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1. ltntroductlon. *lgjggsg! of prln-gipal resutrtg.

Tbe aln of the preseni paper ls to prov€ a Nul lstel lensatz

over ord.ered. f lelcs whLch general lzes some reeults of Dubols LEI
r - 1

and. Stengle L14J . Our results and. thelr proofs sre presented. ln

the sp l rJ t  o f  the paper  fa  ] " t  Jarden anC r loguet te  on the

t ' Iul , lstel leasatz overp*adical ly cLosed. f ield.s. Th.e role of the

Kochen rlsg frou,- the theory of f ornaLlYf -adic f leld"s ls pi.ayed

ln the present sltuatlon by the. Baer rlng of a fleld exi;ension of

an ord"ered. fleLd..

Thte work was elaborated '"thlle the author was a HunboLdt

feltrow at tbe UnLverstty Heid.elberg. IIe would. llke to thank

Professor Peter Roquette for his waxm st inulat lon.

We consid.er the fol lorving sl tuat lon t

an aff  lne varlety def lned over the orderbd f, leld (KrP),

where P d.enotes the seulrlng of non-negatlve elenents

x  =  ( x1 r . . . 1x , , )  a  ge r re r l c  pc ln t  o f  V  o re r  K

K["] lts coord.lnate ring; tbe eleuents 1n K&] ut. regard.ed as

. polynonlal functloas d.eflned. on V

F = K(x)  tne f ie lc  o f  ra t ional  fu .acr lons oo/  over  K

u  T  (uL r . . . r r r )  a  f i n i t e  fan l l y  o f  e lemen ts  ta  K  f - J . l o j

V Ctl the space-of ilrattoaal polats oo V , where CflrFl denotes

the rea l  c losure of  (n 'P)

Vo{6'"the subs et of V Cfrl consistlng of tbose poln Es a € V(i)

w h l c h  e a t i s f y  t h e  c o n d l t l o n  u 1 ( a ) €  F  f o r  i = l r r r r s n r o  '

Ju  the  seu i r lng  genera ted  by  Pv  uurKfxJz ,  where  *  [ * ]  
2  =

i  u ' ] | . ^ (K L" l ]
&  a n 1 d . e a 1  k  x [ " ]

"o(9 
)  t f re  Jo-rao ica l  o f  q  cons is t iag of  the e lenents  zQKI  * ]

subject tc cond.i t lon r z,t  + b € fr for sCI&e poslt ive lnteger

t ana soue b € Ju



Vo,rti)

r( Vo,otfi') )

- r -

the subset or Votfi') ccnsisti.ng of those polnts
. t /

b € Vu(K) vr l th f  (b) = 0, for everv I  e L

the ld"eal la f [* ] coaslstlng of those elements

f € K[xl  whlch sat lsfy the cond.l t lon f(b) = O for
-  \ t  -

eve iy  b  €  Vur&(K) .

.3!ssrge-L.l,. f f  the varlety V f""nonslngular then

I ir '". t.

, . t

I (Vor4(x ) )  -  ro ( t )  fo r  ever l  ldea l o,  in  r l * . | .

Clearly, the nonsinguLarity cond.ltlon is satlsfled 1f V

ls the ful I  affhej space. In this gart lct i lar case we obtain

Stenglefs Theoren I (senialgebralc Nul lstel leasatz) from [tU] r

The later has as an. Lnnedlate consequence the real Nullstellensatz

d.iscovered by -"uirois [ 9] (see also [tu] Theoren 2 una [ro]

Theorera 5,L2) .

The Nul,lstel"lensatz u111 be supplemented by the followlng

cri tertcn for VoCfr l  tc contaln a sinple polnt.  iTe asauee lu

addition that the nultipllcatlve monold. generated. by the fanlly

u ls a group.' If thls cond,itloa ls satlsfle<l then VoC?'l consists

of  the po ints  ugVCiJ wi th  ur (a)  )  O for  1=1r- r ; I I I1  As 1n the
r - 1

caa€ wnere the base f ie ld .  1sf  -ad lca l ly  c losed |  6J Theorem L.5, t

thls criterlcn is 
:t 

blrational naturer refferlng only to the

functlon f leld F and not to the partlcula'r varlety V .

.?e3lnlt+,on. The fteld extensloo,r-.$:l(K;P) ls foruallv, neal ;ui,'

over u 1f there exlsts an ord.er T -sn" F"-such that PU uC"!p'3'  '  r ; '

glgggeg -1€. Suppose tnat the monold generated by the faral-

Ly u ls a subgroup of the nultipllcative Sroup Fx. Then the
t /  / J

necessary and suff lc ient condlt ton for yu(K) to contatn a s1nple

point  ls  that  the f ie ld  extens lon n l { iCre)  ls  forua l ly  rea l  over  u i



2. ghg Bes{

L e t  K  b e a

P . P C P ,  K  =  F U -  P

fleld. extenslcn of

the senlrlng of F

ls well known,

extension gf an o.rders9 {_lelg.

wi th an ord.er P I  1.  e.  P+P C P r
c ' )
tOJ . let F be an arbltrary

a subset  o f  F.  Denote by Jr ( f  )

o f K

finl  te

.I{ere

rlnq of g l leld

f le ld  equlpped

a n d  P n - P =

K and. u be

generated. by Pui u vY2. The fol lowing result

Pgo?oeit iog_ 2g.L. The fol lovrlng assert ions are equlvalent

.1 )  '  f  l (K rP)  l s  fonna l - l y  rea l  ove r  u r  1 .e .  t he re  l s  an  o rde r .

on 3 euch that  FU u CT.

1 i )  r  {  ; o ( r ) .

l t l )  Ju(F)*  r .

'  Tt u ls enpty then we obtaln the notlon of a forraally real

f ie ld.  extension and the equlvalence I  f  l ( f  r .P )  1s fornal ly real

lff - ld J(r) ifr J(r)+ r' where J(r) d.enotes ihe senirlng geae-

rated by PU T?.

It uas tse€r lf ] wno for the flrst ti-ne establlshed and ln-

vestigated. the connection between the ord.ers of a fie1d. and related

valuation r lngs.

If T ls an ord.er on F whlch extead.s the order p

we d.enote by B(t) the Faer_rles of t lP ccnsist ing of the

el.enents of r  retat lve to r lp,  t .e.  B(T)=f"uo l-{*o=" € t}
x  -  c  r  I  

'  \  ' b e l

Pf =Pt{oJ .  Denote by !  t t l  the Eaer ld"eal  in B(T) consis

of  the  in f in i te ly  sna l l  e lements ,  i .€ .

lCn l  =  I "e  l l  A  ,  b j  a(  TJ .  B(T)  is  a  va luat lcn r ing of  r r ,
be.Px ?

