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exr-stence t l reorem for

and H.  Brez ls  L :  ]  to

fhe main result of

integral solut ions

ihe initial-valure

this paper is a

ln the sense of

problem . :

1ocal

n

.8 .  $en] .Jan

eg(i)
dt

O A  
' i

;
i s l

( 1 )

where

a real

G A U ( t )  +  f ( t , u ( t ) )  ,  o  < t  s f  ,

u ( o )  =  t r o ,  B ( t ) € D  f o r o s t s T . ,

A ls  a  m-d iss ipa t i -ve  (poss ib ly  mu l t i va lued)

Sanach space X, operator that  generetes a

operator act ing on

strongly cont i -nuous

functi.on d.efined

wiricir gener-ally

nltioir 3)- ana r :-s\fuemiclosed and 1ocal}y bolrnd"ed. multivalued
I ' n * n n i  n n. . . *yy+116

1,?e note elso the pioneerj-ng worlr

riance problems in finite d.l i:rensional

I I .  Brezi .s t i  I  and R, 
'H.  

I {ar t j .n Jr .

ln inf in i te dimensional  speces .

semigroup of nonl inear contract ions S(t) I  }TST *> fC[.I  ,  rvi th S(t)
compact  for  a l l  t>o,  f  is  a  x-va lued cont inuous

f orf  l  X n ,  D bei-ng a given nonempty subset of X

not open, and uo6 fTT)nI .

?robler:ls of ihis

under tire edditional

I . f . V r a . b i e  [ f + J

b} '  I ' I .  H. Pavel t  9l

c losed. ;  and by N.  H.

in the case in rvhich

kind have been stud. ied previously by A. Tazy f f : j

assurnptions that A 1s l inear ffrd, D is open, by

in the case in lvhlch A is nonlinear anti D is CIpen,

in the cese in ivhich A is l i -near ancl  D ls local}y

Pave l  end f .  I .  Vrab ie  [ fo f  ,  f t r l  ,  f f z l
; \  i s  l inear ,  D  is  sern i  loca l l y  c losec j .  (see 'Def i -

of &{. I{agui-,ro [B ] on flolv-invo.--

spaces, and the papers-of
a

L 7 J on fl-olv*.invari.ance problems



We assume famiLiar l ty wi th the basic concepts of  the nonl- inear

senigroup theory in general Sanach space , snd. vre recall for easy 'i

references some def in i t lons and resul ts we shaLl-  use tn t l : .e sequel .  :
:

t r 'o r  fur ther  deta i ls ,  see V.  Barbuts  book Le I

L,et X be a real Banach space whose norrn is denoted. by ll- lt , Xx i

its dtraL with the corresponding norm ll . ll,. , C l I ---9, 2Xx the . :---,- 1i
dua l i t y  mapp ing l  i ,€ .  !

( 2 )  G ( x ) =  t * * e x x ; l l  x l t z = l l x * t t 2  = * * ( * ) J  ,
f o r  x € X ,  a n d  ( . r ' )  I  X  x X  - - - t  R  g l v e n  b y  I

( 3 )  ( y , x )  =  r u p I x ] t ( y ) ;  x * e c ( x ) ]  ,
f o r  a l l  ( ) ' , : c ) €  x r x  .  I t  i s  w e l l  k n o v * n  ( s e e  t 2 l  c h . f  ,  $ 1 . 1 ,

Sroposit ion 1.2 ) that ( .  ,  .  )  : i "s upper sernicontinuous on X X X, and

the follorvj-ng inequality !

( 4 )  ( y , x > ( l t  y l t t l x t t  ,
h o l d s ,  f o r  a l l  ( y , * ) €  X X X

I f  r ) o ,  x € X ,  , y € X ,  D c X  a n d  E C X ,  t h e n

$(xrr)  represents the open bal- l  wi t l t  center x and radi-us r  ;

3 (x r r )  represents  the  c losed.  baL l  w i th  center  x  and rad ius  r  i

d(xrD) represents the usual  c l is tanse betvreen x and D i
'  D.  represents ihe c losnre of  D ,  and

Q(D'E) represents the Hausd.orf f -Pompeiu c l is tance betr ,veen D and
J

E ,  j . . e .  ' t

( f  )  q ( n , n )  =  i n r {  h } o  ;  D c  L J _ s ( x , h ) ,  r c  V  s ( y , h )  }  .J  x € S

p$.,flryql0i'{ }: fhe set DcX is calted,qgg}l-egj}Llg q}sp_ed if D

s a t i s f i e s  !

