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Introduct ion

In our previous paper [Ul ,  we deal,t  wi,th some crj-teria ,:  1 !.  r

for  properness for the morphisms of .  schemes.

I f  f :X-+Y i -s  a separated morphism of  a lgebra ic  schemes

.- -over  e f ie ld  k ,  then the fo l lowing proper t j -es are equiva lent :

i )  f  i s  p rope r .

i i )  everv c losed in teqra l  } -d imensional  subscheme CgX is

proper over Y

( c f .  [ o l ,  C o r o l l a r y  3 )  ,

In  genera l ,  when f  is  a .  separated morphism of  f in i te  type

o f  noe the r ian  schemes ,  j - )  i s  no t  equ iva len t  w i th  i i ) ,  as  shows

'  the fo l lowing

Example I  -  Let  A be a d iscrete va luat ion r ing,  t€A a gene-

rator of the maximal ideal of A, e[r] the r ing.. of .  the oolynomials "

in  one indeterminat ,e  and 'x=( tT-r ) the ideal  o f '  a [ r l  qenerated bv--

tT- l .  Then x is  a  maximal  ideal  s ince e[ r l  /  f t ' t - l )  is  isomorphic  to
'  

t he  quo t i en t  f i e l d  Aa .  Deno te  Y=Spec  A [T l ,  X=Y- {x }  +nd  f :X< ->Y_ the

Tui.iii.:..... ',canoni"caI open ilmrnersion. -Since x is a c:trosedr!-r:codi-mensi-onal poi:rt*e-

o f  Y ,  i t  i s  easy  to  see  tha t  f  sa t i s f i es : i i ) ,  f . ' i s  no t  p rope r  s ince

i t  i s  n o t  s u r j e c t i v e .

fn  Examp le  I ,  X  and  Y  a re  schemes  o f  f i n i t e  t ype  ove r .A .

Then i t  is  natura l  to  put  the fo l t rowing problem: i f  S is  a

noether ian 'scheme,  which condj - t ions must  sat is fv  S such that  for

every separated morphism f :X->Y of  schems of  f in j - te  tvpe over  S,

the above condi t ions i )  and i i )  are equiva lent  ?



-  r - 1fn  L6 I  we have shown (see the proofs  of  Theorem. l  and

Propos i t i ons  I  and  2 ,  l oc . c l t . )  t ha t  t he  obs t ruc t i on  fo r  a  separa -

ted  morph ism f :X ->Y .o f  f i n i t e  t ype  o f  noe the r ian  schemes  to  be

p roper  (under  some "qood"  cond i t i ons )  cons i s t s  i n  t he  ex i s tence .

o f  some C losed  i n teg ra l  $ .ubschemes  X '9X  o f  d imens ion )1 ,  wh ich

have c losed l -codimensional  po ints

fn connect ion wi th  th is  remark,  in  f  t  we in t roduce a

c lass  o f  noe the r ian  r i ngs ,  , ca11ed  un i ve rsa t t v  f -equ icoa imens io ;a i

P rec i se l y ,  a  r i ng  A  be lonqs  to  th i s  c lass  i f  i t  i s  noe the r ian  and

i f  every in tegra l  a-a lgebra of  f in i te  type,  which has a maximal

l -he igh t  i dea I ,  i s  1 -d imens iona l .  I n  an  obv j -ous  manner  one  de f i nes

the  un i ve rsa l l y  1 -egu icod imens iona l  schemes

Tn  6  2 ,  Theorem 2  a )  47  g1  ,  we  show tha t  a  scheme S  has  ')

t he  p rope r t y  requ i red  i n ' t he  above  p rob lem i f f  i t  1s ,  un i ve rsa l l y

l -equ icod imbns iona l .  O the r  cha rac te r i za t i ons  o f .  un j - ve rsa l l y  1 -equ i -

codj -mensional  schemes are g iven in  Theorem 2,  some of  them being

pure  topo log i ca l  , ( see  b )  )  .  Theorem 2  appears  a l so  i n  [ a ] .

In  the other  theorems of  th is  paper  we establ ish some

genera l  p rope r t i es  o f  t he  above  c lass  o f  schemes .  The  ma in  resu l t s

a re  Theorem I  and  3 .

( ^
fn  |  3 ,  Theorem 3 ,  we  po in t  ou t  t ha t  t he  i n teg ra l  un i ve rsa l l v

l -equicodimensional  schernes which have qJener ica l ' ty  some good proper-

t ies (more prec ise ly ,  those which conta in an open. :  non-empty cate-

nary and equicodimensional  scheme),  can be character ized b1r  some

stronger  proper t i .es.  From th is  theorem we may easi ly  deduce that

an  i n teg ra l  l - d imens iona l  ( resp .2 -d imens iona l )  r i ng  i s  un i ve rsa l r y -_

l -equ icod imens iona l  i f f  i t  i s  noe the r ian  and  Jacobson  ( resp .  Jacobson

un ive rsa l l y  ca tena ry  and  equ icod imens iona l )  ( see  a l so  Coro l l a r j - es

I  a n d  8 ) .

",;r. ' .1 -.t i ,.



In  [S] ,  we have proved that  i f  a  subalgebra of  an a lqebra

of  f in i te  type over  a f ie ld  is  un iversal ly  l -ec{u icodimensional  then

i t  j - s  f i n i t e l y  genera ted  (and  conve rse l y ) .  Th i s  resu l t  i s  no t

con ta ined .  i n  t h i s  paDer ,  bu t  i t  w i l l  appear  i n  tZ l .  Th i s  resu l t

can be re la ted in  a natura l  manner  wi th  some new solut ions for  the

known af f i rmat j -Ve cases of  Hi lber t 's  14th r : rob lem.

C .'  I n  q l ,  Theorem I ,  we  q i ve  a  b lass  o f  morph isms  o f  f i n i t e

type of  schemes,  by which the universal ly  l -equicodimensional i tv

goes down.  This  c lass of  morohisms,  g j -ven by tooologica l  proper-

t i es ,  i nc ludes  the  su r jec t i ve  Droper  mor r :h i smsr the  su r jec t i ve

un ive rsa l l y  open  ( i n  pa r t i cu la r ,  a l l  f a i t h fu l l y  f l a t )  morph isms

of  f in i te  type and afso some morphisms which aDpear  in  connect ion

wi th the problem of  the f in i te  generatS-on of  the subalqebras:  the

s t rong ly  submers i ve  morph isms  (o f  f i n i t e  t ype )  i n t roduced  in  I f a l

by Nagata and in  r :ar t icu lar  the morphisms of  f in i te  type of  the

form Sr:ec A --> Apec aG, where c j-s a (qeometrical ly) reductj-ve

group act i -ng rat ional ly  on the r inq A and AG is  the subr inq of  the

inva r ia .n t s  ( f o r  de ta i l s ,  see  the  p roo fs  o f  Co ro la r i es  2 -6  and

R e m a r k  2 ) .

. In connectj-on with Theorem L, we may mentj-on that by a

morphi -sms f  :X =-+ Y of  reduced schemes over  a f ie ld  k ,  which belongs

to the c . lass of  morphisms descr ibed in  Theorem L,  the oroper t lz  to

be a lgebra ic  over  k  goes down (see lz l  I  .

Throught

and the notat ions

( resp .  " scheme"  )

s c h e m e " ) .

1r

th is  paper  we fo l low
n

of  EGAf- IV,  excerr t

which is  ren laced by

in qenera l  the terminology

the ter rn of  "prescheme"

"scheme"  ( res r r .  " sepa ra ted



1.  Def in i t ion,  examples and some qenera l  proper t ies

We sha1l  in t roduce the fo l lowinq:

Def in i t ion -  A r inq A is  ca l led universaLl .y_I -equicodimen-

sional i f  i !  is noetheriapl 'g:nd if  everlr integral--.3i3J.ggFra of ' f iniE 
.,-t '1:

type which has a maximal  l -he ight  idgal ,  is  l -d iJnqnsional .  .  -  
'

A scheme X is  ca l led universal ly  l :equic .odimensional  i f

there ex is ts  a f in i te  cover ing (Ui )  
i . -  o f  X wi th  open af f i -ne sub-

se ts  such  tha t  f o r  eve ry  i € I ,  t he  r i ng  1 - (U i  ,@X,  i s  un i ve rsa l l y

1-ec: i icodimensiona 1 .

The fo l lowinq Examnle 2

l -equicodimensional  r j -nqs.  This

r 0 . 6 . :

q ives  a  c lass  o f  un i ve rsa l l y

Examples apDears a lso in  EGA IV,

Example 2 -  An in tegra l  r ing which is  Jaqobson,  equicoCi-

mensional  and universal lv  catenarvr  is  un iversal lv  t -equicodimen-

s i o n a l .

every

i t  i s

i dea ls

A-a lge

maxima

( c f  .  I z

that n

r in_q,

c i t .  )  .

:=dim

=dim A

' f ndeed ,  1e t  A  be  such  a  r i ng .  f t  su f f i ces  to  p rove  tha t

polynomia l  a lgebra af t r ,  .  .  .  ,Tr r ' l  is  equicodimensional .  (S ince

also catenary,  i t  fo l lows that  a l l  maximal  chai -ns of  pr i -me

of  a[ r r ,  .  .  .  ,TJ have,  the same lenght  ar ld  so every in tegra l

bra B of  f in i te  type-ds equicodimensional i ; ' ,  Lhen, i f  B has a

1  l - h e i g h t  i d e a l ,  i t  f o l l o w s  d i m  B = 1 ) .

