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FeI ler  Resolvents

b y  L . S t o i c a

Summary

rn  th is  paper  we consider  a sub- l {arkov resolvent  o f
kernels  (v^ / ) ,> /O) on a local ly  comr:act  space E.  wi th  a countable
base and assume that  the fo l lowing condi t ions are fu I f l l led:

ro  v rcb  (E)  c  cb  (E)  ,  . ) .>o

'  
20  l im  l v r  f  ( x )  = f  ( x )  ,  f €cc  (E )  ,  x6E  ,'  

) , + -  
A

30  Vo l  i s  a  po ten t i a l .

rn  sect i -on l ,we present  an. improvemeht  of  a  wel rknown
lt on aorrrr"* cones of lower semicontinuous functions."

r , r :  -  :  t echn ica l  resu l t  on  convex  r  _
In  Sec t i on  2 "we  assoc ia te  a  Hun t  p rccess  to ' t he  above  reso l ven t .
Sec t i on  3 .con ta ins  an  excess i veness  c r i t e r i on .  I n  Sec t i on  4 ,we  shov . -_:\-
that  the process associated to  the resoJvent  (V. /X>rO) i .s  cont inuous

A

i f  and  on l y  i f  t he  fo l l ow inq  re la t i onnho lds  fo r  each  open  se t .U ,  . .

' # e + ,

C c ( U ) C V o ( C c ( U ) )  L  i
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FELLER RESOLVENTS

b y  L . S t o i c a

1 .  Convex  Cones  o f  Lower Semicont inuotrs  Funct ions

, In this section we sha1l prove an improvement 6f a wellknofrn
r e s u l t  ( s e e  f o r  e x a m p l e  [ 9 ]  P r o p o s i t i o n  t  p . 2 2 6 ) .  T h e  p r o o f  f o l l o w s
f rom the  o r i g ina l  i dea  and  an . i dea  o f  C .Co , r , r s tan t j -nescu  and  A .Cornea .

[ l  ]  ( L e m m a  f r o m  p a g e  1 6 0 ) ,

Let  C be a convex cone of  lower  semicont inuous nonnegat ive
func t i ons  on  a  l oca l l y  compac t  space ,  E ,  wh ich  has  a  cbun tab le  base .
Assume that  for  each x€8,  there ex is ts  a funct ion peC such that
0<c (x )< - .  Le t  us  deno te  by  C*  the  fam i l y  o f  a l l  numer i ca l  nonnega t i ve
un ive rsa l l y  measurab le  func t i ons ,  f  ,  such  tha t  u  ( f )  < f  ( x )  f o r  each  xe .E ,
a n d  e a c h  m e a s u r e  u  t h a t  s a t i s f i e s  u  ( c ) < c ( x )  f o r  a n y  c € C .

Let  f  :E__> R be a funct ion such that  there ex is ts  co€C wi th
f ( c^ .  We  s l i a l l  use  the  no ta t i on' o

R f= in f  { cEC*  I  f< " }

I t  fo l lows that  Rf50 i f -  the funct ion f  sat is f ies f<0.  I , ie  d .enote by D
the fami ly  of  a l I  funct ions f  e  C (E)  which have the fo l lowinq proper ! i . " ,

10 there  ex is ts  ceC such tha t  I  f  I  S"

2 0  i n f  t R (  I  f i  x a * )  i  x  c o m p a c t  s e t ] = 0 .

Obv ious ly  D i ,  o  , r " " to r  la t t i ce  tha t  con ta ins
fo r  each f€D.

l .  l .  T h e o r e m

Let f  be an upper semicont inuous' funct ion such that there ls
geD with fSg. Then for each xeE there exists a nonnegat ive measure u
such that

u  ( c )  S c  ( x )  f o r  e a c h  c € C ,

R f ( x ) = u ( f ) .

Proof.

p ( g ) = R g ( x )  .  o n e  e a s i l y  v e r i f i e s  t h a t

Cc  (E )  and  R f . -

,
i ,
i *
4
n a

1 l
J t
I I
{ lrf
t l
: t

{ t
{ '
!
fr

t l
r l

I

a )

b )

W e  d e f i n e ,  f o f  e a c h  g e D ,



2-

p  i s  s u b - l i n i a r  o n  D  

'  

- ,  -  / - \  - - l - \
Let  u:  D ----)  R be a l inear f  unct ional  such that u (g) <p (g) for

e a c h  g € D .  T h e n  f o r  g < 0  w e  h a v e u ( g ) < p ( g ) = 0  a n d  h e n c e  u  i s  n o n n e g a t i v e '

The 
.restr ict ion 

u 
lc" t r )  

def ine a nonnegiat ive measure on E'  which we

shEff deirote by T. Now let g€.D , 970 and choose a seguence {hn}cCc (E)
o

such that  i  0shrr {h, .+I - '1  and 
Yr f i , '= l  

}=E '  Then thr , 'g  (  r -hn)e 'D and

O t g t l - h n ) )  +  0 ,  a s  n  +  @ .  T h e r e f o r e  u ( g ( l - h n ) ) - < R ' ( g ( f - h r r ) )  ( x )  - >  0 '  a n d

hence

?
' i

ii
i
I

r i
! F

5
!.

i, l
i i
i l' l

i
!

I

T (s)  = l im T (gh
n-)cq

We conclude that !=u on D.

such tha t  g5c .  Then

,. . , )  
=I im u (ghrr)  =u (g) --1i*  u (g (  I -hn) )  =u (g)

n+@ . 
n*-

On the  o the r  hand  fo r  ceC,  l e t  g  e  C" (E )  be

u  (s )  <P  (g )  <c  ( x )

w h i c h  l e a d s  t o  u  ( c ) 5 c  ( x )  .

ConverselY Ie t

u  ( c )  { c  ( x ) .  f o r  e a c h  c € c .

g € D .

