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I. I}IIRODUSTIOI{

rt ls the purpose of thls paper to treat the problem of flow-l.nva-
rLance of a set with respect to the autononous second. ord.er d.ifferen-
ttal  equatlon .(Z.e(orrto the f ,srps f le1d. f)  and thea to glve.eeveral
appLications in Mechanics.Srom the point of vlew of epplicationsrthis
theory ls inportant at least for two reasons.

fhe first one conslstsLn the fact that tt unifies nany crasslclt
regults of Mechanicsrr:td.eed.rby fJ.ow-invarl*nce method. (vla Theorem
2t4) we can proYo €.8.3onnetrs theoremrthe equlva'ence of the flrst
two J'aws of Kepler to the law of force verylng inyersely as the square
of the d'lstance conceived. by l{ewtonras werr asl 

e4re

.A ness part iele
f force 4esci ibes

. (see Theorem 5.G)
Furthe:more,vla thls method one can d.eterrrine arr rg-s'ooth,,field

-of force (Ln the sense of Deftnltlon 5.Z),und.er whlch a glven orblt
can be d'escribed' (Theoren 5.3).rn thls nanner the results of DalneLti
are derived' (Reuark 5'6).Fj.narryrthe method. arrows to get eeverar g€-
onetrlcel propertles of some particular f,ros-lnvarlant sets (ltte.the
cur.res whose curvature ls, d,Lfferent fron zelo),. . ",

She second reason Lg the followlng:

Thls theory a1J"ows us to prove that aone mathenratlcaLL &r(rrre rnarJtenatl"cal charactelL_
zatlons of the rnot'on 'o n3 or R2 renaln ver.ld rn arry np(rrrj) and., e_
ven mor€-ifl eny real Hl].bert or Banach space X (see €rg.Iheorem {,o4,
Rensrk 5.5 and Theoren 5.2 whlch assert; trrat ttre set of arr g*sr'ooth
foree fler.drunder whteh D* ean be described, ls a convex oone)o*here_
fore Theorem 5'? ls a Seneralizetlon of Bonnetfs theorem fron R3 to
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tbe ree1. Banach space X.The paper ls based. on a resnlt (Sheorenr 2.1)

on flow-Invarlance of a set wltb respect to the .flrst order d.ifferen-

t leL equation (2.I) . In s sf ightLy dlf , ferent forn (see Remark 2.1")o

$he'oren 2.1 has been proved. by saguno [Ia] and J-nd.epend.ently by

nrezrs f4] .

A sigrlflcant generallaation of theoren 2o1 ls glven by !f,artln

[tZJ.This result of Hertin Xs extended. to the tlme-d.ependent closed
r  - 6

subsetsrin iZ+) .0n thls,subJect tbe btbl.i.ography indicates referen-

ces to whlch the lnterested. read.er ruay tulttr

flhls bibliosraphy (e.s. LI7 , LZi , fet , Ll'J , [rol ' Lrz] '[i6-

Zrl ) shows that aetuallyrthe problem of flow-invarlBnce of a eet

came to the atentlon of tbe people lnterested. in i t rafter Brezistpa-

per f+] .nhe flrst najor applicatj"on of flow-invarl,ance theory ls

that glven by Bourgoui"gnon and Srezis t:] to the study of Eulerrs e-

quatLon (which d.escribes the motion of an lnconpresslble perfect fln-

ld. ).Snch a theory has been'applied also by Abraban 'and Marsd.en I f I

to Hamlltonian systems ae. rre.Il as ln faOJ 1to get necessary and. suf-

fiolent cond.itlons for the existence of posltive:solutions.The proof

of our results is besed on the theory of rrtangeat setsttoThis effi-

olent technique has also been used. ln optirnizatj.on and. eontrol the-

ory.tr'or exarnplenuslng such a techniquerClarke [gt and Ursescu LZii

have obtained. signiflcant,extentions of the ?ontryagtn maximu-an princip.

J.eo She id.ea of the second section goes back to f,f6l and [af] .The

I

!
i
!

i

l

It ls shovm that

coxrespond.lng to

sole of the sect ion is the tntroductLon of the subset MO (by (2.5)).

the exlstence of a D-valued. soLutlon u of, (2,4)

1n i t l a1  de tes  u (o )  =  x€  D  and ,  u t (o )  =  XeXr i t  i s

neoessary that (xry)€MO (but this ls not shff ic ient). Ihen the folLo-

win8 questlon erises:

.What ls the best condltion we must add to the hypothesis (xry)

for

the
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e % 1ln ord.er that the correspond.lng solution u be D-valued. (1.e.

u( t )  €D as long as i t  er is ts)?

Such a condltlon ls (2'6) (caft lt ilthe l"nvarLance oond.itlon of D
under fft).It eoaslsts ln the requlrement that for eech (xry)* MD ,
(yrf(x)) be ntangest[ to IUO et (xry). In the case of D D, glven by

5
(2r7)rthe ninvariance cond.ition of Du und.er fn becornes (2.L3).This

equation .(2'13)r ln important part lcular cases (Renark ZoZlRemark F.B)'

ls a partiaL d.ifferential equation in frwhlch allows the d.eteruinatLo.

of aLl 8*slrooth fsrce fleld. frund.er whLch DU can be d.escrj.bed. (see

(5.a9) ,(5"82)). fherefore the main resuLts of t tr is seetion are:the

way ln whlch the notion of flow-lnvarlance of D is d.eflned. ((2.5) and.

Defini t j .on 2.3)rsheorem pn4 as welr ss l ts conse{|, l€rc€Be-

In a sllgbtLy d.lfferent fo:mrMo and. Theorern 2ol[ has been pr€s€r-

ted. Ln [zf] ,but not too efflclentlyoFor applicationsrthe coos€egeo-

ees of Theorem 2.4 are usefur (as 1t is shown ln $5).

In the third. sectlonr se'reraL prellminarles on tangent sets are .,,,

d,tscussed.Such results are used. ln tbe proof of those of seoond. geCI- .

tion.Some of then seen to be new (e.g.Theorem- 3oZs0orollary 33ZlIrem-:

na 3c52see elso Renrark 3.21o

. I:o $ 4rthe results of second. sectlon are proved,.

Appllcatlons of the results of second. sections are glven ln $ S.

Sone of these applicatlons has aLread.y been ,d.lscussed. at the beglnXng.

In add.ltlon we went to point out that (in view of Sheorems 5.5 and.,,, .

5.6) any conic .ts a flow-L:rvarlant set und.er the irlewtonian fleLd. of

forceofhereforervia flow-lnvariance rnethod. one obtalns a qualitative

explanatj.on (based. on the second law of Dynanlcs) of, the motX,on of

planets as well as of the Launch.ing of B&rr-rad.€ satellites (tf,eoren

Sr6r0orol lary 5.4).Note also thst the fornuLa
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( r .1 ) 2y = (c(x)- the curyature of Dg at x€ Dg)

appearlng ln (2'24)rJ.s the square nagnitud.e of the speed. y ofnproJec-

tl.onn from xeDUeMore preclselyrlf f satlsfles the lnvarignce con-

dlt . ion (2.2i l  (or(2.27)) of D*rthen a nass parttcle proJected. from any

potnt x € Dg J"n the tangent. d.lreetlon to DU et .xr.wJ.th, the speed. y of

squaxe norm (1.I)rd.escribee (und.er the act ion of the foroe f le1d. f)

en brblt whiah lies lrr Dg,fhe fornula (1.1) contgirxri ln partlcular,

t h e w e } I - l m o w n e o s m i c . s p e e d , s ( e e e 5 . 4 n ' ( 5 . 5 1 ) , ( 5 . 5 3 ) , o u f f i , *

oal  too.  :

$he case of thelnverse squ&re repnlslon (inportant ln ph$sics at

the bombardament of atom,s by d* particles) te l.neluded. J.n thls theo-

rSrl too (see (5.65) ana theorem 5.5).Flnal lyr in the last seotion 6)

sorne open probleurs and'suggestlons for further otudy are given.

2"STASEME],It 0f' tm MAII{ RESULTS

I J e t X b e a r e a L

A cX is e nonenpty

funct ion (1re. for

ts" Tripschltzllet urr

equation;

.o)'
Sanach spece of norna ll .lf .Ihrougllt thts pepeT

open subset of X and. f: A -+X - a Locally Lipschitz

eaoh x eArthere ls a nelghborhood of xron whlch f

consio.er the first ord.er autonomoug differential

( a . 1 )  u ' ( t ) = f ( u ( t ) ) r t V o .  :

L,et D be a nonempty subset of Ao

$he following definltlon is well-lcnowtl

Dgfj.*itiop 2.I Sqe_se! P c.A_i$_gaJ.9. 1o .b.e. a'ifkw-l$yariant get'F-

fgr t tre-eqga.Li, .g+- (2.1) Lf everv sorutLon ur Lort )---+A of (a. l)  wlth

u(o)  e  Drv.g, r t rhes ,u( t )  e  D for  a I {  t€  [0rT) .
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\.--.__---Ix other reoxd.srD ls sald. to be a flow_Lnvsrlant set
lf, evb:r5r-qolutlon of (A.I) startlng from Drrenalns Ln D
lt  exLsts.

ObvlousJ.yrlf DcA and. D * Drthen D is closed. ln A
statenent is not true).

Sor a€ X ,d.enof,e

(2 .21  d [E ;D ]=  rn r {  l z  -  x i l  ;  x€DJ .

It ls easy to cheek that

( 2 . 2 ) '  l d [ " r o ] -  d [ w  * ] . 1 1 "  -  * l l  ,  t u r w 6 x
the f,olLowfng tbeoren

( lndepend.ently gonsid e red.

ttr l .see atso Lr[l.

f o r  ( A . l ) ,

aa Long as

Definlt log 2.2. The nonenpty set D ls sald. tg Fg_cLoeed, in A if
D ' '  Df l .Arwlrere,D d.enotes_the closure of  D.

/ r r . - . :(Tne'eanvexse

1s

by

a consequence of a result of $agun"fl.4]
Brezls [+] and, generallzed. by Martln

lfFeoren ?.I 4 pume t.hat, D ls_.clgsed 14 A.Then D @
ri .ant  set  for  (Z.L)  i f r  :

(2 ,3 )  l J .n  *  u l "  +  b f  (x ) rp l  =  0 r  { ,en .hlo

Bena,f\  2.L (2,3) means that for each xcDrf,(x) J.s ntangentn to.
D at xo$heoren 211 hoLds evea f ls d.efj.ned (and. locarly llpschltz )
on D only'rn tlr-is ease Theorem 2.1 ls Ln fact a resurt of, exlstence
rather than a problen of j.nvarianeerlf DcA ls closed. (ln X) and f
xs gLgberry r,lpsclr{tz oa Drthen 'the tangent coad.ition,,( a.j)rassu}es
the ex ls tenee (gnd ualquenese)  o f  sorut ion u to  (z .L) ron for+o)( i .e ,
nr fOr+o )-+nru{s) - x €Dosee ndartrn flrz] ).

rn what follows we exe eoncerned wltb the notion of flow-J.nvarl-.
anf set f,or the autononous seeoad. ord.er d.ifferentlal equatlon

( 2 , 4 )  u u ( t )  =  f ( u ( t ) ) r . t v o
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Se shaIl, Blve necessary and. suflcj.ent cond.ltlons ln ord"er_,-.Eatl

the eolutlon to the Cauchy problen of (2.4) (d.eternlned Uy--ine Xnl-

t laL condi t lon u(o)  -  xrur(o)  = yrx€D) to renain ln D as long as

lt exists.To d,o thet we need. the following set

.-1
I- !

I
t

(2.5) 
_ 

MD ={tx,r)e ex x t l t  *,  
uF * ro * Bt r(x);D] =

_,-

---'t A necessary cond.ition for the exlstence of, a solution u!

, !
f o, n)+o

( i )

( i i )

to  the equat ion (2 .4)  ie  that  (u(o) rut (o) )€SO.$hLs oond. i t lon is  not

suff iolent (as we shell see Xn Theorem 2.4 or Theorem 5.4)rA'f lrst

result. ln tbls d.lrection ls glven by

&gglgra 2"2 I,et u:[Ort)-rA bq g.soltt l ion of the egqgllon (2.4)

I€  u( t )6  D f -oq-q l l  t€Lb, r ) , th ,qr l (u( t ) ,u ' ( t ) )€Mt  for  g l l  te [o , r ) .

rf D ls ploS-ed ig Arthen u( t )sP rcr , r  a i r t c  f0 , r )  igg  (u ( t ) ,

u r ( t ) ) e u r . ,  f g r . a 1 1  t €  t o r r ) .
fhe proof of this theorena (as wel l  as of al l  results of this.

.section) is given ln section 4.!he following d.efinition of a flow-ilr-

varient set for (2"4) is novi qulet natural.

Qg_{Ip4j.iop 2.3 Lhe_ sg} D is s-aid to be a'ftow:.lnvaflant set for

(2.4) +g Mo *s none$ptv an$-Sf for eggry..solgrion os LO'T) rA of. (2,+)

wlth lutosryt'1o1)6MDrwe h.gvg (u(t) ou'(t))e uo

The result  below jnst i f iesrboth the

Defini t ion 2.3; '

$heore4 2n3 Assune that D j.s closed. in .A"lhen D is a flow-lnva*

r lant set for (2.4) i f f Mn is nonenpty and. every solutj.on u , f o,n)*l
of  (2 '4 )  w* Ih  (u (o) , t r ' (o )  )  (  M ' ,  i s D-Va1ued. ( i o e . u ( t ) € D  f o r  a l l  t , e

fo'r).) "
A d.irect consequ,ence of Theorern 2.3 iir glven by

$grolla{f, 2.r l,et Dirt€ r be a fanr*}I gf. ngnempty (grosed ln A)

for  a.1!  te fOrT)"
introd.uction of MO and the

I

i i

ggtt,,$rjlth gach D.-flow-inv-griant set for (2,4) or|hggg. f @



(*) uD = 
,?r"o,.

(2) ggTeoverrD 
iF a noneqpli

g e t .

lfe now stete one of the maln results of this paper.
I.Iieoren 2.4'rrteorem ;..4 Aqsune that Up Is.cloeea"IU AXX.Then D E_g_{1gg_.,

Q ' 4 ) l ' r r M o @

a[(xrr)  + h(yrf  (x)) ,rb]  = 0r { t rrr1€rno.
( lne l f f  for  eaph (xrv)€%, (yr f (x))  ls  l tgnsent '  tg Mp g!  (xry)) .

A first simple example of applications of the above result,is
the followiag

,Iheoren 2.5, let s 
X and. D=Afl  s.

Then

(r) MD = (o 6 3-1(s) )x s
( f f 1  

f (D )cS .Then  MD _  DxS an4  D
lnvarlant set for (2.4)

(es usuerrr - I (s)  
:  {  zGxir fu)€ s}  and.  f (D;  = { r t * ) ;x€ol  l .

I{ext we are Lnterested. to exanlne (Z.j) anA (Zr6J la slgnlfieant
partlcul.ar caseso

rret y be e real normed. space (whors.nonn"ts d.enoted. by
we shalI give some eonsequences of Theorem 2.4 rn the csse
(2 .7 )  D  =  Ds  = { "€Are (x )  =  oJ

wlrere glA$y ls a functLon.

