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FXISTENCE ryOR A CTASS 0F STOCHASTIC ?ARABOrrrC

VARTATI0NAI INEQUAIITIES

by

Aurel- Rdgcanu

'Abstract. In this rraper we
cipS'ffiffi-chasti.e proce ss u'
variational inequality:

fr
E \ < vt +A(t )u-f , v+m+M-u) dt,o

Faculty of Mathematies

University of lagi

fagi 6600, ROMANIA

dea.L rryith the existence of a nonanti..
solut ion of  the stochast ic parabol ic

*  * t l * (o ) -oo l  
2  *  * t l ro ( r )12

for al-l v and. m in
1'I are martingales).
a maximal solution.

$0. Introduction

tret V and H be two reaL separable Hilbert spaces, and V densely
a.nd. continuousiy embedded. in H. It is lanown that, for the stocfstic,
Oifferential equations :

(o , r )
du + A(tru)d. t  +? y(rru)at  t  f  ( t )dt  + drrr ( - r )
u (o )  =  uo

where A(tr )+\y(tr .) :V-+Vf is an unbou.:aded operator and. M is & rn&r-
tingale with values in H (for example a H-valued. lVienen proce""),

( 0 .  e )

which is

we catu:ot generally flnd strong stochastic solutj-ons (ft6 solutions)..
0n the other hand i f  we denote u-M=zr Eq. (0.1) beeomes

$ ;  +  A ( t r z+T{ I ( t ^ t r t ) )  +Cy( t r z+ r { ( t t r r t ) )  3  f ( t e r r t )

z(arO) = uo( .o)

a t ime dependent.ranc'om d. i f ferential  equation. By a strong

. nfVft,vim+ttt)dt

some f ixed spaces
I f p i s a c o n v e x

J

of  s toehas t ie  p rocesses  (m and
indicator fi.mcti.on r we obtain



*o lu t ion  o f  Eq. . (0 .2 ) , ,ve  mei ln  a  func t ion  z ( . r ; t )  l vh ich  is  abso l -u te ly
'::ontinrrous.'. in t a.lmost sllre (".s.) in ure gz, a:rd r',, 'hich satisfj-es
I tc l .  (o.e) almost everyrvhere 

' (a.e.  
)  on J0rT[ (u=z+], ,T is r t6 solut ion

3or (O.t)) .  Tn genera. l  the t ime dependent random di . f ferent ia l  eqlr-
.;t ion (C"Z) d-oes not acli:r it a s-br.ong sot-uti 'o::. .

For 'these reasons we introduced a concept of weak solution _Lor -
sq . (0 .1 )  (wh ich  w i l l  be  g iven in  Def .2 .4 ) .  For  M=0r  any  c le te rmin is -
i ; lc  process which is a weak solut ion in th is stochast ic sense, j .s

also a weak sol-ut ion in the determinist ic sense from 13),  [6] , [ ta) .
We shall prove the exj.stenee of weak solutions in fheorem 2.7

and Iheorem 3.3 .  Example 5.1 shows that the weak solut ion is not
nnique. That is why in Section 4 we try to individualize a ,rieak ,, :.::::.,:

solutlon.

In ord'er to find a-maximal element in the set of weak solutions
,$ome assumptions of noncorrelation would, have been necessary, whi.ch
vrouLd. have been diff icult to verify on examples. That.is why lve aban-
doned this idea, and instead.r w€ have sought for a majorant of the
set of  yreak solut ions rnrhich is a solut ion of  Eq.(0.1) in a certain
senser qui te c lose to the ' reak on€r Def.  2. I1 introd.uces the concept
of "almost lveakrr solution, and. j-n Theorems Z.L3 and. 3.7 are given
existence resul ts for  an ' ta lmost weakl '  solut ion of  Eq.(0.1).  Und.er
some orcler ing hypotheses, for  y( t  ro)  =rr(  

t  )  
( r )  (  the convex rnd. icator.

' f w r c t i o n  f o r  K ( t ) ) ,  a ^ n  ' r a l m o s t  y r e a k , , s o l u t i o n  o f  E q . . ( 0 . 1 ) ,  w h i c h
naximizes the set of  ' , ' , reak solut ions vr i l l -  be founo (rh.4.z) .  Also , r /e
give a nethod" to approxima.te the maximal solutlsn.

rn th is paper we use certain resul ts of  pardoux from t t r ]Eu
also some results of nonlinear analysis in infinite d.imensional spa-
-c,€s f rom Lelr [ l ] ,  [BJ,  [ r f ; .*0ur technique is based. on f t6,s forrnula
(energy equal i ty) .

fhe plan of the paper is the followj.ng 
" 

fn section I we give the
basic not ions and notat ions.  rn sect ion 2 rve prove exi .stence theoresrs
{T:n.2.7 and'  2.13) for  iveak and "almost v,reak'r .solut ions.  proposi t ion
3'6 shows that JtO solut ions are weak solut ions.  In 'sect ion j  v ie
Prove the existence of  weak solut ions ( fh.3.3) and. , ,a- tmost i f feakn so-
: l t t ions ( th.3.?) rrnd-er weaker coerciv i ty cond. i t ions on A,tha:r  those
:tsed Theorems 2.7 and 2. I3,  but  in some ad.dj- t ional  order ing hypotheses
fhe "almost weakrt  solut i .on,  u;  in Theorems 2.13 and. 3,7 , ,maximizes,,
the  se t  o f  v reak  and "a lmost  v reak ' r  so lu t ions  (Th ,4 .2  in  sec t ion  4) .
f inaL1y in sect ion'5 we give some examples of  stochast ic var iat ional
problems.
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$1. ?rel iminaries

A. Troughout 'bhis paper we sha1l  consider a given probabi l ized
stochast ic basis (n,  FrP, (4 ) t"o )  vrhich means that &, 4p) is a
coraplete probabil ity space and- (.F*)* ^ is an increasing family of
sub-ri-atgebras of f , "rr"rr 

that ;.q"?? riij;----:::
B. (see [rg] l  r f  X is a ref lexive separable Banach space and

I*nOr4P;x) ,1(  p*.{oo, then there exists a unique element E(} lFt)
€ lp (nrF l r f  iX ) ,  ca l led .  cond i t iona l  expec ta t ion  o f  w i th  respec t  to
Fy and defined by

( r . r ) E( lFT) = E( t'E(] r Ft ) ) ,

for every FeF' vrhere

( r . 2 )  u T = J \ ( w ) c . p ( a r )
. h '

and

( 1 . 3 ) fr(..r) = 1
= 0

q r e F

w#v .

c .  r ,e t  l f  ( nx l c ,T [ ; . { ) r l <p (+oo  rbe  ihe  spe  ce  o f  s toc ras r ; i c  pz .oc i sses
fe lp(nxJo ,T[  rY#,PXdt ;x)  =  Lp0Rx]c , l [ ; : l )  rv i ih  the proper ty ;  there
is a representat ive ? of the eo.uiva. lence class f  sucir- i ;hat f( t)  is
c7

{ -measurable 3r€.  on JOrr l  (?  is  ca} led.  nonant ic ip : i t ive process) .
i?e denoted- uy f ,  trre 0-- algebras of lebes€l- l .e mea.surable-sets on Jortf
and r ,v i th  d . t  the r ,ebesgue,s  measure.  The space r f (nxFrTl ;x)  j .s  a
l inear  c losed subspace of  t rP(nxJorT[ ;X) .

lYe denote ly  l f  ( r t ;c (orT;x) )  r1sp3+oo , the "pu"" :  
o f  a l l  s tochast ic

p rocesses  fe r . ,F0nrS? ;c ( [o r r J  ; x )  )  =  L ( t z ;  c (0 rT ;x )  )  w i th  the  p roper t y ;
there is a funct ion f  belonging to.the class f  sueh that r( t)  isq

. f . , . -measurable for  every t€[orr ]  (T is.ca1led. ad.apted .process).  The
$pace l f  ( f , t ;  c (0 rT ;x )  )  i s  a  l inear  c losed subspace or  r ,P(q ;  c (0 ,  T ;x )  ) .

It is quite easy to show that in .for each of the two cases a11y
representat ive of  the c lass f  has the same property as the corres-
pond.ing f.

i f

i f

t l tr:2l,U$r (i{, t. l ) is
b y l { . y ( o r t ; u )  t h e  s p a c e
with the propert ies . .

(=  expecta. t ion of  T )

o f  s t o c h a s t i e  p r o c e s s e s

D .  ( s e e  [ 9 ] - F a real  separable Hi lber t
space, rve d.enote

M€r , { f t ; c (o r r ;H) )

( i )  t v l ( o )  =  Q  & r s .
( 1 . 4 )

( i i )  E ( t { ( t ) t F . )  =  r r t ( s ) B . , s o  ,  i f  O - < s < t ( T  .
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The elements of this space are called. continuous p-martingales.

Let M be a martingale ,belonging to ttrc rT;H). By the Doob
-Meyerr  s decomposi t ion,  there exists a unique stoehast ic process

. 1

<I{re r, i&; c (0, Tt R) ) such that 3

( i )  t -+<M>( * r r t )  j . s  i nc reas ing  td -B rs r  e( 1 . 5 )
( i i )  iu l2- . r ' r r  € , r . * (o, r ;R) .

Moreover the fol.lowing

- / )
( 1 . 6 )  E  s u p l M ( s ) l ' < 3 8

s€ [o '  q

for aLL t e [0r! l l .

inequal i ty is sat isf ied.

t l  <n t>( t )  ,

For  any f  €  r , i$ ;c(or r ;H))  and M
integral

"t
)o t tt s) ' clt'l( s) )

defined. In this case ( see F5l -

( '  ( r (  s )  rd r { (  s )  )  €  l r t l (o r r ;R)ro

i s

, t t ' tOrT;H)  the s tochast ic

' 
.:,

I - P a r t i e ,  T h . 3 . 3 )

and

( t .T)  n  sup -  |  [ " t r (E) ,dM(?)  ) l  \<  3E sup
.  s 6 f o r t l ' ' 0  s € f o r t ]

( i )  a  e  T "ZhxJo r r [ ; v )  ,

( i i )  u ( t )  -  r ^  +  [ t t ( * ) a "v J o

( i i i )  uo  €  t26r , f , , r ;u ;

( iv)  u e r , .Z(nxlo, r [ ' ;vx) ,
t

i r(  s) l  Y?6t .

E. le t  (Vr l l . l l )  anc l  (H,  l . { )  be two rea l  separable Hi lber t  spaees
such that V is densely and. continuously embed.d.ed in H. let us
denote by V* the dual of V and id.entify H with its ovrn dual. Then
the following relation ho1d.s

V c H c y *

algebraically and. topologically. Denote by tl.l ln, the norror (dual)
of vf,  and by {,wrv> the value of w € v*in ve-v; i f  wrv<Il  then
(w'v)  =  (vr rv) ,  where ( .  r .  )  is  the inner  produbt  in  H.

