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Ab$tvaql,. Idecess_ary cond.itions of optimality for boundary

control problems gover?ed by parabolic equations vrith nonllnear

boundary value conditions are derived..

].. INTP.ODUCTION

We are coneerned here wlth f i rst order necessary cond.i t i  ons

of opt imal i ty for eonvex control_problems governed by nonl inear

boundary-value probLems of the form

= J-Lx]o,r I

Here :o ls a bounded .and open subset of the Euelidean space RN'A is

a second. ord.er elliptic and s;rmetrj.c operator. on J1 anA 
*1f 

is a

maximal monotone graph (ln general nultivalued) in RX R. The controL

. u which is exercised. through the boundarry f of Jl , is taken from

the space f,2(8,) and the functj.ons yo end f are fixed ln 1,2((?J and.

12 (Z)  r  r€spect ive ly .

Problems of thls type occur in heat conduction, mechanics of

X 1 + A Y = 0

( r . 1 )  f f . # ( y ) 3 u + r
Y ( x r 0 )  = , I o ( x )

i n A

i n Z , = [-xJo,r I



f luids in porous media and temperature control trough the boundary

(see, Duvaut o.nd Lions Fl") t fre general ized optimal l ty condit ions

are obtained by a.n approach simil-ar to that used i" [4]r[2].

Part ieuLar cases of the problem descrlbed above have been studied

fr, [1&], t:-+l s,nong others. In parti"uLar Theorem l- includes and

ref ines some resuLts of IUJ. The fol lowing notat ion wi] .1 be used.
'1.  

1r d

I ,e t  kr r rs ,  be rea l  numbers.  lve shal I  d .enote by H^(-0J H*( f ) rH ' . t - (Q)

and. Hrns(:) the usual $obolev spaces on n ,  [-  rQ and Z ,

. respec t i ve l y  ( see  €ogr  [S ] ) .  By  H | f iD  we  sha11  deno te  the  space  o f

all elements of Hlc(JD 
'of 

trace zero on f . Given a Sanach sps,ce n we

sha1l  denote Uy f ,F(OrT;0)r  1€p 4 e the space of  aLL p- ln tegrable

f i :nct ions from [Orr]  to E. By C( [0rr] ;X) we sha1l d.enote the space

of all contj-nuous firnctions from forrJ to E. By r,pgA, r:p(f) and

T",p(Zf we shalL denote the usuaL space of p-integrable real valued

' funct j.ons on J?, f and Z . Given a lower semtcont j.nuous convex

fr.rnction Y from a Ba:rach space X to E - Rt l* *3 we shall d.enote

!  -  ' r - -  - . - r  |  .  u ^  It v  n (Y)  i t s  e f fec t i ve  doma in  i . € . ,  t he  se t  t "g  x ;  Y ( " )  1+  as

.  
'and. O; QY (x) ttre subdifferential of Y 

at xr V/e refer to the

books t5], [5] , f$l and to the survey [rf]  of Rockafellar for

concepts and basic resulte on convex analysls relevant to this p&pef,.

2. DESCRIPTTON OF THE BOUNDARY CONTROI, SYST'EM

r,et JZ be a

centl-y smooth boundary

operator on -(L of the

( e . t ) A y =

bor:nded and. open subset of RN with a suffl-
t-
I  o let  A be a,  second order di f ferent ia l

forrn
; ,
r\I

r-a

L (a. .  uy:  )*  i i  ay --
i t i = l  

l i J  o i  ^ i

vlhere

G ) ) 0 ,

* i j € c l ( ? ) ,  a € f ro), elj = B;- .  for  a l l  l rJ and. for  some
J r



' i j  I ,  I j  z r l l l ' &r€o or,  J? ,  je R* .

We shal1 d.enote by Q tXl the outward normal derivati.ve

a(y, f  )at+ Jtu-o-r ) j  u6ot  = 
Jro(x) f  

(x ,0)ox

T\T

f

i r i = 1

corresponding to A and we sha1l d.enote by a: Hl(G) x Hl(*0J *--$ n

the bilini.ar functional

$ r
(  2 .2 )  a ( y r z )  =  Z ,  I  t " .  4yo  zu  +  ayz )dx  i  v t z€  n l ( JD  '

i  t i= I  ) -  Ld ^1 * t

{L
. T.let us now gi.ve a meaning to state systerir (1"1) where

. ) - o

urf  € T,z(E) and vo€ r ,2(0.

3y d.efinit ion, a function v€T'z(OrCI;Hl(f lJ) is a solution to

(1.1)  i r  there exists s.  funct ion v€r,21; ;  such that

( z , z )  v ( € r i l e p ( v ( 6 r t ) )  & o € c  ( 6 r t ) €  Z
d

and

( r
(2.i l -) yf*axat+ t

a ' \ '  o

for alL 
Y 

€ r ,2(o.r) ; t { l ( l }  )  such that 
T* 

€ i ,z(q) and J (xrr)  = 0o

l ve  see  tha t  * f  t € r ,2 (o r [ ; ( l t l ( fD ) ' ) .  ] i ence  in  pa r t i - cu la r  y€c ( [0  r \ J i

tz ( l t - ) )  and (2.3)  can be equiva lent ly  def ined as

$f  ( r , f )  +  a (y ,Y  )  .  J tv*u- r )Yuf r  
*  o '  B , r€ r teJ0 , r f

( 2 , 4 )
on {Ly(o)  =  xo

for al l  Y€ 
H1(3) ,  where ( .  r  .  )  denotes the usual inner product

in t2 tfL) o r
r ,e t  ?  be *  c :  -  funct lon on R sat is fy ing:  ) f ,x )ax = 1r

