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ALGEBRAIC ANALYSTS OF THE TOPOLOGTCAL LOGIC L(n )

by George Georgescu

Thg topologica l  log ic  L( !  )  was in t roduced by

J.A. l l ,akowsky and M.z ieg ler  in  [8 ]  and by J .Sgro in  [ fS]  .  rn  th is

paper  vre shal l  def ine the polyadic  L ( .1  )  a lgebras as adequate a lge-

bra ic  s t ructures for  the predicate log ic  t  (  i  )  .

lhe main resul t  o f  th is  paper  is  a  representat ion

theorem for  the polyadic  L(  !  ) -a lgebras (see[a]  anaf fS l ) .  Another

result is an omitt ing types theorem formulated in the context of the

polyadic  t  ( -E )  -a lgebras.

f  1.  Polyadic r ,  (  i l  )  -a lqebras

.

In  th is  paper  we shal l  consider  on ly  local ly  f in i te

po lyad ic  a lgeb ras  o f  i n f i n i t e  deg ree (3ee [ : l , fA lana [O ]1 .  we  sha11

- suppose known the concepts, the results and the notations of[3] and

? - 1
L b J .

Le t  (A r r r s rS rE)  be  a  l oca l l y  f i n i t e  po l yad ic  a lgeb ra

of  in f in i te  degree having the equal i tyE,For  any p€A we shal l  denote

by J^ the min imal  suppor t  o f  p ,  i .e .  tne in tersect j -on of  the suppor ts
v

o f  P .

te t  us consider  a fami l iy  o funany operat i .ons of  A: .
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such that for any t€I and pr9€A we have the following properties:

(A1) V t r )  (p( . )e)  -< V( i )  (  I  ( i )  P <+ r  ( i )  u) t

(A2)  I  ( i )  p (p  ,

( A 3 )  , I  ( i )  p A  I  ( i )  q  =  I  ( i )  ( P r q )  ,

( A 4 )  f ( i ) p (  r ( i )  f  ( i ) P '

( A s )  I ( i ) I  =  I

( A 6 )  s ( j / i )  r ( i ) p  =  r ( j ) s ( j / i ) p  f o r  a n v  j d J p ,

, l
{  r ( i ) : A - * A :  i *  t  lL

(eZ1 I f  J  i s  a  suppor t  o f  p ,  thenJu{ i }  i s  a  suppor t  o f  l ( i )p r

(A8) For any d€rr  such that d lc,r( t t l )  t "  r i :n ject lver w€ have

: I ( i ) s ( c ' )  =  s ( d )  f  ( j )  w h e r e  d ( j ) = i .

.  De f i n i t i on .  A  po l yad ic  a lgeb ra  (A , I rS r3 ,E )  w i th  a  fam i l y

a ' t
{  r t i l : i e r }  o f u n a r y  o p e r a t i o n s  w i l l  b e  c a l l e d  a  ( p o l y a d i c )  L ( L ) - a 1 9 e -

bfa i f  the axioms (A1)-  (AB) are ver i f ied

we shal l  use the notat ion (e,  . I  ( i )  :  i€I> .

bras then "  
- : : , : : - : : ' : ; ; , i ; , : , ;J( i ) : i€r)  

are two L(  r ) -a lee-

r :  (n  ,  T ( i )  : ie  r )+ (A '  ,  T ( i )  : i€ r )

i s  a  morphism of  po lyadic  a lgebras wi th  equal i ty  f :A4 A '  such that

I ( 1 ) f  ( p )  =  f  (  ! ( i ) p ) .

Thq Lindenbaum-Tarsky algebra. of thd topological fogic L(l)

( see [O ] , f f g ] )  has  a  canon ica l  s t ruc tu re  o f  L (  I  ) -a lgeb ra ' . .  The  fo l l ow ing

example of  f , tE. ) -a lgebra correspondsto the concept  of  model  for  the

l o g i c  t (  l . )  .
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Let  X be a non-empty set  and O the Bodean a lgebra{Orf } .

