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Abstract

We arb concerned wi th  necessary condi t j -ons for  s tochast ic

contro l  problems whose dynamics are descr ibed by nonl inear  I to 's

equat ion.  I t  is  shown that  genera l  methods used j .n  determin is t ic

opt imizat j -on problems are apol icable in  s tochast ic  case aIso,

even i f  the d i f fus ion coef f ic ients  are depending on the contro l

var j -ab le.  The adjo int  system def ines a non-ant ic ipat ive process

wi th a prescr ibed f ina l  va lue

Genera l ly ,  maximum pr inc io le  and adjo in t  system in s to-- . . ,

chast ic  contro l  problems are equiva lent  wi th  Euler 's  inequat ion

( s e e  ( 2 2 )  )  .

9 1 . In t roduct ion

We consider  a c lass of  s tochast ic  d i f ferent ia l  equat ions

1 )
k

4p1 (t.)t,x,u (t) ) dt+.r4 9i (,J,t,x,u (t) ) dBi (t) ,
I=I

t *fto,tr1, xGRn ,

.  .  rBk  ( t )  )  i s  a  k -d imens iona l

is  a  s tochast ic  process over

F o r  e a c h  ( t r x r u )  e  ( t o , t l  x R n

and i t .  1d marked by exol ic i t

w i t h  g i v e n  i n i t i a l  c o n d i t i o n . x ( 0 ) = x ^ < = R " ,  w h e r e  B ( t ) = ( 8 . ,  ( t )  r . . .' o L

Brownian rnotion and the control u

the probabi l i ty space l9e ,Y, P}

xRm ,,..  f  t19 t i  are random vectors

derrendence on .-.relC As admissible

contro ls  we a l low any non-ant ic ipat ive bounded process

. _ n
where U is  a convex subset  in  L 'u  ( t )  =  ( u l  ( t )  ,  .  .  .  , & m ( t )  ) €  u ,



Assume that  f ,  s i  sat is fy  3ome growth and

di t ion in  x  un j - formly wi th  respect  to  (d,L,u)e S)

as random processes they are non-ant ic ipat ive for

wi th  respect  to  d-a lqebras 7*"Y,  qenerated by

Lipschi tz con-

x [ to,  t r l  x  u,  and

e a c h  ( x , u ) €  R n x u
r ' )

J e ( s ) , t - s s ( t  t
L - U

.  For  an admiss ib le  contro l  u  there is

c ipa t i ve  p rocess  xu  ve r i f y i ng  (1 )  i n  i n teg ra l

whose t ra jector ies are cont inuous funct ions.

As the funct ional  to  be min imized we consider

2 ) J ( x ' u ) = E ( d , x ( t r ) ) + L ( d , t , x ( t ) , u ( t ) ) d t ]

where G and L ver i fy  po l inomval  growth condi t ions.

fn  U ]  i t  has  been  g i ven  a  genera l  cha rac te r i za t i on  o f

the optimal element in terms of the dynamic r:rocrrammj-nq equation -

Unfor tunate ly  the method used in  LZI  is  not  aopl icable in  our  case

since the contro l  var iab le is  enter inq in  d i f fus ion coef f ic ients .

when consider inq s tochast ic  contro l  equat ions wi th

d i f fus ion coef f ic ients  depending on the contro l  we are fac ing
lw:aS,

wi th  two a l ternat ives:  to  use e i therYFeedback contro ls  or  open

loop contro ls 'g iven by non-ant ic ipat ive processes.  In  the feed ' -

back smooth contro l  case there is  a  Pontr iag in 's  maximum pr inc ip le

g iven in  f : ]  fu t  the adjo in t  system doesn' t  f ls f ina: :a  non-ant ic i -

pat ive so lut ion

Determin is t ic  opt j -mizat i -on methods in .  s tochast ic  contro l

problems have been used in  Dl  where by convex.analys is  the

pont i iag in maximum pr i -nc ip le  is  obta ined for  the problem where

G=0,  the funct ional  L  is  convex and the 
"y" t "*  

t i r )  
is  l inear  in

(x  ru )

an unique non-anti-

f o rm a .e .  on  S?

i'
toF

In  our  op in ion,  the Pontr iaq in type var ia t ions (or  l ' lac



Shane var ia t ions)  are not  su l tab le in  nonl inear  s tochast ic  contro l

problems s ince the dr i fL  and d i fuss ion terms qet  d i f ferent  orders

of  var ia t ion corresponding to  the same.var ia t j -on of  the contro l .

. . .  Moreover ,  Oven i f  d . i f fus ion.coef f ic i -ents  arJnot  dependlno

on the contro l  var iab le,  the adjo in t  system i -s  not  def in inq a

nonan t i c i pa t i ve  p rocess  ( see  p1  )  .

.  The most  su i tab le contro l  var ia t ions are those smal l  in

L *  -no rm.

Tn th is  l :aper  we get  f i rs t  order  necessary condi t ion-s

convert ing the optimality property into. the Eule:: inequatj-on on

a Banach space ( the Lagragean form) and us inq the Wiener  j -n tegra l

repre2entat ion of  a  square in tegrable mart ingale we obta in the :

ad jo in t  system and the Hami l ton ian eypress ion of  the opt imal i ty

(maximum principle) .

S ince we use loca1 var ia t ions j -n  or iq ina l  problem/ the

rnaximum pr inc ip le  has,a 1ocal  form.

In a for thcominqJ paper  in t roducinq re laxed contro ls  in

stochast ic  contro l  problems we sha1l  ge l  the g1oba1 maximum

p r i n c i p l e .

2.  Some def  i -n i t ions and notat ions

fn order  to  l is t  the condi t ions under  which (1)  has an

unique so lut ion we need to s tate mor 'e  nrec is ly  the problem we

are concerned wi th
ir-> rv 7

On the nrobabi l i ty  space Jb( , t ' ,e1 a k-d imensj -onaI  Brownian
t - 4

m o t i o n  B ( t ) = ( B l  ( t ) , . . . , 8 k ( t )  )  t 6 ;  L t o , t l j  w i t h  B ( t o ) = 0 ,  i s

considered and le t  7 . r3 be the increasinq fami ly  of  C-a lgebras
"  L - "

r ?
by fe (s)  ,  L6:s1tJ .  Denote dB* the O--aLqebra of  Borel ian setsXtc*uut"L



4 -

Fo ' t11  '

i ) Er= it o Lto, tJ , (.t, tE n ! e31 f or all .r, D

{ n ) c 7 '
i i )  n.= la:- ld: (d,t1.qntef,  for al l  te l to,tr l  .

On the space.s x  Rn+m i t  is  considered the 6--a lgebra

aS 83"4in generated by the algebra S *8r,**.

in nk, s=S?xftortr l  and consider on s the f-a1gebra product

/e&t generated by the sets C=A x Br enT, B a Borel ian set  in

Let  5 lbe the f -a lgrebra consis t inq of  a l l  measurable

sets E 6 Y$ Sr such that

Assume that f , g. :S x nn+t--=5 Rn are d' *3r-r*m-measurable.

