lL(v/T,w/r)

i s  t he  se t  o f  nons tab le  j e t s .

PtoppFi- t ioq 25.  I f  V,  i {  are pro ject ive a lget r r ra ic  var ie t ies,  i f  T  is

a srnooth a lgebra ic  var ie ty  and g t  vx f - | l r l  a  fami ly  of  urorphisms

of  V in  1{ ,  then

( i )  The  se t  r t  =  { t  e  T ;  Yn  :  v -+  n l  i s  s tab re  eve rywhereJ  i s  open  .e  -  r D

( i i )  t e t  j ( g )  :  V  x  T -+J  = ' J , ' (V r ! I )  be  the  co r respond ing  rno rph i sm
K

i n  t he  j e t  bund le ,  k  >  p  =  d in  } I  ( p lo jec t i on  o f  . ] j ( ( y rp r * ) )  :

V x f + J k ( v x T / T ,  t I  y \ / r ) = J O ( V r w ) x T .  o n t o  . l  ) .  T h e n f t  / y '

l f  f o r  each  x  e  V  the  i nduced  morph i " * ' t r - -+ j ( y ) ( x r t )  :  T  ->J *

i s  smoo th  and  cod im( I l r (n ,p ) r J t r (n rp ) )  >  n  =  d in ,  V .
K  -  K '

Proo l .  Obv ious l y  T t  =  T  r  p r * ( j  kP - ' \ ( n ,p ) ) ,  hence .T f  l s .  open .

l ' iow consider the commutatlve;.dis*r*t

V x T  J ( f )  t  J  ' , "  ,

p r v \  
/v

The norphisms pr'  and. J + V. are suiooth, hence if  J(y) fnauees i-

smooth naps on the f ibre= [* ]  *  T*  J* ,  then - j ( . ,p)  
is  smooth.

This  inp l ies

dim V + d im T -  d im j ( r f ) -1( i l )  =  cod. im ( i l r . i )  =

c o d i m  ( \ ( n , p ) ,  J o ( n r p ) )  >  n  =  d i n  ( v ) ,

h e n c e a r n ( T ) ) d i n j ( r ) - 1 ( I i ) a n a t h e r e f o r e p r t ( j V ) - , $ ) 2 r ,

l {e csnsider nov., a smooth projective variety V, an embedding v c lpN,

and the subspace f  C Grass (p, IOU(d)  )  o f  subspaces spanned by d- fonas

fo r , , . r f n  
wh ich  have  no  co tnmon  ze ro  on  V .

Then we get a family of norphisms

f  t  V  x  f * t P P



l l opos i t i on  26 ,  I f  o  J  t ,  t hen  i ( f  )  ( * , - )

goro1]ary:  I f  (prp-n)  is  in  the n ice raoge,

Za r i sh i -open  se t  T t  C  T  such ' tha t  f o r  n  €

Yn I V-> IPP is stable everyrtrhere.

Proof  o . j l  the p ioposi t ion:  te t  x  be the point

' ) 7  -

f  
(* ,4)  = fn(x) .

I f  x  e  V ,  c o n s i d e r  j ( 9 )  ( * r - )  :  T - +

o f  k - j e t s  ove r  V  x  I f ,  k  >  p ) .  '

X 1  r . . .  t \

are l inear

such that

i (fxx, - )-

where Uo c FP

j* denotes the

J
x

(where J  denotes the bund, lo

!  T+ J is  srnooth.
x

there exists a nonempty

Tf  the morphisn

( 1  r 0 : .  .  .  i 0 )  a n d  l e t

d x 1 r . . . r d x n

f o r " ' ,  I p
) O, Then

be inhonogenous coordinates on IPN such that

independ.ent at x. Let n be spanned by forns

Y o U 1 o l . . . 1 0 )  
=  { ,  L ( f ( 1 1 0 ; . . " r )  =  o  f o r  i

i s  ( I oca l l y )  g i ven  by

I y o , . . . ,  g n ] F - r ( $ o ( x )

'r
r x

| 9t tY,r(x) \
\  % yf. I i  'o" '

ix( i1 ) i*tYo) - ix(V1 )i*(tro)
+  t r  r . . .