U  O  _ e 4 )

J > 0 ,  s u p p o r t  J c l - 1 ' 1  f  a n d  . f C " )  
= J ( - x )  f o r x e R . * - *

i l ie def ine for  every t  )  Ot
@

g  ( a  A( v )  =  ) f i r t y -ee )  J (o )d  9 ,  veR
- &

{L

( 2 . 5 )



where

( 2 , 6 )

$tvt 
= €.-1(v - ( r  +t f )* t y )  n

end P 
j .s the maxima,l  monotone graph arising . in Eq.(L"l) .  ,J  D c '  ^ @

Obviotrsly, for each €.)0, # 
= 

is a monotone increasi-ng C- -funetlon

on Ro i\joreover 8' is ripufiritzian urith lips ch]trz constant 1,/g o
U

Then by a standard fixed. point argument it follows that the bound.ary

val-ue problem

v ,  + A v = Q  i n
" I

i1 -- ^t

T r * . d ( Y ) = r r f  
i n

y ( 0 )  =  y b  i n

a

z
JL

has a unlque solut ion yr  e c(  [0,  rJ i * ( f f  )  )  n\2(0, t  in l (J?.)  )  ( r f

v o€ u'12(.1ft) then by fheorem 75 "2 i" [ $ 3 it follorors that

yrQu3l2"l41Q)") since 
{ 

j-s naxima.l monotone, there exists a'

lower*semicolti-nllous convex fu:actions j:R --;, E = ]- 
"or* 

oo1

uniquely deterniined up to an add,it ive con.stant such that Q i = 
{

t t i  denotes the subdi f ferent ia l  o f  J) .

pnoP0srrrol{ 1. rg!. u ,f €rz(E ) 'aJtg vo € r,2(3) }ejifgg

spqA*lbat i(ro) € rl(-fl) ' Thgg""pqgLlern (1"1) hC*s- a gslqug- solulibn

yr€ 0([0,rJ ;r,2($ ) fit'(0,r ;HI(-6D ) " Usgssy"g

(2"7 )  l l  vE -  v| lc(  
[o,r ]

3ggg$. Wlthout any loss
. ) 1

y. 9Ii '  l '( Q) ( ttr is can be achi.vied.' c
L

and u are euff lc ient ly regular) .

(a's) l\ L(*l[2rzc.ru . jn yr(s)l\2"r(J'uu I c( ll*Fortrl + ]')

t're have

o

;T,'(.0 )
* l l  %_. r l lo t ' 1 2 ( o r [ ; H 1 ( J D )1 c , t / ' o

of generality ure may assume that

assuming for a whi le that yorf

Then by (z 
"6 ) i t  fol lorvs that



r q -

snd.

(z, i l  l l  ys (t)  * r^(t) l l?rrca, l  n [  % 
- vr l lzr2(o,r in1(/D) *

- . f tf1u., -C,r^)) (re - 5)afat o
t

for al l  E r) > O, where C is a posit ive csnsta.nt independent of

g r )  a^nd uo Next  we mul t ip ly Eq.(  2.6)  by 
l fgf r r l  

and integrate
o

over Q. 3y Greents formula we get

r  c  f  - 3  . a t(e"10) )  r- ty '  )ax+ )f ivr)( f i*)-r-u)ac at * l  r t (ro)ax
J L T J L

where

i€(v) = if?r)or

By (Z.B)r  (2 .9)  and (e. l -O)  one f inds by a s tand.ard ca l -cu la t ion

'  invo lv ing (2 .5) ,

(2.111 l\  vatt) l !2,r21 *l t  f 'cr, )$rrtt l  * i l% l lrrt0,r;H1(o ) L

c( t tut \  
r r (D 

+ 1)

and

(z"rz) l [  rg(t)-r^,* l l l2rzCfD*tre -,  l l2rzto,*;ulru 
)Lr(€-+]), t  

e [orrJ

where c is a posit ive constant independ.ent of t  r  )  and u. Hence

y s  t i rn  ys ex is ts  in  t l re  s t rong topology of  C( [0r fJ ; t2CfD)  / )
t - ) o  

v

0 , r (or t ; I {1($) )  "  3y (e .Lo)  vre nay aLso $uppose that

( 2 . A 3 )
t",rU) *+ w weakly in r,z(E)

for  g+ 0o Since the real lzat ion F ot  , (  in lZ(D X l 'z( t )  ls  a
. * l



6

naximal monotone graph vie may infer that Ivr*]  ef ,  io€.g

( 2 . r 4 )  w ( ( , t ) € f ( v ( 6 , t ) )  & r e c  ( G t ) e Z "

Then l -e t t ing e tend.  to  0  in  Sq. (Z"6)  (under  i ts  weak form) 'we see

tha t  y  i s  a  so lu tLon  to  (1 .L ) .  As  regard .s  es t ima te  (2 .7 )  i t  i s

impl ied by (2" I2) .