By  de f in i - t ion ,  fo r  each ( t ,x ,u )  6 [ t ^ , t . ,1  xnnxu f i xed  the- L O .  I J

functions f I  gi are 7a-*"."urab1e and therefore f i t , tXp), g{ 'r. iX;u)

are non-ant ic ipat ive i -

Assume that c:QxRn- > R and L:Sxnn+I---+ R ate f6Q and

$ 88"*m measurable respect ive ly

Fo r  each  s€Sr  f r  9 i ,  G  and  L  a re  con t i nuous  i n  ( x ru )  and

they have cont inuous f i rs t  der ivat i /as in  (xru)€RnxRm such that

Hr )  the  ma t r i x  va tued  func t ion "  
H(s ,x , , r l  , l * ( s , x ,u )  a re

ef @r,*m-measurable and i l*(s,x,u)f l  . l [H(s,x,,rt f f  {x,

(Y )  ( s rx ru )€S  x  Rn  x  U  fo r  some cons tan t  K>b ,  wher .e  h= f ,  g i ;

HZ)  l l f r  t = ,  0 ,  O  ) l l  4  L t  ,  (Y )  s€S ,  f o r  some cons tan t  L I>  0 ,

where  h= f ,  g i ;

4)r ,. 1l r.
Hr)  l l  i * f  = ,x ,u ) l [  *  t l  # (s ,x ,u ) { l  ;  l (  h  ( s , x  ,d l l 1L2( r+  r t x i l p+  t t , r r tp )  ,

J  t l  t / ^  "  ' I  A u

(V )  sGSr  fo r  some cons tan ts  L r70 ,  p ) l ,  where  h=G,  L .

.  The s imbol  1 l  .  l t  means the norm of  a  (nx l )  -matr ix  considered.



as  a  vec to r  i n  Rn I .

The admiss ib le

5

c lass  o f  con t ro l s  cons i s t s  o f  a l l  bounded

is  a non-ant ic ipat ive

f, -aLgebras .

for  each v€t )b,  there

con t i nuous .  t ra jec - '

(P )  w i th  respec t

u must  be understood in

verifyinq the- same con-
. )

( t ) l [  >  O 1  = O .  S i n c e  ( H 1 )  a n d

t
J  n ,  ( t , x .  ( z ) , u ( e ) ) d B r ( Y ) ,
+ Juo

t
I
to

and it  fol lows E

r  . - r  i + I
l M l +  - +  \ l  J
L:' '  \ "r "o'J-cE)T--

t-
r I

J
t-.-o

for ) ,

\/) '\/
2 K -  ( I + t I - t o )  )  ,  K ) m a x  ( L r + x  m a x  i t u  ( s ) U  , K )

saS

g! - * .u "urab le  func t ions  u :S . - ->U,  where  ugRm is  a  convex  se t

and denote *  Uy QI .  By def in i t ion

process with respect to the family

Under  the hypotheses (Hf)  a

ex is ts  d Don-drr t ic ipat ive process x

to r i es ,  ve r i f y i ng  (1 )  i n  i n teq ra l  f

ro . rE i ,  and E.  
"yg.  11xut t ) f i  

2.*
t  z t ! t -

o - I

any u enl[

\rr7rl or
nd  (H2)  , -

t  ( t )  w i th

o r m  a . e .

.  The uniqueness of  the so lut ion x

the fo l lowing sense:  any other  process x

d i t i o n s  a s  * t  s a t i s f i e s  p [ s u p  l i * t ( t ) - xt  a .L ,

(H2) i .mpIy a l lnear growth condit ion

where R7*.* (r,r+r, lt u [ ,

so lu t ion  *o  in  (1 )  i s

L 4 l ,  p . 5 r ) .

From'now on we

dence of  D

We construct  a

xo(t)=xo, xi+l (t):xo+

3 )  d  h ( s , x , u ) l l <  K ( r +  i { x 1 1  )  ( v )  s e s ,  f o r  h = f , g '

k
1 ('t-,x3(z),u f'r) ) dd+fi

n  x ,  ( t ) l l  2 d . t r n ,  E  l t * j * r  ( t )  - x ,  ( t ) l l

any i>L,  where t { t> ,max QK2l+t l - to)  { r+  qxoI

K) ,  t he  ex i s tehce  and  un iqueness  o f  t he

shown in a standard wav (see for example

shall  omit to write;explicitely the derren:*:

SeqUenCe .  ' l



6

Since

" t l: yp  i l x i+ r  ( t ) - x ,  ( t )  [  1=z r t t - to ) * '  J - '  nx ,  ( t ) - * j - r  ( t ) t |  2a t+

t i t r  J  -  to

* r : : i  i l  f ,  i  [o r tz ,x r ( ' z ) ,  u ( r ) ) -s r (2 , * j - : r (? ) ,  u (e) ) laer (  ) t t  '  :  ^ '  ;t ( t f  i = I  t o

we . . f  i nd
t l

E:yp l t * j * r  ( t )  -x j  ( t )  \  
' . r * '  { t r - to)  

f  

'u  
i1 x,  ( t )  -* j - r  ( t )  { l  

2d ' t*

to

+8x2 f 
t" 

n x, (r) -x j-rrng2at . 
"-8tt l ; t" ' l  

'

to

where  C=2K2 t t r - to )  ( t t - to+4)

I t  fo l lows

r ]  sup t1* i+r  ( t )  -x i  ( t ) t i  >  \ l
L aEt r "  J ' r r  2 t  '

L  2 2 J C
tofl j[r t t

I
I

l

arid using the Borel*Cantel l i  Lemma we obtain that the sequence

j - r
x, (t) =*o*Fo (xo+r (t) -xn (t) )

' r L  r - - 1
cbnverges a.e.  (P)  and uni formly wi th  respect  to '  L  *  L to, t t - \

Ye--
Denote xu the 1imit process and it  wi11V/6. non-anticj-pative one

w i th  con t i nuous  t ra jec to r i es  ? .e .  i n  ^ "Q

.L . l  L

By def  in i t ion 
Lt  l (  * t  ( t )  l { ' "  

'd t  -^ ,  a .  e . .  (P)  and t 'he
to

in tegra ls

J  f ( r , * t ( a ) ,  u ( z ) ) d e ,  {  e r ( t , * t { ' a ) , u ( ' a ) ) a e t ( a )
to to



7

are wel l  def ined

Moreover, for almost al l t .Ef, i  we have

L'  
r i m  f  ( t , x 1 ' ( t ) ,  u ( t ) ) = f  ( t , * o ( t ) , u ( t ) ) ,
j * -

l i *  
g ,  ( t , * j  { " )  , u  ( t )  )  = g i  ( t , x u  ( t )  , u  ( t )  )

J->*

uniformly wi th respect to t  e l - to, t r1 and hence

! r
l i m  f  

'  
\ r  n ,  ( t , x i  ( t )  , u ( t )  ) - v ,  ( t , x u ( t ) , u ( t )  ) l t  

2 d t = 0

i - r *  t o  J  -

i n  p robab i l i t y .

Therefor"  *o i "  a  so lut ion in  (1)  .

)  ?  I  z -
S i n c e  E  t t x i + r ( t )  l \  

' { C ( t *  
t l x o t l  " ) + C  )  n  1 1 x .  ( z ) i 1  - d t r ,  w h e r e  t h e

v t o J

constant C is depending on f, (t , I-to) ,  and the norm of the bounded

control u, by induction argument we qet

.  )  ? , ,
E i i * i+ r  ( t )  t i  

' <c  (1+  i1  xo  q  ' )  exP  c  ( t r - t o )

Using Fatou 's  lemma we conclude '  . '

r l ) ) .

u  t *u ( t )  t t  
' Lc ( t+  t l xo t t  " )exp  c l t t ' - t o )

and therefore *u( t )  be longs to  r , r ( f t )  for  any aa Forar l

Actual lyr  w€ have

t l  1

4)  E sup l i  x*1t )  t t  i * ,  for  any in teger  1 '  1> I
tttr

In  order  to  prove (4)  i t  is  enough to consider  l -  even.