(in ,0,* / 'ul;t ) .

. l
: . . . : { , ( x ) ,  l i *l a  

\

i s  t b e , o p g n  s e t  o f  a l l  p o i n t s  ( 1  '  ! 2  t , . . r y n )  a n d

k-j,et df a', function at x, i{e can also write this nnap as

, . . . , ' .1 r -1 , - - * ' / i  / : t f t  .o , . . - i  f : [ * t )  .r p -  t J x \  y o / , . . " r x \ y r l I

t  i s  a  parameter  and t f  Aor . . . r . t rn  a re  a rb i t ra ry  d - fo rms,  and.  l f

identify d-forns y *ith the ror,"-t ion + on fPil, thenxoo

t Y o

I f

we

i (yXx,fo * t lo, . . . ,?-+t lp) =
)

t

. . ' )  n o d  t 2

,11

Yo

\

(
x

J

J

smoo thne* "  o f  j ( g ) ( x r - )  neans  tha t  t o  each  tupe r  o f  k - j e t s  ( z r to t , r "u )

(2 .  e  ,u r *  / ' *uk l l  )  t he re  ex i s t  d - fo rms  lo r . , , r t r n  such  tha t
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Jx()\ .  ) i*(go) - ix(f i ) ix(Io)

j*(Y )z

I f  d -]  t ,  these eguat ions haveve solut ions.  BY p

&n

a

utting .tro = 0 and if

=  1 1 . . . 1 p

. 9.4

J*(fo) z,  = 
ls l  

xa 
n " inxr 

'  . . .x

then the d-forms

At = x 
", -x^d- laf *dr ' . .xo

lsl(  k 1" 
o

eattsfy the equations.



a o

$ 21 l {ormal crossln8 of  brancires

For posi t ive integers d > p and for a smooth project ive var iety

v c  F N o f  d imens ion  n  <  p ,  such  tha t  (p  -  n rp )  i s  i n  t he  n i ce  range ,

there is  a  nonenpty Zar isk i -open subset  T in  Grass(p ' l (0  , t ' t {d)  l )  such

that for A € T tbe projection ,fn, V-olPP is <lefined. everywh"te'- I

f in i te ,  b i ra t ional  onto i ts  inage and has s table gerns (Vrx)- : (PPr. rpn(x))

everywhere. Non ue want to show that T contains a noriempty Zariski-open

subset such that fn has nc- branches everywherei with other

word.s ,  for  any point  y  e fn  
(V)  and.  any f in l - te  subset  {  * l r . . r * r }  C

T n-1(y)  tue nur t i -gerno induced by , (  ,

(v ,xa)  - [  : . .  - lL  (v , ** )  *  (FP,y)

i s  s tab le ( i .e .  bas only  t r iv ia t  unfo ld. ings) .

i {e  wi I l  genera l ize the construct ion of  the last  sect ion to  nu} t i - je ts .

Cousider  pos i t ive in tegers p -  I  <  k '  a  fan i ly  o f  morphlsns

' '  . : . . " r  where VIS is  a snooth fami ly  of  var ie t ies of  d inension n,  HfS is  a

snooth fanlly of variet ies of diraension P ) o, and -consider the

bund. le  . l  =  JO(VIS,  l f ls ) .  ny ( . fn)O I  wi l l  denote the s- fo ld  f ibre

prod.uct of J over l{.  I f  \ f l  denotes the m-fold product of V over rf1

then (Jn), is a bundle over vn xrll, and for any (u*g{)-""rt"i" 
-

( s 1 r . . . r S * r S )
vn xrW , . (f 

1W)-morphisn F I v-*(;t)n ls

g iven  by  an  n - tupe l  (  
f f r . . . r  Vn )  o f  U -morph isns ,

9*  ,  ak (v l t ,  * " *  u  + t  
bu ' Yulu = (s,  i%).