$or thls purpose we need. sone erernents of }rdchdt differenti.al
caLoulus'such ele'nents can be found, ln cartanrg book c Lrl ch,rrf5 )"
Howeverr let us recarl here aone baslcel uupuriu ln Frde*i urrferen-

l l . l l  ,too).
w&,lch." . .  , l  ,

(2,6) rrn
h&o

7
E



- r *

tlabillty (strictly necessary Ln what follows)

The functlon g:A+Y is sald. to be Frdchet d.lfferentjable at lr€A

lf there is a Llnear contlnuous funation (say 6t") ) frorn X I-nto Y

suoh thatl
1

(a"e1 111 #if e(x+v)-e(x)-6(*) (v)il = 0
YZo 

rt r ' l

yFo

(ALI over the paper the ds,f,ferentlabtltty of a .funption ls conslde-

red ln Srdchet senseronl-Y)r

Tbe function g ls sald. to be diff,erentlabLe on A if lt ls d'lffe-

rent.labLe at evexy Point :r € A.

By defibitionr!:A-+L(X,Y)(the space of al"l, Ij-near continuous Qr

perators from X into Irend.owed. wltb the stand.ard. llnear norlned" struc-

ture)oslndlax1yr[ f"  saj.d. to be dif ferentiable at x€A i f  there is

a }J.near contlnuous funct lon (calL i t  dt* l)  fron X J'nto t(XtY)rsuch

that

{a.il rim $ rr &(**v)-6c"1-'rit*l (v)lJ = Q
Yzo l l I {  

' r  v  -

tfo

where f l  z l i  fs  the io :m j .n ,X( l (Xr I ) )  l f  seX ( resp.z€1, (XrY)) .  g  Xs , "

sald to be twLce d.ifferentlabLe on A tf both g and ! ure d.if,feren-

t lab le  at  anY x€Ae

gherefore, glA->I;(XrI,(X'Y) ) . Inductively one d.ef lnes S:A+T,(XII,(Xr '

;(Xry))) &lsrool j I j€ sha1l-use'also the fol lowi:g sotrsequence of raylor for- .  - ; :

mula (when g is tw1.ce dlf'ferentlsble on x€A)c
i

(2.1.0) ,T ,hrlf s(x+r)-e(x)*6(x) tr)-|11*) (r) (r)// = o
y4,
Yreo

i

Finall-yrny Ckllry) we nean (as usual) theiset 
-of 811 k-tlnes diffe- ;

rentieble fr:notlons gr A cx+YrwLth g(k) (the d.erj.v&tj.ve of k-ord.er) '

contl,nuous on Ae
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In the sequel we shaLl suppose that y = f{tne Euclldian n_space,
end, that the function w:A-rf glven by
( 2 . r r )  w ( x )  =  d ( x ) ( r ( x j ) r x € A
ls dlfferentlable on Ao3or appllcatlon in neohanlcs the forlowlng th.
ree results sre useful

'Theorg 
2.G oo6(*) (,r) frog_x lnto n"gg

s_ur ject ive ( for  eech xgD_) and. s ^ _-: :

(2, r2)  lb_= {  (=rv)€ A xx;e(x)  = or6t* l ty)  = ord(x)(y)(y)+r i (x)" g t

(1.e.1{o glven-bx (z.j) rras tne. rornJi::llr; 
o }

.6,gFune ln ag.dition. lhgl e Arw(s4qeE
!f(2.11))  ls  d l f ferent iable on Ar%_ js_nonempty and the funet icn
u ->(e(x) (u) , s(r) (y) (u) ) from x gls'fl" { i
(xry) € MD_"ThqE Dg (z.D trt- 6

(2.13) ?tr. l  (y) (y) (y)+eU(x) (r(x) ) (v)*d(*) (y) - 0, l t*,r) e u', , .-g
Furthermore we consid.er the case n = t(i.e.y = R-the rear axls)

Theoreme 2 .?  ( I ) I e t  g :ACX- )R  w jA-+R
(elven by. (e.f f ) ) ggtis{yins the qondltJog w(x)lO for alt x e DUr&en
(z.Lz) hoJds.

(2) Assune in add"l t ion that g 
rw

Ls , d.i4fgren$1eb1e. on Arand. \ is. nonenp_ty.Then D

Sor (2.4 )  rrr  (?.Li l  holcs. 
-  I

. \
$J Moreover.for each xrf  e x wj. th th.e orooert iesr

(2.L4) e(x) - o'r i t*) 1r1 = or6r*l (f (x) )e?*) (f ) (f )< o,
tle palr (xry) a*O*

(2.L5) y

where

we nor consid.er the case x = R2ry = Rrr.,et us preelse several
notat lonsr
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(a.r5r . =(:reR2,r(x) =6i[;::;l) r r =f,:) , vz=rt *,7* r,ila

' l I . . o ^ l 1 l

(2.2r) ar='{14 (a(xi) (6(xi),'3= sl*l (8("i} (d1=fl (ar*)-J

Eenote by a (x) the eurvature of D* at xnlt ls well-lotown that

(z,zz) o (x) = 39) u- t
(al(x) )- '  

-

!

t

I
I
I

_ t'
t
t
i

. a

' t

I

I

.  i l
t
Ia
i;
I
I;
!



- I l -

!'ron rheorem p.? we can d.erlve s r€sult wlth s unlfylng effect
ln the theory of frtght spacernane].y (vrlth the above notatlons)r

llheoren 2.8 Assume thaj g:Ac R2_>Rk

(eoe3) 6(x) (r(x) ). i f t* l  (y) (y)<0,

.for aLL (xry) wlsh g(x) = o an4 Ec") (v) "= ory/'.
glenr% Fiven by (z"Lz) bss the form- 8 '

(2.24, MDB= 
{r"rr,  

€a x Rz;e(*) - of %y1+.saxa = 0ry2= -

an4 for each x e D* there is y € R2 such that (xry) € MO .@
ditJ"oq thet e a and. #,o.naon (g*
ven_.bJ (4.11) ) is d.itterentiable._on A"fhen-p-
(2.4) rrr

a ^ ( x )(2.25) -6(x) (f (x) ) ,ffi + 2t.e11e2-

for qll x wlt! S(x) = e

qzstl#1"1 *.r(.*rtrr*

822s1)*t(*)n wte2- *aB1= o

.Rernark 2"2 rf f:AcR2-onz t" d.lfferentr.abre on Artb.e invariaace
cond.ltion (2.Lil becomes obviously

(2 .26) ' [ ( * )  (v )  (v )  (v )+3r i (x )  ( r111)  (y )+6(x )  r f t x l  (y ) )=  o
sLnce

t i ,(*) (y) *6'(x) (f (x) ) (y)+6(x) t i(xl (y) ) .

ra this case (z.,zs) c*n re rewrr.tten und.er ttre for:m .:i

(2.e7) -(e1r1*g rtz) 39a1(xJ + 3({1 8z'sLz4.)r1+:(sr1e2-e zzst)rz+

+ %szl H-H;,*sz.Hi -t H:= o
for al l  x wlth e(x) = e

Indeed.rthis partial d.ifferentlaL equatlon 1a f,l is a d.irect co'-
sequence of (Z"Zj)r in whloh wr( i=lra; 

T 
replaced. by the expxessionE

f{*ffir*}#l
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(2.29)  be low.

I,irst of al.lrln thls case (.z.LL) ls the fol"lowlng functlon

(z,za) *!*) = q6{x) ef (x)) =g1ft+grfz

ConsequentlYl

___11
I
I

(z.zs; firSr(x) =Hr= s1irl+ e2ir2+ e1 #;. -#;,5=1,2 '

(2"30) ,i,(*) (6(*f)=1*qx) ,ierl'f>= vLsz'*e81o E

3TIRELffiINARIES 0$ tANGE]{T SErS

For the proof of the results stated. i:r section 2 Lt ls necessary

to present sone aspects on tangent sets'Y{e shall use tbe notations

of the previous section.

' lret us csnsi-d.er the oondi-tionst

1 -( 3 . I )  } i *  +  d f - x+bv ;D - l=  o ' -
h { o l r  

b

tl - hz --1
a(3,2) lj. ' h d[x+hY+ fr z;nJ= o

h*o h- t-

where D ls a nonempty subset of the real Banach space X and xrfrneX.

" Using (2.2) r i t  fol lows

{ ,  h Z  - r  - - r - h

fila;x+hy+ *'"ril- uF*torf,ln* il"ll

wblch shows that (3"2) impl ies (3.1)

She set of ell y satX.sfylne (3.I) Xe sald to be a r?tangent set'rto

D a t x "

In some part icular cases(e.g.when D is e snooth set)the tangent

set ts just the tangent space to D at x ( in cLassicar sense)'on tbis

subJect we refere to Urses cu ft|T*zSf . '

let E be & nonempty subset of, real normed. space YrACX an open
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enbeet of X and grA+y a d.lffereatiable

$e now lntrod.uee the oond,ltlon

hlo

funct lon at  xeA,

3*31 rtu 1 ^

fi dls(x)+h6(x) (r) ;n] = 6

and^nf,f *€€-d.lf,fereatLabLe at xe A,

(3.4) t Js g.
h{o be

afe(x)+G(x) (y)+ f?uif"t (v) (v)+e(x) (z)) ;E]= 0

Ehe key of the proof of the resuLts from sectlon a ts. glven by
the next two theorens.

lfheoren 3.r rf D = g-l(E) and e xe A then

13,1) 
lnpliep. (3.3).

tlft g Lgconti-rruous o-4 Aru-*S(x)(u) froq X lntq y 
@

r  ra nnlte @ Q;) {ne}ie,g (3,I)(

casg(J. I )  and(3"3)  are eoulva lent )o

$heor-ern 3re I.f D = g-l(E) and g

thsg d3r2) I ! ' rr} l les (3,4).I f  Ln qddit ionr.u*e(x)(u) from X inlg.
suF-1eq:five a4d' Y (irz) is eqqlyalent
(3"+).

Ior the proof of theso theorensrthe

* 6 A r r

Y l s

+ ^

following J.enmas are useful,
Iqnrra 3. I .  t l t r r r  enndiJ ion (J.1)

teryentf l  (3.5),  (3.6) helo*

(3"5) ?o,l etrs'r"y € > 0rtlrq::e ;Ls d = d<e) ) 0rsl+gh that ;For- epch h€(0r/),
- - f z  r - \  -  ' -  

' : ' '

*)rpTe px'i.qt.c u=u(€rb) € f,- setJ'efyf ng rrutt<! gng x+h(y+u) e D ._ r y

13;61 +9"-:i* b> o therq,is u(h) ex euerr tlrat u(b)--,o ss. hlo apd,
x+h(y+u(h) ) € Do

'k{n*u 3"2 sach,of-t}e .qtFleurengg |or7) gnd. (3.g) erg eei$.rgJ.gr!
Ss (3.e) rqlnete
(3"?) T'er..e"verJr ! 7 OrShS,rB le {>O @
LS u=+t(!rh) e X sj th- *he propeltlefl

{l ult<€ and. x+by+ !212+u; e o
2

h e (o, ef), tlre're
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(3"e) $or eacllr- h2 0rfSere }s u(h)( x guciUthg! u(h)+o aq-h &0 g}

x+by+ $ ' tu+o{h))€D
In the carteelan product XxXrthe last part of tremma3.L becomes ,

&g$$a 3e 3 l,g-t M b.e. F ngng4l3}, ,subqet 9f XxX.Itop eggn t*-rfFG

e4 (u rw)€ XxXrthe fgl,lowlpg qond.ltions; (J') alill.(11) 9rq eqqlvqtent

}+T E* ufC",y)+h(zrw);{= o

-""4-./ t
-,'' i

( 1 )
blo.  s v v

- (lf ) 3gr eeqh h> or there-e5{s,3. r, (h) € X (J =1r a) r * ( h ) + o  a s  h &  0 ,
J -

wlth

such that

(x+h(z+r1(h) ),y+hiw+rr(h) ) ) e u

Tbe proof of thsse lernnas is eLenentarly and.. can be found. €ogoln

F{ rso we onj. t  i t"A second set of results establ lsh sorae consequences

*f the relat ione (2.8) and. (Zri l .Tirst of aLl let uE consid.er (2"8),

If gl A cX+Y is dlfferentlable at x e A then from ( 2"8)1t follows

that
1  o -(3 ,9 )  r im f  (e (x+W)-s {x ) *C(x) (y ) )  =  0 ,

h0o *

tralfonnly wlth respect to y frora bound.ed. subsets of X.

Bepl.aclng (ln 3.9) ) y by y+urone obtalag

tl
(3,t0) t+r h (e(x+h(y+u) )-s(x)-nd(x) (v) ) = o

h0o "
u?o

She J-enma below stetes a reciprocal. (ln a certain sense) relatlon

to (3 . t0) rnanelye ,--'i

Lernna 3.4 Assu$q tha! g E-qg+tinuo*{ or} A 4.*$ef-en$i.able qI-x€tt
-

u-*ri(x)(u) $..g.g.S X {nto Y 1g,, FuUgl:tive and Y is Sinit-g ginr;-npigngl,

then for evqqg €zo !,here j.s Ezo Sch thg! for each h €(Ori) gg1! veY

with |lvll< f,rlhere is u e x s.ith-.lhe-pr-q*fuLe€i

(3,t t )  l lu l l<trx+h(y+u) e ars(x+b(y+u)) = s(x)+h(r!(x) (y)+v)

In the proof of Lemma 3n4rthe followlng slnple result ls need.ed

&ggpg 3.5 lret 1r: X?Y be a Llnear surjective operator.If I rs rl:ri?
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Ilnear oontlruous opexator It Y+X such
,

--\-__--\
d.i-nenslonal, then there ls a

=.- that----\

( 3 . t e 1  J O ( J ) )  =  h f o r  a l , I  y € y c

. 9Lr1-1r21o..;r tol f  y ls arbitrary

euch that  y  =E B*€o.Wi th  I  :Y+X

sertlon or r***itr"*nioved."

Sroof of lprngg 3o4 Sj:ree it*1 ls surjgctlverby Lerq$a 3.5(with
t * 6!"1) there is a J.i :rear contlnuous operator l :y+xrsuch. that

(3 . r3 )  & t *1( l (w)  )  =  wr fo r  a r l  w6 y r

\etE> O arbltrarSrnlnasrouch as 1(o) = 0 and. I fu contlnuous at O,
there ls r> O sueh that

a
(3.13) !  1(w)f l<fr for ar l

Proof. let €1tr.  rr€o be a basls for y.Choose *l€X suoh that f ,(x1)

fu Yrthere exlsts a', € Rri=1, e .1rl

g lven by 1(y)= L 
*u*xrr the 

B$-
1=1 * r'

w eB( r )  =  { *€  y ; l * i l s } .

Accord.i:rg to (3.g), there ls f, = {G)>, Orsush that

(3 .14 )

(3 .15 )

We ney

I.,et us

x+h(y+l(w) ) e e
.r

f/l*t*nn(y*l!*) ) )-e(x)-he(x) (y+1(w) )ll. E
for  aLl  h € (OrE) end w € B(r)  o

assume (without 1oss of generaLity) thst L; .

show that this f, satlefj.es the cond,itlon required by our lemna
Take an arbitrary h € (0rS) and v €y with llvf<f,rod d.enote by FrB(r)>y

the function

(3.t6) r'(w) = *[a-*(x+rr(y+1(w) ) )+e(x)+rr&(x) (y+l(w) I l]*

Uslng the l inearity of , i t" l  and. (3.t j)r(3.16) yietd,s

(3. I?)  e(x+h(y+I(w) )  -  e(x)+n(6(x)(y)+v)+h(w-F(w) )

xn view of (3.rF) and. or f(f , tt "kf.E, 
we have

l l f  (w) i l€ r r for  a l l  w eB(r)  r i .e. t : t ( r ) -+n(r)  oslnce F Le cont inuous on
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3(r)rby Browex f lxed. polnt theorenrthere ls an element weB(r) suoh

that  r ' ( rv)= wcY{ i th  thLs w and.  u  = l (w)r (3 .13)r r (3" I4)  and (3, :J :7)  ehow - , , ,

t h a t t h e r e q u i r e n n e n t s o f t h e 1 e n n r a a r e s a t i s i i e d .