Denote y, the j-comoonent of

t
(

yi (t)ryoi* j f, ({,xu(<) ,u@}ac+9
J  - J  

t o '  
'  

i = 1 .

ar id using H6lder 's inequal- i ty

*t .  I {e have

t
r . '

\ nr-i (2,x" (r ) ,u (r) ) dB, (e)
t
o

for  p=1,  q=* t t  
' fo l lows

t
t  1  1 1

\  f ; ( . e  , x * ( c ) , u ( e ) ) d , r  +
J J

t o

(v, (t) ) t i*-t 
L"ir. 

(t l-to) 1-1

k. .  t r -r+ k -  - :  (
i = 1

Us ing  (3 )  we  ge t

t

f ' n r j k , x u ( ' E )
to

,u ( 'c) ) ae. (2i l1 l
L /

5 )

f o r  s o m e  c o n s t a n t  C ) 0 ,

We conclude that

n l :  ( t ,Xu  ( r )  , u  ( r )  )  ,  r l r t , xu  ( t )  , u  ( r ) J (  c  t r+ml1s1  I

1 ' t
where m- (t) = sup Vi trr I

j = l , ' ' r n  J

4 z t
I
t

t

{,
o

6 ) e l t " , x u ( z ) , u ( z )  ) d u  ( c  
f o , r * * t ( c )  

) d e

7 ) u (z)  )  dB, (a) 
.

', ol,i . . L  . r - J
L t  k l , tor  u1J r

I n(o
J  . q . .
to 

* l - l

l l z  ( t ) l t 9^ (z) : X (e)so .  ( r ,x
[ to '6]  

LJ

Now, h/e shalr  est imate ,1(a) rn Lr6?) ,  where; , .

t
(

z (L) = J g. . {,6, xu {"r,) ,
t  

J .J
o

Dbnote 
f=inf

a n d  Z O  ( t 1 = ( 6 , x u  ( . d ) , u  ( a )  )  d B ,  t e )

o ( r ) , , r ( . ) )



1 0

1 1 , ! l
E m * ( t ) e c r ( r +  [ i * o [  

* ) + c 2  
J ,  E m - ( z ) d r

' L o

f o r  e e  b , t l

Assume tha t  (Hf )  and (H2)  ho ld .  Le t  xo ,and- f ,O"  the  so lu -  . : . .  . , . .

t ions  in  ( r )  cor respond ing- to . the  cont ro ls  u ,  and, f , .
, N , )

Then 1 im E sup l l * "  ( t )  -x ( t )  i l  
- -0

t + 0  t ( t '

and by Gronwall 's Lemma

1 ' l
Em'( r (c  ( r+  { *o l l  

' )

wh ich  comp le tes  the  p roo f  o f  (4 ) .

5  3.  Some auxi l . iary  resul ts
f,

Let t t ' t t l  , t { t ) )  be opt imal in the problem. def ined by the

dynamic ( t )  and funct j -onal  (2)  .  For u <-Q{ aur i r , .

u, ( t )  =Ytt l  +a (u ( t )  -U(t ) ) ,

since Q,lrrt convex we have uLLclL and u, ,t D,ll , are unj.formly

bounded

ft is desirable to know the dependence on e of the solution .. . , , . : : i

x .  i n  ( r )  co r respond ing  to  u ,  .
v

Lemma I

Proof

We have



By definit ion ,o is bounded and

so (z) dBi ( 'F)

i l

it
il
. l

I
.t
l l

I I

$
I

I
i

. t

Z ,  ( t ) =  (
f r J

to

I to 's  fo rmul a we get

1  1  ( ' r - ' r )
E z ; ( t )=?

1
a n d  E  z : ( t )  i s  i n c r e a s i n g  i n  t .

A

By H6lder 's  inequal i tY for

z l t u . P r r r l( F z ; ( r ) ) p ( E s i ( e ) ) q d ' e

1 ( 1 - l t  1  1 t - )
- -T!G z i  ( t )  )  

- ' t

and hence

("sih6) )  1/ ' Iaz

Using

and by Fatou 's  Lemma

E z1 t t ) (  ram
A*>oo

that

' 1 - )  )
E  z i '  ( z ) s i @ ) d u

{

t

l
+

o

n=* , q+

t
I
I

J

l-.
o

t
$
to

t

t"
1  1 t -  1 ( 1 - 1 )(n zi  (r)  )  * 'v 1---Z- ("si Q) )Llea'e

, | t u ( c ( u
"s| 

tvl az(c (r) ;  1r+nml  (E)  )  dz
to

1y

t
\
I r'o

F ina I

f - . - *  1

J tr+u*- (.r") ) d'x
+-o

In .  conc lus ion

" r |  
r r ) (c  (1 )



1 1

t
^ , (

x ,  ( t )  - x  ( t 1 =  \
' J

to
It {v ,*, (r .)  ,vt(z ) )  - f  @ ,X (z) , [  Ca ) ) ]  a,z +

k
+ f

i = l

S ince each stochast ic  in tegra l  is  a

(u ) ,ue (r) ) -9i (" i i(r] , fr tu ) ) l  dBi (E
t

J- Ln,. (r ,x,
t o

continuous martingale w

ilrl

e qe t

)- d u +E sup(
t(r

x. ( t )-Xt l  t t2<z(r ' -ro)E f ,  11 t  ( t ,xr(r) ,ua(z))- t  k,Xfu), i l (a))
to

gr(z,xr(z) ,ue.(u) )-oi  ( ' r , I (u ) , i (r))  l l  
2a e

Using  (Hr  )

k
+8k)t E

, 
i=l

fo l lows

T

I r i
to

i t

t t . ,

h..(tAsr:p ilx"(t)-{t.l U ?* t nr.(6)dt*0fu J'" }l,rttlftttl 
2u.

e  ( i  Y  i oo  i o

where  l l=8  (k2+t )12  ( t r - to+ l )

and by Gronwall 's lemma

(r) 1 e2N i.t ,1 u (r) -f;ttl l i 2at
h
L

exp N ( t l - to)  ,  for  a l1  t ( t r

!-Orr:{: ..:

( t )  f ,u l f i l s

8) xu (r )  =?t t l  +ef( t )  a&1g,t )

where 1 im sup u l f  {4 i i  2=0,  and E( t )  j -s  the so lu t ion * -an"
e ->o  aG,  t l  e  r l

fo l lowing s tochast ic  equat ion wi th  random coef f ic ients

The.  proof  is  complete.  .

f 'urther we shall  prove that xt;
L



"k

e) &F A{t)x(r)+B(r) (utt l-dttt ) dt+IL.t(r)x(t)+nt(t) (u(t)-f,(t11]aertt l
1 = l

x  ( t o )  = o

a ' , t .# r '  .  t ' r t r )  
' t r  '  t ( t )  ,  t ( t ) ' )  ,where e (t)  

h+rc,#(t)  ,  t t t1, e (t)  =fr t t , i

,  O g "  i  Q g .
ci  , t i#  t t ;1(r )  ,  i  ( t )  )  ,  o i  ( . )  - r+( t ,?( t )  f t  c t l . l  .