The set HomEns (xI,O) of the functions xl-+O is a polyadic algebra

ln the fo l lowir ig  way (seefo l ) :

for  any.p:XI-+O ,?GAI,  JgI  and x€XI.  The canonical  equal i ty Eois

def ined by

Eo ( i , j )  {x)  
{ , ' r : t - : l ; '

for  any i r j€ I  and x€XI .  I t  is  known that  J  is  a  suppor t  o f  an e lement

p of  th is  po lyadic  a lgebra i f f  for  any x ,y€XI  such that  *1"=" lg  we

have p (x)  =p (y)

we sha1l denote by r (xr,O) the polyadic algebra of the

elements.  p :XI- - t  O of  f in i te  suppor t

For  any u€Xr i€ I  and x€XI  le t  (u / i ) *ebe the e lement  of

F (xr rO) def ined, by

[ " , r ) ,  
i f  # i

(  (u / i ) *  x )  (  j  )  =L,  
i f  j= i .

r f  txrOl is a topological  space, then for any i€r '  we

sha l l  denote  by  ta  : r (x I ,o )  ->  r (x I ro )  the  func t ion  de f ined by

f,,^ (i ) p (x) =1€+ xt€ rnt{uex : p (u/i)* x) = 1}
\;/

T

for any per (X^ rO) and x€X .



t

:'  ' r  
r )  i "  a  L (  |  ) - " r s "b ra .t  emna t . -  (F (x ' ,O)  ,  IO( i )  :  iG

Proof  .  We shal l  prove only  (A6)  r  (A7)  and (A8) .

(A6) We have the equivalences

s  ( j / i )  
U t ) p ( x ) = I ( : )  U t ) p ( x " ( t / i )  

) = 1

(=) xr€Intfu : p ( (u/i )* (xo (i / i l  I =r I

r , ^ ( i )  s  ( j / i )p  (x )=}€xr€rn t {u :  s  n )Up (  (u / j l  x )=r }
O  

< ->x je rn t { u  :  p (1u / j ) x x )o ( :Z i f } .

But :*Jp and

( u / i ) *  ( x " 1 i l i ) )  l r  - { j } =  ( t u / t ) * x ) "  ( j / i ) l r  _ t j }

for any u€Xr therefore we have

p (  ( u / i ) *  ( x  . ( j / L ) ) = p (  (  ( u / j ) * x ) o  6 / L ) )  ,  f o r  a n y  u e X .

I t . r e s u l t s  t h a t  s ( j / i )  
U i ) p ( x ) =  U j ) s ( j / i ) p ( x )  

.

(aZ) I5 '3 is  a  suppor t  o f  p€F(xr ,O)  then for  xry€Xr  we have

x l o  =  Y l ;  = )  P ( x ) = P ( Y ) .

From the implications:

* l  .rr{ i }  
= yl ' r1i1 I  t  (u/ i) .n* *) I  ;= ( (u/ iL 

}) t '  for any utX

i t  resul ts that

4 P ( (u/ i)* x) =P ( (u/ i \  v l  for any u€x
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Then  . ru [ i ]  i s  a  suppor t  o f  . I ( 1 )P .

ose  tha t  S l  _  i s  i n jec t i ve ,  t hen  the re  ex i s t s  an(AB)  supp  .  g . - r ( t i ] )  r - s  r . I

-  un ique  j € I  such  tha t  G( j )= i .  Fo r  any  P€ t ,  (X I ,O)  and  x€X I  we  have . the

equ iva lences :

.  I ( i ) s  ( s )p  ( x )=1 (= )  x r€ rn t fu :  s  ( c )p  (  (u / i ) * x )  =1  ]
o +

<=)* i€ In t {u  :  p  (  (u / i )x  x )o6  )=1

s  ( s )  r - ( j )  p  ( x ) = r ( = )  L ( j ) P  ( x G )  = 1
o a

<=> (xG)  .€ rn t lu :  p (  (u / j ) *  (xc )  )=* .