T{e now assune that g ls twlce dlfferentlable at x € Ae RepS.acing
r 2

tn (2.10) y by hy(y byrhy * * ")  
and. taktns into accorrnt ! i t"1€ t(x,

l (X rY) )  we  eas j . l y  ge t  (3 . f9 ) ( resp . (3 .19 ) )  be low,

(3.te1 l+* 3z p(**ny1-B(x)-t 6(*) (y)- !'eft*l (y) (ytr = o
. h,r/o h" -

-r/;

uniformty with respeet to'y from bounded subsets' of X,

(3,re) l+* % fs(x+w n E',,,l -e(x)-nd(*) (y)- ltt6r*l (v) (v)
b{,o h- b

+d(") (z) )J=o

(B(x) (y) (v)+e(x) (z)tr=c

unlforrnl"y with respect to (y rz) fron bor.mded. subsets of X X Xo

Flnallyrlf J.n (3.t9) rve replace z by z+u and. we have ln mind. fft"l

SI. ,(X'Y), ive obtain

(3.20) L j -m
h&o
nto

f, pt** W$'' tr+u) )-s(x)-h6(x) tv)- $2

estabt i "#tain sense)rerat lon to (3.e0)lhe l"enna below

Lenlpq 3'5 {ssume that_g is continuous oA Artwice dif.feTen"}1a}1e
a

at x €Aru?S(x) (u) frop X in$o Y qs suriec-Fi-ye an4 Y is finlte dfuneq:

sjonaliT.he*.-for._gTg:flf, Ep 0rtherg .is f,' O such.jthat tqT q.ac-h_.h € (Ort)

ggrd v€Y ]r+th-,lyl<$'othere Js. ueX wlt_Ir the propertfsg

(ll ullcE nx+?sr+ !2 t unol e At
( 3 . a f  ; 4  h 2  D  h Z  3 .- ' I 

e(x+tv+ f (z+u) ) = e(x)+rr6(x) (y)+ fr tHr*l (y) (y)*6(*) (z)+v)

Proof.Let I :YtX as in the proof of the

lng (3 . t3)o3or  an arb i t rary  f>  Oolet  t>  0  be

$lnce A ts open and.(3"19) ho1d,s (wlth z+l(w)

that there ts f> O such that

(?.zz) x+lry+ |2{"no) e a

prevlous lenna, satlsfy-

such that  (3 .13; t  ho ldso

instead of z) lt follo$rs
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-.-\ 
and

. \-__

(3)eil-

. I vl.f,.Define the functlon tr,: B (r)+y by

13.2il r'(w) = 
lrf-e!x+nv+

tbe U-nearity pf S(x1 and, (j,24) inp}ies
- 2(3.25) s(x+hy+ Lr'tunk1w) ) ) = e(x)*r.6frl (y)+ B-tL't*l (y) (y)*d(*) (z)+

* T*}e_tr,(w)) .

CLearly (3.A3) and. (3.24) ylet d.s l lrf*t l l< r for alt w €B(r) rthat ls
3r  B(r)+B(r) .s lnce t r '  ls  cont inuous on 3(r) r there 1s w €B(r)  such that
f tw) = woWitb thJ 's w and.  u = 1(w)r(3.13)r(3.22) and,  ( j .2 i l  conclude
the proofl

{|e now can pxoced.ed. to the proof of the theorens

Proof, of The_orem 3.I I.,et us aasume that g is

x€A and. that (3.t)  hords.rn order to gqt (3.3)we

3y thj .s Irenuralf ,or each h)Orthere ls u(h)€X such

and, x+h(y+u(h)) ep = g-1(E)rrhis means that

-_g(x+b(y+u(b) ) ) e n, { n.0 and. therefore

f; a ;et*) oadt*l tr) r eJ<$[e(x)*udt*l 1v)-g(s+h(y*u(h) ) ) //
whlch accord. ing to  (3r tO))  jnp l ies (3 .3) ,

Assuae npw ln ad,d.itlon that g is contlnuons on 416r*1:x?y 1"

JectlverY ls flnlte d.Lmensional and that (3., hotas.Then by the
(3.6) of l" ,enna 3. l1for each h7 etthere ls r(h) 6 y wlth r(h) ?0 as
such that

fo r  e l . l  h€ (016)

Etlthout loss

that this f, ru a

and. w eB(r)  (see (3. I3)  )

of generalltyrwe may assume

.sultable oneoTo d.o thatrlet

that f* * .!et us show

b€(016)  and.  yey  w j " th

3"L  and  3 .2n

d.lfferentiable at

shall use lenna 3.L

that u(h)?O as h{,o

+t(w) ) )/l<;

e

'gUf-

part

hlo'

k e d  / 6 6 9 6
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D
l*
I*(3"26)  e(x)+h(d(x)  (y)+r (h)  )en

For aa arbltrarll €>Orfet J"* f,(f)t 0 be a nu.nnber wj.th the

ty glven by lemrna 3.4.

$lnce r (h) -2 0 n as h 0 o, there ls f,t= trt G) € (9rf,)e,rcb=tlra-*-

(3,2D ilr(n)|.f,, t 'r, n (0, f,r)
.  1 ^  - ' \  ^ -

Accord. lng to Lenna 3,4tfor each h with 0<h<dt(dl-d )thexe ls u=

= u(h)€ X with the propert ieel

(3c28) I  uf jctrx+h(y+u) € Are(x+h(y+u) ) -  e(x)+rr(6(x) (y)+r(h) )

Sirst of al.l (3,2e) showe (taklng lnto account (3.26) ) tbat x+h(y+u)
tl

eg-X(n)  -  Drconsequent lyr in  v iew of  Lenna 3oI1(3"1)  ls  proved.n

SFog{, gjl*$bsloren 3'2 The proof of this theorerq ls very siml}ar

to that of theoren 3.1.I{oweverrsS.:ace it is rather technica}rwe sha}I

give it.
tl

Let D = g- '(E)rg:A-)Y twice dif ferentlable at x€A end. assu$e

t hq t  (1 .2 )  ho ldso  i i

In vtew of l,ernna 3,22there 1s u(h)6 X with tb.e property (3.8) which

g5.ves

e(x+hy+ $ttu*,r(h) ) ) € E :

Therefore

- 2Lo d. p(x)+hd(x) (v)+ E'tgtr.l (v) (v)+6(x) (z) ),{<hn*(x)+nd(xxy)
h a  n  

; z  

J - h 4 ' t ' - -
' ate

* B-(!"(*) (y) (v)+6(x) (z) )-s(x+lr.r* f- (z+u(h) ) r,

which (accord. ing to (3,aO7) impl ies (3"4)r ,

Assuae now Ln addlt ion thatrr i(*) l  X)Y is suxject ivery X.s f lnl te di-

mensj.onal and. (3.4) hold.s. 
"

Then by the part (3.e) of T,ernma 3olsthere ls r(h)€Y wlth r(b)+O as

h$ 0 and

(3.zi l  s(x)+tr6(x) (y)+

proper-

- / l
I/ l
I

t

i

t 2  o e

s tetx l  (v)  (v)+6(*)  (z)+r(h) )  €E

I

1

- i
' l

t
t
;l -
r
I
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for  a l l -  h> 0o

For E zOrl-et f,=O t" a number wlth the property glven by leruia 3-5 and.

Ef € (Orf) satisfllng (3.27) oslnce 0.q. f,'rr""o"d.tng to Lenna 3"Frfor
each h 6 (O, f, 7) ,there is u 6 X wlth the propertles

l l  vtlct,x+l5r+ bz k*il e t
( 3 .30 )  v2 .  

- .  
- '  .  .  u2  , .s(x1b+ fr (z+u) ) = e(x)*n!C") (y)+ fr-tbl"l (v) (y)+6(x) (z)+r(h) )

which inplLes (ustng( 3.Zg)) 7
' ^ 2 4(3.3t) x+hy+ fi (z+u) € g-*(E) = D

In vj"ew of tenma ].o| (wlth t{ lnstead of f, ), (3-3I) and th.e fLrdI

par t  o f  (3 .30) ,prove ( j "Z)  ,

From theorems |.J. and. 3.2 we get easlly the results below

Corol larv'3.1 Assqmq tha'L glAcX->Y 1s d. l f fe,reJql iable aj '  x€A

T4!:n.,the followlne coJr$.itlo+s are .equ+val.enj \

(  3"32) I l -u * Ul**n*'D 
- ' l  -  n

il; h *r-FW;DuJ = or YGx

$,33) s(x)  -  o '  8t* l  ty l  = Q

Here DU is given by (2.7)r

9orglL*Sl 3.2 rn -addlt,lop lq..!he hvnothe.ggp of go{otteqf, 3ot. we
' 

Fsrunre_that g ls twtce Si-4{grgnti.a.F}p at x e A..[hen the. fgl]oyine coq-
d.it ions are eouivalent

(3.3i l  l+ '1, uf**uv n * 'u;DJ- o, y,z€x
h9o h' 

r- t' gJ

.  Proof of Corol lar lr  3.I
:  set E = 

{o]r Then D* = g-l(n).

In vlew of [heoren 3.1, (3. j ,2) is equivalent to



(3.36) l lxo *  a[et*)+n6(x)  (y) ;
'  h & o *  ( -

Obvlously (3.36) trotas fff

rp 3.2 rn v lew of  theorem 3,2r(3.3a1 ls  equl-

valent to

(3"3n lr' { a @(x)+tr6(x) (il* $2
h*o h- r-

and. the resulte follorvs "

&egge 3"I In the ease in whlch Y ls a general Sanach space and.

ls l f  c less cf(arY)rthe equlvalenee of,  (3.32) and (3.3i l  fs proved.

[tt] p*483 " 6

Denote by (xrD+

2 O -

{ t}l= e

0"33) ho1do.

cEt* l  (y)  (y)+d(x)  (z)  ) ' {4 ]  = o

I

1n

the norn ll . ll of X at

(3"3e) (='Y)+ = 
ii3

,the ususl or€-s$ded. d.lrectional d.erivative of

X e  i o €  c

I Ie shal} glve a eharacterj .zat j .on of (3.32) fn te:rns of (3.34;,

when

*  ( t lx l {z - "2) ,De = s( r )  ={x€xr l lx l l=  
{

3,L lhe following cond.itions are eq

* uF*;s(r) l  -  o,

(3 .39 )  e (x )  =

'  Pronoslt ion

tlx+hvll-lixil , x r y  C  X

uF*to;S (r[ = o

assume that (i) hold.s.Then there exists two s€er€o-

r  r ) 0

uivalent

( i )

( i l ;

(rrr;

l.tmlnf
h 0 o

I

I

I

I

ffi*
SI9g[ Let us

'

i
. t

I
I

ces hrrJ, O and. roc X with 
"rr?0 

es u+oo ,such that

, ll x+\(r+ro)ll

Thls imprles |l xlf

= f , '

''i and

(*rD** 0, l lxil = !

lil "*\ril-l/*[l {px+\r} *llx+\(r*'o)fl< \il'Jl



such that

(3.40) x+W+hr(h) =
_----;--___

Clearly

(3.43) rtro
t:rO
tlo

(3) The cond.ltJ.on (fr1

f,ron [9]. 
g

In the case of

of Proposition 3.1 is related. to Bxanrple 4.I

a real ll l lbert space H of lnner product (., t,7

* Z J . *

which yieJ.d.s (ii) .

Y/e no.lr proye that (1i) i-mpLies ( l f f )o3or  eech,  h)  0rcboose r (h)€ X,

Xrwlth a

the equi.

(3"4L) ilx+hy+hr(h)ll = rr tlx(h)ll = llT.th#l!Jl4!

sxnce (xrx)+= or(3"4I) shows that r(h)-)Oras hJo.In vlew of lemroaJ.I,
(  -  , . - ;  ,  ( l l i )  f o l t ows  f ro rn  (3 .4 I ) .

RqpFsk,3.2 (L)${/nen the norn of x ls not dl f ferentiablesproposi-

t lon 3.1 cannot be obtaj.ned. from Corol lary B.I  .
(2) rn tb.e case of G8teaux d.ifferentiabiLity of the norm of
proof very similar to that of ?roposit ion 3or ,one can prove

valence of the cond.ition below

a(3.42)  + i -  f  a [x+ty;s(r ) ] -  o,
t+o I'

tfo

0 r  l x i l  =  r  g

ead. norn Il .ll r the cond.ltion (il) of Proposi.tlon 3.r neans (xrx)r o.
Moreover, we havd

CoqgJlarq.3o3 Let xryrz C H.

rbgn
. 4 : . , 2 - r(3,44)  L in Lz db*ty*  E , rs(rU = o

h{ro h- b '' 
;.

lff

(3"45) ll "ll 
- r, (*,y) = 0r yvllz *(*, D = o
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Pr:oofo One appl ies Corol lary 3.2 wlth g given by (3r39)robser- :

v.tng that

(3,4i l  6(x) (vl = (x,y) , ! i(*) (y) (v) = (y, ,7 ,f ve H.

4. PROOF OF NHS MAI}I NSSUIf$

Frogf_gj, tl ie Theoreg_7oz, Assluile that u: tOrt)--*A is a eolution of
' (? , i l . I t  is  l r rovvn that  (See 'e.g" [s ]  rgboI )  i f  or r ( t )  ex ls ts  then

(4. t)  l i *  l l  u(t+tr)-u(t)-hu, ( t )*  * to, ,  ( t ) l l  /n2= o
- ht,o

where the d.erivatlves are taken Ln strong sense o

Therefore

(4.2) ++T l lu( t+tr)-u(t)-hu'( t ) -  f t r f , ,  f t ) ) l t  /az = Q
n t o

( i )  r f  u ( t )  e  p  fo r  aL l  t  €  FrT) r then fo r  each t€Fr , r ) ru ( t+h) (  D

for aII h epr T-t )

Consequently

4 - : n 2 - r ' l I ^ 2(4 "3 )  * ,  d lu ( t )+hu '  ( t ) *  t  r (u ( t ) ) ; l f<12  l l  u ( t )+hu t ( t )+  ' $  t<u ( t ) ) -
b.- t- J' h' " 

_u(t+h) l l
fo r  a I I  b€  (0 r t - t )  and t€prT)n

conbjl ing (4.2) and. (4r3) rt f ,orrows (u(t)rut(t))€ l l tg, lYe now assune

(ln addition) that D is cloeed. in .A (fn tire sense of Defj"nition Z.Z)

and.  (u( t ) ru t  ( t ) )G Mn(g lven by (2o5)) . th is  means (by L, ,emrna 3,A)  that

there is r(h) € X with r(h)? 0 as h t  Orsuch. that

(4.4)  u( t )+rru:  ( t ) .  *?r(u( t )  )+r(h)  )  e p *  I  f le

for  aL l  h> O.