To prove (8)  we need the fo l lowing lemma.

a.
Let  (S ,5 '  , f )  Ae  a  measure  space w i th  \C / ' (s )<-<

Lemma 2

Let  f  (s ry ) :S  *  Rk- ;  R  bed I  rFp-measurab le  and cont inuous

in y for  each s.  ret  / ,yrr :S - ,  *k b"$-*" .=rrrable and such fbat

i )  l ,vnQr ' rg , f )  ,  
l ]Lvr , {  

in  L ,  6 , lL \

i i )  f  ( s , Y r r ( s )  ) ! h ( s ) ,  s € F ,  w h e r e  M " o { 5 , y )  ( p ) 1 )

(1 6./

Then f  (sry(s)  )  is  p) -meatr - t rab le t  for  Y=Yn ,  i /  ,  and

l i m  f  1 s  r y n  ( s )  )  = 1  ( s , ? ( s )  )  i n
n- f

Proof

Lp(s,/,t- )

.  The proof is almost obvious. I f  y: 'S--nnk 
' is  

$-*" .=urable

then g(s )A(s ,y (s )  )  :  S  - -s rS x  nk  i "  QJ-* "asurab1e,  where  on  S *  Rk

One considers the d-alSeUraf €& senerated by the algeUta $ "&. 
'

S ince  the  fam i l l y  o f  se ts  ce$@bo ve r i f v in  s l - l (C )<o i t=  a

t
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6- -a lgebra  conta in ing  the  se ts  C=A x  B ,  A€at ,  
"  

nGt  i t  fo l lows

S? n-t r.S @.9 ur .
By hypothes is  f  (s ,y)  is  S6.BO-*" .surable and therefore

f  (g  (s)  )  i "  OJ measurable for  g=gr ,  (s)  1(s ,y , .  (s)  )  ana q- | ( " )  5( " ,V(=)

In  order  to  prove convergrence in  LO G,r l t )  o f  f  (Orr (s)  )  we not ice ,

that  any subsequence of  yr r ( " )  conta ins a seguence that  converges
4

a .e -  
f b )  

t o  y (s )  and  s i -nce  f  ( s , y )  i s  con t i nuous  i n  y  we  ge t  t he
I

same proper ty .  to :  f r , (s )= f  (gn(s )  )  .na  f (s )= f  t f l t r l  I  .  us ing  ( i i )

and dominated convergence theorem we obtain the conclusion.

In order to get (8) we have to est imate fu

o.,

hE ( r ) in  r r t { )  ,e)
x r ( t )  - x  ( r )  - t i ( t )

Lemma 3

Assume (H,  )  and
I

(1 )  cor respond ing  to  u -
ts

- n
E- - t r  v .

(HZ)  ho ld .  Le t  x ,
1)

and u. Then sup
t(rr

and i  Ue solut ions in
. t r )

n l {  h e ( t ) { t  -  
}  0  f o r

or( t  
P#" '  n" , f ( t )  )  ,  un

cf rt ,p#,;,pa ,rft)) ,

Proof

By hypothesis  f  and g.

rc,r)= # ( t , p ^  , ,  ( t )  ) ,
d -  .  r r

d,. , f?*(r, tr  , ta

Denote n", f( t1= t i  t t l  y8to -x ( t)  )  ,  i t "- l  f  t (u(r)  - f , (r)  )  )  r

a r e  o f  c l a s s  c I  i n

\

( x , u )  a n d  i t

fo l lows

r 0 ) f (L,xr(t) , %(tl ) 
-r (t,Y(t) ,t(t) ) =

I

l" b' ftP (xr(t) -fftl ) +tBE (t7*).(u (t) -

-fru luf



11) ei(r,x'(r),ur(t))-or(t, i(t) ff(.))= 
f Bttt '  

(xu(t){tt l )*Loir{t 'y) (u(t)-

U s i n g  1 r O )  a n d  ( r l )  w e  g e t

L\L)-  t t !  t [^ t  
\@ ' f t  € e

.a[li"9"o'rtf"i9ac6,jL) @t, -xt"r [* F,' 
-* (tt

i, i f i^9'ro,r',Y#+ct7L) @tn-xt"r [*F' o -*(

Addins and substracrins i irlu, ky)ak)#tr.i, i tJ"": @,yt;tzrfl]aertrl

t  . .  l -  - r -  t  k

. 
i t { "br(G,v)-x(r{ 

;ter W" A

, I

k  t  - 1 ,

- i=I to

L 4

-:ilttl I uf

x r ( a l  & e l

rh
I

r[
t-(r )t2) h t z  y )  (u (z ) {e t t Ju f {az*

r  r  -  k  t - l
h, (r)= iJf, e y\nrra yfac. i i5f;Z(z,v)h,L' ) 4119' t"I*

o

i n  1 r 2 )  w e  g e t

t 1

to- o

.$ irq k,y)<it I;nr1'J*,t,

t  - r+ 
I f[p, G,f)-Brcr] r,,rzr-drrnyl*.* i"t ti": 

G,y)-oir'=rl (u(a)-
o

AII integrals with respect to ./t e [O , ' ' l  in 1 f 3 ) are Riemann integrals

" , \ -  r  1
and  they  a re  de f i ned  a .e .  i n  @,A)C)d  

" | t o ' t t j  
w i th  respec t  t o

the 'p roduc t  measure  An  @ a t '
rr.;.,

Since the  in teqra ls  in  ( f : )  . teQ) -measurab le  fo r  each

,Utfu, tJ 
(see Lemma Z) i t  fo l lows that Riemann integrals def ine

c  - r  1  -  r  the  o ther  hand a l l  mat r i ces  in  1 r f )  a re
q)' '-*.=nrable functions ' or

d e f i n e d b y p a r t i a l d e r i v a t i v e s w i t h r e s p e c t t o x ' o r ' j a n d t h e y
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\
a r e  b o u n d e d  b y  t h e  c o n s t a n t  2 K  ( s e e  ( H r ) )  a n d  q o  t o  z e r o  w h e n  € - 0 .

. I

\  
r  in teqrra ls  in  ( r3)  def  ine nf -* .u=rr rable---- Therefore al l  Riemann inteqrrals in

funct ions bounded by 2K i lh€( f  ) l i  for  the f i rs t  (k+r1 terms,  bY

Zr  l i "  E ) l [  f o r  t he  nex t  ( k+ r1  te rms  and  by  2K  ! t u ( ' r ) - t ( " ) l l  f o r

j -n tegra ls  in  (13)  ex is t .  Denote by I  the f i rs t  (k+f  )  terms and

. .  
by  I r  t he  l as t  2  ( k+ r )  t e rms  in  ( f  3 )  .

We have

w h e r e  N =  ( k * r  )  x 2  ( t ,  - t - + 1 )
I O

L e t  R ] ( 6 ) ,  i = 1 , . . - ,  2 ( k + r )  b e  t h e  R i e m a n n  i n t e g r a l s  l n  r r '
L

We oblain

n  2 ( k + t  )  
t t  

r
rs)  E l \ r r  r r  2L *,  

H'  

' ' "  

{ '  n * ' ,  (  )  [ [  
2ar ,

w h e r e  N , = 2  ( k + r 1  ( t , - t ^ + 1 )  .
r l ( J

a"V l inl tel l i  
2 f ,r . t f i l "  the condit ions in Lemma 2 with

l im i l * l t= l  l t  
2=o a.e.  wi th  respect  to  the measure JL=de @ at  and

e + 0  
F  t '  i  v

we get

. )
16)  I im E f t r r  l i  "=g

t-+ o

^ t
1.4)  E i i r l l  '4*  j -  

"  1  r r r ( .u) l l  2av ,
to

F i n a l l y ,  u s i n g  ( 1 4 )  a n d  ( r 5 )  r  f r o m  ( 1 3 )  w e  g e t

' !

^  L  2 . -  , ,  ?
L7)  E l ihe ( t )  t {  

'  
4zN J_ n l1h,  (z) l t  'd '7+28 

1 i  r r  l i  
'

to

and us ing Gronwal l 's  Lemma l t  fo l lows



r.6

r 8 ) s u p  E  i l h ,  ( t ) l i  ' { r u
r ( t r

i l r r t | .  
t . *n 2N ( t r - to)

The conclus ions (16)  and (18)  complete the,  proof , :

Lemma 4

Le t  1 i , t )  be  op t ima l  and  assume tha t  (H1) ,  G)  and  (H3)

hold.  Then

*) d,:(ru,u-fr)lu 
8ft(x(tr) ) , 

TJ(tr)+ t **,. ,Xft),ttt1, =utt)) +

{+,.,Yto,f,to I

n ,
for  any 

"{ \U, 
where Eu is the solut ion i -n (9) corresponding to u.