( i )  D = \ . - /  D, i
€e. lo ,1 t

( ' i i )  f o r  ee i ch  x  6D i l r e re  ex i s t s  r>o , , .  soc ! -  t i r a t  B (x , " )eDg  i s

c losed  in  X  fo r  o .11  te  I  o r1  t  ;

( i i i )  f o r  e a c h  f o €  f , o , 1 L  a n d  x  €  D .  t h e r e  e x i s t  r ) o  
" 1 1 6 5 r o-o

such thcr t  the r iaapping € r -+ B(xr?)ADa. is  cont inuous in ' the

t



Hausdorff-?omrreiu netric on

We recalI that o lo.c_g,Ll.v

for  each xG D" there ex is ts

and 1et us remark that each

c losed,  but  the converse is

3

I to, fo+ gl for each f ixed o <'] s r.

e1.os.e* set  is  a set  Dc X,  such that

r>  o  v r i th  ts ( t r , r )On -  e losed in  X  ,
Iocelly closed. set is semi locally

not true, a.s tye can easlly ded.uce f,rom

I
t

t

ii
t

r i
r j

ii
t i
t a
i ir l
rI
! i
i i
t
I

le'rruna 1 belov,l .

Consider the fo l lowing in i t ia l -velue problem i

( 6 )  = _

where  A I  D(A)CX * - tX  is  a  n -d iss ipa t ive  (poss ib ly  mu l t l va tued. )

f t)

{ 7 )

t
l l u ( t )  -  * [ 2 <  t t u ( s )  -  x l t 2  +  z J c r t e )

s

funct ion u I  farbl

p r o b l e m  ( o  ) ,  i r  u ( a )

.-+ Il3-I is cal-led.

= o O a n d :

I lovuing ineguali-by i

-  s (o) l las  ,

i vhere  vo€ D(* )
'l

t  a + l f  I  r r \a n o "  g e !  \ a r D i i . J ,  - u n e n
,  the fo

+
r .
I  l t f ( 0 )
J

s

:
. i

operator, uoG 5G) and f € T,1 ( a, b ;X ) .

lEFfNf,tf Old 2, A continuous

++lqe.fel sglp!_ioa for the

*  y ,  u (e)  -  x )d0

f o r  a l l  a €  s  € t <  b  e n d .  ( x , y ) g  n ( a ) X x  w l t h  y €  A x  .
'l

r t  is rvel l  knor ' ,zr that i f  A is m-d^issipat ive, f€ tr l (arb;x) and

i"a 
5*CfI,  then'the problem (6) has a unique integral solut ion u on

tblt  l  .  I loreover, i f  u is the integral solut ion of the problem

(6) and v i-s the integral solut ion of the problem i

t % n  G e v ( t )  +  s ( t )  ,  & € t s b  ,
\
I v ( a ) = t o ,

( s )  l t u ( t )  -  v ( t ) l t  s  l t u ( s )  v ( s ) l t  +

h o l - d s ,  f o r  a l I  a ( s < t < b  .

For the proof of this funclamental

I  z  I  c h . r f r ,  $ 2 . 1 ,  T h e o r e m  z . ]

r e s u l t  d u e  t o  ? . Beni lan ,  see



I)EXIIIILIQN. 3 . rr

caLled lntgsral

4

cont j.nuous function u I Lo, t ] -> f@.)'Al

s-ol-ut ion for t i rc problem ( 1) ,  i f  u( o ) = u"

L S

and I

( 9 )  l t  u ( t )  -  x t r 2  S  l t  u ( s )  -  x u z  n z f  < f  ( o , u ( e ) )  +  y , u ( 0 . )  x ) d 0
J

f o r  a l l  o E s { t S T  a n d .  ( x , y ) e n ( . g , ) x X  v r i t h  y € A x