$ lnce  u ( t )e  A  , (4 ,4 )  imp l les  u ( t )e  i  nn  =  De  E

.Ee$ark 4.I \irith the Bsme proof lt follows that the proJectlon

r r1( I [ r )  of  MncAxx on the f i rs t  factor  space of  xxx sat is f ies
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Pr1(Mp)c 5 fla"

rn fhe proof of theoren 2.3 J.s e

wlth Deflntt ion 2o31so tt  ts left

t _

eimple conbj.natlon of Theorem ?rZ

to the readero

Sheref,orerthe cese D = 5 / lA yleJ.d.s pr1(%)cDo

PToof g{ Q,org,}I,a.ry 2rI Assu.nnethat we axe in the hypothesis=-vY* Y* Y 'v4Y: : r r ' ,sr* .v  at r  i iur r tJntu !n&r we Afe Ln the hypOtheS5.S,  (3") io

sJ.nce otr?, Dtrit forrows d.irectry from (zo5) tnat M^c,0* lr^ .rt
rematrs to prove the converse incluslonc

l€t 
!*rv) 

a_#*tr"si.nce t: A cxix ls rocatly r,ipschitz the thelr so-
J.utlon ul f,Orf )-*e oe e,$ wtth u(o) = xrgr (o)=f & riniquely deter_
nlned' by (xry) € M',  oAccord. lng to fheorem P"3'(u(o) rur (o) )  e ur. ,  impl{-"L
es  u ( t )€  D i  f o r  a r i  t €  f0 r ! ) rwne&er  1€ r . consequen t t y ru ( t )a  *  f o r  a r r
t  (  fOrT) rwh ich  imp l ies  (by  Tneorem 2 .2)  (u ( t ) ru r  ( t )  )e  q r { t€ fo r r ; .
Sor t = 0r thj.s glves (xry) € MO and. (,r) is proved.

(2) Assune that MO ls nonemptyolf u: fOrt)+A ts a solurlon of, e"eJ
'w i th  (u (o ) ru t (o ) ' )€  Mn t then  ( r : (o ) ru r (o ) ) (  Mn  cgence  (by  De f ln i t i on  . . . . " ,

2r2)(u(t)nu'( t))a Mo,,  1€ rr  t  e forr)  *rrr" i l i -pt ies (usj .ns (*))  f , r f  r l ,
uf (t))e uoethis t"*l* Just the fact that D is frovr.rinvarlant set
f ,o r  (2 .4 ) .

Froof of- rhPpren 2.4 By e standard. deslcerconsid.er the flrst or-
d.er autonornous d,ifferentj.al systen

I  u ' ( t )  =  v ( t )
U,5)  I  +>  o

L v r ( t )  = f ( u ( t ) )  ;

obviously thls systen Ls equlvalnt to(zr4).In vlew of definj.tions
ZoJ' and' 2o3 lt follows that D Ls a flow-invarlant set for (2.il rr
ancl only lf MO ls e nonenpff flow_inverlant set for (4r|)o

$lnce the function f:

( x r v ) ? ( y r r ( x ) )  f r o m  A x  x

Ac X+X ls Local ly Lipschj. tzrthe funct ion

into XX 1g 1u 1ocally lipschitz toooBy ghe-

grem ?r7.lthe nonempty (closed. tn AX X) set M" ls flow_invaitant for
I

r
i

(4 .5 )  f t t  (216 )  ho lds .  E
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Renrark 4oJ. Sssentlallyrthe result glven by Therrem 2"4 (as weLl as it

proof) has boen Presented- f" [at]

and the notion of rtflow-invarLant

equatlonra.re much more PreciselY

has been oonsidered. (before Ia{l

everrthe id.ea to insestigate the

goes back to ttel . S

.Hererboth the proof of 'Theorem 2.4

settr for a second. order dlfferentlal

givenoThe limit appearing ln (2"5)

in ff6J but not efficiently .used"How-

flow-invariance, of a set for (2'4) t

( 3 " s ) .Then
- - 2
( 4 * 6 )  x + h v n  $ - ( f ( x ) + u ( h ) ) e  o  =  A 0 s q s r 4  n > Q

and ufi l -ro as h I o,

since s ls  c losed'  (4,6)  i - rnpl ies xe s so x €A/ l  5 = D'

Furtherrbeceuse S j-s a l inear spacer (4"5) impli"es now

( 4 . 7 )  y +  *  ( r ( x ) + u ( h ) ) e s ,  {  h > o

Asguing as above r(4o7) gives y€s and thea f(x)e

x 6 r- l (s)  and (xry)  € (D n t4(s)  )  X sc

trlnal].y let (xry) € (D n f-t (s ) ) X s.Then for eve4y

(inasmueh as D = Af, S)
h 2

vh= x+hy*  t  f (x )€s

$ince A is openrthere i,s fr"0 such that vb€A (]rence vh€ AIIS)

tfte (Or{)oAccord.J.ng to the d.efinit ion of Mn(see(2.5)) i t  now tr ivlal- '

" l!-o@ 2"5 lu! (xry)€ Mp and. u-.the function d.efined bv

S"Therefbre

h> 0 we have

Ly fol lows that (xry)€ %,and. the part (1) off  the theoren is proved'o

I f ,  we assune that  f (D)c r f  ( i "e .Dcf - t (S))  then obv lousryr ( i )  becomes

MO= DX$eTherefore lvlo ls a nonenpty closed. in AXX set.To get the

last assert ion of ( t t)  rwe aPPIY Theorem 2 .4 ,

€A ft  S and y € S).Then for eYerlr  h7 OrI,et (xry) € Mil(whlch means x

we have

{ x r y ) + h ( y r f ( x ) ) e s x s

and there J.s t > 0 such trrai x+hy€A, f fre (9rE,)csherefore



whiob trlvlaLLy lnplles (2.5).. The'theorem ls proved.,

- z j G

P*oof of Theoren 2oG Ihe fo:rn (Z,LZ) of

fron Corollary 3o2.[o prove the second. part

that *o* 
"u

(4 
"B)" 

*o*

can be written tn a fo::ut sinllar to

( x ry )+h (y r r ( x ' ) )<  (A f i  s )x  5  =  DX s  =  lb  #Ue  (o r f  )

' 
where k: ex x>n3n ie g1.ven by

k(xry) = (e(x) ;6(r) (v) r ' r i (") (v) (v)+w(x) )

wlth.w glven by (e. I I ) .

It ls easy to check that k is d.ifferentlable on A X X and. that for
e e c h  ( x r y ) € A x x ,

a -

k (xrv) (unv) =(d(*) (u) ,  i i t" l  (v ) (u) +6(x) (v) ,  Ei" l  (u) (y ) (v) +a&'(x) (y) (v) +
*6(") (u) )awe now prove that the functioo lr1*ry):xxxrR3* i" surJect, ive (for

(4 .9 )

st"1(u)(y&eel" l  (y) (v)+' i(x) (u) = x3

each (xry) € "b ) "
[o d.o thatS]et xieRnrL=]r2r3"Y{e have to prove that there ls (ury)

€XxX such  ths t  k (x ry )  (u rv )= (X1rX2rS3)c l c€ .

d(") (") = yl

?it"l  (v) (u) +6(x) (Y) = s2

The first hypothesls of the theoresr J.e, ,the surJectlvity

x+nP.ghereforerthere ts uex verl fying the f i rst equation

fhe existence of v<x verifylng the other two equations q{
d.finect consequence of surgectJ.vity of

.  a l

u  t ( g ( x )  ( u )  ,  e ( x )  ( y )  ( u )  )  .

Mo srv"n by (2.5) follows

of the theorenrobserve

{2,7) neraely:

(v)
o f  g (x ) :  '

o f  ( 4 . 9 ) .

(4 , i l  ts  a

Aecording to CoroIIarV 3ol;wlth k(\ ) instead of g(resp.D) we con-
clud.e that (2.5) irore.s i f f  ;(x,y)CvlfC*l l  = 0 hold.s (whlch. ted us

t o  ( 2 " 1 3 ) ) .
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@2.? the fact *hat (Z.La) bolds toorls a direct
a

eonsequenoe of Theorern 2.6.Ind.eed.rslnce S(x)s X+R and' 66t*) (r(x) L-*{
- op D^(aecording to one of the Wpothesis) rA(*) is not the nulL f,uc-

5

otionaL and. ponsequeatly ls suriecttveo

To prove the sesond. part of the Theoremr'5.t suffices to eheck that

1n th is  oaser the J . ineer  funetLon u+($(x) (u) r f f ( * ) (y) (u) )  f ron x  in to

r
t, t
I
l

I. l

R2 J-s  surJect ive ( for  each (xry)€Ml  ) ror  equiva lent ly  that  the l inear
"E

functlons

(4. ro1 u- 'e(x)  (u) ,

from X to R are U:rear ind.ependent o

ion,

( '+ . i l )  r  e(x)  (u)+sEk)  (y)  (u)  -  0 '  f  , te  x

where r and g are xeal numbers.

the hypothesys w(x)  I  O for  a lL  xoD* inp l ies ( in  v ievr  o f  (2 .12))

i f t * l (v ) (y)  I  0  for  a l l  (x ry)  e  l t . ,  e fhereforerwi th  u=I t r  (4 . t t )  g ives

$ *  Q (s ince 6(x) (y)  =  o) .3uthe;$orer for  u  = f (x) r  (4" t1)  g ives r  =o

and. hencerby theorem 2o6rthe flow-lnvarjance of D", i.s equlvalent to
. f 6

(2.13).3inal lyrthe thi frd part of the theoren ls obviouso E

@ 2.8 r,et (xry) e nin glven by (2.J,2) oclearry,- o
^ l € >

wtth 9 - 6(*) '  g5.ven by (2.L7) r G.23) is"satisf iedrln th-Ls case €t*lf i l

* O and. 6(x1(y) - Orshows that the vectors y and, i  are parallelrthe-

refore there is a = e(x)€R such that y = afr$i.,nce 
-i f ,(x) (y) (y)+6(*) (f (

(x)) = 0 it  fol lows
' . )
(4,1"2) .* ' i l (*) ( t)  (y) +6(x) (r(x) ) = 0

_-,,,--ffine i:r nrind. the notations (A.151-(Z .ZZ) and.

fl yrl2= 
"2 ilrtt? = a2 ltriC*t'ilz= *2"1 ,!1*) tf) ti) = az

l t . ts  cLeer that  (4. fa)  and.  (2.22) implJ.es (xry)€I{n_ glven

Note thet the lrypothesls (2.2, implles w(x) # o ur,lu(ro* ,

a r i o

u-+!i(x) (v) (u)

by (2 ,?4) .

= 6("t' )
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The lest assertion of the theorem folLows
(4. I3)  ln  (z .L i l  ana us ing (A.30) .

by replacing y glven by

5. APP],ICAfTONS IS MECTI,ANICS

rt la the goar of this sectlon to show that Theoren 2.4 (by Lts co**
seguences )unifies sone fu*d.amentar. results of Dynamicsr

&Ioreoverrsome of our results (t f te Theoren 5.ZlCorot lary 5.I1lhe_
oxem 5'4t8emark 5.5) al low us to see that some *"tn"**rr; ;"" iu"*"*"-

' o ?rLzatlon of the notlon on a set D* (given by (zrr)) in R2 or E-1re-
naln valid' ia any nl wlth n> 3ror even morerln any real Hilbert
(Sanach) space o

5 . I  
.

3lrst of arr we redarr that a fwrction f : A c xax rs regard.ed. as a
f lerd of foree on Arln the sense thet wlth each vecttr  posit ion x€A
ls associated the vector force f(x) € Xo

Aotual.ly we have proved. thst t:." * € Dgrth.ere re y< x nanery

(4.r3) v-af =fry9i 'euf

Rgnark 5.1 I f  g:AcX?R is contj .nugusrthen
;

closed. in A.

suoh tba* (xty) € Mn and. ooaverseLy (l.eolf (xry)a 
% then y is glven

by (4.13) .  
"g  -  -8

Accord-lng to Deflnltion 2.3 and. Theorem zo3tthe noti.on

can be restated- ln terms of Dynarni.cs as foLl0ws
(5 .Z) A "nass particle rt , rpro j ectedn ftri_a-Soi.ni x € DU
y € x such that (x, y) e Mn (el"gi Uy (Z.LZ) ) ,  d.escribes

- 6

ou =f* n Ar e(x) - o J r u

wi.th a ttsBeedtt

(und.er the actlon

(5 '1 ;  ngc  
( zo4 ) t l

9f 3!g {olce rlelg t) Dg'
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Denote bY N" the nuII space of the lLnear

6t*) l  X-rR (vchere x€A and g 1s dlf ferentiable

(5.3) N(EC*) ) = Nx ={r e x, 6(") (vl  = 0}

In terns of geometry; N(e(xi ) can be ldentJ.fied witir t '}ie tangent

space at .x to the nanifold. Dg.

Deflni t igqs 5.1 (1) 4 funct i .-on gr AcX-tR

lf , lt -s.at,isf i.e s-!!g pI qge.rt ie s.

(a) e ts t4Fee tiq,gB- (TSdcIrqtI@ A.

(ul ggf_Saph-x € Do , , [(*) r X -2R is +9t-!49 lLu1l , tunq,tiollet (i.e.
- 6

there ls  ue Xngr l@ 6(")( , t )  A 0) .  :

( c )  & tgacbx€D* rU t " l ( y ) ( v )  t  O rx€N* rs  t  a .

contlnuous oPerator

at  x)  r thet  is

ls sald to be tt 'gmootbrl

(2) g J$ Sltid. tg be "S9{rpIeieJY s":}oothf'.if it snnooth and for

ggsli .x e D*rt@ r'(x) d'efi+e,d b{

$,4 ' l  r ' (x )  (Y)
r  x € \  '  Y  l  o

0  r  Y  -  o € N ;

ls a linear conti.:ruous fwrctionaf g@ti N- lnto R.
.r\.

g g A  "Def ln i t lon 5,2 A-@ f

tf.JtF ,Iogal4y T,*qgc.h;itz.thg-fgqctton .wr A€R (s4ven p{-(2.fl) ) iS

*,iffer,estiqqie on A glrd. for each x € D.'r
ct

(5, i l  e(")  ( f  (x)  l . i i t " l  (y)  (v)  (  o, fye s* r y I  o

the.o_{_e& 5ol I,et -A be an open subset of the reaL Banach space

X and i.et gt A ?R be a smooth ftxrction'

(I)If there ls a g-$rtrooth force field of on A such tLut_. rrmass pBr-

t tc lernrprojectedrt  f rom any point  X € D'  wl th a l tspeed.r t  y such that -
5 -

(xry)  u *o*, I td.escr ibesrt  ( und.er the action of f) an "orbitrr wlt-ich l ies

= {

L

ln I  . then s is completely smooth.
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(2) I{. g ls con}pJete1y Fmo.oth an"q:f  fs._g-smooth. then D= tu a flow-ln-

t  set for (zr4) l f f  for qq-chx € Dsr$gsg_Ig a (x) e n $tn !he.
p{ope3tI

(5.6) -w(x)p(x)*zi i (x) ( f  (x) )+&(x) = e(x)&(x) ,  x € D*.

?roof.(I) ],et g be a smootb funetion fron A into R.If there ls a

$-smooth force field. f on A with the property'. that DU ls a flow-in-

vaf iant  set  for  (2 .4) r then ln  v iew of  Theorern 2 o7r(2. : -3)  ho ldsoTake.