Proof

l im
6 + 0

By hypothesis the condi t ions j -n Lemma 3 are sat isf ied and

h e n c e  t h e  x ,  i n  ( 1 )  c o r r e s p o n d i n g  t o  u - ( t ) = d ( L ) + € ( u ( t ) # ( t ) )

f u t f i l s  x  ( t ) # t t l + e I ( t ) + 0 ' k , , t )  r  w h e r e  l i r n  E  i l & ( t . t )  l i 2 = o  u n i f o r m t y
. r o  

l t  L  l l

with respect  to  te  L to, t l
Since u"€CUo, we have

d( " * ,%)€ f f i - ' ^
€ -  

- / z v

ex is t  (ac tua l l y  i s -enough  to  ex i s t ' a  sequence

@
8n

(9)  is  equal  to  the expresss j -on
r J , ^ )  / N=(x (r) +.it(x u(r) 

-x (r) ) , u (r) *frfu(r) -u (t) ) )

,  u(r)] i l t t t !  dttr}o

e )

i f  th is  l imi t

such that the

€ - + 0
n

l im

foro
ex is ts

the l imi t  in

.  l ' .enote p erc,f)

We

i n

shall  shorv that

the s tatement .  D
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and s ince G and L are cont inuously  d i f ferent iab le j_n (x ,u)  we get

c(xe (tr) l-ctfttrl,= 
i#t{ttr)+A(x€(tr)-ittr) ) , x, (tr)*rtrr) drr

2r) L(r,xu(t),un(r)-r,(t,f(t),fr(t) )= -ir#,., vrft,1t)) , xu(t)#ttl) *

,t<f*rc,o'(t,1) ), u(t)-f,r.1) I up

. '
) r :  ] t  a '(H . )  )  : - \ ' ,  ^ ! !  an6  /L  fu l f i l  a  po l ynomia ly d x - ' l x  , ) 1 J

growth condi t ion and s ince ur . ( !_ ,L)  is  un i forml lz  bounded

/ eb , i l ,  t e@, tJ  i r  f o l l ows  rha t  the l z  a re  bounded  by  c ( r+
where C)0,  PZt  are constants .

us ing ' (4 )  we  ge t  t ha t  t he  pa r t i a l  de r i va t i ves  i n  (20 )  and
(2 t1  are bounded in  r , r (o)  un i formly  wi th  respect  to  teFo, tJ ,

t ,Velo,f l .  on the other hand for anlz,seguence €rr- 0 such that

*err(t)-Ytt l -)  0 b'-e- i r ,  -e-Q and uniformly with respect to tefto,t , . l
i t  f o l l o w s  . n " . S ( f t t r ) + € ( x r ( r r . )  - f ( . r " 1  l ,  

$ t t , e . f t - , 7 ) )  a n d

S't,pL.(t,y) ) oor,-r.'el ."S tf'rtr, r, Fru,#{t),y(t) l,frrt,{(r) ;;.(r)J, i
for  a l l  t  (

t "  
te  [o , tJ .

I ._\,_ - l

rltil {# 
ti'tt, ) +/rxt(t, ) -f1t, ) ) , ;.{trr)oT,Srirtrl r in L, (o) 

,

ajT 1l*tt'nn ft,ft), 
ii.)7,e<*,.,' i 'ro,Ytt)), i(u) in L,(s)

i .o, .J and
"+{U 

e (p 1=61 uniformly with respecr.

Usingr dominated convergen,ce theorem we qet

zol

.Us ing Lemma 3,we have 1 im
E + 0

respect  to .6Fo,. i l

By hyoothesis  (see

xn  ( r )  j i f  t l  *--:-=* in r r$[  uni formly wi th

f o r  s G S ,

11xr1,t1li,f; l

/Looc {663f



, 4 n ,  ^ , t  l l  .

r im 51ff i0l]tf t , f) \  ,11(t1-u'(t)) uf =<f*(t ' f(t) '6(t)) '  LL(L)-frtt l) a L't i l  '

6-zo o

since r im :e( t ) -Yt : l -s f t t l  
= 0 in r ' r t f , i ) '  uni formlv

in rcpo, . ; " i -u ' i?fur"o in (20),  (21) by c and let t ins c-ro we set

the convergence of these expressions in L' tS to' ? L

<'fitdti,t),t(trt)
,l*L

. t t - r  a
I  f  r  o- [ t , :vf t ) tLi t i ) ,7(t l> 

'11*- '
'tl"'o

respect ive ly .  The proof  is  complete '

5  
4 .  Necessa rv  cond i t i ons

under the condit ions in Lemma 4 vre have

't1
i .

22) 
" 

( l  ,Vn (rr)) * u 
lL("* 

( i l  ,{LL (t))at *(to ft) ' t 'L(t)-#(t))]dt}O
t,

for  a l l  naQ-L ,  where f  
4 

is the solut ion in (9) corresponding to

-  1  1 4 ,
r he  con r ro r  u -  ano  r t = j f , / 1 t r ) ) ,  Lx ( t )  + - t ' { ( t 1 ' t t t ; ) '

1 l  J .  ^ . / , . . \
Lu( t )  ' r k ( . , / ( t )  , t ( t )  )  '

T o o b t a i r r t h e c o r r e s o o n d i n g m a x i m u m p r i n c i p l e f r o m ( 2 2 )

and ( r5 )  is  not  poss ib le  ^s ince we don' t  know'rYeq-  w.hat  the adjo in t

s y s t e m i s i n o u r s t o c h a s t i c p r o b l e m . A s w € c a n . s e e . l a t e r e v e n i f w e

k n o w t h e a d j o i n t s y s t e m r W € c a n n o t q e t d i r e c t l y t h e m a x i m u m p r i n c i -

p l e f r o m ( 9 ) a n d c 2 ) . F i r s t w e h a v e t o r e p l a c e ( . 2 2 ) a n d ( 9 ) b y t h e

co r respond ing  Eu le r ' s  i nequa t ion  fox  a r l  ( x  ( t ) , u  ( t )  - f t a l  )  ve r j - f y i ng

^ L , '  e  t .  n l  n '  - -

u I.-lw fttit2,lt < x) , u' tq'(o '
-t  ̂ ''  

Tn  o rde r  t o  ge t  Eu le r ' s  i nequa t ion  (a  va r ia t i ona l  i nequa l i

ty)  i t  is  su i tab le to  work on the Hi lber t  space of  the square 
* t " -

' 7  ' c " - ^ J - . a n a  / a ' l e q q c q )  x : s * ' - * R o '  w t r e r e c S  i s

qrab le  u t ta  S-  measurab le  func t ions  (c lasses)  x :S* - :
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the €- algebra $ comoteted with respect to the measure product

meaning for-

- l t

rorm ror x

,.1

then

we

Sinc

that there exi

i  =  1 r . . .  r k  ( s

k
1 ^ Y

23) /L= JL + Z\ ' '  L--t

I,

EG, l i t t ( t r ) )=  l "< I  ( t )  ,A ( t ) f4( r )  +B ( r )  (u
L t , - o 4 , r

t  j - ' u (n r -  ( r ) ,  ca  ( r ) r * ( r )+Da ( r ) , (u ( r )
t,,

L = l  c

25)

v
fonany

A

valent

d.P6dt and endowed with the usual inner prpduct (*,y) =

f r= L n ( "  ( t )  ,y  ( t>dt
t x  n -

Denote the measure space (s ,SdP6dt)  by S and L,  (S,R")  the
0

space

The functional Ed",x (t4 ))doesn"{-t, ' frave any

h

xeL215rR") and we sha1l  convert  i t  into in integral

s o l u t i o n  i n  ( 9 ) .