S ince  a [T r r . . .  rT r r l  i s  a  Jacobson  un i ve rsa l l y  ca tend ry  r i - ng

l ,  c h . V ,  3 ,  n o . 4 ,  T h . 3 ) ,  b y  i n d u c t i o n  o n  n ,  w e  m a y  s u p p o s e

=1 .  Le t  mca [ r l  be  a  max ima l  i dea l .  S ince  A  i s  a  Jacobson

i t  f o l l ows  tha t  n=mf lA  i s  a  max ima l  i dea t  o f  A  ( c f  . [Z l  ,  l oc .

The local r ing a[r] * i= f lat over Ar, ,  and then let {. t  m =

a[r]*=dim A,.+dim a[rl  yl- l-[rJ* 
=hr n+dj-m(a[rl  lrra[r l  )* =

+dim talg[rl )*=dim A+1 .

a ' l  , " _ .  i - r

Q . E . D .



We have the fo l lowinq consequences of  Example

Example 2a -  Every ar t in ian r inq k-  is  un iversal ly--

---.\
I  -equi  codimens j_ona 1 . Every k-a l -qebra of  f in i te  tyne ( res . everv

_scheme of f inite tvpe over  such a r ing k  is  un iversal l I  -ecrui -

rndeed an in teqra l  k-a lqebra of  f in i te  type is  a  k / ry-

a lgebra,  where m is  a maximal  ideal  o f  k .  Then Examr: le  2a fo l lows

from the fact  that  every f ie ld  is  un j -versal ly  l -equicodimensional .

Example 2b -

noether ian Jacobson

Everv a lqebra o f f in i te  tyne over an i -n tecrra l

cod imens iona l .

1 -d imens iona l r l_n i s  un i ve rsa l l 1 - e q u i c o d i -

mens i -ona1 .

The  r i nq  Z  o f  t he  i n t e r  numbers  i s  un i ve rsa l l v I 1  I  - n -

d i -mens iona l .

I t  fo l lows f rom example 2 and Def j -n i t ion,  s ince everv in-

tegra l  noether ian I -d . imensional  r ing is  equicodimensional  and.

u n i v e r s a l l y  c a t e n a r y  ( c f  .  E G A  f V ,  5 . 6 . 3 . a n d  6 . 3 . 7 ) .

Example 2c -  Every a lgqbra of  f in i te tvpe over a noethei ian

normal Jacobson r ing A,  such that  for  ever maximal  ideal mcA .. ht gr =

= 2 ,  i s universal ly  I -equicodimenslonal  .

f t  fo l l -ows f rom Example 2,  s ince every normal  2-d imensional

r ing is  un iversal ly  catenarv.  rndeed,  for  every pr ime ideal  pcA,  , .

d im  An<2  and  An  i s  a  cohen-Macaurav  r i ns  ( c r . f zz ] ,  ch . r v  B ,  Ex .2 )

then  Ao  i s  un i ve rsa l - I y  ca tena ry  ( c f .  EGA IV ,  6 .3 .7 )  and  hence  A  i s

a l s o  l r f r , r " r = . 1 1 y  c a t e n a r y  ( c f  .  E G A  I V ,  5 . 6 . 3 ) .

Example 2d -  Let  A be a 1oca1 in tegra l  un iversal l_y catenarv

r i ng  and  mcA i t s  max ima l  i dea l .  Then  Spec  a - { *1  i s  an  un i ve rsa l l v

1-equicodj -mensi -ona1 scheme .



I n d e e d ,  c f .  E G A  f V ,  1 0 . 5 , 9 ,  i t  f o l l o w s  t h a t  X = S p . e c  a - [ U \

i s  a  Jacobson  scheme.  S ince  fo r  eve ry  c losed  po in t  xeX ,  t he  l oca l

r ing O- . ,  is  un iversal ly  catenary and d i - r , r  O-  , -=6im A-1,  the" x r X : - X , X

asser t ion fo l lows f rom Example 2.

Examp le  2d ,  appears  a l so  i n  EGA IV r  f  0 . . 7  .2 .  ,  
_ -

IaIe have the fol lowinq ,,-\ '  '  ' '

Exarnple 3 -  A noether ian semi local  r inq of  d imension )  0

is  not  un iversal l l  1-equicodimensional

fac t ,  l e t  A  be  such  a  r i nq .  Choos ins  a  p r ime  idea l  p .A r

and  rep lac inq  A  by  A /p ,  we 'may  suDDose  tha t  A  i s  an  i n teg ra l  r -d i -

mensional  semj- local  r inq.  Let  f<A be a non-zero e lement  such that

the  quo t i en t . r i ns  A f=A [ tZ f l  i s  l oca l  and  tea [ r7 f l  a  non -ze ro  e te -

men t  o f  t he  max ima l  i dea l .  Then  the  p r i nc ipa l  i dea l  ( tT - l )  o f  t he

po lynomia l  a lgeb ra  a [ rZ r l [ r l  i s  max ima l  and  h t ( t r - l ) .=1 .  r r  f o l l ows

that  a [ r / r , rJ  j -s  an A-a lqebra of  ' f in i te  type of  d i .mension 2,  hav i -ng

a maxj -mal  1-height  idea1. .

We shal l  g ive some ctenera l  prooer t ies-of  the universal ly

l -equicodimensional  schemes

Proposl t ion 1 -  a)  An universal ly  1-equj_codi .mensional

scheme is  a Jacobson scheme

. "  b )  r f  X  i s  an  un i ve rsa l l v  l - equ icod imens ibna l  scheme,  fo r

gvery open af f ine subset  UsX,  the r inq I - (U,  On)  is  un iversal ly

1-equicodimens ional

c)  Every scheme of  f in i te  tvpe over  an universal lv

l -equ icod imens iona l  scheme i s  s t i l l  un i ve rsa l l v  l - equ icod imens iona l .

: i t  $  I i t t k

f n  pa r t i cu la r ,  eve ry  subscheme o f  such  a  scheme i s  un i ve rsa l l

I - equ icod imens iona l .



d)  A noether ian schgme is  un iversal lv  l -equicodimensional

i f f  every i r reducib le  comoonent  wi th  reduced scheme st ructure j -s

universal lv  1-equj -codimensional  .

Proof  -  a)  Let  X be an universal ly  l -equj -codimensional

scheme and le t  us suppose that  X is  not  a  Jacobson scheme.  Then

there -exists an open af f  ine subset t lgX such that 6= !-1" fn I I  ^
, U r v X /  J - D  c L l l

uni -versaI ly  l -equicodimensional  r ing,  but  i t  is  not  a  Jacobson

r ing .  F rom EGA IV  10 .5 .2 ,  i t  f o l l ows  tha t  t he re  ex i s t s  a  p r ime

ideal  pcA,  such that .  A/p iS a semi local  l -d imensional  r ing.  Then

A/p  i s  no t  un i ve rsa l l y  l - equ i - cod imens io ta l ,  by  Examp le  3 .  Th i s

con t rad i c t s  t he  fac t  t ha t  A  i s  un i ve rsa l l y  1 -equ icod imens iona l .

b )  B y  d e f i n i t i o n ,  i t  f o l l o w s  t h a t  i f  A  i s  a n  u n i v e r s a l l y

l -equicodimensional  r i -ng,  then for  every f€A,  the quot ient  r ing

A-  i s  un i ve rsa l l y  l - equ icod imens iona l .  Hence  an  un i ve rsa l l y
r

l - equ icod i rnens iona l  scheme has  a  topo log i ca l  bas i s  (U i )  
i a r  

such

tha t  f o r  eve ry  i € I ,  U i  j - s  a f f i ne  and  I - tU r ,O* )  i s  an  un i ve rsa l l y

t -equj -codj -mensional  r inq.  Let  UgX be an open af  f  ine subset  and

J S f  s u c h  t h a t  ( U j ) j . l  i s  a  c o v e r i n g  o f  U .  I f  A  i s  a n  i n t e g r a l

[ - (u ,  (?") - . foebra of  f in i te  ty ] :e  vrh ich has a maximal  ideal  m of

height  I  and 9:  Spec A - -+ U is  the canonica l  morphism of  a f  f  ine

sc t remes ,  t hen  the re  ex i s t s  j eJ  such  tha - t - . 9 t * )=g€L l i .  S j -nce  Y  1 " . , .
- 1

an  a f f i ne  mor .ph i sm o f  f i n i t e  t ype ,  i t , , f o I , l ows  tha t  I  
-  

t u . )  i s  an

a f f i n e  ' s c h e m e  o f  f i n i t e  t y p e  o v e r  U ,  ( c f  .  E G A  I f  '  I . 2 . 1 )  a n d

m  €  9 - l  t u r )  i s  a  m a x i m a l  t - h e i q h t  i d e a r  j - n  B = f (  { t , u - ) ,  O r , r . . o )  -

S ince  B  i s  o f  f i n i t e  t yoe  ove r  t he  un i ve rsa l l y  l - equ icod imens iona j -

r i n g  [ - ( u - ,  ,  @ . ) ,  i t  f o l l o w s  t h a t  d i m  9 - 1 t u . , ) : 1 .  F r o m  a ) ,  i t  r e s u ] - t s
J] '  X  J

t ha t  X  j - s  a  Jacobson  scheme.  Then  l -1U ,  O* )  i s  a  Jacobson  r i nq
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( c f  .  EGA fV ,  10 .4 .2 )  and  then  A  i s  s t i l 1  Jacobson .  App ly inc r

Coro l l a ry  2  o f  [ e l ,  t o  t he  scheme Soec  A  and  to  the  l -d imens iona l

o p e n  s u b s e t  9 - 1 ( U - )  i t  f o l l o w s  t h a t  d i m  S p e c  A = 1 .  H e n c e  d i m  A = I .
l

c.) and d) are standard

.  Corg l lary  I  -  An in teqra l  l :d imensional  r ing, . is  un iversa-

I f lz  l -eguicodimensj -onal  i f f  i t  is  a  noether ian Jacobson r incr .

fndeedr  drr  impl icat ion fo l lows brr 'Pronosi t ion t  a)  and

another  by Examnle 2b) .

fn  the fo l lowinq Theorem I  we g j -ve a c lass of  mornhisms i

by which the orooer t lz  o f  .un iversal  l -equicodimensional ly ,  c foes

down

Theorem I -  Le t  f  :X -+Y  be  a  no rnh i sm o f  f i n i - t e  t yoe  o f

noether ian schemes,  which sat is f ies the fo l lowinq pro l :er t rz :

(P)  For  everrz  in tegra l  Y-scheme Y'  the canonica l  mornhism

i r reduc ib le  componen ts  o f rXx "Y l  wh ich  domina te  { ' ,  i s  su r j ec t i ve .

