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tuolan BHdescu

Intrgctuctlgg

I n t h l s p a p e r r r e a r e d ' e a l l n g w l t b t b e f o l l o r i r r g p r o b l e n : d ' e t e r n l n e a } l

uornal (or snootb) prqjectlvs varletiee X over a4 algebraically closed fleld'

k oupportlng a givenvariety T 88 &n a.nple Cartler dlvlsor' fn $1 ''o a'ssr,le

f - pn-t r l tb nlJ and, sbor tbat euch a nornal varlety X 1s laomorphic to j

the.projoctlve ccne oYBl v8(I)r xhere s>o lE the l 'nteger deternlned by the

osuall ty 0*(r)80, - 0(e) and' v": Po-! '  'Px-{ (* - C;:;t)) ie tha sth

veronege eobecltliog of Pn-I. .f, e1o118r result ts vai'ta for I - PEx Pt rtth

. a , t 7 f i . , I a t b e s o c o u d e e c t 1 o n t { o p t o v e t h e f 6 1 1 o r t n g g e n e r a 1 1 z a t 1 o n o f a

gult of Sonoee.o ([13]). If T - g(d) ls a hypereurface of prlne degreo d 1n

p*t! ouch tbat elthet n)7), or elee cbar(k) . o ard' u(d) 1g a generi 'c strface

1  a  a a a r q { n a d  i n  : t l r r e  v a r l e t Y  i  a s
1n P- vlth dTzit thsn T can be contained in a snooth projectlve varlety ^

-  -n+1
an anple d.ivlsor only i.n one of tbe foIlor'lrl€i tro oasesl i) x le P and'

.  tbe ln i lus ion ICtr  ie  juet  the lnc lug lon E(d)CPo*! ,  o"  11)  I  1s e snooth

bypors'rface of degree d, in po*2 
"rrd 

r le the 'lntereect.lon of x slth a byper-

r wii4
p l a r r e . I n t h e } a s t s e c t i o n w e d ' e t e r n l n e . a ] . l e n o o t b p r o J e c t i v e . t h r e e f o l d s

t  n  t  r ? ^ r ^
p- (resp. p,X p{ ) as an anple divisor. Note that tf  char(k) '  o the proofs

are not eo cocopliceted, (tn tno case of r - P2 th" resurt being (relr knovn

and.) contained. i .n l t l  
because one appl ios t 'he result  of  [e] 'Ho'*ever '  by

tbe netbod. of l i f t ing to cbaractor iet ic zero. re sbor 
:het 

ln our sl tuat lon

ye oan &pp1y [Z ]  i "  pos l t i ve  charac ter le t lo 'ag  Ye1] '

. :  '

j

,i
Ir



a '

Tho proofe of theee rosuLt'e requlro lefscbetz t;pe theorsns in Grothsnd.ieckl

a foru ( f l ] r [a ] ' [a ] ) '  Throughout . th lg  p&per  k  w111 be aa a lgebratcat ly  o t roeed,

f, lelcl of arbltr&ry charactertrst lc and. -tbe notatlone end, ternlnology *ri l l  be

stard.ard., unloso otberwise apeclf led..

8L. l lornal o ject i r re var iet  ies eonta ln i P t - {  (n o" p8x pt

tet T bs an arbltrory cornected. smooth projectlve variety over k and.

choose a projectrvely normal enbed.dia8 rrrc---+pn of t  (!y e theoren of
' :

serro such.  an embed'd ' ing a lvays or is ta) .  Denoto by c(yr i )  tue proJect lve cono

ln P"+{  over  t (T) .  Thon c( r r i )  le  a  norna}  proJoct ivs var ie ty  conta ln lng 1(r )

aa an araplo Cartier dirr isor.

Ergrglgg. 1) tafe T - pn-l uLtb n)72

th _a-,,- 
r Pl{-4a Voroneso enberl.ding vu:p-

t lvely noroal and hence pn-{ 1s an anplo

x l "*  c(pt - l rv- )  eucb thet  the nornel  gheafa : a '

?!x *n^. t  = r

2)  fa te  T  -  PBxPt  r i t b  B )o r  t )o r  s+ t2 rJ  and .  f o r  eve ry

stder tbe Segre-Veronose enbed.din€ 1_ .rpax pt - ,  pN-'t- a r b - -  '  - s  '

. (";t) (1t) . Tben i",b in projectlverr nornal and. honce T

Cart tor  d iv ieor on the cono C1r*Xrtrr"ro) -  * : : ;  such that the

nor iua t  sbeaf  1 f  o (aru) ._  p l (o r r ( " ) )gp ; (o" r (u ) ) ,  p t  and p ,  be lng

project lons of  psx pt .

and for e\r6ry a ) o consld.er tho

r l th t r  -  ( i " , t I  Then v- is projec-\  n - 4 2 -  
' g  - -  

"

Cartler dlvisor 
_in the nornal varlety

sp*lxl  ls o(s) '  or, ' -r(s).  Horeovor;

a)o r  b )  o  con -

wlth l{ '.

le an alpte

respectlve

tbe canonical

Thoo.rem _1. .[ssume that nZ'4 and thet y . p le  an c .np_le Car t ler  d iv lsor

X  X .  t hen  i f  t he norne l  sheaf  l {_ -  _  ts  l somorph le
YlX -€::r:--

!g-qt ;n +nc T ie contalnod. in x ae in{
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exannle t ahql9. If n - tbe sane, conclu.glon bolds provld9d that c}$r(k) ' o'

ar t lcurar ,  x  1g gmooth r f  and.  on ly  i - f  s  T4,  1 .e.  x  '  Pn '

l " ' f , . I , e t S i r r g ( r ) u e t b e s l n g u l a r ] . o c u s o f X a n d , s e t U . x . s l n s ( x ) . S l n c e

i  re a enooth cart i ,er  . rv leor on x1 TCu, apd,qrnce r ' ts anple,  d.1n(Srns(x))<

,
.*(o, 1.€. SlnS(X) conslets of at nogt a f lnlte sst of closed' pointe tt""" 'x[t '

nV F], 6rpoa6 tr', eranple 2'? lbe.-pair (X't) satlsfles tbe ef{e"*.t*, Lef-

-  - - :  
:

scbotz condlt ion, Leff(xrT). sl 'nce tbla cond'i t ion. 1g local along Y we bavo

{

a lso Lef f (ur r ) .  I f  n77 {  r re  hane r1(0"( ' * t ) /or ( - (n+l ) r ) )  -  S ' (o( -ns))  - . :  to"

r  ,  rq1 -<*^- ;  YT +.h6orAne 1-12 tbe nal

L -.! '2 ard' for every B)o. Eence at [vJ, 6rpos6 X,I '  th6ordne ].12 tbe natl.rral

nap.of  regt r ic t lon oC:Plc(u)  _- . - -+r ic( r )  d  z  le  an leouorph. lsn.  I f  in-

4 ,

stesd n -  J  and obar( r )  -  o  we have nt (O*(-aX) /or( - (n+A)r) )  *  E{(O(-oo))  -  o

)t tZf ( in a el lgbtlY oodif led
for ewry. n).o, end' tben apply tbo theorets (

. forn) io.deduce that d. 1s' lnjectlw and' Coker(cC) le t.orgion-ftoe' Slnce

P l c ( u ) f o ( o r ( Y ) / u * o u ) a r d r r o ( r ) € Z t b i a v l e l d s t h a t n L , u e l e o a n -

lsoeorPblEo.