For each qp l re  use the construct ion of  the last  sect ion to  get  a

coherent sheaf OO on'U anti a norphisn i*OW 
tJrlU 

+ S* r rvhetre
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I  r U --*H *JU is the embedding u --+(s(u)ru).

By grT, t  we denote the cokernel  o f  the d iagonal  embedding

i*ew x"ulu o,1 x " '  x o* '

This construct ion is  compat ib le  wi th  base change Ur +U,  and, thus we

-$et-E--e€lrerlept 
sheaf ?1 on (,f)* such that supp % dEfk* 

(vb, ', l$)

i s t h e s e t o f n - t u p 1 o s o f k - j e t s w h i c h a r e n o t s t a b 1 e o r n o t n c

If J4 d.enotes the nr-fold product of .  J over $r then {J*), C. Jh, and

codln ( . f l )w = (n -  1)p,  hence f {  CvlS,  i { ,S)  c  Jn has the codimension

( n  -  1 ) p  +  c o d i r  q  ( n , p )  i n  J n .

Ue wi l l  prove ( in tue fo l lo i r ing sect ion) t t rat  codin {

l f  (p -nrp)  i s  in  the  n ice  r i i rnge ' r  hence : : l

( n r p ) ) m n - ( n - 1 ) p

-  i -  ' ' . j , -

codim nil  Cult, 'rr l$) ) rn tr. .

As' in  the la t ter  sect ion rae get  the fo l lowing analogue'of ' 'proposi t ion 25.

Proposi t ion 2?.  I f  V,  W are smooth pro ject ive var ie t ies of  d imension

n a n d  p r n < p  a n d i f  g  l V x T - + H  i s a f a r n i l y o f  n o r p h i s n s o f  V

in td such that the correspond.ing morphisn j(.g) :  V x t -r. l*(V1H) = J

has  the  p rope r t y  t ha t  f o r  any  x ,8 I  t he  no rph i sn  T  +J* r  t  F t i (F t ) ( x ) '

is  snooth l then there ex is ts  a nonempty Zar isk i -open set  Tr  g  t  such

that the morphism yt, t  e Tt is stable everyvbere and. has crossing normally

branches.

As a coro l lary  we get  the theoren stated in  $ fB.

I^r  the progf  o f  proposi t ion ?7 we consider ,  for  a l l  pos i t lve in tegers

11 r= ' r  1 ,  the norphismsp - n

V n x T
i kp )  x " . . x  3 ( f )

iltlu

v

vm
pr



The morphism

codim ( i  (c1)

. .  l u

hence d in  T
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j ( y )  x . . . x  $ (9 )  i s  smoo th '  hence

xrorx  ik fD '1  (n [  tv ,w))  =

n + d in  r  -  d im( i (y)x . . .x  i  q) - '  (4

>  a im( i  ( ( ) x . . .X  J ( .p l - l  C {  { v ,w l l

( v , i { ) )  >

Q . 0 o d r

llt IIr
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$ . .  ?? .CaIculat ion .o f codinr {rn*f
We say  tha t  subspaces  T1 r . . .

pos l t i on  i f

cod.im(T, r,1 r..  r ' l  T

This condlt ion is eqr.r, ivalont

( r a  A  . . .  , n  T u )  +

rF:f(o,p,) !-{*!lrp)* is the

images of the tangent spaces

(where 
" (U)  

dunotbs the p- th

,T*  o f  a  vec tor  space t  a re  ln  genera l- n

)  =  c o d i m  T -  * . . . +  c o d i m  T  .m ' l m

to the property that for any p. < m

m - mt u + 1  -  t '

set  o f  rn- tupels  of  k- je ts  such that  the
t / "  \

T f ,  =  T o ( z \ P r ) i r o i / A n ) )  c T  =  T o ( a P )

component  of  m-tupel  z)  are not  in  genera l

posi t ionr then r f , (n,n) c l l f , (n,p),  and we est i rnate codim r f , (nrn) ana

codinn(Ii f(n,p ) - l f l(n,p )).