But ( (u/ i  )* x)"S = (u/ j  )* (xs) then l t  results that

. r  ( i ) s  ( s ) p ( x ) = s  ( 6 )  r ( j ) p ( x )  .
o - o

Lemma 2 .  Le t  a  be  a  po l yad ic  i dea l  o f  t he  L ( l . ) -a fgeb ra

(a,  . I ( i ) :  ic r )  .  Then the quot ient  po lyadic  a lgebra A/a is  an

L  ( tE  )  -a lgeb ra .

Prqql. By the axiom (Al). we have:

, I  ( i ) p +  r  ( i ) q = 1 (  r  ( i ) p e  r  ( i ) 9 ) * (  1 V ( i )  ( p { ' e )  =
c{a

=3( i ) r  (p<*e )  =3 ( i )  (p+e)

Then we have

p=e (mod g) + p+q€g )3(i) (P+q) €"e +

:+  |  ( i )  p+  r  t i )  eeg => r  ( i )  p '=  r  ( i )  e  (mod a)  .
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Let  (A*r r+rs ,3 ; t rn*)  be a polyadic  a lgebra wi th  equal i tYanJ

Ic I+.  We shal l  consider  the r -compress ion of  A*

e =fp€e*,  r  is  a  suppor t  o f  p  l_

It is known fOl tttat A has a structure of polyadic algebra

(A,  r ,s ,3 ,8 )  .  suppose tha t  (a* ,  f t t )  :  i€ r )  i s  an  L  t .  I ' t t  -a lgebra .For

airy p€A and j -€I  we denote I ' ( i )p=t* ( i )p.  Using the axiom (e*)  vte.  can

see that th is def in i t ion is correct .

r ,emma J. (e ,  . r ( i ) :  ic r )  is  a  L(  f , )  argebra.

We shal l  say that  (a ,  r ( i ) : iG+ is .  the r -compress ionof  (a+,  I+( i ) : ier+)

Le t  (a ,  r ( i ) ;  i e r )  be  a  t (  S  ) - . rg "b ra ,  r  c  r+and

(a * ,  I+ ( i ) : i e$  a  l (  [  ) -a lgeb ra  such  tha t  A  i s  a  po l yad ic  r  d i l a -

t i o n  o f  A . .  r i  : I ( i ) p =  . I + ( i ) p  f o r  a n y  p G A  a n d  i c r . t h e n ( a * ,  I + ( i ) : i G r + )

w i l l  b e  c a l l e d  a  r *  -  d i l a t i o n  o f  ( a , I ( i ) : i € r ) .

LeI rma 4 .  r ,e t  (a ,  r ( i ) : ie r )  be  an  L($ . ) -a fgebra  and rc r+ .

Tben there exists an l+-di lat ion (a+, ,  f ,*( i )  : i€r+)or(a,  r  ( i )  : i€r)  .

Proof .  Exact ly  as in  the proof  o f  the theorem 10.2 of

f l ]  re  shal l  consider  two steps.

a) Card t t+l=qer4 ( I  ) - .  There exists a bi ject ion[ :  t+ ' -> t  and

Ar=A has  a  s t ruc tu re  o f  po l l zad ic  a lgebra  (A+, r * rs+r3+rE*)  (see  f3 ] ) .  :

F o r  a n y  p € A +  a n d  i e t +  w e  p u t  r + ( i ) p =  I ( D ( i ) ) p .

we can prove that ( t ' ,  i t+ ( i )  ;  ie r+) is a L (  [ - )  -atgetra.

b )  Card  ( I+ )>Card  ( r ) .  Th is  case fo l lows exac t ly  as  in [ l ] .

r , e t ( a ,  . r ( i ) :  r e r ) b e  a  L ( E ) - u r g . b r a  a n d  :
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(a * ,  r+ ( i ) : i € r )  an  r+ -  d i l a t i on  o f  (A ,  . r ( i ) : i e r )  .  r f  t (  =  r+ -  r  and

( t ' ,  I ,  Sr3rE) . i s  the  po lyad ic  a lgebra  ob ta ined by  f i x ing  the  var ia -

b l e s  o f  K ,  t h e n  A *  i s  a  L ( S . ) - . f g . b r a  b y  p u t l n g  : . f  ,  ( i ) p = . 1 + ( i ) p  f o r

any pGA+ and L€I.