Now l -e t  us suppose that  feD.  Ther i - the asser t ion of  the theo-

lem results frcm the llain-Banach theorenr armlieC on the space D'

I f f i s u p p e r s e m i c o n t i n u o u s , l e t u s c o n s i d e r a S e q u e n c e

{ f  } c O  s u c h  t h a t  f  _ _ < f  a n d  f = i ' f  f , . , .  T h e  s e t  B = { u € D ' i u ( g ) { p ( g )  f o r
n  

- P * ] \ - n  1  n

each geDI is  a  compact  set  in  the topology o (D"D) '  because

- p ( - g ) - . u  ( g ) - . p ( 9 )  f o r  e a c h  I  €  D  a n d  e a c h  u  €  B '  T h g  f r r ' n c t i o n s f ' f n : B  +  R

de f ined  by  i (u l Ju  ( f )  ,  E r r , (u )=u  ( f )  f o r  u  €  t s  sa t i s f y  F= in f  Fn  and  F r ,  I

n( -N are cont inuous,  on B.  Therefore f rom Lemma I '2  s tated bel0w i t

fo l lows

u be a nonneqtative

Then u is  f in i te  on

measure on E such that

D  and  u  (g )  {P  (9 )  f o r  each

From the f i rst

R f  ( x )  5 R f  , ,  
( x )  ,

sup f=inr ["tp f-]
t t

B N H ,

pa:: t  of  the proof we know Rf n 
(x)  =sup Tn '  Since

r r B

f o r  e a c h  n c N r  a n d  f ( u ) = u  ( f  ) s R f  ( x )  f o r  e a c h  p  e  B  w e  g e t
,

sup F<nr (x) s inf L =gp f.]
B N B
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functioa on ar
there

L , 2 ,  I i e m m q

Let  K be a compact  space and ( f r r )a lower bounded
sequence of ,  upper  semicont inuous numer ica l  funct ions.  Then
equal i ty  ho ldsr

. . .

^ .  -  - -
5 1 n C e

ex is ts  u  e  Bo

i L -r r-s

such

3

dn Upper  semi_cont inuOUS

t h a t  u n ( f ) = s t i P  E .
B

compact spdC

decreasing

the fol lowing

sup ( lnr  f -  (x)  )  * in f  (sup ro (x)  )
x € K n r r n x € K
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2 .  Fe l - l e r  Reso lven ts -

Let  E be a local ly  compact  space wi th  a countable base '  In

th is  sect ion we shal l  s tudy a sub- l r larkov resolvent  o f  kernels

{v \ /  I >0 }  wh ich  has  the  fo l l ow ing  p rope r t y  o f  w .Fe l l e r :

V ^ C b ( n )  f  C b ( E )  .  '  f o r  e a c h  L > 0 '  '

We a lso  assume tha t  f o r  each  f  e  Ca(E)  and  each  xeE '

( 1 ) I im  IV .  f  ( x )  = f  ( x )  .
t r + - A '

2 . L . R e m a r k . T h e f o l l o w i n g f a c t i s w e l l k n o w n

le t  { v .  I  r ro }  be  a  sub -Markov  reso l ven t  o f  ke rne l s  tha t
A '

per t y  ( r ) .  l f  f  i s  a  l ower  semicon t i nuous  nonneg ia t i ve

tha t  r v^ f5 f  f o r  each  t r>0 ,  t hen  f  i s  excess i ve .  Endeed

such  tha t  g ( f  t hen  9=1 im rV rg { I im  ) 'V^ fs f  '  s i nce  f=suP
l + -  

^  
l * -  

. ^

i t  f o l l ows  f= l im  IV r f .
A-+o

We shal t  denote bY S

on E and bY 56 the subfami lY of

'Fdr  each bounded funct ion f  we

Rf= in f  {geS  I  r<g }

.  cn f= in f  {g ;Sc  I  tSq }

obviouslY nf lcnf  .  G-Mokobodzki

t---the cone of al l  excessive functions

t

s a t i s f i e s .  P r o -

funct ion such

i f  q E C  ( E )  i s
J -

i s  €  C c  t s )  l g : f  ]

p r o v e d .  i n  I t ' t ]  ( s e e  P - 2 2 0 - 2 2 L ) '

associated'  to an arbi t rarY

In  our .  s i tua t ion  th is  Pro-

the fami ly  of  a l l  excess ive funct ions

at l  cont inuous .excessive funct ions '

de f i ne

li>
sub-Marf . -aV resolvent is a potent ia l  cone '

perty is stated in the fo l lowing theorem'

are  easy

6  p . 2 L 2 ,

2 . L '  . Theorem

I f  s , t € S  ,  t h e n  R ( s - t ) e  S  a n d  s - R ( s - t ) e S

The fo l lowing three resul ts  s ta ' ted in  the theorem f rom below

conseguences  o f  some resu l t s  o f  G . l ' l okobodzk i  I  q  J  '  (See '  Theorem

p . 2 2 I  ,  P r o p o s i t i o n  8 ,  p . 2 2 9 ,  T h e o r e m  1 2 '  p ' 2 3 6  1  P r o p o s i t j - o n



1 4  ,  p , 2 3 2

by  us ing

and Propos i t ion  16 ,

Theorem I ,  l  ins tead

p . 2 3 3  i n  t {  l .
of  Propos i t ion

|,1
The  o roo f  o f .2 -  resu l t s

1  f r o m  p . 2 2 6  i n  l f l t .

i

I*,l
t

I
-t

t
J

I*

:
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2 . 2 .  T h e o r e n' - ' +

to tf  f  is a bounded lower semicontinuous funetionr' tF6n Rf

is  a lso lower semicont inuous

20 I f  g  is  an upper  semicont inuous funct j -on .and there ex ls ts

a bounded cont inuous funct ion f  such that  g{ f  and.

i n f  { n ( f x ^ - )  l x  c o m p a c t  s e t c E } = 0  ,
U I \

Par t i cu la r l y  Rg  i s  upper  semicon t i nuous .

Lf  f  is  a  bounded cont inuous funct ion which fu l f l ls
a

then Rf  is  a  cont inuous funct ion.  .

( 2 )

then Rg="Rg.

3 0

re la t . i on  (2 )  ,

2 . 3 .  R e m a r k . .  1 o

t ion,  then f rom the above

i s  e x c e s s i v e .