fwtherruore,  we wi l l  d .er ive tnormal  fornst  for  nru l t i - je ts  of

J*(n,p)rtr - rf l(n,n) and Jn(n,p)* - nflco,p) .

t q!ryoa 1 . The subset Xf;(nrp.) is closed and of co.d.im-enpion

nr l l  -  (n-1)p + 1. 
:

For  the proof  we only  have to  consider  1- je tsr  - l r€o r r r - tupels  of

( p x n ) - 6 a 1 r i c e s  ( " ( 1 ) r . . . r r ( d ) ) .  T h e  s p a c e  J a ( n r p ) *  i s  t h e  u n i o n  o f

the local ly  c losed subsets

J r  ( r r r p ) ( " ( 1 ) , " ' , r ( m )  -  
{ z ;  r i . ( z ( u ) ;  =  

" ( p ) ,  
p  = 1 1 . . . ' t r  J  ,

ny Tp = T*(z)  we denote the subspace of  ro(  aP)  = Kp generated by tbe co-

lumns of  the rnat r ix  , (u) ,  then T*  is  the image of  the tangent .space

t o (  A n )  u n d e r  , ( u ) .  u ,  z  *  ( T a ( z ) r . , . r r * ( z ) )  w e  g e t  a  s u r j e c t i v e

n o r p h i : s m  n  ;  . r a ( n r p ) ( r ( 1 ) " " ' r ( n ) )  - ,  g r a s s ( r ( 1 ) r p )  x e  r r x  G r a s s ( r ( n ) r p )

whose  f i b res  a re  o f  d . imens ion  n ( r ( f )  + . . .+  r (m) ) .  I f

, ( r ( t ) r . . . r r ( m ) )  -  
{  

t t , r .  . . , T * )  G r a s s ( r ( 1 ) r p ) x . . . x  G r a s s ( " ( * ) r n }

(  * , , r , . . r f *  a r e - n o t  i n  g e n e r a l  p o s i t i o n  
I

t t " n  z ( r (  1 ) r .  ; .  r r ( r n ) )  i n  c l o s e d  a n d
I

r  f ( n , p )  a  J r ( n r p ) ( t ( 1 ) " " r r ( m )  =  n - 1 q r ( r ( 1 ) r " ' , r ( n ) ) ; .
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I f  T1 r . . . rT *  a re  i n  genera l  pos i t i on ,  t hen  mp  . .  
* [ , ,  

r (U )  =

cod im(T1  f l  . . .  n  T * )  5  p .  The re fo re

g ( " u ) r  "  '  r r ( r n ) )  =  G r a " s ( r ( r ) r p )  x . . . x  G r a s s ( r ( m ) r p )  i f

l u , n
(m-1 )p  t  

* !a  
r (p ) ,  : nd  a im z ( r (1 ) " " ' r r (n l l  =  

* l r r  
r (p ) (p - r (p ) ) .

Now assune (m-1ln 5 
*1, "(p) o then 

i .  " ,p) 
? (r<-r)p for k = Zto.1nr

I f  t he  subspaces  T1 r . . . ,T *  a re  no t  i n  generaL  pos l t i on r  t h3 - re  ex i s t s  an

integer  k  e [1rn -  1 ]  such that  Tar . . . rTg are in  genera l  p ; ; iAa=tr*  -

T 1 r . . . r T k ,  f k * 1  a r e  n o t .