Therefore ln both cssea there j-s an invertlble 0o'-rnodule L sucb that

r ,@oT =  0 ( { ) .  Fo r  eve r  y  o  €Z  no '  r ( t )  -  J t ( f " ) '  wbere  t ' u * . * x  l e

o "ooo to " ropen fuq lqe re l ' on .Tbe fo l l ow lngs ta tenen ts .ho }d ' r .

a) ,,(t) 1g a coberent 0r-oodule and. aentho_ ((r(t))r*)), 2 for

- r I

s  € 2 .

rrd.eocl,  tbo coherence of r( t )  
"or"s 

trot ,  FJ, 6tpo":  
: t t t

- ( ^ )  i  i " ( r , ( t ) )  r g
0n tbe  o tber  hand,  tbe  cenon lca ]  nap F '  

' - l+J*J  \ r  t

def lnl t lon of F(t))  an igonorphlso, and'  the'aecord aff i rnat lon

the

'.et il s

tbo exact sequenco

o -4bu" ((r( ' ) l -  I  *r(")
l= i  t l  ^ l

* '  ( rn \  L-  L
+ J . J * ( F \ ' r = 9 t - ,

corol lar lYl l l - l l -3 '

(ty tle very
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! \  - ( * , )  e a  tn J  r  -  w * \ o l )  f o r  e v s r Y  o , € Z .

Indeocl., f^u I O*(nY)/E beeaueo O*(nr)80, . O(mn) anit the nap oC le ln-

Jectlve. Applytng J* to thie leonorpblsn and takln8 lnto account that

d,epth(g, 
.bZ 

(Ar, le nornal of dl.nonolon 7.2) wa get tbe cn:rcluslon.

:  1  I  / _ r  I

: )  
go( r (n ) ;  -  o  fo r  ovory  n  (o .  ;  , .  I  ' ;

Flrst pboose t big enough so that O*(tf) le vory anple ard consld.er the

e n b e d d i n g ! z X + P - P ( r ( X , o * ( t r ) ) a u c b t b a t r * o , ( 4 ) 6 o x ( t Y ) .

1*+g. For ewry ooherent O;:nodule G guch that d.epth' (O:)> 2 for €lrery

oloeod. point  r€tr ;  n4(c@nr(oY)) -  o fot  every q((o.
r ' -  - '

proof .o f  tha _c la im.  get  Ct  -  l r (O) .  For  every c loaed.  potnt  y€P- l (X)  re

have  c lea r l y  r l t c ; )  -  o .  r f  y€1 (x )  i e  a  c losed .  po in t ,  by  f5 ] ,  co ro l l a ry  5 .6

,l
we haw E' (Gt  )  -  g{ (C ) ,  e i14 reca} l lng tbe bypothesig the laat  group 1g zero.- y '  y '  y '  J r ' "

T b u s r e m e y a p p 1 y F ] , 6 r p o e 6 X I I 1 c c r o 1 } a r y l . 3 a r r d ' d ' o d u c e t h a t

r .  1 -
N l ( x ,o@o* (e ' tY ) )  .  [ t ( p ro '@o" (a ' ) )  

:  
o  f o r  evd ry .  q ' 4 (o .  . 8 .1oo ,  deno t l ng  by

* " . - ,  c @ o r ( r T ) ,  r  -  o e 1 1 . . . p t - I ,  ( o o  -  o ) ,  t h e n  x t ( x r c " @ o * ( t ' t r ) )  o  o  f o r

qr( {o.  (becauss for  everJr  c l .osed polnt  =€X d.eptb((Or) r ) } .2) .  Norv le t  q  bo

.  erb i t rary  and d lv id .e Q o Q' t  +  r ,  wi tb  o(r . (1- { .  The oqual i ty  C@0*(OI)  - .

.  0-@0-(q'tT) +' 'r l  tbe above d.iscuseion proves the claln.
r  A '

' '
:  [or  ln  order  to 'prove c)  r r lde B '  qE + r r  r l tb  o- ( r - (a- { .  S inco Of(Y)

ls  lnver t tb le  on n,  b)  and.  pro ject ion fornula y le ld .  ^ ' .  ,  t t  :

'  
/  \  t } a  r { ) n o  t $ r  . . .  t  / - \

,(m) - Jr(r@"Er@qu) - Jr(r@"6lj{(o*(ar))) c J.n (r, r)eo"(rr) - F(")eo"(er).

- ^ ( r )
.  The  s ta tenen t  o f  c )  f o l l ows  app ly lng  tho  c la i . n  t o .G  - .F \ ^ ' ,  t  -  o1 ! .e . r r18 - f  

'

erd. taklng lnto account a).

d)  rc t  eg[ (xrn(u))  t  f - (x ,o. (y) )  be such that  d . ivr (6)  -  v .  Then for  evory

. u € Z tbur" ls tho 
'exact 

soquonce on tr, t

.  ({) ,1"-") s___ >F(.) ;  o(m)__+o ,



. ;'  - r -
' .  : .

r b e r e t b e f l r s t n a p l s n u l t l p l l q a t i o n b y S ' :
P

Irdoed,, the eract sequeDc€ o --) o*(-f )-g+ oI .+ oT

, r
t t r l  ^ - - ^ .  - a ^ r r a n ^ a

r lzed by F*- '  ylelds the eraot eequence

r(*)eor(-r) a r(n-e) --:r(t)----o o(n) -;--+o

-  r  \  r r
. .  t B ,  ,  - - ^ r ! 1 ^  ^ -  n  + h a  r a a n  ( j / U  t E ' ' I ' n J t , ( f r ' I Y g t

Since f ' ls lnvsrtlble on iI tbe nap 6/U tE'n'njectlve' and

fo r  eve ry  1 *  { r . . . r h ,  6 ' l s  i nSec t l vs  ove r t r rnhe ro '

- ,
. f o v ( 4 ) y l e I a | t h e e x a c t s e q u o n c e o f c o h o o o l o g y ( u e Z )

. . ':
slnce 6.(r . )  # 'o '  '

- 1

--t o tonso-

O . '

6-€ s

, . .  - ( . - " ) , ,  6  -7  f ( * r r ( t ) )  ,  [ ( r ro(n)  )  *r
a  4 l  (X rF  ) -_ - - i -  l  \ ^ t a  '  -

- - -4r , { (x, r ( t -s)  )  Y* ,s{(x, r ( t ) )  t  s / ( r ' ' (n))  '  o '  '

'  
ieci ive' '  Thus fron c) and induc-

Tbus for every n € Z tbe oap Y*L" suriect ateo 'rr lun rr

t  -  f ' n \

t l on  on  m i t  f o l l o rs  tba t  E { (x r r ( * ) )  '  o  f o r  e .Ye ry  n€Z '  Tbug  fo r  eve ry  n

one gets tbe eract aequ€nce

,  l - (x , r (E-s )  )  .€  , l - ( r , r ( ' )  )  r  [ (v 'o (n)  ) -7
(a) . o ---i

e -- (n)' o-(urrft). lben s ls a grad.ed. k-algebra,
S e t  $  -  @ - [ ( X t F '  