Eu*q$]i fsfo. T,ett ing t  tend. to zero in ineqrral i ty (e"tt)  :

.we  see  tha t  the  so lu t i on  y  to  Eq . (J . "1 - )  sa t i s f i es

.l\d? cv)llrz1', 4 c([*firr(E) +r) ror a1]. 
: 

r r' (f)' 
i

' z t + A , z = f

z = 0

z ( 0 )  =  0

l n A

i n f

in {z

(2't5) t\ v(t) l trrco +ll vl lrrro,r;Hr(Jr), { lBTh,o,r;(Hl(JD, 
)

In particular this implies that the map u -* y ib vreakly

continuous from 
"'(f) 

to r.,2(orT;HI(JD )

1 2 (  Q )  .

and compact from r2(Z) to

20. It.must be emphasized. that more general boundary

controL systems of the form

1 1  + A Y = t r r l n a

( e".t6 ) # . f  
( y )  ? u  +  r o  i n

y (o )  =  yo ln JL

where pGf ,2(q)  and fog1,2(e)  can be put  in to  the form (1.1)  vrhere

f = f  ^ -P- + u and z€, t t?t1(Q) rs the solut ion to:  * o  
? ,  

s v  - r  \ q /

( 2 , t 7 )
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In part icular,  i t  fol lows by Proposit ion l  thet for every u€l-. ,2(g.),

E q , (  Z , I 4 )  h a s  a  i r n i q u e  s o l u t i o n  y € C ( f 0 r T ] ; 1 2 ( r D )  n t ' ( 0 r T ; H l ( J l ) ) '

3" TI{A htAIN RESUI,TS

. lve sha1l stuc,y the follovring control problem: mini-mize

j f ' cv ) l  v l  a  t , l f , ( v ) l+  v2+r )  a 'e '  $QR'

(3.1 )  t  I t rx, t )  (y(* , r ) -yu(xnt))  2axat.  Jgi6,u(6 ' , t ) )ofat+i{r t  " , r ) }
' Q  u  

E

over a l l  u€ L2(n and y€ c( [or t ] ;  t2( ! t ) l  l^ t l ' (0, t ; i l l ( fD )  subJect  to

state equation (1.1) I ' rhere yo and f are f ixed' as in ?roposit ion 1'

In problera (3"1) yd i*.  f ixed. element of i" ,2(q), Y is a continuous

convex fr .rnct ion from r,2(JD to R and" lgt lql  ls a given'funct ion'

As regards the functj-on et I-X R --+ F it is a gonvex normal

: integrand on f X R in the sense of Rockafel lar l  io€o1

(i)  For each 6g I-  ,g( 6r" j  i*  convex, lower semieontlnuous

'  and + +e

( f f  )  g is measurabl-e with respect ' to the 6 -f t*fd'  of subsets

of I-X n generated by products of Lebesgue sets in f  and Borel-

s e t s  i n  R .

(1i) there exist dr€ r2(f)  and. dre' l (D such that

( 3  " 2 ) s(f ,  u) )1 dr(6)u +€(2(6)

The first optirnality result is concerned' rrrith the situatlon

in v;hich .F j .s local ly l ipschi tz ian on R and. sat isf ies the condi t ion

\J

( 3 . 3 )



Here  ,F 'deno tes  the  de r j . va t l ve  o f  , f  anc l  C  l s  a  pos i t i ve  cons tan t .
U U

fmtOREl,{ 1. I,et (yt ru' ) Fe ep gqlimal;+-ir -i-n. pryb}e$ ( 3.f )

:g,lr.-ere- ULe. fr+ng!+-olg Br Y sqt*rf,v .A,ssq4Llioqg (i) uF to. (iii) qp{ f- I \ , |

iF_ a .l:o$otogi-9A1}Jl +on {ec_reaslnq. }o.._qjrlhr.J,ip-s:clri-t?i-sn. fr$ction

Fatlglr.i.n,q- conclil i-on (3.4-) . Fhen -t-hgrq exis s-,-a {urcLi.o. p e r,2(0 rT;

HlfH)0c( [0nr] ;t2fft) ) vr*-l] p,, € r2(c,r ; (nl((? )' ) el|g8i 6 11(D

sat is f ies  a lone vr i th vr  and u/ Lhg_Fystem

( 3 , 4 )

( 3 . 5 )

( 3 . 6 )

3 , 7 )

( 3 " s )

( 3 " 9 )

(  3.ro )

for all

sat lsfy

(  3  ' r z ;

Here ?f denotes the general ized. gradi-ent.  of 
{  

in the

sense of CLarke (see LfJ, [ f : l  )  enA Q g is the subdif ferentia. l  of

u  - - )  g ( . n u ) .  E q s .  ( 3 " 8 ) '  ( 3 " 9 ) r  ( 3 . t 0 )  c a n  b e  a l s o  b e  i n t e r p r e t e d

ln the following veak sense

vrhich

r l

i n a

in T.

r.n IL

l n A

l n f

ln {Z

8 . o € o  ( 6 r t ) e  I  r

+ A y t a 0

* 
{ tv" ) = uo * f

" r 0 )  =  Y o

- Ap = (v"-vu)f

*Af (y ')p 3 o

, ! )  .Dy r f  t  " , r ) )  )  o

T

J 
a(p,  f  lo t

- f {,u'-r^,
a

Y f  " ,o)  
=0.

{
Y1

Q-ui
ny

yo(

P1

rdp

6t
p ( .