K CB(T)  ana b(r )  ls  the maxtnat  id .ea l  o f  B( t ) .

slnl lar ly v,re d.cf ine the Faer r i lz of thg f ieLd extenFio!

r  l (x,e) to be the r lng 3=B(F)=fu € n l .Y * b+a € J(r)}' b (P"

t

T

t ing

.of f lnl te eLenents relat ive to . l (n) l  e and the l aer  ldea l  ln  B
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r l

t o  be  the  ldea l  b  =b ( "n )  = ) -a€

elements relattve to , i ( f  ) l  r .

an lnterneCiate r lng bet*een

lnmediate.

P.topos.i i io$ 2.2. The f leld extenslon f  l  (Xrp) 1s fornaLlv

real rtr b+ B rrr !n r ={oJl r f  f  F F.

3sserks.. 1) If F|(K'P)
-- -The-soau=erse is aot generally

the  rea l  c losure  o f  (KrP)  o r

B ( r r ) = F  a n d . b t e ) = 0 .

1r ) If .t | (r ,r ) ls fornally

a subr lng of  3 .  fndeed 1+t*  O,  1  +

f o r  e v e r y  t € J ( F ) .

Propog-1tlq4-?rL. Supgose that f f trre) is for.pallv real

and. 1et l  be a place of f  l f .  Thea the fol lowi.ag assert lons are

equlvalentr

1)  A l les  over  B,  1 .€ .  3  ts  conta lned la  the va luatLon

d
r lng U^, of the Place ?.

a.
" l

l t )  tnp  res iCue ex tens lon  F .Ql (KrF)  fs  fo rna l l y  rea l  l

111) There ls an order T on F whlcb extends P and 1s

coo.pa t ib le  w i tn  the  p lace  . i , ,  1 .€ .  1*  t2*  (T .

Egggl .  1)->l i . )  Let  . i ( I ' ' . , i )  be the semlr lng generateC bv

) / YpU( f  . ' , i ) e .  , , i e  haye  the  equa l l t y  J ( t r . ' ) )= (J (F )n  U^ ) .4 .  i f  F . ; i l (K rP)

ls not f  oma1ly real1 1. €. I  € . i (F. Q,) ,  thea 1+t€4,-r f  or some
{

(\ ' t  '  - '  S. and hence B dA,.t € i ( f X - \ L ' r ,  1 . € .  f 6 t 3 t  d  k r
r ,  - , w  t !

11)+ l i l )  There is  a  b i jec t los f rcm the set  o f  ord.ers  t

on F whlch exuend. P and. are conpati-ble with a onto the set

of palrs (ErX ) where T ls an ord.er qn I. J whlch extends P

and X ls a srcup rnorphlsm fron ,*/}i.(px)a to ZtzZ, tZl 
g12

f i

[ ] J  s a t z  2 . 4 .

offu:"6,r(r)J
By rleflait lcn

K and. F.  Tbe

of lnf inl tely snal l

the Eaer r iag ts 1s

fol,Lowlng result  ls

1s not f  ortal ly real then B * F.

true. For lnstance, let tr '  o K be

more slnple let F = K. Then

rear then *f+ !t e tCo ,! ls

f te r(r), 1- '} '  = tf te r(F)
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1 1 1 ) - >  1 )  l , e t  a € B r  l . € .  b + a € J ( f )  f o r  s o m e  b €  p x ,  I f

T ls an ord.er on r whlch extend"s P and ls compatlble wlth

a  t h e n  b 1 a € T 1  L . € .  l " l t ( b . r f  " d - O a  
t h e n  

" - 1 b € r y q ,  
a a d

.  - 1
l " - - b i t (  1 1  i . € .  l a l r )  o ,  w h i c h  i s  a b s u r d .  ) . 8 . D .

&Sglgs -a.4,. Suppose that n | (f rp) . ls fornally real.. Thea

the folLowing hoid ,

. '  1 )  B = * [#r l  t€J( r t ) ]  =An(r )  where r  ranses c 'cer

l n  i ) .  ,

rii) ;very oveming ii of B 1o tr' is a pr'irfer rlng

wlth F as l ts f ield of quotients aad the Ldeal-class group C(R)

ls s l-group.
'  

lv) Rrctr (B)n BX = J(r)n Bx, where

. r l n ' )
A r c h  ( B )  =  J  a €  B l .  / - \ "  b + a  €  J ( F ) J  .C  ' b € P ^  -  - r

Prqof .  tet A = K 
[*=E, ] t  

€J(r)]  .  'de have to show rbat

B( A. I i rst let us shou that the f leld. of quotlenus of A is F.

Observe that J(f  )  ls contained. in the f ield. of quotlents of A.

Indeed.,  let  t  €J(r) .  Then $e a,I*  = f  -  1fue r ano heace

t €Xuo t  ( l ) .  On  the 'o the r  haad  f  =  J ( f  )  -  J (F )  C  Quo t ( .q ) .  f nd .eed . ,

r  8 + 1  1 2  r  g . - I  , , ? -  r / n \  ? , ' - \a  =  (  ? ) -  
-  (  -= ) ' €  J ( r )  -  J ( r )  f o r  each  a€ I .  Now le t  us

s h o w  t h a t  B C A .  l e t  a ( B r  1 . € .  b : a € J ( F )  f o r  s o u e  b € p x .  f h e n

I+b+a€ n nJ(r) and l=*;.6 € A C *r l ,  i .  €. l+b+a ( Exn J(F) and. heace

there ts  f  €  Px such that  f - l -b-a €J(F) .  I t  fo l ]ows that  l+b+a =

=  f  (1+ ( f -L -b -a ) (1+u+a) - i ' ) -1 -  - f  '  '-eP31tr7c 
A and hence a= ( l+u+s)

- (r+u) € A. rhus rve irt'orred the equalirv n=xfft I r u J(r t {
I J "  v  I

the set of all ord.ers on f which extend. p.

-  |  . l T -  a  I
l i )b  =Vb =r )b (T)  v rhere  T  ranges  over  the  sane se t  as



l iow let us shol that 3 l"s a Priif er' rrin,3. I,€t 13 be any

naxlmal lCeel  !1 3.  ' i , 'e have to prcve that 3* ls a valuat lca l ing
.l

c f  F .  I i r s t  cbserve  the t  e i te . ' r  t  €9n ,  o r  t - I  € tS*  l f  t€  .T (T) .
1 - 1 ' l

rndeed., lf t €J(r)\ 3* tnes 1fr€rn and t 'E = 1 - f iE e tstE '

antl  hence t- 'egBm . Let us show thet the letqgraL closure 3;

of B 1o f is J t"io*tlon rlng . let U/ be a s'axlmal ideal of
1 )

Bf such t1rat B .nr{ = rn B._ .  Glven any a ( I ,  s lnce at€ ;( tr)  ,- ,m 7n --  Yn
r - 2

lt follo'rvs tirajr elther a'€ U* or a-'€ B* . Thus elther 
"( %

or 
"-1e 

;; and hence B; ls a valuatlon rlng of If . let us

qhow that ts^ = B; . If 
" 

e ti and azl'- B^ then ;z<ryBm1ry'

nhich 1s absird. E"rr"u 
"2 

€ g-- 1f a ( B-t". . Slnce the resldue flel'd'- m - m

L = Br  /  /  ex tends K,  the character is t ic  o f  L  1s zero.  le t
u t  r L '

a € 3; . r;e baYe tc show that a € Bry 
: 

Slgce u2 € B* and'

1r*a)4 r- , iqe conclude t.irat 
" 

= .(J*d}1! € of . Thus we

proved. that B* ls a vaLuattcn rlng of F for every maxlmal lCeal

ry la B, l .e.B 1s a fr i i fer r lsg nlth Ir  as 1ts f leld of

quot ien is .