T h e  L ( . S  ) - a r g e b r a  ( a * ,  r ' ( i )  : i c r )  w i l l  b e  d e n o t e d  b y

( a t x l  ,  I ( i ) : i e l ) .  A ( K )  w i l l  b e  c a l l e d  a  f r e e  e x t g n s i o n  o f  A .

L e m m a  5 .  t e t ( a ,  I ( i ) : i € I )  b e  a  L ( . 1 '  ) - a l g e b r a  a n d  c .  a

cons tan t  o f  t he  po l yad ic  a lgeb ra  (A r I rSErE) . .Then  we  have  the  equa l i -

t i es

a )  . r ( i ) c ( j )  = c ( j ) . r ( i )  f o r i t t j .

b )  c ( j )  r ( j ) p  =  c ( i )  r ( i ) s ( i / i ) p ,  i f  i $ t ^ .
Y

i  . .

Proo f .  We  sha l l  use  the  p roo f  o f  t he  theo rem 10 .17  o f

f 3 ] .  C o n s i d e r  a  f r e e  e x t e n s i o n  A ( k )  o f  A  a n d  l e t  n  b e  t h e  i d e a l  w h i c h

c o r r e s p o n d s  t o  t h e  f i l t e r  g e n e r a t e C  b y  E ( k , c ) .  . I n  t : ]  i t  i s  s h o w n  t h a t

A -+  A (k )  -+  a (k ) /n  i s  an  i n jec t i ve  po l yad ic  morph i - sm.  In  acco rc lance

to  Lemma 2  L t .  resu l t s  t ha t  A (k )  / n  i s  an  L ( .8  l - u fgeb ra  and

A - +  A ( k ) / n  i s  a  m o r p h i s m  o f  t ( B ) - a l g e b r a s .  I f  E  i s  t i r e  c o n s t a n r  o f

A (k ) /n  i nduced  by  k  then  c  -  l l o  ( see fS ]  1 .

S i n c e  j 1 i  i t  r e s u l t s  f r o m  ( A B )  t h a t  : ; S & / i l  r  ( j ) = t ' f  ( j ) s  ( k / i r ,

i . e .  k ( i )  . I  ( j ) = . i  l ( j ) k ( i ) .  F r o m  t h i s  i t  r e s u l t s  . i  ,

Fo r  eve ry  p€A  we  have  i n  A (k ) :

s ( k / j )  : r  ( j ) p  =  . : I ( k ) s  ( k / j ) p  ( k e r p )

s ( k / i )  I ( i ) s ( i / j ) p = , I ( k )  s  ( k / L ) : i  I ( L / t l p =

= !  I ( k ) s  ( k / j ) p .

t h e r e f o r e  w e  h a v e  k ( j )  I ( j ) p  =  k ( i ) : , '  I  ( i ) : S  ( i / j ) p .  T h e n  w e  o b t a i n  b )  .

Lemma 6 .  l , e t  (a ;  t  ( i )  : i € r )  be  a  L (  !  ) - . rg .b ra .  Lhen
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the re  ex i s t s  a  L ( t  ) -u tg .b ra  (A , ,  I ( i ) : i € I>  such  tha r

(1 )  A '  i s  a  r i ch  po l yad ic  a lgeb ra .

( i i ) (A  ,  r ( i )  : i e r )  i s  a  l , ( . 1  ) - suba lseb ra or  (a ' ,  r (1) : ier ) .

3€o€. Exactly a s  i n  f  e ] ,  p p .  1 5 8 - 1 6 0 .

$2. Representat ion theorem

For any .  po lyadic  a lgebra (Ar  I  rS rS ,E)  we shal1 denote

by f (a)  the fo l lowing Boolean a lgebra

E(A) ={n€a i Jp = g }. .

gebra and [a

g ica l  space

R e p r e s e n t a t i o n  t b e o r e m .  L e t ( o ,  . t ( i ) : i € I ) b e  a  L (  l . l - " f -

aPfoper Boolean fi l ter of E (A) . Then there exists a topolo-

(x ,0 )  and a  morph lsm o f  r ( I . t  -  a lgebras

p  :  < A ,  r ( i ) : i e r ) + ( r ( x r , o ) ,  t ' ( i ) : i € r )

such that Q tn) =r for any p€ F .

accordance to Lemma 6i we consider

: r ( i )  : i e r )  o r  (a ,  . r ( i )  : i € r )  .  Le t  7 \

fgA.  On the set  y  o f  the constants

equiva lence re la t j .on :

crd f* E ( c r d )  € A  .

