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On distribution semi-groups of subnormal operators.

Joana Cioranescu.

Absﬁract.

We Shali prove that every distribution semi-group of subnormal
operators in a Hilbert space may be extended to a distribution se-
mi—gﬁgup of normal operators in a larger Hilbert spacejas a corol-
lary we get that each exponential distribution semi-group of sub-
normal operators is an usual continuous semi-group of subnormal
operators. ‘

& 1. Introduetion,

Tet X be a Banach space and A a closed,densely defined operator
in X with domain D(A);an P (X)=valued distribution éi with  the
support contained in [O,+o0) is said‘to be a régular distribution
semi-group (2. ns.Cayln short) of generator A if 8 end A satisfv

the equations

(1.1) (A- d/d.t)»ﬁ =3®1I, and 2o e d/dt) =S@

An R;P;%&Q. ?% is said to be an exponential distribution semi-
grouS?f%%ﬁ.S.q.,in short) if fi satisfies the following condition:
‘there exists a real w such that e_gt & dsoan & (X)-valued

tempered distribution,for any L R CEN

Distribution semi-groups were defined and studied by dJ oL, Lions

i o 7L '
b b daote 1= Y DGDY  emd endowe ¥ with Sbe Frochet
n=1 i S
topology determined by the norms Jeacile = ZZ:IIA el

; j—_—o
Then the following conditions on the operator A are equivalent:

(i) A is the generator of a B G
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(vii) the resolvent R(A ;A) exists in a logarithmic region of the
form
]\ = {le €; Re Aol loglInd| +f5, Re A z{}

where o{,ﬁzo,"d’éﬁ are some given constants,and satisfies

B sy el

- p(A) beeing a polynom with positive coefficients.
(iii) the resolvent set P (1) is not empty and the restriction of
et Yoo Ay,is the generator of a 1oca11y-equicontinﬁous semi—group
{Ut} t0 of class (CO) e ‘
The equivalence (i)<4=>(ii) was proved by J.Chazarain in [2] and the
equivalence (i)&=>(iii) was obtained by T.Ushijima in [11].

Dhes R D5 -Ge 5 and. the semi=-group %Utk s generated by 'AY

may be expressed in terms of the resolvent R(A ;4) as follows:

i colea S ‘vr\FJ(l)R(A;A)dA for each ’k{/ég)
VAN '

(=
where aO is the space of all indefinitely differentiable functions

o~ ,
on the real line with compact support , - Y (A) = j e/Lt Wit )dit,
and QJ\. is the boundary of 7\ . T

4
e
(=) Ux = lim (I-ha) [ h] x

for. sech X €Y
h~—>O+ ,

where the convergence is uniform with respect to t in every finite
interval in [O,+0°) (see [8) and [9]) .

Moreover,we recall that holds

Cld) i) = j ¢ (t)U xdt for eseh XEeY¥ ‘{76@

R |
e 1] ) and Shat She ool nenoup puppenty. 1o glven oy & (9x )= ECoéy
foe Gy e tbz;:gqle Dy sapp wcfw,no)}

Further,the following conditions on the operator A are equivalent:
(i') A is the generator of an E.D.S.&. of type £ w;

(ii') the resolvent R(A ;A) exists for Re A vyuwand satisfies’

iReL el ¢ pUaly Bl st



for;a polynomjp(?);
(iii') the resolvent set L (1) is not void and Ay is the generator
of‘an equicontinuous semi-group bf class (CO) fen ¥

J. 0 lions did-provef 7] that (i')=2{ii") =ad D.Fujiwara>£4.]
geb gt (1) = i ],

Finally we recall that in (3] C.Foias studied distribution semi-
groups of normal operators and obtained the following result

if fi is an B.D.5.0.0f normal operators. in g Hilbert.space;then

'fg is an usual continuous semi-group of normal opefatbrs 5

After these preliminaries on distribution semi-groups ,we shall
now give some elementary facts on‘gubnormal operators.

Let SE be a Hilbert space;a liﬁear operator T with domain ple)
is called subnormal if there exists a larger Hilbert space ¥ con-

aining 36 and. a nermal operater N in H which extends T (one_says

olso that H reduces T).This definition is due to P.R.Falmos (5]

J . EBram [1] did show that a bounded operator on }E is subnormal 11

and only if for every finite seguence of vectors XO,X1,...,Xn in

¥ holds A '

1%04 Tixj,zji77/O . -
bownalsel

He also proved thet if N is a minimal normal extension of thévgub—

normal operator T,then U TH=WNI and ¢ (N) < ¢ (T) (G (N) denotes

the spectrum) .

Let %thtzo be a continuous seml-group of bounded subnormal ope-
rators inff ;then there exists q»Hilbert space Hi)f{ and a conti-
nuous semi-group of normal'operators in H exténding iTtitzO .

This theorem was first proved by T.Ito [ 6 |;recently a short,dif-
fernt proof was obtained by E.Nussbaum o]
~ Adapting coveniently the method from [10],we shall extend in
this note the above theorem to distritution sémi—groups‘of sub-

normal operators and as a corollary we shall get a generalization



of Foia§' result to E.D.S.G. of subnormal operators in a Hllbert

space.

§ 2, Main result. Bor g e

In all this paragraph X will be a Hilbert space.

Proposition. Let %Tt§t70 be a continuous semi-group of bounded

subnormal operators in X;then for eachvfe i),the operator

+ 0o

&)= | PoImae

o
is a’'subnormal operator.