2 0
^ ocono.rcr_on 5

one deduces

l im i t  o f  an

func t i ons .

f f  f  is  a  bounded l -ower semicont inuous func-

theo rem and  Remark  2 .1  i t  f o l l ows  tha t  R f

I f  f  is  a cont inuous funcl ion wi th compact,  support ,  then

of the above theorem is obviously fu l f i I Ied, .  Therefore

that each lower semicont inuous excessive funct ion is the

increasing seguence of  bounded. cont inuous excessive

'  
3o L" t  f  be a bounded cont inuous excessive funct ion which

fu l f i l s  re la t i on  (2 ) .  Then  f  f u l f i l s  t he  fo l l ow ing  cond , i t i on :

i n f  { cn ( f xcx )  l x  compac t  se t }=0

Endeed; let  iSrr ]  be a sequence in Cc(E) such that 0{grr<Srr*r{1 and
-l__.

\ / { g r r = I } = E .  T h e n  R ( f  ( 1 - g r r ) ) ,  n t N  a r e  c o n t i n u o u s  a n d
n

C P l S . ,  \ e D l t l l - a  \ \ z D / f *  t-R  t t *  *o r r=01  )  sn  ( f  (  r -9 r r )  )  {R  ( f x  
t s , r . r  } )

-J--'
S ince  each  compac t  se t  K  sa t i s f i es  KC{g r r= l1  fo r  some n tN  we  deduce



b

n ( f X i o  < l ) )  
+  0 ,  w h i c h  i m o l ' j - e s  t h e  a s s e r t i o n .

r J n

s p a c e  E .  S i n c e  E x [ f  { X * l J  +  f  ( x ) ,  ( t  t  0 )  f o r  e a c h  x l E  a n d  e a c h
9

i t  fo l lows that  the resolvent  o f  the process sat i -s f ies re la t ion

tTt{prtep1i611-__!9rne1 of the process is f inite, i .e

wi th  s tate

f  e  C . ( E ) ,

( r )  .  r f

G1 (x )  =sx  ;q1 . - ,  f o r  each  x6Er

then  f rom Hunt 's  theorem (see t { l  p . I41)  fo r  each compact  se t 'K  and eagh

x€K, i t .  fo l lows'

i n f  { s ( x )  l c r . s

I f K is  an increasing sequence

on CK,  s  excess ive)=nx [ r - t " * ]

c
of compact sets such that Kn C Kn+l ,

?

(k )  l c t -<s  on  cK s  e x c e s s i v e ] = 0i-nf i-nf { s
n t

assoc ia te  g  Hunt

now on we assurne

process to  the g j -ven resol -

t h a t  V  I ' s a t i s f i e s  r e l a t i o n- - o

:._
that  sat is fy  re la t j -on

V ^ C -  ( E )  C  P .  W e  p u t
o  D + "

T = { f .  C " ( E )  l t h e r e  e x i s t  s , t e P n C b ( E )  s u c h  t h a t  f = s - t }

vec to r  l a t t i ce .  We asse r t  t ha t  T  l i nea r l y

i . € .  f o r ' e a c h  x r y e  E  t h e r e  e x i s t  f  , g e T  s u c h

S i n c e  C c  ( E )

re la t i on  v^ f=V  ( f - ) .V I f  )

t he  po in t s  o f  E .  Then

v  ( cb+  (E )  )  , :  P ' '  cb  (E )

f  ( x )  g  ( y ) l f  ( y ) g  ( x )

- th is
f i r s t

c b  ( E )

Pn  Cb  (E )  .  r f

has

we

P N

property f rom condi t ion (1) and the

deduce tha t  V(Cb(E)  )  l inear ly  separa tes

has the same property,  because

g 6 S c  t h e n  m i n _ ( f  , g ) t  P n C b ( E ) . . , I f  f s gf,

TC* + r, r and hence

In the sequel l  we want  to

vent (V^ ) .  Therefore from

( 2 )  .

( 2 )  w i l l

The  fam i l y  o f  a l l  excess i ve  func t i ons

be denoted by P.  Our  assumpt ion impl ies

Obviously  T is  a

separa tes  the  po in t s  o f  E ,

that

Now let



Y

o n  C K  f o r  s o m e  c o m p a c t  s e t  K  t h e n  f - m i n ( f r g ) € T ,
r\

f o l l o w s  o n  a c c o u n t  o f  R e m a r k . 2 . 3 . 3 - .

and the asse r t i on

. Ftirther TheoremThe  S tone -We ie rs t rass  theo rem imp l i es  T=Co  (E )

3 .4  o f  J .C .  Tay lo r  [T l  imp l i es  the  fo l l ow ing  resu l t :

2 . 4 .  T h e o r e m

There exi"sts a stand.ard Process ( a r F ,  F . . , x . E ,  o t r P x )  w i t h  s t a t e

Lsuch  tha t  f o r  each  xe 'E ,  I>0  and  f  e Bb  (E )

E" t .  I  exp (-r t . )  f  (xr)  dt l=vrf  (x)

'  Let  us denote 'by {P*}  the t rans i t i -on funct ion of  the process

given by the above theorem. 
.

2 . 5 .  P r o p o s i t i o n

F o r  e a c h  f  E C ^ ( E ) ,  I i m  P * f = f  u n i f o r r n  o n  e a c h  c o m p a c t  s e t .
t+0

Proof
:

Le t  f  €  PnCb(E)  .  The  sequence  f r .=nVr r f  i s  i nc reas ing  and

l im f  = f .  Din i 's  theorem impl ies that  the convergence is  un i form on
. n

each compact  set .  Fur ther  s ince

Pt f r r=PtV.( f -nVrr f  )  = i  Pa ( f -nVnf  )  d t
l r t e

w e  g e t  f - - P - r  . t l l t - t ' r /  f  l l ,  a n d  h e n c e  P t f r ,  *  f r ,  ,  u n i f o r m '  T h e
r - -  - n  - t - n * l  l "  " v n -  I  I '

inequal i ty  eaf r r {Paf<f  shows that  n t f  *  f  un i form on each compact

se t .  Then  the  same ho lds  fo r  each  f .<  l ,  and '  s i nce  T  i s ' dense  i n  co (E)

the  p ropos i t i on  fo l l ows

In order to show that trre semigroup oI the process given by

Theorem 2 .4  i s . i n  f ac t  a  Hun t  semig roup  we  f i r s t  g i ve  the  nex t  two

lemmas



2 , 6  ,  L e m m a

'  
L e t  @ , f t , J t t , Y  . A  ^ x '  t - -( r r rv 'c r  ' ' - t ,  ra ,  1 /a rP- ' )  be  a  s tandard  Drocess  w l th  s ta te  space