Denote X = y/at and let 6 U. the

Proo f :  I n a  6 i ch

be an u l t ra-

of  A,  we

t  ( . !  )  -  extensior G'

f i l ter  < l f  A,  such that

consider the fol lowing

i i
i i
il

--L

equiva lence c lass of
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c€y. If  c.trdr crde$ we shall  prove that

c ( 1 ) p e A e >  d ( i ) p € A

f o r  a n y  i € I  a n d  p C A r .  W e  r e c a l l  t h a t  E ( c r c ' ) = c ( i ) , 4 , ' ( j )  B ( i ,  j ) ,

'  whe- ie i+ j .  For every c€y we have (see[f ] f  ,  p.100]:  :

c  ( 1 )  n  = J t i )  ( p  A  E  ( i , c )  )  ,  i € r ,  p € A t .

ft results that

S i n c e  A  i s  u l t r a f  i l t e r  a n d  E  ( c , c l )  € A  w e  h a v e

c  ( i )  peA( - )  c  ( i )  pnE  (e ,d )  6 ,6

- . ,  . . . , :  - . .  . :  ' . ' . i . - . : . ' , - . . , ( 9  d ( i ) p n g ( c r d ) € A  ,  :

G )  a ( i ) p  € A .

T r r ^
For any x€X* let  i i : I - -+ X be the funct j .on xF) x( i ) .

Define 9: Ar-+ l ' (Xr ,o) by puting

( 1 )  V  ( p )  ( x ) = 1 ( : )  * i 1 ( i 1 ) . .  . * i r r G o l p  €  A

w h e r e  { i r , . . . r i r r }  i s  a  s u p p o r t  o f  p € A t .  E x a c t l y  a s  i n [ f ] , P - . J 0 7  j t

resu l ts  that  V is  a  po lyadic  morphism.

We shal l  denote



1 0 _
ll

g=$Oex:u( i )  r ( i lpe A l i  p€A1, i€r ,  Jpgt i l  l  .

puting (
F o r  a n y  i € f  w e  d e f i n e  . I r ( i ) : r ( x f , O ) + f  ( x l , o )  b y

f,1.ugtGt V (p ) ( tt/t) *xt=l-}.

Suppos ing  9 ( : f  ( i  ) p )  G)= r  we  have

' I ' ( i ) p ( x ) = 1 ( *  t h e r e  e x i s t s  U € q  s u c h  t h a t

*1eug{6ex: p fdri L"l =1}.

l t te shall prove that,

(2  )  I  (  r  ( i  )p)  (?)  =  r '  ( i  )V(p)  ( * l

" t r '  ( i )9(pl  Cf l=1(4 there exists U€q such thar

for  any i€ I ,  p€AI  and iexr .  Suppose that

o f  p c A t ,  t h a t  { i r i f  , . . . r i o }  i s  a  s u p n o r t  o f  f ( i ) p .

Vire have the equivalences

-9f  r  ( i  )p)  (*1=14"x,  ( i  , * r r .  ( i1)  .  "  .x i r ,  ( i , r )  r  ( i  )p € A

<)x i  ( i  )  : t ( i  )x1 ,  ( i t )  .  .  . * i r r ( i r r )n  Ga .

( .  .  )
4 1 1  r . . .  , 1 n '  1 S  A  S U p p O r t

.  By ax iom (1,21z



, : r ( i ) x ;  ( i r  )  r . x ; .  ( i " . ) P - ( x ,  -  ( i r )  r . . x 1  ( i n ) p
, 1  r . n 3 . _ r I + - t }

then we obtain

u={0 :u ( i }  r ( i ) * r r ( t t ) . . . * r r r ( i n ) .8€a}9 {0 :u ( i ) x r1 ( i1 ) . . . * i r r ( i r r )p€a} .