!'.Ie recall that a fiIrgnfi ggf$ig& for the problem (f.) is €l

absol uTe ly

i
' I

t
. t

I
1

+

:

re-

lem I

:  fo, [J-->i lCE)OD vrhic i r  is

every+rhere differentlable on

A )  & . € .  o n  J  o r T  f .  o  a n c l  u  v e

) o ancl. ze}l-T)fl n , then u(t

o f  the  in tegra l  so lu t ion  u  f

conti .nuous funct ion u.

continuous and almost

i n  l o , t I  o  u ( t ) C D (

I f  t  6  [ o , r l  ,  h

sents the value at t+h

fS-?te-I 6 Au(s)l d s
( 1 o )  f

I

[ u ( t )  =  x  .

e acll c.

r i f ies

*-t-h -/
t  v  r r r t 4

or the

ompac

( r )

)  rep

prob

,  -c , f  t -  - - \  r -  -+  r t i r x i  ,  t s s g t + h  ,

begin vr i th the hypoiheses we shal l  use2. fhe $atl

in  the sequel

resul t .  1{e
i
I

tl

I
I

f r t  \  < r( i { .  )  X is  a  rea l  Banach space .
I -

(Hz) A I D(a)c x *> x.r-s q u-di!g;ne-t;yq. (poss-ibl:r nuH.ival,:s-{)
gpq{g*t_o.{ "!LgI Sc*erates_ B Co - semig{oFp of

*-2 D(A) , giih s(t) 'cllJrp-ac]- for all 'L ) o .

(9") f ; [o,tof X D *)X iS a.Lonj.*Sggug uin*. borir.rrlgd flunqtlqq,)

s b  sup{nr f t , * ) l l  ;  ( t ,u)€  to , ro l  x  tJ ,  n  *  
r .y , l? r ry+os 

q sep i . -

tgi.s$x s-ta,ssg sglss-t is x .
(H4) T.p,g qe"ch o< t<1 ,  _t l lq.LqSic- ie._t j ,  Flo,

g . t  e  [€ ,€+5J ,  x  6 l r ,  .e l lS l  o  ( t  (To r  er , :g-  has I

( 1 1 )  l i m  f . d ( u ( t , i + h , x ) , D - , _ r n , )  =  o  )
h --l o-'t t rltlr

't'

wH.g.roiu $l . tb:gs,pgs-!  t -g.  E'€ [s, t+$J ,  x€D-,
L

s-gejgsgfigr1s s(i,) : fI[)

such .that for eaci:,

s.nd. o ( t  ( T o



5

We shal1 see lat ter  that  the 
'bounded.ness

funct ion f  is  not so restr i .et ive &s i t  seems

speci f ic  problems this cond. i t lon ls fu l f i l led

pr iate semi 1oca1ly c losed. subset D

Our maj-n result is the follovring I

igunte that (H., ) e.:rd (H, ) are satj.sfied .IH]10IEI^h1---AssVpe_ that (11., ), (Ifz), (lI; 
+. + __-_:_

tllgjn, {gJl gq,ch oo€ 51TIA I , !he;-e gx: stq. [ € f o,[o1 , suQI tha,.r.

the problern (f ) h.p.s at fS€! oqe -ar-r!Sg'f-?]. egU-tio-4 u ol?.Lo,Tf .

3:;oqf r Let uo6 5G)A n . By (H3 ) it follows that there exists

e o € : o r 1 L  r n r i t h  u ^ G D .  .  C h o o s e  T € f o r f J  a n d "  r ) o  ,  s u c hu L o - < l

that I

3 ( u 6 r r ) A D a  i s  c l o s e d .  i n  X  f o r  a l l  o  <  g <  1 ,

( 1 2 )  € o + 1 " { . 0 < 1  ,

( r : )  l l  s ( t )uo  uo  l l  +  l , i .T  (  r /2  ,

for al l  b <t ST , and ln add.it ion, the rna.pping g v--* B(u.o,r)ADe

is continuous in the l lausd.orff-?ompeiu metric on Ito, L.+I{.T ] .
' f ie suppose also that T is small enough, such that i