Now let us show thac B equalc th; laiersect loa of the

Baer rings 3(I) lvhere T ranges over t.b'e set of ord'ers cn F

whlcb extend. ihe ord.er P on K. The incl"usicn B ( Ct B(T)

ls lnnediate. I ,et , l 'n be a maxlnaL lCeal of B. Slnce B ls a

Prlifer ring, R.]r is a valuation rlng. ;, ' i€ show t]rar there ls. aa

o r d . e r  T  o n  T  s u c h t h a t  P C T  a n d  B ( T )  = B r r r .  T h e n

7

= B and b.ence B = a\ B(r) .
T ) P

t n a t ,  b y  i r o p o s l t l o n  " ? . . j . - r  t h e r e

t h a t  P C T  a n o  L * @ B r r C ?  . I t

I g 3 , - C b ( r ) .  I n d e e c ,  i e t  a € u $ 0 ,
rn

exis ts an ord.er

fo l l  ows tha i
v'

a n d .  b € P ^ ' . T h e n

f )  R(T) C .\  Btr .
f )P  r y1 r€ l l l ax (B )

First  obsert /e

T on ir such

B ( f ) C  B  a n d- "nL



b:a = b( r3au- l )€Px,  ( l+ tzn*  )c t  and.  hence a eb(T) .  Thus

*%a !(T) and. B(T) C Brn. Slnce te ls nlnl lcal ln the ordered

sot of valuat lcn r ings extendJ-ng B we conclud.e Ehat Bnr= B(T).

So we proved. that B = n- B(T). By Pri i f  er cr i ter lol  fo" holo-
T ) P

norphy r ings l t t l  Jheorern ]  l t  fol lows that C(B) ls a p-group.

? ie  denote.by C(B)  the ldea1 c lass group of '  Br  ios .  the factor

group of "i;he flnli;ely generated. fractlo:ral B-tdeals modulo the

pr lnc lpa l  ones.

The egual i t iee

d.ef  ln l t lcns.

are lnned.late fron

rt renalns to show tbat Arch (r)n nx C'r6r;. I ,et

a€ Arch( l )n tsx.  rn part icular  a €ts( t ) \  b(?)  for  each ord.er  Tf  P

such tha t  -a€  TX.  On the  o ther  hand. ,  fo r  each b€  Px ,b+a€. I ( f  )C  I

and hence a  g ! ( t ) ,  wh ich  1s  absurd . r  , [e  conc lude tha t  a  €J(F) .

Q. 'E .  D.

Egg"i l .  The part icular case K= Q vras consldered by Pejas

r  - r  . f  - l

[9J  ana Dress L4 j .  A u iore genera l  s l tuat ion ls  lnvest igated by
r - 1

Becker  12 J  tneorem 5,7.

[ ]recrel-2.5. There ls a cananl,cel bl iect icn fron the s,: t

of pr lne lcleals of onto the set of places {J of f  f  f  with

the property that the resid.ue ertension ir . l ; l ( I t  re) ls fornal ly

real t

q € Spec(E) F> the place attached. to the valuqt ion
I

rlng Bo
r

A l - > lYh N R_ , d

( r )

Thls bi ject ton ind.uces an embedd, ing of  the set

crf B into the si:t of orders of t-l extenrllng

equlvalence rel t i t lcn r  tv lo such orders T anC

l f f  B ( T )  =  3 ( T t ) .

b =  n b
T ) P  -

=VT

of ma:.fsal ldeals

P,  up to  the

'll t are equlvalent



I

3Ig€. Thls tlteoren 1s an lmmediate consequence of the fact

that B ls a Prt i fer r ing and of Proposit lon 2'3'  Q'5'D'

E g l E . T h e e n b e d d . l n g c o n s l d . e r e d , l n t h e l a s t p a r t o f T : e o r e m

2.5,  ls  aot  necessar iLy a bt iect lon.  fnd-eed ' ,  there ex ls t  s l tust loas

of the fol lowlng type a (frp) an ordered' f leJd't  I  a f leld exten-

slon of K, T an order on 3 e:<teedlng P such that bCf lO B=C r

B+Ir  ard hence ts  ls  not  a  f le ld  and b ( t )n  B d Max (B) .  l lo r

i-nsta:rce, let i1 =Q, F =Qt"),  the f ield. of rat ional fu'nct ions ln

an lnd.eterrnlnate xr IstxQ be an enlargenent of A in Robinsont

r  - - l  t r l - i l .  ,a^ !  ! r  t^

6ense [*]  aed. te t  t 'dQr q be such teet t  t  ls inf inl telv s&al l

wltb respect to the ord.er t t  induced' oa K(tt)  bV tbe lnternal

crd.er 
*F 

"JQ 
. rt ls knovrn that eC*p/b(*e) = R . rt follorvs

that B(T,) fd i ;he valuag-on r lngS[t ' ] ,  in""" f  i "  the prine

/ i \ t -  - t  - - . -  . . - : '  
' t . . -

1deal j ra t t  Lt ' l  senerated. by t  r .  fn pdit lcul 'ar B( 'T t  )  +8(t t  )

and. hence B(f ) + F. on tne otber hand, l 'et t JQ \ Q be such that

t  ls  f ia i te  wi th  respeci  to  
* r ,  

1 .€ .  t  €  nqxr1,  and.  the s tand,ard '

part of tr  1,e. t  nodL (*p), ls a transcend.ental real sunber c.

Let T denote the order lnd.uced by 
*-a ooQ(t).  Then B(f) =Qqt)

i

snab ( f )  =  C,  in  par t i .cu lar ,  ldent i fy lngQt t l  w j . th  I r  we obta ln

6 ( r )  n  : ( r )  =  0 .

gcro}lary tg-3Flo{srn-?"5' i ,et p be a prlne ldeel ln B. The

s e t  X  = t q (  S p e c  ( e l l  t . f ]  l s  l l n e a r l y  o r c e r e d .  w i t h  r e s p e c t  t o
D '

the licl,usion and the cardlnal nunber of t p equals the rank of the

value group of the valuat lon r lng B, attached. to 
t  

.

Esg€. 'rie have 
I 

.I Lff ura 
1 

. The set of overrin',Js' of

the valuation rlng Up is llnearlf 1:d;t:_d,anC 
thelr. number eguals

the rank of the valu. '*"oon of Bh '  Q'I 'D'r_
RegarE-.- The"prevlous result remalns vatrld for an arbi.trary

overl,ng of B.