' )  ' & )  l \ v ' L  ) t  
' r ! s ' r  r J  4 e  e

,fl=o

ad (2) yields tbc lsomorphlern of graded' k-algebrad -

e
S/OS €  6r f$ ,0 (n) )  

"  
k [T  , . . . rTJ  (po lynon la l  r ing  ln  n  var lab lee) '

so t  s ,  -  u [ " ] ,  vbere  s f  -  ss t  fo r  every  tez .  Tbe l  6€s i  a rd

a

Cbooeo

6 - 5  -  5 1  ta a

rell knonn

( r )

t . €  S {  e u c h  t b a t  t r n o d 6 S ' T i

' i r L o

a n d  d o t , , , d ,  - . a . t .  r ' i " '  
; i ' t , r . . ' . t o  @  : ' : ! r j

. L 4 r . .  n

Then 6".  {  sat lefY tbe
^  L 4  t . - . .  t  - nrhe re  11+ . . . *1o  -

Veroneee equetiong

and 1r,7 o.

r h e r e  f  +  i -  r  e  *  f -  r  n  i 4 1 " ' 1 o '
B a t t t r E t

r P  )

F,ur thernore tbe lnagee of  ldru- . ' rLz- l  ln  s ' /6s '

k-a lgobra s ' /6S' r  and '  s lnce 6-€s l  ,  l t  fo l lowg tbat

generate Sf &8 a grad'ed' k-algebre'

6 , .  * ' 4 - - ^ - : i-  
f 1 f  o . . I t '  J . { t ' " t ' n ,

6 -  . 6

" 4 , t 1 . ' € n

r O
o et 4 l . . .  t ^ n

gsnqrate the graded

6 e&l {. e;0,.. .r i ,"}
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. o o

In partlcrrlar, t ' -.*f(Xro*(mf)) 1s genorated by lto part of d.egroe on€.

$ince I ie anple on Xs O*(f) reaults then yory anple. Thus tbe canonlcal nap

Tyt* 
-- tp( l-(x,o*(t)))  (euch tu"t Pf(oU)) d o*(r) )  iu a clo.sed.- lnmersloa.

-Tf 
ln (a) ne take nl r 8 rr@ get d1n[(xr0*(Y)) - dlnf(rrox) + d.!n(rro(s)) - i l+/r

vhore ! I  -  ( * : ; ) .  Tbus Yr$)Cvi l  and.  
Yt r .s t r lc ted.  to  T ia  prectsety  tho ve-\ n -

.ronese enbed.dlng v". In part icular, T le the lntersectlon of X r*l th the byper-

lI-,t
p11" Po-'.  I t  reinaines to bo proved. t lat 

far(X) 
ls lsonorphic to tho cono Xtr.

set  S , ,  -  k f t .  . .  . .  .n  J ( " ) ..L 
lr. . .  r.nr , 'grade. the polynonlal k-algebra S',fn] eo that

if  ag 5" is an orbitrary homogoneoun elenent then aeg(aTB) -.d.eg(a) + n, ard

deflna tbe bononorphisn of gred.ed. k-elgebr aatfrS,,fT]---+ S, by f 
( i l  -  A

_  - . - ,  i 4  l n .
an l  f (T1 ' ' . . . [ - " )  - { r r . . . r - i o ,  vho re  LJ /o  end  i . r+ . . .+ ] .a  -  s .  Tbo  oqua t lons

(3 )  enewe  us  tha t  t h i s  g .e f i n i t i nn  i e  co rec t .  S lnce  U ,Or . . . | l o  gs_

uorete Sr as a k-elgebr a, Y is eurjectlve. A1oo, the d.i-nenalon of S',[T] ard, Sr

are tba eaee (naaely n+'l) and..thesu gr*d."d algebras are lntegral donalns, There-

fore f 1g an ioonorpbisra, which proves that 
fI(X) 

€ T; . Q.8.  D.

Exactly ln ths sass ray one o&u prove tbe forlowing tbeoreg.

T Igg-2-. .A.jssune thet y - p8-X-pt (w!th_B>/ ?)_!z

diylq.ol on lhe nornal pToiegtive varlety I. Llle_n tf ths nornal ghoaf lI 1 s

tno-noqpJ*gtLo 0(grb1 (nagrsser i ly  ;>o ant  b)o) ,  x  is  lsoaorphlc  to
n j +  ; . ,  .  a  t ( s z & " d l z e )*":;  (frorn .examrrle 2 abo..re

snoot! proiectivs variety aa an Bnols d.ivlso:..

SggqFk. Tbe aseunrptlon about the nornallty of L in theoren 1 or theorem 2

oarrnot be d,ropporl. Indeed., consi{er tho Veroneso enbed,din g 
"^ipz- 

,p5 u,rr l ,z

take the gonori.c projoction Tf or vr(rz) lnto p4, l .€. the voroneee surface ln
A \

P4. Thon Tt 1s igoxoorphlc to P2, Ir ls an a.rnplo cartler dlvieor on the cono

c(x ' )Cr)  ovor . r 'p but s inco rr  ls  tho project ion of  . r r r { rz)  into p4, tbo rror-

--yrx --

the  cono



- ?  -

ter of C(Y, ) 1e not a nornal polnt. Thus C(f ') cannot be laoraorphlc to t"y X3
g

n-i'
C olo11ary-I.

!F6 nornal complete varjigty X eucb that Urr* - O(s) glth ?) o' ard aseluDetgo:

n
tl.olal norpblg1 fzl-4J(n Euchjlbat f ig-an lso$orPllsn ln a neiglbotEhoo*

gf i antt r(r) - 
".tPo-').at

11; A"u,*u tuat -t - p-lx Bt (e>?. t>a4lFrytl) 18 a effgcllw callier'

d.lwlsql on the norFal eonplete variety I such tbat *r;* '  O(atb) with-a)-o erd

s . t
b)o. Tbgn there ie a-Li.: :gt lona} norpblsn fsx_---+';: ;  guch tbat f ls a3

. ,  a  t .

! ,scmorphisn in q ne.igtborrhgod of J-and f (t) '  t"rU(l lP ) '

.  E:oof. Let ua. proy6 for erarnple 1). 3y [8], cbaptor II tr,  tbeoren 4'2 there

ie a trlrationar aorphrso f3f,---rv,f,r sucb tbat f rs an isomorphisn ln a ne.igb-

bor.nbood of r ard rr - r(r) 1g an anp10 Csrtior dlvieor on trf . slnce r ls nor-

nal, re naJr aasuxqe that Ir ls also nornal' Thon by tbrioren I Xt t t: euch tbat

. r t  corresponds to  
" " t ro- t ) ,  

Q 'E 'D'

Co{ollary 2. Assune that T 18 as in-gllglfgl 1 t or 11 and let Yc.->I. a-

are. snooth varletfgl-of. 
'

a

!