Proposit ion 1.1 ( energy eciual i ty) .  t f

( 1 . 9 ) +  M ( t )  ,



then

( 1 . 9  )

(  
" : )

-  - 2
> d s  +  E I M ( t ) l  ,

The proof, may be found in [r f ]  (  Cfrap.I Ir$3 ),

?rop_gsj t i .on 112 (see [15] ,  Chap. I I I r$1)  Consider  the equat ion

d u ( t )  +  A ( t r u ( t ) ) d t  =  f ( t ) d t  +  d M ( t )

(1 .10  )
u ( o )  =  u o

If  A(tr.)  is a family of nonl j-near (single-valued) operators from

V to V ' r  d .e f ined for  a lmost  every te  lOr t l  ( t -a .e . )  such that  :

( l f ) (coercivf ty)  fhere exj-st  F>0, creRr 0eR sueh that

( r . n )

< A ( t r u - )  r u )  +  , a l o l 2  +  i  ) .  o i l u i l 2 ,  f o r  a l l  u e v l  t - a . e .

( A z )  ( m o n o t o n i c i t y )  < l ( t r u )  A ( t r v )  r u  -  v )  +  o t l u  -  v l  ' r ,  o ,

f o r  a l l  u r v e V l  t - & . e .

(1.)(bound.ed.ness) fhere exists ClO such that' J "

l la ( t ru) [ r i  <  c l lu t l  I  for  aL1 u ev;  t -&.e.

(aO)(hemicont inui ty)  g -? <A(tru+ov)rw> is cont inuous

f rom R to  Rr  fo r  a l l  u rv r r ,v  EVl  t -4 .€ .

(g f ) (measurab l i t y )  For  a l l  ueV,  t+A( t ru )  i s  s t rong

measurable f rom JorT[ to V*,

and.

(v)

( cr-)

( c 2 )

5  - '

w  e  t t ( o r r ; H ) ,

"  e r , f  [ n ;c (o r r ;H) ) ,

l l r ( t ) 1 2  =  l * o l  
2  +  2

. *  a U ) t  r  f o r  a l l .  t e

E l u ( t ) 1 2  =  r l r r o l 2  +

f o r  aLL  t  e [0 ,T ] .

+

+  2 l  ( u ( u ) ' d M ( s ) )'o
+

? v

L. " (  
s ) ,u (  s )2as

Lo , tJ ; (tr -€r. s.
J

, t  lo.v( s) ,u( s)

(  1 " .12 )

( i )

( i i )

( i i i )

uoeL2(nr{ r? ;  H)

t  eLt(rrx:o,r[ ivr)

Merf (0, T iTr') ;
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then there exisis a unique process

( 1 , 1 3 )

whi ch

( r . r4 )

u n L?(srxto,r[  ;v) n l iCn; c(o,r;  H) )

ver i f ies the ecluat ion ( t .10) in the fo l lowing sense
J - +

7 u  { v

u ( t )  +  \ . l ( = r u ( s ) ) d s  =  u ^  +  \  r ( u ) d - s  +  I ' r ( t )  
- ; *

v r oto

for  a l . l  te fO, l ]  I  t rJr&r  s .  .

l v (0 r r ; v )  =  {o :  u  € r ,2 (o r r ; v ) ,  o ,=* *  e tz (o r r ; v * ) } ,

'$t(nx]0rTt;v) = {o: u er,2(t ,* lorTL;v) for vf tr ich there

' 
,R_ero.alk 1.3 3y usi.ng lemma III-14 fron t'/] and the ?ettis

theoremr or lemma 2.2 from [15](Chap.II I)1 er€ obtain that,  for

each uer , f  $ rx lo rT [ ;V) ,  A( . ru ( . r . ) )e i . , f  (s?x ]orT [ ;v* )  in  the  hypotheses

Final.l-y in addition for r,vhat fol-l.ows v/e introduce the spaces

( A z ) - ( A 5 ) .

( 1 . 1 5 )

and.

( 1 . 1 6  )

in ( t . t6)  uo and v=uf

exist uoet2(flr$rp;i.t) and- vel,fta"lorrf ;vt)

such that u(t)  = oo +

are uni'quely deternined by
process u.

I t  may be shown (see [4 ]  Chap. l r$3.4)  that  iT(OrT;V)  carr  be
identi f ied yr i th a l inear subspace of the space C(O'T;H), and.
W*(nxJ01T[ ; i7)  ean be ident i f led.  (  see _Prop.1.1)  wi th  a .  t i .near
subspace of  the space l f {n ;c(0rT;H))"  A lso 1Y(0rT;v)  i ' s  enbedd.ed
i n  Y i * ( n x l 0 r T t ; V ) .

The space W*QxJOrT[ ;V)  is  d .ense in  the space l f  ( t tx lOr [L ;V)
because for  v  e  f i (nxJ0rT[ ;V)  the sequence

+

v, , ( t )  =  n  I^" " ( " - t )v (s)aso
be longs  to  W*(nx lOrTt ,  iV . )  and vn*v  ( fo r  n -++oo)  in  f f  (nx lOrT[ ;V) .

$2 ,  Bx is tenee o f  i ;he wqeb a-nd I 'almost weak'f solutions

.t-
, v

)o"( s) as Ir
the stochast ie

2:] -i1.,.,1o the s_e s The
those given irr. Secticrn

1n the ea.se A coercive

Hilbert spacesiV e:ld-. II vtrl_l ire the sene as
1(I). Hence Vei-icVf, ,,vhere *,;he inclu.sj-6n
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mappings are continuous, arld V and. H are d.ense in H'ana t/

respect j -vely.

Consi-c1er that  for  a lmost every.  t€ l0rT[ ,  there are d.ef ined

( i )  A ( t ) :  V - - + v t  l l n e a r '  c o n t i n u o u s ;  t - a - e . 1

( i1 )  There  ex is t  t r>O,  o (€R such tha t

<A( t )v rv>  +  o<1v l  2  7 ,  { l l v l l? ,  fo r  a l l

( i i i )  There  er i i s ts  c>0 such tha t  l tA( t )v l [

a I 1  v €  V ;  t - a . e . 1

( iV)  t  +A( t )v  i s  s t rong measurab le  f rom

(Hr )
v e V ;  t - a . e . i

C l lv l l  ,  for

*
l 0 r T [  t o  V ' r  f o r

a l ]  v € V .

Let Y(t ,  .  ) :  V -+J- *  t+ * \  t€ [0,  T]  ;  a faraiJ-y of  funct ions

sat isfy ing the condi t ions

( i )  Y i s  a  n o r m a l  e o n v e x  i n t e g r a n d  ( s e e  [ 1 ] r i 1 6 l ) ,  i . e .

Y(  ,  ,  .  )  i s  /  x  E(v ) -measurab le ,  and.  fo r  every  t€  10 ,  t i  ,

Y( t r . )  i s  a  p roper  convex  l -ower -semicont inuous
(r+^ )  funct ion iv L 2  t

( i i )  T h e r . e  e : < i s t s  v o € ; / ( 0 r t ; V )  s u - c i r .  t h a t  f ( . , - r o ( . ) ) t

( i i : - )  ' r ' h e r e  e : < i s t  a q l c ' r f ; [ ,  b € r 1 ( c r T ) .  s u - c h  - ; n a t  f o :  .
- ^

v € V  f ( t ' v )  +  a . t l v l l a  +  b ( t )

Remark 2.L a) ' , . ie denoted by X- the f r -a lgebras of  L,ebesgue

I
:-,

_ r l

, t i .  - - ) .
, i  t  " l  t

measurab le  subsets  o f  [0 rT ] ,  a .nd .  w i th  t (v )  the  Bore ]  o ' -a lgebras  -on  .V . , .

b )  The hypothes is  (Hr - i i i )  i s  sa t is f ied  e .g .  i f  there  ex is t  ; , c
c .  * .  u  1  .

b t €  I , ' ( o r T ; V ' )  a n d -  b r €  L - ( 0 , T )  s u c h  t h a t

( z . r )  
.  

y ( t , v )  ) z  < b r ( t )  r v )  *  b z ( t )  '  f o r  a l l  v €  v ;  t - a ' e .

U n d e y .  t h e  h y p o t h e s e s  ( H z ) ' ( s e e  [ l J ,  f e i ,  t r Z ] )  t h e  f i . r n c t i o n  f r o m
a

T , ' ( 9 2  x l o r T t ; V )  t o  l - c o r + * )  g i v e n  b y

[ , r
( z . z )  pc r i  =  

I  
t l ; * t , u ( t )  ) d t ,  i r  f ( '  ( ' , ' )  )  €  r . , 1 ( t  " 1 . : _ ' r i  )

[ 
. oo , otherwise 

------ '---*
--------_=--

is  proper convex and lower-semicont inuous (hence i t  is  a l -so r ,veakly



A].so

( 2 . 4 )

( B )

/
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lower-semicontinuous) and vo € D(0) n r, f  tn xl0rTt ;V) where

( 2 . 3 )

D(O)  =  [ r  : ueL2(n  x ]o ,  T t  i v )  ,  0 ( " )  1  +  co ]

'  =  { u : u e t 2 ( n  x l 0 r T i ; v ) ,  u ( c r r t ) e  u y ( t r .  )  ( t ^ r r t ) - a . e . ,

a n d  f ( u ) e r , 1 ( n  x l o , T [  ) ]  .

for  every ue l ,2(n *J0rTt  ;V)  and.  A>0,  the mapping

(c^rr t  )  -+J^( t ,u(ar , t )  )  = ( r '+a?f i  t ,  .  )  ) - lzu(c l r t )

; . ; ;  

r '2 (nx , ; : " , ; t l ' ,1 t . *  

( r+ r ) rJ r ( t ,0 ) r ,  ro r  a r l  v€v  and te  r0 , r r .

We d.enoted by F the d.uality mapping of V defi-ned by Fu = {u*:
u*€ v t r  (11*ru)  = i lu12 = 11"*r r f l l  *d  lv  ) f ( t ;u)  the subdi f ferent ia l
o f  f ( t r . )  a t  u :

(2 .61 0y( t ,u)  =  [ r tv l  <r*  r r -o2 + f ( t ru)  <  f ( t ,v ) ,  for  a t -1  v  e  vJ

For a functi-on f satisfying (Hr) there al-vrays exists a family

o f  opera tors  p . :  t0 ,  T l  xV- - -V t  ,  I>0 ;  w i th  the  proper t ies  I

(Fr) For every t€ [0, T] ,  F x (t ,  .  ) ;  v .* vf,  are monotone and

I'lpschitz-continuous with the lri-psehitz consta.nt

independent of t and Aj

(pr)  Fa(.  rv)  r ,2(or f  ;v*)  for  every vev,  and ' , l * f3n(. ,0)

(P z)

is bound.ed ;

1 ,

i .pJ t ,u ) ,v -u )  +  -P( t ,J , r ( t ,u ) )  (
and ury€Vi .