Proof.By a result from [10],Proposition 2,for each a0 and each

function f: [ 0,a] —>X,we have:

2 3

& S 48 5le), 1 B0E) pudbds % 0
(@]

o
On the other hand,using the semi-group property,it is easy to prove

that & (¥®Y) = ﬁ(tp)"g(\(),for gach %, Y € @,where YOV (t)=

£
Then,X  sXqseeesXy beeing arbitrary n+1 vectors in X,holds: SQUJ?(#4¥&

Z <€l(‘P)XJ,€J(“P)Xl>=
Qj=O
= Z <‘€;<LP>X-,§H7 )x i
15 =0
Mma na
= j 5 Z<“f 3 (0)Tyxy ,’*F (s)T x;7dtds =
i,3=0
0o o
na ny .
= j g L8 fla), 0 £06) pdds - > O
6 o

where

9090 OF 20 - %%i(t)xi ol b

that supp‘{c:[—a a e
‘ S Geeeds

We shall say that the R.D.S.G. é is a distribution semi-group

of subnormal operators on X if for every ¥ € e 8 (R i w




subn;)rmal operator on X.
By the above proposition,it is :quaite natural generalization of
the notion of continuous semi—gfoup of bounded sub‘norrr‘lal operators.
Then we have the following s .

Temma. The generator A of a R.D.S.G. of subnormal operators is a

subnormal .operator.

Proof. We start by using some arguments from [2‘}to get a convenient
form of the resolvent R(\;A) . ' '

Tiet Q4 a /o  @nd 4¢D such that Q'(t)— 1-for L]0, a] and
é (t)=0 for té@[—ha"] . Denote 617\’ (t) = e_atg(t) sl et

Then,using the first equation from (1.1),we get
(i) 2 B~ mogte A (b))

Pt Y/l (t) = e Atﬁ—‘(t)‘then in [2 1.1t is proyed that for A
belonging to some logarithmic reglonj\_ I\ 6(*1&) | £ 1/2 §

that is

i Z (+t3) =;O€”(‘“f;{f)z

= ; é( Y}\ ’:f:) =
= %:im ﬁ($ﬂ,x)

K : + :
where Lf/l i Z j’:*-”—*“f’;:é %O 5'\F/\,-=YA{[O‘{-90)

F:Lnally we get’ uSJ.ng 1n the same way the second equation from (1 )

that R(A ;A) exists in a logarithmic region A and is given by

R ar = B0 [0 )] T

il

CCH) m B, 0 = fon BU6)E (e, W)

k- ve

lin & (<P,1 o

Ko po :

. {\m fnmc{ i [77 , oo pudling W?e% ept) ()=
SOV ter), we gt @ choedl dinily difiuad fuolon s Yot 56#’*):661’))

il
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As for each A e\ ana ¥ € N,the operator & (df);lk) is subnormal,
{

. i% s clear that R( A;A) is a subnormal operator on X.

Let ﬂ, ¢ j\_ be fixed and let N& be a minimal normal extension

of R(l A) acting on a Hilbert space H Then Nﬁ1 exists by an-ar=

gument given in [10],Proposition 3 and we give it for completness.'
If L/V}j'zl/VYNao) is the null space of NA; ,thehLAS; =AfYNéi )

and b&ﬁo = j%?ﬁ;:}:; ja(Nag) = X (R denotes the range).Since

/V;O reduces Njy_ and Nﬂo is & minimal normal extension of

R(ﬂ@ o) VME = H and therefore ,ﬂp =<{O} .Hence N}1 exists,is
closed and densely defined and is a minimal normal exten81on of

20 -A.Hence N = Mo ~N° is a minimal normal extension of A ”

Ao
g.€.d.

We can now give the

~

Theorem. Let ¢ be & R.D.S.G. of bounded subnormal operators in &

Hilbert space X;then there exists a Hilbert space F containing X
-~

and a R.D.S.6. £ of normal operators in F such that e (%”)X =

'6(‘€) , for each o AR

Proof. Let N be a minimal normal extension of A,associated as in
the Lemma to a fixed,ﬁoéjx,acting in a Hilbert space-HD> X.Then

& ﬂo-N)—1) < G ﬁo—A)f1) and by the spectral mapping theorem,
it results that & (W) € G (4) ( G is the extended spectrum).
Hence 6‘(N)<:}7(A),whence Stk a PE) .. 5o jD(N) contains the

logarithmic région jﬁx and for A€ /\ holds:
WR(AGH) L = UR(A;AN 2 p(LAL) .

Therefore,by the equivalence (i) A=>(ii) ,N is the generator of a

R.D.S.G.of normal operators in H,given by(1.2)

= : ;e
e =j ¢ (A)R(AN)A A po e D
o : :
where by the Lemma,R( A :1) is normal.It is cle1r that each “@ ()

extends € (¢) cpe§3 :
g.e.d.
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Corollary. Let ;? bean B.D.0.0. of subnormal operators in a Hilbert

space X;then fi is given by an usual continuous semi-group of boun-

ded subnormel operators XK,

Proof. Let N be a minimal normal extenéion”of—%ﬁé generator A of
acting on the Hilbert space H X.Then by absimilarvargument as in
the above theorem,it results that R(A;N) exists for Re,l:>u;,where
oo is the type of & and is majorized by a polynom.
Hence,by the equlvalence [t )<féf>(11 ),N is the generator of an
BE. D S G, of normal operators in Hy g .By the result of C.Foias, g’
is given by an usual continuous semi-group g t}t 0 of normal ope—>

rators in H.

Tet x€Y = (h\D(An) and %Ut}t .0 the equicontinuous semi-group

of class (co) generated by Ay in ¥ ( see (iii'));then by (1.3) we

have : _[%@]
U,x =h}iQ\ e x
-[%.)

= 1im (I-hN) x = LxX s
h=0 . ;

As Y is dense in X, it is clear that % Ut%t70 isba continuous

1l

semi-group of subnormal operators on X which by (1.4),coincide)

in the distributional sense with % .

g.e.0.
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