7, The Slenang spgce g! g f iel$

f  1e ld . .

Let (KrP) be an ordered. f ieLd. and f be a f ield. extenslon

of K. The space of all places A of f lf , sub ject to the cond.:[-

t ion r the resld.ue extension f  .Ql(KrP) ls foruaLl,y real,  ls cal led,
I

the Riemgng spacg of I l (KrP) and 1s denoted. by S(f ) .  In order

to slnplify the notation vre shaLl use the sylabol- S lnstead- of

S(I). It ls weLl knovn that the necessary and sufflcient cond.ltion
I

for Il l(KrP) to adnlt I Bon-enpty Rleqann space S 1s that

r l (KrP)  Ls forua l ly  rea1.

lVe assunre ln tLe following that f l(f rp) is fornally rea3".

tret A be aa arbltrary place of flf. Tie b,ave shown ln Section 2

t h a t  
l € t  

* t T r > e  i f f  C q , = U q  f c r s o n " l € S p e c  ( B ) .  r n

additlon the Baer rlng B of f I qf re) ls the hol,onorptgr rlng

n An of the Rlaann space. S. ' itr 'e uay lCenttfy the Rleuann space
c.€ s .s
S'- iftn the prtne spectrum Spec (B) of the Baer ring B anrl. :

conslder on S the Zarl-ski topologJ admlti.ag as basis of open sets

t he fan l l y  l o r l r u=  whe re  D f  = [Aa t l f .Q+oJ .  Moreove r  s

has a aatural structure of rin6ed. space. The structnral sheaf {

Ls give"n ,.y fTp = B(f ) fl 0, = i;he hoiornorlhy ring of Df .
QcDt v

Egulpped wj.th Zarlski topol"ogf , the Rienenn space S ls quasl-
'

ccnpaet.

IJ x J.s en arbl-trary subset of F we denote by Sx the

subset  o f  S cone is t iag of  a l l  pJ .aces Q €,S whl .ch l le  over  x l i r€r

xc d. tt ls easy to see that the farJly ft* 1 wher"e x rangesq  t  J x

over the fanily of flnite subsets of F ls a

for the Zariski topology on S ana.f(Sx) ls

H 
* = n C^ fo, each f lnlte subset x of

a l ' {

Q €  S "

extenslon of an ord.ered

basis  o f  open sets

the holoaorpby rlng

F .
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4. Holonor'qhlc functl-ons og the ii,l,g$"nn 9.949'

Let (KrP) be an ordersd. f leld. and. F be a' f leld. extenslon

of K. Ir ie suppose that the extesalon Fl(KrP) ls fornal ly real l

1.€. the 9. l .enann space S ls [or-enpty.

ff x and. u are arbltrarY subsets of

sx the subset cf S conslst ing of al l  places- u

f vre d.enote by

:i of F lK whlch

holomorphy rlng of Sil . If

the corespond.lng sets a.ad.

F o r  x c B  a n d  u C P ' H i  l e

l1e over xU u asd. satisfy the condltlon r the resid.ue extenslon

tr l  .Ql(KrP) ls forraal ly real over r.Q. In part icular l f  =C.B

and uCP, for lnstance l f  x and' u are eu'Btyt SI coincld'es

wlth the whole Rleraann space S.

. llie denote bv H il = A Uq the

?€ Sfi

eltlier x or u ls enpty '$e d.enote

holonorphy r lngs by Sx, So, H*,  H o.

the Baer  r lns  3 of  f  l ( f  rP) .

First let us observe that 1f r l (r '^p) ls fornal ly real over

u then Sil ls non-ercptY fcr every subset x of F. Indeed't in

this cas€ the tr lv ial  place l .F ls contained ia Sf Jor each

subset -r  of F. The ccnverse is aot generalLy brue. f  fo" lnstaace.,

let K = Q and. F =Q U. an enlargemest of Q in iobisscn tse.ase

[tt] . L€t a+ O be an inf iai-te ly s;rall eleiaenu of F wlth I€s-

pect to the lsternal ord.er 
xP F. Let a d.enote the place of

f  l f  whose rraluat lon r lng is B( ' tP), the r ing of f  lnl te eLements

o f  T  w j . t h r e s p e c i t o  
x P . T h e n  

Q € S u  w h e r e  u = t . r - " J  b u t

tr l  l (q ,p) is not fornaLly real over o].  I f  the monoid generated.

by u 1s a subgrougr of tl ie nultiplicative group F 
t 

, l.t ls a

sirnple exerclse to ver i fY that  $o ls non-erapty l frr  F l(*rt> ls

fornal ly real  cver t l r

The aln of  th is sect ica ls

H f  for  arbi t rary sets x and. ule
" u

to d.esoribe the

is overa{.agB of

bolomorphy rlngs

the tsaer rlng. Bt



sll thls :lngs are Priif er rlngs. .

i lrqpggibica 4..1. Agsune tbat Sil ls Bon-enBty. Then H ;
ls  the snal lest  overr ! "ng A of  n fxru]  sub;ect  to  I  *  Jo( l )C ex ,

wfr€r€ Ju( A ) d.eno ies the s emiring generated. by P u u ,J. A2 .

tJSpS.. First l,er us observe thar the intersec.i;ion A = al Al
1 € r

cf a fanii;r { of cvemings of
1 €  r

sat is f ies  the  cond l t io l r  I *  Jo (A)  C  A*  too :

o f  .B [ * ,u ]  sub jec t  t o

1et a€ sil . ana Ju(ge)

F -
* t  I  .Blx ru j  sub jec t  t oF.:  J

X .
1  "  Ju (Ar  )C

let

1 * Ju(.q)C e

i
.ft

i
tt

X

d.enote th.e snallest ovemtng

. Observe. that Aci-1f .  fnCeed.,

/v2
be the semir ing generated. by !U u UU:.  I f,{

-f € tof!o.Q) = Ju(0?) mod 1n ,-,",

'  *  . * X
J, , (  U , )  (U ^  then

* r i 2 L

not fornal ly real

over  B,?r  v ;h ich ls  absurd. .

0n the other hand" A 1s a Prtifer ring wltlr F es 1ts

f leLd. of quorienrs ano. heece i1 =A lo where p rsnaes over ihe
l :

set cf mexlmal ld.eaLs of a. For every saxlmal ideal p cf A lei;

? be the correspondjng plac;. rf we show that A-€ si l  for each
?  - - -  p  

- P

n a x l m a l  l d e a l  b  t h e n H x =  A  5 - r  f  / \  J  - 1 x -' {  - : t  l - t a c t l U ) . o = s  a a d h e n c e A = [ r o .