'1

(14)  
n  l y "T .d(u( 'b , t+h ,x ) ,Dr+M.h)  

=  o

unj- formly rv i th respect to €o (  E (Eo + 1{. [

3ix any natural number n satisfying t

r  x G D ,  a n d  o ( t € f  ,

(15 )  f / n  (  r / z  ,  t o  +  (n  +  r /n ) .M  <1  ,

and choose the largest number dne 1o,1/n1 .  veri fying i

( 1 G )  a ( u ( t o t + d " n , x ) , D t + M . d n )  {  d n / z n ,

fo r  a l l -  Eo  (  f  S  €o  + .  i i l .T  ,  xGDg and  o  (  t 5 I  .

$ e t  t l  =  j - ' d n  ,  f o r  i  =  o r l r , . ,  , f  ( n )  ,  v i h e r e  I ( n )  e  W

f o  *  M . r ( n ) . d * ( 1  ,  ( r ( i r ) - l ) . d n < [  a n d  r ( n ) . a n > r  .  l e t

u t f e D E . + L { . i . d l 1  ,  i  =  o 1 1 r . ' . r I ( n )  r  & $  f o l l o w s  I

Set uf  = u^ and. suppose that we have constructed. u|  belongir :6o O i  
- -e - - ' '

assumptlon on the

to b:,  since in many

by choosing an appro-

s .at is f ies

us dBfine



, t o  
D€o*L { . j . un  w i th  5<  r (n )  .  Then ,  us ing  (15 )  we  eas i l y  ge t  !

( rz)  d(u( t ] , t ]+an, t r l ) ,D€o*1, r . (  j+1) .do)  <  dn/2n .

Itrorn, defi-ne 
"l*, 

as an arbitrary, but fixed, element in

Oro*oo. (  i+1) 'an rvhich sat isf j -es i

( 18 ) n u( tf , t]+an,u}) - uf+r ll( anln ,

element whose existence is assured by (17)

Consider the step funct ions e,r ,  I  f .  or f  l  - -+[  or f  l  and -

*r, : [o,r J -+ lTfl-nt given by ;

a r r ( t )  =  t t  f o r  t f  < t  < t l * r  ,  j .  =  o r1 , , . . , r ( n ) - t  ,
u r r ( t ) -  =  

" l  
f o r  t f < t  < t l + l ,  i ,  =  o , 1 , , . , , T ( n ) - r ,

and 1et us ob;: ;erve that in v iew of  P. Seni- lanrs exi-stence and

queness Iheoremn the in i t ia l -value problen i

uni-

r d v - ( t )
I  

-- t i r"*  I  AYrr(t)  + f(ao(t) 'urr( t))
( r g )  1

( r " ( o )  =  o o  '

l f  S T/n + { t  st t f  )uo uot l  + M.t  -< r /2

'  Thus,  u f  G oro+1\ I . i .dno3(uorr )  ,  for

,  a ( t S T  )

: -  
q( t f )uol l  - i '  l \  s( t f )uo

+  r / Z  =  r  ,  i  =  o r l r * . . . 0

i  =  o r 1 r . . .  r I ( n )

has a unique integral so)-utio* Yrr. : Lort] ---)

Using (B) and (fg) v ' /e get I

rrI-)- .

(2o) l t  r r r( t )  u( t f  , tnr l ) l ls t t r r r( t f  )  -  uf  l i_<l l r r r( t f  l  -  u( t?-r , t l_r*

an,uf*r) l l  + l l  u( t f_r, t f_r+an,ol)  u i l l  ( i l  r r r ( i l_r)  -  uf_r[  + dn/n,
f o r  e a c h  t f s t < t l * r  ,  i  =  o r 1 r . . . , I ( n ) - r

From (2o)  we eas i l y  d .educe ;