(Pl I f  there exists a sequence " lrr€Jcr+*)r -) .rr{0, sueh that
for u^ ru€lf  tn "ro,Tt;v) *"  hu,t"

n

io  .  r I  -  r  (  weakly)  in n2 (nxlo ,  T[

2 0 .

7l
T

t{tporr( t'trrrl ' tto}ri d t --t o

v  e t l (n  x lo ,  r [  ;  v ) ,

f (  t ,v) for al l  t€ [0, T]

; V ) ,

for everlr

, ' a
' i
I
I
i
I
I
I
l

then J- im in f  C(r^  (u^  ) )> ,Qfu) .trn -'+g ' ' ,\n' nti.' ' -'



Rernark 2.2 ( I )
-

r r r ' . .  r  / +  , , \ )  a S=  r \ * - r l \  u r ( , t , ,

\P. (  t  ru)
f , t  - z \  t  t r
1 1 t  I  I

9

Indeed.,  by taking

an example rrrhere

a
p i ( t ' u )  =^dq , r ( t ' u )  =
t " '  I

= in f  \ l r , -Y l l 2  *Y ( t , v ) ;  . r : vJ

=  f , t 1 i r - J ) ( t , , t ) i l 2  *  f ( t , J l ( t , u ) )

the propert ies (n) are immediately ver i f ied.  s ince the fol1ov'r ing

inequal i t ies hold ,

\<Dye( t ,u ) ,v -u )  +  fJ t ,u )  (  f1 ( t 'n )

Y r ( t , , r ^ ( t , v ) )  (  
P ^ ( t , v )  

(  
Y ( t ' v ) '

w h i c h  g i v e .

* . p l t , u ) , v -u>  +  *U"  - J ) ( t ; u  ) i l 2  *  y ( t , J ^ ( t r u  ) )  s  y ( t , v )

where  by  us ing  (n r - i : . i )  and (2 .5 )  we '  ob ta in

<pr( t ,u . ) ,v-u)  *  | t t . r ,  
-J^( t ru ) l t2 s 2 l lat  ( t f t ' t t  2 +

+ O + 1 ) 2  l t  r r ( t , 0 )  l l 2 )  +  ) l b ( t ) [  +  . l f  ( t , v )

Rgmark ?. ! t  ( I I )  l ,et  { r ( t ) ,  te torT]J be a fami ly of  nonfempt i '

convex closed subsets of  V sueh that '

( i )  T h e r e  e x j - s t "  t o €  i , l ( 0 , T ; V ) ' ,  v o ( t )  e  K ( t )  t - a . e '  i

( i i )  There exists p( .  , .  )  :  [0,  TJ xV --+V* wi th t r r*e fo l lowing

. :  . . ,  , 1  p f O p c r t i e s  :

(  e . B ) a )  p ( . r v )  € L z ( o r T ; v ' 6 ) ,  f o r  a ] ' 1  v e v ;

b )  p ( t r . ) :V+V*  i s  mono-uone  and  un i fo rm ly

Linschitz eontinu-ous with :re spect to t  e [0, TJ ;

c )  K ( t ) = { v : v e V r  p ( i , v )  =  0 } .

These  p roper t i es  imp ly  tha t  p ( t r . )  i s  a  pena l t y  opera to r  fo r  K ( t ) .

(ny r penalty operator for a nonempty convex closed- subset KcV we

und.erstand a monotone hemicontinuous bounded' operator p:V-rVx

such 'bhat  K = l  veV;  B(v)=O )
The convex indicator fonct ion

0 ,

+  oo ,

u  e l c ( t )

u € V \ K ( t )

i f

l_r

y( t 'u )  =  r r< ( t ;  (u ) .  =



ver i f j .es the'assumption (HZ) because i t  is  re lat iv ly easy to show
that (e.B-i0 implies that t -+K(t) is a measurable multifunction
(see LU or tfl for d.efinLtions and. properties) 

'and 
then y iu a

normal convex integrand.
In  th is  case p^( t ru)  =  

P( t ru) ,  for  a .11 ) .>0,  ver i f ies  the proper-
t j .es  ( l ) ;  eog,  the proper ty  (F: )  j .s  sat is f ied because . r1  ( t ru)
=  P f ( t1 (u ) ,  where  ? i< ( t )  i "  t he  f r ro jec t i on  opera to r  o f  V  on  K( t ) ,
y( t rJ ; .  ( t ' " j  )  

" t td  /J  
( t ru)  rv-u)  = .p( t ru) -F(* rv)  rv-u> < 0 for

e v e r y  v e f ( t ) .
coneer':ring the property (Fil since F L, monotone, for every

v enfi( x orl ;v) we have

uf;.fCt,rr*) -fft,v)rua,r-vydt 2 o

from lvhich, for _l.rr--+ 01 we obtain

uf .P{"),v-u;dt ) o

In this relation we replace v
we find

where

,vSdt ).  O

orT f  ; v ) .  Her rce  p (u )  -  0  ( . . r r t ) -a .e .  I  i . e .  ,
) -aoe.  and then 

f (u)  
=  

f t l r r ( . t r r r ) )  =  e .

Remark 2.3 The propert ies (n) ean be sat isf ied. only for )e]ortol
where t tO is a f ixed real number, or just only for )e[fr  rE2r.. ' r t i , r . . l ,
where t t>  E 2)  . . .  )  tn)  . , , )0  and Sr i -+0.

Consid.er on [OrfJ the equation

+  A ( t ) u ( t ) a t  + ) y ( t r u ( t ) ) d t  3  f ( t ) d t  +  d M ( t )

o o ,

by 
,U+tv1 

€ ) 0 r and by letting t--+ O

fTE lo'Pt" I

for all- v e rf QxI
u( . " r r t )  e I ( ( t )  ( . . , r t

:  t  du ( t )( 2 . e )  l
[ , t (o  )  =

(Hr)

( i )

( i i 1

uo e rr2 Ft, .%, r p; H)

t e nlftxTorrf ;v*)
( i i i  )  r i r  e l4(0, r ;  u)



a weak so lu t ion  o f  Ec1 .  (2 .9 )  i f
2 .2  Weak So lu t ions '

- L 1  -

Def in i t ion 2.4

a ",1

A stochast ic  process u is

in lr-x lo, r[

| n l n ( t ) 1 2

for aL1

( i )

( i i )

( i i i )(e . ro )

have

t l i " '+A(t)u-f ,v+m

( q r r t ) - a o e .

+M-u)dt +

* *nlv(o)-ool 
' * ptn**+nl) > ftol ,

+ \ t r (  " )  
u "  +

)g

(  s ) + A (  s ) u (  s ) + J ( s ) - r (  s ) ]  a s

A r Tt  +  2E)Ocvr+Au+1=f  r

11(  t )

v( t )+rn( t )+M(t ) -u( t )  =  v(0) -*o+ l |  t " '

+  m ( t )  ,
and by Prop.l . l  we obtain

E  l v ( t ) + m ( r ) + l { ( r ) - u (  r ) l '  =  E  l v ( 0 ) - * o  I

u er . , i fzx lo 'T[ ;v)  i

u ( . . r r t ) e  ny ( -b r . )

ve r ry*(nxtOrT[ ;V)  r  n€t {2(0rT;H)  such- t@u!

that

i

m+I{ e l' (rz.xl0, T[ ; v) .

Remark 2.5 a) For (e.rO-i i i )  we have

rf -rT
E \ <v' ,v+m+M-u)dt = E\ (v' rv-u)dt + Ecv(T) rm(T)+M(T)> i'o 'o

(see L15] : t rernma 1.3 in $r  Chap.I I )
b)  From (z.ro- : . i i )  i t  fo l lows that  uel( f ) .

Propos l t ion  2 .6  I f  u  e t2 r (nx lo rT [ ;V)  i s  a  s t rong@

f o r  t h e  e q u a t i o n  ( 2 . 9 )  i . e .

( i )  u . ( c r r t )  e  nF( t r .  )  ( "o , t ) -a .e .  ' i

( i i )  T h e r e e x i s t s  r l * r ? 0 ? x l c r n L l ; ' t r * ) s u e h

( 2 . 1 t )  
1 ( * r t )  e  ? c 1 ( t r u ( c , : r t ) )  ( o ; r t ) - a . e .  i

1 t f i
( i i i )  u ( t )  +  

Lo (= ) , t (  
= )os  +  )01 (  " )ds  

=  uo

for all t e [0 r T] ; cd-?r so i

then u  is  a  weak so lu t ion  fo r  Eq.  (2 .9 ) .

p roo f .  By  Prop. l . . I  and .  Remark  1 .3  i t  fo l lows t ina t  ue f fFr ;C(Or t ;H) .

ur la  ,o l , . t ie" l0rT i  t t ' ) .  t ,e t^ve ! ' / *h .x lorT[ ;v) 'ana * r t t (0 'T ;H)  be
arb i t ra ry ,  such t r ra t  m+l {  e  12(n* ld rT I  ;V) .  By  us ing  (Z . f t - i i i )  we

v+m+l\t-u2 dt ;



. L 2 -

Hence, taking into aceount the definition of the subdiffeurential

.  
$e 

l * ( r ) \2 *  * t lv(o)- 'o l2 + Q(r ' **+M))

f  t"),

hypotheses (Ht, with."(=0) (Hzl ulrd_ .(H3) r
-least one weak solution in f,z tn; floir t H) )
( 2 . 1 o )  h a s  a t  l e a s t  a  s o l u t i o n ) .

whichd<0 may be reduced. to the case

so prove Tln.2.7 for. d,2 0 r but naking

lret for the moment be, d€R arbitra.rfr

t li 
v I +Au-f, v+m+M-u2 dt

later in the proof we are going to specify the moment when we

sha1l  assune &= O,

Consider for the f\rnction y a famil.y of operators p, which

satisfy the conditions (B), and. a.lso eonsider the approximating

eo;uations

t r ,  1o ,  f  i .u^ ( t )  +  . { ( t )u r ( t )d t  *  |p " t t ,u " ( t ) )d t  
=  f ( t )d t  +  dM( t )

\ l c L a l  
1

[u  (o )  =  uo

where  we take  on ly  those leJOr f ]  (see  a lso  Remark  2 .3 ) .

The equations (2.L2) have unique solutions

(2.r3) \  d r i ($?xto,r [  ;v)  n r f i tn;c(0,r ;H))

because the hytr lotheses of Prop.L.2 are sat isf ied with A(trv)
subst i tuted. by A(t)"* i  pl( t ,v)-* Fr(t ,0) and. f( t )  by r( t)- i  pr( tro).

By Remark 1. l, A"1 * | p^("i) 6 r,f (rrx:o , T[ ; v*) .

Let v € i?t (I l" lg, TL ; v) arra ne-ft?(o, r; u) be arbitrary processes
such that m+I{  e Lt( f tx7OrT[;V).

From (Z,LZ) l t  fo l lows that i

/ . i  - - , . 1  f t . '  l\ r ( t )  + rn( t )  + I r r ( t )  -  u^( t )  = v(0)  -  uo *  )^  t " ' *aq^* pr(r r ) - f  )d?
-t"/ 

J\ U tO

+  m ( t )  ,

fo r  a l l  t  €  tOr [ ] ;  . . t -o .osr  .