I f  S  =  [  t o * , ,  6  Grass ( r ( t<+ t ; rp )  ;  [ f  r r . . r f o * , ,  no t  i n  genera l  pos l t t on ]  ,

Su  =  
[  *o *a  4  Grass ( r ( k+1 ) rp )  ;  cod . i .m( ( ta  ^  . . .  ^  f t )  *  Tk *1 )  =  u  ]  |

then S = tJ S.,, and by
v21

f k * 1  -  T k * 1  *  ( r a n  . . .  n T * )  /  ( r r A . . .  n  T k )

v r e g e t a n o r p h i s n  S u - G r a s s ( d r F ) ,  w h e r e  F =  r /  ( r l A . . . n  T * )  a n d

, , ,  - , .  
d .  =  k  p  -  ( r ( r )  + . . .  +  r ( t < )  +  u ) .  T h e  f i b r e s  a r e  o p e n  s e t s  ! . n

Grass(h(k+1) ip  -  v)  and not  erapty  i f  and only  l f

v  
- -  

m a x ( k  p  -  ( r ( 1 )  *  . . .  +  r ( k + 1 ) ) r l ) .  [ e n c e

B e c a u s e  o f  k  p  5  r ( 1 )  + . . . +  r ( k + 1 )  w e  h a v e

hence

dirn Sa > dim SA ).. ,

a r n ( r f l ( n r p )  n  J , ( n r n ; ( r ( r ) " " ' r ( m ) ) '

; i  (n- ' t ) ( r (1)  +. . .+ r (m) *  
* la 

r (p)(p-r(p))  + ( rn-1)p-1

= m(n-1)n  +  mn(p-n)  +  ( rn -1)p-1

= mn(p-1 )  + (n-1 )p-1

:
j

t ,

l i

i i
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= aim (r f l (n,p )  n J, , (n,n ) (n '  '  '  '  1r)  1

c o d i m  f [ ( n r p )  =  m  n  -  ( n - 1 ) p  *  1  Q r € ' d '

Now we  w i l l  desc r ibe  no rma l  f o rms  o f  nu l t i - j e t s .  Assume Tqr .o . rT ,  a re

subspaces in  genbra l  pos i t ion of  a  voctor  space T '  ue def ine

r ( l c )  =  d . im  Tu r  a (0 )  =  p  =  d . im  f ,  a (1 )  =  r (1 ) ,  a (2 )  =  r ( r )  +  r (2 )  -

p r . . . r a ( k )  =  r ( 1 )  +  r ( 2 )  + . . . +  r ( k )  -  ( t - r ) p ,  k  =  1 1 " ' l I I l  r

_Y} - * - cA- r rT ind  
a  base  s1 r . . . r €n  o f  T  such  tha t  f o r  k  =  1 r " ' r f l - ]

( r )  t h e  v e c t o r s  o l r o o . r e a ( k ,  f o r m  a  b a s o  o f  l a A  . "  n  T k

( i i )  t he  vec to rs  u . ( t  
)+ t  

j . .  .  r " * ( k - t  )  
a re  don ta ined  i n  the

subspace ( ta  n . . .  / ' l  tn- r )  t  ( *ona O " '  
n  Tn)  and they

.  f o r m  a  b a s e  o r  ( t a  l l o t c n T n - a )  m o d  ( t a n n " n T k )

( o b s e r v e  t h a t  ( t a n r r r f l T f - f )  n , ( t t * t f l . . . n T * )  +  T u  ;  T ,  h e n c e

'  
f 1 n . . . o T x _ r  -  ( * a o r . . ^ T k _ , l )  n  ( t n * a f l . . . n T n )  +  ( r a f l . i . n T k ) ) .