Th -en ,  i f  X  i s  an  un i ve rsa l l y  1 -equ icod imens iona l  scheme,

I  i s  a l so  un i ve rsa l l : y  l - equ icod imens iona l .

P roo f  -  Le t  Y 'be  an  i n teq ra l  y - scheme o f  f i n i t q  Lyne  and

;y€Y'  a  c losed ooint .  By th€"proper tv  (P) ,  there ' . ,ex js ts  an in tecrra l

scheme X '  o f  f i n l t e  t ype  ovb r  X  and  a  d .om inan t  morph isms  f  ' :X ' ->y '

o f  f i n i t e  t y p e  s u c h  t h a t  y e f '  ( x ' ) .  L e t  x € x ' b e  a  c r o s e d  p o i n t  s u c h

tha t  y= f  ' ( x )  and  f  ' * z  Qu , , , -n  (9 - , - .  t he  canon j - ca l  homomoroh isms  o fY ; Y  X ; X

l oca l  r i ngs .  Then  f t *  i s  i n jec t i ve  and  t f  I v  i s  t he  max ima l  i dea l

o f  t he  r i ng  Qu , , ,  r  we  have  * . .O . r ,  -10 .  r t  i s  easy  to  see  tha tr  y  - y  X ' r X '  r

t he re  ex i s t s  a  p r ime  idea l  pc0y , , y  such  tha t  ch t  p= r  and  p * *uo* , , *

: l - . - ' . : -

ir*', a.j')i

f  r , , r , : X X - J '  - + Y '  r e s t r i c t e d  t o  t h e  ( f i n i t e )  . u n j _ o n  o f  a l l- \ r  I  -



Let  C€X'  be the in teqra l  c losed subscheme which passes throuqh x

and whj -ch corresponds to  p.  C is  o f  f in i te  type over  X and

Om @^ =dim @*,  
, * / r=r .  

r f  usc is  an open af  f  ine neighbourhood
U r X

o f  x ,  f t u ;  @; l  i s  un i ve rsa l l v  l - equ icod imens iona l  s ince  c  i s  an

universal ly  l -equicodimensional  scheme and bqpause .of  Proposi t iqn," - .  i ,

fb) .  The maximal ,  ideal  mcl -1u,  (Dc)  corre 'sporrd ing to  xeC is  of  he ic thL

1 .  Theh  d im  u=d im [ - (u ,  (O" )= r .  s i nce  C  i s  a  Jacobson  schemen  i t  , '

fol-Iows that dim C=I r b1z Corollary 2 of [e I l^te deduce that I .

f l  tc)g{vl  ,  s ince nlny Ax, ,* .
Therefore we have r ; rovecl  that  there ex is ts  a c losed in teqra l

l - d imens iona l  subscheme CsX '  such  tha t  f ' ( c )= {v }  and  C  i s  a

X-scheme of  f in i te  type

Us ing  th i s  remark r  w€  mav  p rove  tha t  Y  i s  a  Jacobson  sche rne .

Indeed,  le t  us suppose that  Y 
_ is  

not  Jacobson.  Then there ex is ts  ,

an open af f ine subset  U€X such thaL the r ing a=l - (u,@*)  is  not

Jacobson .  By  EGA IV ,  I 0 .5 .2 ,  i t  f o l l ows  tha t  t he re  ex i s t s  a  p r ime

idea l  pcA  such  tha t  A /g  i s  a  semi loca l  l - d j -mens iona l  r i ng .  Le t ,be

Y'=Spec A/p and 1et  yeY'  be a c losed r :o in t

By above remark,  there ex is ts  a,morphism of  f in i te  t l roe

Y'zC ' - - - -+ Y '  t  such that  C is  an in tegra l  l -d imensional  scheme of

f i n i t e  t ype  ove rX  and  f  t c l  =  { v l .  Then  \ f . i s  -dominan t ,  s i nce

--= .  ,  o^A coJ.Lloy, l  y1_r. Let 1a ", ' " .be",, the 
qe,neric poinr,  11L,_, , ."I  ( c )  ) l y t

i s  open  i n  Y '  and  so  V - l t " l l  . i s  an  op :o r -nonemptv  subse t  o f  C .  . : i " , : l

S ince  Y - l { y ' 1  i s  a  f i n i t e  se t ,  by  Za r i sk i  l { d in  Theorem i t  f o l l ows

tha t  u= l xeC\x  i s  i so l -a ted  i n  { l ' g { x )  }  i s  an  open  nonemoty  subse t

i n  C .  H e n c e  C ' =  { t  t l l n u  i s  n o n e m p t y  s u b s e t  o f  C .

r f  x €  c ' ,  t h e n  Y ( x ) = n l  a n d  x  j - s  i s o l a t e d  i n  { - t , 1 r - . ' e u t  
'  :

- ' l

{ t  t ^1 )  i s  i r reduc ib ' I e  o f  d imens ion  1 ,  s ince  C  i s  a  Jacobson  scheme,

by  P ropos i t i on  fa .Th i s  i s  a  con t rad i c t i on

Now we shal1 Drove that  Y is  a  universal ly  l -equicodimen-
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s ional  scheme.  Let  UsY be an open af f ine subset  and A an in tegra l

l - (U ,Oy) -a lgeb ra  o f  f i n i t e  t ype  wh ich  has  a  max ima l  i dea l  o f  he iqh t

1 .  Then  Y '=Spec  A  i s  an  i n teg ra l  Y -scheme o f  f i n i t e  t ype  and  has_

a  c losed  l - cod imens iona l  po in t  yeY ' .  By  the  remark  made  above ,

there ex is ts  a c losed in tegra l  l -d imensional  subschene Cgx '  a i rd  a

'morphism 
of  f in i te  type { :C -+ Y '  such that  { "y} la 'Y,€)  .  S ince {  V1

j . s  c l o s e d  o f  c o d i m e n s j - o n  l  i n  Y ' ,  w e  h a v e  Y ( c ) = y ' a n d  s o  Y  i s

dominan t .  Y  i "  t hen  quas i - f i n i t e  and  hence  i t ;  i s  easy  to  see  tha t

i t  is  qener ica l ly  a  f in i . te  morphism, v ia  Zar isk i  l {a in  Theorem

( E G A  I T f  ,  4 . 4 . 5 ) .  L e t . U E Y '  b e  a n  a f f i n e  n o n e m p t v  o r : e n  s u b s e t  s u c h

. ^ l  - I  - - ]
t h a t  Y l  _ . r  :  Y  

' ( u )  - +  u  i s  f i n i t e .  I r I e  h a v e  d i m  u = d i m  Y  
-  ( u ) = 1 ,

l Y  '  ( u )
s i n c e  C  i s  a n  i n t e c r r a l  J a c o b s o n  l - d i m e n s i o n a l  s c h e m e .  Y ' b e i n o  o f

f i n i 1 . o  f r r r r o  n v e r  t h e  J a c o b S O n  s C h e m e  y ,  i t  i S  a l S O  J a c o b S o n .  B V" i r "  - ,

C o r o l l a r y  2  o f  [ O l ,  i t  f o l l o w s  d i m  Y ' = 1 .  H e n c e  d i m  A = 1  a n d  Y  i s

a  un i ve rsa l l l z  1 -equ icod imens iona l  scheme

Q .  E .  D .

Remark I  -  In  Theorem 1,  i t  suf f ices to  assume that  f  is

a.  morphism of  f in i te  type:  o f  noether ian schemes which sat is f ies

the fo l lowing weaker  oroper ty :

( P ' )  f o r  e v e r v  a f f i n e  i n t e q r a l  Y - s c h e m e  Y '  o f  f i n i t e  t y o e

and  fo r  eve r l z  c losed  po in t  yeY ' ,  t he re  ex i s t s  an  j -n teq ra l  comnonen t

' .--.--"---.

X '  o f  Xx , ,
- I

Y '  su ' ch  tha t  t he  canon ica l  mor r :h i sm f  ' :X ' - - - ' *  Y '  i s  dominan t

a n d  ] r e  f  '  ( X ' )  . .  :

The proof  remains unchanged.

We don' t  know whether  in  Theorem

is  un i ve rsa l l y  l - equ icod imens iona l ,  even

cond i t i - ons .  I n  some pa r t i cu la r  cases  th i s

F o r  i n s t a n c e ,  i n  I Z j ,  o n e  p r o v e s

above  ques t i on  i s  a f f i rma t i ve  i f  X  i s  an

I  Y  i s  noe the r ian  i f  X

under  some add i t i ona l

' f  
a c t  i s  t r u e .

that  the answer to  the

alqebra ic  scheme over  a
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f ie ld  (more prec ise ly  i f

over  a f ie ld  k ,  where X

property (P) of Theorem

f :X  -+  Y  i s  a  morph ism o f - reduced

is  a lgeb ra i c  ove r  k  and  f  sa t i s f i es

L ,  t hen  Y  i s  a l so  a lgeb ra i c  ove r  k )

some par t i -cu lar  cases of  Theorem I

k-schemes

the

We shal1 present

proper ty  (P)  of  Theorem l .  Then Coro l lary  2

Corof lar rz  2 -  Let ' f  :X -+Y be a morphism.of  schernes

is Unj..v,el.sal1v- l- icodimensional  and Y is  -noethe ' r ian, .  Tf  f  " is

e i ther -su::- iective or a universall en sur i -eCt i h i sm

of  f in i te  t lzpe,  then Y j -s  un iversalU } -equicodimensional .  -

I n d e e d , i t i s e a s y t o S e e t h a t a p r o p e r s u r j e c t i v e m o r p h i s m

or a universal ly  open sur ject ive morphism of  f in i te  tyrce has the

"i ]),"') -' 
'

fol lows by Theorem I

Q . E . D .