-*

xeDu. t v t o is a1 arbitrary element of {*(given by,,(F.3) end.
ar^

(5.n t = /- ,, ,*(rt). .  i '  , ,  = By . I - l- rr*? -$2- - . '  "  \ - - f r t 6 )GT  v=ax ,a= f  €G}? f f i y , /
then obviousLy (xrf ) € MD (given by (2 .14))

Replacing (xry) tn (2.13f and. d.ivid.ing by a tt fotrows that

(5.4;  *  w(x)B(x)  (y)+ar i (x)  ( f  (x)  )  (v)+, i r (x)  (y)  = 0
t

f o r  a l l  y€Nx

By definltion of d.ifferentlabirityrthe frinctlons

(f (x))(v) are }inear continuous functj.onals frora

y?; (x)  (y)  ,y  + i : t " )

X into R.Therefore,

(5.8) lmpl ies that 3(x) given by (5, i l  rs a l lneer continuous from \
lnto Rrhence g ls conpletely snooth.

(2) ?hls part of the Iheore&, is a consequence of (5.8).

So show thatr let tr i  X-)Rri  -  Ir2 be two } inear funct lonals (di f-

ferent fron the nuII  funct ional).Denote

t r l ( I l )  = { r e x r t r ( v )  =  o }  ,  i  =  L ' s z .

rt ls well-lsrown that if N(I,z) c N(fu) then there ts a € Rral 0,

such that I:t =Bl2 (which i-rnplies li(If ) = t{(La) ) "
S j .nce Nr= N(g(x) ) r (5 .6)  fo l lows f ronr  (5 .9)  wi th

k= -  w(x)F(x)+zd(x)( f (x))+&(x)  ,  Lz= 6t" l  ,

Rgmqrrk 5,2 rf g Is smooth and, f ls g-smooth then \ 
. 
is nonemptJ

Moreoverrfor eech x€D*rthere is ye x(e-og. y gi i iven by ts".Fn such thal
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(xry) € Mn .
- - 8

We now glve sone examples of oonpLeteLy

g-s&ooth foree fl"elclr

L€t u6 oonalder the funetlon

( 5 " i l  e ( x )  * *  ( t t r  -  - * t l 2  -  ( < ! r x  -  6 )+  d )a ) r  x€ f . r r . >Z

wbere Eoin nP gnd d.€ Rrd" # Qr <. r) - the lnner produot of #.In the

oase nl. ZrG =. Dg *{r eRz;e(x) = 9} ls a oonlc wlth a ss orre of, the

foaL (1.eo circleres.IJ.pserhsrperbola and. pereboLa).

PTgpqs.ltl-gr* 5.1 Shg flrtnc+ioa gr BP-2R1 n = 2r3 glqgg-Lg (5.9) 1g

a completely smootb. functioncMoreover
'.ffi

(5n10) l lt=1(y) (y) = yz(i.-oos2 fx - ErYl ) > o

For egq& x apg ye nP(o - ?,t3) ge3lsryi:re e(x) = Ore(x)(y) = ory I o

Fnd. NeqUonlan field on A > D- ls e g=snootlk

Sere (x-dny) denotes the aagLe d.eterulned by the veotors y and

tr - 6 (wlulcb Joias x e Du wlth the focns 6).
. G '

?rsof efhe property (a) appeerl.ng La Defi-nltLon 5.1 J.s obvlousLy 
-

satl-sfted. ln thLs case"(b) J.g satlsfLed, toorslnce tbe gradieat e(r)

of, a conl.c le d,if,ferent from the nuII veotornOf oou:rse (5.t0; is also

a weJ.l-hown propertyoEoweverrwa pxove Lt here (slnoelsorlo of the

f,orlnulee J,nvs1ved tn lts proof are aeed.ed, in 5.4 - 5.4).

Cl,eerly t

(5.D) s(xtrS) = (x*drx)-f6rx-6;+d)Gry>

She aond.ltton g(x) = Or&€Bltd

(5.I2) ttx-6tt2 
: f6r" 

- 6l+d)2

whLob lnpliee x t 6, (stnce d. I 0.

Sowri6(x)(y) * O uoO S(x) * OryleLd.

r r  t  c  - . 2

(5"13) (lry)z- (x;Ffl)u* = l lf, l ia oo"2 [xery]g1x-d{ z

. :

t

I

- i
I
I. i
t

. t
i
i
I

snooth funotlons end,
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. 0n the other hand.

(5.x4) et*t (v) (z ) = 1\ xF(6 ,1?ia,D ffv,* € f,
) a a

T h e r e f o r e S ( x ; = O a n d=- ____.-__-.

(5 .14 ) | Et*l (y) (y) = il yll t-(f ,")t

combining (5.r3) and. (5.t4)r one obtai lrs (5"r0)(since 
L*-,6rr]  is

neither o nor 180o).rn this case r'(x) d.efJ.ned. by (i.i l is the t:nrvial

funct i-onal.rn 5.r rve shart see that the Newtonian f ield. ( i . l i )  is
g-snooth.

Proposltiol-5.2 (1) Anv smooth func-!.lgg g:R2->R ls compLetelfi

smogtho_

(2) .An{ .snooth po-ltnomya}_gr*-R of

p le . te ly  gmo-oth (e .eI5.9)  ) .

(at mpqt) qecond. deere-q is gom.;

Sroof  (1)  rn  th is  case sx= $(d(x) )  g iven by ( i .3)  rs  an one-d imea
'| t i  s ional subspace of R2.Therefore there Is r = r(x) *A(re R) such that,

for anv v =(xi)e lr(6(x)) we have yl= 
"yznrakiJtg 

into account (2"Ig)

-  and.  (2.20)r i t  for lows that  there is  a constant  b = b(x)€ n such that
(u ( * )  y2r i f  y€  Nx *  I  o

F (x )  ( y )  =J  -  4 -  -  x
(0 r l f  y = Q

henee y>r'(x) (y) is a linear funotlonal on Rzofbe proof pf the second,
d c c

p a r t i s o b v i o u s s i n c e i n t h : [ s c & s e e i * ) ( y ) ( y ) ( y ) * ' o l x 6 R t r .

$$nerh 5.3-It wouJ.d. be i":rteresting to give an exa.mple of rtcor,rple-

. tely smoothfr function ln *bZ3) rother thatr the snooth pol.inonyalg;;

of (at most) second. d.egree.

PJoeggitiqg 5.3. r,et g: A c X )R be thrqg_,tJ-mes differentiabLe on

A c

(1) If-.l}rere le a e-erto.oth forqe fleld og Arthen g lp +gcjsrsarllI a

g-gmooth furrctiono

(2' l  I t  g iF smooth. lhqn Lor each x€D-rthe l lnear pontinubus fun*

t**-t}) o,^ i'u
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(x)
* { " ) = (:l;Xl.'u'"') = (;3 u',)(")

, u € X r s G R

{S o}re*,tg one,o

( 3 ) I , e t , x = f

Then for each

n
gnd  g :  Ac f f ' ->R  a  smoo th  func t i on .

Def ln i t ion 5.1.

(3) In thls case \ can

(*L!"

( 5 .r4.) ,, ,l*t = 
{ or, .

\81 "

since &Cr1 rE(*) rr,( frn)

and Rn respectively.

she fact that o**1

b.e, I

'81n

''qott

'qn

are,

d,entif ied

J.s one to one fs equivalent..to d.et tlf;*l1*o

(henaertp the suriectivity of rr|+1)

(4) If  n - ? i t  ls easy to check that - ar(x) = det(I i) t  o wh-tch Jn-

pl ies ( in v lew of  (2,22) and.  of  a1(x)  i  0)ro(x)  lO.Actual ly ' the fact '

that ai(x) I O (ar(x) t 0) fol lows d.irectely from hypotheses (b) abd,

(c)  (wl th y = [ (x;a)  of  [ef in i t lon 5. l l respdctrv i ty .

(see the notations (2.15) -(zoz].),

5 eZ| A €gqeralizatiolL.glPon4e! 
t s lbePTen

As a ftrst appllcations of our. results we shall glve an exten$lon

x € D*rI,* 1S a -blisp,SlgJr (i.9"o{Le.,to 9Pq : ?4$' Sgqiective)

(4) tr'.gl n = 2rthq- q]+rYaiuqg c(x) of D* 1S.{'l:ffe{ent from-gerg.

proof.(I) This part is a d.j.rect eonsequence pf the d.efihit. ions

5 o J .  a n d  5 . 2 o
/"\

(2 )  I ,e t  ueX and s  €R be sucb tha t  L* l  l=  011.€1^ \  u /

i j t" l  (u) +s6(x) =0r 0 € r,(xr n) ,6(x) (u) =0f i"e, u € I ' Ig)

f lhen u = 0 and. consequently s= O rtoo.Ind.eed. i f  u * Orthen 0 ='S(*)(o)

(u )+sA(x ) (u )  = '6 ( * ) (u ) (u )  and  u€  \  con t rad . i c t  t he  hypo thes is  ( c )  o f

with the. (n+1) x (n+1) matrix

il
id.entifled wlth gradlent"Eessian matrjx ,
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sf  Sonnet ts  theorem (see oog.  Pq p.95) Glven g:  A cx+R, set

( r l(5 .15)  f -=  J f :  AcX?X;  f  -  , 'g -smoothr  +s (  )
)

.and.  (5 .1)  (or  equlvatent ly ,  (5 .2)  )  ho1d.s  ?
l

For the statements of the results below we shal1 use d.efi-:ritions

5.L and. 5,2 and. the notat lons (2.7) end, (A. l t)"

R,graark J"{- If g ls a comp}etely srooothrthen in view of Theoren

5. I r l t  fo l lows

(
(5 .15)  t  Kr ,  =  J  f  :  .A?X ls  g-smooth and.  (5 .6)  ho lds ]  .

J6 t

$he nuI I  f  r .nct ion 0 doesdr t  sat is fy  ( i "5) rhence 0AK_o
6

FEegIg* 5.e !$-x he s real Banaqh spaw.A cx an ,opeaj lubset

Snd. g; 'A+R g gornplete-Iy sngoth fupction.Theu K^,. lE_a convex cojre
o

(wh*:Ir do_esnrt ,g.gntain the null. *1IictionJ..
n ^

More .pJ:e_ei€g1f,jl: l f, e KU an4._bf VOtL - 7tc*,r1rnwit,b Z, br.] 0

T4en-f elven by 
6 * :- 1=1 r

n
( 5 . 1 6 )  f =  2 .  b r f i

1 = 1  . " r

bg lones to  K*r too.

Moreov-er . i f  xeD* and v  = v(x)  is  such that  (xrv) (  Mn

l&Lvenlv (zirz) with f  ag-frngg-bg (5.t6;rt tr ,en qor-effrr  i=1r 'r1r1

thgre is v, having the propertieg

( 5 . 1s )  ( x , I i r * r i u , o2=  
h ro r t r t .

Here we d.enoted. uy ivi$_ trre subset &Io coirespond.ing to flri*a;-g "B

( 5 . t 9 )  4  = { { t , y ) e  a x x ;  e ( x )  =  o r 6 ( x ) ( y )  =  o , 6 ( x ) ( y ) ( y ) +ug t
+  e ( x ) ( r r ( x ) )  =  o  

/ .
Proof of fheorem 5.2. Since f, are g-srnoothrthen obvj.ously f given

by (5. t6)  is  B-snoothr too.The fact  that  f t€Kg g iven by (5" t0) rmeans

also that  for  each xcD*r there is  a j .=  a i (x) (  R such that
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{5"201 *wr(x)  r (x)+z! j (x ) ( f r (x ;1+ ' , i r (x )  =  a id(x)  r  x€D*

where (s i rn i lar ly  to  (2"11)) .

n
( 5 " a t )  \ ( x )  

=  6 ( * ) ( f r ( x ) ) r  x € A ( h e n c e  
L  

t r v r r ( x )  = w ( x ) )
& -.L

Multiptylng (5-zo1 by bt and. then sunming up over t to m we get 15*61'-

wlth f given by (5.15) and a = t, biui .
i=l 

'L L

To prove tire last assert j.on of the theore.ns let x € Dg and v e X be such

that . . (xrv)€Q. , .The ex is tence of  such that  v  ls  shown i^n Rernark.5o2o
"g

Consequently

(5 ,22)

with f

I t

$ . 23 )

g(x )  =

given by

.LS eASy

v : =
I

( z

to

- (

Or  e (x )  ( v )  =

,16)  ( theref

check that v

,12
w.' (x) l
* "

o, !i(*)

ore w(

i grve

(by(  5 "2211 .

In view of (5"23)

has the property that (xrYl) e Ufr*.

l {ote that f  €Kg irapl ies w(x) I  Ot(according to (5.5)) and then vl  O

)  v - , . i \ 4 /  Dy'e have biri ' = it;i l i '  v2 ,nhich implies (5.re1

( u s i n g  ( 5 " e t 1 .  E

We -noirn give (ln terrns of Dynamlcs ) a consequence of, Theorem 5n2.

CoJq}lary 5"1 Let X = R2 end gr Ac Rz->R a cgmplete.ty-spooth func-

l iop"ff  . t{re orbit  D- can be descri . i rgd ln each g-smoeth { ielq_of force
6

f1r i=lr e r o ;It l1 the lrelocity of any point _ P of lhg orbit_bei}S_v,; r then
m *

thg_Fpnre qqb:Lt--ca{. be d.g.sc+bed. j"+..the fieJ.$ _bj folce f= E b.,f,
G t  t ]

m . )
( b q  7  0 r.. i=l

tr'"z4) 15 2-

1=t

m
or"tt,2
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Proofoln vlew of Theorens 5o21the only fact'we have to prove ls
(5"24). let v, be as ln the statement of the coroLlarx.rn our fra.ne-
work thls neans (see €o8.Theoren 2.2 and the expranation (5.2))
(xrvl) e l$- ana (xrv) . MD ,where x l.s the vector posltlon of poThe-

^  g  -&
refore v ,  and.  veN(&(x) )  [ tven by (5 .3) . In  th is  case ( f .e .  X=R2)
N(t(x)) ts a subspace of R2 of, one d.lmenslonrhence yr and. v'are pB-
rarleJ- vectorsoconsequentryrthere is dta R such that v*= d.rv.combr.--
nlng (5,22) and. (5,2i l  bel0w

$,z i l  & l t*1(v*)  ( r r )+e(x)  ( f r (x)  )  = e

I

one obtaLns et once urt= 
H# (i.e 

"(5o23)) whloh i.mpr.ies
as  fo r  (5 , Ie ) ) (5  

"24 )o
Rgmrh 5o5 In  the c&se b i= t r i= t r r r r r r l rgoro l tary  5 .L

(arqurng

is the

In this subsection we axe concerned. wi.th the solution of the .
fol lowlng problem (cat1 i t  (p))c

(P) Given a curve Dg={*e A <R2rS(x) = O} (r"r i th-g cornplej lgl . ,r  _orno-
otb {Lnd 911 ( e-gmoot f : A c R2 --r*z yitrl t.rr" gro pg"tg

t4gt for eash x€D*rtlere i.s v = v(xrf) eR2, such tha-b a lgsjs par.l.i,glg

q,qgiec$ed.,froLx wJ.th_!hq speeg_vr.dgscrihes (under th.. *.*tirn ,f. ,,
an orbit which lies j:r D_.