( ! .  -  4 . 2 )  t n o  c l o s e d - . i r u r a r s i o n a  s u c h  t h a t  X ,  a n d  X ,

d.ineneion equal to din(y) +4 and Nrr" iNrrr,  1g--e1"'JF,"-h"r" i"  l i

an bor:rhood of Y ir!-X.
nap u:X1 *X, ".nigu 

f" g" igoto"Phi""

E '

Firat ro need' tbe fol lowln€

r'esult of Kobayashl-Ochlal (eee

burd loe needod in  th ls  eect ion

!e. A. 6ener?l izatlon of a reeult-of Sonnege

ertenelo:r  to arbi trary oharacter iet ic of a

frl|). For tbe Lntersectlon thoory of llne

r- 't

re serd to Fo].

reovet. tbe!--!-ltner E or elee n - I  and cbar(k) - o. Then tbere 1s s b1{t-
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e,ghes&t euro giggnsioL-t)o;.oJgl-E-ant t-3n aq-ple lnvg-tlb]g.0"-9.o4u19-lgqh

Sg! .  ( l ' t ) r ,  -4  a"r l  d lmf(V, [ )>t+L Thon d ' tsr [ -LV.L)  -  t+ ' ( . -and the canonlcs l
___ Y ___ 

+
Er&p 9- tY
# l b

ptggt. Flrei we'prove that V ls lntegral. Let Ynrr..rVrr"be tb'a lrred'uclble

coropoaents of V naturatr ly tegard.ed as cloeed gubscbenes of V'(oee [f o], page

A9B).  Then by 1oc.  c j . t .  proposi t lon 5 and coro l lary  1 ono. 'has

( l ' t )v  -  ( t ' t )v4 * ' . . .  +  ( t ; t )v*  ,  rhere , ,  '  , tor r . -
1r

. 
Since every V, hae d,i-roonslon t and L, le anple on Yrr (fi')rr)

ey€ry L o 4t..1D. Thus if V rere reducible tbe abow equallty noul'd'

o fo:r

lnply

( " ' * ) "> t ,  a  con t rad i c t l on .

l lbus V 1e irreduci 'ble. 3Y loc.

298) one haa.

- t .  ,  +
( l ' " ) v  =  Ieng rb (oo - r ) .  (H ' " ) v

t  t 5  ' t e d  
.

v l i " r "  l {  o  L@0,,  anr f - !  1g the gener lc  po int  o f  Y.  Thus 1en6tb(Oo,)  -4 ,  i .e .
'  r rod.  t tS

V Ls generlcally red,uced.. l.Ior slnce V ts Cobon-1,{acaulay and 6enerica}1y reduced,

[LJ, chap. VIf, proposit ion 2.2 ehows thet Y ls reduced e'ner;rwhere. t-hus V 1g

lntegral..

I ro t  nor  e. i , . rorsr*O.be t+t  l lnear ly  independent .soct l "ons(over  k)  f ron

r ( v , t ) a n d D , = d ' i v u ( a ' ) . D e f 1 n e t b e e e g u e n c e o f o 1 o E e d ' g u b s e t g .

u .  Vt  2  or_02 . . .  I  vo 2  v- t

6y  v t_ l  *  D . , f l . . . f 1D*  fo r  i  o  4 r . , . e t+4 .  V t_ l  
" t o  

bs  na tu ra l v  end 'owed '  u l t b  a

etruoturo of cloged. subeohonir of V1 1 o 4s.,,rN+4-. Shon one can easily provs

a.s before that each Or-, ls sn lntegral Cohen-l{acaulay scheme of d.lnonslon t-t

ancl tbat thero is a natural oract sequ€nco 

I

o * ->(o .1 , . . . ,u1)  - f (v , r , )  
-  

T t ( \ - r , t89ra-a) ,

ctt. propoolt lon ) and. corol lary 2 (pugu

Ihogle-n l. (Kob*yaeht-0cblat) tet J'bg,a .goqpletg-lohern-Mac3u1.*{-t1&9P:e19
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rhoro ( " r r . . . rs l )  le  the aubspace of  I - (Vr t )  gererated '  b3 i r  81 ' r " '18,  (see [ ' t ] tor

d.etal ls). Froo tbls point one gete the concluslon eractly a^e in ! i l .  Q'E'D'

Thoor ,eg 4.  Or ,  -  r (n)  Oo u h*"  
" ,o f*" -of  

Pn+t  (1 . " .  
"  

ooto l " t "  t " tu" -

n+1
sect lon of codinenslon ono 1n P J-3gt nocessarl l i  snoot.b) of  dc*t€= U tn*rh d

1ne. Assune tbat one -of tho fol lorir8 cP s

.a)

b )

nz3r or

h '

i

cUar(k) - o a.nd T-is a neric surf&ce in P3 rei'th d?25.

Assune furtbeq-tbat Y fs eqbodded, ect ivo

enooth ve.rlety X. -LUen ong-lgs o4e 9,I-t9 fqllowl ose ib l l  i t  l e  s :

n+{
1) ,X .13 lscgolgbic to P--,' - qnd t he  tnc lus ion  TCX- - i s  i us t  H (d )cP

! '  I

'11) X ig leouqrphig tog lgoot!-h} '-oereg$ace of de ln pn*2 anr l  T. ls

gbe. lntergect*n of x ti@.

prg€. In caee a) by Lefschetzrs theoren wd have Plc(l) - VfOr(1il, A1eo,

.elace T _ E(d) ard dln(r)  -  n73t nl(or(o))  -  o for  1 n.4r2 a:rd.  for  every ae"zi

1o particular, nt(O*(-.f)/0f(-(B+a)Y)) - o for 
I | 

!rZ ard' for everJr uv,l '  Tuus

lre naJr apply Le'fscbetzf g theorem to (xrr) and..get that'tbe oap c(:rrc(x)--+Plc(-r-)

1s an lsonorPhlan.

In.cage b) re nay apply i loetherrg theoreu (soe [S]r  PaBe 182) and. aleo d'c-

d.uoe tb.at pib(f) - ZfO"{l1f .3y [2J o( ie i.nject.lyo: *n-d Coker(oc) ls torsion*fre€'

Eonce cc tutna out to be also an ieo{Borphien. ' ' ' '  ' .r '-

Tbereforo ln both oea€a tbere 1s an lnvert ible Ot='nodule ! euch that L@O,

0I(4) .  X ' ,ur tbor  thcre 
' ie  an ln teger  . r> o euch. tbat  Of(Y)  q f ' . .  Wt

€ f(XrOX(T)) c f (Xrl6t) Ua a soctlon such;i. that -d,i t*(6") - T. l lo harle

(a)  ( l ' (o*rr r*  -  1/c"( t ' * .L@"1* .  l / t . (L 'n. . t l ,  -  l / r . ( t rn) ,  -

-  L/r . (ox(1) 'o) ,  -  a ' / r  ,  wbere ! ,  '  L8o,

a

l

v



In part lcular r d' lvldos

1 )  r  r  d ,e  1 .€ .  o " (Y )  '

- l A -

d, ard elnce d.

gd
I J .

1o prfuno 0:16 has tno posslbl l t t tes.

Tben (4) erves ( l ' (o*{ ' r*  -  4.  0n the other hand, exactry as ln ' the proof

of tbsorenn 1 ons sh.ors that tbe aequonce

' o. Tbus diaf(l) a r"|2. Nor

o -4f (r*(,-d)) --g-=+ I-(r,) " f-(o"(/)) * o

ls  €xact.  s lncs d) i  and L le auple i - ( f (4-d))

theorero J oppliod. to V'* I load.e to caao i).