By usi-ng here the energy equal i ty in the form 1.1.9-cr) ,  we are
led  to  i

Qf , we can write

which concludes the .proof.

lheorem 2.7 Under the

the equation (2.9
('the vari. problem

2.8 The case in

in whieh d=rc^. l'fe shaL]. al

adelitional assumptions.

Progf of fheorem 3.?



lv !o)-"ol  
'  + , { . "

1t
* , )O 

(v+n+ltl-u^ , dm)

9.1+)
'+ Au^

+(m)t

fo r  a l1  te [0 ,  r ]  ;  c t ; -o .  s .

Next
&r u

\ <vt * A1l,
rg

.  * t v ( o ) - u

.  t t v ( t )  +

r . -  ( 2 . : - 5 )

and

1n

m+f-W d.s + !jt'.i.*-r1r., dm) + }<*r* +

[y, ", 
vim+ld ) d, >rlf( s, rr ( s,u1( s ) ) ) as

+  I r l ( t )  -  * r ( t ) l  2 ,  f o r  a l l  t e [ o r r ] ;

- f  , v+

ol' *

m ( t )

+

crJ-a.  S .

By v i r tue  o f  ( i i r - i i i )  r (2 .5 )  and because - re lo ,q  the  fo l lo rv ing

i n e q u a l i t i e s .  h o l d :  .

(z . ta)  y(s ,J ; , (s , r . r )  )7-a11.1*1" , r1) l l  2  -  :g( " ) )  -  2a l lur [ '  - . r - (=) ,

( . . r r s )  - - 4 . € . r  .

w h e r e  b r ( s )  =  4 1 1  J r ( s , 0 ) i l 2  +  b ( s ) , b r e r , I ( 0 , T ) .
0n the other hand. one has ;

( 2 . : r 7 )  l x - y l 2 z r * t y l 2 - 1 * 1 2 ,  f o r  e v e r v  x r v e l .

By corabininE now *6" lrypotheses (Hr- i i ) ,  (X.- i i )  and the
t ies  (2 . l -6 )  and  (2 .L7 )  we  ob ta in  f rom. (2 . l 5 )  f o r  m=  - l rT  and

the following ineo,ualii; ' ;

ineqr-r:"r i-

t = t o

- 4  r t  . .  f i  . .
l u ^ ( t ) l '  +  4 V - 2 a )  ]  t t u r ( s ) l l ' a s < s ( t )  +  4 1 " ( l  \  l r r ( s ) l ' o s  +

r -  
'o  -  

r t  . . '  
. to '  ^

( z . r a )  +  4 [ : l < - " 1  *  f  , r "  +  r , u > > f o s  +  4 l l : ( u ^ , c r . r ) 1 ,' J O t -  o  O  |  ' J O  n

for  at- t -  16[0,  r ]  ;  cd -a.  s.

where  
-  '  ' " ' ' I  

'  
* '

+
r v

s ( t )  =  4 ) ( l < , t
. , o

7T
+ 4  |  J^  (v . ,  dM)  I- ' o  v

f i ? ; c ( o , T ; R )  )
cond- member of

.t-
f v

\ l<-"1 + rf .''/ 0 ,  .  o  O

c2  r t
+  F \ " n u , ( s ) l l 2t o

I
o l

+

" o ) l  
+  l < f  , . / o j l  *  l y ( s , v o )  I  +  l b r ( s ) l  ) a s  +

z  l < - rn ) * f  +  z l vo ( t ) l  +  z I v (o ) -oo l  '

s € 1 1
the se ( z . t8 )  we  make

I
+ fru.r,)1.1=< ZEa

d s ,

fol lwing est ima.t ion :

-vo + f to *f ll*2au *

the

fi,( 2 . r 9 )
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where t2  = 6{a-z^) )0,  ared then f rom (z . tg)  *e

E  sup  tu ,  ( t ) f  2  +  (a -2a )E  f6 i l ' , r , ( s ) t t  
2as

(z.zo) te to '6) /a 
rt t

+  o t*Z iE,6t  lL (u^(s) ,a t ' t (s ) l  ,

where ct = t*Zig,rls(t) - t#=2;lf*,t-rro*o*to

By using now the inequal i ty ( t .7)  we have

get

+ f  l l 2 d  t  .

f r "nts) l2as

4n .g ,1p  - .  l f  ( u ^ ( s ) , dM(s ) ) l
t € [0,6] 

-0 -t") 
t e (o,61

and" for d={17 we obtain from (2"2a)',

( 2 " 2 : _ )  n  s q p - - r u ^ ( t ) t 2 (  c 2  +  t . f r  s 1 1 p  - 1 u ^ ( o ) 1 2 a "t € t0,61 
i'\ \' I J "o o€ [b, sl ^-'

and

.r(z .zz )  nJ_r r *^ ts ) l2as-0

By applying Gronural1-'s
( 2 " 2 1 - )  ,  ( 2 . 2 2 )  i m p l y  l

a)  u ,  gqp  _J r r ( t )  t 2  -<  c6
( 2 , 2 i l  t € [ o ' T ]  / \

T
a

b )  n \  i l u , ( t ) t t ' a t  (,0 c7

( the constants Ci are ind.ependent of -} ' ) .
Hence there u i i " t  i . r r , t ,o  and.  u(T. r2( r ,  * l0rT[ ;v)n t2( .n ; .1- (0rT;H)  )  such

that i

a)  *^  t r  ( rvea, l< ly  s tar )  in  r ,2(n ; t * (orT;H)  ) ,( 2 . 2 4 )  " n

b '  o^r r*o ( r 'veak lY)  in  l '2 (nxJorT[ ;v) .

Bu t  t l f nx )O,T [ ; v )  i s  a  c ] -osed  t - i nea r  su t i space  o f  LZ (n  * l 0 ,T t ; v )  and
t h e n ,  s i n c e  u ^ e  r , f ( n x l 0 r T i ; v )  f o r  a t - t t r ) 0 ,  u e l f ( n x i o r T [ ; v ) .
From (2.L4)  and (2.23)  *e obta in :

. T

l im EJ^apo(un),v-un>dt = e
l-0 

-O / /\ .r\

f o r  e v e r y  v e W * ( n  x i O , T [ ; V )

This  l imi t  jus t  ho ld"s  for^ever l r  vef , f  (n  *10rTt ;V)  beeause
l Y t ( n x l O , I [ ; v )  i s  d e n s e  i n  r f ( n x ] 0 , T f ; V ) r a n d  ( s - p '  p )  a r e  h o 1 d .

t ' , r( t)h@l <

rF
l e

l C n  +  C .  l E  s u p  l u , ( O ) l ' d s .- t  
" O  0 € [ 0 r s l  J \

iner lual i ty in (Z.Zt)  ,  the inequel i t ies
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Hence by (e- Fq) vre

(2.25) l i l  
J i"t  f

By applying the exp

have :

( t r r r ( \ r r ) )7$(")  '

ectat ion in  (2 . I5) for  t=T)one obta ins:

(z .ze)
*  *Elv(o)-ro l '  *  

I (v+m+M)
and therefore

)dt .r tli"",R*(rr*r+rT))dt * *ttrn(r)l 
2

t JOa t' -f r v+m+M-*l

(2.27) + |n lv(o)-*o [2 *r{ tn+m+M) *ot rJ- l*r ,  (  t ) lzar >- :

6 ( r l (u ) ) )  .  t j : (< r ( t )b ,u^ )  +x l , , , . | 2 )a t  .
J

' 
Ihe *tpPitg 

rT
v-tr Io t.o" rv)+ *lvl 2 ) as

f rom f ,2(n" lOrT[;V) into J-cor+6] is a proper convex 1o'ryer-semic 'on-

tinuous funetion, and hence it is also lower-semicontimlous vrith

r e s p e c t  t o  t h e  w e a k  t o p o l o g y  o n  f - , 2 1 s r * J 0 r T l ; V ) .

rVe jr.ssume.-.nor,v d= 0

I , e t t i n g - I = L - - 9 0  i n  ( 2 . 2 7 )  r v er n

( 2 . 2 4 ) .  T h e  p r o o f  i s  c o m P l e t e .

Remalk -2 .9  a )  In  (2 .27  )  i t  i s  no t  necessaay  t -o  suppose o(=0 i f  , ' .  ' s ' l

1 l 1 ( o r u . . ) i s s t r o n g 1 y c o n v e r g e n t t o u i n t , z . ( f r x J 0 ' T f ; H ) ' i ' / e
4 4 -

shall- seett that, und.er certaj.n add.it ional ordering hl4potheses , , ' I ' ! !  i

one obtainsthis strong eonvergence of u-

b) In general-  the weak solut ion is not unique (see Exanple 5.1).  .

Rem?rk 2.LO a) Theorem 2.7 can be extended with no essent i? l  " ' ' ' ' l ' ' ' '1" '

changes in the,proof , to the case in whish^V .is'a smooth striatlY' '. "--

convex separable reflexive Banach spaee, A i.s a nonlinear operator=.'--

t l iv'-f rv+m+M-ur>dt * r!r<e( 
")51v+m+M-gdt 

* *t l*(t) 1 
2

o b t a i n  ( z i r O - i i i )  f o r  u  f r o m

q(t^( . , *^ , ( . , . ) ) )  ,

satisfying the assumption (f.ff), and. the mapping
' r T

( 2 . 2 8 )  v  - - - - t B ' l  . e ( s r v ( s )  ) ' z ( s ) - v ( s ) >  d s
ro

is e.n upper-semieontinuous funetion r,2 (nx 10, r[ ; v) into

fo r  eve ry  z  e I ' 2 (nx lg rTL ;V) .  (? rops . l . l  and  L .2  a re  a l so

such a space V - see IUJ r I I  Part ie Chap.II) .

b) I f  V has the propert ies speci. f ied. in Remark 2.L0-a,

nonl inear operator veri fying (t . f t)  with &.=Ot then the

problem has at ]east a solut ion:

f- *, +.*] ,
tnre for

a n d A i s a

fol lowing
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( 2 , 2 9 )

( 2 . 3 0 )

( p r ) n \r..r'ta

( 1 )

( i i )

( j. i i l  n 
!,t.rr ' 

+Au-f ,v+m+M-u;dt + |n lm(r)l 
2 * *u lv(.0)-*ol 

2 +

" r T  r T
+ 

J ;y , t ,Ev ( t )  )d t  , \ f r t ,Eu ( t )  )d t '  ro r  a l l  ^ * t& (o , r ;H ) ,
4

ve Wr(nx lorT[  ;V)  such that  m+MeL' (nx]OrTt ;V)  .  :

I f  the 'process u is an t talmost "weakrt solut i .on such

that

( 2 . 3 t )  V ( t , n u ( t ) ) > t E ? ( t , u ( t )  )  t - a . e .  ,
t ' 1

then  i t  iF  r  weak so lu t i .on .  For "example  t t  f ( t rv )  
=  I IC( I )

Remark  2 ,2 (  I I ) )  and i f  u  1s  an t ra lmost  weak"  so lu t ion  such

u ( " r r t ) 6 K ( t )  ( - r t ) - a . e . r t h e n  u  3 s  a  v ; e a k  s o l u t i o n .