(  21) l l  vrr( t  )

f o r  a l l  t l ( t  < t l + r '  ,  1  =  o r l r . r . r l ( n ) - r  ,  r e l a t i o n  w h i c h  i n  v i e v r

o f  ( r : )  a n d  ( 1 5 ) ,  i m p l i e s  
, r

(zz> it uf - uotr S \r uf - yn(tf) lt + ll rr,(tf )

uo

I ( n )
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Now, taking into account the compactness essumption (I Ir)rand

reasoning as in  the proof  o f  Theorem Z, l  in  L14]  (see a lso the
main result of p. Baras t- r l  ),  we conclude that the set irr, ;  ne}tr]
is relatively compact in C( o, f ;X) . let I y,r. I  - -_ be * 

"o;;gent^'k-k 
€ N

.q.ubsequence of  {  t r r } r . r  6-g to  an e lement  u  gc(o, f  ;x )  From (2.1)  i t
fo\s ihat the sequence of step functions { u. J converges..k- k FN
uni for rn ly  te  u  As u_ ( t t  pn _. f l3(u . r )  In k '  l e D t o * M ' t r r o ( t ) n 3 ( u o ' r )  f o r  a l l  o ( ! $ f ,

and' E r+ Dt f l3(uorr) is continuous i .n t i re Hausdorff-pompej.u metr j .c
on [to, so + ] , I .T] ,  one has :

( z i l  u ( t ) € D - -  . r ,  r f l t ( u  . r ' )D€o*r*. t nB( uo , r) ,

for all o (t ([ . Therefore I

( 2 4 )  1 i m  f ( a r . .  ( t ) , u r _ .  ( t ) )  =  f ( t , u ( t ) )  ,k  - i 6 a  " k  t ' i {  ' - - ' - "  >

uniformly on [ort  ]  ,

for the probleru (f.) on

3. 4g gxarnple. ret sL cRn be any nonempty, bound.ed. and open
set whose boundary f  is  a C&- manifokl ,  ani l  consider the fo l lo -
wi.ng nonlirrear perabolic equation :

/  
"+( . t r - - t

I  
- * *  =  A u ( t , x )  +  f ( t , x , u ( t , x ) )  a . e .  o n  1 o , f I x f r -

I

(25) < -  +* e73(u) &.€.  on J o,r  f  x l -I  - '*
(  u ( o , x )  =  u o ( x )  a . e .  o n  . f ) -  ,

where f  l  tor*ootxstxR -+ R r.s a given continnous funct i-on,
is e maxinaj- monotone graph vrlth oe/I(o) , A is the T,aplace
tor, 

* ls the outr"rard. nornral d.erivative and. uoe fisr)
Now, using Theorem 1 one may -prove 

i

TH}JORHIII .?. -y':gflU4rq l&pt. f I to,+co[X$.xR __+ R is .Q.a*j$}lp-ugpcRxn
ie igal r4g?-oto+.q gllh o e/t(o). ![u", foJ erlqh u.,Gfrrr-l , -!Jrs-eq

and. consequently, u i .s an integral solut ion.

[ .org]  r  &s c la imed.  .

3c R x .R

opera-

&{g}-}ss G5) has n { -
Ctz V

e,J}'sltq T ) o, such thert the least one stron'., ."_- _!:._ .1r,t5
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so lu t l on  u ,  . i  o , ' I f  *  I iCSt l

( i )  u e  l v 1 ' 2 ( 5 , T i L ? ( ( a ) )  U

( i l )  t ' l 2 * t  e  l 2 (o , r ; t 2 ( r r ) )

r rn l i  fw i  n r :  I
4 & - t  * f r f  \  a

, #

a l _ l  o * S < [  ,

r R

'{Js

sgtgggie;. r

x
I ,  ( o , T ; R )  ,

lemma, ivhich

,  u ( t ) e n 2 ( o ) . g ' g .  o 1 r .  l J o , t t  '

-  # €., / l  (u) 9.9. g I  o,T L x {-  '

. ' t  t .  t  1
( i i r )  *  \ l e " "ao lzdx  +  J  i t u )a "  6  I , * (o , r ;R ' ) ,  w ] re rq  i