(

(3.11) I  nft  dxdt +
a

T," , r )dx

f  e crrCI) with Here 
;+ 

e r,rtf ) ana I e nz CfLl

.l f f oeat
r f

f a*at jt

lo(*,t ) €?dl (y"(x,t ) )n

p(6r t  )  € Q e(  f , , r r  (  6, r  )  )

( x r t )  a o e o  ( x r t )  €  L



r 9 F

( 3 " 1 3 )

We shal l  consider now the si tuat lon in whi.ch the control

problem (3"1-) is governed by the fol lowlng unl lateral problern ("the

Signbrini problem'r )

X 1 + A Y = g i n a

7 (x )  €  -?y  (y* (  o , r )  )  (x )  a .e .  x  €  ̂ (L  .

( 3 . t 4 1  v f $ - " - r ) = o i  y V o , & $ - u a t > o  o n  T

x ( . r o )  =  x o in rz

I t  1s  wel l  known (see €ego [ f ] t  that  prob lem (3. ]4)  can be wr l t ten

nnd.er the fonn (t.L) where the graph 4 is given by
v

:

- Aecord.lng to ?roposition 1 for exj"stence we raust assume that

r  t 7 t l  
' l  

, i  - -  l * \ : .  r  Oxoe  I , ' ( J l ) ,  f  € i , ' (D  and  vo (x )70  d r€ . .  x€J - .

itru optimality theorem in this case is

TII$0RIIM 2. ret (ytrd) be,, l l* . ,gpt imal pair fpr-prqbl,gln (3"1)

wi lh s-,b-a-Lg. gy.S-te-m (3"t4) an*-.u4deT as,F4mptio4ls- ( f) '  ( i1),  ( i i i ) '

T-r,ren, thqre. jxig-!q-a fq$c.t igt p€r,2(0rT;Hl[ fe))f tc(for[ ] ;r- ,2(1,?)) gi ib

n*€ r ,2(0 , t ; ( l t1c0) ' )  - -g3$ € M(E)  v 's&g u"

t4-e f 911o_t3in,g_qy..st qm

:  ( 3 . t 5 )  v i + A y t * o i n A

3.L5)

0  i f  r )  O

" f  
( r )  =  ] - " , - r o 1  i f  r = o

v
f i  i f  r  t o .

( 3 , t ? )  y " ( & :  - * " - r )  - 0 i  v * ? q 3 ' u : - u *  - r >  0

( 3 , t g )  y " ( o r o r = v o  i n  J L

(3 . r9)  p t  -  Ap = (v"*v6 l l  {n  a

rn- Z"
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3.2A)

( 3  
" 2 1 )

(3 .22 )

\ )  e c ) )

( 4 . 2 )

and

( 4  
" 3 )

, Q o  \  n'q;, /or = v

P = 0

P (  
" T )

p(Ct)EQ e(6, t (6, t ) ) & . G s  t C t ) e Z "

Since as  remar iced ear l l ' e r

& r € c  o " {

*ay (y* (

{

n \ \
t r - l  I

( 6 r i l  e f  , y o )  0 9  ,

. f  # = r > 0 9 .

&o€ ,  " "  t
r l

o|n{  (d ' t ' )  eL i

I o on r,2 Kr)

QJJ ,
ea1.,ly

, f ? ' p r r t , rHore (6# )c. denoies the absclutely ccntinuous part of the r,rcasure

!.1 ana i;(E) is the sp€r-ce of a]l bounded. Rad"on r,$oa.sures on t o
dv

4, Tlif l  Ap?i=rCXn$IING C0}ITRO], pnOCE$S

Consj-cLet the contrc l  probien: I r i in i : i r ize

1  (  !  . c  r(4 .r) * I 
tt*,t) l;:--.,a1 

2,i**t *J ts6(6u)+ ] l"-" | 2 ) acat*Yr(

over al l  ye c( [o,rJ; : ,2Cfi)  )nLztF,t ; I i l (U ) and ,re r ,2(I)  subj

s te to  s ; r s t s ln  (2 "6 ) .  l l o re  
% 

and  y ,  e lo  dc f i ned  .by

y('r

o c t

) )

* *

a g ( 6 , u )  =  i n f  { t "  -  , 1 2 / z L +  s ( 6 r v ) ;  v G R  ,

f"tv) 
= inr {|[ o-,Ut_ r . J r s * Y  ( z ) ; z € t 2

],- UPI

the rnap u :-) y is i'r

fcor r  T2(n to  L2(0, f  ; l i l (J t ) ) ,  prob le in  (4 . r )  has et  lea,s t  one so lu t ion
a L

(Varug)  "  Us ing the fact  tha. t  BL,  
f ,  

and-  
t -  " re  

d" i f f  eront iab ler i t

f  ol l -o*:;s by a stande.rcl  d"evico that theve exists p€e1,2(0rT rnr(r lS) f)

c([0,r ] ; r2 ((D ) r . ; i th # e L2(0,r ;  ( i l lCfD ) , )  such that

yeLz(.rD "

c cnt inuous

( 4 . 4 )
^.(no)i  

-slr  = f , to.-uul

*it 
.,. furvurn. o

pE (. , r)  *?f, tvr( . , r)  )

i)[ (6, t) = QsE ( 6,u r(f, t)

.6'crt = 4, g'rn, .u d y

1 n

' t n

t-n

( 4  
" 5 )