Theorern  2 .13  Under  the  hypotheses  (Hr  r * i t f ,  =  g )  (H,  )
l 1

Remark 2. I2

( v )  (  s e e

that

a:rd (H.. ) r

(rr) o e Ll,@xlo,r[ ;v) n t,2(n;r,*(orr;H) )

( P z )  u ( w , t ) e l 1 ( t , .  ) ( q r r t ) - a . e '

- f  + A( t ,v+m+l,r l )  ,v+m+L{-u)dt  *  }g \m( f  ) \  
2

* *81'r(o)-'oi 
2 * $t,'***M))$(u)

fo r  a l l  vewl (nx lo ,T [ ;v )  , * r l t (o r r ;H)  such tha t

o '

m+} , {e l , ' (nxJo 'T [ ;V) .

fhe proofs for  Remarks (")  and. (U) repeat word for word that of

Ty t .2 .7  r i ; i th  B^( t rv )  =  ayJ t ,v )  up  to  the  re la t ion  (2 .25) .  Then
I

w e  p a s s  t o  l i n i t  a = 1 ; 0 ' i n  ( 2 . 2 6 )  t o r . ( a ) r w h i l e  f o r  ( e )  \ i Y e  f i r s t

use' the i-nequality <{t rua ) 1v+m+l'J-u^> (<A( t rv+m+M) ,v+m+M-ur) and then

we. pass to l imi t .  . , , .

2.3 nAlmost rnleak". soluiions. In order to find a maximal element

of  the set of  weak solut ions we should need. some hypotheses of

noncorrelatj-on which would. be dificult to verify on examples.That

is why lve aband"oned this id.earand.rinsteadrwe have sought a majorant

o f  the  se t  o f  wea l f  so lu t ions ' rh ich  is  a  so lu t ion  fo r  Eq. (2 .9 )  in  a

certain senserqui te elose to the weak or.€oThus v/e just i fy the

lntroduct ion of  the concept of  I 'a lmost weakrr  solut ions.

.Def in i t ion  2 .11  A s tochas t ie  p rocess  u  1s  sa id  to  be  aYL "a lmos-L

w e a k "  s o l u t i o n  o f  E q . ( 2 . 9 )  i f

uenft(frxlo,r[;v)

Eu( t ) e  n<1 ( t n .  )  & .a .  on  t o 'T ]
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Eq.(2,g) has-,-at least an ralmost weak ' !  solut ion
problem (e.30)  has at  least  a  so l_ut ion) .

f  t .(  the .var iat ion&I

Proof .  As in the proof of  TLr.2.7 eat,  the begining. ' / /e assume R
arbitrary. We are going to specify later in the proof the moment
when we shal l  take o( = O.Accord. ing to the proof of  Th.2.7 the
approximating equation

yj  + A(t )yr  + lpr( t ,n^)  = Er
( 2 , 3 2 )  -

y ) ( o )  = B u o ,  ( o < ) < 1 ) ,

in which pr satisfy the properties (n) rnas a r:ni.que solution
y^ el | /(o ,  T; v) o
Moreover

{v.^. ro.r<1} is  bounded. in L2(0,n;v)  l , * (0,T;H) ;a )

b ) there ex is t  " t "J0 r |nr2(0,T;V)n1"" (0,T;H)  such that

(  2 .  33)  y1 *J  7  i t t  r ,2(0,  T;  v)  (weakry)
11n

y1 -$ I  in l ,*(0,  T;  H) (vreak star)  ;^T'L

e )  t ( t ) € D ? ( t , .  )  t - a . e .  i n  [ o , r ]  .

These asser t j -ons  may be  ob ta ined.  d i rec t l y  too .  No l i ,  cons id .e r  the
approxinat ing eru_at ion :

( 2 . 3 4 )  
u t r  +  A ( t ) v l d ' t  -  

* l i t , v ^ ) a t  
=  f ( t ) d t  +  d : ' : ( t )

5(o)  =  uo  ,

where  J [  i s  the  so ]u t ion  o f  Eq. (2 .32) .

lyrl:": 
.,:.:,:n. (2.34) nas a unique sotution vrerf 6ulo, r[ ;v) n

nl [ ( . fu ;C(0,T;H)  )  
. rn ,  

lhu fo l lovr ing sense i

( 2 .3 j ;  
v , r ( t )  +  J "o , s ) v r  ( s )as  .  *  l j  p ^ ( * , y1 (s )  ] ds  =

*  *o  +  f ^ t f  u l u .  +  M( t ) ,, J A

for al- l  t€ [0,T]  ;  ur-a.s.  in fL.

A f te r  we take  the  expec ta t ion  in  (2 .35)  r the  re la t ions  (2 .32)  anc l
( 2 . 3 5 )  y i e t d  :

( 2 . 3 6 )  n v "  1 t 1  =  x ( t ) .A -  , \

t & " w 4 b 6 1 7
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Iret veW, (nx1o, TL ; V) and *utt  (0, r ;  H) arbitrary processes such that

m+M€La(nx lo ,T [ ;V ) .  F rom (2 .35 )  i t  f o l l ows  tha t

,t
v ( t ) * * ( t ) + M ( t ) - v ,  ( t )  =  v ( o ) - o o * J -  ( v t  + A v ^  .  * P ^ ( r ^ ) - r ) a s + m ( t ) ,

apd by using the energy equal i ty (prop.l . l )  we get

,  - - \  * t l " ( t ) + m ( t ) + n t ( t ) - v - ) ( t ) 1 2  =  * E l n ( o ) - r o l '  +( 2 . 3 7 )  '  '  
*

+  n f "<v '+  Ar l  +  *F{ r^) - f ,v+m+I i i -q)ds n  } t l * ( t )12.l g  ^  , , \ [ ^ - / . \

Next  by  (2 .36)  and (B)  we have :

rtii F^(r. ),v+m+lrr-v,1) ds ., 
dT, 

Jr ({^ ) ) 1" rljy, iv) d s.ro 'a

fhe bourded"ness of yI arr*d. the relation (2.37 ) rwhere we put v = vo
and m = -ffir imply in the same rxarlner as in the proof of T.h.Z,'l that 3

, 4  f t  ^  f t(2 .3s )  n fv " ( t )12  +  r j r t t n (s ) l l  2as (c r  *  r r_ fou [v r ( " )  12  ds ,

where the constant Cr is independ,ent of  ,1.
Consequent ly ,  v . l  i s  bounded in ' t f  (Qx lOrT[ ;V) and. there exist

{00, il€tfi Slxlo , T[ ; i l) sueh that :

5rr*  
i l  

, r*  
r ,2(n* lo,Tl ;v)  (weakly) ,

5;- - - -  "  
in r ,2(n* lo,T[ ;H) (weaklv) ,

t r^r ,  = t " f  Ef i  = f  i r r ,  tz(o,T;V) (weakly) .

the relat ions (2.37) Q. 36 )  ,  the bor, .nd ed.ne ss of

rT

-iT" )0. P"( r^ ) ,.Ev-vr> dt = Q

for every venlQxlo, Tl ;v) .
Hence by (3-F+ ) it fotlows that ,

(2 .4 i l  t im  
rT  rT

.l"-o ottt 
u )oY( t' t-rrr( *' u,^,r) I ut ),)oY( t' 7)

On the  o ther  hand.  f rom the  reLatd .ons  (2 .37)  (2 .

u 
f.rr, 

-f ,v+m+r,T-vr> dt +,J0."^,f (v+m+i\,i

(2.4i l  + *ul"(o)-uol,  * I .y,nv)ai +dEfi fr ,*
.  uJ ; ,<At \  , t ) )  +  o t l v r  |  

2 )a t

o f  l v r (nx lo , rL ;v )  i n  l f  C f " tO , r [ ; v )  we  ob ta in :

(  e . 4 o  )

3y using
d ensity

{ 2 . 4 t )

v^rand the

( t ,n f r )a t
m

f '
l ( Pr o  I

we have

| n  tm( r )12

fiy,O (r^) )at
+u ' r

ur)t

38)

) ) a

i l 2
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ItTow ,vle assume ol= 0.
r ,ett ing . \=,\n-+0 in (2.43) *e f ind. that fr  is an ,rarmost vrearc,f
so lu t i on  o f  Eq . (2 .9 ) ,  t ha t  i s  tq  say  f r  i s  e  so lu t i on  o f  t he
var ia t ional  prob lem (e.30) ,  Th is  f in ishes the proof .

Bemark 2.L4 Remarks
weakrt  solut ions.

2.9 and. 2.LO are a. lso val id for  the "alrnost

.  Exlstence of  the weak and f ta lmos t ,weak"  so lu t i ons
w h e n  A  i s  d - c o e r c l v e ,

3.1 Hypotheses. Throughout th ls seet ion we shal l
the Hi lbert  space H 1s ordered by a nonempty c losed
rn addi t ionrwe assume that the cone c sat isf ies the
propert i .es

suppose that

convex cone

folJ.owing

( 3 . r )

rr

( c1 )  C  =  
{ueH: (u ,v )7o  fo r  a t_ t  veC l

(c2) (r*-,r* i  (u-v)*)rro fo.r everx urv€Hr

where u* is the pr.oject ibn gf  ueH onto C.
rn  genera l  the  assun ' rn t ion  (3 . I -c l )  does  no t  imp ly  the  assumnt ion
( 3 . l - c r ) .  r ndeed r fo r  H=R3 ,  c  =  l ? " ,  y r z ) z  z2 re r * ' * y ' - - r ?  oJ , r . , = i r r c , - r )
v = ( 0 , 1 , 0 ) , ( c f )  i =  v e r i f i e o  b u t  ( e t )  d o e s  n o t . h o l _ r l .

ff ' , ' 're clenote u = (-n)*, then (;*rut)=C :-,nr3. u=u_*_Lr- ior ever":;
ueH.  Tne space V sa t is f ies  the  n ; rco t i :eses  f rom gec t ion  2  tnc

u+eV for every ueV

Example 3.1.  H; rpotheses (3. t )  and (3.2)  a : :e  eas i i_y ver i f ied_ in
the fol lowlng si tuat ions :

.  
a)  r f  f  " t ' t * r i r r .N,  

is  an or thonormal  bas is  o f  I I  and { - l r ln ;ker}is a sequence of real numbers such that 0().5r<) 1:for every kelrthen
denot ing Tv =. ,Err . (v ,er )eu we ean take

kgl rL rr

C  =  { u e F I :  ( u r e n ) 7 0 ,  . f o r  a l l  t c e l }

V  =  T ( H ) ,  l T v l \  =  l v l

( 3 .  z )

b) I f  D is a bound.ed_ open subset of Rm with a suff ic ient lv
smooth bounclary, we ean take I{=t zqo) 