' J

E. Let A be the Alexandrov point  i f  E ls noncompact or an addi t ional
l so la ted  po in t  1 f  E  Is  compact  and se t  EA=EU{A} .  Assume tha t  fo r  each

pa i r  x ry6E^ ,  x l !  there  ex is t  two f in i te  excess ive  func t lons  s r t  such
tha t  s - t ) {on  a  ne ighbourhood o f  x  and s - t10  on  a  ne ighbourhood o f  y .
T h e n  l i m  Y *  e x i s t s  i n  E ^  a . s .

t+c r- a
i

] . r

i l
I

. ,,,+'?-r-
- s  b - g

funct lons

that the

( 4 )

Froof

i s  n e g l i g i b l e .

Le t  ns  de f i ne

taken  such  tha t  i =1  1 f  k

T r = T , , '  a n d  T , - * l = T k * f U . o  0 f  ,  w h e r e  1  l sI  U r  K + r  K  U 1  
- T k

i s  even  and  !=2  l f  k  i s  odd .  Then

a n d  S r t  f l n l t e  e x c e s s i v e

on Ur.  We are going to  Drove

{ T z k . T z k + t . e  i we deduce

Le t  U '  
' 1  

l J ' . ,  be  open  se ts  l n  E^I Z A

such tha t  s - t> l  on  T ,  and s - t<O
I

s e t

M={ur€  n / there  ex ls t ,s  two sequences  ( tn ) ,  ( t ; )  
. such  tha t

t r r *  e  ( r , r ) ,  t i *  e  1o ) ,  
" a r r r . r ) t u l  

,  
" a i ( r ) e  

u2 i

Since Y* €
" 2 k + 1

M= fl
n ) 1

U.t and

f . r t  z$  1' ^ n  n + l '

Y- e U., on'2k  z

px  ( i rAk .Tzk+1 . (  l )  s sx  I t s - t )  , " * r o * r )  -  ( s - r )  , " * r o l

Further we have

. n
npx ( l t)  -< r nx[ts-t)  {v,n ) -  (s-t)  (y* [  <

k=l  '2k+I  '2k-
n-  ' -  

{  r -  Ex [ t  tv*^.  .  .  )  - t  (yr^.  ) l  r . rx  [ r  {v*^ i ]  5t  tx l  ,
k=l  

-  t2k+| 'L 'zk .3.

b e c a u s e { s  ( Y n .  ) i r l t t V *  ) ]  a r e  s u p e r m a r t i n s a L e s .  T h u s  w e  d e d u c e  p x ( U ) = 0
- n -  * n

f  or  each xr  E ' j

The  cond i t l on  f rom the  s ta temen t  a l l ows .as  to  choose  a
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such that  s
t ,  

t t ,  n €

pairs of  open set.s in

N are  f in i te  excess ive

Ea and a fami ly

funct ions

that x € U,
rt

U;) we have

l im Y* ( r , r )
t * e  ( o )  u

t<  f  (u r )

and the desi red.  conclus ion fo1 lows.

2 . 7 .  L e m m a

ex is ts  n€N such

by (4 )  fo r  (u l ,

{ o <  a l

T=I im T"
11+@

L e t  ( a r F r F g r Y g ,

E such that .  l im Ya ex is ts
t+E
t < e

assume that  for  each fe .Cc

a

i
t
I

I
I
I

I
I

I
t

I
I
I
I

I

I
( E )  ,  l i m

l + -

o f  E .  Then  the  P rocess  i s  a  Hun t

Note.  In  th is  lemma and

the  canon ica l  o - f i e ldb  assoc ia ted  to  a  } {a rkov  p rocess ' - '

Proof  -

Let

Let

{Tn }  be  an  i nc reas ing

L=Iim Y;n and put
n+co 

-n

lv l= { t=6  <o and L  €  E}

seguence of stoPPing t imes and

we  a re  go ing  to  p rove  tha t  M  i s  neg l i g ib le . "F i r s t  we  no te

bound.ed.  nonnegat ive universal ly  measurable funct ion f  ,  {e

a nonnegat ive supermart ingale and

countabre fami ly t  fuf ,  uI )  i  of

{  ( s n , t t )  i

" t - t t?r  
on uf  and sn- tn1o on u!  and for  each pai r  (x ,y)  €  ExEA

,  v  €  U^ .  Then denot ing bY M_ the set.  J  : Z  n

0 .  ,Px )  be  a  s tandard  p rocess  w i th  s ta te  space
t ' '

i n  E .  a . s .  L e t  { G .  ! r > 0 }  b e  i t s  r e s o l v e n t  a n d- a A

do no t  ex is ts  in  E^ ]c  U
n

lG. f=f unifor 'm on each compact subset'

P rocess
in the next  coro l lary  F and F + denote

there

def ined

that for each
* t r r f  

(x t )  )  i s

s*i 
"-Ttvrf 

(Xrrr)J =sx[" 
tt frr, 

(xr) dt J *u*["-t[ (xr) dtJ '

.  
- T ,  _ m

T h e r e f o r e  l i m  e  n v '  f  ( x r  )  = e - ' v r f  ( x r )

. n + @ i

a .  s .



(0

Now 1et  f  e  C^(E) .  
'F rom 

the  re la t ion  V, - f=V. ,  ( f -  (k - I )V , - f )  we deduce tha t
C K I K

f ,  =kV.  f  sat is f ies

-T
r im  e  

^ t r , -  
{ " -  1=s -T1 ,  (Y - )  € r .  S .  I

K I N I

n->co n

and  hence  1 im  fO(Y* - )=O . ' q , . . ,F . "9n  M.  On  the .o t .he r  hapd  fo r  each  o€  M,
ri+- -n

the  se t  {Y ,  (o r )  I nen iU{L (o )  }  i s  compac t .  S ince  f k  *  f  un i fo rm on  each* n

iompac t  se t  we  deduce  l i r n  f  (Y -  )=0 ,  a . s .  on  M.  Bu t  l im  f  (Y .n  )= f  (L )  a . . s j  i
n->@ 

tn 
n+co 

-n

an  accoun t  o f  t he ' con t i nu i t y  o f  f  ,  wh ich  imp l i es  f  ( f , 1=9  a .s .  S ince  f

is  arb i t rary  choosen we conclude that  M is  negl ig ibJ-e.