?)  r  -4  ,  1 .o .  1 ,  c  o * ( r ) . .

' 
.6,galn one ded.uces tho exact soquonce (for e ver3r a e Z )

( l) o -?f (r,@('-"r-- _" f(t@*) I-(or( '))--> o .

Denotlne by s ths 6raded. k-alsebr" -F--ftxrfo),6€S,, end' uy (:) s/63tr
. &  

m = a

gSi( r ro.* , (n) ) .  Recal l ing tbat  f  ls  a  \pereur face rn pn* l ,  th io  last  e lgobre
nr=o t

tn 6pngrated by lte honnogenooue part of do6roo o'ne. Hence S ttsolf le generated,

ty $l * f-(I,), ad in particular L le v€r3r anplo oa tr.

- I f  
ln (5) *u teks s -4 Ho 6et d. inf( l )  *  arr | (ox) + ct in l - (or( l ) )  o D*3r

Therefors tbe caaonl.cal aap 
f- Yfrtr 

*-+P(f(l)) -.Pe2 is a cloeed' tru,ner-

* (o ( l ) )  g  L  ( ta r rns  in to  accour  f l  (+ ) )sion. utn""., 
1i(ot4)) 

g L (taktns j.nto account t:* 
: 

o 4 az

rrs"f l*) = (o(,f  )" 
(T1).y(x)!^na- ( l ' ( t*4))* - u .

?bo fact that 
f(tl 

is tbo lntersoctioa of 
f(X) 

vtAr e hlperplano of PbZ

tE nor  c lear .  Thus caeo 2)  loed.s to  oaoe 11) .  Q,E.D.  . ' - . , ,  r ,  . , . '

Qolollary-. l,g!- Lrre--g-htEs.rqup+fl.c-in-g1l{ wrtl g?-lg r4srJ.Sgg }u qg

n + l
l e o m o r p h i . c  t o  P - - ' " ,  o r  t o  a  s m o o t h

nr2
rcluadrlc in P"- .

Le r l i v i . s lo r  on  the  smodth  pro jsc t i ve  var ie ty  X  i f  and.  on ly  i f  e t thor  X  ls

Sggar}, If k.(D ths abovs corollary bas been provlouoly obtalnod by

Sonneee rn [t3J.
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f  l .  l t f t lnq lgjbaractoi lg't lg 
zoro

I,et k be an algebralcally clogod. fleld' of characterlstlc p>o and a ' $(k)

tbe rrr,8 of rIltt wctors on k, rhlch 1g a conplote irlscrete valuatlon rlng:'rof '

characterletic zoro, rlth roeld.uo fioltl. k and sucb that p generatea lts narinal

ldeal. tet I-be a projectlrre snooth variety over k' Ono says that X bas s ltf-

t lng to cbgractorlet lo zero i f  there is a projectlne enooth norphlon '  '  : :  -

!, :.

t t  X.---* Spec(.a) $hose closed. f lbre 1s isooofpbic to'tr.  lben tbe generic' ."; . ' : '

flbre X,r of f is a proJective enootb varlety on€t the quot.ient field k' of A''

o *  o  a r r € f { n i a n }

orothandleck proved.1n [5J,  6rpoa6 I I I '  tb6orbne ? '3  tbat  a  auf f lc ient  coa-

^  ^ t  ?  r a . 4 l r a  ?

dlt ion for tbe eristence of a r l f t i 'g to characteriet lc zero of r ls the fol lo-

ririg ,, g2(rr) - uzto*) - o {, rhero- TI .- @l/)" 1e the tangont sheaf of tr'

tet non h be a f leld. (not necessari ly algebraical ly cloaed') and I a

p r o J e c t l v e v a r l e t y o f d ' i n e n s l o n ] o v e r k . I , € t L b e a n a r o p l e i n v e r t l b l e

anA 6'gl-(Xrl) a sectlon euch that Y o afv*(d) ls gnootb oYs.r k'  Then ne

gnooth

o***lt"

haw the

r - l

fol loning resuLt rhlch fol lowg fron l2J'

Proposltion I. 499..rnec!3a[! * o- Tben the natr:ral rnao Pic(M.

1s ect ive  an i  i t s  cokerne l  tg  to re ion- f ree '

@!. l,e-L k be. an ale€bralcally cloeed" of  ' cbar 'ac te r is t l c

Xr l ,  16 ' .  ana f  as &bo !

f ) X bas,-!,  1lf t inf i-to characterist ic z?ro'

t .
tr) E'(or) - o L"q--l. =112

{
.1r)  t r ' (O.. , )  -  o for  i  -  1r2.

I

I

1 o )  H ' ( L )  -  o .

Thon tbe  n of restr lct lon r ic(x)  - ! ]g l I

q t.orqlqn-freg glo!t}.

i s  i n l o c t l v e  w i t h  c o k e i n e l
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I lgof .  Lot  f r  X-> Spec(e) be s } l f t lng to character iet ic zero of  t r .

Ftrat,!.€ provo that tbe netural nap 9f reetrictlon Plc(f, ') '------ ' '  r1c(x) ls an

,1

lsonorp-blso. Indeed., 1et 3C be the forsal complotion of € along'X. Tben by

Grotbond.leckre exl.stence theorem (eee f l ] ,  chap' I f I  5.4.1) tbe natural nap

pfo(g) ----?pfc(i,) io an ieonr.ophien, It  r i I l  be .therefore'euff lclent to

. ' a .

ehow that the unap of restrlction plclf1----*erc(x) is al-so an isonorphien.

n
t"et &be the closed. eubrichome of E defined by tbo shesf of, ldea1s P"0.r. In

part lcular 3--= X. An lnvert lble 0^*od.ule 1s nothing but a aequence (f,-)
- -1  - -  

€

nhere ! in an lnvsrtible 0- -nod.ule, plus leomorphlsns Lo*l@O**t to' Tbep
n & n

the nap r io( i )  >r ic(x)  is  prec iserv ( t r r ) r r>r , l *L ! .  In  ord,er  to  see

tbat tbis trap is an lsonorpblsm it wil l  be suff icient to eholt tbat for eech

nTr l  t be  nap  o f  res t r i c t i on  f i c (3e  ,  ) *  e i c (35  )  i s  an  i sono rpb lsn .. __n+{ n_

3ut .tbie followg fron the standard' eract sequenco

n 
t- /pw4o-d o- o\ ---? 4 )o -4 p'b€ /p*a o*€ or7* 

%*_; .E,t

rhlch. to6ether r i th hypothests l1) yields the aseert ion.

trn part lcular tbere exiets an lnvort ible 0*-aod.ule I guch thl1, g&OX€ t,

a n

and by []1, cbap. If I  4.?.1 f l  io ample. Moroover, fnom tbe eract aequence

f$. ,X,)------> i -(x, l )  -  n st  (x,&) n ,u4(n,X')-  s{(x,L) * o.

and. lIakayanatg lenna we d'ecLuco that the first map ls surjective' rn partlcular' '

6  l r r ts  to  a sect ion t€ f  (XrX) .  set  $  -  a ivo(E\  and. 'g  = t /3  tA-- - -> spec( . [ ) .