H E T  O

) + u g ( ( . t l - o *  (  6 , t )  ? , o 0 .  ( 6 t )  e  2 , ,



t"{'

lEt{t'TA 1. }'.os € --+ 0

---+ ur
---+ y *

strongLy tu r2(E)

we have

?roof. YJe have

t€

't

lJ1'w,

( 4 . 5  )

( 4  " 7 )

( 4 . s ) I l"r-""12 ) acat* 
f,tri 

( r.) ) 4

.  Yr(ue(r))L l Jf 1ur-oulzavat*

)d6dr+Y, t

r
J s. (6''u' )afat
T,

r \  ) +

fu)r  + Azg = o
A
T  A Z .  F

6f +if-(zg) = u{

zr(o)  =  yn

have

f h ^ f

G J 
qrr-v6l2a*dt n )cs,(r

? E

+ rfrtrgm) ) )ab 
I 

{,r '-1612n
1 1 n )  )  .

o L *  
' v # "

. a

strongly ln C(foor l ;  T, '61))

and weakly in
4 ' l

t" (0, T;H'(J?J ) .

c , b. t-yu l '  dxdt  +  l ( * . (6 'u . )+z

where ,L is the solutj-on to

+ f

l n a

i', f .

in -(L.

By ?roposltion 1 it foll"ows that

( 4 . 9  )

fhen

ut 4 yl  utronsly j .n c([0,r ] ; r ,2(CI) nL2(0rr i l l l (12J) '

b y  ( 4  " 2 )  w e

( 4 .19  ) 1in sup
g*>0

} 1", -o'12 sot +

8(d ru"

Tn particular it fol-lovrs that l" a l remain in a bcrunded subset of

t
E

i rz(D. [hus select ing a subsequence,we may B,ssu,oe that

14 " r1 )
weakly in r ,2 ( t ) .



est imat  e  (2 .L5)  we i lu ly

vL :-t i"
tq )t 4 t- '

LZ

also suppose thatfhen by

( 4 . t 2  )

( 4  
" 13  )

and by (4 . t t )

(4 . r4  )

( 4 . 1 5  )

I n ,

ll tn,

I
and integrating overn

"L

w e a k t y  i n  1 2 ( o r T ; H 1 ( n  )  )

weakly ln r,2(orT; ( l l lkr) 
t  
)  .

fn  par t icu lar  i t  foL lows that  f l r  ls  the so lu t ion to  Eq.(1.1)  where
F r t

U = u  a n d

J L  ( " r t 1
L

Sinee (y*rut) is a minimum point for funetj .onal (4.t)

(  - -  n
ll*_lf;t J sr(6,"6 )a6at 2 )a{0,fr-)a6atv u z

( t tr is is an easy consequence of the weak l"ower semtcontlnuity of

the convex in tegrand)  by (4"10)  i t  fo l lows (4.6) .  Now us ing est lmates

(2.8) and (2,g) where u = uf,  and arguing as in the proof of

P ropos i t i on  1  v re  ob ta in  (4 .? ) .

We no t i ce  fo r  l a te r  use  tha t  by  (2 .15 )  and  (4 ,6 )  i t

follolls thet

l s ?
t f ir. l  t  is bound.ed in t"z(Z) and therefore on some

subsequence jfle(v.) *) u*+f 
*+, 

rveakly in r,2(I).

( * ) l l r r . , r )  n l l  pe l l r z ,o , r ;H l (C I )€  c ,  t€ fo , rJ

) t l l r z (o , r ; ( ' 1 f fD  
) '  )  

1  c

l f t u . ) r r l 6a t  1c "

' LEI"fi\'{A 2 ![ege_,ej$,€l$,,$ pqsjitiy-g_Soqsjaq! C lndeJg+3gnt._o€

such that

( 4 * 1 5 )

Proof , l ' tul t iplying Eq. (4"4) by



f i

1
a

T

+ t
+
U

a(q  ' r .  )ds  4 l l  p-  (r) l l2 ,  .  +- r  
t . ( O

b e a C l - a p p r o x l m a t i o n

use Greenf s formuLa and.

+

to sgil, VIe
../1

1et  0  tend

Y€ *Yd)P€ dxdt '

i p l - y  Dq .  (  4 .4 )  by

sg!,. ftre ha.ve

t{,
Qt

mu1t

t of ,  tnr) ,

( 4  " 1 8  ) j ftor, n, odat e 
{lrr-out 

{ axat+ Ilnu(t,x)l dx'

fJ * ( t ) ) - frc v#1 t1+;f v)

I  t , t  L Y3= Qt one sets

(4 "tr) tl\ n, ( t )tl'r, (*)

r,et t'

l lext by definition of t ye one ha.s

(n  ( t ) , r .  ( r )  -  v "  ( r )  - I  i l  )
E L

for  a l l  v€ 1 ,2(JL) , l lu l l -  r  . ,4  r  and sQme f ,>on $ ince vg(n)  - - -+vo(n)

rn r,2(L) and j is tl;lfio bo'nded. on t2(fD, it rollows that
t ^I  I  

roun6e6 in l2( f l )  "  Along r ,^r i th est imates (4. t7)  and (4 ' te)
{  n r ( r l  1  i s  t

t he  l a t te r  imp l i es  (4 . t4 ) ,  (4 . t5 )  and  (4  
" t6 )  as  c la imed ' '

rn part icutar,  
i ,  

fo l lows by (4.t4) ana ( j .15).  that IUJ is

precompact  tn  L2(0rT;u1-oUQ) for  any 0 c  F t t "  3y the " t race"

theorem $,e may therefore concLude that I  nalt"  compact in f- ,2(f) '