2 . 8 .  C o r o l l a r v

:  T h ' e ' p l o c e s s  ( Q , F , F . , X , r e * , p x )  g i v e n  b y  T h e o r e m  2 . 4  i s  a  H u n t
g L t -

process

Proof

For  each feT we have l im t rV; f=f .un i form on each cornpact  set .
l + -  

 

Since T j -s  dense in  Co(E)  we deduce 
} i *  

) .V^f=f  un i form un each compact
A->@

se t  f o r  each . f  €  Co(E) .  The  co ro l l a ry  fo l l ows  f rom the  p reced ing  two

lemmas

I
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3.  Excess lve  Func t lons  fo r  Fe11er  Reso lvents

L e t  ( o r M r M t r X t r 0 t r P ^ )  b e  a  s t a n d a r d  p r o c e s s  w i t h  s t a t e  s p a c e

E and  suppose  tha t  i t s  reso l ven t  {V l  I  f >0 }  has  the  fo l l ow ing  p rope r t y :

V ^ C U ( E ) c C b ( E ) ,  f o r  e a c h  l > 0 .  I n  t h i s  s e c t i o n  w e  a r e  g o i n g  t o  p r o v e

cr iLer ion o, f  excess iveness.  The proof  makes use of  the Choquet  boundary

associated to  a convex cone of  lower  semicont inuous funct ions on a

compact  topologica l  space.  Namely we use Bauer ls  min imum pr inc ip le .

3 . 1 .  T h e o r e m

Let f  be a bounded cont inuous nonnegat j -ve funct i -on on E

A s s u m e t h a t f o r . e . a c h x e E t h e r e e x i s t s a b a s e o f n e i g h b o u r h o o d s o f

x ,  U (x )  ,  such  tha t

Pcwf (x)  < f  (x)  for  each w € u (x)  .

Then  f  i s  an  excess l ve  func t l s r l .

po ten t i a l  ke rne l  V^  has  a l so  the  p rooe r t v  V  C .  (E )<C,  (E ) .  F rom Remark
.  . ,  

- o  '  o  D  D
2 . 3 , 4 0  o n e  d e d u c e s  t h a t  a l l  r e s u L t s  o f  S e c t i o n  2 , a p p 1 y  f o r  o u r  r e s o l v e n t -

-  ' '  
L e t ' u s  d e n o t e  b y  9 = f - I V l f  I  r { . = I r € l X ( 0 r 9 )  ,  g = m a x ( 0 r - 9 )  .  T h e n  V ^ f = V o ( f - f V ^ f  ) =

|.r
= V - r p - V ^  ( 0 ) .  F r o m  R e m a r k  2 . 3 ,  3 -  w e  k n o w  t h a t

o '  o ' "

i n f  { t € C ( e )  l t  i s . e x c e s s i v e  a n d  V o O S t  o n  C K ,  f o r  s o m e  c o m p a c t

o a *  I f ] - ns e t  K ] = 0

' The re fo re ,  
i n  o rde r  t o  show 9 )0 ,  i t  su f f i ces  to  show g+E7 ,0 ,  f o r  each

"  
cont inuous excessive funct ion t  such that  VoO(t  on CK for  some compact

se t  K .  Fo r  such  a  func t j -on  t  l e t  us  suppose  tha !  o= in f  ( t+g )  <0 '  Then

K^= t  xeET '  ( t+g )  Gx !=a ] . .  i s -  a  compac t  se t  because  i<o  mus t  sa t i s f y  KoCK '
o

A I s o  K o  r n u s t  s a t i s l t  * . a  { g . 0 } .  
' :  - -

Now le t  x€Ko '  choose  l v ' e  u  ( x )  such  tha t  r ' vz {g '0 } '  s i nce

{ g " o i n  { t : o ] = o  w e  h a v e



/ z

Tcw
E " [  {  

( x r ) d t J = O ,  w h i c h  i m P l i e s
.': /

e"n (vo'r) (x) =nxt 
I^,^,* 

(xr) at]=vo'o (x) '
-cw

Since 9=f- t rVor l+trVoS we deduce Pcwg (x)  <g (x)  '  Further on account of

o 1 t + g  a n d  P " * ( I )  ( x ) 5 1  w e  - , g e t  c { P c w ( o )  ( x ) ( P c w ( t + g 1  ( x ) < t ( x ) + 9 ( x ) = o

r t  fo l lows pcw( t+g-c r )  (x )=0 ,  wh ich  shows Pcw(xnrxo) ]0 '  r f  we d 'enote

b Y  u x  t h e  m e a s u r e  o n  K o  d e f i n e d  b y  u * ( f ) = P c W ( f )  ( x ) ' w e  s e e  t h a t

u * ( t ) = 1 ,  u * ( s )  < s  ( x )  f o r  e g c h  e x c e s s i v e  f u n c t i o n  s 7  u * ( t + g )  ( ( t + g 1  1 * ' ,

and u*(S)=o because * r^5 f f i ,  PX-a 's '-cw 

: [5' l  for the space
.  N o w ' w e  c a n  a P P I Y  L e m m a  1 ' 5  o f  f 5 J  t

the cone of  a l l  lower  semicont inuous excessive functLons and the

func t i on  g+ t .  we  ge t  g+ t )0 .  F ina l l y  we  conc lude  f< I v r f  and  f rom

Remark  2 . I  dbduce  tha t  f  i s  excess i ve '

Now le t  us t reat  the genera l  case (where we a l low the

po ten t i a l  ke rne l  t o  be  non f i n i t e ) .  Fo r  l >0  we  f i r s t  deduce

.o t r  f  ( x )  <p - - - f  ( x )  < f  ( x )  f o r  any  W€U (x )  and  any  xeE .  Then  f rom the  f  i r s t
. 

cw- \^,, r:r cw- .