A 6 s; pe $:ax(A)

rt  reualns to si low that a €s: for p6 Max(A) .  i l ,€ have' p  u  l -
/ Y JutJ x rO r., = ,t and- o.ni = o/I '  Ju?r(n.Qr) = Ju(r) nod.; and,

hence -1 + Jo- , .  (F,ao)  besau.se ( l  *  J , , (a) )np = V.  t l ;e  conc lud.e' ' r p  - f  
- t r  

_ t
th ; t  F .?n l  (Kr . " f  ts  for&al ly  lea l  over  u .1)  an,c  hence A. .g  s f  .r p p *

Q . l l , D .  
-

-C?rglJgr:r qg P:'c;osit j-cn 3..1. Htt = f fxl .

3ggg5. rf t  1s a -i , lace of r lx sucn that 0n:H o, where

of P, this r lc=s not inply th*,t i ,6 s,*. For lnstance l-et K =tR , l=lR
be an enLar6*rent  of  lR ln iobinsonrsense and let  u€ h(r)n F<o .

t +

) r "i . e .  r . a l  ( K r P

i

I

I
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Then Htuj = B(F)r the tr lrr lal place Q = lF l les over HI"l but

l (s1" t  r  1 .e .  r l r  l s  no t  fo rna l l v  rea l  ooe"  /  "  
j  '

The followlng proposltlon d'escrlbes the holomorphy rlng

Hil  ao an lnd.uct l .re l lnl t  of certain ovemlngs of f  [xtu] .

Frolgstt ion 1.2. Assume tnat SX ls . txon-enpty. Thea there

exlsts an unlgue sequence (fr .)  . , . ,of , intermedlate r lngs between - '" ' "

" n€lN

n Ixrul anaHff satisfving the cond'lt ions ]

f )  Ao =-nfxru]

l l )  -1t ' , ro( l rr)

f11) An*l 1s the r lng of Sract lons

the monold. 1 * Ju(An).

In addit ion Hil  = -V,,Ao.n€ iN

proof. Flrst we have to show by, lnductlon that - Id J*(An)

and Atr CHfi for each 
"<lNl.

For  n = o,  1 f  -1€ Ju(Ao)  tnen F.Q ls  not  forna lLy rea l

over r.e for every A€Sil* g ,  whlch ls absurd..  'e conclude

that  -1*Ju(Ao) .  On the obher  hand the l ' lnc lus ion Ao = U[* r " ] tH i l

ls  t r lv ia l .

Suppose that AnC Hf and. -L+ Ju(An). '*{e have to show that

An* tcH ] ,  and ,  -1 { , Jo (Ao+ l ) .  S lnce  1+Jo(Ao lc l - l  f i <U^  and '  I .Q

J.s fornal ly real over" r . 'Q, for every A€Sil-  i t  fol lovrs that J \- '1

I + Ju(Ao)c 0J for ever:tr A( sf and. hence lo*1cHil '  l f l th the

Eame argument we conclud.e that 1 + .Io(Ao*l)C (Hil)* , therefore

- r+Jo(Ao1t ) .  n  - -

Now we have to show that Fl ;  
= A = V, oo' BY Proposit ion

n€ih s

4.1..  i t  suff lces to prove teat A 1s nlnfuqal wlth the pro;rert les I

of An wlth resPect to



- L q

n[xru]cl  and I * . Iu( l)Ca" .  Flrst let us show that A sat lsf les

the later eondlt lon. T,et t  € Ju(A). We have to show t:rat 1 + t  ls

lnvert lble tn a. By construct lon of ar there ls n6/Nsuch that

t  € .Tu(An) .  $lnc e -L* Ju(An) we conclude that fr  e An*I C A.

Now let c be an ovemlng of efxru] such thet L+J*(c)C e^.

irie have to show that An C. C for errery ne/N. Ifor n 3 Or the

lnc lus ion Ao = B Ixru]C C is  t r iv iaL.  Assume that  AnC C for

some n€l[/ . vie must ehovr that .Aoa1 C C. $lnce AoC c lt follows

t h a t  1 * J o ( A n ) c  1 +  J u ( c )  a n a h l n c e  1 + , r o ( l o ) c  c t ,  t h e r e -

fo re  An* l  C  C .  Q .E .D .

5. FFe NulLstelJsnsatz fol hplogg.qrhl rlnqg - g gSaF &Ig.

l€t  (K,f ;  be an ord.ered. f ield and. F be a f leld extension

of  K.  Assume that  F l ( i ( rP)  ls  forna l ly  rea l .  le t  x  and u be

arbitrary subsets of F. Our goal ln thls eect lon ls to give a weak

forn of the Nurlstellensatz for an arbltrary subrlng A of H f
which contal"ns n[xru] .

Defiai t lgg Glves a subset x of sf;  ,  let r(x) be the

tdeal  o f  A cons is t lng of  the e lements z€A which vanish on Xg

l .€ .  zQ = 0 for  each ?€ x .  Glven a subset  l [  o f  A re tW( lc)

be the set of 
.conmon 

zeros Qe sf of elernents tn M, 1.€. zQ = o

for  each z  €  M.  i
1 : .

leflnltlon. (Stengfe f f+] ) f,et C be a ,;coulsrutatlve rlng,

g an ld.eal ln c, ana [-  a subsenir lng of c contalning a11

squares ln C. Then tfre I--  radical of C is the subset

r r ( t )  = J z € c l r ' ^ *  b € Q f o r  s o m e  ^ > L . , .  a n + _  . s o & e  b € f J .
An ldeal  is  a  f -  - rad lca l  ldeal  i f  l t ' i s  ouuo l - - raCica l .  Accord lng

to $tenele [14]  r ropcs i t ion z ,  r ,  (e)  is  a  l - - raa ica l  ideal  and

equals  the.  ln tersect ion of  aL l  pr lme [ - - rad. ica l  id .ea] .s  conta ln ine4
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Let Ju(A) be thre eubsemlr lng of A generated by PUu UA2.

ff  c ls an ldea1 ln A we denote by ro(a) = r. fo{1;(t)  the

Ju(A)-  rad lca l  o f  q .  I t  ls  easy to  aee thatw(M)=W("o@) where

I ts the ld.eal ln A generated. by the subset M of A.' and

"o(g)  
C r(U/( l r ) ) .

tropgpitj.qn,2:_1. Assume that f f CXrP) ls forrnalLy rea3..

Let A be a subrins of l-l i l contalnlng nfxrul r arrd A be a

place of f  l f ,  Then a€Sf 13f A l les 'over A and. the center

?n^n A of- . t A  o n  A  l s a

Proof. I f a €sfi
Ju(A )-radtc aI ld'ea1 .

t h e n  0 , r H i : a  a n d r .e l( i(,P ) ls

i 'ti.i!.,

forna l ly  rea l  over  r .Q.  I le t  z€A bs such that  u2n*b€@4 for

sone n)L and.  some b 6 Ju(A)  .  Then (u. i ) t *  +  b .Q,  = 0 and.  hense

.nce  qQ l ( r rP )  l s  fo rma l l v  rea l  ove r ' r . J . .