In our fra.nework, the solution of the problen (B) coneists in the
d.eterrninat ion of at l  erements f  of K_ given by (5,r5)"

6

Rgmark 5.6'. Glven a function fl 4*Rzrd.enote br f,/D* ttre reetri.c*

t ton of f  to D*rlet f  .Kg,I f  f l :  O.X-+X ts g*srnooth and. f1/Df=t/rU,

' then f1 € K*rtoo.fhis fact fol lows from Theorem 2.7 (or fheore-m 2..g)o-
Thereforerwe EIxe interested. to,d.eterrnine nerely the restr ict ions (of

elenrents of Kg) to D*oY/hen there is now d.anger of confnsion we d.enote
-. /rr*"g by f r too( for  the s impl ic i ty  o f  wr i t ing) .

Bonnetrs theorem (unde* the fo:m presented. ln [ :a]p,95)
5r3o wh ich  a

can .be  descc ibed.o
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Wl.th the notatat ione of. fZ and

( 5 . a G )

$" i t ,  

{

(5 "ae1  f ( x )  =

{5 .as ;  t

(5 "28 )  "

f ( x )  =

B - ('z;i trt

w(x  )- - ez

- q(F)
az

we gtrve the followlng solution to ( P ) .

bg- completely:gmo.gtlr, ( 1) I€, f € Kg,Th.goreg 5 n3 Let g: A c RZ--R

the$. rtg rps-gs.*ctio-] (d.gpgteL !f fr &ls:I to. K- satis{isg-!*1g. svq-ig:I

( q1e2*s zLsl,) rt (ro ) * 1 *d*r*Bz a% I r 
2 t* l=* (wrs1-w1u, ) -}ry

s1f1+gtr2 = w(x)

h x€ Dn*

cqp be wrltlqn underso lu t l on .  o f  (5 ,26 )

nt . f ,orns:

acn

he

;

ea

q!
va

for

( 2 )

equl

t
2

t
2t

3  e ( * )  *

d(,.) *

ry et-)*-*ra,t(x), ;t-#gc"i

# dr=t'-uft 6t*) /gfin4r.r

r(x) = z (x)8. 6r*1* $ndC" )ltz;(x)- X;(i l ,6t:;2dt*t

f , o r  each  x€D-
6

EhS;p z: A-2R iq.g gif feqentiable {qnct io+ a4{ z(x)> 0 {or aI}_.x€Dg.

(3) ConyerseLyrfrf vrr A-"R epd z:A-+R qre d.j.fferenli.?ble fun,c.bi_or].Stlch.

thst

(5 '29) ee. w(x) {  orz(x) > o, t 'xe D,

gnA f '  e l .veq-(5.29),  (5.28) t  gg (5.ea1u

f € K * .

(4) Tn, pa{bj-Qutrgr.niL. j.& a*ditiolr tg lhe-ghsve-}vnotheggsrwe., assgrrre_
) A

tha$ wrz € C'(ArR) an$ g€ C'( l rR) r then_f El_ven_by (5.2a7-(5"28)rr  betorss

$a Kirther-ejoue K* Ls nopgmptl,"

rs_t,oqe}ly lipschitz, then thls

. l

- i

i
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Proof '(r)  fhe f i rst part of the theoren ls a consequence of Theoren

2 . 8 .

(2) r f  ln the system (5.27)rw is regarded as a para&eter functronrthen
solvlng this etementary systen we get easl ly (5.2g).

(First allrone observes that the d.eternrj.dq- of the systen J.s Just a.,
and that (z. jo) hold.s).  

4

'  
. -  - !slnee y = 6(x)'e ts* (siven by (5,il ) ana ar= f1*)(A(xt'J(At#),then

(5 .5)  : -mpt ies the f i rs t  inequal i ty  o f  (S.Zg) .

(5o?8)r  le t  us observe that  for  each f ixed.  x  €Dor there ex is t  a(x) rb(x)
6

€ R such that

'F(*)  *  a(x)  *C*1+b(x)  ! t *11
Namety

e(x) = *ra*,"),r;(")),  b(x) - *r(, i f*1,6f*f2
where  (a .19 )  has  been  used ,as  we l l  as  (d (x l r6 t * f )=  s

Consequently

( 5 . 30 ) (& t* r,,{ t"!6,* )t = uti (* ) {* r* l, 6 r= t)d c* l
wtr;ich shows the equivalence of (j.zg) and. (f.zej.We now prove the equi
va lence of  (5"ee) i l  and.  (5 ,aA;rSet

( 5 . 3 t )  z ( x )  = - € r x € D s

$lnce we havb already proved the first inequality of (5.2g)rit follorqs
t h a t  z ( x ) )  0 r  x € D U .

Let us pxove that the derivative of ar= ar(x) J.n the d.Lreotlorr 6f*la

'  rndeed.rsince ar(x) = ii(*) (d(xfl t6t*f) 
"rra

. (5 ,33t<Ec*l cdr*t'}, 16r#) (d(xf)) = 0
(whlch we sha1l prove below)

l s  Jus t  a3 r1 .€ r

ir-ial (d, t"),ti(*))= ei*) (d(xil (6(.*)rar*f = u3
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rar'J} rur#l> = u3

rdrCrrar#) J *,i-i l*l{l
tarr*lrdt*il/

we have

(i, i'), *,"f> ur*{ix) ( d(x*},
Yrfe have to prove (5 .33) nlndeed., since

6t*r =(fl) , f,r-* J*')
\82/ 

'  6\4/ 
ter/

' t fo'lows 
. k. r_r cdr*f)tir*r rac")t) = ffil):i l;l;;1 ,

whlch y le ld  us to  (5 .32) .

Furthernorerby (5.31) we $ee that

Using (5 
"30) 

(with i  (*) instead ot f i (x) ) and  (5 .3 t ) ,  (5  
"34 )  

g i . ves

(i,i 4l <# ( x ), 6 (xt') = -2.( x )(a 2 (x ), e (*$-", ( x ) Q (x ), d t "$

$,3il <ri{ (x ), 6 f "l)& 
(* f = *u3u( x ) 6 (x f -., ( x ) e, (x) i(x ) +a, (x )(i (x ), 6 ( x D

tne (5.2g) and f gi .ven by (5.Zq.With an eJ"*#u"y calculus we veri fy

that

(5.36)(s dt" ; ,  6t* l )  = -az(x) .

fhereforer i f  f  is  g lven by (5"29)(or (5"a9) ' ' )  t t  f ,o l lo lvs

(5 .37)  (d(x) , r ( *D = w(x) r (d t " l , r ( *D-  -ea(x)z(x)

respecti .veIy.

r l  t o  6 ( x / , h e n e e  ( j . 3 7 )  a n d

(5oeg)  lmply  (5 .5) . fhusr i f  f  g iven by (5 .25)  is  loca}}y  l ipsch l tz  too

then lt j.s a g-sruooth force field.o

The fact that tha (unique) solut ion of (5.27) is gj .ven by (5.a9)rme-

and that for every w as aboverf gi .ven by (5.29) sat isf ies ( j .27) and.

In  y lew of  (5 ,35)  and.  (5 .31)r i t  is

quJ.valent to ( 5 .281 n.

(3) Let w and z be d.ifferentiable

6t"1
essy to  cheek tha i  (5 .29)  is  e-

on A real-vaXued. furr.ctions rsatisfy-
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therefore (accord,ing to Renark 5.6)rwe nay conclud,e thet thls f€K^o
(4)  In  these hypothesesr f  g lven by (5 ,eA)  is  o f  c t_ass Cr(Rrn)  and.6
oonsequently it is 1ocally lipschitz,Accord,i.:ag to (3) lt follows that
f  € K-.

6

,SeqgIF,.5.G (I)  The solut ion (5,Ae;.u of the problem (?) is €ss€n_
t ta l ly  due to  Dai , : rer f i  [g ]  (see.a1sof3arp.gG])

(2) rn the case of a generar (rear) Banach space xrgj.ven g:Acx-rR
completely snroothrthen in vj .ew of Theoren 5ol l th.e elernents f .of K_g
are gi.ven by the g-srnooth sorutions of the eystern

(5.381{61*l(r(x)) -  I  6t* l  = %+ F(x) - E+

t e t * l ( f ( x ) )  =  w (x )  r  x€Du

If w is regard'ed' as a parameter functionrthen the unimowns of
(5 .39)  are the vector  f  and the rea l  uarued.  funct ion a = a(x) ,us ing
Propos i . t i on  5 .3 ,we  oone lud .e  tha t  (e t  l eas t )  i n  the  case  X  =  f f ; "38 )
ad.nits an wrique eolut ion. ind.eed., i -n this case the matr ix of ( I .3g)
is j  u.st the nonsingular rnatr ix t l* t  (  see ( j  .14/) .r f  I  € C4 (A, n) i  s conr-
pletely snooth and. w E Cz(Arn) sat isf ies ;

w(x)U(*t(v) (y)( or # y elT(d(x)L€;;;;-;il;;; F;
,#r-a/z) of (5. j4) i" i;".rry rip"; niiz *rra- r ffi5*- - :  e -
refore;ln the above cond.itions on g the set K', i.s arways nonempty.

6
the fo :mula (5 .ae1 can be der ived.  vLa the,systen (5 .3g)r too I

t " {. .Untr8o:rro nr,qt ions.
ro!-

Througffb this subsectlonrX is a real Hllbert space H of lnner

Product( ,2 and. norm ll . ll o

Co.ro}la.{f, 5.2 fn the case of the_sphere

( 5 .39 )  s ( r )  = { x6H ,  l l  x l l =  
" J r  

r ) 0

t4e- grlLse!_ &iven by (Z.LZ)rF,eco,lreg

(5.40) Ms(r)= { t*rr) e .c x H,lf xff = rr(xry) * o, l lvllz+qx,f (x.)) = a}
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8SSq,f . In the ease S (r) = DUrwlth

l o t
(5 .41 )  s (x )  - tQ1x ,4*  - r ' )

3or z = f(x) Corollery 3.3 and' (2.12)

(5"40) 
'san 

be found rn fzf] .

klg}-lgry 5.3 &g! 3c$ bg an opeJl s]lbset yvlth s(r)cA.@J

f t  A?H t"  1oce.11J- l ipschi tz-and. in ad.d. i t ion sat isf ies the propert ies

.  ( i )  . '  lxr r (xD<o ,  {*  €s(r )

(1i) w (x) = (.xr f (x)) ls d+{fqrentiab-le- A'

f ee s(r) is, a- fl9-1v-invari€t- set ilgf (2,4) 1S

( i ,4a) z<t(x),y)  +r i (x)  (y)  -  o '  #(*,v)€ Ms(r)

proofnThis result  ls & d. irect consequence of Theorem 2.7olnd.eeCt

tak ing  in to  accoun t  (3 .46 ) , (2 .13 )  becomes  (5 ,42 ) ,

Qqf*nitioq 5"1 i'Ig s.BY.tla.t .!3rg 4ot-ion,q--9n s(r) ag.e--q&Lgorx0'rf

t l rere is a-c,gnstant k = k(f  )> 0r.FucLthat eagh $(r)-valu-ed solut j 'on

u of  (z , i l  sat is f ies i
. . L

( 5 . 4 3 )  i l  o ' ( t ) l l  -  k ' k 7 o t  T t z o

Iife now gi.ve a characterlzation of the locally l,ipsch:itz force field.

on S(r)rrurd.er the act ion of which the moticns ("wlthout fr ict lonrr)

on $(r) are uniforn.

" Tlrggqe$ 5.4 lgt f: s(r)+H be,,,a-li?qcqitz, furlcEton sugll*!,lFt

.4, xrf (xD<o' f x (s (r)

and sufficient cond.itions in order for-S(r) to bP a

glve (5.,40).Another Proof of

The necessa

flovr-invarient set for (2'4) and. the motione on S(r) be ufiL-f9rm,-qrg

the folrlolving,

( i ) (x , r (x))  = -k2 , f *es(r)

wheTg k = k(r) ig_a (posit ive).c.onstant iqd.epen*ent-of xf S(r)

( i i )  (r(x) ry) = 0

I

I

geg.e[ (xry) withJlxil = trgg5! (*rY) = o
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Remark 5.7 under differentlability assrunption on x"(xrr(x)) on
A f, s (r) r th-ls theorera can be derlved. fron cororrary i.i.Otherwlse it
requires a speci-al proof.lhe proof whlch we sha1]. gtve here makes use
(d'lrectlr.) of theorem Z. .Note that Theorem 2.4 renains valJ.d. and. lq
the case ln which f is d.efined. nerely on D. (see also Renerk I,I).In
th ls  caser in  (2 .5)  we have to  cons id.er .on ly  xeDrand.  (2 .5)  fs  & neces_
sary and' suficient cond.itlon of the existence of the solutlon of (A.4)

f,or each lni t ial  cond.i t j .on (u(o) ru, (o) )  € $.Thusrih this case the probi
*en of flow-lnvariance of D ls a problem of existence.rn such a way
Theoren 5o4 must be r.rnd.erstood. (wlth D = S(r)).j i{oreoverrJ.n this ease
D = s(r)+ arqr solut ion of (z. i l  vr l th f :  D+H Lipsehitzr is def ined. on
the whol" for+o )o

t lo-of of lheroreq 5.4 The necessj. ty,J,et x 6s(r) and. f  6H be such

tha t (x r?)=  0  and.

€ MS (r) . I1 v lew of

the existence of a

l l91= l . fhen wi th y =(-( .xrr (xD) 
n l r i r*  

for lows (x, ,d

the above remarkrthe flow-invarlance

S(r)-vaLued solnt ion for each ini t ial
( u ( o ) r u t ( o ) ) €  M S ( s y e D e n o t e  b y  u  =  u ( t r x r y )  t h e  s o l u t i o n  o f  ( 2 , 4 )  w i t h
u (o )  =  x rn r (o )  =  yoAccord ing  to  (5 ,43 )  and  to (x r r ( xD=  -1yy l / zwe  ge t
( i )  (s ince f /y / f =  k ) "

fhereforerMs(r) can be writteu und.er the forra

$ , 4 4 ' l  M , , ,  . 3p ( r , s (r) * HrX x/ l= rr l{ l  * k, {xry) = 03

and. (2.6) hotas for each (xry) € Ms (r) .

According to f ,ernrna 3.3t there exlst  r r (h)(Hrwi th r r (h)+0 as h l0 (J=
=ilrr?) such that

{5,45) (x+h(y+rt(h)  )  ry+h(f(x)+rr(h)  ) )€ Ms(")

f o r  a I I  h . > O , :  . .  . . , . , , . ,  . , .  ' ' ,

Consequenttyr l ly+h(f  (x)+rr(h)  ) l l2= k2 r(  l l  v l l=f t ) .  for  at1 0<h'  ,whlbh
yleld.s ( i i1 .

the F*ff ig*e+.oJo We now assune thet (f) end (i i) hold.soFirst of a1l

of S (r)  me&ns

condi.t ions

=ilu' to)[

{ t " , r )  e
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(1)  funpl ies the form (5"44)(of  MS(")  g lven by (5 .40)) . Ior  arqr  soJ.u-

t lon  u  o f  (2o4)  we have (u ( t ) ru t t ) )eMgqr l  ( fheorem z .z ) r there fore

( f ,or each (xry) € &{S (r) )  "
CleJ-n that  for  (xry)€ MS(r) -  r rJ  def ined.  by

sat ls f ies  (5"45) .

