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0n distr j_but ion semi-groups of  subnormal operators.

Ioana CiorS.nescu.

Abstract

We shal ]  prove that every dlstr ibut ion semi-group of  subnormal

operators in a } I i lbert  space nay be extend,ed- to a distr ibut ion se-

mi-gi ,cUp of  normal operators in a larger Hi l -bert  space; as a corol-

lary we get that  each exponent ia l  d istr ibut ion semi-group of  sub-

normal operators is an usual  cont inuous semi-group of  subnormal

o p e r a t o r s .

6  1  -  f n t r o d u c t i o n .-

l e t  X  be  a  Banach  space  and  A  a  c l -osed ,dense ly  de f l ned  ope ra to r

- .  r  . - P  z " r  - i  - i  
' 1

i n  X  w l t h  d . o m a i n  D ( A ) ; . n  7 ]  ( X ) - v a l u e d  d l s t r i b u t i o n  f t  w i t h  t h e

s u p p o r t  c o n t a i n e d . , i n  f O r + < r )  1 s  s a i d .  t o  b e  a  r e g u l a r  d i s t r i t ' u t i o n

t t  n  q  c  i n  s l o r t )  o f  g e n e r a t o r  A  i f  8  i n d  A  s a t i s f y
S e m l - - g f  O U p  \ 1 1  . l J . ' ) ' \ r '  t - L r r  D i : \ ' / - L  v  l  v L  E e r a v t '

the equat ions :

( t . t  ) ( s -  u /u i *E  -c lo rx and  8  x  (a -  Yu i  =J@ r l ( ^ )

A n  R . D . S . G .  6  i s  s a 1 d .  t o  b e  a n  e x p o n e n t i a l  d i s t r i b u t i o n  s e m i -
o l t l p e  4 u t
; - -a--_ ^ i f  e sat isf les the fo l lowing condi t ion:g " o u n $ n . D . S . G . , i n  s h o r t )  :  

e
' t h e r e  e x i s t s  a  v e a : -  u t  s u c h  t h a t  u - 7 t  6  i s  ^ n { '  ( X ) - v a l u e d

tempered d ls t r ibu t ion , fo r  any  t  -  u :  t

Di .str ibut ion semi-groups were d"ef lned and studied" by J ' f ""1- ' ions

i n  t l ) .

] ,et  us d.enote Y = n D(An) and end'owe Y with the l rechet
n = 1  * , , " i

topo logv  de termined by  the  norm l l  x l l  n  
=  

fo l l  
A 'x  l l  '

Then the  fo l lov r ing  cond i t ions  on  the  opera tor  A  are  equ iva len t :

( i )  A  i s  t h e  g e n e : : a t o r  o f  a  F t ' D ' S ' G '  i
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( i l )  t h e  r e s o l - v e n t  n ( " 1 , ; A )  e x i s t s  i n  a  l o g a r i t h m i c  r e g i o n  o f  t h e

form

A =  l n  e  c ;  Re  2  > ,d  l os r rm . t  I  *F ,  Re  L  ,  r t r
where  d .  ,  f  > /Or t  €R are  some g iven cons tan ts ,and s -31 ! is f ies

i l  n (  l  ; e )  t l  a p (  1 1 , 1 )  ,  A  €  - A

p ( / \ )  b e e i n g  a  p o l y n o m  w i t h  p o s i t i v e  c o e f f i c i e n t s .

( i i i )  t h e  r e s o l v e n t  s e t  - P  t A l  i s  n o t  e m p t v  a n d  t h e  r e s t r l c t l o n  o f

-  A  * :  t ,  Ayr is  the  genera tor  o f  a  loca l - l y -equ icont inuous  semi -group

|  - -  ' )  ^  -  / ^I  r r  L  n f  n ' l  o c o  t / f t  
' l  

i -  Y

I  , t  
J  t > r o  o f  c l a s .  ( C o )  i n  Y .

The equivalence. ( i )<=+( i i )  v/as proved. by J,Chazarain in f2 ]  anci  the

e q u i v a l e n c e  ( i ) + > ( i i i )  w a s  o b t a i n e d  . b y  T . U s h i i i m a  i n  t t  t ] .