.part of the proof we dedr:ce that f is i-excessive.-,-s-i5rc-e- r is

a rb i t ra ry  i t  f o l l ows  tha t  f  i s  excess i ve '

The above theorem can be stated in the f 'ol lowing more

genera l  form:

. t

t

I

1
i

K
o

3 . 2 .  T h e o r e m

L e t f b e a c o n t i - n u o u s

i n f  { R ( - f x a * l  I  x  c o m P a c t  r s e t  C

n ( - f x C x ) = i n f  t t l t '  i s  e x c e s s i v e  a n d

Assume that for  each xeE there exists a base

of x such that

Pc* f  (x )  S f  (x )  fo r  each w€ U (x )

Then  f  i s  nonnega t i ve  and  excess i ve  '

bounded functiPn on E such that

E ) = 0 ,  w h e r e  . .  - i

- f xa*S t )

U (x)  o f  ne ighbourhoods



:l
,
I
t

:'

{
n
I
I

3
!

t
I

3
!

,i
t . .

I
I*
t

'€i

;{
|:

I t

Proof

:

L e t  K  b e  a  c o m p a c t . s e t -  P r o m  T h e o r e m  2 . 2 , 1 0  w e  k n o w  t h a t

l=R( - f xcx )  i s  l ower  semicon t i nuous .  Le t  us  suppose  tha t  i n f  ( t+ f ) ,=c to : *

Then  n r r t - -Xo={xeE l  t t+ f )  ( x )=a } .  I t  f o l l ows  tha t  Ko  i s  a  compac t  subse t -  
- - -

of  K .  Fur ther  we app ly  Lemma 1 .5  o f  t t ]  
i and deduce t+f )0 just

l ike in  the preceding proof .  The assumpt ion ' f rom the s tatement  impl ies

fr-| . The theorem n'esri"I:tq f rom the preceding one ' -'

3.3 .  Remark .  T .Watanabe in  tC . l  p roved 'o ther  excess iveness

c r i t e i l a  f o r ' a  reso l ven t  sa t i s f y ing  the  cond i t i on

' t>0 .  
ou r  resu lB  do  no t  f o l l ow  f rom h i s  bec 'ause  we

to  oepend  on  x .

v ^ C b  ( E ) c C b  ( E )  '  f o r

let th.e familY U (x)
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4 ;  The  Loca l  Charac te r

te t  E be a Iocal ly  compact  space

(V,  I  f20)  a sub-Markov resolvent  o f  kernels

cond i - t i ons  assumed  in  Sec t i on  2 .  We sha l l

2 . '  p a r t i c u l a r l y  ( a r M , M t , X t r 0 t r p x )  w i I l  b e

wi th a countable base and

on E that  sat is fd-es the

use the notat ion f rom Sect ion

a Hunt  process such that  for

wh ich '

sha11

are

use

! L . + !  4
t , L l c r L  L t

4  . r .

Let t

I= t  and

.  Then there ex is ts  a sequence { tn}

for each neN there- ex.ists a compact

sequence in  Cc (E)  such that  O59n<9n+l  ap{

=Q and

I

i n

s e t

i? , . ]  be

def ine +-o

e a c h  f  € C . b ( E ) ,  \ r - Q ,  x e E  t h e  f o l l o w i n g  r e l a t i o n  h o l d s :

V . f  ( x ) = f x [ ?  a w n f - r + \ r l Y  ) d t ]  .

rn th is,sect ion we shaI l  character ise those resolv"ents (vr)

associated to cont inuous Markov processes. In the sequel  we
the  fo l low ing  consequence o f  a  resu l t  o f  G.Mokobodzk i .

Theorem

e P n C & ) .  T h e r e  e x i s t s  a  u n i g u e  k e r n e l ,  G t ,  o n  E  s u c h

f o r  e a c h  f € C b + ( E )  ,

c , f  i  P n C @ \  a n d
L

R ( x ^ G * f ) = G * f  ,  w h e r e  A = s u n p  f ." A C  E

The proof  fo l lows f rom Theorem 3 of  Ch. IV in  [ {  I  and the next  lemma.

4 . 2 .  L e m m a

-Le t  t  be  in  PnC (E)

P n C (E) such that t=I tn and
n

K '  s u c h  t h a t  R ( t n X K  ) = t n
. n

Proof

Let

c-
U { q  = 1 } = E .  W e- n
n

tn+r=R t t -o1r. to-R (  ( t -o- l r , to)  (1-sn*r  )



Nex t  we  a re  go ing  to

fo l l ow ing  p rope r t i es :

Suppose

ins tead

F r o m  T h e o r e m  2 . 2 ,  3 0

R (  ( t - .  r  t k )  ( I - s r * r )  )
KSn

arguments imply  that

F r o m  T h e o r e m  2 . I '  i t

t *

induct ion that tne sequence { t n }  h a s  t h e

( E )  .

Let  us prove them with n+}

{ 9rr*r=o } .

that

prove by

t  e  P n c ( E )  ,  ' t -  r  t , - € P n c
n k{r, 

*

that  the above propert ies are t rue.

o f  n .  F i rs t  we no te  tha t

R ( .  ( t -  r  tu )  ( l -9 , - ,+1  )  )  = t -_  r  t k  on
k s n  

o  r r r r  
k s n  "

and  Remark  2 .3 ,  I o  i t  f o l l ows  tha t

is  a  cont inuous excessive funct ion.  Then the same
i

t  i s  a l so  a  con t i nuous  excess i ve  func t i on .
n f I

f o l l ows  tha t  t - .  t  t k - tn+ l  i s  a l so  excess i ve .
K{n

Fur ther  the inequal i ty  t r r * r { t  impl ies tn . r1€ P ,  and '  s imi lar ly  we deduce

t :  - f  E . e P
k 5 n + 1  

K

Now for each neN we put Kn=supp gn and rernark

t n + j = R  ( t n + r X K  )  '
n *1

From the  de f i n i t i on  o f  t n+ l  we  deduce

t k )  ( /  -gn+r )  )  .

( r - 9 n + r )  ) 5 n ( t x c x  )
" "n f I

- Since the last term tends to zero we geL t= i tp '
k= I  ^

4 . 3 .  N o t a t i o n

r f  r  €  ?4c , ,  (E )  -
.c,

'  
C l--r,r €
I  o  L - \Ja  !