Hence extract ing a sequence (again 6enote6 t )  t t  fo1lows by lemma 2

that  there ex is ts  some funct ion p€ L2(orr ;Hl ( ]Q)  r ru i th

vre t?(o rr ;  (u1(f t)  )  
'  
)  such that

(4 . t9)  n*  -> p vreak lv  'nL2(0r t ;n1(A)) -  and
r

st rongLy in T.,2 ( o , t ;ttl- 
oCrr) 

)

' ( 4 . 2 0 )  ( p e  ) t  - * * p t  r ' ' r e a k l v : n  r ' z ( Q n T ; ( n l ( f L ) ) ' )

- )  ,  ̂ \
( 4 .2L )  t

In  par t icutar  i t  fo l1-o ' , .vs  by (4" t9)  and (4"20)  t t ra t  p€ C( [Or t ] ; I2(JD)

and..



l l l

(4 ,22)  nu( t )  p ( t )  wea.k ly  in  fz (E)  fo r  every  t€  to r t l "

3J.na11y,  est imate (4" t6)  shows that  the set  lCt ,v.  )nr3 is  bound"ed.
.l

in l r( f)  end therefore i t  is weak-star compact in the spase M(I).

Thus there exists fpe I,/lG) such that on some subsequence €----; 6'
. t

(4,2il 
J'r&, )pt *fn wealc star: in e{(Z)'

I e t t i ng  t  t end  to  ze ro  l n  Eq , (4 "4 )  i t  f o l l o rns  by  (4 . t9 )  -  (  4 ,23 )

.that p is the solut lon" to

. *p 1 - A p = y ^ * X 6  i n  a

(4 .z4 j i n E

F ( . r r ) + ? J ( y * ( . , r ) ) ) o  i n  1 7  ,

w h i l e  b y  ( 4 . 5 )  w e  h a v e

# . f n = o

( q . 2 5 ) p (6 r )e  ?e (Cn* (c - , t ) )  Bo€ r  (E t )Q  Z  .

Eq. (4 "24 )  can  be  in te rp re ted  e l the r  i n  the  weak  sense  o r  ( see  (2 .4 ) )

d t r
( 4 . 2 6 )  A f  r p ( t ) , Y )  -  a ( p ( t ) , Y )  +  f ,  ( Y )  =  J r ( r " - y a ) f a x o tl t a

p (o , r ) € -?Y ( f ( . n r ) )  ,  v  Ye  c l f f L )

n

where ( o, . ) is the inner prod.uct of Lt (J?) ) and

of t t^ at  f^Y (the trace of Y o* Z ) .
l f i  u  |  |

l!(y is the value

5, ?RO0F 0F fHEORE}{ L

If  P is a 1oca1ly Lipschitzian funct ion on R, the
\J

general lzed gradient A F in the sense of Clarke of f  is oef inea

by (see fg] , [rtrJ ) 
'J

I

__ ri3-- ,f Cv"l ] ye R.
xr, -)Y u

( 5 " 1 )  Q f t v l = c o n v { " e * ,  z *
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$ , 3 )

$ . 4 )

Sen

-  (  r , 5 )

(By 
P 

yre shal l  c te i ro te  the ord. inary  der ivat ive of  
f  

) .
u .

I , e t  i '  be  the  func t ion  de f lned  by  (2 .5 ) r  i "€og
U o o

( 5 . 2 )  (
t ( o ) =  

l A , y - E o ) , f ( g ) d o ,  Y G R
- O o

rr,rhere &- = E -1( 
1-( l-+ ef, ) 

-1) 
'

\ )E .  v

\ ' ' Ie begin the proof of [heorem 1 with the following

technical l .  lemma (see Lal I

LElls,iA 3. Qet E Ue-..p-l9cA].1y- -c.pqrq+S!'-sg+'99-.-arld-Jej 
y' g

ositj iJle- raeasg{%pn E s}rch-!4p,i. y' in )Z w" @ {n JC],1(E) 
bs q

s.e.qqe4cj sl4gh- tiBt- :For, € --) 0 '

ve ---+ Y etg-o.qslY tn T'l(E) @

jt,t, ) --+ s s.eelgLis r'l(E)'

e(x) eXf (v(x) )- ? -& r€ o x €E'.

Igd. Sy r.,l(n) we have denoted the spa.ce of aL1 real*valued

V -measurabLe f irnct ions y(x) def ined- Y-&.e. on E such that

I  y(x) l  is ? "- integrabLe over E'

t ?