T h e  R . D . S . G .  t  a . n d  t h e  s e m l - g r o u p  { u a  }  , r o  g e n e r a t e d  n y  A y

ma. r ;  be  expressec l  in  te rms o f  the  reso lvent  n ( ,1  ; r i )  as  fo l lows:

'  * - o  ' . ^ \  I  
' :  

' ^  \ - - l  n  - C - r t

\ 1  . z )  f , ( q )  =  |  #  f r ) n ( 2 1 . ; r ) a , , |  r o r  e a c h  ' - { € i l

where % is  the 
"on"Jh " . t ,  

indef in i te lv  d i f ferent iab l -e  funct i -ons

'  o n  t h e  r e a t  l i n e  w i t h  c o m p a c t  s u p p o r t  ,  V  t n >  =  
J  u L t  Y ( t ) o t ,

and ?A 1s the boundary or A ? -l{

I  t r . 1
( l  . 3 )  U t x  =  

* T "  
( r - r r a )  *  n r  x  f o r  e a c h  x  € Y  ,

t t  t  u+

where  the  convergence is  un l fo rm wl th  respec t  to  t  in  everv  f in i te

( a  \  / - - -  f  
1  F  - ?  '

i n te rva l -  i t  LO,+e  )  ( see  lB  J  and  L9  i  )  .

Iv ioreoverrwe recal- l-  that holds :

( 1  . 4 )  z ( ? ) =  [ v ( t ) u * x a t  f o r e a r c h x € Y  , Y e f l
J ' U

rnd that the S*i-gtoup property is given b.y € $rv)= t(.f)fcrt-S'" ".1, 
V €"Do: fte fr tsufl" Y c'Co,+elJ

t r \ r r therr the fo l lowing condi t lons on the operator A are equivalent:

( i t )  A  j . s  t h e  g e n e r a t o r  o f  a n  E . D . S ' G .  o f  t y p e  4  @ ;

( i i t )  t h e  r e s o l v e n t  i i ( / 1 , ; n )  e x i s t s  f o r  R e  L  r w : r n d  s e i t i s f i e s '

t l  n 1 1 ; a ) l l .  1  P ( t L l )  ,  I i e  2 - ' = r ^ ,
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f o r  a  p o l v n o m  p (  t  ) ;

( i j . i t )  t h e  r e s o l - v e n t  s e t . p ( A )  1 s  n o t  v o i d ,  a n d  A ,  i s  t h e  g e n e r a t o r

- g r o u p  o f  c l a s .  ( C o )  i n  Y  .
a - f

J . l . l - , 1 o n s , d i d  p r o v e  [ ? J  t h a t  ( l ' ) 4 = >  ( i i ' ) ' a f d  D . F u j i w a r "  [ 4  I

ge t  tha t  ( i ' )  1=> (  i i - i  '  )  .

F ina l l y  we reca1 l  tha t  m ( -77  C.Fo ias  s tud ied  d is t r ibu t ion  semi -

groups  o f  normal  opera tors  and ob ta lned the  fo l l -ow ing  resu l t  :

i f  f -  i s  a n  E . D , S . G . o f  n o r m a l  o p e r a t o r s .  i n  a  l i i l - b e r t  . s p a c e r t h e nr r  \ t  
- r  - -  - -

'  
Y,  ,= an usual  cont inuous semi-group of  normal-  operators o "

A f te r  these pre l im inar ies  on  d is t r ibu t lon  seml -groups  rw€ sha l l

now give Some elementary facts on subnormal operators.
.?

1f

T',et  & be a Hi l -bert  space;a l inear operator T wl th domain D(T)

1s ca11ec1 subnormal i f  there exists a larger i i i lbert  space j r  con-

ta. in ing X. and a normal operator I \T in i l  which extends T (one says

o l s o  t h a t  H  r e d u c e s  T ) . T h i s  d . e f i n i t i o n  i s  d " u e  t o  P . R . i r a . l - m o s  [ 5 ] .