,  c= {rar2(r) :  u (x)>ro &. e. in D i1
ana v=T*f  o l r  or  v=Hl(n) ,  or  v={uenl (D) ,u l ro  =0,  f -oc l -  suf f ic ient ly
s m o o t h ]  e t c .  

r t o  e

Now we assume that
p r o p e r t y :

A ( t ) , t e [ o , T ]  , i n  S e e t i o n  2 . h a s  t h e  a d d i t i o n a l)
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(3 .3 )  <a ( t ) , r+ rv }<  o  fo r  eve ry  veV ;  a .e .  on  [0 rT l  ,

and that for the funct ion g there exists a famiJy of operators, ,
I

which verl.fy the conditions (B) and. moreover

1  1  ,  . r( 3 . 4 )  < t B . ( t , u )  -  # 8 , , ( t , v ) , ( u - v ) ' > > o.A r^' /* Yr
for  a l l .  urvsVr te  f0r {  ,  O,  ̂ < /

Examplq  3 .2 ,  a )

pjr," l=p(t,u) ) i f
tor y and p" from Remark 2t2(I,I) ' tc1rc,u)=r6'trt1(u) '

.  a )  . p ( t , v ) ,  u+7  2 .  o
( 3 . 5 )  I

b )  <p ( t , u )  -  
P ( t , v ) , ( u - v )+ )  >o

f o r  a l l  u r v e V r t e [ O r T ] ,  t h e n  t h e  e o n d i t i o n  ( 3 . 4 )  i t  i s  s a t i s f i e d

because

1 u) - jpt" l ,  (o- ' )*)  = 
.* .F(")-p(v) ,  ( ' -o)+)<iP(

+U.p(") , (u_v) *))ro
),J'rt I

b)  I f  p,LOrT]-r I i  is  a measurable funct ion such that there exis i ;s

voeY/ (O,T ;V)  w i th  the  proper ty

v o ( t ) < y ( t )  a . e .  o r r  [ c , T ] ,

then fo r  the  mapp i .ng  y ( t ; , r )= IK( t1 ( t ) ,  where  l { ( t )= {vev  r r<y( t )J ,
(H r ) ,  ( n )  and  (3 .4 )  a re  ve r i f i ea  t , y  t ak i ng  F r ( t , v )=p ( t , v )= ( v -  ( t )  ) +
(  s e e  E x , 3  . 2 ( a ) )  .  '

c) rf v=H and f(r)_-r * t"*l  2,we have Oy(u)="r+r J^(u) = # **-rr- ,
at^1"1 1 *C1-1^'i.= ft""u by taking FJ"l= ,,ayJo) =1$^,r*,
l se )  '  (g )  and (3 .4 )  a re  sa t j . s f ied
'  i l  r f  v=I{=R and 

f("1 : i lo*l 
2 * ,J-*,r l  (r),aeR, then by taking

'  . ;

P ^ ( ' ) = f i y x f u l = , ( H z ) ( B ) a n d ' ( 3 . 4 ) a r e a 1 s o
ver i f ied. .

We sha1l prove subsecluently the existence of weak solution and.
fralmost weaktf solutions under weaker coercivity cond.it j.ons on A
( .1  i s  d . -coerc ive) ,  than those o f  Ths .2 .T  and 2 . i -3 .

Hencer let
--

,  - \  d u ( t )  +  A ( t ) u ( t ) d t  *  ? y ( t , * i t ) ) d t  3  r ( t ) d t  +  d l { ( t )( z . g )
u ( 0 )  =  u o ,

where
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(Hi ) A sat is f ies  the hyp.otheses (g f  )  and ( : .3) ;

(Hl )  y  sat is f ies  the hypotheses (Hr)  r

(nr)  .  uoer,2( t ,%,p;H),  r  L lCIx lo, r [  ;v*)

( B ) ,  ( 3 . + )  I

,  nTer f  (o rT ;H) .

3.2 Weg.k solut ioqs.
and (H.)  hotd,  then Ec1.
u  r ,2 (n i l - (o rT ;H)  ) .

solut lons of  the

]
.X

have

( 3 . e 1
S r  .

)

$ t l  . o ( z * + A ( t )

z^ (0 )  =  uo  .

Hence

fheole{n 3.3 I f  the hypotheses (Hi )  ,  (H l )
(2.9) nas at least one weak solut lon

For the proof we first give :
L,emma 3.4 fn the assumption of Th.3.3 the

equations

( 3 . ? )
du"( t )  +  A( t )ur ( t )d t  +

u^(o ) = uo

the property

if 0<).<7c then u, (arr t )<g,..(-, t ) for alt t n[0, Tl ; c,.r-a.

Proo f  ( see  a l so  t14 ] ) .  s ince  y^n r i (  x  o rT  ; v )  n  r i gz ;c (o , r ;H )
we have

u _ v / J \  i  / r \  1 , - .  . r r \  |  ,
I : f  f  , 1  \ t / / l ! W . + i i l ' i  +  - f ) ( 1 , . 1 / J  + ' " 1  -

( _ 3 . 9 )  * u  *  r ( r i  ( Y t + ] i l J  *  i B i r r \ + r : )  =  i

r n r  / n \  -  ! rt t ; \  v  ' r -  -  *O 
,

ancl

(3 . t0 )  w^er ,?n rc (o r r ; { ) )

w h e r e S : . u + M .
3y d"enoting

(3 . t t )  z^ ( t )  =  
" -d t * r ( t )

we obtai.n

Iu( f ; t ' '  +  a (z r -y )  +  A( t )  ( r ^ -? )  .  
#  F^ ( r ,  "n r r ^+M)  

*

p J t ' u ^ ( t ) ) d t  =  r ( t ) d t  +  d M ( t )

,  *F  6 r fhx lo , rL ;v * ) ,

( 
"^ +e-dtlr) - 

# Fr( t, edtz^+ i,i) = f 
"-dt
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(  3 . r e )

where

( 3"13) ur-Tt, =

Let IS,Fc. We

integrate from 0

( 3 " + )  w e  g e t

-*t
-  

#Plt ,edt1*+tn) 
= o

(z r -a)  (o)  -  o ,

e-*b(*"- ' l1*) = 
"-dt(or-.!) 

e wt(nxl0rT[ ;v)

nrul t ip ly the equat ion (3. t2)  by (z^-zn)+ and

t o  T .  B y  u s i n g  t h e  h y p o t h e s e s . ( U r - i i ) ' ( 3 ' 3 )  a n d

(  3 . re ) ( i i )

( i i i )

then lim u., =
).-) O 

'\

In our case we take X = L2(nxlOrTI;H) with the order v11v2 i f  .

v r ( to ,  t )<vz k" r t )  (qr '  t ) -a .  e .
* 

No* bv (3.15) and Remark 2.9 we obtain that u is a'weak solut ion

of Eq. (Z.g) and the solut j-ons uI of the approximating equations

(3,7)  converge to  u  s t rongly  ln  Lz(nx lOrTt ;H)  and weakly  in

I,26txl0, T[ ;V) when l-+ 0. This f inishes the proof '

Is/, imP].ieu \< 3* i

u ( u.L for al.l }.> 0

u in X (stronglY)

rT
ofltr^t s)-z*(";fi2a" < o to'&cs' '

and then

(  3 . t4)  (  z^(u,  s)  \<  z fwrs)  ,  s -&o€ '  )  a t -&r  so '

N o w  b y  ( 3 . r 3 ) r ( : . 1 4 )  a n d  1 ^ e r . , 2 h ; c ( 0 , T ; H ) )  
v u e  h a v e  ( 3 ' 8 ) '  Q ' E ' D '

Proof  o f  Th,3.3 The proof  is  that  o f  Th.2.? unt i l  o l=0 is

supposed. By Lemma 3.4 a3d. (2.24) Y,te f ind' for t f the ful l  sequence"

u^ that

if ).-+ 0 then :

(3 . r5 )  t )  o , r4o  (s t rong ly )  : rnLZ(Rx l0 ,TL ;H)

b)  s  - - - - ! .q  (weakly)  in  r ,2(nx lo , tL ;v)

by using the fol lovi ing absttact result  (see Lg]-$0 'Lz,Prop'3) '

I f  (X, l f  , l l )  is an ordered normed l inear space such that 05uEv

impl ies tu t \< l lv l (  r  and i f  \u ,ur ; r to lcX has the proper t ies: '

(l) there exists .Int0 such that tf;-t in X (weakly);
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: .  
ions.  From lemma 3.4 where I \1=0, f  is

lElUlrld' J t -r

",rt!ffia1" 
nr and uo bY Euo vre have 

"t , , '  ,H l , ,H- , )  the  so lu t ions  o f  the
Lemma 3 .5  Und 'e r  the  hypotheses  \ r l1 t  " '2 '  3 '

equations

v l  +  A ( t ) Y ^ ( t )
( 3 . r ? )  " ^

YA(o) = tuo

have the ProPertY:

.  lP^ t t ,v^ ( t ) )  
=  Er

(3 . r8 )  i f  Ot i17 , t then v^ ( t )+u* f t )  in  H fo r  everv  t€ [0 'T ] '

Now we can state the fol. l.owing result l

I , e r n m a 3 . 5 U n d e r t h e h y p o t r r e s e s  
f H -  , H ; , n 3 ) t h e s o ] u t i o n s o f t h e

equations i

; : ; ; ;  

- -dv^( t )  
+  A( t )vo( t )a t  +  l l tJ t 'Yr ( t )  )c1t  =  rd t+dr{ ( t )

v n ( o )  =  o o

i
propertY I

I f  o< I t&  then v1(c^ ' l r t ) (u r ' (Lu ' t )  fo r  ever l /  i€ [0 'T l ;  u ' , / -a 's r

= :)r'  
( t ) 3-3cl' bl,' ( 3. i9 )

have the

( 3 . 2 0 )

Proof

But the

B ] .  ( e . 3 6 )

d (v^-y.. ) +

(v^ -y) (o )

equation

!i,e have ,tvo ( i; )

' r l + \ / a z  - 1 r  ) r , . t.f \ r, / \ ui 
Y 

/ e

- 0

v '  +  , q ( t ) v

v ( o )  =  o

= ,l.p,,J1i

=  g €  r . , 2 ( o r r ; V t )

i Pn(:'^ I

has unique sol-ution v  €  ' , \ i ( o ;T ;V ) Conseouent l ; " \ -Y is  a '
h a s  a  

. | J n ] . q r , r e  ; ; L r r . ^ u l v r !  \ - t - t  '

d.eterminist ic process and then' for ^<y

ta ( t ) -y^ ( t )  =  E [ t ' r ( t ) -y^ ( t l l  =  Ev1( t ) -Evr r ( t )  =

. =  y A ( t ) - ? ( t ) < 0 ,  f o r  a l l  t € [ o ' T ] ; r ; - * :

This f in ishes the Proof '

Lhe,_orero  3 .?  I f  the  hypotheses  (H i rH i 'HJ)  ho ld ,  then the  equat ion

(2 .g)  has  a t  leas t  one t 'a lmost  weakr r  so lu t ion  '

@ . T h e p r o o f i s t h e s a m e a s t h a t o f T h . 2 . } 3 u n t i } i t i s
a rssumedoc=O.  