Ind.eed , (xry) e IOS (") and. (ii; lmplies {x+fryry+hf (*D

quently lxry)= Oe Sj.nce Jf Slf = r, [#l= k it remaj:rs to
- :0  as h.J l  0 .

Inaemuch as (xry)  6  t ' t r ( r )  u*d ( t (x)  ty )  *  Orwi th  an e lemetary  ca lcu lus,

f,ror* (5 
"46) 

we get

4 rr(rr)il = *lr-f/x+hy*=ffi = ffi

which shows clearly that r*(h)+O as ht 0, j  :  rrz.0he proof ls eomple

tj;(ttow let us show trfeffi how Theoren 5.4 explains the launchlng of<-.

an Sarthls satellite in a circular orbit (when the oblateness of the

Ser thra i r  res is tencer the at t rect ion of  o ther  ce lest ia l  bod. iesree$ooe

are negl,ected.).

flrr(rr)fl =*ffiLry

In thJ.s case f is the ]fewtonian gravitational f,ield. i.e.

(5 
"47 ) 

f (x ) = ii cl,I -gr
f{xtf

where C,H7Oris the power of the force center,

S(r) c R3 ls the sphere of radlons r about Earthrs center O (as

the force center)) and. r  * R+ro (ro2 OrR - the radius of the Earth).

(5 
"4i l  holOs "Therefore, i t

Iu t ion.1.€.  to  ver i fy  that' I

I,enma 3n31we have to prove

renrains to prove the existence of

(1)  and.  ( i i1  lnp l ies (2 .6) .Us ing

the existence of r* (fr) sytlsfying
rJ

, $=y+hr (x ) +tr, f r' I 1ff#ffiP

the $o-
ll

once *gut

{5 .45 )

(5.46) E = x+hy+hrr(h)

= Q ,and. conse-

prove that  r .  (h)
J
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Theuequat lon of  mot lon J"s  supposed to  be (2"D wi th  f  g lven by (5 .47)
As a corollary of Theorem 5.4 we obtaLn et once the fortowlng ci.assj.-
cqJ. result  of f l lght sp&ce.

corol}arY 5'a xo .@.-

l:h?E 
I R+ro vo (rc.rlsl-ls

the Earthtn

$"47)' il yot/ {ft

c( r )  -  p (xo  # ] l |  s (R+ro) ,

qhere P(xoryo) 
o enLJo.

?roofnln tlr:is case y?e have

1 * r f ( x D = - P  , f =  w i t h l f  x /  = r = R + r o ,

therefore the cond. i t ion ( i )  of  Theorem 5o4 holds wi th k2 = g.

obviouslyr(xorxo) € i {c(")  g iven by (5.44).Since ( i i ;  i *  
" f "u" iy  

sat is_
fied'nit forrows that c(r) is a f lorrl- invariant setrwhi.ch conc]"ud.es
the proof,

Other applicatj.ons of thls type wil1 be glven i n  the  seque lo
5.5. The J.ryrariance of the eonlc i.n $entonian -!-eld.
Se shall spply 'Iheoreg 2.8 ln the case of the conic

(5.4s) c = {* r' n2;l x-,E11 2-(<6,*-E)+d;2= 
0J.,

where 6rl e n2, d e n and dl ard as one of the focl.
fn this case C = Dg with g given ,6y (5.g) 

"A 
general result  on C

is given by ?roposi-t ion 5. l .First of al l  we shalr d. iscuss (2,2i l  for
eech particurar coni-c and. f given by (5,47) end then we sharr verify
(2.13). lYe have alread.y consj.d.ered. the cl ,rele C(r) in Corol lary j .4"

5 "5 ,1  E l l i p t i c  o rb i t

Let us consid.er the ellipse
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tPl # t= 'j
where the rectangular axes are taken through one of the focirZ s(re.gP.

2 b) ls major (ninor) axis and a2-b2= eZ

Denote by 0 the interse:|t"" of axes and'

(5.50) e(x) = *fry'.-3'- r) ,(hence Ds = E).

l ,qgs 5.1 ( t)  tqt  A -  R2 -{o}.r  f  eive}r bv (5"47)Q.2Q and (2.L1,)

become respecliyq,If

t : ' , y ) e p , R 2 ,  l " r ] i ) t t  * 2 "  ^  2  '  c  ' t '  )(5.5r) rq=ltrry) e p xR., 
u. 

' f  = orr! + vz"= c};I(f, - ?J
^ 1/2

whg{g-ytryz ale the-.egoJd}na}.gq.. qt y agq r = (\'* *r') =trxl(2a

( 5 " r ; 2 1  w ( x )  =  d ( * ) ( f ( x ) )  =  -  S ,  ,  x e n .
ar-

?roof"It is easy to check that

1 C
( 5 " 5 3 )  r  =  

A  1 b ' - c x 1 ) ,  a ( r - a )  =  - c ( x 1  r c ) r x € i i

In  th is  case (wi th  the notat ions (2 .15)- (2"22)1

(5 "54)  e1 (x )  =T ,  e2 (x )  =3  ,e11=  Lz ,  8zz  = ! ,  ,  ELz  =  0

and. therefore
4  ) .  I(5"551 a1(+)  =  
:2- ;2  

(zar - r ' ) ,  ar (x)  =  
;#  

o  xeE

Final-Iy D
/ x1(x1+c)  " ; )  GM(r.re) dt")(f(x)) = - 

ffrp*y * w ;F, xertr

Combin ing  (5 .54) ,  (5  ,55)  (5 .56) (2 ,22)  and (2 ,24)  on9 ob ta ins  (5 .51) ,

5 t5 .? HiP g[Lq rtg-grh;[*t

If we take

( r . in  e(x)  = ! r  :  :# . t+ i ) ,  x  =/" r \
a- b" " 

- \*t /  '
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- 
then D* is the hyperbola

(5"5a)  
"+€R2- to ] ,g l l f  * t - , :o l  ,

lrhere

( 5  
" 59 )

It J.s

. '  (5 .50 ;

( 5 .5 r ;

the rectangular axes are taken through
' t . 9

tr =t(xtl  = 
* f bz+ex1 f ,* €Hrc2= u?*bZ

necesse,ry to conslder the foLlovring two

nr=F € &2 * trlrxt> - E' j

or=E =(:}).u , xr , - Z" ]
Denote bv Hr= HnAr the branch of H eontai-ned in Ai l i=lr2.
obviously o is regard.ed. es the center of the force field. (5,4n and.
H1 1s the branch of H around. this centero
lve shatl prove (i, ' 5.5,3) tnat Ht is a flow-invarlant set und.er f gi-
ven by (5, +7)owhJ'1e II, has ttrls property und.er 'rrepulsive" fieLd (of,
cen te r  0 ) r

( 5 . 5 2 )  i ( x )  =  *  * 3  ,  x e  A ,
llxll-

th is  type of  f j 'e rd '  (5"62)(of  the inverse square repuls ion K/ iwr l rK2o
per trn:it rnass) is useful i-n physics in connection with. the bonabarda-

one of  the foc l rO(oro)and

cases ( for  a)

ment of atons by** part ic lesr

lernma 5o2 (1)  ruh- f  e iven bv (5 .47)  and.  Dg= E1r(2.24)  and (2.111,
beconne respectj!.veIy 

.' .. '

(5,63) *hr= {-r*,y) e fu x ot,"t1l**o' -

(5.64) e(x) (f (x) ) = * 
#? !u2+cx1) =

(2) fr l  the Te,pulsive case (5.6U gS_De

( 5 . 6 i l M H 2 = [ . * , , , e H 2 i R 2 , r y - { i = o , y ? . * , 3 = * ! * - 3 i }

Y?*a

b 1

GM

at'

_ t t2 l

- *,-i= o,yf*yi =

r x e  H 1 =  H n A l

GM(3

end
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(5.65) 6(x) ( i (x)  )  = #rquz+r*1) { ,  t  x€ Hr= H n Azo
.  a - r - -  L  a r

Sroof .  (L)I ' l rst  of aLlr ln th. is case

$,67)  r  , '  $ {n2*cx1)ra(a+r)  =  c(c+x1) ,  r€H1

e1(x )
a -  b -

and. (5*64) fol lorvs at onceoFurtherrby (5"67) we have (for xe H1)

( 5  
" 641  

t

'  z  z t" tT) i  -  * :  L ' -= (r2(*4 +c)2-*4 )= &(rz+earl(5.e4; a1(x) = ei*e|= tO-- 
. 

S 
= 

3o- a-b6

ar(x) = 
?#

rvh lch y ie i -d  (5 .53) .
2

(2)  In  th is  case b '+cx1< 0r therefore (5 .59)  g ives

(5 .59 )  r  =  *  
. *  

(b2+cx r ) (hence  a (a - r )  =  - c (c+x1) ) r x  e I I2 ,

$herefore

. ar(x) = 
f# fo2tq*")2-u1J = 

# 1rz^zar), xeH,

wh iLe  a ,  i s  g i ven  by  (5 .6a ; t1 toe -

Accord i . : rg  to  (5 .69)  we get  eas i ly  (5 .65) .Replac j :ng a1ra,  and.  6(x) ( f  (x)

tuo (2 .z i l  r  (5 .55)  fo l - lowsc

5.5,3 Parebol j .c orblt

Denote by P the parabole

$ , lo ) P ={xene, 
"7 

= p2+ zp xL!

where S is the d.istance frpm the focus O (as the origi.n of the xsc-

ta'ngular axes ) to the d.irectrlx*

C I e a r I y P = D p w i t h
6

e(x) = *r*2- 2px1-.p2)
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using the erementary fact that ln thls case

r  = f t x 1  = p * x f r l f  x = f 1 )  . t
\ *2 t

we get f,rnmedjately (for f given by (5,4?))

(5 .7t )  &(x)  ( f  (x)  )  =  -GM pl r ,  ,  a f= 2prr*z= p2

I rx  v j .ew of  (5 .?1)  t (2"?4)  becomes

$ " r 4 * , = [ ( x , y ) * p * n 2 , F x 1 = * z y z , y t * , 7 = r y } .

the speed y of a nass pertlcLe (at' the point x e p) su,ch that (xry)
€ Mp(therefore h.avi:eg the nagnitud.e y2= Z&Iil/t, r=lxlt) fs so cal1ed.
tt the velocity of escape fron the force centerrr (cf. [ Iccuskey 

hUp.z7).
The speed' appearlng in ((5.51)r (5"6, and. ( i"72) is dj .scussua *r"o ir l

[rfJ pozl,z9 and. t" [lf,1po88.
5,5n4 Flolv- j . :avariance of the conic.

lhe generar equation of the conlc c is given by (5.4g).1,/e now are able
to prove (via frow-ia,varlance method.) the forrovri.ng resurte

t4epJ:em !.! (1) $nv conig-c for the €era-
t lon (2"4)  wi th

( 5 . 7 ,  r ( x ) - - * + ; , , x # d
rx- ar:

where ln the eaqe o.f, rrvperborarc = q-(i.e" the branch around th

(2) [h.e,.other brgnqh He of-the h.v]e.rbg1a-is q]o-w:invas+a+t .for
with the repulsive f ield

(5.74) f ( " )  = GH x-ar  .  x  # 6
[x-af

:
wherg GM is the power gf the,,f_oree,,gentgg E"

( 2 " 4 )

?roof. We spply fheoren 2.3.rTe have alread.y seen that ln this case

%*(*oi th g g iven by (5.9))  rs nonlempry (actual tyr that  (2"?j )  holds) .
Th is  fac t  l s  p roved by  (5 .4o)  (o r  5  .44) ,  (5 .5 r ) r  (5 ,6 i l ,  (5 .60)  and.  (5 .72) ,

d as }he. ceqter of the att lect ive { ielq $.73)).



,"v i1 : : I i=1:i-:":1.:fi J5 :::H:' 
=

;* , ," &if,f,erentffibl'e 
or 

/or aLr (xry)witr'- g(x) s

rr) rgr") tr(r)) (v)+6(xltit"l $r:l:'*; = ;

LveB (bY(2'1X)) ln' tbe dl-

reednln thls oase the 
1e-:il

;;r"; v '* tbe forlo$i$s one 

ly) ).

*(x) (v1 ' !itx) (r(rc)') (v)+e(x) ti(*) (v) ) '

flne& W (5'3) ls a eltsllce of one d'$nerrslon).I.,et 
trs

s* $(a(r) ) de'-- 
of the function

;-r"; tbst the derlvatlve 
rg Jusr

n(x) ;11-6il '*u* ' x t 6 rs Jus.

fr(rXv) 4
,rffi
seu as (5 'It) ' (5 '1e) and. 15'13)'we 

bave sucoesl-

tbts renark' as

t
I
I
t
t
t
I
i i:'t.
T
i :

, l  / ,

' t r
r f  .
t
! r
, {

I

. E

b

I
t*.
T

l

t
I
. B
l . b

1
t!

, \ '
i t

,
1
1
i
?' t
t
1

$el.ng

veIY

r l
r i

j

i

gJ.itr) tvl . -I"_ah. 2nu4*3P(x-5) '
llt€ll

) ) (y ) ra,", ffi 
'":-:,::'i:,H: lJ.r, -

- c$r 6(r) (v) ;-=*l' i1-^,t-' _ =

- (i j!-6r.r,r,;;ry#f{ 
ta+o'x-6})r

gbers we bsve al'so *uU-

&(r) (x-6) * a('a+<6 'x-6)) r t t' e Q

. ' , r ( y )  -  0  g l V e s t
t*"".u*:'r;:" 

13-6 r<i rv)= &<i 's ) r

-i

Ibeoomesr - F - ? y> (a+iurtr-6tU=
3@ $= f n*-auZ (iny) -(l'-8

-  T  =  t -  . h  V '
!

. 7  - . .  * - . \ ; ( x ) ( y )  *  O

3crr * (d +
1r,-6tl'



f o r g ( x )  = 0 a n d ,

$lnce f = -fr the

* 4 9 -

= 0rhence (5 r75)

conpLete r

ho lds for  f  g iven by ( j .73 j ,t i("1 1t1
proof ls

Recal l  that  f :  Ac R3*R3(see 5.1)  ls  sa id .  to  be a ncentra l  force
f ieLd" t t  o f  center  0  i f  for  each vector  pos j . t ion x  €Ar the force f (x) (as_
soclated' with x)acts along the vector which joind. 0 wlth x.The central.
force f leld. is said. to be r lattract i 'err(rrrepursiverr) 

rr  for each x €An-

" 

the vector force f(x) ls d. j-rected. toward. or away frorn Orrespectrv"ry"
In terrns of d.ynemicsrTheoren j . j .  asserts that a bod.y p projected

fron e point x c wr.th a verocity y such that (xry) eL{*(grven by(:.5r.)

"a 's"o)  d .escr lbes (under  the act ion of  the f ie ld .  (5 .Tr)  the orb l t  c"
OrrJ'n Dynaroics it ls lanown much morernamely the followlng farnous r€o
eul t  ho lds:

34 orem J.5 (1)  
ld_gg

{e

ln l  
t t  Q descrj 'bes the conic- c 

".r . th 
q""Ftgt l t  

""- .1 "g1q"i tY't .h?, ' t49ce act i -n
d is tance f

( 3 )  c o { r v e r s g } Y ' i { q  x < c @ y
such tha t  (x ry )  e  Mc s lven  by  (5 .4 i l  (w* !h  k  = lg ,F  = l ,x t , ) r (5 .5 r )  &osr

V  t  ' l ' - ' t  t r \ J r J "

o'rdeFc-{ 'rbes ,(@ r $.7, or (5.?4))r jhe-s-gnig. c

b . ) .
rn our framework (i.er via flow-inveriance method.) this theoresl

can easi ly be proved. as fol lows.