Y, and hence g i8 iotootU norphlsn. If  Yt is tbeTben tbe cloeed f ibre of g !s Yr and hence g 18 & unootb too

6enoric f lbre of gr then Yr - di lr (6/X' ) ie a enooth surface ln Xf . 3y propb-

s i . t ioo I  the nap p ic . (X, ) . . . : *p tc(X ' )  te  f6ect lve wl th  cokernel  a  tore lon-- ' -

free group. In order to complete the proof of lenrna ] l t  1111 bo tberefore suf-

f lclent to show that there are ieornorphismg Plc(X') --^'r ' f  ic(X) and'
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comnutative' tbe follorlng dlagran

. thle. fact ls uell known. For erample we have flrstly tho loonorphlsn

ptc(Tr \ S-> yia(A ) definod. by [M] ,,r.-'---. fU'J , rbere Mr le an Lnvertlble'

6,r-nodule such tbat YL'/\ '  E 14. Such a 1,1' alwaye exlsta because y is a rogu--v
lar scbo&e ard Yr ls an opon subeet tn U. Tbls deflnlt ton ls co*ect since

r a cloaed subschome of Y bY the
t h e c o o p l e u e n t o f T | i a l a r r d r l s d e f i n o d ' a s a c l o a e d s u b s

,ldeal 
nog , whlch le leouorphic aa &n 0r-nod'uJ.e to Qr; secordly, by tbe f irst

par t  o f  tbo proof  tbe natura l  nap Plc  (9) - - - - '> f fc(X)  ls  a1 isomorphisn '  Q'3"D'

g,roJect lve van' iety X as an &aplo divigoL-r{bere k ig an algebraical lJr c lcsod

!r-g.eg. If  char(k) - o this fol lors d' irectl 'y froo proposit loa l  taklne into

,
acoount  ( i r  t  -  pa)  tbet  p lc1ez1 ez.  lesuxro tberefore cbar( t  ) )o-  Thsn the

eoncluslon yi l l  fol lgw frou lealqa 1 l f  rs shor tbat coni. l t lons t)- iv) 8r€ a&---

t ie f ted,  by (X,  t  -  O*(T)16,  a fv*(6)  *  Y) .  The ver i fJ 'cat lon of  cord l t ione 1 i ) t .

111) and lv) are not d.l f f icult (using the orpricit  coaputatlon of the cobonolo-

2 4* pl ard. the cohonological characterization of a.nploness) and
gy of P- and P'

aro left.  to tbe re&der.

ron  i )  l t
.  I t  ord.or to verlfY condlt i

I I I ,  th6orbne ?.1)  to  chow that  Uz( f* )

conta ined ln  11)  ) .  ConsLder  ths exaot

wil l  be buff lclent (ueing

-  o ( the cond. i t lon n2(0")

sequonc€ 1^eZ)

[5] '  6rpos6

- o belr\g

Hs* 3"  Agsuee that  Y -  P2 ( resp.  T -  P l .xP4)  is  conta i rod ln  the snooth

fletd of ,r"Ui

le  an leornorpbi .s"  Gusp. '  i8  la iect l
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' 
u4(n*@ c*(nr)oor) --'+na tt*Eo*((*- 0Y) ) ---? a?tt*Eo*(tt) )'

slnos T ls enplo on x, n2tt*Eo*(mt)) ' o ror e))o' thorefore ln ord'er to

prove t\at B (TX) o o lt *if f" Uu sufflclsnt (vla d'eocending lnd'uctlon on n) to

eoe tbat

(6 )

Conslder tbe

(r)

A  -  - -  - \
to(n*Eo*(nY)@or) - o for ewrY mlL'

exact aoquence

#trreo*("r)) u{(n*e\(nx)@or)T- u{{o^t (m+r)t)eor)

(lnilucod by o ---4tI* T*@0f --) oX(Y)@oI ----> o)'

2  / - . \ a ^  n 1 - \  * + * h  q \ r

.  I f  T  o P-  then O*( t )60,  -  o(o)  wi th  s)o (e lnco T ls  anplo on

ut(o*( (o+4)r )8or)  '  s { (Pzr0( ' (u+4) : ) )  -  o  for  e ' ! 'o rv  neZ'  on tho

tbe stand.ard. exact sequenco on T - P2

onor t 'o( { f3  Tr -o

Eleld.s the ex&ct eoquence of cohouology

o .  s1 (01 *u * r )@3)  -  >u l t t r eo (qe ) ) :  - * ' ( o ( " " ) )  -  o '

' l  '  /  - \ \  *  not t r6o(ms)) -  o.  How the exast soquenoe ("1)'  Tbore f ,o re  B* ( t rE0; (ne I ) ) '

Brovos (6) l f  r  o P2.

x f  T .  P{xP. l  tb*n  o* ( t )80 I  -  o (a , t )  w i t } r  a7o 'and.  b7o '  Tbeu

x) .  Then

otber hardt

uo(o*( (na+{)T)@or)  *  s ! (e4, r { ro( (n+t )a,  (n+{)b) )

0n tho-  o ther  hand ' t  n r  t  o (Z to)@0(o ta)1  and

* u41o1ra+2rrnb))@81(o(narrab+?))  -  o '  again tbe

t f r  - { * p 4 .  e ; E . D .

- o for €very m77o.

' t .
therefo le u- '  (nrEo*(uT))  =

exact seguence (7) Proves (5)

ls embed,d,ed. as an arnple dtylrot-ln2
Pronosition 2. A*"t!o!-trhg! J - P tho

Then Xeroootb Proiect ive- trgrigtJ.!
1

isomorohic to P' and T le,--gentsinog

L_ag a |SrsrPfgne.

Froof.  I f  char( t  )  -  o th is reeLr l t is contained in tbsoren 1. Tbus we nay
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t
?
i
!

I
i

8agrlne ohar(k)) o. slnce rro(pa) 'Z w€ 'nalr spply lenna

tho naP Plo(I)

ln  the Proof  o f  tbeoros 1 '  Q'E 'D'

Tboordn 2r, Aslune tha't Y ' P{ X Pi lg-eubeil'led th tho' snooth

' i

2 and ilotluos that

argunont le contalned'

eCtlve-

v a r t e t y x a s a n j g p l g . d i T l s o r . T b e n w g h s w J g l o f t h e * f o 1 } 9 ' { l

' 
1) tr d PJ aii T ls a qua'dric ln X'

t "  p4 .nd Y 1" a'  h{gerp- lane'sect lot" t ' '

11)

lir) 'o"tu "tu *>o' b> o' -"- o 'g*L u) o'-Pg"lt lw itt"FP"? 9t* &j

o af O ^ -rtrocLule s

atb+g - 2s qnd tlre e.:3gt sequenoe of OUrnUs, 
<D

o - + o P . #  o ( a ) 4 l o ( u ) @ o ( c )  -  E  - 7  o ( s ) O o ( s )  -  F  - +  o

thet X

t  6 [ - (o (nn ,n ) )  l s
m=o

the other hand

oosib l l  i ! '1o s :  .  *

eract aequanc€

a graded. k-a16ebr4 genera-

' l

i

I
i

sucb

;  t r . "on  lenoa ?  xo  d ,od .uce  tha t  tbo  nap r rc (x ) . * '  p ic ( r )  E /x / '  ie

l n J e o t l r r e a r d l t g c o k e r n e l i s t o r g l o n - f r e e ; t b u e r r o b a w t r o p o s s i b l l i t i e s l

a ) P - L c ( x l E Z . t , . t t b g a n i n v e r t l b i o o * - n o d u l o w h l c h l s a n p l e a n d g e -

d e r a t e s p r c ( x ) . T h e r r l 8 o , : o ( a , t ) r i t b e ) o a D i t ) o . S i n c e C o k e r ( o c ) i s t o r -@ r

glon-free s ard t ere relatirrely prine lntagere' lfriting OX(Y) ? t 8nd'

Ut= fU, re get easily fron the a'djunotlon fornula tbat e(d+r) - t(d+r) - ' :2'

a n d t h u s g - t - 4 .