J .p ram [1 ]  d id  show tha t  a  bound.ed  oper r  to r  on  X-  i s  subnorma] -  i f

a n d  o n l y  i f  f o r  € V € l r 1 r  f i n i t e  S e q u e n c e  o f  v e c t o r s  X o r X l  r . . . 1 X '  i n

T  h o l d " s :
s-

) - ,  ( T r x . , T J x r ) 7 o  .
i ,  i =0  bc . r xo i ' " , (

He Al -so proved tha. t  i f  N is  a  min imal  normal-  extens ion of  the l iub-

n o r m a l  o p e r a t o r  T , t h e n  t t  T  t t  =  l \ N l [  a n d  6 ' ( N )  c .  c ( t )  ( a ( N )  d e n o t e s

the  sDec t rum)  .

(  ^  1  - -  -  ^ ^ . ^ + . : . ^ , . - - - ^  ^ ^ * ;
l ,e t  \T t t t7 ,O 

be a  cont inuous  semi -group o f  bounded.  subnormal  ope-

r a t o r s  i n $ ; t h e n  t h e r e  e x i s t s  a .  l l i l b e r t  s p a c e  H )  X .  a n d '  a  c o n t i -

nuous  semi -group o f  normal  opera tors  in  l i  ex tend j -ng  lT t l t tO .

Th is  theorem was f i rs t  p roved.  by  T . I to  te  ] ; recent ly  a  shor t 'd " i f -

fe rn t  p roo f  was  ob ta ined bv  E.Nussbaum f t  O] .

A i o n * i n -  ^ ^ v e n i e n t f y  t h e  m e t h o d  f r o m  f 1 O ] r w e  s h a l l  e x t e n d  i n
f rLrd.y u i r r ts  u.v

th is  no te  the  above theorem to  d is t r lbu t ion  sent i -g - . roups  o f  sub*

normal operators and as a corol lary v le shat l  get  a general lzat ion



of  Fo ias ,  resu l - t  to  E .D. 'S .G.  o f  subnormal  opera tors  in  a  H i lber t
I

space.

$  2 .  . M a i n  r e s u l t .

In al- l  th is paragraph X wi l l  be a Hi lbert  space.

propos i t ion .  i . le t  { t r } *70  !e  a  cont inuqus  semj - -g roup o f  bounded

subnormal  opera tors  ln  X ; t len  fo r  each qe  S r t i i r  :pere tor

f" Q)=

ls a subnormal- operator- o

P r o o f . B y  a  r e s u l t  f r o m  t l 0 l , P r o p o s i t i o n  2 r f o x  e a c h  a > O  a n 6  e a c h

+ o o
t\

I  . p  ( t ) r +d t
J V
o

f u n c t i o n  f  :  I O r a ]  * X r w e  h a v e :

3 a

t  t  ( T t f ( s ) , t . r ( t ) > d t d s  ) . 0  .
J J V
o o

On the  o the r  handrus ing  the  semi -g roup  p rope r t y r i t  i s  easv

t h a t  f r ( q a y )  = t  ( Y ) € ( Y ) , r o r  e a c h  Y , Y €  ? ) , w h u ' u

ThenrXorX l  , . , ; r xo  bee ing  a rb i t ra ry  n+1  vec to rs  i n '  X rho l -d ' s :

- '  . a  i , . ^ .Z -  < e r ( v  ) * r , € i ( ' r l * i - )  =
i ' i = O  

-  -

: ,

= :  ^ (  G  ( Y t ) x t  '  6 ( t  j i * i
i ' i = O  

J '

n A n ? = ! -
c f )

=  I  \  * = ( q r ( t ) r t * i , ! i ( s ) r . x r 7 d t d , s  
=

.  O  ;  
r r , J _ . _

na t \ I

f  t  4 r t r ( s ) , r " r ( t ) > d t a s= J Jo o  +
where .f i = y-9j-Q;*g-f ,f(t) = Z, Yr(t)xt and a is

.l/

that  supp !  c  f -a ,a f  .

IO  p rove

t@t  c+1=
t-

Jvror Yft-+Yls
o

such

.  Q . € r d .' o

We shaL l  say  tha t  the  R. l ) .S ,G.  e  i s  a  d is t r ib r r t ion  semi -group

of  subnorma]  opera tors  on  X i f  fo r  every  Y  e  Z  ,  t  ( f )  i s  a



' t '

subnormaL oPerator on X. l l
i!