9oro1lary 3 :  Let  f  :X - -+Y be a fa i th fu l l ]z  f la t  morphism of

f i n i t e  t ype  o f  schemes ,  where  X  i s  un i ve rsa l l v  l - equ icod imens iona l .

Then  Y  i s  un j - ve rsa l l y  1 -equ icod imens iona l .  :

f ndeed ,  by  the  hyoo thes i s  o f  Co ro l l a ry .3 ,  i t  f o l l ows  tha t  Y

is  a noether j -an schemes and f  is  un iversal ly  open and sur ject ive.  -

Coro l lary  3 is  then a consequence of  Coro i lar lz  2 .

Coro l larv  4 -  
I ,e t  X be an af f ine universal lv  l -equicodimen-

s j -onal  scheme over  a f ie ld  k ,  G a l inear lv  reduct ive a lgebra ic  qrouo

^nica}'rnoi .- :

of  f j -n i te  type.  Then X/c is  a  universal ly  l -eguicodj -mehsional  scheme.

Proof  -  We shal l  fo l low the f i rs t  par t  o f  the proof  o f

t { } r m f o r d ' s  T h e o r e m  ( c f  .  I t a 1  ,  l o c . c i t .  )  .

Denote a=[-(x,O") and b1z?:a --+ I -  rc,(Oi @:.o the dual  act ion

={ " *a \3 (x )  = t c

over  k  and 6:G x X -+ X an act ion of  G on.  X.  Supoose that  the cang- , .

G  ( w h i c h  e x i - s t s  b y  M u n f o r d ' s  T h e o r e m  ( c f  .  I t A L  C h . 1 E 2 ,  T h . 1 . ] ) )  i b

induced by g . Let Ao @ " 1 R be the k-subalqebra of
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i nva r ian ts  o f f ,  Y=Spec  A -  and { :X  - ->Y  the  canon ica l  morph ism
+s\e o

induced bytnc lus i -on Aog A.

In the nroof  o f  l , lumford 's

proved:

-  : , i  1 )  i f  Bo  i s  an  Ao-a lgeb ra

the dual .action ind,uced by' 'G on A

-- , -  
- .2 i  i f  (g i )  

i . r  
j -s  a  set  o f

-Erur)nAo=Fr (a, fl ao)

3)  Y=X/G and i t  j -s  noether ian.

,  Coro l lary  4 fo l lows f rom Theorem 1 i f  we prove that  Y:X - -+y

has  the  p rope r t y  (P )  o f  Theorem 1 .

L e t  Y '  b e  a n  i n t e g r a l  Y - s c h e m e  a n d  y e Y ' .  F r o m  1 )  a n d  3 )  ,

appl ied to  the act ion of  G on the scheme Xx"  Spec @ViV ,  i t  fo l lows

tha t  Spec  U- , r  i s  a  cabeqor i ca l  quo t i en t  o f  t h i s  ac t i on .  B1 r  2 ) ,_ y . t y

appl ied a lso to  th is  act ion,  i t  fo l lows that  for  ev.ery set  ( i i ) ia ,

of  invar ian t  idea ls  o f  the  r inq  A @ e^Ov iyo
( lcr) n (ty 

tu= .4_(sj n @" i)" : rr Y : xx"Spec
i € r  

t t r  
i € I  

L t r

the canonica l  morphj -sm, then th is  equal i ty

Theorem the fo l lowinq facts  are

then the ring f invariants of

@  ^  B ^  i s  B ^ . '  ' ' " '  '
^o  v  v  ' - - - - ' -

invari-ant ideals of A then

--// I
I

, _ !

we have

( n - ( n
V-  r . ,  - -+  Spec U.v  r , ,  i s

t t J  t r l

of  i -deals  impl ies that

we have Y ( lt-l w.
i€r r-) -  OYr* '  I r  d  I

ier

f o r .  eve ry  fam i l y  (W i ) i a ,  o f  c l osed  i nva r ian t  subse ts  o f  Xx "Sn" "@y iy

i i

Let us denote by Xi , . . . rXff the irreducibl-e components
/^

the scheme Xx"Spec VV 
iy 

which dominate Spec @u ,.,. ,n"n 
* 

-i.  y t y  
i = I  r

c losed  i nva r i -an t  subse t  o f  Xx . ,SoecOu, . . .  S ince  Y -1 (V)  i s  a l so  ay  .  y t y

c losed.  invar j -ant  subset  o f  Xx, rSpec Ou, .u 1y U" i rc  indet i f ied wi th
.  r  r J

t he  c losed  po in t  o f  Spec  (0u , . , )  ,  we  have :
L ' T

o f

. t ^
l - 5  d -
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- 1 n n
Y t { '  (y)  n r tJ  x i )  )  ={v}  nYr!  * i l  ={yt

i = l  t = l  r

n
r f  y+Y(LJx l ' ) ,  t hen  Y- l t v l  n

l_= I

n  v '= {  y l

n
( L  t x i : ) = 1 ,  a n d
i = l  

r so  {  y \=@,  wh ich

i s  no t  poss ib le
_ ,  - -  n  n

: Thus y€ Y(!- l  
" j  

)  =LJY(x'. ' ) : .  'There eNists an j-rreducible com,,o.: ir , .
i = l  i = l  r

n e n t  X ' . ' " o f  X x " s p e c  @ " i v ,  w h i c h  d o m i n a t e s - y ' ,  s u c h  t h a t  y € Y (x' j ) .
l-

r J a

Coro l l a rv  5  -  Le t  A  be  a  un i ve rsa l l l - u icod imens iona l

Then the c losure of  the image of  
' the 

natur .a l  map Xl  - .+Xxry,

c l o s e d  i r r e d u c i b l e  s u b s e t  X ' o f  X x r r y ' ,  w h i c h  d o m i n a t e s  y ,  a n d  s u c h

that  y  is  in  the imaqe

irreducj-bie component Z

Z  domina tes  y '  and  y  i s

of  the appl icat i .on X '  - - - -+y,  .  Choosincr  an

EXxvY '  wh ich  con td ins  X ,  ,  i t  i s  c lea r  t ha t

in the image of the apolication 2 ._-___> y, .

a lgebr .a over  an a lgebra iqal l lz  c losed f ie ld  k and G  a  l i n e a r l y  r e c i u c -

t ive group over  k  r { i l ich acts  rat ional ly  on A. f f  A is  o f  f in l te  tvr :e

-qver  the subr ing AG of  invar iants ,  then AG is un i ve rsa l l y  l - equ i -

codj -mensional -  r ing

fndeed,  Coro l lary  5 .  -  fo l lows f rom

is known that  the rat ional  act i_on of  G gn A

of  G on X=Spec A,  such that  X/G=Soec AG

C o r o l l a r y  4 ,  s i n c e  i t

corersponds to  an act ion

Remark 2 -  The fact  that  . in  coror- lary  4,  the morphism

X . - . ' X , / c h a s t h e . p r o p e r t y ( P ) , i s m o r e q e n e r a } . ! e - L @ .

ove r  an  a lgeb ra i ca l l . v '  c l osed  f i e ld  k  and  G  a  (geomet r i ca l l y )  reduc -

t ive roup  ove r  k  ac t i ng  ra t i ona l l v  on  A .  r f  A  i s  o f  f i n i t e  r ype  ove r

the subr ing of  invar iant - -  A"  then the cannonica l  morphism spec a
^  - \ rs p e c  A -  s a t i s f j - e s  t h e  c o n d i t i o n  ( p )  o f  . T h e o r e m  1 .

we don ' t  p rove  th i s  f ac t  he re .  The  r : roo f .uses  the  known
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l emmas  o f  Nbga ta  ( see  [ tZJ  " r  [ZO l  pag .54 )  i n  a  more  qenera l  .  ve rs ion

F t( s e e  I 7 l )  .

Reca l l  t ha t  a  homomorph ism f  :A '+A '  o f  r i nqs  i s  ca l l ed

qtrongl lz  submers ive i f  for  every min imal  pr ime ideaL PcA and for -----__

every valuation subring VaA'/p of the quotient f ield af A/p, there , .  . ,  . l

extst a valuation r ing W dptninating V and a homomo"r-f ' : is-m A'-+ W ' 
-" ' ,

i

.  such that the fol lowin9 d"iagram

A' ----) I{

f t T' l  J
A V

i s  c o m m u t a t i v e .  ( c f .  I t t l ,  p . 1 9 3 - 1 9 4 ) .

fn  a natura l  manner ,  one def ines the not ion of  s t rongly

submers ive morphism of  a i f ine schemes.

9o ro l l a ry  6  -  Le t  f :A .+A '  be  a  s t ronq ly  submers i ve  homomor -

phism of  r inqs,  such that  A is  noether ian and 4 '  is  an A-a lq.ebra of

f  in i te  type.  Then A 
'  

i ,q  un iversal ly  f  -

un iversal ly  1-equicodimens ional

Proof  -  We shal l  prove that  the morphism Y:x =Spec A ' '+Y=

i i i=Spec A, induced by f  ,  ha.s."bhe property ( .P) of,  ihegrerrn l .  Then.Corol-  . . , r i1 i l . ; - ; . : : r i i , l

lary 6 - fol lows from Theorem""l . 7 .  1 t l  ' - l . .