$elect ing a su.bsequence. of lUtJ lve may &ssune that

,  ( 5 . 6 )  v a ( x )  - - + Y ( x )  ) l - a ' r € '  x e E

Next by (5.4) and the L1azur theorem lt follows that

'l

(5"7)  e  = 11*  g*  s t ronglY in  t t (E)
nr-) oo 

-'-

l  l ' - ^ - 1 , . - r  - 6  r r - ^  i r ^ #
where I g*lClltnl are of the form
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( 5 . 8 )

We fix x

sequence

" r r 4 Y
( 5  " z )  w e

(  5 . ro)

sm=Fr : *
f.,' ( t rgr ) .f

finite subset of natural numbers in the lntervalllere I* is & 
sq

E*,  oof  and . t l  >0,  h-d i  
= t  are real .numbers '

I t r  -  
i € r *

According to (5.7) we ma;r also assune without any loss of general i ty

that

( 5 . i l  s * ( x )  . - ?  e ( x )  P -  8 ' ' € o  x € E '

such tha t  (5 "6)  and (5"g)  ho ld t  and '  cons id 'e r  a

t  ,  R r '  \  - -

I of real numbers such that 
;f 

( zrr) exlst end

for n ---+ Qo " lVe set fi = Yg. (x) and. notice that by
--t

e s

I ,,,
( x )

have

*f ,rr) 
= 

J3((r+ 
erfl-l(vt i  rr,rru'

\ ) L
tr9) 1 +

-(r+ erf l*t(rr- ei$) )+ Qlr(9) ( zi-(r+ e'f )-1tvr-6r9) )

wbere &,ri( 0) --> 0 for {= ur-(r+ erf)-t(rr- tr9) f o o

Along wi th  (5 .10)  t r re  la t ter  y ie lds

.  € - ,  
r  t  (  n  

/ A \ . , .
(5 " t t )  p  ' ( y . , )  =  ? r r r ,  - f t r " l  ) , f u rc r ,  -e iB )J (g )dg

\ )  
- r  

U  ; .  U  - o o -  
.-'r f

- ,; ' 
):r(e) 

( *i-(r+ {f)-tcnr-q.o) ) J ( 0)40 .
-d

a ' l  ocs11v  L ins< io l lows by  (5 '6 )  t r ra tS ince  C is  1oca1 ly  L ipsch i tz ian '  i t  :

, f tr,vi- €rO) ---*S(v(x)) unirormlv on f -r,r1 o

0n the other hand, 7i  can be chosen suff lc ient ly c lose to y i  in a

such a  wayr . ,

f 
€'(rr) = €;t -l$r(vi- ,r?, g tetd e.

0n the other handr w€ have



' - 1 " 7

lt, - zrl/ ej. --+ 
9 ror i 1-)oo o

r
[hen d, ---] o for i -) oo and equallty (5.11). yieLds

t i 
U(ri) 

f t,,rL l--+ o ror r. -> c€ .

Alons  w i th  (5"1)  and (5 .8 )  tne  la t te r  imp l ies  e (x )  e f ty (x ) )  as

claimed o 
U

Now we continue the proof of Theorem 1 by observing that

.  by condit ion (3,3) i t  fol lows after some calculat ion involving

f,ormula (5 
"2) ,

( 5 . r 2 )  l f t ( y ) y l 4 c r l f t y t l  + y 2 + 1 )  :

for a'Ll  yQ R and g>0, where C is a posit ive constant independent

o f e c

tr'or eaeh € ) O and naturaL number n one d.efines

E :  =  [ , " , t ) e f  ; l y r ( * , t l l e  C  o

Since I is 1oca11y l ipschitzian rve have
U

l , f t u r ( x , t ) ) l 4 c '  r o r  ( x , t ) €  E f  '

};et Z o be an arbitrary roeasurabLe subset of f. We have

t  . 1 r  t .  ,  , i r  ,
(5 .13)  

J  lor (x , t l t  l fe fy ,  (x , t )  ) [oxat  g-)  lp .J , (x , t ,  l fu  ( r ,  (x , t ) l  dxdt- r
L o  

L  d  
- L  

E o f l - E r i

._ I,orl1,,, t  )  l . j f  
' {rrt*, t  

)  ) l  dxdt t" 
I l  

nr(x,t) ldxdt +

E 
"fpr* 

to :
+ cn-11t3lrr(x,t) ) l  I  nr(*,t) laxat+c I trr(x,t) l  axlt*+cn-I.

uln rou,l 0 ta

s ince  by  (4 "7 ) ,  ( 4 . t 3 )  and  (4 , t 4 r ,  
{ r . l , l f t , r r )  }  " t u }n r }  

a re

bound"ed Ln r"2(f) ,  i t  fol lows by inequal i ty (5.t3) t i rat the family
-A o '-,t ,/ t- zIt t



t (^  2c ? 
rB

)  p t , f ' ( l i  )dxdt  )  
is  .equicont inuou,s .  I lence by the Dunford-Pet t ls

f o v l , i e ?
,"iterion, the famil;r lna ,f ' ,trrJ is ',veakly cornpact in r, l(E). Then

by (4.23) lt follorvs that 
l^re 

l '(f) s.nd

ft,r.) ne. ---;
/ i  

weatcly in t l(E).( 5 , 1 4 )

0n the other hand i t  fol lows by (4.7) that |  * 1 t t  bounded in
r  e -

r ,2(0 g ;H!z( f ) )  and rherefore JorJ  t -  compact  in  1 ,2(or t ;12( f ) ) .

Thris select ing a subsequence i f  necessary we heve

ra (x , t )  * - t  I  (x , t ) e r € r  ( x r t )  e  f

and by Egorovts theorem, for each 
t 

rO there exists a measurable

subset E,, C T" such that *( f \  Etl) 4 t 
(m is the measure on E

t (
inducecl by tlie T,ebesgue mea.sure dxdt ) r y€ is bounded o* Uf and

(5" t i l  ,o  (xr t )  - * )  yd(* r t )  un i formly  on E? '
Sextl si.nce {f, ',yr) } are uniformly bounded on Et }ve may assurne

(extract ing further subsequence) t frat

( 5.t6) f,e 
tra) *-) s weaklv in r,l(Ey)

U L (
. $ o

(actually rrreak-star in I",,- (Ef )), Then by T-,enrma 3 it follows thai

g ( x r t )  e ?  F  $ " ( x , t ) )  B . r € o  ( x , t ) G  I
U  

a , r s o  \ . ^ t u r .  " l  .