Converselyr rryo have cnly to ehow that I . .) I(K,P) ls for-

ua1ly real over r.Q. Slnce A ls a Pri i fer r ing A,.t  = AO wh+re
L l

? 
. An/[q and T.?. ls lsonorphlc to the f leld. of quotienfsof

i / ^ .  I f  F . e l ( i t r p )  i s  n o t  f o r n a l l y  r e a l  o v e r  t r . ? ,  1 . € .
t Y

* f e  J * . A ( F . J ) r  t h e n  u 2 ^ *  O a !  f o r  s o m e  z € a r P ,  s o m e  n D  I  a n d .

sone b€ Ju(A)'  ,  and hence P ls not a Jo(A)-rad'1ca1 lCeal '  whlch

contrad,icts the hypothests. Q.E.Dr

The foLlowing weak forn of Nu1L,6:b,ellensatz ls .en funncediafipi;

consequence of 'Proposl . t lon 5.L,  and of  Stengle [ tU]  Proposi t16n.2 '

pfgrgg.i t ] .cn 5.2. Suppose that f  l (K'P) ls fornal ly reaL.

Let A be a subring of H i l  contr, lnin* B[","]  r  M be an arbitra-

ry subset of A and. 4- be the lCeal 1o I  ,  gen.;ratsd by M. Then

r ( W ( M ) )  =  r o ( 4 ) .

Coro l l a r '  t o  P$pgs l t l on  q .2 .  Sup i rose  tha t  r l (K rP) .  l s

formalLy real.  Let M be a subset of l - \* = B["]  and. t  be the ld"eal



€ 4(J

tn Hx get *"ated bY M. Then

r ( s * )  =  ^ ^ * t Q = 0 .
Q €  S '

The fol lowing resul ' t  establ lshes

between the s*ts sil and d; .

P r c P o s  i t  l o n  6 .  L .  L e f  u  t x  r u  |  , X  I

F. rr d[ c 3fi i then sf < sfl

sf f sfil

r(W(rri)) =V; . In particular

a Doo-tr iv ia l  re lat ion

be. f ini t6 subsets of

a

1.€.  e i ther  the set

6, $&e r€stgl-cle.d" &lPgang-sgqce

let  (KrP) be an ordered f, leld. and F be a f leld'  oxtenslon

of Kn rr je denote by 3 -.3(n) the subsi)ace Of the,-: t ienann space S

conslst lng of the p3.aces l1 of I l  K whlch are rat lonal over ihe

real  c losure t f i rF)  o f  (KrP)r  i .€ .  F.Q 1s a subextens l .n  o f  * ' fX.

It ls possible that d 1s exa1>ty 'ihougn S !q non-enpty I 1'€'

f l t f r f )  fs  for roaLLy rea l .  For  Lnstance le t  K =Q and n =R '

Then B( f  )  =R,  S ={  f * }  u"A g ls  enpty .  Ho ' 'Eever ,  l f  r l r<  ls

f lnttely generated l t  fol lcws by Lang fel  t f tucrem !t  p..2?8, that
-J

f  l (KrP) ls forraal ly real- 1ff  S(f )  ls non-omptv.

Ee ghq* #ggg, ln the rest of tnig p.etgg -utgt
* t

flnltglv g-ggggg-!-?q gng F l(K'P) le foJEallv re91'

The Zariskl topclogy on S lnd.uces a topology on I . A

basls of cpen sets for thls lnduced to;rology 1s glvea by the sets
^/ - -  ^ /  v  I  Nt  X 

' )

3* = d  n  Sx = Lqcdl "aUA J uhere x  ranges gver  e} l  f ln l te  sub-

sets Of F. Tnere ls aleo anotirer topology on g lnduced, by the
, N

a J /

ord.er 
'P 

on K. Thls topolcgy adnits as basls the sets So =

|  - J l  - t  l -  . t  4 - . - r ! -
= |  ae 5l" . . l ,CF'J where u ranges over a l l  f in l te subsets of  F.

r J v

v"e also 'pcrsid'er sets of the fcrm f;il = '6o n 6* where u

and x are f inlte subsets of f i .  Any such set-.w-i l I  be caLled a

bas ic  subse t  o f  S .
#

r l r  l s

Suppose that i

i
I

Proo f .



Iq e til l" 'rt *'i
o.a l  (K ,P)  i s

proposlt lon ls
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I
U^ J 1s Eon-empty

\ t '

not forurally real

a consequence of

o:s the s et

o v e r  u l .

the follow

/'a
? J
lng

- l  n -
€ s ;  |  " ' ?  

( r q  a n d

1s non-enpty. The

two lemmats.

Lerune 6.2, let u and. x be finit

the following as
1

z.Q = 4Jj .s non-

e subgets

sert loas

o f F a n d u

ase equlva.lent $be 'an e lenent

1) rne

of F. Tben

s e r  t a e t ;
l i )  rhe set  ta .d l zrQ = xjrs non;

Proof.Only the lnpl icat ion 1) + f i

that there ls a piace R € S: such that '

e:trp 6y.

enpty.

)  ts nor- ixLvlal.  SuBBose

z , . g  = &  t  ! . e  ,  z - k = O .

Tle have to show that the set M* =l nagf | trt.Q = oJ rs non-empty.

If Mx, ls rion-ernytJ for some flnite subset xt of F containlng

x, then clearly M* 1s also non-empty. llence we nay enlarge x lf

convealent by addlng f inltely aany elemenis of F. Af ter a suitable

enl.argenent ue may ass'rme tbat i i '  = x(x),  uu{z-t ja*Cfr" aad, by

Zarlskl ts local unj-f oraizaticn theorem [ti] ' xR ls a s18ple

polnt on the afflne mod.el V of f lX wnose generic Aoist ls xo

After a sssrrmber- ing of tne elements x' .r . . .r tr  of **?"y assuee

that trJ..= * i  for i  = lr . . . rnr z-L = x*r1 -ad. la+l (  a. thus

there exists an ord.er I on tbe resld,ue fleld Fit whj"ch extend.s

the ord.er P antl xrR€ T f or t = 11.. e slltr fn ad.dltlon the polnt

x .R € V(r . * )  is  s inp le  and xrsr l . i t  =  o .

ll ie see the afflne varlety V f" n-spac€ as belng d'efined'

by a f ln i te  system of  pc l fmorn j .a l  equat ions o ' ter  Kr  Let  f r r . . . ,

, f "€  f  I  t l  ,  where  {  =  (X l r . t . rL ) r  be  some po lynogr la ] - s  de f ln lng

the veriety V. The cond,l t lon for a polnt to bL sinple oo Vtu

that at least onc of the nlnors of ord.er n-d.lnV of the Jacoblan

natr lx ,*,  does not vanisn at thls point.  Let ne r[xJ be
-  - -J

a proper mlnor such r, i rat h(x. i)+O. Thus the ordered. f i ,eld"