'  
It re'sults that

/\i reustG'  V(p)CCGzi )*?)  =  11

i . e .  r ' ( i l V ( p ) ( x ) = 1 .

r f  I '  ( i  )V(p)  ( i )  =1,  let  u€g be such that

*reus{0 u ( i  ) 'xtr ( ir)  .  .  ,*rrr, t , .)nea}. :

f n  a c c o r d a n c e  t o  t h e  d e f i n i t i o n  o f  g ,  t h e r e  e x i s t s  r € A 1 r

J rs t i l  " : , . n  
tha t  U  =10 :  t , r ]  I l i ) " . : ! . I o r  eve rv  u€  Y  we  ha le :

.  u ( i )  : r ( i ) r c A 4 )  u ( i ) , r i r ( i 1 ) . . . * r r r , t o ) p e a ,

then

From L ,smma ,  we have u  ( j ) ; I (  j ) r=u( i  ) : l  ( i )S  6 / i l r , then

,  u ( . i ) (  r ( i ) s ( i / i ) r n x i 1 ( i 1 ) . . . " L ( t i ] o * -  l ( i ) s 6 / i l  n ) €  a  '

Since Af  i s  r i ch  we have
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v  er .  )  (  r ( i )s  ( i / i ) rnx i r_ ( i r . ) .  . . * r ' l ( i r , )p<+ r ( i )  s . : . . / i l r )ea  .

App lv ing  (A t ) '  ( a ) ,  (A4 )  we  ob ta in

v ( i  )  (  : i  ( i  ) s  ( i  /  j ) r t  r  ( i  ) x ;  ( i . ,  )  .  .  . x .  ( i -  )p<+  - t  ( i  )  s  ( i / j ) r )ea .
- 1  r t n r r

.  l u t  i n  a  p o l y a d i c  a l g e b r a  w e  h a v e  V ( i l q ( c ( i ) q  f o r  e v e r y  c o n s t a n t  e

and fo r  every  e lement  q ,  then

x i ( i ) . : I ( i ) S ( i / i ) r n x 1  ( i )  f  ( i ) * r r . . . . * i o ( i n ) p < r  x i ( i ) , . f  ( i l S  f t /  j ) r € A  .

A new appl icat ion of  Lemma 5 give

"  x 1  ( j )  T ( i ) r n x l ( i )  r ( i ) * i a ( i l . ) . . . * i r r ( i o ) o e > x i ( j )  f  ( i ) r  e a .

Bu t  f reu=)  x i ( j )  f  ( j ) reA  ,  t hen  we  have

f n  a c c o r d a n e e  t o  ( A 7 ) ,  ( A 5 ) ,  g  i "  a  b a s i s  o f  a  t o p o l o -

ey O on X. Consi der the L ( t  )  -algebra (F (Xr ,o) ,
Ut ,  

:  ie r )  de f ined

by the  topo logy  @ .

l l t /e shall  prove that

3 I  t t , ( i ) p d ) = t O ( i l p ( f )  f o r  a n y  p e r ( X I , O ) ,  i € f  a n d  * e x r .

Since gg ! ,  the  fo l low ing  imp l ica t ion  is  obv ious
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: r '

I f

( i )  p  111=r=7

r'ti) p (*) =r

i r . , ( i )  p  ( i )  = r .
v

then there exists Ue 0 such that

ire u'g$: p ( (0/ib i) =r!.

. an.a ?revgu.

But g is the basis

I t  r esu l t s  t ha t  , l '

ot. O , then
-A

( i )  p  ( * )  = 1 .

there exists V€g such

Frorn Ql and' (3) we d'educe that

Q=VlA : (A, r  ( i )  : ie r>  +  <r  (x r ,o ) , ' r@( i )  : ie r )

ls a morphism of t ( f ) -algebras.T.he rest results from

T

o f  9 .