Novl by (4.til it f ollows that { n, } ,-t compact in 12 (I) . Then agai-n

by the llgorov theorem $,e ms.y assume that 
t 

-> p uniformly on E 
7

Along wi th  (5 . t5)  and (5.16)  t i re  la t ter  impl j .es that  lb  
= g p

on Eu o Hence
L

: p ( x , t ) ? f  ( v n ( ; r , t ) )l^n(" , t )  (  
r ; . . & . € . - - ( x r t )  6  n ,  a

Since m (E\n1) co.n be made arbltrar i ly smal1 we nay conclude that

f L ( x , t )  e p ( x , t i ? p ( y * ( x , t ) )  a o e .  ( : c , t  )  e  T . e
t v  v



4 Q-  t J

Shus the concLusions of  Theorem 1 fo l lo lv .by Eqs, (4.24) ,

I  a  c q \
v t o L J I o

Remark. Argulng as in the proof of Theorern 3 i" [aJ f t

follows that for a general loca11y ltpschitzian mappi.ng one hast

( 5 . t T )  ( h ) *  ( x , t ) G p ( x n t ) r y ( y * ( x , i ) )  & e € r ( x 1 t )  E -  T

where (tI) e ll(f) is the absolutely continuous part of the
t F  

a
measure F*.. t y

6. pRO0F OF ti{poRE}I 2 
.

. I f  # is the graph defined by (3"15) t iren ,f,  t i l  =
J  -  cP \ ' 'E

= - e - l  y -  a n d .  f , " ( u ) = r - 1  I  ( y - € 0 ) . f ( s ) d g  f o r € > 0 r l G R
J a-lv

respe c t i ve ly  t

Hence

Cta

(6.1) I t .}t(q, )r -r, ftrr)\ =\n., jr3 (s)as\alf ir, )nrle.

On the other hand, arguing as in [f l *u find that

{6.2) \ n Jiya ) l4 , sljtrg )nrl ( }J ,-r lre I 4.) *.*. on

where

aAl

,F"$) = t-r J .( (9) do .
u 6_1y,

t
Ll

{
) l

\

.  o  i f  l q ( 6 , t
t (r,t) =r t  L  l f  \ v r ( 6 r t

and
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0  i r  1 ( 6 ' t ) > - f ,
4tr,t) =

I  i f  v r ( 6 , t ) e - C .

Inasmuch as by (3.14) l,f 
eCr, 

I ! ls bounded. in r,z(2;) and by lerama 2

lfty. 
)p€ ] is bound.ed. i. r1E) lqre see by (6.2) tvrat on some.

subseCIuence t-> 0 role have

( 6 . 3 )  
% f t u ,  l * * > o  & o € o  o n  Z .  '

0n the other hand., $,e know that 
dt n ) -> 

"*'t'$yI 
weaklv

in Ir2(D an6 p, -+ p strongly in f,z(5). this implies that the
i l t  1 

lent in r, l (D tosequence t p, 
f 

(rr ) J is t'realtly conver€

t  *  Q v t rp ( u- -t- 
& 

) and by ( 6 .3 ) it follo$rs tha*

(6" i l  pt f  - r -$t ' )  = o &rGo on Z

and. therefore

-e
r, 

f,'(r, 
) *-> o stronglY i:r 1,1(E)

Then by (6.L) r ' ' re see that

a a  a

(6"5) 
6putvr lna 

-- t  o stronglv in l l (E).
- \ J

Next by the Egorov theorem, for each 
? 

> 0, I Ut a measurable subset

at  T such that  rn(E\ l )  g? '  ya- )  yd un l formly  on Et  *d y*  i .s

continuous on Er. (nr denotes the T,eb_es$ue measure). Along with (6.5)

the l-atter yi-elds r

*3" 
Y. { t4 

)n, = $ stronglv in t t ( t  
[ ) '

ErrJ- the fol lowi-ng subset of
(. .-.

( 6 " 5 )

Denote by

' (

u l ' I  =  [ c6 t ) .  u t  ; l v * ( 6 , i )  l >

By (6"6) i !  fo lLows that  for  each F> o,  
fb

r )
A . t

- n andon u?' f,
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I

o n E r t n l ( t r , t ) e Z ;  y " ( 6 t )  f  o \ .  s j : r c etherefore tftp) =

rn(f\q,)-) o ?o"
(:

(ltp

Along wi th  Eqs.  (

proof of Theorem

Remark.

fol3-ovrs by ( 6.5)

)t--+ 0 we ma.Y conclude that

compact

= ' 0  a n d

, )
o n  1 y

t  tC, t )eZ;  y* (6ot )>  o) .

arrd ( 6.4) the l-atter complets the

subset of

therefore

* r o 5 .

)  = o  o n
a.

4 ,24 )  r  Q . ,25 )

2 .

l r t

I f l r r f i s  a

that h r'

t-bo A- i ; = "

c(6) then i t

(3 .2O)  becomes
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