Le t  Y '  be  an  a f f i ne  i n teq ra l  Y -scheme and  yeY ' .  By  [ t t ]  ,  .

T h e o r e m  r ,  i t  f o l l o w s  t h a t  Y , " r r : X x " Y t  - > Y '  i s  s t r o n g l y  s u b m e r s i v e .

T h e n  i f  V  i s  a  v a l u a t i o n  s u b r i n g  o f  t h e  f i e l d  K ( Y ' )  o f  r a t i o n a l  
.  

_ _  . , :
f unc t i ons  on  Y ' r . such  tha t  V  domj -na tes  bv , ,V ,  t hen  the re  ex j - s t  a

va lua t i on  r l ng  W domina t i ng  V  and  a  morph ism Y :Spec  W - "+Xx"Y '  such

that the d.i-agram
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Xx"Y'

\ P l, (Y ' )  
. f
Y'  * -

is  commutat ive.  Then x"=Y(spec!7)€ Xx"Y'  is  an in tggra l  c losed sub-

scheme -domina t i ng  y ,  suc l r . t ha t  y  e f ( v ,1  ( x ' r1  .  r f  x ,  i s  an  i r reduc ib le

componen t  o f  Xx "Y '  con ta in ing  X" ,  t hen  x '  do rn j -na tes  y ,  and  y  a f , " , ,  ( x r ) ,

Now i t  is  c lear  that  the proper ty  (P)  of  Theorem I  is  fu I f i1 led

b v Y

v

Remark 3 - Let f :A -> A' be a homomorphism of  r inqs.  f t  is

the asser t i -on made in  the proof  o feasy to  show that  the converse of

C o r o l l a r y  6  i s  t r u e ,  i . e .  i f  t h e m o r p h i s m  S o e c  A ' - - +  S p e c  A  h a s  t h e

rope r t y  (P )  o f  Theorem L ,  t hen  f i s  * . ronq1 submers i ve .

a \ F n
Y t u . u .

2 .  Sgme cha rac te r i za t i ons  o f  un i ve rsa l l y  l - equ icod imens iona l

schemes

Spec

I
I
l

Spec

I^I

V

i r . . . .1..".

In  the fo l lowing Theorem

1-equibodimensional  schemes are

Int roduct ion (see a)  ( ;=32 c)  )  .  The

topologica l  character izat ion for

schemes

2,  we shal l -  prove that  the universal ly  .

the so l -ut ion of  the problem out  in

asser t ion b)  . .o f  . th is  Theorem gives a ,  .

the un j-ver,s:afly.i l}:r equ i codlmen s i ona h.,* j.,l"r;,

Theorem 2 -  Let  s  be a noether ian scheme.  The fo l lowing asser-

t i ons  a re  equ iva len t :

a )  S  j - s  un i ve rsa l l v  l - equ icod imens iona l . '

b )  f o r  eve rv  i r reduc ib le  scheme X  o f  f i n i t e  t ype  ove r  S  o f

d im€ns ion  )  0  and  fo r  eve rv  c losed  po in t  xex ,  t he  se t  o f  a l l  c l osqd  r

t ro in t s  x ' e  X '  such  tha t  t he re  ex i s t s  a  c losed  i r reduc ib le  ( resp .connec ted )
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l -d imensional  subset  o f  X pass inq throuqh x and x ' ,  is  de4se- in- -X.

c )  f o r  eve rv  separa ted  morph ism f  :X  -+Y  o f  S -schemes  XrY

o f  f i n i t e  t ype  ove r  S ,  t he  fo l l ow ing  asse r t i ons  a re  equ iva len t l - -  _

i )  f  i s  p rope r

i i )  every c losed in tegra l  l -d imensional" ' ;sub 'esheme C9X is

Droper  over  Y.

d)  for  everv separated morphism f  :X - -+Y of  S-schemes X'  Y

of  f in i te  type over  S,  the fo l lowing asser t ions are equiva lent :

i )  f  i s  f i n i t e

i i )  every c losed in tegra l  l -d imensional  subscheme C 9X is

f i n i t e  ove r  Y .

e)  S is  a  Jacobson schemg and_every in teqra l  scheme X,  which

is  f in i te  over  S and has a c losed l -codimensional .  po int ,  j -s  l -d imen-

s iona l

.  f )  S is  Jacobson and every c losed in teqra l  s 'ubscheme Sl= l. '

such  tha t  i t s  no rma l i za t i on  has  a  c losed  l - cod imens iona l  po in t r ' i s

1-d imensional

Proof  -  a)  =+ b)  We proceed by noether ian induct ion on X.

Since for  d i .m X=l r  b)  i -s  c lear ,  we may assume that  d im x>I  and every

c losed  i r reduc ib le  subscheme X 'cX  has  the  p rope r t y  g i ven  i n  b ) .  I f

; : r ; , )g  6o""  not  sat is fy  b) , ,  th€n ' . there ex is ts  a c loBe*; ,po int  xeX such : ) , r i ix . l

that  the subset  YgX of  the c losed noints  x '€  X which can be " jo ined"

wi- th  x ,  by a c losed i r reducib le  l -d imensional  subset  o f  x ,  is  not

dense in  X.  Let  UeX be an,open nonempty subsetr .  such that  UoY=@

It  is  c lear  that  x fU and every c losed in tegra l  subscheme X'cX

passing through x d.oes not meet U. As in thb prbof of Lemma I of

[ 0 1  ,  i t  f o l l o w s  t h a t  d i m ( 9 - , , = 1 .  H e n c e  x  i s  a  c l o s e d  1 - c o d i m e n s i o n a ] -
X r X

point  o f  X.  Let  VgS and V'gX Ue two open af f ine subsets,  such that

l t
i l
i l
i l

t
.  

l ,---r-r

. . , . I
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-a lgebra of  f in i te  type,  whi -ch has.a maximal  l -he ight  idear .  Aplv inc

Propos i t i on  Ib )  t o  v ' gs ,  i t  f o l l ows  tha t  d im  v r= l .  By  co ro l l a ry  2

of  t6 l  and f rorn the fact  that  s  and X are Jacobson schemes (c f . ,

P ropos i t i - on  t . i ' ) ,  we  deduce  tha t  d im  X= I .  Th i s  con t rad i c t s . t he

_  assumpt ion  d im  X>1 .

b)  + a)  l ,e t  ues be an open af f ine sgbgg"t  and A an in te-

gr : r t  f  tu ,Or l -a lgebra of  f in i te  type which has a maximal  l -he iqht

_  i dea l

Then X=Spec A is  an in tegra l  S-scheme of  f in i te  type which

has a c losed I -codimensj -onal  po int  xeX.  s ince every crosed connec-

ted subscheme passing through x is  e i ther  {  x}  or  X,  i t  fo l lows that

the  subse t  Ycx  o f  a l l  c l osed  po in t s  o f  X  wh ich  can  be  j o ined  w i th

x  by  a  connec ted  c losed  l -d imens iona l  subse t  o f  x  i s  e i t he r  {  x }  o r
r .  - { - r l - ,  ^ ' r ^ .  ?^ C f  l ^  1 ;  u r u s € d  i n  X f .  f f  y = { x } ,  t h e n  f r o m ' b )  i t  f o l l o w s  t h a t  { " }
i s  d e n s e  i n  X  a n d  t h u s  A  i s  a  f i e l d ;  b u t  t h i s , i s  n o t  p o s s i b l e .  f f

Y=XCt ,  t he l  d im  X= l ;  he .nce  d im  A=1 ,  wh ich  p roves  tha t  I - {U ,  (D" )  i s

a unj -versa1ly  l -equicodi -mensional  r ing

b) =) c) we may assume that X and y are inte<.rral

f f  d im  X=Q,  then  X={ " }  and  x  i s  c losed

s ince  f :X ->Y  i s  a  morph ism o f  f i n i t e  t ype  o f  Jacobson  schemes ,

Y=f  (x)  is  c losed i -n  Y and the extension of  the res idue f  ie l -ds

k ( y )  c ' + k ( x )  i - s  f i n i t e  ( c f  .  [ z ] ,  c h . v ,  { :  , l " o 4 ,  T h . 3 )  .  T h e n  i r  i _ s

easy to  see that  f  is  proper

r f  d im X)0,  le t  us suppose that  f  is  not  proper .  Let

? : f  *>y  be  a  (dense )  compac t i f i ca t i on  o f  f  ( c f  .  [ r u ]  ,  [ e l  I  .

/ Lv , / {b65V
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and xer-x  a c losed point .  From b)  i t  fo l lows that  there ex is ts  a

connected closed l-dimensional subscheme Ee'X such that xeG and C=enXl

*0.  S ince C is  proper  over  Y,  C is  c losed in  d.  Hence E=C and so

xeC9X, which is  not  Possib le_ 
qnJ A) "l J)

- 1

yey be a c losed point .  I f , , r f l !6  f - t  (y)>0,  then th6rze, .€x is ts  a

g ' r s i - r ' '  U - \

c losed

c losed

over  Y;

_. r
i n teg ra l  1 -d imens iona l  subscheme CEf  

' ( y ) ;  hence  C  i s

in tegra l  l -d imensional  subscheme of  X '  which is  not  f in i te

-iil
th is  fact  contradic ts  the hypothesisYof  d) '

By

i s

- 1

T h e r e f o r e , f o r  e v e r y  c l o s e d  p o i n t  y < f  ( X )  ,  d i m  f  
^  ( y ) = 0 '

Fo r  eve ry  c losed  po j -n t  x€X ,  x  i s  t he i r  i so la ted  i n  f - l f  ( x )  '

Z a r i s k i ' s  M a i n  T h e o r e r n ,  t h e  s u b s e t  X ' = { x e x \ x  i s o l a t e o  i n  f - I  t " l }

open  i n  X .