"  
L i= Z,-  measurable and E [  ] i lz<' t rc i t  fo l lows

" 1

sts J-  measurable funct ions nL€L2(f ,Rt)  ,

ee for exarnpf 
" Fl ) such that

t1
I
I  h i ( r ) d B i ( r ) ,  L = " t l  E a / F L ) = l . t t i ,  } - ( r r ) : I ,
to

'S ince  
X&( t )  ver i f ies  (9 )  in  in teqra l -  fo rm i t  fo l lows

tt

24) u (1, ,re(11 , l=o,f n(), ,x(:)*{t j :)  +B (r) (u (r) - , i to ))dt +

.  i  I 'nQ, 
( t )  ,ca ( t ) ; ' t ( t )  +Da ( t )  (u ( t )  - i l ( t )  ) )  dt

.  L=l  to

Taking inro accounr rhat s<rLif  (r)FE E(( l  , f  f t )>/V)=

-  E ( E ( \ / f i ,  f  ( r ) ) , = e ( ) " ( r ) , f  ( r ) )

.  changing accordingly the integrand

ge t

( 9 ) .  n

the funct ional

, C Yr - t  t  ( t )  l_s .7- -  measurabre
U

i n  t he  f i r s t  t e rm in  (24 )

(221  we  sha l l  t ake  i t s  esu i -

Hi lber t

Hence Ei ) " ,  i4{ t - ,  )  has an in teqra l  form g iven in  (25)

s o l u t i o n  i a  i n

f n  p l a c e  o f

e x p r e s s i o n



2 0

26)  E

2 7 )  L x  ( r )

Lu  ( t ) =L

k
Lx( r )  +  In r )A ( r )  +  .Z  n f  ( t ) c i  ( t )

,  i - - {  t

u  ( t )  * , f  t t )  B  ( t )  * , t r r f  t t l  o i  ( t )
t = i

Let  m6.L,  (S,nn)  be arb i t rar i ly  f ixed.

We are looking for xel,2 (SrRn) such that

2 8 )  x  = ' A x  +  C x  +  r n  i n  L r ( S r R n )  .

The sirnbol.  t r*r l

Now the funct ional  (26)

a l l  x6 r ,  1 f , nn ) .  rndeed . ,

( s e e  ( H 1 )  ) ,  a n d  L * ,  L , ,

lows that i* ana ?o rt"

I t  i s  easv  to  see

L2  (9 ,  Rn )  i f  i t  ex i s t s  .

The def in i - t i -on of

dard way.

prove that |"o3

means t ransnosi t ion of '  a

has the advantaqe that i t
i i

ArB ,c r  and  l t a  a re  tounded

a r e  i n  L .  ( S )  ( s e e  ( H ,  )  a n d
4 : l - -

i n  L ^  ( S )  .
z

vec to r .

is  def ined for

by the constant

( H 3 ) ) t  i t  f o 1 -

Def ine a seguence Fp l t"  r , ,  {5, nn)

xr=Axo*Cxo+m, . .  .  , xn+l

has a

= A x f1v  -L  n
V  ^  

|  r l r t . .  .
I t

for  any ue( l (o,  where }u is in (9),  and

1"1
(

J
-lc, t( t* 

( t)  , ;* i t))at .G (t) ,u (r) {(t l  ) ]at ) o
rl;r
$
I t

rf
I

I. *
. l
t

I

Define A,c ,  L2(S,nn)--+ r , ,  {F,Rn) by

t  k t
2 7 ' )  ( a x 1  1 1 ; =  J  a { z ) x ( z ) d r ,  ( c x 1  1 r ) = ,  L  I . c i  ( z ) x ( r ) d B i  ( ? )-t, 

c =t eo r-

that the soluti-on x, i n .  ( 2 8 )  i s unr-que l-n

a so lut lon in  (28)  is  rnade in  a s tan-

29)  Xo=R,

We l imi t in L,  (5- ,Rn1 and this



2 L -

I im i t  fu l f i f i  (28)  .  By 'de f in i t ion

xp+i  ( t )  -xp ( t ;  = (Axp ( t )  + (cxrr)  ( t )

and henc. *p+1 ( t ) -xrr( t )  is  cont inuoF$ 1n teF., t r ]  for  a lmost

. f  f  cDe

By induction argument we qet

( r - ro)  p
roJ n i |  xn+r (t)  -xc (r) i [  ? * i*t l  *, t ,

where Kr{12 ( t+  ( r - ro)  )

rn addition 

r,

I  
*o* ,  1 t )  -xp  ( t ) i2 (2x2  { t r - to )  

[ :U" r ( t ) . -xp-1  
( t )  l i  

2a t  +

[:n"rll,-lo:l rrxl 'ul(-, j i ri*" tt) -xp-1tu11 2at €
,", _ .., rtr-tol 

t . d-t 
-to

l im l l  (e -1 )  I  (p -1 )  !

where .  = 
]* l i l* t l2 (r t-ro) r  t i r  = K1 (rr-ro) .

Using (31) we obtaln

'  [; i i, i i*p+r (t) 
-x,, (t){l> 

}1*",
rP-1
"t ')

lFi l - f ' ,  
:  M'I=11.2' ,  Cr=4C

' 
1-c{Lit tel1i 's lemma we qet 1 t*5?.?oand f rom Borel=Csl4tel1i's lemma we get that for *ru

where nft=o, there is N(.J) such that

;;ir, {l "p+r (t) 
-xo (t)il( + ror anv P)'N (c')

p l

3 1 ) E sup
4 Ltr

+ '  2X2

*l*

t r le concl-ude that rhe sequence 
{"of  t lJ  p>1,
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*p* I  ( t )  =  Xo ( t )  +  (x t  ( t )  - *o  ( t )  )  + .  .  . * * r r *1  ( t )  -xo  ( t )  7

{ {

{  eQ; x ( t )  dZ ,  {  c tu )  x (z)  dg exisr  for  a l l
+o t,

sincef"" t t lJ  converges uni- formly in

r+", rr] and

L  t  t L  !  ,u e-1uq r LIJ we get

t .L
G,t I x^ (6 ) d€= f,
Z  

-  P -  -  
4

f t+ J n/[cx
t
o

t
I

J nyex
t,

'fr., rc) il2 e.(rLfwm (z) il

and

L
.") J ntl"p

uo

FnG') l i 'uz

i  
, t .

a( f )  x  ( r )  dz ,  I im J ,  c t  tz  )  * , ,  (6  )  d"

fln- 
t,

/  ^ i .  ,
= J C ( e ) t l a ) c I G

7
o

uniformly in t 6Bo,.r l  for al l  ,  e J2. Q.

- t  
Therefore"  

{ t " t  
(Z)  xo ( " )  dBi  (T)  converqes in  probabi l i tv

to J. "t 
@) x rt)ae, (r ) u{ri.formty in t e lto, .r-lzo 

Lett ing p -oo in (2g) we obtain

2<x2 t t r -

'<* '  I tr i l
1o

Fina l l y

')
1611i 

'd,'T,

€lonverses uniformly in ta[-to,arf  ,  for al l  cdaSi 're,

Let x (t)  = 1im xr, ( t)  for each (d,L)€ (,4,.8  ̂ t to, af]  .
F*^

By def in i t ion,  x  i r  o f -  me.as.urable,  .and the in tegra ls

l im

r'):>e

ul laxn rt l  l l

n1[cxn rt) i i

x  ( t )  =  (Ax )  ( r )+  ( cx )  ( r )+m( t )  . .  f o r  a l l  ( d , r )C  ( f l . 9 r "  
[ . o , . f ] .