L€t 6'e f-(xrox(r)) s [-(xrt6r) be guch tbat d'1v*(6) - T' The

o -t #-") s , ff* --, o(nrn) ---> o

ylelds tbs eract soquence 6 eZ)

(B) s tf (f6.d) 6 , f(f ") t lr (o(a,n) ) ---zltf6{ ' o'

Put s - 6 rtt9"l, then s/6 s
t4 'o

ted by l ta Part of dogreo ono' On
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i . (t ' ' ) ,  .  ! /r.(L't.1)x 41".1o6rt).o(r,{) ), - zft.
0

T h E r e f o r o  r  D  2  o r  i  - 4 .

a.)  cegc r  -  3.  r f  rn (8) *" ' r t "ku n -4 re get drnf-( l )  -  4.  Since
I

( r '3)*  -  I  theoren J lnpr les t r  -  P3 and re g€t csso'1) '

ro) cq".* r - { . Then d.e6(6 ) ,:4 ard, stneo s/6 s lo gonerated. by lto
z '

bonogenoouo part of degroo on€, tha same ls trr.B for S. In partlcular L 1g-

very anple. lgain take n o4 in (B) and got dfnl-(t) - $. Thus YtrX 
p(f(f,)) e

C P4 and elnce desfr(x) - 2 re get caee 1l).

b)  pLc([ \  qZxZ. Then th,o nap rrc(x)-  s-2rtc(v)  1g an leonorphlan. The- '

refore tbere are tvo lnvertible O*-oodulos L1 and La.sucb that Lr@Or= 0j4ro)

and t r@ot  -  o (or4) .  r f  0x ( r )@oy t  O(s1rs r )  r i tb  u i -7  o  and.  a r )o  ( t  t s  anp lo

oa x),  then siace the aep d.  io tn ject ive, .or(T) 
"  

f :  * f r"o.  Lot  6:€f-(o*(r))  a

€ f(tYul 6-f%) ," a eection euch that d1v-(6) - I. Then tho eract seqdenco-  ,  r - 1  u  u 2  t  . " -  
I . -  

r  -  . .  r s v . .  v .

o --:*or( (a-l)r) -9-? o*(nY) 
. f= 

o(ns, ,r"a) --* o :

y ie lde tbe oract  seguenco (exact ly 'ae ln  tbe proof  o f  tbooroa l )

(f ) o ---4 f(ox( (a-a)r) 1 -9-10*(ar);-+f (o(nsr,^"a) )----> o.

Put  s  *  @,I - (o*(nT))3 tben 6-€s, ,  and s /o 's ;$Po/- (y ,o(ns. r rur ) )  ro  senera-l n = O  J \  |  > n = O .  r -  1

ted. 'b; l ts .honogeneous part of d.egree one. Thereforo S iteelf ls 8enerateit by

SU ard, hence I is very anple:.on..X. If  in (g) 
"g 

take n -{ we get
:

dln l*  I  '  (s ,  +,( )  (ar+4).

I f  e,  n uZ-4 thon l f  l  -  P4 aniX rrould be a snootb btrporsqrfaco inp4. I

then Lefechotzrs theoren yield.g Pic(X) g Z,  
"  

contradict i .on.  Thus et  lea^st

( ro )

But

0ne sJ  or  a ,  Ld  ) ! .

Suppoeo eo7 L.  Then tbe'exact ooquence

o- rrf l4-* ')*""r(-",) .-  t  Lt
I

o(1 ,  o )  1 -?o
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ylclile tbe oxact soquenco

,  
( rr)  o-?r(:sr({-un )8i :(-r ! ))--- t -(rr)--+l-(o(t ,o))*#(r*(n -s '  )8r:(-" ' ) ) .

srnoe r-s, , (o and. -oz(o re bsvo t t t {O 
-ot)8l{ t -"o))  

-  o for  i r (1.  rndoed,,

,  t t { teor(r t ) )  o o for  1\<t  aDd q ((o (r l tb F -  L. t ) r .ana frbn tbe exbot sequ€nce

*r@0"( (n- l ) r )  rEo*(nr)  - - -*  o(ns,  + ' f rnor)->-o\ o

re deduce for €\tary n(o snd' 1\<4 t

'  
El(r€tor((n-{)y))-------+ sl(rdlo*(uy)) } rt '101,.", *1,nsr)).

{
3y  K t ln : re tb rs  fo rn  rc  go t  f ' (O(nsr*1r tu r ) )  .  o  fo r  1$ ' { .  and u(o t

tha a^ffirnatlon results by ind'uctfon oa o.

[o]r  recal l lng ( f f )  wo get tbat  the nap of  restr ic i ioa f - ( f ,n)--- t l - (o( f  ro))

ig aa loooorpbisn l f  sr){ .  fn part iculer,  for  e 'nery A,Ltel t ' r l  (  A *  A')  *"

beve |nAtn T -/. Since I ls a.sple oa xrAnlt is at noet a fi.nlte set of oLo-

eed, polnte. Since I ls enootb r.e caDnot bavo AnAt l{ Uucaueo otherwlss

3 - c o d . 1 n r ( A n a * ) . (  c o d i r a * ( A )  
"  

c o a r a " ( d )  -  1 + 4  ' ? .

Tberefore An.A' -f. Thus tbe l lnear eysten It l l  bag no. ba"se pointa ard

, t

benoe tho conespond. lng nap p -  
?rr :X---?l fo l -  

pt  (euoh that f  0pr(1 )  t ,  t t )

, o
le a aorpblsn. l{oteover, for everJr lnvortlble O*-nodulo ll, (Li-.tr) ' o.

' 
[ou ioot at the equalitles

4 - (o(4 , o). o(o,4 ) ), - (xr.t '".r)x 
""(r,nz'tr) + tz(Lr-r;").

onc d.od.uoes 
" r ( t . t . t iz )  

-  L ;  1 .G.  uz- l  and '  ( t1 . t ' i2 )  -4 , .  set  or -  s  .

r€ t  A€l l rJ  uo arb i t rary .  Tben (or ( r ) '2 .A )  -  
"2( l ;3)  

*  , " ( ,  o2. t , r )  *  t t 'O. t iz )=

and.