L I

-fL f

;ie * I-eryi-g gsJ+;g-gili.ing9ireo 9-9$vex tgJlcl;-q.u w+B 
"it1 .  1

I {  gr :qddi t ioq uoe Hr( f } )  @ i (u)*  ] , * (  f  ) '  thqs u

n r r  r )  ' >  f  C  f

( i v )  S  e  r y z ( o , r i \ ' ( $ - ) ) ,  i )  l  r " " d u l ' d x  +  J i t " ) a s t
-cL f

In order to prove Theorem 2, \Ye need the fol lowing

j -s  ln te res t ing  by  i t se l f  .  .

lql'$;I{-f. I,-et $*(o,k+l) be.!be gpel jlelf i1i-t& gslrls-r o.€Jlg gggl+-q,
+ x '

k+l in i- (O) , j&S# k is * 9.re.9 Uq,sA.ii-Le ggl&eg gnq i- is g

measurable sulgg! gf Ro, I'r.bosg !.#Segg. mea$llgq +s. -!igl-tS. th-qg,

-{r(o,k+l) ie geg5! }Sca$J -qlgg-g! S I,2(f}), but i.s. gg-t- to-c-+.1lg

clcrsed in L2( s)^) ,

l"psg ef Is$se-_L I Set $*(o,k+l, = 
r*xrJ 

(o,k+r) , vrhere for

each tE f  o r l f  %(ork+f , )  i s  the  c losed ba l - I  v r i th  center  o  and

redius k+t  in f l tJ l  .  As B*(o,k+t)  is  c losed in r ,Z(n-) ,  i t  fo l lorvs

that  the condi t ions ( i )  and ( i i )  in Def, in i t ion l  are sat isf ied.

L ' e t  x  e  S * ( o r k + l )  r  T  >  o  e n d .  d e n o t e  U y  3 2 ( x , r )  t h e  c l o s e d  b a l l '

wi th center x and rad. ius r  in i ,2( f f )  To prove ( i i i )  in Def in i t lon

f  ,  i t  s u f f i c e s  t o  s h o w .  t h a t  f o r  e a c h  x e  S * ( o o k + l ) ,  e a c h  r . o e J  o r 1  L

r v i t h  x €  3 " ( o r k + q )  a n d  e a c h  r > o ,  t h e r e  e x i s t s '  $ i  >  o ,  s u c i :  t h a t

'bhe ' rnap i : ing  {  , * -g  B  (ook+t )nBa(> : r r )  i s_ .cont - inuous  in  t i re  Hausdor f f -

Pompe iume t r i c  !Z  on  L {o , t o+51  .  i i e re  l z rep r ' esen t s  t he

Hausd.orff-Fompei u rnetric defined by usi.ng the nor:n of I 'Z(fL ) A;

f l t"nl  is.contlnuousl.y imbedded. in ] ,2(,St),  for provin8 the lsrst

assert i .onn 1t suff lces to checlc out the continuity of the rnappin6
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E *. -> 3 (ork+t)  n r r (xrr)  on Lto,  eo+ $I  in the l lausd.or f f  *

Pompeiu me'tric -?- defined by using the norm or fl(cr)

le t  x  €3  (o rk+Eo)  ,  r>o  ,  s )  o  such t t ra t  k+€o+s <  1  and le t
E)o  be  such tha t  Wt r r+s+6) ] ,  I , , I  ( r /2  fo r  aL1 ee feo , to+SJ ,
w h e r e  I y I  =  u o p { l  y l l  2 , , , ;  y e S - ( o r k + l ) }  ,  a n d  k + r o +  5 * n ' . ] .  .-  

L ' ( s L )  n  '  ' ! '

Denote by r

A ,  =  3 * (ook+z )  f l r r ( x , r )  and

Ar *h .  =  3 * (o , t c+  L  +h )  ABZ(x , r )

From ( 5 ), iaking j"nto a;count

i  As+hc

that there exlsts g

:

R* with

,  l v h e r e  o c h € E  .