( f . l r f )  sat ls f ies  the fo l lowlng ex ls tent ia l  sentence ln  the lan-

guage 'of ord.ered. f l:Ics extending (K'f t ) i

'  , / , o , a  { 6 6 3  Y



.-----

?'  = (Jx)
s
n f . (x )
i=l 

r

m
A

/ \  x < ) t  o
1=1

=  o A h ( x ) f o A x r * r  =  o A

zoQ = oa and hence the set

Irernma 6"J. I. let xt*
x u u t

there Ls a Place Q€)
u

By goUlnson ttt]Theorem 4.i,5.t the real cLosure t?"?l of

(Krp) sat ls f les the sentence f  too r  1.e.  there exlsts a polnt

\ f  -  
u

b = ( b ] , , . . . 1 b ' . , ) o f V , w h 1 c b 1 s r a t J . o n a 1 o v e r K t s u c h . t h a t
r  r - ^ . r ^ \  l ^  a  t J  t ' ^ : ^  ' i  =  I - - - - . I I I  i l & l t t

h ( b ) + o . ( t h e r e f o r e  b  l s  s l n p l e ) r  b i €  F  f o r  1 =  1 " " 1 t l l  a o d

bnol = O . Slnce the polnt b ls sinple oo V 1t fol-Io't/rs I by [t]

coroLLary A 2t that the special lzat lon x9b can be extend'ed'
^tX

fo a K-rellonal place a of llf. We conclude tlrat ?€S and'

Mx ls non-enPtY. Q,.EnD.

and, uf be f inl te subsets of f  '  I f

such tbat In.A](KrP) Ls not forrsal lv

Rlenenn space S ls d'ehse ln the Rlenann

to the Zariski toPologY.

The prcof of thls lenma ln sfinllar vrlth the proof of I'enna

6 " 2 .

goroll?ry 3p Plorositigtr fu1' r'.,ut 
;f*and 

tl be ftnlte

iubsets of F. then$ ls non-enpty lff S ls Dorl-€rlPtY' rn paru

real ovcr [ t .Q then tbere ls

t /

r t r . R g  P .

. "  x t / u t
(\

a place n€5 such that

u

u

ticular the restricted'

space S with respect

?. .lgre tl_rl1].gteil eqgatz Iqr,lrolornerohy rj.nqs-3- s t{opg-f-o r+'

Let (K,P) be anori lered f leld and' F be a f inl tely gen€lE-

ted extension of K such that f  l {Xrf )  ls fornal ly real"

Ilrqt we give a d.escripticn of the holonorphv rlngs H il

Ln terns of hoLomorphy rlngs of basic subsets of t 'be restricted

Rienann sPace S.

t lrsore.n 7.1. Let x and, u be f ini te subset ' ;  of tr ' .  Then

., t  of the basic 
". ; ; ; ;  

s i l  of s equars

the holcmorphY ring l-l fi
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^/v

the holonorphy rlng of tfi6 basic subset ST of
{l

Elg€.llie have to eh.ow

ls A € Sil such that
"./v

R € S;  such that  z .R

that 4- C,-,C H
Q€Sil "

d,i.e.Hf;= fril ",
.  le t  z€  F \ l - l  x  

,1 .

6.2. there exlste a
,^. A/
/  I .  U ^ .  Q . E . D .

Hv lL
n a Q 4* u * - u

x
u

there

place

Z o . Q = & s B Y l r e n n a

= oo and hence u 4

{ow let us conslder an arbttrary subrlng of f-l f; whlch ccrr-
' r 'l r\'/v

tal ,as B[xruJ .  Glven a subset x of s; r  let r(x) be the

ld.eal of A consisting of the elenents z € a which vanj.sh on- ,^/
X!  1 .€ .  z : )  =  O  fo :  each  q€X.  G lvea  a  subse t  Mo f  A  le tw(&{ )  b .e

the set of comrqorr z6ros A€Sil  of erernents ln Mrl.e t  zrQ = 0 for

each z € M. let Jo(a) d.enote the subsemLrnl-g of A generated. by
-a

Pu u \)Aa, I f  g ls an ld.eal ln A let r , ,(g) = r.r  rn) (g) be the' u \ '

,Iu(A) - rad.ical of g .

Tiregreu 7.2. (l{ul-ls:lelleeqatg - a gtr?nq forn).Let A be

a subrlng of H X shich contalns t [*ro] . Let M be an arbltrar.y

flnltg subset of A and. a be the ld.eal ln A generated. by M.

rhea rCfr'Cu)) = ru(r)

fr.oof . By Propoeltlon J.Z. , ro(g) = fOt/Cu)) = Lr€n I z. A=O
for each a€W(Mt ,1 where WCu) =[ e€ si l  I  , .Q,=oto" each ze MJ ..

^ / . ) ^ t - - . r J - -

slnce Wtr*l = \X/ (t{)n 6f we have to show tnar r(ff(n))c r(#(M) ). Let
f  (A\  I$ l / (M)) ,  1.€.  the set  fnat i l  l r . { i  = o f ,or  eac.b,  z€M and,  -

1

f .Q*OJ 1s non-€&ptyr Using a siul lar argument as ln.the proof of

lenna 6.2. we conctud.e that the srt  f  a(6f f  r .q = o for each z€ M
1 - r ' / , \

and, f .Q+0 J fs non-empty too and. trence f f f $V(tvt)). Q.E.D.

Co,rol lary to Thsoren 7.2. I . ,et M be a f lnl te subset of
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H* = B[" ]  and a be
d

, F t .

=V; ' $Jhere 1X7 (l:)
. . .  . . 1= { z € n [ " j \ z . l ;  =  o

= n,-?Il.^ = o.
')€ s^ +'

the ld.eal.

=l q€1" I
for €acb

8i-3*o:Lgg, t$e-gggul E frgni*'p-t1.o-n 1.

Flrst Let us oberve thac we have form,ulated, Theorem 1.1.

ln.such a way ttr1t lt appears entlrely sfun1-Lar to Theoren ?.2. We

shaLl show 1n thls section that tlre forner can be eas11y d.educed'

from the l,atter. $o let usr co$slder the sltuatioa of fneorem Lol1ltr€

use the notations as ln1;rcduced. in Section i. In particular x = '

t  
'  

\  r  - - ^ - l= (xj.r.. .rxrr) ls a generic point over K of the aff lne varlety

V roi  p = r  (x)  Ls the funct icn f ie lc afy r  11 g (urr . . . r rp)-  ls
r - r C r

a f inl te fanl ly of etrenents ia fL"j . tOJ and & is an ldeal" j -n

*["]. ,, ' i€ conslder the restrlcted. Rlemarrn space { of rf {rre) and.

the bas ia  subset  ! *  .  r f  ae6*  thea x .Q = (x1Qr. . t rx ;Q)  ! 's  a

d rat ional -  -
polnt of the varlety V . If we attach to elterly A€GF the polnt

. '  ^ ,
x. Q€V(fr) then we obtain the proiection map E* + VCfr) . Tf ?€ q

then A sat lsf les the non-negatlvl ty condit lons ul 'A€f for
d

j  61rore  s r r t r  Cons lder ing  u i  =  u ' (x )  as  s  po lynrn ia l ,  express lon  ln
r - r - ' J d

K L*J ** observe thet oj.a = oj(x. l) and. heace x.?€ (Cfl .  Oon-

vensely tf x..Q€VoC?l i t  fol lows 1n the sane wav that A€Gil o

v,e obtalned. a lelnua which ls slnllar wlth trernma 2,4. from [A] .