L

and  fG  Bb(E)  we  sha l l  use  the  no ta t i on

r -  r  r  - t  _ < R ( ( t -  L- k  n * 1 t
k(n "  kSn

Further  t -  I  t ' -5  R ( t
k1n+ l  

o

I
I
t

i,
i

l
l :[ .t:

t.
i:
i ,
I
t
t
i{
t:
t
{
i
: where  ca  is  g iven T i r e o r e m  4 . I  .



4 . 3 '. Remark

f  . ( V ' l ) = V  f' o ' o

4 . 4 .  L e m m a

t a -

A s s u m e  t h a t  s , t e P O C O ( E )  a r e  s u c h  t h a t  s = t  o n  f .  I f  u e  P n C b ( E )  i s  s u c h

thab s -u€P and there  ex i rs ts ,a  compact  se t ,  Kcur . "such tha t  P*u=u,  . then

t - u € P .  -

, o

for  each te  8o tn)

Proof

We are  go ing  to  app ly  Theorem 3 .2  fo r  the  func t ion  t -u .  I f  '

x e  U  w e  p u t  U ( x ) = { W  o p e n  l w c U ,  x e l n T i .  T h e  c o n d i t j . o n . f r o m  t h e  s t a t e m e n t
- x , - -impl ies P^ (XTCW€ E\U) =0 ,  and hence Pa*t  (x)  =P"*s (x)  for  each 

"v '  
e U (x)  .

T h e n  ( t - u )  ( x )  - P ^ . . , ( t - u . )  ( x ) =  ( s - u )  ( x )  - P . . , . , ( s - u )  ( x ) : 0
UVY . U'JY

.  I f  x  e  { rU .qe* . .qut  U(x)={w openl* ! . -1 : .0 , ,  x€ I^ I } .  S ince

P*u (x) =Pcwt (x) ,  we have

( t -u)  (x)  -ea*  ( t -u)  (x)  = t  (x)  -ea* t  (x)  >0.

.  The unic i ty  o f  the kernel  GV^t  assocj -ated to  Vol  shows that

that  t -u is nonnegat ive and excessive.  SinceThen  Theorem 3 .2

t -UStcP we have

r e s
\.

t - u € P .

4 . 5 .  P r o p o s i t i o n

I f  U, s,  t  sat isfy the requirements of  the preceding Lemna,

then f  . s= f  . t  fo r  each f  €  8b . (E)  wh ich  sa t is f ies  f=0  on  E\u .

Proof

t h e  k e r n e l  G -  ( s e e  t q  I  p . 2 3 9 )  i t- sFrbm the construct ion of

fo l l ows  1 -ha t  f o r  each  o r )en  se t  D ,

, . t

t - l

il I,r i: l  I
I t

-i
ii

t
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x n . s = s u p  { u e  S 0 C  ( E )  |  s - u e  S  a n d  R ( u x O )  = u
" u

= X D '  t

A  s imi la r  re la t ion  ho lds

fol lows from the precedinq

theorem impl ies the desired

for some compact set  Kc D]. .

f o r  X p . t ,  a n d  t h e  e q u a l i t Y  X D . s = ,

lemma for DC U. Further the monotone

conc lus ion .l a s s

4 . 6 .  L e m m a

Let  U be
t p r q  e  P f I C O ( E ) '  s u c h

Proof

an open and xo

that p7$.r. p-q €

there exist  two funct ions

p  ( x o )  ' q  ( x o )
e  U .  Then

C (U)  andc -

put p=yo1 and choose a funct ion g€C (E) such that g=g on an

open ne ighbor i rhood D o f  xo ,  0 (g(1  and$ =1 on  E\U.  Then pu t  q=R(gp) .

o r 6 m  2 . 2 , 3 0  w e  g e t  q e C ( E ) .  O n  t h e  o t h e r  h a n d  w e  h a v e- -" :_=FTOm The

x x
D  n 1 v  \ : E  o I r _ . p  :  < t r  o i - ' j = n f  v  )t C D P , ^ a r  a o  L q - r C D . r  \ !  L i J - Y  \ ^ O /

: , \ . '  :  . . -
; '  F r o m  l t u n t ' s  t h e o r e m  ( s e e  t r l  p . 1 4 1 )  i t  f o l l o w s  P C ' P ( x o ) = R ( U x a o )  ( x o ) .

R ( e x a o )  = q  w e  g e t  q  ( * o ) . P  ( x o )  .  -  
-

Since

4 . ' l  .  Lemma .
- ti: t 

'.:

excessive funct ion and i (  a  comPact  set

increasing sequence of  cQnt inuous excessive

then the cQnvergence is  un i form
such thai

func t ions

n e N

Fuc t l  t ha t

be a cont inuous

r f i u \  i s a n- n -

converges to 9r

By  D in i t s  t heo rem we  deduce  tha t  f o r  each  e>0

such that  u lur r*e :  on K.  Then

u=P*u5P* (urr+e )  {ur r+e

4  .8 .  .  P ropo_s i t i on

there exists

- . . - -

f unc t i on  and  K  a ' comPac t  se t

l t r  1  i ^  r , F  n r 1  r r t a -
t  : -  i  l 5  d  S t i L { L - l . r i - l L  J  L ' i  L ' v r : u r

Let u
b  ' l = r l' K *

which

Proof

Let  u

j - r , i J - u
n

E .

be  a  con t i nuous  excess i ve '
a  ^ ^ , i ' . ^  + t - - !  -  l n a  / r \  - ^ - ' 1

.  A S S U m e  L l l c r L  E c l l l L \ . L /  d l j L i

&ud { 66 Zz



nuous funct . ions

l i m  f  . t = u .  I f
n

n-)@

wi th  KcD,  then

Let  U be

x  r  C U ,  P *  ( x r - e  U 1 = g  .

fo l low ing  inc lus ion

I v

such that the sequence {  f

g e C ^ ( E )  i s  s u c h  t i a t  o { 9 { 1c '

l im (q f  )  . t=u  un i fo rm.n '
I1-+@

a  re la t i ve l l '  comnac t

Then for  each open

h o l d s :