By construct ion

2dz+
,, (r  )1[ 2dt

, ( d  l 1 ' u  t ]

rs l?- P"

we obta in

I

i :
{
t :
I



t ,  A
Y^- . t  ( t )  =

I / ' +

where C;3

t

(e) j i  2atr

b1z induc

,*
l r : 'cJY"

I

t ion

2 3

t
' s (

Ei lxp+r G) l [ 'dTL0in xm- ,  t o

)
( K ' + 1 )  ( 1 + t I - t o ) ,  a n d

H ) d T  ,

arqument i f  fol lows

J
t

0

. .  . . )El lxo+t  k ) l l ' a r !  ( l+c  ( r - ro )  + .  .  .  + cP+l  ( t - to )P+1-GFI)T ,.
t

l ' )
) c J  E g n r a y i d E

+

Using F-atouls lemma we conclude

t
\..

t

{u " "

and hence xe l ,  (F,Rt) .  The

De f ine  (Bv )  ( t )  =

(+)
ve

where L x

k +

E/m1z ) l l2at  ex. r  c  ( t ' - to)

prgof is complete . 
t  -{

f  Y cr ' )  LrG)da,  (ov)  ( t )  = Z.  f r t  k)  v(")  c tBi  (a)  .
: to i .ct 

\

+
. r

1.a,19 zqa!Ln. 
I  ul i*o*,-  

h - ' >a ' *. t o

Gt 112az1cf.
to

a )

b )

holds

such th

r;
f : vEJ <Lx (

1
o

fr
EJ (rlt( r
4o

Lernma 5

and  the  one ra to rS  A ,  C  a re  de f i ned  i n  (27 ) ' ,

I n  add i t i on ,  t he re  i s  an  T to  p rocess  L / (0=

under the same condit ions as in lemma 4, the conclusion

i f  and onry i f  there ex is ts  ne.L2(S,Rn)  and nonant ic ipat i

a t

,fi
t ) J x ( t ) ) d r  *  E J { n ( t )  , x ( r ) -  ( A x )  ( r ) -  ( c x )  ( r ) X r  =  Q  -  ,

f,--

f o r  any  xeL2 ts rnn l  (  A  and  C  a re  d .e f i ned  i n  (27 , ) )  i

T,
^ / l r

)  ,  u ( t )  - ; ( r ) )dr-E /q"  r t )  ,  (B tu- i l1 )  f t )  + (o (u- f i )  )  ( r ) /  dt )o

for any u eql 
to

( 2 7 ' )  .
, ' t

P ^ + J n ( a ) d 6 +
_ c i

&
) ^ ,  t { i ( t )  i s

' s r
.riJy,rfl dB , (N) , such thar .%€ ..Rt , y (.r) = 

# 
(f( tl) )

nonant j -c ipat ive tv . ,LL2t f ,n t ) ,  and

o ' , #  r c , Y ( t ) , r 4 ( t ) , ; ( r ) , f ( r )  ) , , - , - f t r ) ) > 0  r o r  a l l  , r € r i l  a . e .  ( d p g d r )
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L,
w h e r e  H  ( L , Y ,  t 4 , x , u )  = { f ( t , x r u )  t 2  v r s  r ( t , x , u )  + L  ( t , x r u )

i r 1  
4  4

(V, l I*  are l ine vectors) .
l r

Proof

We proved that the conclusions tn lemma 4 are equtvdtbnt

wi th  (26)  under- the condi t ions 
-xu 

is  a  so lut ion in  (9) .

,,-.-,-" '  
The equatj-ons in (9) and (26) can be reDresented. by

---'/

32) r (xu,  , r - f ;1=6,  r (xu ,u- i )Vo for  any u eqL,

where

nuous

notat i

I  ( x r v )

( s e e  ( 2 8 1 1

s e t s ' f r o m

v 2 -

I  is  a  l inear  cont inous funct ional  and T is

operator frorn L2({,Rn)X Loe (9, Rm) to Lr(J, nn)

ons  ( see  l emma 4 )  T  ( x , v )  =  ( I -A -C)  x  -  (B+D)  v

t 't,
ft .\.t ( ^., -1

=  E l J . ( " " ( t ) , x ( t ) )  a t  *  
l < L u ( t ) , v ( t )  d t J

" t o  t ,

a l inear  cont i -

.  With the above

and

Since T  (n ,0 )  :  L2( { ,nn)  -9 r , ,  (S ,n t )  i s  a  sur jec t i ve  one

we claim that apoly ing a senarat ion. theorem for convex

(321 we get that  there exists neL2(tRt)  such that

( ,".r

{ ( r  
( x , u - u )

"r=)( 
h.,0) , L\of ,

33)  1(x , " - f l+n(r {* ,u- f ; )  )70 for  a t l  xeLz( f ,n t )  ,  ue4L

f ndeed ,  de f i ne  the  convex  se ts  C ! ,C2  i n  R  X  Lz (S - rnn )

*€, T (x, 
"-f) ) : xqr,, (tr, Rn) ,uofu ,ro l.

t r fe have Cl/1C2:p othervr ise one ccntradicts (32) .

M o r e o v e r  t n t  C r * /  t "  R  x  L r ( S , R t ) .  S i n c e  T ( , r 0 )  i s  a

sur jec t i ve  app l i ca t ion  we ge t  tha t
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I r r*,0) : 1ixis Ltb{y,tlv i l251,

V,  r " ,o ) l<  r .  fo r  a11 l i x l1 (  r ,  i r
(x,o ) " l  r  yv11<[ lec, and w

and  C ,  i n  R  *  L2 (3 ,nn )  .  We

s u c h ' t h a t

r
for  d7 0 suf f ic ient l l r  smal l  and 1n addi t ic

17O i s  su f f i c i en t l l ,  1a rqe .  The re fo re

e can apply a separation theorem for C,

get that there exist ,17 0 and 
!eL2 

(S-,Rn)

(dP8 dt)  .

= 0 w e g e t

/
J H o

+ +

fu l f  is  *Lz( i ln t )  ,  p  ( r r )  =o

Since 
"1s 

( t t )  must be zero we choose ko= _

On the  o ther  hand k ( t r  )  i s f ;  -measurab le

the wiener integral  reDrezentat ion (=" l t ro,  
" ; ; ; "

L ( r
36)  -  k ( t r ,  = r t  

) . * r r r )dB i ( r )  :

l a
E J*n ttl at

and we qet

[rJr

where Hi  are n-d imensional  non-ant ic ipat ive nrocesses.

34t4 + 
ryr,{li)o , {( r (x, u-fr) +el +f(r (x ,u4i )7 o f or all u,eq} , xeL2(s], nn.)

and €7 0.

We have. ' f7  0 otherwise Q-=0 contradic t ing (3a1 .

Hence we can divi_de by ( in

( 3 3 ) ,  w h e r e  { = L  .  s j - n c e  i e " r ( F , n n )

f u n c t i o n  n  s u c h  t h a t  n ( s ) = f , ( " )  a . e .

Taking u=t  i r ,  (33)  we obta i_n (a)  and for  x
(b)  .  The suf f ic ien lz  fo l iows by adding (a)  and (b)  .