S ince  X '  con ta j -ns  .11  c losed  po in t s  o f

that  X '=X.  Therefore every x€X is  j 'so la ted

e v e r y  ' y g f  ( x ) ' ,  f - r  ( y )  i =  f i n j - t e .  B y  E G A  r r r ,

f  i s  f  i n i t e  .  " - , '

d ) = + a ) r f S i s n o t u n i v e r s a l l . y l - e q u i c o d i m e n s i o n a l t h e n

there ex is t  an open af f ine subset  U9S and an in tegra l  I - tU ' (Or) -

a lgeb ra  A  o f  f i i r i t e  t ype  o f  d imens ion l l ,  wh ich  has  a  max ima l  i dea l ! !

o f  he igh t  ] .  Le t  be  Y=Spec 'A ,  X=V- {m l  and  f  :X  c ' t *  t he  na tu ra l  open

imniers ion.  Then X and y are of  f in i te  type over  s  and i t  is  eagY

to see that  for  every c losed i -n tegra l  subschemeccx of  d imension l  '
o( d)

f  (C )  i s  c losed  i n  Y .  The re fo re  f  sa t i s f i es  ( i i )Y6u t  f  i s  no t  f i n i - t e '

" i t r . .  
i t  i s  no t  su r j ec t i ve .

see

for

that

x ,

i n

' 4

i t  i s  easY  to

- ' l

f  
' f  ( x )  a n d  S o r

. 4 . 2  i t  f o l l o w s

i"-3.1.1 lr:
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a ) : ) e )  F r o m  P r o p o s i t i o n  l a ) ,  S  i s  a  J a c o b s o n  s c h e m e .  I f

xeX is  a c losed l -codimensj -onal  po int ,  then le t  vss and usX

open af f j -ne subsets such that  xeu and u is  a  v-scheme.  Hence

f  i u , (O* )  i s  an  i n teg ra l  [ - ( v , (9 r ) -a lgeb ra  o f  f i n i t e  t ype  w i th  max ima l

l -he igh t .  i dea l s : .  By  p ropos j - t i on  l b ) ,  aop l i ed  to  UGS,  \ -  (V ,  Or )  i , s  ,

an universal ly  l -equicodimensional  r ing and then d im I - (u , (g*)=r . .

s j -nce x  is  a  Jacobson scheme,  by coro lLary 2 of  [g l  ,  we have

dim X=I

e )  =>a)  Le t  ugs  be  an  open  a f f i ne  subse t ,  A  an  i n teq ra l

[ - (u , (4 r ) -a tgeb ra  o f .  f i n i t e  t ype  w i th  a  max ima l  r -he igh t  i dea l  mcA

.""d 
f  :X=Spec A -+S the canonica l  morphism; I t  is  c lear  that  m i .s

i s o l a t e d  i n  t - l f ( m )  a n d  b y  Z a r i s k i , s  M a i n  T h e o r e m  ( c f . E G A  I r I ,

4 . 4 . 5 ) t  t h e r e  e x i s t s  a n  o p e n  n e i g h b o u r h o o d  u  o f  m  i n  X  a n d  a n  o p e n

dense immers ion u <-- -+y,  wi th  y  a f in i te  in tegra l  s-scheme.  s lnce

s is  a  Jacobson scheme,  the c losed point  m of  u  is  c losed in  y

( c f  . [ Z ] ,  C h . V ,  ! 3 ,  n o . 4 ,  T h . 3 ) .  H e n c e  y  c o n t a i n s  a  c l o s e d  l - c o d i -

mens iona l  po in t .  By  e ) ,  we  deduce  d im  y= l  and  then .d im  u=r .  v i a :  . . 1 r

Coro l l a ry  2  o f  l e l ,  i t  f o l l ows  d im  X=d im A=1r .  s i nce  X  i s  a  Jacobson

scheme. Therefore [ - (u ,  (0r )  is  un iversal ly  l -equicodi ,mensional  and

by def in i t ion i l ,  fo l lows a) .

e )  :=+  f )  Le t  S 'N  be  the  no rma l i za t i on  scheme o f  S rgS  and

x€s 'N  a  c losed  l - cod imens iona l  po in t .  ' r f  ,  . p :  s  f  \  g '  i s  t he  no rma-

l izat ion morphism and U€S'  is  an open af f ine subset  conta j -n j -ng ,  , ,  r . ,
I

p(x )  ,  t hen  p l r -1 , , , , ,  f ac to rs  i n  t he  fo l l ow inq  manner :-  - l P  ( u /

- l  Yp  - ( u )

o l  n - ' , " , \
/

U
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where " i f  is  a  f in l te  morphism and f  is  a  dominant  in teqra l  morphism

wi th  the  p rooe r t y  t ha t  { *1=  { I { t * l  .  r n< leed ,  r r - }  (u )  j - s  an  ooen  a f f i ne

subset  and B= I - tp- I  (u)  ,  @",n )  is  the in tegra l  c losure o. f  the

n o e t h e r i a n  r i n g  e = l - ( u  , i " , r .  r f  n c B  c o r r e s p o n d s  t o  x € s r N ,  t h e n

n is  a maximal  l -he ight  i ,deal .  Let  be m=n f le  and denote l1=r ,

\ 2 , , . . . , ! k  t he  p r ime  idea fs .  o f  B  l y i ng  ove r  m . .  Fo r  eve ry  i - ,  1S : *< :<

w e  m a y  c h o o s e  c ( . e n . \ u n * .  T h e n  X = S o e c  A t '  
'  ' t

r  - r -  ,  j# IJ  Lo(r  '  '  '  " , *  o l  i=  a f  in i te

U-scheme ana p- I  (U)  is  a  scheme which is  in teqra l  and dominant

over x. Since for every i f l  we have 4it \a f*r. ,  .  .  .  ,  o( 
J l l rna Lar,. . ,ok-l

i t  fo l lows that  n .  is  the unique pr ime ideal  o f  B.  ly ino over

! r 0 a l o r , . . . , U 0 ]  ,  f o r  e v e r v  1 - ,  1 4 i < k .  V i a  C o h e n  -  S e i d e n b e r a  T h e o r e m ,

w e  d e d u c e  h t ( n  
l A  [ " * r , . . . , d O 1  ) = t ,  a n d  s o  Y ( * )  i . s  a  c l o s e d  l - c o d i -

mensional  po int  i_n X.  From e)  =+ a)  and proposi t i_on lb)  ,  we get

tha t  U  j - s  un i ve rsa l l y  l - equ icod imens iona l  and  so  d im  X= l .  Then
'l 

xr
d im p - ' (U )=1  and  f rom Coro l l a ry  2  o f  [OJ r  \ , ve  deduce  d im  S ' r \=1 ,

. s i n c e  s ' N  i s  a  J a c o b s o n  s c h e m e  ( c r . [ z l  ,  C h . v ,  t  3 ,  n o . 4 ,  p r o o . 5 )  .

The re fo re  d i rn  S '=1  .

t )  + .e )  I f  X  i s  an  i n teg ra l  f i n i t e  S -scheme and  S ,g  S

is  the c losed in tegra l  j -mase of  X in  s ,  consider  the fo l lowino

commutative diacf tiam :

It-;

N  P S ,

where  p '  and  p^ ,  a re  the  no rma l i - za t i on  moroh isms .  r f  x€X  i s  a* / t  -  b
- 1

c l o s e d  l - c o d i m e n s i o n a l  n o i n t ,  p * ' ( x )  i s  a  s e t  o f  c l o s e d  l - c o d i m e n -

s iona l  po in t s  and  hence  the  po ln t s  o f  f np* t  ( * )  a re  c losed  o f

t
I
t

I
I

I

I

X

I
f t
l -v

a l
D

XN

I
f N l

{

s '
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cod i -mens icn  I  i n  s 'N  s ince  s ,N  i s  no rma l  and  fN  i s  i n teq ra l .

Q . E . D .
cgro l lary  7 -  Let  f :X - -zy be an in legrar  morphj .sm of

noether ian schemes.  Tf  Y is  un lversal lv  l -equicodimensional ,  then

Y is  un iversa- I lv  1-equicodimensional .  conversel i f  f  i s  su r - i ec -

t ive and X is ,  un lversalhz r -equicodi -mensional ,  then is  univer-

sa1ly  1-equicodimensional

Proof  -  Suppose that  Y j -s  un iversal l lz  l -equicodimensional .

Then  Y  i s  a  Jacobson  scheme,  by  P ropos i t i on  l b ) .  Hence  x  i s  Jacob-

s o n '  v i a  [ z l ,  c h . v ,  ! : ,  n o . 4 ,  T h . 3 .  L e t  X '  b e  a  c l o s e d  i n t e g r a r

subscheme o f  X  and  y '= f (X t )  w i th  the  reduced  scheme s t ruc tu re .

We have the commutative diaqram:

Fx ,

r l-  l x '
P Y ,

where px,  and p" ,  are the normal izat ion morphisms and Y is  . . ,

i n t e g r a l  a n d  s u r j e c t i v e .  r f  x € X ' N  i s  a  c l o s e d  l - c o d i m e n s i o n a l

po in t ,  t hen  Y t * )  j - s  c losed  i n  y ,N  and  o f  cod imens ion  one ,  by

cohen-sgidenberg Theorem. By Theorem 2.  (a)  =+f)  )  d im y '=1 .  Hence ,  .

d im X'=1.  V ia Theorem 2 ( f  )  ?a)  )  i t .  fo l .1ows"" , that  X is  un iver_: .1  . l  _ l  1 , . ;

sa1 l y  1 -equ icod imens iona l  .

conversely ,  suppose that  f  is  sur ject ive and X is  un iver-

sa l ly  I -equicodimensional .  Then y j -s  Jacobson,  v id ,  Cohen-Seidenberq

Theorem.  Le t  Y 'be  an  i n teg ra l  scheme,  
l l t p t l  

i s  f i n i t e  ove r  y  and

has  a  c losed  l - cod imens iona l  po in t  y .  S lnce  the  canon ica l  mornh lsm

Xx"Y'  . . ->T '  is  j -n teqra l  and sur ject ive,  there ex is ts  an j -n teqra l

component  X '  G Xx"V'  such that  f  '  zX ' -> Y '  is  in tegra l  an<1 sur j  ect ive .