. t i  i s  inc re 'as lng  and

and g=1 on an open set D

open  se t  such  tha t  f o r  each

s e t ,  A ,  s u c h  t h a t  U a A ,  t h e

P.roof

'Us ing Lemma 4.6 we f i rs t  choose two corr . t j -nuous bounded

excess i ve  func t i ons  p re€P" -such  tha t  p=q  on  E \D  and  p -q> - r  on  K .  Then

tt " ruu{fiprl (rrtvt P"op o.itiort 3,/ }n-tStr . rhus ror
each x6E we have a posj - t i .ve 'measure !x  such that

s ( x ) = u * ( s - P ^ s )  f o r  e a c h  s €  P  w h i c h  f u l f i l s  p 6 r D " = "

F u r t h e r m o r e  u x ( I l . l l g l l ,  f o r  e a c h  x 6 E .  H e n c e

I  l " l  l s c l  l s - e * s [  |  f o r  e a c h  s € P  w h i c h  f u l f i l s  p " . . , . . s = s
11\u

F r o m . L e m m a  4 . 7  w 6  l c n o w - t h a t  f r r . t  '  u  u n i f o r m .  T h e n  p K ( f n . t )  - +  e * ( u )

un l fo rm.  s ince 'PKu=u  we  deduce  fn . t *pK( f r r . t ) .  *  0 .  pu r the r  f rom the

inequa l i t y

f  - f - p  ( €  r \ - / c r f  \  - + - o  (r n . E . - . H K  ( r n . t r )  \ y ! n i  .  L  . * ,  ( g f r r ) ' . t )  +  (  ( l - g )  f n )  . t - p x  ( (  ( I - g )  f n )  . t )

7  (  ( 1 - g 1 f r , ) . t - P r ( (  ( r - g )  f r , )  . t ) :  ( t / c )  (  ( I - g )  f n )  . r

we  ge t  (  (1 -g )  f r r )  . t  +  0 r  wh ich  imp l i es

( g f n ) . t = f r r . t - { ( r - g ) f r r ) . t  - +  u  
i

4 .g .  Renark .  I f  i n  t he  p reced ing  p ropos i t i on  we  assume K  i s
c losed and CK is  re la t ive ly  compact  instead of  assuming K is  compact ,

then the conclus ion is  s t i I l  va l id  wi th  uni form convergence on each

compact  subset  o f  E instead of  un j_form converqence on the whote space E.

4 . 1 0 .  T h e o r e m



t g

Proof

Let us def ine

.  T  ( u 1 = {  f  €  C c  ( u )  I  t r r e r e  e x i s t  s , E e P \  C b  ( E )  s u c h  t h a t  f = s - t }

I

From Lemma 4.6 and ' the Stone-Weierst rass theorem i t  fo l lows

r  tU l  =Co  (U)  
. .

There fo re  fo r  ebch  f€Cc(U)  and  e .ach  e>0  Lhe re  ex i s t .  s r tePnCb(E)  such

tha t  s - t  €  C -  (U )  and  l s - t - f  I  se  .  Le t ' now ge  C .  (A )  be  such  tha t  0Sg{ .1  and -
c '  -  c '

9 = 1  o n  U .  F r o m  L e m m a  4 . 5  w e  d e d u c e  ( 1 - g ) . s = ( I - g ) . t  a n d  h e n c e

g . s.-g . t=s-t o

S i n c e  g . s  i s  e x c e s s i v e  w e  h a v e  
| 1 :  

r V )  ( g . . s ) = g . s .  p u t

p=VoI and frr=r (g. .  s-nv'  lg.  s)  )  we have tVr,  (g.  t )  =f , . r . f : -

P r o p o s i t i o n  4 . 8  f o r  . K = s u p p 9  a n d  u = g . s .  L e t  V ' e  C . ( A )

- '0 {g '51  and d '= t  c in :a  ne ighbouShood o f  { .  Then ' : there

i  t g ' f r r )  - p - 9 - s 1  
" .  

P u t t i n g  h = g f  
' f '  w e  c a n  w r i t t e  ( g ' f

l v  r r - q . s l c e .' o r '

Simi la r ly -we can f ind  h 'e  C"  (A)  such tha t

Therefore

Now,'we apply

be such that

exists ncN suc-h

) . o = h . p = V - h  a n d :
n ' o

l v  r r ' - s . t l c e ,, o
. .

that.

4 .11 .  I , egmq

L e t  A r U  b e

cc  (u )  c

a n d  h - h ' e  C - ( A )c

two open setg such that UcA-

vJcJf ) ,

t h e n  f o r l e a c h  x e  E r A  w e  h a v e  n x { x * e  U ) = 0 ..A

I f



( , v

Proof

' t r F

- c ' - - '  - -  o  E
and hence

lf r op^Vof  ( r )  = r^  I  7  f  (X t )  d t  i=vo f  (x )  =0  .  .
I t L ' N .A

The  dens i t y  cond i t i on  l eads : .  t o  Pog(x )=0  fo r  each  g€C^(U) ,  wh ich(-:
'  _ ! f

imp l i es  P"  (X ;  e  U)  =0 .
' * A

4 . 1 2 .  C o r o l l a r y

T h e  p r o c e s s  ( 0 r M r M t r X t r o t r P x )  i s  c o n t i n u o u s  i f  a n d  o n l y  i f

f o r  each  open  se t ,  U '  an :  f o l l ow ing  i nc l -us ion 'ho lds :

i . .  ( x )

.  , . l r : S

C  ( u ) c v  t n  / ? ' \ \
c  o \ L c \ u / /

Prcof

I

: - ,_  "  I f - .  the t r rocess lF cont . i5ruous one-  u_qgs Theorem 4.10 and get
I

re la t i on  ( * )  f o r  each  open  se t .

Now let  u l  suppose thaf relat ion (x)  is  .val id for  each oPen

set .  .Le t  W be an  open se t  and pu t  U=E\W.  From Lemma,4 . f l  we ge t
: . .

!a
P" (X-  € ErW) =g for  each x€W .
'  *E tw

' t !  , '  . l !  t t  -  - 1 1 * -
Then from t$e f  e,sqlt  of l lnf iegetinf l ldeduce that the process

is  cont i ,nuous.
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