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1" INTRODUCTION- c  *

I t  ls the purpotse of the present paper to tnveettgate ror-

l lnear dlf ferentlal  hyperbolte aystems of the form

cc(x) +

9(" ' t+

Q v
F

O u
Q X

+  A u  3  f ( t r x ) ,

+  B v  ?  e l t r x ) ,

f ,o r  oLx(L  and t )o

o < x ( 1

{ 1 " }  }

t r . a l
etth tbe tnl t lal  d'ata

u ( o r x )  !  u o t x l i

andl the boundary-value

v ( o r x ) * v o ( x )  t

cond. lt long

( u 1 t r o ) , ; u ( t r l l )  e  l ( v ( t r o ) r  v ( t r t ) ) e  t ) ' o  '  ( 1 ' , )

For tbe sake of brevtty we efunpty begln wltb the enumaratton

of Bome baslc assumBttons whj.eh wti f  bo used 1n tbat fol lows'

(H, ) Both A and B are maximal nonotone graphe tn REBt
. I

o l n o t h o r w o r c l e r t b e r e e x l s t t w o l o w e r s e m l c o n t t n u -

funct tons I  , *  :  n - -u ) -  * r  d 
'suoh 

that
J - t

* -Q?, n -)yo $ere Qy and er/ dbnote tbc subdlf , ferentlals of

J I

y  *uy
( t )

- l ?

H  E :  t  - O A . 6 0 l
J

ous proper oonvox

o Sloreover, we assume tbat

DW ) *R ,  whero  D(y  ) -
I

(so ln Part tcular  Y

[ r  € n i  ] ( r ) <  
+ " " J

ts  oont tnuous on R) .



*  - - 1 ,  , - * r - t
(11)  T l rere exts t '  a  funet lon r f  e l1 . l -  (o , I )  such tbat  (u  (o l  r

u*  ( r ) )  e  n ( t )  ( t t re  renge o f  t )  and

' ( ln te r lo r  o f  D(  9 l  ) ) ,  fo r  a l l  x  e  [o r *  nnpr lo t tb r  so

(na) Tbe grepb of tho (multlvalued) function L z n2 --+ R2'

. r t
4 'ne ln  Rd x Rtonc - RxR ts maxlmaL monoto -

It 1g woll-known that rnirnY

eed ln  the genera l  form (1"1) '

boundary oondtt lons oan be expres-

t r 'or  example,  l t  I  *  2t ,  wbere

{, n2 --t J- * r 4 1s deflned' bY

n
' { .Vry l  , *  o ,  fo r  xoar  } r=b1 a tb  €R and

t h o n  ( 1 . , )  b e o s m e a :  
' ?

oo ;o therw lee  ( I .4  )

v(  t  ro  ) -er  v( t  r I  )=b ( two-polnt  bound'aryoond.l t lons ) .

faktng L ae tbe suneif ferenttaL of the tndloator funetlon of the

f iret blsectr lx of the plane we obtain peqlosto boundary

aond,1t lons.

(Er) The funotlons € and belong to to'  (o rt  )  and' '  besldos

suoh that  oc(x)  ) ,  C,  f  k I  V Ct
thore extsts some eonstant C>

f o r  & o o o  x €  ] o r l f  n

- 4 *

u*(x)  e  rn t  n ly  I
!

have assumed Int D lf | / I

elngletono

,  t he t  l e  D (y l  l s  no t  a

xv



, D

In the prevlous papors f l ,  4, 1?, l r j  l t  has boen dlscussei l
v

tbe extstenoe, regUlartty and. asymptot lc behavlour of solut lons

- l where A and B were &$51lla-for hyperbol lo syotens of tbe form (1.L1 where A an(

ed to  be s lng1e*va1uo,c l  funot lons,  A=.A ' (xru)  ,  B*B(xrv)  f rom lOr f [xn

lnto R that 
"atfsfy 

oondtt lons of Caratheodory tyPoc It .  te

polnted out there tbe physloal stgnif loanoe of such systomso

$-Tbe mult lvalued. case\pr€sented tn thls paper le not lvated by

A

an exanple given tn the Last sectton and' perh"$n" there are &any

othsr physlcal nsantngs of the problemo

The plan of  tho papor ts the fo lJ.owlng" In Seot lon 2 se ehal l

etate and. prove an exletence and regular l ty resr i l t  (Thoorem 2"1)"
. '

the solut lon obtal.ned sat lsftee the-syeten 1n a genoral lzed sense
' t

vhlch wlLl  be preoleed ln the statement of  Theoren Z'Lo In

/ ,  '  ' " '

$eotlon v we shau dlscuss on the asymptot lc behavlour of

solut lons o

The Lagt gect lon ls devoted, to an example of  lnterest  ln

electr lcal  network thoorYr

2n SXISTSNCS Altll aEGuLAnIw 0r SoLUTIONS

assume famt l tar l ty  wt th  the notat ion,  conoepts ,  and bas lo

results of the theory of monotone operatore and' dl f ferenttal
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equatlons deveLoPed on generaL Banach spac€so AI l  the resul ts

ln th le f le lc l  we shal l  uee

roferenco$ oan be found tn

the reader  e .go to  [a ,  9 ]

ln the sequol wlthout Partlcular

the books [a, 51 6J. we a]so refer

for the usual notatlon of functlon

def lne tbe

w
A u *

f  (v (

lnt roduced

M ( o , 1 )  b Y

ft t

J,  y (u{x)