, , ,Ye  ean pa .ss  .bo  the  l im i t  in  (2 .43) ,v r l ien ' ,x€n  is  a rb i t r r r l i
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i f  vn-+ f r  s t rongly  in  r ,2(n x lOrTt ;H)  for . l .
proof of th.3.3 and. I- ,emma 3.6 we ha.ve this

That completes the proof.

-+0. But according to the

strong convergence.

$4. ir{a"ximal solutions.

By / we d.enote the set of weak solutions and by f u tn" set of
t t a l m o s t  w e a k ' r  s o l u t i o n s  o f  E q . ( 2 . 9 ) .

We have seen tha t  in  the  hypotheses  ( I I ,  ' r i th  =0rH2rFI3)  (see

Tt . ,2 .7  and 2 .L3)  o r  in  the  hypotheses  (T I l rT iZrn3)  (  see  t [ .3 .3  and

3.7)  f  and{u  are  nonempty .

In order to find a soluti.on whieh in a certain sense maximize the

sets t  and tu,  rve foeus our at tent ion on the process fr  f rom Th.2113
(or  Th .3 .7  fo r  rea l  a ib l t ra ry  d ) .

We shall suppose that

(4 . r1  : f f t , v -u * )  <  y ( t , v ) ,

fo r  every  t€ tOrT l  and urv€V.

I re t  X1 and vn  be  the  so lu t ions  o f  Eqs . (2 .32)  (o r  3 . I? )  and
E q s .  ( 2 . 3 4 )  ( o r  3 . 1 9 )  r e s p e c t i v e l y .

Lemmg 4 .1  I f  the  hypotheses  (U,  w i - t f r  o (=0r  H2,  n : )  o r  (H i ,  H i r r )
and (4 .1 ) 'ho ld  and.  we denote  rv1  =  exp( -d t ) (u -va)  where  ue tu f , ,  then

rn
f - l

EJ^<O ,  vro)dt
0

( 4 . 2 )  +  o r ( w 1 r e ) ]  a t ,

O( t^r ,  t )>O (ur t ) -a .  e . .

" -o t . .pn( t ,y , r  ) ,e>dt  r  r  
[ [<a( t  

) \ ,0)  +

1 1  e € \ ' f t ( A  x l 0 r T [ ; V ) , 9 ( T ) = 0 ,  s u c h  t h a t

i f  u e  / ,  o r  E O ( I > O  t - a . e .  i f  u e  / r .

1-+  - r ;' , I -

for

T

t̂

ih,t ,Ya

Proof lYe denote z l=va-M. Frorn (2.3q.)  (or  3.19) *"  have
d,z-

A  . / , \

EE:  +  At I /vA +

z^ (o )  =  uo

) - r( + . 3 )

. and

(q .q )  , ^eL f , (n  ; c (0 , r ;H)  )  ,  , ' ^=  F  a  l f  f n  x lo , r [ ; vx )

i f  u € J  ,

;
u € J  e ,

Mul t ip ly ing  Eq.  (4 .3 )  by  v+m+{-o ,  rnhere  v€ iv t (n  xJ0rT [ ;v )  and
WN(o, r ;m)  such tha t  m+IT€L2(n  xJorn t ;v )  and

v+m+l,i € D(f)
or

Ev € D(O) i r

we obtain i

&
T
*
I

t
l
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: '

(  t r  q \
\ 1 ) ) l  -

Fut from

\ 4 o o /

and. from

( q . 7 )

The relat

(  4 . 8 )

Thanks to
( 4 . 9 )  b y

'I
+

tlo."i + AIx . ip^,or.):
Def  .2 .4  f  or  uef  we have

r T ' ( T
t 

)0. 
f , v+m+},{-u; d tg t 

.lo. 
t

i o n s  ( 4 . 5 )  ( + . e )
m

. L

t \^.t' 
-zl +e{EAr5

t o n

*  } r  l v (o ) -uo  12  . *

v+m+M-u \d-t =
/ ,

+Aurv+rir+M-u2d"t

<f ,v+m+M-u2d.t

] u l m ( r l l ,

f ! n fm( r ) l  
2

f{,r***u) - ft'rl2o

t [  u ' - ' j , *"*tA*, - 
ipjy" ) rv+m+I,t;u)dt * *" 1m(r)12

* * * l v (o ) - ' o l  2  + f (v+m+rv r )  - f t " l

Def  .  2 .LL  fo r  u  aY"
(T .T

t IO. f ,v+m+lrT-u2dt(E \Oa n'+Au,v+rn+H-u;d"t

* *" 1.,(o)- 'o l t  * $iu-r) 
- 

$tEu) .

a n d  ( 4 . 7 )  s e t  t o :

L- 
iF^( X^)'v+m+lr{-u) d t

tt uef, and

(  q . 9 )

A

i f  u  e Y o .

L e t  , e 6 r ( f t x J 0 r r [ l v ) ,  z ( T ) = g ,  s u c h  t h a t :

z( , , r r t )>ro (qr r t ) -a.  e.  i f  u *  . / ,

o r

B^+ nl:.- tr' ,u - |z+m+in-u2c1t *. ,!1.''

( 4 . t 0 )  +  *u l , r f o l  -  
t " ( 0 ) -u ; l  

2  -  / a l v (o ) -oo l '  +

> Injo""*.o*', z7d.t

|n1* r r l1

-1 ,- lz>at
rn' r  f  L ' -

,fuu)o.pJ v> \ tu*,
)---=

i f  u  eYa ,

* *ulv(o)-oo [2 + 
f(a") 

- 
{rnu)}o

gz( t )> /o  .  t -8 .€ .  i f  u  . !u  ,

the  assumpt ion  (4 r f )  one can subs t i tu te  v  in  (4 .8 )  and
1 .

v  -  )z {e>0) ,  and.  so  i t  fo l lows ac '

Where  B^  iu  the  l e f t  member  i n  (4 .8 ) : .  i f . ue . f ,  o r  i n  (q ,g )
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0n the other. hand we see that

i ' l
(4 .n1  v ( t ) - I r t t )+m( t ) -z^ ( t )  -  v ( i l - t z (o ) -uo  +

+  m ( t )

a n d b y ? r o p o 1 . ] . ( t h e e n e r g y e q u a 1 i t y ) * e o b t a j - n l

|n r " ( * l - t r ( r )+m(r ) -zn( r ) l  
2  =  |n lv (o  ) - t " io ; -oo l  2

( 4 . 1 . 2 1  _ r T  r  I  r .  I\ r ' -L l  
*  eJo<" t - t ;  - r ' ^ ru- l r * * -z^>dt  *  *E lm(r ) t2 .

d,"' -t''-z ' ^ )  ds

member,

) ,  f o r  z - o ,

1 r1 -zn ( r ) t  2

2

, T h e  r e l a t i o n  ( 4 . L 2

* n r n ( r ) + m
( 4 . t 3 )  '

'l

+  A E l m ( r ) l

3y subtracting the.

we infer that l
T

, . _ . \  E t < - t r '
(4 . r4 )  -o

reduces to l

1 T= i l tv(o)-ool  
2 + al t<v ' - r 'n,  v+rn-zo>dt'0

'?,

equal i t ies (4. l -2)  a: :d (4. t3)  member by

,u- ! r**-z^>dt + -r'^r- 
fz>at

T

e (*<n'
"o

*  }E t v (o ) -  t " ( 0 ) -uo l  
2  -  ! n l v (o ) -uo  t ?=  o ,

Now f rom (4. t0)  
: "u  

(4 .L4)  lve get  i

B, + ula- ! ,r ' , l ' : . -u+zn>dt + foa(4 . l - j )  "  ^o  t

>/ ttd"^t Arr1, zld't

where iil-u+zo=[1-u+v1-],[ = - 
"*t*n

I,et us rmltiply the inequality (4.t5) by € and afterwards make €---'+0.

Y'fe obtain:

, , T , + r ^ T - T _ . r(4 . : ,6 )  e f " -kz ' ,w^>dt  *  * r i ra f^ (11)  ,z2d t  )  u l ; " *A* , ,?>dt

' rTh ich  y ie lds  (4 .2 )  by  mak ing  the  cha:age z ( t )=e-d t0( t ) .  Th is  comple tes

the  proo f .

Now rve suppose- that  the space H is ord.ered l ike in the Sect ion 3
and tha t  t te  6ond. i t ions  (3 . t )  and (3 .2 )  a re  sa t is f ied .

fn?o*em 4.2 Under the hypotheses (H{ wii  w i t h  o = 0 r H 2 r H j )  o r

;br ; ,1 i3)  r  (4 . t1 ,  and"

( 4 .L7 )  '  <Fn ( t , u ) ,  ( v -u ) *>  <  o ,

f o r  e v e r y  v e  D / ( t r . ) r t €  [ 0 r T ] ,

( 4 . r 8 )  E u ( t ) < E f r ( t ) . ,  t - & . e .

\  r D  l . '
J;\f- '1' .  "vn)  ,  z2dt

. u € V r t r ) 0 ,  i t  h o l d . s

for all ,reJu f^ ,



where

limit

.\. -+O.

fi
o f

27

i - s  t he  f i a lmos t  weak r f  so lu t i on  o f  Eq  . (2 .4 )  ob ta ined .  as  the

t h e  a p p r o x l m a t i n g  s o l u t j _ o n s  v . ^  o f  , E q s . ( 2 . 3 4 ) , o r  3 . 1 9 ,  f o r

Remark  4 .3  The e o n d . i t i o n s  ( 4 . t )  a n d  ( 4 . j - 7 )  a r e  v e r i f i e d  f o r

V ( t ' u ) = I r ( t ;  ( u )  a n d  f a ( t r u ) + ( t r u ) ,  f r o f i  E x . 3 . Z ( a ) ,  i f  ,  1 n  a d d i t i - o n , - - '
we have

( A . l g )  r - . r * €  K ( t )  - f o "  e v e r y  v € K ( t ) , u € V .

Since other examples we did not f ind yetrwe put the problem of
maxj-mal sol-utions first of all for such functions'f .

P r o o f . o f  T h . 4 . 2  L e t  0 €  b e ,  t h e  s o l u t i o n  o f  t h e  e q u a t i o n

- € e ; ( t )  +  e r ( t )  =  ( E w n ( t ) ) *

a  r ^ )  - 0 ,  t € [ o r T l ,u [  \ r '

where  wo( t )=e-d t  (u ( t  ) -v r .  ( t  )  )  .
Hence

.  r n  t - s '

e€  ( t )  =  *  j .  e - f  (Ev l ; (u )  )+ds  2  o' - t  / \

e €  €  l r ( 0 ,  T ;  v )

Qg ---z(trvn)+ tn L2(0, t ;v) ( ,ruhen [ ----oo) .