(1) I'et Q rnove under the central force :fierd. f of center O.Denote by
xu(resp yo) the ini t ial  posit ion (veloeity) of Q and. by S*the closed.
J'inear subspaee of n3 spanned. by the vectors xo and. yo.rf yol o an*
yo is not paralleL to xo then S l.s a plane {othertrrise S j.s a stralght
lJ:re containing xol 0).L,et A = R3-{O?and. xe D = A /l Sosjnce f (x) aots
along the vector which joins x wlth 0 snd. xroesrl t  fol lows that f(x)

Q 3o the focUs d of C.



S( i .e ' f  (D)  c  S)  and.  therefore

ant  set  for  (2 .3)oObvlous lY D s

* t O *

(by lheoren 2,5) D is a.f low-lnvari*

nnA ( i . e .  D  i s  c losed .  l n  A )  s lnce

r \
D = S -[OJand. hence I = S.Inasnuoh as (xoryo)e D *S = MDr ln vlew of

Theorem 2.3 the orb i t  u  -  u( t ) r t> ta  of  Q l ies  in  Drhence ln  s .

(Z) tror the sake of simpllci ty we shal l  noake a cholsersupposjxg €og-

that  C ls  the El3, iPse E (5"49) .

,  . '  fherefore let Q describe ) l  with constant areal veloci-ty 1Be'[ f : ]

p"5) r re la t ive to  tbe focus '0  as the or ig in  o f  the rectangular .axes.
rf S--

Tirst of allrthis j-rnplies that the force fteld. f acting on itvcentraf,

i c€ r  fo r  each  x€  Er the re  i s  h (x )  e  R

such that

(5 ,76 )  r ( x )  =  h (x )x

I f  u  =  (o l ( t ) ru2 ( t ) )  i s , t he  l av r  o f  mo t ion  o f  Qr then  the  cons tance

o f ' a r e a L  v e l o c i t y  ( r e l a t i v e  t o  t h e  f o c u s  0 )  m e a n s  ( c f . [ f : ] r p . 6 )

( 5 . 7 7 )  u 1 ( t ) u t e ( t ) - u a ( t ) u t ( t )  =  K  =  c o n S t r  t > r Q

Sl-nce u is  E-va l t red then (u( t ) ru t ( t ) )  €L{E( fneorem 2,2)  therefore

(5.?B , { "t(x1+c 
)/ u2* *{z/az = o'

( xLY Z- x2Y1 = K

for al l  (xry)e I lU gi.ven by (5.5t)rwhere we have d.enoted. xi= ut(t)  an;d

X t =  o i ( t ) ' i  =  1 ; 2 .

Using sone of  (5 .47)- (5  .53)  one observes that  the so lu t ion (V1rY2)of

(5.?8) is the follovrlng one

Y t =

and" hence

(s .?9)  y2=

0n the other

uk2
--- : :2

r D

2 2
xt* Yz =

hand , by

€ 8 .

(5 .76)  we have

.  v^= $Bj . j9 ,  ( r  = uxn,  xe E), ,r 2- A1.

v2 ':
*  (zar - r ' ) ,  x
b'r '

( 2 . 2+ ) ,  ( 5  
" 74 )  and
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( i . 7 i l t  y 2 =  -  F a s ( x ) ' f ( x ) )  =  -  h ( x )  
a 4

oZ - -  . ,  
:x ) )  

=  -  h(x)  
% 

(s1xr+ B2*2)  =  -h(x) r (Aar-

f o r  e a c h  x e ' o  
' ' ) / a

comparlng (5.79) and.^(i.79)t we concrude that
(5.eo; h(x) = -  f ;Ot 5 (r  = f lx* ) ,* ! '

(3) YIe now sssulne that f  is given by (5"47). l f  Q is proJected fron

s(r ) rErHl  and '  s  respect ive ly  (and H,  under  repurs ion ( j ,62)) ; f t r is  as-
.pect has been alread.y proved. (Theoren 5.5 ae rve11 as Corol lary 5,4 j-n

the case c  = s( r ) ) . i t  rewains to  prove that  a  obeys the law of jBT€esr
(1.e ' .  that  the areal  ve loc i ty  re la t ive to . the foeus O is  constant )o
Indeedr the areal  ve loc i ty  (denc j te  i t  2 I ( ( t ) )  is  g lven by -

i ( ( t )  =  o t ( t )u l ( t ) -uz ( t )u i ( t )

.  as  we  have  seen  above  (see  (5 .T2 ) ) .

Working j :r  the case of S toor(5.A0) hold.s with h(x) = - GLi/-3(Uy
( 5 . 4 7 ) ) r t h e r e f o r e

rf ft) = * r3th (*) 
/a= Gl,[ b/a= corst

5"5rG Tbe fgrge'f iel-d. und.er vrh}ch s_conlc gaq be d.escribed.

App}ying rheorem 5.3 we can d.erive all g-smooth force field. und"er
'  whieh the conlc c cen be d.escribed (with g given by (5.9)

For the simplieity we shall treat this: problem in the oase of C(rj
aalynwhere

( 5 " 4 t )  c ( r )  = {  * .  R 2 ,  d x r t  -  
" }  r  x  } o

L J

the rest of dlseuseion 1s left  to the read.er.Obvious1yrC(r) Gorr€s-

ponds to D.,. with
e

s(x)  =  *  (u*uz -  ,2)  =  * -  ( * l ' *  *22-  ,2)

In this case e(x) * x Brd. (5.26) becomes
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In view of theorem

Co{gl lary_ 5,5
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(5 .2e ;  "  1  we

flel"d. und"er

{-t
_ f-\ '

t r ?

( 1 )

o \
I

-L /

(formuLa

All  foree

get

vrhieh

bed. are s iven by
- 

nz- 4 ^
(5 .4e ;  f ( x )  E  -z (x )x+  f  ; ( x ) -  t  r * , i ( x ) )  x r

' 
rryhere iai differentlable fwiction and.

z ( x ) > 0  f o r  l l x i i  =  f ,

Q\ ]f in ad.d"ltion we asswne that- the fnnct ion z Is posit ively homo-

eg-rtesBg.-qf.  desree 0(i .eo z(tx) = z(x) ,  V i  > O)rther}, .  for-eechFl*grAt

number nrgg-g-pilggg

S( I )  =  
{ *  

€  R t r ,  t t x t t  =  t }

cgL Le, d.gitc;ib'ed u+{qg the fprge, f*eld

( 5 . 8 4 )  r ( x )  =  - z ( x )  * *  r z  i ( x ) ,  x e R n ,  x  * 0

?roof  ( I )  Th is  asser t ion fo l lows d i recte ly  f rom (5.28)" r&s

e3.read.y mentioaed..

(1 )  In  the  case n  =  2r th ls  asser t lon  fo l lo lvs  f ro rn  (5 ,82)

lerts theorem on oonti-nuously d.ifferentj-ablerpositively

functlons (of d.egree zexo) rnamely

( 5 . 8 4 )  < x r i ( x 1 )  =  0 r  x e R n l d ( x )  =  g r a d .  z ( x ) )

For n73rwe have to probe it.First of al lrfor f given by

eubset Mr(r) given by (5.40) is the fol lowing one

( 5 "85 )  Ms ( r ) *  
[ , " , y )  

e  S ( r )  x  4 ,< * r t )=  0  , t f f t l z  =  12

vrhere (5.g4) has been used..

We have to prove that any solution u of the equatS.on

uff = -z(u)u+ 
l 'afol

we have

and. the Eu-

$ornogeneous

(5 ,83)  ,  the

U*) J
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wi th  (u (o)  ru t  (o )  )  €  Ms( " )  )  i s  $ ( r ) -varued ( r "e .  [u ( t ) / t  =  r  as  rong as  . I " t
exlsts ) .

fo  do that  ,set
d a ^

v( t )  = t  ( t ru( t ) t t2-r2) .

using (5"e5) rt is easy to check that v satrsfies the rr.near (scalar)
dlf,f,erentia1 equation

( 5 . a 6 ) v t | ' ( t ) i - 4 , ( u ( t ) ) v ' ( t ) - e ( u , ( t ) , i ( o ( t ) ) > " 9 @

ffiitions
v ( o )  =  O r v t ( o )  = ( x r y )  =  0 r  o ' r r ( o )  =  r 1 y 1 2 -  r z z ( x )  =  e

v r h e r e  u ( o )  - x r u r ( o )  = f ,  ( i . e o ( x r y ) . M S 1 " ; ) .

therefore v  is  the t r lv ia l  so lu t ion of  ( j .Aq rwhich impl iesnu( t i11=
-  r t t > r O

Rgnark 5"8 (1)  $ le  not ion "$( r )  can be d.escr ibed.  under  f ' r  is  ob-
v ious ly  in terpreted.  as "s( r )  Ls f lovr - invar iant  set  for  (2 .4 ;  r r (see(5.1)

a n d ,  ( 5 " a 1 1 .

(2) By theorem 5.4 i t  fol lows that the motions on s(r) und.er force
f ield. (5.93) are uniform i f f

( x r f  ( x )  )=  * r2z (x )  -  - k2  =  co rs t  t  { xe  S ( r )

( i .e , l f f  f  is  the at t ract ive f ie ld .  f (x)  -  -  kx)
(3) According to (z,zT) rt  f ,ol lovrs that f  given by (5.ge) i ,s the solu-
t ion of the part ial  d. l f ferential  equation

4 -  . 2  e #  ? f 2 .  e 2 r 1  2 a + Z(5.eT ) 3xrt*-3x1f'+x1x, ,*, #rr-**, #r*; #r= o

where at t*  *22= r ' .

wlfich characterizes the continuously d.ifferentiabLe force fie1d.

und.er vrhich C(r) can be descrlbed.

,=ft4
\rei



- 5 4 -

6 o I.INA], REMARICS

. L. In thls paper the force f ield f  :  A cX+X, (X a reaL Banach spac€

y = ff') ls supposed. .to d.epend. only on the position x of the ltparticlen

on whj.ch i t  acts: ( i .eo f+ f(x)). fhe tnethos we have d.eveloped. aLlows

however to treat (at least up to a certain poi.nt ) tne flow-inVariance

of DCA in a more general case in rorhich f= f(xry) i .€. f  d.eipend.ing

both on the posit ion x and,of the velocity y (of the part ic le on vr l :- lch

it  acts)" lndeed.r j . t  Is easy to cheok that j : r  this case we have to put

f (xry)  ins tead.  o f  f  (x ) r in  (2 . i l  r ln  Theorem 2.4 and.  (a f ter  corr€spor-

ding nod.i f icat ions) in i ts consequences.

In  th is  case the speed.  y  o f  "pro ject iont t  f rom xe D-  is  a  so l -u t ion of
5

the system

( 6 . r ) e ( x )  ( v )  ( v ) + b ( x )  ( f  ( x n y ; ;  =  $

e ( x ) ( y )  =  o  ) ( e :  l * f ;

Let us assune that such a solut ion y exists and. (Zn6) holds (rv i t l r

f (xry) instead. of f (x) and. D=D",) oThen a bod.y pxoJected. from, x e D.,. wlth
6 - 6

the  speed.  Xrdescr ibes  an  orb i t  u ( t )  =  u ( t rx ry )  wtdch l ies  ln  D ( i .eo
g '

g (u( t ) )  =  O rBS long as .  u  ex is ts )?rac t ica l l y ran  exac t  so lu t ion  y  o f

(6.1) is di f f icul t  to obtain.Then the problen of  stabj- I i ty  of  D* ar j . -

sesrnamely:

Given f > 0, i.s there d> O such that if

f f  u ( t r x r y o ) - u ( t r x , f ) i t .  € ,  t  t  > r o ?l{ Jo*Yll .d rthen

In word.srthe stability of the orbj-t D* rneans that given a neighbo-rlood..

V of  D. , (see (2"7)) r i f  yo is  an approx i - rnate so lu t ion to  (6 ,1)  suf f ic ien.
5 v

t ly  c lose by the exact  so lu t ion I r then a body pro jected f ron xeD*wi th

the speed Xocd.escribes (und.er f)an orblt  whj"ch l j .es in V;,Therefore l t
.t



would be intenesti.:rg to stud.y the
set D* with to the equation

problem of floW-j.nvariance of the

( 6 , 2 ) U r t  =  f  ( U r U l )

and' then the stabillty of this set.The above remarks hord. ln the r1or.-
autonpmous csae f  =  f ( t r t r r t r r )  too.

Z'The (sufflcient) suriectivity cond.itions required in the Theorer
2 '6  (which ls  a  consequence of  rheorem 2,4)  are-not  the best . fh is ,
because in sorae j-mportant casesrthese are innposible (Nanelyrwhen x = ,
=  * rY = R[rn <2n) .

of

the

functlory therefore

* =(*t\ i elr"r\e \t/ 'd(*; = 
[ ;ti;t

Cpnseguently, the surj ectivity

to the linear i:rdepend.eney of

fnd.eed.r€.g.  in  the ease X = R3ry = R2rg,  AcX_rRp is  a  vector

,g r r  A-+R ,  d i (x )  e  r , (n3ra)

n-+ (g (x )  (u )  re (x )  ( y )  (u )  ) , i s  equ iva ren t

follorving four linear functionals

r  1 = ! r 2 .

Orrfour (2n) Iinear functionals on R3(resp frn . ?n) are always llnea:
d'epend'entoThereforeranotirer open problem is to d.erive a conseguence of,
Theorenr Z'  rbetter than Theorem 2.6 , to cover the csses x = frx = I ,n
wlth m12n (not excludet by the f i rst theorenn)

3'l&fe are also interested' in the probren rnentioned. in RemarkoSo3.
4o The coneruetion of fheorers 2,4 remains verid. if f is d.efined. onry
on D (see Reraark 5r7).rn this caserto obtain i ts consequences (as in

$ Z l  we have to  use the d l rect lonal  d .er ivat ives of  x+d(x) ( f  (x) )_ren8.
J'n the sense ot [zl-zlJ (since the ]rdchet d.erivative ls d.eflned. on
open subsetsronly). \ ' /e didntt  invest igate this (rather al f l 'arcl)  factn
a l though i t  see&s to  be poss ib le .

I,,r: tt3+n

11= e1(") ,  I i+a= i l i { * ;6y1
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5o Does the conclusi.on of Theoren 2.6 hold. ft  f  fs xeplaced by

any Sanach space Y ?

6, It would be J-rnportent to stud.y the problen of flow-invarlance

of .a t lme*depend.ent set D = D(t).A suggestlon to treat such a problem

ls to make use of the general izat ion of Theorem 2.I(of Nag,ino-Brezis-

Mart in) to the case D = D(t) given tn lZ+l oFirst of al l  i t  is neces-

sary the adaption of the results of . f  3 to t ine d.epend.ent case D(t).

.?.For constrained. control problern would. be Sraportant to have !€-

su l ts  on f low- j -nvar iance of  D*  for  (2 . I )  w i th  f  =  f ( t ru) ( l .e . f  - t lne :

depend.ent) .in Carathdodory type cond.itions.A rezult in this d.irection

has been g iben by t l .Urgescurbut  on ly  in  a  genera l  case DcX (see b lJr ,

p . 1 9 0 ) .

I

r
I
i
I
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