X ,

+
Y l

'  x r N

Y l
f

Y , N
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L e t  b e  x e X '  s u c h  t h a t  f  ' ( x ) = y  a n d  p c @ X , *  a  p r i m e  i d e a l  s u c h  t h a t

cht p=1 and p f qy @* , 
,*#O 

(gy : ls the maximal ideal of the local

r i n g  O " , , y )  .  r f  c g x '  i s  t h e ' c l o s e d  i n t e g r a l  s u b s c h e m e  p a s s i n g

through x and corresponding to  p,  then d im @ar*=9i*  @x,  
, * /g=l  

. '

The re fo re  d im  C= I ,  s i -nce  x : i . s  a

and C is  of  f in i te  type over  X.
I

f ' l  ^ : C  - - > Y '  i s  d o m i n a n t .  S i n c e
l u

that  d im Y'=di -m C=l .  tsy  Theorem

1-equicodimensional  .

closed l -codimensiona. l  ooint  of  C

l { o r e o v e r  ,  f  ' ( c )  a { v l  a n d  s o-  = F  r *  !
- t

f ' l  ^  i s  i n teg ra l ,  i t  f o l l ows
I U

2 ,  e )  g a ) ,  Y  i s  u n i v e r s a l l y

r i
1 t

, t

, l
i l

Coro l l a ry  8  -  An  i n teq ra l  2 -d imens iona l  r i ng " i s  un i ve rsa l l y

l :eguicodimensional  i f f  i t  is  a  Jacobson,  un iversal l - rz  catenary and

equ icod imens iona l  i i ng .

Proof  -  An impl icat ion fo l lows,  f rom Example 2.  Conversely ,

le t  A be an in tegra l  2-d imensional  r ing,  whj -ch is  un iversal ly

l -equJ-codimensional  and mcA a maximal  ideal .  By a Theorem of  Mor l -

- N a g a t a  ( c f .  
[ t u ] ,  T h . 3 3 . 1 2 ) ,  t h e  i n t e g r a l  c l o s u r e  A N  o f  A  i s

noether j -an,  s lnce d im A=2.  By Coro l lary  7 i t  fo l lows that  aN is

universal ly  I -equicodimensional .  S ince d j -m At{=2 r  w€ have that  AN

is equicodimensional .  Therefore every maximal  idea. l .o f  the in tegra l
NI

c losu re  (A* )  o f  A*  i s  o f  he iqh t  2 .  By  a  resu l t  o f  Ra t l l f f  ( c f .  
[ r t ] ,

Cg r .  3 .4  ( i ) )  i t  f o l l ows  tha t  A*  i s  un i ve rsa l l y  ca tena ry .  Thus  A

is  universal ly  catenary . r ra  .q* icodimensional .  A is  Jacobson bv

Propos i t i on  I  a )  .
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-
.\

\

3 .  Un ive rsa l l v  1 -  equ icod imens iona l  schemes ,  qener i ca l l y

catenarv  and equ icod imens iona l

fn  Example 2 we have shown that  every in teqra l  Jacobson,

dniversal ly  catenary and equicodimensional  r inq is  un iversal ly

l -equ icod imens iona l .  Co ro l l a r i es  1  and  8 ,show tha t  f o r  t he  i n te -

gra l  r ings of  d imension * (  2 ,  the converse of  the above a3ser t ion

i s  s t i l 1  t rue .  we  don ' t  know i f  t h i s  conve rse  i s  t rue  fo r  t he

in teg ra t  r i ngs  o f  d imens ion  ) -3 .

rn Theorenn 3 belowr we shal l  q ive a c lass of  in teqra l

universal ly  l -equicodimensional  r ings,  which are Jacobson,  un i -

ve rsa l l y  ca tena ry  and  equ icod imens iona l .  Th i s  c lass  con ta ins  a l l

i n teg ra l  un i ve rsa l l y  1 -equ icod imens iona l  r i ngs  o f  d imens ion  - (  2

and  thus  Theorem 3  i s  a  genera l i za t i on  o f  co ro l l a r i es  1  and  8 .

T h e o r e m 3 - L e t S be an i -n tecrra l  scheme.  The fo l_ lowinq

asser t i -ons are equiva lent :

i )  S  i s  a  un i ve rsa l l y  1 -equ icod imens iona l  scheme,  wh ich

qener i ca l l y  i s  ca tena ry  and  equ icod imens iona l .

i i )  S is  a  Jacobson,  un i -versat r1y catenar lz  and equicodimen-

s iona l  scheme

have the  same length .

P r o o f  -  i )  : ) i i ) By  P ropos i t i on  l a ) ,  i t  f o l l ows  tha t  S  i s

Jacobson .

Fi rs t  we shal1 prove that  S is  catenarv and equicodimen-

s iona l .  I t  i s  easy  to  see  tha t  t h i s  i s  equ iva len t  w i th  the  fac t

that  a l l  maximal  chains of  c losed i r reduci -b le  subsets of  S have

i i i )  S is  noether ian and for  everv i -n teqra l  S-scheme X of

f i n i t e  t ype ,  a l l  max ima l  cha ins  o f  c losed  i r reduc t i b le  subse ts
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the same length.

Le t  { xJ=socs l t .  - . t s r r=s  be  such  a  cha in  and  uEs  an  open- t ) 1  n " " " '

nonempty subset, which j-s catenary and equicodimensional .  w-z4naty

prove by induct ion on d im U that  n=dim'U.  
'  

' ' .

I f  d im VLL'  Coro l lar j .es I  and 2 of  t6 l  implv  that 'd i rn  S(1 .

Then S is catenary and equicodimensional* -

suppose that  d im u>1.  Then n>2,  s ince otherwise,  x  wourd

be  a  c losed  l - cod imens iona l  po in t  i n  S ;  t hen  f rom i ) 'wou1d  fo l l ow

dim S=1,  which is  not  poss ib le .  The local  r ing (O" 
e j -s  noether j -an

"  ' " n -2

of  d imensj3n7.2.  Let .m>p>0 the saturated chain of  pr ime ideals  of

@. c  corresponding to  the saturated chain of  c losed i r reducib leo ' o n - 2

subse ts  S r r - z€s r , - r . s r ,  ,  and  p l r . . . r p , f .  t he  p r ime  idea ls  o f  O"  qb ' - n - 2

correspondj-ng to the irreducible components of S-U, containinq

Sn-2 ,  F rom a ' resu l t  o f  Ra t l i f f _ - t4cAdam f  c f  . [ r : l  ,  p rop . I ) ,  t he re

exist j-nf initely many maxj-mal chains of r:r ime ideals in O^
D ' D n - 2

of  length 2.  Then we may f ind a saturated chain mr! '>0 such

tha t ' n ' #p .  ,  f o r  eve ry  L ,  r€ i<3 .  Le t  s i_ ,  be  the  c losed  i r reduc ib let  L ' L l  - l

subset 9f  S,  which contain Sn-2 ,  correspondinq to the pr ime ideal

P?@S,S ^ .  Then the  cha in  {xJ  =SocSrc  . . .  c  Sn-2c .  S ; - IcSr . i s  max imal
" t  "n-2

and Si -  {U#.  The Scheme t i - ,  is  un iversal ly  l -equicodimensional

and U n t i-,  is an open nonvoj-d catenarlz and eguicodj-mensiona]-

subscheme. Since d im (Un S;_r) (d im U,  we may aooly  the induct ive

hypothesis  to  Si_,  and to  the maxj -mal  chain SocSlc. . . "Srr_2.Sr l_n

a '

We have n- l=d im (UnS;_ l ) .  S ince U is  caLenary and.  equicodimensional

and Si_t  is  l -co 'd imensional  in  S,  i t  fo i fows that  d im (Unsi_r)=

=di -m U-1.  Hence n- l=d im U- l  and so n=dim U.

Tt  remains to  show that  S is  un iversal ly  catenary.  This  fact

fol l-ows from the fol lowinq"
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Lemma 1 -  An universal lv  l - u icodimensional  scheme which

i s  ca tena rv  i _s  un i ve rsa l l v  ca tena rv .

F i r s t  l e t  us  do  the  fo l l ow inq .

Remark 4 - In
r - l

L 2 l J  ,  p . 5 I 7 ,  R a t l i f f  D r o v e s  t h e  f o l l o w i n q

Theorem:

Let  B be an in tegra l  noether ian local  r in The fo l lowinq

asse r t i ons  a re  equ j_va len t :

( I )  R  i s  un j - ve rsa l l y  ca tena ry .

(2 )  R  i s  quas i -unmixed  ( i . e .  t he  como le t i on  t  o f  R  i n  the

radj -ca1 tooology is  equid imensional )  .

r ^ - ' rr n  L l l l  ,  l o c . c i t . ,  o n e  p r o v e s  t h a t  ( 2 )  = + ( t )  a n d  N o n  ( 2 )

:=+  Non  ( r )  .  r n  t he  p roo f  o f  Non  (2 )  =?  Non  ( r ) ,  one  shows  in
r -  - 1

L z t l ,  t h a t  N o n  ( 2 )  = +  e i t h e r  R  i s  n o t  c a t e n a r y r  o r  R  i s  c a t e n a r y

and  th .e re  ex i s t s  an  i n teg ra l  f i n i t e  R -a lgeb ra  D  o f  d imens lon  )  L ,

which has a maxj -mal  ideal  o f  he icrht  I .