S ince
rn
r t l

EJ <ee r rvo)d t  =
v T t

=  -  [ [ -  r u /  l 2 o t
rc

. T  r  ,  r T  r
Jo. . r ,  (Ewn)*> ot  Joat i ,  (Ervn)->0t

* r r r (o ) r2 -  t 5 . ro r , (E rvn ) - )a t  <  o

We have f rom (4 .2 )  fo r  €=0€ the  fo l low ing  inequa l i t y : .  . :  -
rF

(4 .2o)  *  f " - **a i :n t t ,y1) ,0e)  d . t  >  f^  fao( t )  (n . , ,vn) ,or  ) -  *  o<(Erv1ro,  )Jat.  " . " 0  1 . .  -  - o -  / \  r

and by  pass ing  to  the  l - im i t ' (  € - -O)  in  (4 .2O)  rve  ob ta in ;

r T ;
a >  o ' \  l l (  Ew,  ) ' l l ' d t  ,-o

by us ing  (4 . t7 )  a lso  the  hypotheses  concern in .g  A .
consequent ly  (Ew^)+=0,  i .  c .  EL11t )5  nun( t )  t -s . .  e .  , r , rh i -ch  impr  i se
g u ( t ) < m ( t )  & . Q o  o n  [ 0 r T ] .  Q . E , D .

e -
! ) .  -L ;Xampres

Exami:}e 5.1
example given

Y/e shal l  reconsir ler
by Illignot and ?uel in

in the context  of  th is paperbire

I  f  4]  ,  in ord.er to show that ,  in
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-  4 ^ - tgen€ral X:n{a has more than one element'

l ,e t  V=H=R'  l ( t )u=u,  I=2,

[ 0 ,  
t € [ 0 t 1 [

( 5 . t )  Y ( t )  = {
L- t ,  t  e  [ r ,z ]

a n d  K ( t )  =  f v : v e R r v ( ? ( t ) 1 .
lrYe have the equation

f  du ( t )+u ( t ) d t+ i rK ( t )  ( u ( t )  ) d t  3  0
( 5 . 2 )  i  

'

L u ( o )  =  o

( f=0 rI' i=O ruo=o ) .

The determinist ic processes

,  z o ( t )  =  0 ,  i f  t  €  [ o ' 1 [
' . . . ,

1 +
( 5 . 3 )  = ' - o " t - " ,  i f  t € [ 1 ' a ] ,

- - f  i f  t € l a r 2 f  ,

nhere a=l+logc{ an6 "{ € h ,27 , are .lveak and "a}most we'akrr solut j-ons

f o r  t h e  E q .  (  5 . 2 ) .

Ind e ed

r  ( 5 . 4 )  , o € L ? ( a x l o , 2 t ; P . )

( 5 . 5 )  z . ^ ( t )  - E z n ( t ) e  K ( t ) ,  f o r a l t t € [ 0 ' 2 1

ar.e obvious.

From ( i .5 )  and Remar lc  2 . I2  i t  fo l lows tha t  i f  z  n iu ;  then \€J  h  i ^

. The::ef,ore, it remaj-ns only to shout that:

nJ2 t r r ' * r n ) ( v+m-zn )d t  +  | n l v (0 ) l  
2+  

! n r * (  i l 12  >  0
"o

f o r  e v e r y  v  € \ r t * ( n  x 1 0 , 2 [  i R ) ,  * e . F € ( o , z ; n )  s u c h  t h a t  E v ( t )  < v ' ( t )  & . € .

on t}rz-J" First  ive remark that ,  s ince Ev(t)  and Y(t) .  are cont inuous

and. cont inuous from the r ight  on [OreJr r€speet ivelyr  the ineclual i ty

E v ( t )  <  V ( t )  h o l - d s  f o r  a l l  t  €  [ 0 , 2 ] .
F o r  p r o v i n g  ( 5 . 6 )  ' , v e  h a v e ; .

et
v ( t ) + m ( t )  =  v ( o )  +  . ) o t ' ( s ) d s  +  r o ( t ) ,

and" by applying Prop.l . l  we obtaini

| e t . r ( e ) + m ( l . 1 1 2  =  | n t v ( o ) t 2  +  
" J : " ' ( v + * ) d t  

+  * u t * t z ) f  .-0
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But  Em(t )=0,

f 2 -  |  .
E ) ^ (  z a v - v ' z o . ) d t

o
ancL

r2
t)ou*t"-zu )at =

- --Too**quently

Henee

(5 .7  )

( f ,8)

r., (v,m) = t&lv( e)+*( i l12* .\ ir(v+m-zn ) dt - tJ2u' ,odt

= Ev(z ) -anv(1) -E  \2va tVM(2) -  Ev( l )  +2-a ,
'a

oL2- T - z + 4 .

F*(v, n) 7|n lvt  2)+ra( 2) |  
2+nv (z) + * -  Ev(1) -  $ , .

) ,*Ef l+v(z)+ro( z)12*.-  t :>rn4:!)  r ,o

Thus we have sho,ryn that ,aefnfu to, dvery 4e[]r2f .

fhe approximating equation for (5.,2) is the folloqring.'

u'., * *) * Irtor-y(t) )+ - o
( f . 9 ) ^ a  ' \ ' ' \ t

u"(o) = o

which has the solut ion

(f, ro )

The max imal  so lu t ion  is  f r ( t )=Y{ t ) .

Example 5.2 l,et D be a bounded. and. operl domain of the Euclid-ean

space Rl\ with a sufficiently smooth boundary , and. Q=JQrTlxD

r ,et  H=L2(n) ,  v=Hl(D) and A(t) 'v--+v* g iv;en by:

( . f .11)  i r  j= l  'D  r r  ^ i  o i

+  l " o ( t r x ) u v d xT

where  . i  j r b i r roe  r i o (o ) .
lYe assume that

there exists c>O such that
(5.:2) =\ N ^

i='"i5Ti \i>'"ft\i
\ A N

for  a l l  jeR

I
2

ur ( t )  =  o

,= 
f1i"

t  e [o , r l

t  e [ r , e ]

r r r
\  r ' 1,,/\-r J- | r ,r- \
- - \  t -  t t  J

/ \  r \- 1 ) ,  i f

N (
f . \
GL 'n
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I ret F,[Orr] .-+f,z( l)  be a measurable mapping vr i th the property:

( 6 . r 1 )  t h e r e  e x i s t s  v o ^ € l v ( o , T ; H j ( D )  ) c c ( 0 ,  t ; t ? ( n )  )  s u e h  t h a t :

vo ( t ) *y ( t ) ,  i n  r , z (D) ,  f o r  a l l  t  6  [0  ,T f  .

Yie denote

K ( t )  = l  r e H j ( l ) r  v c y ( t )  & . e .  i n  l ]
( f . t 4 )  '  v

g ( t , v )  =  ( v - y ( t )  ) +  ,r , '

arrd we consider the equation 
,----.---

r  " \  N  
) . ' ' l .  \ ,E I C'9{ * ZarorY + a^u) (v+m+ld-u-)axat +

re u - 
i=l i t{  + 

"ot/ 
(v*1rl+i; i-u-i  oxcr

----, (6,u) or

fo r  .a - I t  r  y  e tv l6 rx lo , r t ;H} (n )  )  ,  m€f t2 (o ,T  i r , z$) ) .  such tha t  :

,  f r ( )  v+m+M( f  a .e .  on I l xQ-  ' r '  ,  - - -

M r l  n v ( V  & . e .  e n  Q rc l

r  >  q  e .  ?+r**A( t )udt  +  D r*1 t1  (o)at  >  fd t+dnr( t )
(5. l-5) o

u ( O r x )  =  u o ( x )

where  f  4T ,2 (q ) ,  oo6  r ,2 ( l ) ,  and  M€f 'L2 (0 rT ;12 ( l ) r% lY iener  Drocesso
S i n e e  t h e  h y p o t h e s e s  o f  T 1 6 . 3 . 3 , 3 . 7  , 4 . 2  a r e  v e r i f i e d ,  i t  f o l l o w s

that nq.(f ,15) has weak solut ions t !+i l )  .and "almost weak'r solut ions

tf*+$) and moreover,that there bxists fre f  such that

Ou -< Efi 8.. €. on Q

(fr is a maximal solut ion).
I lence the varlai ional nroblem;

( 5 , t q  *  - ( ^  ) u  a Q . g . u - c d x d . t + * ,  
I : * ( r , x ) l 2 a *r, i t l")n"i iq 

-5T- L -D'

]n  f  | " f  o ,x ) -u^ (x )  |  
2ax  

) r l l  f  (v+m+tT-u)dxdt ,* ; -  
T  

' /  J g

has  a  so lu t i on  u  en l (ex lo , rL ;Ho I (D)  )  wh ich  sa t l s f i es :
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' '  
/ o  i \-  \Dr  )  u<Y&r€ .  on  52xQ in  the  cond. i t ion  (V ,  t  ,  nF

( 5 . t B )  
'  t '  " 1 ' t  

v r

t ' q  \  . -  n  . : *  r - i ^ ^t u 2 l  E * < y & . e o  o n  Q  i n . t h e  c o n d i t i o n  ( V , , ) .' z '

The vreak solut ions (R are those that sat isfy (S.,  )  and the , ,a1most

weak' t  solut ions ( fu)  are those that sat isfy (52):
(5 . t6 )  l s  a  s tochas t ic  p rob lem o f  the  D i r i chre t  type ,  w i th
unilateral constraints ln the i-nterior. '

Example 5.3 rf  in Example 5.2 we replace nltn) with Hl(p) v, 'e
shall have a stochastic problem of the Neumann type with unilateral
constraints at the interiorr' for rvhich we also find a. "maximal,t
solut ion

In the eontext of the sarne spaces for vr[O rT7*f,2(r) such i ;hat
t h e r e  e x i s t s  v o €  Y r ( O , T ; r i I ( o )  )  r o l r <  y  ( t ) ,  K ( t )  =  { t  6 H 1 ( l ) :  v l r < y ( t ) }
anc l  p ( t r v )= (o / r  - y ( t )  ) "  t he  hypo theses  o f  Th .3 .3 r . i  . - l  r r , . 2  a re  ve r i f i ed
Thus the stochastic problem (j . l - .6) with boundary constraints

(V f )  ( v+m+ l \ t ) l f ( y  & .€ r  on  .Rx lOrT [x t -

( 5 . t 7  )  o r  '

(vz) (n")1r< y 3 r € r  o n  J O r T f x  I -

(  5 . t E  )

h a s  a  s o l u t i o n  u  L ? ( J Z " l o , T [ ; H l ( l ) )  s u c h  t h a t :

(  s r )  u1 r (  y  a .  e .

(  sz) (nulr<.? e. .  €. on l0rTfx f -  in  the const ra . in t  (yz) .
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