' b h a t  A ( A  o n a  l e e a
e E +h ' one easllY

l-im
h+o

( 2 7 )

d e d u c e  I

(26)  
fJ t  ,Ae+h) *  sup {  p> o

Yqt*(Y'P)

r J o,frJ *+V'Ie shall prove

g(h) = o and

&(*t '{ * ir) '<
T . l e t  y € A -  o - a A

a *h 
<''rrL{

/  a rn . \  k+  f\zo) y€h = 
f f i

Define also ;

i j "  = 15:r+l-  *  r /z<rrx -  y*  ̂  < rrl%) '" * rtlrr-riJr x-re5llreol

1  i f  l t  x  -  y l l _ 2 .  _  . S  y / Z , o r  i l  x - y r u 1 1  c ,r rz is r f  l ' * '  -  -  ̂ , .L - (s_)  s

that  - t (n,y) .%h + (1- . r (h" ; t , : : ' : ; t * '  
'

,*crr l< 
^(h'Y) ' i tY -  Ye rr l l r* , ,

+  ( r - . r ( r i ,y )  ) . l l  x  -  J l {  *  ,
L- ( IL )

reLation u',,]ri-ch ir,rplies :

g ( h )  ,  f o r  a l l  o c h s E  .

d.efine I

' y

(

( 2 g )  J ( t r , y )  )= \

I
t

and let us obsenre

l,{oreover:



(31 )  l l  y  -  1 ( i r , r ) r r '

From (lr) ,  talcind.

( rnes Sl

i  ( l - X h n y ) x l l  .  (  h
rh )

lnto abcount that !

+  2 . ( 1 - X h , y ) ) . ( t + r )

a  t ^anq. m = Tlz ,

8 t n /  ,

( ? z )  . } ( i : , y ) >  # f r  , w h e r e  K = #
w e  d e d u c e  I

(3 .3 )  l l  y  -  1 (h ,y )yer .  -  ( l - l (h ,y ) )x l l

where g s JorEJ :> R+ is given by

e(rr) = h + 2. (r-o-'ft..ffi). (rr+r) .
As ( l l )  inp l les (a?) ,  i t  fo l lows that

/\
c losed  in  L ' ( f L )  .

Norv, let us remark that for provlng

local ly  c losed in  12( fL) ,  i t  suf f lces to

ntrmber r with :
?

'14-

o ( _ . : . . - " ? _
/ r - , r  \ C
\ j5..rl ,/

there exists a

311 n € i{, a.nd" I

(34 )  l im  u
n --)oo il

( ] ' 5 )  u  €  s J o , k + 1 ) ' .

let  Qo be. any measurable subset

(116) 0< mes.n^ s -d"t
v  ( t + t  ) '

Def ine i

is  semi Local ly

that Sr"(or i r+l)  is  npt

show that for  each posi t ive

.!
,i
i i

$
t

, ' l
t . o (

r, (.cL)

!

sJenk+ l )

sequenee  {  u r r }n6 I r I  ,  o *€ {o rk+ I )C \Be(o , r )  f o r

= u in r2(sr-) ,

o , i f  x6SZ\-iLo

that I unine tt given

,  i f  x € ( L o

, lf x (.sLrsL o
the proof of treruna 1 .

r  T a k e x = 1 2 ( r r _ ) , A =

o f J ) vrith I

o7) sat isf i .es (3a,) and

A  w i t h  D ( A ) * [ o  i

f
H - ( x )  =

f r l

t
us observe

ere ;
r k+l= 1
L o

complet ing

Theorem 2

$*. ( t+r) l f x e . 0 o

,

hr r

( 3 7 )

and 1et

( l_5) ,  v , r i r

.  u ( x )

thereby

Pyoof of
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u € I I 2 ( S L ) , - H c y ' ( u )  & . € .  o n  f ] ,  D = s * t o , t c + l ) =

\J  3 * " (o r l c+ t )  ,  where  k  = i i  uo l i ,& , , . - ,  ,  and  I , r  t o ,TJX D->
€ €l o,I f* o- ' tr  

\rL , ,

T,2(g) ,  def ined by l

F ( t r u ) ( x )  =  f ( t , x , u ( x ) )  .