The last  nar t  in  s tatement  we obta in in  the fo l lowin ig

way  '  De f i ne  k ( t )=ko*  
{ , un* ru ,  

and  we  a re  l ook inq  fo r  ko6Rn(- t;
and ' : ta-nonant j -c j -pat ive n-d i lnensional  prbcesses Hi  ( t )  ,  i=  / .1 . . .  rk
such that the Ito process

k
3 5 )  p ( t )  = k ( i l + + (z) dBi (z)

(34) and let t ing f - r  0 we set

,  there is 
"  { -  measurable
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1:'^ftr)trL) and wef.?.: ,tu,

(s ) (u (c) -u tz) dtdaoi (a) (u (a) -t 'e) dBi h )

=k  ( t )  -E
*("

)  =  J r B
vo

= 0 ,  a p p

1) ) .  we 
'

't,
r

"Jg; r.
h

p  ( t )

ve( t

p  ( t 1 )

, fu(+
, J

Def ine

Denote

nq l to 's  s tochast ic  ru le  for  coInDU-

( t )  ( u  ( t )  -

( r )

tat ion of,

fi
f .

E  l ( n  ( t )

t,

Since

4p ttr l

,:y'*"tt lTdt = , B  ( t )

The conclus ion (b)  is  equiva lent  wi th

\7 ' I

e t

I

cI

)

L-
t\"f

( u  ( r )
.  L = l

frt tt r{at .

! , k
(  *  *  "  > i  ( t )  ,u  ( t )  { t t  ' v  ue 4(o

"JG 
(t)  +p* (r)  B ( t t  *  fsf  ( t )  oi  ( t )  ,u (r)  #( i l )arV0 ror an

f o '  
L = 1

and recal l ing L, ,  in  (27)  we obta j -n  (b ' )  rvhere

Y&)
=p* {t) *}tt l and M, (t) = nf tt l * nt

The proof is complete

The main result is contain in the fol lowing

Theorem

Let  t t ' , t l  be  oo t i rna l .  Assume tha t  (Hf ) ,  (H2)  and (H3)

hold. Then there exj:s53: rrrddrnensional nonanticipative processes

f  t t l  ,  t4 i  ( t )  ,  i= r ,

d?  =  
H( t , f ,M( t )  , l ( t )

Y (r r )  = f f i  t i ' t t r )  ) )  *

. . .  r k ,  s u c h  t h a t

h
,Y ( . )  ) +  . >  l r ,  ( t ) dB i  ( t )

L=4 i
a )

and
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o ' # ( t 4  ( t ) , 1 { ( t ) ,Y(t) ) , "-Yt 
q>) o for anlz u(rJ,, x  ( t )

a . e .  i r ,  ( , ) , t ) €  ^  F  -
\ lx l , to, t tJ wi th resnect to the measure dpg dt .

Proof

By hyoothesis  the condi t ions in  lemma 5 are.  sat is f ied. . , - ,^
in  lennma 5 is  (b)  in  theorem.we have to  prove that  (a)
is  equiva lent  wi th  adjo in t  s \zstem. 

" r \ r 'q . ,
We shal l  t ransform the terms in  (a)  us ing the reDrezen_
p  ( t )  a s  a n  f  t o , s  p r o c e s s  ( s e e  ( 3 5 )  )  .

fntegrating b1z oarts we have

t r t
37) u -l  lnw , ,[ a{z) x (?) at)at =. z \E(k 1tr) , f '"\rrx (t) dt - , l?"(r) ,s (t) x rt)) at

t ,  L \  
' - " i - r

for any x€Lz(tr,Rt) . 
+ X

usingrcondj_t ioned exnectat ion wi th  resnect
f ,  ;  k f , i

Jr , (n (t) ' ,1. J,"' ( e) T G) ae, (a) dr = :

= 
l"<"('t), 26 elc,s4%d aer(zt) dr,s o
to i--t t

and

Lz
i . t

) ,

any x6Lr(I"n") .

U s i n g  ( 3 7 )  a n d  ( 3 9 ) ,  t h e  c o n c l u s i o n

S i n c e  ( b ,  )

in Lemma 5

tat ion of

r4
@ -  

l r ( e ) d e , G )  :
to Fa we get

3 8 )

for

f,
n{$" ru,
= r(t< {t,

t
( ;

J" 'G)  x  ( " )  ae ,  ( z ) )  a t  =  
-

w .  I
. k  ) t :

,  Z I_.- tr) x (r) dBi f t .)  >
L= t t(o

mes

(a)  in  lemma 5 beco-



3 e )

for

',

no]

and

4 1 )

42l-

{ , *'  
l .<Lx 

( t )
-  E(k  1t r )  ,

t
( 'ntE 
f'(t'" 

ttt

q
+h( t )  , x  ( r ) )  d r+E  {  (o *  )  ,A  ( t )  x  t t l )  a t  -

{ t^r r )  
x  ( r )  dr  

t i+, . r } ;  

;  t : r t ( r )  x  ( r )  dBi  ( t ) )=

2 8

+n ( r )  *p*  ( t : )  A ( r )  +

for all xeL2

( t )  , c r  ( t )  x  ( r ) )  d r

f orm using 1+O ) ana it i t ) ,' )

any x€L, (ilnt) .

. .  
Replac ing k  ( t )  in

f i f ;
"  I (o ( r )  ,A (r )  x  t t l )  at=n/(p

tl 
t, to- o  
/ A ( t ) x ( t ) d t )
L

usi49 I>  ( t r )=0 we obta in

k t t
n{r.  t t1) ,  Z J" '  (r)  x (r)  dBi

-  L ? r  t o

.  The  equa t ion  (39 )

1so) by p ( t )  -  !  i , (z)  dB,  (  r )  we set
, r ,  ( o  

L

(r)  ,A (r)  x (r))dt-n f<l ! r ( t )  dBi ( t )  .
L 

-'l 'o

( t ) ; '= 'u
I

h- t'
211",
=,to

mplerhas a s a

k
, )  " t  

( t )  c i  ( t )  , x  ( t ) )  d t  =  o
t = t  r

(S ,nn )

tu, iE

4 3 )  L x  ( t )  + n  ( t )  + p ^

Therefore we

I

t"

have

L

k ) a ( ' r ) d r +
+

( r ) A ( t ) + 2  H f  t t l c i  { t 1 = e
u - - 4  

r

a.e.  wi th respect to dPg.dt . . ,  and
. ' "

, /
k . t

t /.r*
z . -  J  

L L '

L . t  /

L " t
t k

( : i  "  r
t"

44') p^+ J :v { oInrir, l dr+ /n*

4
L* (g)  d6+ ( r )  c a  ( e  )  d d = c o n s t . = p ^' o

I
I

1

where po=ko€Rn.

Reca1l
t

J n
4^./

L*

that  p ( t )  =po*

( 2 7 )  .i s  de f i ned  i n

(z) de+ ( " )  dB,  (a)  and



asyf (ty =nx (t) *)* (t) , l,r, (t) =*ftt1*nfit) ,

and. from (4+) by comoutation we obtain ..

/  L ^ 1
- - ' 4 -6 ) / t t l +  J . r l ,w )A (6  )d?5+  ,Z  J . i ,  ( z ) c i  ( daz+

.  k  t r , . t  c=1 to L

.Z  l * t (x )  dB i  (z )  = to= cons t .  ^ '
0=t to

tet  . t  ( t )  and h,  ( t )  be those that

By def in i t j_on P(r r l  =x(11)

and (46)  s tands for  conclus ion (a)  in

The proof is complete.

2 9

(a) and (b-) in

5 and with (.# )

= 
# t# t t r t  I  )  *  (see  (23)  )

the s tatement .

.!

def ine L*.  Denote

f t ) dz  -

theorem are equivalent

in  lemma 4.

r t
) L

4 x

Remark

The conclus ions

with (a) and (b) in lemma
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