The L(B) -morPh isms o f  the  fo rm: :

(e, r (i) : i€ r> 4 (n (xr,o) ,0 3 I  ( i )  :  i€ r )
o

r (i) : ie+.

the def in i t ion

Q . E . D .

the Lindenbaurn- '

exactlY the com-

theorem for

omi t t ing

wil l  be cal led t ( l ' ) - rep-resentat io l rs of  {o '

@ ' r n

Tarsky algebra of  L ( ' l '

p leteness theorem of L(

the  case when (a ,  " r  ( i ) : i€ r )

), the rePresentation th'eorem

X I (seefsJ anafrs] ) .

i s

i s

6 g -  An omit t inq' tVPes theorem
. -

rn[a] and ff S]itwas proved the omitting types

the toporogical  logic L( I  ) .  A cyl indr ical-  version of  the

h

I
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types theorem for  the predicate ca lcu lus was g iven by J .D.Mork in

[ r z ] '  

,  !  _ _ _ _ _ _ L  ilhe aim of this paragraph is to formulate. and to prove

-r ,  an omi t t ing types theorem in the context  o f  the L($. ) -afgebras.

A  t v p €  u ( i )  o f  t h e  L ( S t - a f g e b r a  ( a ,  I ( i ) : i € r )  i s  a  s u b -

set  o f  A such that  every e lement  of  U( i )  has the min imal  suppor t {  i } .

of.

o f

A

A

of  E  (A)  i s

proper.  We

type U ( i )

r ,et  (e,  "r  ( i )  :  ier)  be a corntable L (  f  )  -a lgebra

Suppose that TCE (A) is consistent and U ( i )  is  a :

omi ts  the  type  U( i )  then there  ex is ts  a  L ( t r  l -

rep resen ta t i on  o f  (a ,  . I  ( i )  : i € r )  such  tha t

( i )  +  omi ts  the type U ( i ) .

(1 i )  Q fn l  = f  for  any pGr.

Proof .  Let  us consider  a f ree extension (a (K) , I  ( i )  :  i 6 I )

" f  G ,  t r  ( i ) : i € r )  w h e r e K  i s  c o u n t a b l e .

We shal l  prove that A(K) has the fol lowing property:

( * * )  F o r  a n y  r e  a i x l  s u c h  t h a t  J ,  = f i  a n d  p ( A ( K ) ,  J p S { i } ,  i f  r u l r , r l ( i ) t }

i
I

We say  tha t  a  L ( . f ,  ) - r .poesenta t j - "n  Q :A*F(XI ,O)  omi ts

the type U( i )  i f  for  any u€X and xeXI  wi th  Xi=ui  there ex is ts  q€e( i )

s u c h  t h a t  Q f e l  ( x ) = 9 .

A subset T

generated by T is

Iocal lv  omi ts  the

cons i s ten t  i f  t he  Boo lean  f i l t e r

shal l  say that  the proper  subset  T

if for every p€A with Jpgti l  we have

( * )  i f  T iU lS( i )  p l  i s  cons is ten t ,  then there  ex is ts  q€U(L)  such tha t

T,rt{3(i) (p,lre)} is consistenr.

Theorem.

of  countable degi ree.

\ee  o t  a .  r f  T  l oca l l y



1 5

ls consistent in A(K) then there exists qeu( i )  such that

tu{r , t l ( iXp,rre)}  .  is  consistent.

.  I f  s=rnp then we have rn3( i )P=1( i )s.  . I t  is  known (see

t3l  )  . that  s=S ( t ) t  where t€A'  t  is  the bi ject ion (kI , i l )o" 'o(krr , i r r )  and

s  is  independent  f rom l i f  r . . .  r i r r !9 l .  We have a lso  
"=k l  

( i I )  ,  "  '  ' kn ( in ) t '

'  F r o m  3 ( i ) s = 1 ( i ) k l  ( i I )  r . . . , k n ( i n ) t { : l ( i ) l ( i r , " " i n ) t  i t  r e -

su l ts  tha !  fu [3 t i . )3 ( i f  t . . .  r in ) t ]  i s  cons is ten t .  S ince  T  loca l l y