ISIg-fu].. ;; is the lnverse lnage ot V-f il rriitb, resirect
ta

to rhe gro jectlon nap d*-+V(il.

By a well known res,ult frcrrn algebralc geometry [O] Co"ol]"ary

A e we also have ?

L,g.pp_a 9..?. The lmage of S; wlth respect to the proiectlon

ro l-l* generated, by M. Then rdu) )=

B.q=o for each ae uJ ana r(#(u) )-

.teffrtuf . rn particurar r(dx ) =



eap 6*oVCfl ccntalns at least

Bartlcularo 1f the varietY V 1s
. J v r l /

nap S; -Vo(X) is surject lve.

Pgggl_of rhSqt9p._]*I .
( "  €  I 'I e t  M  = t r 1 r . . . r r s J system of generators of the ldea1

ft(x) as a pol-ynornlal expression

al l  slnple polnts

nonslngular then

of Voti l .  rn
the proJecbloa

b e a

e' i

P

= O

I ln r [ "l 
. ',v€ consld.er

ln K["] .

We have '

v,.,ntf l) =lb € vG) | u;(u)e
f l ( b )

f o r  J  =  1 1 . . . ' M

f o r  I  =  1 1 . . . 1 9

and.

and.
/ < C

Wcul = i  a€6f
SlnoeVls

that lI/ (in) 1s

lnage or ff (ul

f r . q  =  0  f o r  I  =  1 1 . . . r *

by hypothesls nonelngular we concluoe by Lernma 8.2.

) on r["] is the .ro(K[x] ) -

The lncluslon

fol lows eas 11y f  rom d.. f  ln l t lons.

lTe have to show that

the lnverse lmage of Vo, o ti) and /*rotil) t: the

with respeci; to tb,e proiectlon rnap S+\/otfrl .

Iret us conslder the coruespond.lng ldeals tr.n'

r[=l and. e[*l = n[*,ul '

r(Vu,*,ftr) = fue xi"J I siu) = o ror everv o(V* ,oq)J =

r('ff (M) ) = l* .,,-,i*;.:tl'l-';'"; :":; ::.",il;,i 
efr <wJ a"r

rt fotlovrs that rtV*oCill = K[r.Jn i(i i i  (M)). By rheorem ?,.2.

rCffi <u>) rs the ..To(n[x] ) - rad.lcal of the ldearaefx] r dea.oted

by 
"oo(n ["](a.a$)-. 

ri; follows that r(y*rc(f)) -

= f[x]Ar.lote[*](t g["i ). ft renalns to sh.ow that the contraction

of the ldeaL t.ro{n1*1 y(3e[x]

radlcal 
"o(g) 

of the tdeal & .

"o(t ) 
c r[xl n ",rot* 1*1 ) 

(48 F])

Converse ly ,  le t  g(  K[x ]  r  ro(a) .



ef r;o1s[*l  )(qr[* l  ) '  :v [ : '+] Propcelt lon 2' roG)

sectlon of et l  pr l-rne , lo(X [x1 ) -  radicsl ldeals in K[d conbal '-

ntrng q . I t  fol-Lo',vs that lhere ls a prine ;o(f [x] )  -  rqr l lca1 ld'eal

I  
contalning g such r i :et ** l  '  I ,et rr  = K (x t :ul  )  be the f  le1d'

of quotl-er:ts of ihe facr;or :1cg XL:t1/, ' Ihen f](K'P) is fcrnaL-

ly real .over,t  nod' p end' x urod f  t : t  au' '  l - ' rat lonal Jclnt cf

ihe verie* V . Sincu tV h3r,cct:r-esls V f" nonsingularr the polnt

x . n o d f  i s  s i n p l u  o o V . 3 y  [ u ] c o r o l l s r l '  
A  2  i h e  s p e c l a l l z a t l o n

X_' x nod'|  can be exi;end.eo i ;o al3 Irrgt ional plece ,1 of r l r

s u c h t h a t x Q = x n o d P a n d F . Q = I , . l t f o l l o w s t h a t t h e c e n t e r

m^ Arlxl c,f ih.e place .J on r["] is the prine ideal I and. henge
- a '  - - L - - J  -  

v  r  _

a 4y. . .Cn 
she other hand",  Q, € sx and.  heuce,  by Prolosi t lon 5 '1 ' r

A l i .es o"€r s[*] an'c' the cenler?l"A r [e] of ' ]  oa st*] is a

Brlae Ju(3L*] ) - iadical id.:al, Ln e["] containins tne ideal

?u[-1. 
]* toJ", .rde bir ttul 'rrcpcs!-tica 2 tbat s+ =iu(Bi-l )(ge [*]

ag contend..ed.. : i. :.Dr

PrPgLgLTl'eqsen -1r3

B y h y p o t h e s l s o f T h e o r e m L , , 2 . t h e q o n o l d . g e n e r a i e d . b y t h e

fan11y u 1s a subgrou5r cf the nultiplicatJ-ve gioup r 
X 

.

First,  supposie t i rat f i f  { f  r f  )  1s not forual l '  real over l l r

-Then it is easy to see that i; i" enpty' :1rb conclud'e frora' r'en'rca 8'2

t ,  L i l

that there are no si-np3-e pcJ-nis in Vu(K) '
l z -  - \  ! ^  3 ^ ; - - 1 1

Con'rersulYf assune that f  l (K'P) ts foinal ly r ' ;81 over lr '

Then the trlvial place lF ls ccntaj-oed' ln Sil fcr every fanlLy

y of elenents l-n I i ' .  I t  fol lo" ' ls by coroLlary to Proposj ' t ion 6'1'

thai ! i l  is oc, '-enpty for each f lni te fani ly y of elements in

Ir.  I .{ow Let us obsi:rve tnat the generlc pcjst x is slmple on y- '

T h e r . " f o r e l c o n s l d . e r l n g a s y s t e n r o f d e f i n i n g e q u a t l c n s f . o r $ , f ;

ls tne lnte:s-
t:
. :
:1

\
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over K ancl lts Jacobln matrlx, lt follows thst there exlsts at
r r  -  - 1  .  t

least one nLoor l-l€r[x J of ord.sr a - dtu (V) such that H (*)"ev
0

= {..+ o . let y be a flalte f anlLy of elemeats ln r whlch coo-

talns the elenents xlr . . .rxo, hl l  The set ;g is Bon-€rrJtyr l ,et
/!y

a be a place ln s; . ['he piace A ls ccntatned. tu sf, and. lts
pro ject ton b = xra r "  s i rnp le  ooV s inceFlcu)  =  h .A+ o.  i "  conc luce

by lernaa 8.1. that Voi i l  coatains at leage one sinple Bolnt.  l .F).D"

8e&iggc-eg.
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