By the  above propos i t ion , l t  i s  rqua i te  na tura l  genera l l za t ion  o f  
l i

the not ion of  cont i -nuous semi-group gf  bounded subnormal operators.

T . ,emna.  The genera tor  A  o f  a  R.D.S.G.  o f  subno lma! - lps ra to rs  i s  a
F.--=-.---:

subnormal  oPera tor .

proof.  We start  b14 using some arguments f rom IZ ]  to get a '  convenient

fo rm o f  the  reso l -vent  n ( . fu ;a )  o
r f \ A

t e t  A t  a  / . a t  ^nd  0e1 iC-  such  tha t  #  ( t )=  f  f o r  t  € [O ,a ]  and

' € ( t ) = o  f o r t q i - 1 , a ' f  . D e n o t e  # n < t l  =  e L t + ( t )  , 7 € c '

Thenrus ing  the  f i rs t  equat ion  f rom (1  "1  ) ,we ge t  :

( a - l  )  f "  ( # )  =  b f , ( e -  L *  0 ' ( * ) )  .

p u t  y  n  
( t )  =  

" -  
t r t  

+ ' ( t ) ; t h e n  1 n  [ 2  ]  i t  1 s  p r o v e d  t h a t  f o r  L

belonging to  some logar l thmlc reg ion A ,  i i  Z  (a ;  t \  *  t / ,  
,

that 1s q) ao
-1 \- -y 4n( "p+ t _

[ r  € r v ^ l ]  =  L ^ t n ( Y n ) = / = ^ 6 t ' I A  ) =
D = 0  m = O

= Le( yI ,k , , .*t l) =
IL=U

-  ] i '  Z  ( ! ' L , ,< )
nT' "

where f  n ,u  
= Z^* i *  . . '  -  *  €e f lo  ,  y :  =  ! .^  l . ro ,  n" - ;

r y r = O

Fina l l y 'we ge t 'us ing  in  the  same way the  second.  equat ion  f rom ( t  . t  )

that  f f  (2,  ;e)  exists j -n a logar i thmic region A and'  is  g iven bv

R ( 'L ;A)-  =  f '  f# ;  [ r -  t ,W^)J  
-1  =

= t r  O i l  r im  € (Yo . r )  =  t . ' ' '  b tu f  \  e  (? t ,u )
K --+ t> 

/Ls t> 
k -T ,r

= , 1 i *  I  ( Q u u )
E+ po

- h  & +  , n  r ( A
where  Vr . . , .  =  VA )+  Y t r ,a  

" fo* t , ' v  .  r r .  -  f  n r , - c x  a / ^ l  , + \ o r . a \ '

( wo .<,, 'eal ;- [ to./  f ' r*rci  ̂  r t3 , IL'r  &"d &t Y*z't(y*)?"H)'

tftt**f ) , wu 3.* * '){-'.o( e**4 A'#*d qg*ujtD1 s-'J"'IP^AI Kf-)-Ary\\
7

il. t. t
: f
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for  each 2 e i \  and"  k€N, the operator  {  ( f  r , , . )  is  subnormal '

l -s  c lear  that  n( .1 , ; l )  is  a  subnormal  operator  on X '

I ,et  )"  oe " \  be f ixed. and 1et * lo be- a minimal normal extension

of  R (ho ;U)  ac t ing  on  a  H i lber t  space H.Then N!1  ex is ts  ,b I  an  a ' r -

gument  g i -ven  in  [1  O] rPropos i t ion  3  and we g ive  i t  fo r  comple tness '

, P L  t
r f  J  xo = 1, f1xo")  is  the nu l l  space of  N2o , then $.=" f (N;  )

a n d ,  , A  =  U  ( N t . )  2  R ( * O " )  X  ( R a e n o t e s  t h e  r a n g e ) . S i n c e
,  . A o  t t Q  ' \ e

Jf;  red.uces N.a" and. N2o is a minimal normal extension of
- P r r - - 1

R ( l ,  ; L ) , J P l u  =  H  a n d  t h e r e f o r t  / 1 "  =  I O J  ' H e n c e  N r ;  e x i s t s ' j ' s

closed and densely def ined and is a minimal normal 
.extension 

of

2,  -A.Hence N = 2o -* ; :  is  a rninimal normal-  extensj-on of  A

Q . Q ' d ' '