Consequen t l y r  &nV mu l t i - Je t  o f  mu l t i - rank  ( r (1 ) r . . . r r (n ) )  wh ich  i s  no t

conta lned in  I  
[ (n ,p)  

ls  equiva lent  to  a nu] t i - je t  such lhat  ( i f  we

wr i te  the components 
" (U)  

r "  a  row vector  a t  the rnoment)

g ( u )  -  ( * 1 ( u ) , . . . , * . , * r ,  * , , , ( * ) , . . . ,  " . ( [ I ] ) _ a ( p ) ,

x  ,  r ( u ) - ^ -  x  ,  . ( r r )  ) ,x a ( p ) + t  ' o '  * r ( p )

- - ' ' '  
r / " \  ' r i te  

" (u)  
for  the vector  wi th  thewhere  j , 1 (wo . *11 .=  o .  k le  w r i t e  w ' - ' ,  f o r  t he  vec to r  w i '

conponents w 
( f ) .  

Hu refer  to  such mul t i -Jets  as nul t i * je ts  in  Inormal

formf ,  The inage of  thq 'modrr le  l ( r (p) )  in  Qo- , ' ( [ )n  conta ins the vectors

1 a  \  i  o  \/ . T - .  \  I  z . . r  I  .

e .  + f6 . " ( r ' )  I  . i  5  a (p )  and .  e5+p- r (p )  * '  
{  

a ' " t p 'o  
/ ,  "1u ;<3 ) r (u )- i  

\ - i  
o  

l '  
J rP - r \  

\  7\  /  \ 0  t' o

where 0 . = -a . - and the index o indicates that rrre substitute: * - _ _  j  u * j r * ,

*  (u)  =  *^( "  )  . . (u)  =  o"  Thus we get^ 1  -  ^ Z ' * '  =  . , .  =  * " ( i r  )
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^  ( p )
Yk-1

tents

this

t l
t.

Q'-
A

t E m

c u

f
l

I

t

I f

e .
J

€ n 1 o . .
I

m
t

, r u - 4

( ' )

-rP /&) *

denote the

e .  i s  mar lpe
J

m
V . = e L ^

J  P -  I

V . \ t l ' r  e . e .
J  J ] -

ut

,f,r t(

i  r l  a m n n
* s v ! ] } / v

d. under

' , r . (u ) "
J

F1
e

p21

p-r(u) Zotfll1 r

sf QI(_1, then the base vector

isonorphisn to the image of the vector

i f  i  
(  a ( m )

ur,*"* - u[]*.. ';!!],col'
i f  a ( i )  <  j

l.r

3  a ( i - 1 ) '
/  \  / , , \

w h e r e  . r r . \ r / =  a . w \ F / - o- J  J  O

The fo l lowing lenma is  an inmediate consequence of  the def in i t ion.

Lemna.3, The nult i-gern z is stable i f  and only i f  the vectors

V , r 1 . . . 1 V -  ( d e f i n e d  b y  ( . ) )  g e n e r a t e  t h e  v e c t o r  s p a c e
r P

,Xrn-!i; 
P-r(u),'oc*{1.

' r f  
t he  j e t  w r ( * )o  .  . r o (n - r (u ; ,  p - r (u ) )  i s  con ta ined .  i n  t he  eon tac t

cLass of  * (*  )o  for  p  = 1t .  r  r  l rn  and i f  we choose vectors V1r  . . .  rVp in

the  fo rn  ( * )  ,  where  u j ( * )o  . ro - r (n - r ( r ) ,  p - r (p ) ) ,  we  ge t  a  nu l t i - j e t

in  normal  forn of  the sane s lze as z  by put t ing * ' (u)  -  o ' (F)o *

r ( t r )  /  \  /  \

, t=a '* ,  
t * '  vJ  

( r ' )  
and zr  is  contact  equiva lent  wi th  z .  Conversely l

i f  the nul t i - j  e l  z t  is  contact  equiva lent  wi th  z  and has nornal  formt

then the corresponding j " t "  t ' (P)o are contact"oquiva lent  wi th  o(* )o.