Let j  :  R *> lor+o<rl  be any convex, lower semicontinuous

and. proper function, with C i = 1ts . I-t i-s vrrell knorun that

-  A u  =  f $ ( u )  f o r  a l t  u € o ( A ) ,  w h e r e  
f  r  f 2 ( s : - )  * ) R  l s

g i v e n b Y '  
, ,  f .  , )  f
( *  \ l e " * a t t l z d x +  J ; t o ) a " ,  i f  u e  H r ( c L )  a n d  i ( u ) e  r , 1 ( r )
l - J

$ ( u ) = 1  - Q -  r

t *  *  in  rest

Usi.ng Y. Konishits main result in [5 J , r{rre cleduce that A verj.-

f i es  (H2)  . I , e t  us  obse f fe  tha t  3  i s  con t i . nuous  f rom Io r fo lXn

into rziSr- l  ( in the topology of LZ(SL)),  and also that F i ;  bounded..

T , e t  l f l  =  r n a : r t * r n { i t  t f t , u ) 1 1 . r r , . , ,  ;  ( t , u ) F  f o , r o 1  x n  }  ,  u u p {

l l  p( t ,u) l l_co.  ;  ( t ,u)€  to , r i : ; i ; '5 ]  *u  ler  us remark that  the
l,*(<t_ ) "

probl-em (25) mqy be revritten as

f r y P  = A u ( t ) + F ( t , u ( t ) ) , o ( t s r ,  ,t (
( 3 8 )  \

I . ' u (o )  =  *o  ?

From J,emma I i t  fol lovrs that D = S*(ork+l) is semi 1ocal ly cIo-

sed in  l '2 (SL) ,  and thus ( I I1) ,  (Hz)  ana ( I I3)  in .Theorem 1 are ver i -

f ied .  tr 'or provlng (H4), i t  suff ices to show that for each o < €,<1.,

t h e r e  e x j - s t s  5 ) o ,  s u c h  t h a t  f o r  e a c h  € ' e  f E  r t + S ]  ,  x € f u ( o r k +
-  d )  a n a  o ( t S T o  ,  o n e  h a s  i

. 3 g )  l t  u ( i , t + h , x ) l l  * ,  s  k + r ' + h . M  ,
1,"(g) ,.. __ .

un i fo rm ly  v , i i t h  respec t  to  t '  e  f {o t+S  I  ,  x  €F  (o r t+J )  ana  o<  t  ( [ o ,

I e t  o  < E < l  a n d  c h o o s e  S  >  o  s u c h  t h a t  f  + 5 <  t  C o n s i d . e r

E t€  I t , f+5J  and  xeBa" (o rk+E i ) .  As  the  res t r i c t j -on  o f  t he  opera -



t o r  A  to  # (g )  i s  m-d lss ipa t i ve  ( see

p . 5o ) , one mf"y asse:rt that u( t , t+h, x )

that :

( + o )  l l  u ( t , t + h , x ) l l  q r .  S  l l  u ( t , t + h , x )
I (rt-)

( k + € ' + h . I ' l I .

' lrTolv, rising Theorem 1, tve d.educe that the problem (25) has at

Least  one ( loca l )  ln tegra l  so l -u t ion u r  tor [ l  - ]  S*(ork+l )  ,

wh ich  i n  v iew  o f  IZ  ]  ,  Cap . IV ,  $2 .1 ,  Theorem 2 .1 ,  ve r i f i es  ( i ) ,

( i i ) ,  ( i i i )  and  ( i v ) ,  &s  c la imed  r  '

3or  a : ro ther  proof  o f  fheorem 2 ,  see I .  I .  Yrabie [ f>1 '

4-@. I gLsI -tll ery?res,rs. $,i vw. lbs€&g tq ltg{gssgg

S. H. !ffi.f f-o; effgsg_e-tig,g lhe id,ea -oJ g_A+gj,{er':i#g JhS. epp-fonlnatq

sol-utions y* a.? ruen !y (rg), fo-E his belejul a*.ic.S. 9n4. qonu4q-n!g.

Iag i  65oo

NO}lANIA

7

T*si '

T2

H. 3re ris t + I Remarque W4
v

is in L (o-) and in addltj.on

s (h )x \ l _ r r ._  
-  

+ \ l  s (h )x t l
r, (sL) 

\--l-- 
fc'(cL)
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