'  omits U( i )  in A then there exists q€U(i)  such that

TU {3( i )  (3  ( i } ,  .  .  .  ,  i r )  tn rq ) }

is consistent.  we shal l  Prove that rvt l t i )  (srrrg)]  is  consistent '  r f

n o t l  t h e n  t h e r e  e x i s t  u ' r . . . r u n € T  s u c h  t h a t

uln.  .  . , lunl  3( i )  (s ' r - rq)  =0'

Denot ing u=ul^.  .  .Aun i t  resul ts that  3 ( i )  (uas^1q) =

=ua l ( i )  (snrq)=0,  then we ob ta in  unsa iq=0.  But  Jo=/ r  J .n={ i }  and

t=S ( .C) s then' i t  fo l lows

ult,Alq =uAS (a') smq=S (rs) (uasnrq) =0 '

I t  resul ts  that

u l3 ( i )  (3 t i ,  , .  . .  , i r r )  t , r rg )  =3 ( i )  l l i n  ,  .  '  '  , i r r )  (uA tn rq )  =0

t hen  Tv t t ( i )  ( 1 t i ,  , . . .  r i r r )  t i . r q ) ]  i s  
- i ncons i s ten t '  

The  €on t tad f i * i on j ' s

obvious.  S ince 3( i )  (sr r rq)=r ,13( i )  (parq)  the proper ty  (*X)  j -s  proved'

we can deduce that  there ex is ts  a countable L(  f , ) -a lgebra

(a*,  l , ( i ) : ieD of  countable degree such that



of A:t such

of subsets

t 6

" )<a* ,  
I ( i ) : i € r )  i s  a  r i ch  ex tens ion  o f  (a ,  : r ( i ) : i ( r ) ,

b)  The proper ty  ( * * ) 'ho l ' c ls  in  A* .

This results by observing that the' Halmos' constructi-on o$

a r ich extension of  A preserves the property (* t ) .

Cons ider  a  countab le  se t  K  = tk l rk2r . . .  l  o f  cons tan ts

Since 3 ( i )  E ( i  rkr)  =1 (seef i l  ,  Lemma 10 '  15) '

is  consistent,  then there exists qleu ( i )  such that

\
ru  $ ( i )  ( re1aE ( i , k ' )  )J '

i s c o n s i s t e n t . B u t k l ( i ) 1 q l = ] ( i ) 1 r 9 1 n E ( i , k I ) ) t h e n w e c a n t a k e

tr=foU{k, (i )r gf} . Suppose that there exist 9l , . . . ,go,G U (i) such that

T  =  T o u { k ,  ( i r ) r 9 } r . .  . , k r ( i ) r e r r }

i s  consis tent .  From the proper ty  (*X)  i t  resuiB that  there ex is ts

qn+I€U ( i )  such that

t r {Akt  ( i ) - r  e .a : l ( i )  (E ( i ,kn+l )a . ter r*1)  }

is  consistent.  Then Tn+I=TnUtkrr*r1i) ' rOrr*1!  is  consistent. '  I t ' . resul ts

that the fol lowing set

T,.=Tu{k,  ( i ) ' tQ1, . . . r k r r ( i ) r q r r r . . .  ]

. o o

ls  consj-stent.  Let  A be an ul t raf i l ter  of  e* such that U
?=O

that every element of A*

.We shall construct bY
r*

of  E (A^)  .

h a s  a  w i t n e s s  t k +  , .  . .  , k -  ) c x .
J l  J m

induction a sequence To=T9Tt< T29. . .

r u $ ( i ) B ( i , k r ) }

€
\J
h:O

T *  9 4 .
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consider the fol lowing equivalence relat ' ion ^'r on K

k d k ' < = > E ( k ,  k ' ) € a  .

Gi  -  
u re  o f  L ( t l ) -a lgebra

Exact ly as in$2'we can construct  a .struct '

T 'o l  and a I  ( ! : )  - rePresentat ion
o n  r ( ( K / r w ) t r o )  a n d  a  L (

v : a* -4 r (K/v) r,o) .

,  Th: 
", 

!  ) -*orphism A-+ e*.9-> r ( (x/ar) I ,O) verif  ies the

condit ions of the theorem'

'  
o . E . D .

.,tr*t 4'b+\9

r:
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