We can nol{  g lve the

Theorem.  l , e t  t  be  ,a  R .D .S 'G  '  o f  bounded '  subnorma l -  o era tors  in

H. i ]ber t  spa .ce  X; the ]L there  ex ls ts  a  j i l l ber t  space r , conta. in lng

Z g )x =and a R.D:S.€.  t  -o f  normai  operato i l - i l :USl  th3, !

f  ( r ( )  ,  f o r  e a c h  ?  €

Proof .  le t  N  be  a  min ima l  normal  ex tens ion  o f  e rassoc ia ted .  as  in

t h e  f , e m m a  t o  a  f i x e d  ) ,  o e . L r a c t l n g  
i n  a  H l l b e r t  s p a c e ' H )  X . T h e n

6 - ( (  i r - N ) - 1  ) .  G  ( (  2 o - A ) - 1  )  a n d  b y  t h e  s p e c t r a l  m a p p i n g  t h e o r e m ,

i t  resu l - ts  tha t  e re(N)  4  6e(A)  (  6 "  1s  the  ex tended spec t rum) '

H e n c e  5 -  ( N )  c  6 ( A ) , w h e n c e  - f  ( a )  t f ( N )  '  s o  * F  ( m )  c o n t a i n s  t h e '

a\

l oga r l t hm ic  reg lon  /  \ and  fo r  2e  L  ho lds :

I t  R ( L ; N )  l t  = t { R ( 2 ; A ) l f  4  p (  l 2 (  )

( i ) + - z ( i i )  ' N  i s  t h e  g e n e r a t o r  o f  a '

i n  } l r g i v e n  l y  (  . Z )  :

(  , r ) R ( . t ; N ) d  2 - ,  n  € D  )

There forerbY the  equ iva lence

R . D . S . G . o f  n o r m a l  o P e r a t o r s

r v ( *

t ( \ )  =  I  L f

D A
w h e r e  b y  t h e  L , e m m a , I t ( ) ; 1 , : ) ' i s  n o : r m a l - . I t  i s  c l e a r  t h a ' " t  e a c h

- a
e x t e n d , s  Z ( V ) ,  q e N  '

q . e . d .

\ ? \
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subnormal operators in a Hil-bert. 9
goro l la rv .  !q !  6  -be  an  E ' l - l 'D ' t "  u r

D

space X; then C Is  g rven an usual continuous semi-glegp-sg boUn-

ded subnorna.l  operators 1n X'

ryor. L,et N be a minimal normal extension of t [e generator A of

\
acting on the l{ i lberd space H x.Then by a similar argument as ' in

the above theorem, i t  resu l ts  that  R( , \ ;m)  ex is ts  for  ne, l  2u)  lwhere

ru is the tYPe of f and i s  ma jor j -zed  bY a  Po lYnom'

'  ' i '  )  +> ( i i '  )  'N is  the generator  o f  
" * ,^ . ,Flencerby the equi -va lence \ :  

cv  
r \  4u

I .D .S .G.  o f  no rma l  opera to rs  i n  H '  U  'By  the  resu l t  o f  t ' t o t l ? : .  n

1s glven by an usual continuous semi-group { tr l* ' ,0 of normal ope-

rators in H.
e

Let  x€Y = n l ( ln)  and
r n : O

t  ̂  \  generated-o f  c l a s s  ( u o /

have :

U-x = l-im
l.-r 0*

( r-rrl) x =

-1fu")

(  
"  

1 t r"e equlcont inuous semi-group
1  ' t  l  t  r , o  

v r ru  vY6 -

'  a r  /  s e e  ( i - i i ' )  ) ; t h e n  b Y  ( l  ' 3 )  w e
b y A y l n L \ i

r f u  1- L t A )

= l im (r-n}{) x
L'20,

As Y is d-ense in X, i t  is  c lear

semi-group of subnormal- operators

in the d. istr lbut ional-  sense with

= T * X .
I t

. 1

that 1 utJtro

on X which bv

e .

i s  a  cont inuous

( 1  . 4 ) ,  c o 1 n c l ' d e  ,

Q .  € .  d .
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