We may complete the theorem of  Rat l i f f by addinq the

fo l lowing equiva lent  proper ty .

(3)  R is  catent t r r  and 
"v"ry  

in tegfg l  R-a lgebra which is

f i n i t e  and  has  a  max ima l  i dea l  o f  ha i c rh r -  I  i s  o f  d imens ion  l .

fndeed,  by the above remark we have Non (2)  - )  Non (3)

a n d  s o  ( 3 )  : 7  ( 2 )  .

( 1 ) : >  ( 3 )  L e t  A  b e  a n  i n t e q r a l  n j a l q e b r a  w h i c h  i s  f i n i t e i - ' ^ : ,  j j

a n d  w h i c h  h a s  a  m a x i m a r  i d e a l  m c A  o f  h e i g h t  r .  D e n o t e  p c R ,  t h e

p r j -me  idea l  such  tha t  AaR/p=R '  and  n -m oR ' .  Then  R '  i s  un i ve rsa l l v

ca tena ry ,  A2R ' i s  a  f i n i t e  ex tens ion  o f  r i ngs  and  n  i s  t he  max j -ma l ,

i d e a l  o f  R ' .  B y  E G A  I V ,  5 . G . 1 0 ,  a p p l i e d  t o  A ? R , ,  i t  r e s u l t s

l=d im A_=dim R' .  Then d im A=dlm R=lm

Proof of Lemma 1

codimensional  scheme.  I^ le

Le t  X  be  a  ca tena ry  un i ve rsa l l y  1 -equ i -

may assume that  X is  in tegra l  and i t
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suf f ices to  prove that  for  every c losed noint  xeX,  the local  r ing

/^ /n
O.,  - -  i s  un iversa l l l z  ca tenary .  S ince  Q* , *  i s  ca tenary ,  by  the

X r x

above Theorem of  Rat l i f f  i t .  is  suf f ic ient  to  nrove that  everv in-

/ a ,  r  r  ^  - -  -  - - - - i

t eg ra l 'OX, * - - l qeb ra  A  wh ich  l s  f i n i t e  and  has  a  max ima l  i dea l  mcA

or . heisht r, is r-dimens'j-5\;.1-1.ffftJ.l':, 
ffi%*,I:s i":"*'

ideal such that a t O" 
,*/Mffiu-moautl 

e. For everg.:5.,. l(r(n, f i
' '  n  r I .  - r

s a t i s f i e s  a n  e q u a t i o n  r l a + a t i f i t  + . . . * t r r . - l r i  f * t r . t + = O ,  w j - t h  -  
.

;  . (O  /n  T f  X ' cX  i s  t he  c losed  i n teq ra l  subscheme co r respond inqo j i =  u x r x ' Y  r  -

t o  p r  w e  h a v e  x e X '  a n d  A * , * / r =  @ x , , * .  L e t  u g x '  b e  a n  o p e n  a f f i n e

n e i g h b o u r h o o d  o f  x  s u c h  t h a t  . j i a g = l - ( U , @ * , ) ,  f O r  e v e r y  i ,  j .  T h e n

n [ f f  r . . . , f r r - ]  j - s  a  s u b r i n c f  g f  A  f i n i t e  o v e r  B .  I f  n c B  i s  t h e  m a x i m a l

i d e a l  c o r r e s p o n d i n g  t o  x r  w e  h a v e  , r , =  @ * , * / t  t " 6  s o  e F i ,  " ' f ^ f  t =

- A .  T h e  i d e a l  g = m  f ' I " F r , . . . , f ' f  i s  m a x i m a l  i n  B  l t r ,  " , f J  a n d

- l - r  c ' lo L , I  , . . . ' . r r r { O *  S j - n c e  d i m  A * 1 r  w €  h a v e  h t g = 1 '  B y  P r o p o s i t i o n  1 c )

and lb ) ,  B  is  un iversa l l v  l -equ icod imens iona l .  Thu 's  d im B$, . , - " ,5J  =

/^
.  = ]  and then l=d im B=d im B; -d im Un,* /p=d im A.

such

sa l ly

[- (v,

I- (u,

a f f i n e

i s  easy

o .  E . D .

Proof  of  Theorem 3

i i )  =+ i i i )  Le t  ves  and  ugx  be  two  open  a f f i ne  subse ts

tha t  U  i s  a 'V -scheme.  Then  f {V ,  (0 r )  i s  . .  Jacobson ;  un l ve r -

catenary and equicodimensional and t-(Ur, Cg*) -.. i . ,  an integral

(9r ) - . foebra of  f in i te  type.  As in  Example 2,  one shows that

Or)  is  catenary and ecru icodimensionai .

The re fo re  the re  ex i s t s  a  cove r inq  (u i )  
i e ,  

o f  x  w i th  oDen

subse ts ,  wh ich  a re  ca tena rv  and  equ icod imens iona l .  Then  i t

to  see that  X is  catenary and equicodimensional .

i i i )  =+  i )  Le t  V€S be  an  ooen  a f f i ne  subse t  and  A  an  t t .

l - (v ,  (9r ) - " foebra of  f in i te  type.  Tfen x=Snec A istegral
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equ icod imens iona l .  Hence ,  i f  A  has  a  max ima l  l - he iqh t  i dea l

tLen d im A=1.  Therefore I - (vr@s) is  un iversal l lz  I -equicodimensional .

Q . E . D .

Coro l lary  9 -  Let  f  :X - - - r .Y be a.dominant  morphisry !  o f  f in i te

tvpe of  in tegra l  schemes,  such that  X is  recru lar  and equicodimen*

s iona l .  Then  Y  i s  un i ve rsg l l v  l - equ icod imens+ona l  i f f  i t  i s  a

Jacobson,  un iversal ly  catenary and equicodimensional  scheme

Froof  -  lVe shal l  Drove that  i f  Y is  un iversal ly  l -equico-

d lmensional ,  there i t  is  Jacobson,  un iversal ly  catenary and equico-

d imensional .  V j -a Theorem 3,  i t  suf f ices to  r r rove that  Y is  qener i -

ca l Iy  catenary and equi -codimensional .

S ince f  (X)  i -s  construct ib le  and dense in  Y,  we may choose

an open nonemoty subset  UgY,  such that  U gfmf  .  By rest r j_ct incr  IT,

I  - r
w e  m a y . a s s u m e  t h a t  f  l r - l r r r r : f  

' ( U )  - > U  i s  f l a t  a n d  s u r j e c t i v e .
[ r '  \ u /

Le t  yeU be  a  c l -osed  po in t  and  xe f - t  (U )  a  c losed  po j -n t  such

tha t  f  ( x )=y .  S j - r r ce  @-  i s  requ la r ,  i t  f o l l ows  tha t  @, ,  i s
X r X  Y  t Y

r e g u l a r  ( c f  .  E G A  f V ,  6 . 5 . 2 )  W e  h a v e  d i m  O . .  = d i m  @
Y , Y  X , X

- d i n ( ( t x , *  @  ( 2 - -  k ( y ) )  ( c f  . E G A  r v ,  6 . 1 . 2 ) .  s i n c e  y  i s  a  J a c o b s o n' Y  
, Y

scheme,  by  P ropos i t i on  l a ) ,  X  i s  Jacobson  and  hence  x  i s  c losed

in  X .  Thus  d im  O" , *=d in  X ,  on  the  o the r  hand ,  a im( (9 * , *@(O k (v ) )=

Y , Y
- ' l

=d im f  
* f  ( x )  =d im fx

( c f  .  E G A  r V ,  L 3  . 2  . 2

Thus for  a l l

regular  o f  the same

s a 1 l y )  c a t e n a r y ,  i t

scheme.

- r  
{1 ) ,  where  1  i=  the  qener i c  po j -n t  o f  Y

a n d  1 3 . 2 . 3 )  .  T h e r e f o r e  d i m  O . ,  . . = d i m  X - d i m  f - I  ( y )
y t y

c losed points  y€L] ,  the local  r ings (0, ,  are
Y t Y

d i rnens ion .  S ince  eve ry  regu la r  r i ng  i s_ - (un i ve r -_

fo l l ows  tha t  U  i s  a  ca tena ry  equ icod imens iona l

0 . 8 .  D .



As a consequence of  Coro l lary  9 we have

I

Corol larv  10 -  Let  A be a subr inq of  an in tec{ra l  cJener i -

ca l lv  regular  and equicodimensional  r inct  B such that  B is  an

Br
}
l
E. *
f,

s. t
I

q
I

i
I

Ie*.
A

ir

2 B

A-alcrebra of  f  in i te  tvDe. .  Then A is  un iversal ly  1 : icodimensional

i r f f ,  i t  is  Jacobson,  un iversal lv  catenarv and equicgdimenqleer lg l

r l -ng .

I ndeed , i f  f €B  i s

then  Coro l l a ry  I0  resu l t s

morphism Spec Bf  *  SPec

a non-zero e lement  such that  B,  is

:  reqular  and equicodimensional ,

f rom Coro l larv  9 ar :p l ied to  the natura l

A

Remark 5 -  fn  [S l  ,  Proposj - t ion L,  vre have proved that  an

integra l  subalgebra B of  an a lqebra A of  f in j - te  type over  a f ie ld

k is  f in i te ly  geryqrate<l l l f  B is  an uni  -

na l  r ing.  ( I t  is  eas l r  to  show that  we mav su 'poose in  th is  asser t ion

that  B is  an arb i t rar lz  subalgebra of  an a lqebra A of  f in i te  ty l . re

ove r  a  f i e ld ) .  A  p roo f  f o r  t h i s  resu l t  can  be  ob ta ined  us inc l

Corb l lary  10 in  connect ion wi th  some oroper t ies of  k-schemes

gener i ca l l y  a lgeb ra i c  ove r  k  ( see  [ t ] 1 .
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