I f  C(  )  denotes the contact  c lass of  a  je t  or  nu l t i - je t ,  I {e  cot l -

sequent ly  get  a  sur ject ive morphisn

c(z) n {. 'norna} forms J) +

c(;(1)o) *. . .*  c(w( 'o)o) * 
,& 

rn-, , ,n-r(p),

As an abbreviation rore shall  denote the variety on the

by X.

p - r (p ) ) t (P ) .

r ight hand side

J.  I f  z  is  a  mul t i - je t  an6 1f  C(z)  denotes i ts  contact  c1ass l

then:
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( i )  c ( z )  c n [ ( n , p )  l f  .  p  <  l r p - n ( Q n ( z ' ) )

( i i )  c o d i n r ,  r ,  
( c ( 2 1  n  n [ ( n , p )  -  r [ ( n , P ) )  =  m a x ( o , p - p p - n ( q )  +  1 )

,shere Q = Qn(z) ls tbe corresponding Art in ian algebra and i

pp-n(q) = dim tQn-rp /  M) '

The proof is analogous to that  of  proposi t lon 18. I t  is  suf f ic ient  to

consid.er mult i - jets in normal forn.  * Ie denote th is space by

, ( r ( ' t ) r . . " r ( m ) ) .  T h e n  c ( z )  n  n [ ( n r l )  n  y ( " ( 1 ) r . . . r ( n ) )  i s  t h e  i n v e r s e

irnage of  a l l  e lereents of  X for  ,vrhich the vectors f1r . . .  r fn ln

k  (o  , (p ) ,n - r (u )  7  a6w(P)o  )  ao  no t  genera te  th is  sp&c€o observe  tha t
fGt  

*qk-1 - r "  o

i u . ( * ) n r r . . . r f n  a r e  a l w a y s  l i n e a r l y  i n d e p e n d e n t  a n d  ( n  T a , . * ' . .  +  K  V u ( * ) )

n  ( K f * ( * ) * 1 * . . '  + K f ; n ) = 0 '  r f  b = p p - n ( q ) - p + a ( m ) - 1 '  w e

car  choose b of  the vectors V,1,  ' . ' .  ,V*(* ,  arb i t rar i ly  ,  and the renra in ing

t tp_n(Q) + p + 1 vectors in  the subspace generated by .  these b vectors

and by A(wo).  Hence we get  for  the codimension c  of  nontgtable je ts  in

a  con tac t  c lass :
m r n

c  =  a (n )  a iun l  
E^  

t * - ^ (n - r (F ; ,  p - r (P ) ) ]  +  
3 t=1  

( " ( ; -1 )  -  a ( i  ) ) . '

. m
-  b  d l rn l  F ,  

tn-atn- r (p) ,  p- r (u) ) l  -  (a(m) -  t )  (u  t

m

iEr  
(* ( i -1)  -  a( i ' ) )  a i* t  f f ,  

;n  , (n-r (u) '  p-r (u))J

= p  +  1  -u r - - (Q) ,  1 f  n  3  un-n(Q) .  : '  O therw ise  c (z )  I

Exac t ly  as  in  $  le  onu der ives  f ro rn  th is  resu l t

I lp*q*.3- r f  r ' r [ (n,p) c Jn(n,p) -  I f l (n,p) d 'enotes the set of  non-

simple contact  c lasses, then codirn ,1f l  (nr  p )  > p -  m(p-n )  i f  and only i f

c o d i n  ( n r f ( n , r )  -  I [ ( n , p ) )  >  p  -  n ( p - n ) .

But the contact  c lass z ls determined by the isomorphism class of

.  a i* [ , .* [  . l * - , (n-r(u),  p-r(P)) ]

d i n  A ( w o ) )

n[ (n ,  n  ) , Q .  € .  d .
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t h e  c o r r e s p o n d i n g  A r t i n i a n  a l g e b r a  Q ( z )  =  Q ( z ( t ) t  * . . . x  Q 1 " ( * ) ; .