. ' (&,1 . t i?)  -4 ,  .  Therefore,  deaot t r lg  by i l

aaplo on A ana A 1g a Cohen-MacautaY

spt  (n ' ' )a  - ,  '  t {  ls- o*jt)*14'. "o
echelib of pure

\r,ts
dinoaglon 2. ldoroovert
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; '  ,

f , o r  evo ry  i  o .  oe l1 . . . rF -1  ' ono  has  tbo  e rac t  asqu .ence  (a ince  t f  @0; f  ; 0A  )

"--*ff-t-r)e Lz ,8i"-% L?*u --' o

and honce

" 
----r(ff*1-t)&Lz) ---r(fr6-ilarr) *-4r(M)'

. clalB.. Dix, [(u) > l"

In{eetl,  aoer:ning tbe contr&ry s€ get

z >dtuft#"u* tr) -at'-f(f,f- i-{)g r'r) , I - ,-171'"sl.-L I

and. tbereforo takirg the 
'gun:

(rZ) 2e ). ainf(o*(x) ) - aiml-(tz).

3ut tbe exact Bequenco

o *-*ff")--S---r Lz 4 o(o,4)* o

yletr da

a _ f (,{_')

a:xt tbue alsf( l , r)-(  2. Thorefore (rz) besoses ar*l-(oX(T))-(a(a+1), cr else

Om |t1".( 2s+4, , which contradicts (a.:).  The cleln ia proved' .
o

Sy tbooren J wa Ceduce tben that Ld Pt ard 0O U) e ta*OA. l lor Elroaaka

5as shor{n that in these circi:nst&r1c€s p is the projecf ion of. tb,e projectlve

burr,3le p(E) aesociati ld to a l.ocal}y froe 0Or-nod.ule E of, rank ] (seef9] tUaoren

(r ;g)) .  tdoreovor o*(v)@oO 
" 

,Pr*eta80A 7 ! , r@0At 0A(1)r  ani l ' thoreforo l re

can take n * n*o*(x). Then 0p(n)(l) - Ox(T) and' tho exact Eequenco

o - -+ 0x .-+ Ox(Y) --"2 0(sr4) -------o o 
;

r111do

o ---* Fr-o)C * 0p,

n 
P 

1 :2 P" le the first proJcctlon' rn otber uor.e re get tbowbere pn :P x lecrlono rr l  etr! ' t

exact a€quenc{, of loca11y freo Onl-nodu}oo

o -7-? op^ -** E ----7 o(s)@o(s) --t- o'
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In parttcular aeg(r) - Zs. ly a thebren of orotherd.ieck 1u"o [+] for k - C ,

but tbe satr6 result holds ln arbltrary characterlst lc) there are threc lnteg€rs

'  
^ t  ^ t  \ a ^ / '  \

a,  br . .o  (untquely  d.c ters lned.  up to  a pernutat ton)  ouch tbat  E f ;  0(a)e9o(u)(Eo(c) ,

t ina l ly r . .s ince OX(Y) la  anple on I ,  E ls  anple oo Pt ,  and '  the iefore a)or  b)o

ard c)o.  In  otber  nords we get  e l tuat ion i i i ) .  Q.g.D.

Renaqks.  1)  ' - tbe case i11)  of  theoren ! ' rea l ly  occt l rs . . InCeod,  .we ebal1 -

; i t b  c  -  B r  1 .€ .  r i t h  a+b  -  
"  

t t 7o ,

blo ard. c)o). I t  w111 be suff icient to conetruct a ourjoction of tho forq

? - y , o r u o (  )  
( a n d

then taktng tho degress one eees thet Ker(g) € Op, ). Let ro and x,, bonogeneous

coord.lnates on p4 end deflne 91(n,e) 
= 

{f * tf,e. He clals that

fe,) ,1-(o(a))6l f (o(u) )  - - - - -+ l - (o(a+u))  i .o eur ject lve.  For,  l f  u € t - (o(a+b))  =
a+b

-  r  1  ,  -  ^ r  -  D - - -  - 1 - ' r + b - 1  ^ L ^ -  - -  - b -  - - !
-  kfxorrJ*o ls of  tha foru u -  

f t ;  " l tot4 
,  tbea u r  roP + x lQr vnere'

* * b _ L

e - Zrr=itl-l g i-(o(a)) srd, q, - 
7;*r*i-"t*o-t a l-(o(u)). lior since

fq t ,  is  sur iect lve and o(a+b)  1o gsnerated by l ts  g lobal  goot lonst  
f t  

ta

alEo eurjectlve (and tbus 
f 

ls enrJective).

,hr#t

f , tO(a)@O(U)-- :+ 
O(a+b) -  0(s) ,  becauee one.can take

1-r. toto that tbe thEcren assertlng that Pn 1s tbb unfque

variefy contal.nir,g.gt-'f (n)7i as. aa a.aple fivleor 
was 

.knorn

grrbltrary, and. for n - J ard char(k) l3 (oee Ftl).

enootb proJectlva

f or n)r4 and. char($
--:.



- 2 o -

R E P E R E I { C E g

1. .Altman, tr.  - { lqiBan. S. - Introd.uctlon to GrothsnCleck duall ty theoryt

Spr inger  Lect .  I lo tes Halh.  14e ( f9?o) ,  
.

2. DX.d.esgu, L. - A rsmark on the .Grotbend.ieck-Lofschetz theorenn about the

Picard groupl l{agoya Math. J. ?1 (fgfg) L69-179.

1.. Dieudonn6., J., '_- Grgthen{iec}..,JL. - ElSnents d.e G6orn6trie i l lg6brique, Publ,

Math. IEns 11 (rger).

4. Grotl lend.ieck. A. - Sur Ia classif ication dee f ibr6s bolonorihes eur la'

eph$re de Rieroann, .l,ner. J. Ir1ath. 'f! (lgll ) taf-f38,

J. -0gothe.ndieck, L - tocsl cohonology, Springer Leet. Iotes Math. 41 (fgg?).

I ,ect .  $otos $ lath.  ?21 ( f9 l f  ) .

7. 0i. .gi lrgnd.tecti-,3. - Cohonologie locale-des faisceanrr coh6rents et thdordmes

de Lofschotz locaur et globar.x, Iorth-8o11and, Amsterdan (f9e8).

8.. ggg!gbgrrg.r._&. - .Arnplo eubvarletiee of algebraic varieties, Springer Lect.

I io tes ' \ la th '  156 ( f9?o) '

9. lillgg1qEg,-_$. - Sl*oothlng of -al6ebraic cycles of 
'ens.lI 

d.Jimcnsions, .Asor.

J.  $atb.  go ( rgge)  I - r4 .

10. $ts]qa_4J,. _ rorra.rd. a.numerlcal thoory of anplene"irrlili;rlrll. B+

11. Ss"lgyeqbl, g. :_99!14i4_t'.. - Cbaracterlzatlons of conrplex proJoctivo apaces

. and hyporquad.ricsr J" i{atb, Kyoto Unlv. } j- I  (fgff ) f f-+f.

12.  .Mor i ,  $ .  -  On & genera l izat ion of  conplete ln tersect ions,  Jn Math. .  Kyoto

o 
. univ. 15_3 Qg75) 6Lg_646.

lJ, $-ommesot A. J. - On naalfold.s that canaot be anple d.lvlsors, Math. Ann.

?zL (rgr0)  ,5-72.

I .N .C.R.E,S.T .  Buchareet ,  De i l t "  o f  Mathemat lco ,
. l-cl 'ul PIcll 22o, 1?53S Bucbarest, RooanLe,