] f  (p-nrp)  is  in  the n ice ranger  we have codim U{ f ( t t rn)

> n ) p (p-n)m then, hence codin ( l ' f f tn,p) - f i (n,p))

)p  -  * (p-n) .  Together  wi t t r  lemma 1 we get

lemma 5z I f  (p-nrp)  ls  ln  the n ice range,  then

_,-,F----r'. 
codt* ITfl(o,p) ) mn - (m-1 )p 

_.-F-'-u+
Imrnediately from 1emma.2 we get the f-ol1owing resul-t about

; : : : : : r : ; " ; r :  Given an Ar t in lan a lgebra Q = q.  )  x r .  r "  q(m)
€

rsr  there ex is ts

ln  J (n rp )m such

a1 facto

, l*"
where  a(1  )  '  . .  '  a (T)  a re  the  loc

a  s t ' ab l e  mu l - t i - ge rm  
?=  

t y ( t l ' r ' .

that A g A(P) l f  and onlY if

( 1 )  p - n t  l ( q ( k ) ) ,  1 .  =  1 1 . . . 1 I !

( 2 )  p  ) F p - n ( Q )  =  
*  

( p - n ) d i n Q ( k ) +  s ( Q ( k ) ) '

' rTe  de f ine  pk  =  ,b - t )d , i rnQ(k)+  e(Q(k) ) ,  -4k  
=  P i -  (p -n)  and '

s  = ;  -  : pk  =  p  -  
h -n (Q) .  r ,e t  Y r ,  

(Aok ,o )  4 , / iP t ,o )

be a stable ger,r '  t"  [ t i ; l  in norrnal form, and, ]et 
Y(k)

d.enote the germ

(an,o) = , (F]  d i )  *A'k*( i#*. ,ani)  x,As,o)

which is

fac to rs

fac tor .

wi th A

Examqler  a  =  a (1)  *  Q(2) ,  8 (1)  =  K f f * . { / i . "2 ) ,

q(2)  = l t [ [v  , i l -J t \y" ,y2*u2).  the smal]est  integer n such

- - - - - - b  t&^n i "X1s ro )  =  (APro )

t h e d l r e c t p r o d u c t o f t h e i d e n t i c a l m a p s o n t h e

Api ftlk) and. As rvith the germ f r o1 tbe--k-+*r-----' -

Then .y=  cFt t  )  r . . .  ry ( * ) ) i  i .  a  s tab le  mul t i -germ

t  a(ra) ,
I
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that Q

t ]  =  10

given

- and

. .

has a stable

a n d .  p  =  ' 1 1 .

the germ

e ln dinenslon n lsrepresent at iv

A  s tab le ' rep resen ta t i on  fo r  a (1  )
1s

by
o

( u ,  x ' ,  u x )  r  
( c l

a  s tab le  representat ion for  Q' - '  bY

G zz.iY .,y+v oz+urvz) .

e a stable representat ion foF-Q is given

FlneJ-ly propbsit' lon 28 J'rnme{iatly yie}ds

PggBoslSio! 2::  I f  (n-1ir.) ' '  ls in the ni ie

f  :  vn-+PP is  a  gener ic  Pro ject ion

' 
,  proiect ive n-d. imensional variety into

. r
proJect ive space,  the locus S(a)  =  

t

( u 1  ,  " . .  r l l 5 r u T r t g  , a g t x z  r u l x )
? 2 - - 2 a( v1 ,  .  .  .  r v6  sJZ  sy t+z '  +v2Y+v  t z  r v  4y+v5z+v5Y-1v7rvg ) '

Henc

F(1 )
n,e)

b v  r = ( l t ) , f ( 2 ) ) ,

range and.

of a non-singular

the p-dimensional
t ' )y € f ( v ) I Q y ( f ) = a r

is }ocal ly closed and. of dimeneton p -.  
l "p-o 

gr empty'
a .  f !

a .
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