[o ,11 ] ,

ope

l1
x ) )

( '
)o

wl th

D  t i t  *  [ " e  c [ o , : . 1  i

T h o  r e a L l z a t l o n  o f  B  o n  L 2  ( o r 1 )

i " +
wl1 I

spaoes and WkrP spaces .  However r  we reca l l  tha t  BV(0 t1)  te  the

space of  a l l  reaL-valued funottons of  bounded'  vartat lon d 'ef lned

on [Or f ] .  nn tor l ]  denotos  the  space o f  a l l .  Rat lon  moasures  ovsr

[Or f ] ,  t .o ,  the  dueL spaco o f  C[Or f ] .  I t  le  we l l -known tha t  every

funot lon  v  eBY(or l " )  genera tes  & meaeure  Dv g lven by

( 4  . ,
D v ( h ,  -  \ r t r ( x ) d v ( x ) ,  V h e c b ' 1 1

&ndr conversely, overy ms&sure can be expressqd by msane.of the

$t le l tJes ln tegrat  assoc lated.  to  some funot lon of 'boundei l

var la t lono

fn keeplng with the

^'/
rator A :

e r u ( o r t ) ;

dx,  for

notat  ions

C to rl] --.>

y (u-v) V

evsry v G 0

f .  * . .

, ' l
,1\ |
v J )  -
I

be d.enoted bY

ln  Sec t ion  1  we

)dx *

( e , r )

, ^  A \

l l a d  l
3

6, In otber 
'



* 7 -

word,srF r "presents  the subdl f ferent la l  o f  tbe funot ton - {Z :12(o,1)
T

-1 -'l

f -  * ,+  I  d  e f l ned .  by

r f r t " r  " \ l  ! ro(x) )dx ,  t r  ^ l ,w€t r (o , r ) ,  and
1  

) o r

g  *  e o ,  o t h e r w t g e .

Let  X denoto the prod.uct  $pace l2(or1 15 l2(or1)  end.owed rc i th

tho usual scalar prod,ubt and Hllbertlan normo lTe reoaLl that

^ 9

1 ,21or t )  l s  a  space  o f  equ lva lence  o lasses  ,  L? (o r l  l  - t ' ( o r r  ) / ru ,

shere t " to , l )  ls  the space of  a l l  funot lons u:  Lor l ] - - ->  R,  o f

square  Lebesgue surnrnab l?rand as  usua l  uArv  1 f f  u (x )=v(x ) ,  &osr

x € ] o r I t  ( w l t h  r e s p e c t  t o  t h e  L e b e s g u e  * * * u ' , " . ) .

Deflne tho mult lvalued oporato, rt,  X '-a X by z n(41=

u € H l ( o r l ) r  t h e  e q u l v a l e n e e  o l a s s  v  o o n t a l n s  a t
' a

'  
least  a  funct lon v ,  €BV(or l )  and there ox ls ts  pe i lu  suoh that

L /

( u ( o ) , - u ( r )  )  € 1 ( v L ( o ) , v r ( 1 )  )  a n a  
r u - : o t ,  

e \ 2 ( o , r ) ) '

$or eaoh. (urv)  f lxed n n(& ) ,  let  Krro= lot t1} '  1 'e '  the sot  of

aLl  measures Dv,  gtven ln (2,r1.  Then, Let

f l  r , r \  / ( * , r o * i u )  
A t ' 2 ( o " ' , \  

6 - - -
r u 1 o / = t  ) , r o r a l ] ( u , v ) € D t & l '  

( a ' + ]

\  - r r  + E v  /  i . .  * -

Tbe spaco 121or t )  1s  ldent l f led  w l th  l t s  own d 'ua1 '  The d 'e r lva t lve

u f  tg  und,ers tood.  1n  the  sense o f  d ls t r ibu t ions '  I f  h  eLz l " " ' t

( ? . , t 1
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and h oontalns e funct lon ht€

$o tha t  ln  Par t l cu la r  h (o)

h ( l ) * h l ( I ) .  T h e n ,  o n e  h a s

t f  ( o , l )  (  o  o r 1 .c  L 2 ( o , 1 ) c u ( o , 1 )  c -  $ '  ( o , 1 ),

C[n11]  then h  ls  tdont l f ied  wt th

a n d .  h ( l - )  m a k e  s e n s e ,  1 . e .  b ( e ) = h r ( o )
hI

and

means that thls measure can

to the dual space

@ ,
Dr l ,  t o  c ;  (o ,1 )

' a

o f  L ' ( o r I ) u  Y { e

c o l n e l d e s  t oof

aLgebra toa l l y  an6 topo log iua lLyn  The fac t  tha t  
/ -o " reL2(o '1 )

be extendecl .  to a funct lonal  belonglng

a lso  no te  tha t  the  res t r l c t lon

the dtstr tbut lon vt  n A natural

queet lon ts  how many e lements there &re ln  Kno (see (2" t \  '  (2 '4) ) '

$ o l e t v t r . t A € B V ( o r l ) b e l o n g t o t b e e q u l v a l ' e n c e c l a s g v n l t l s

trnmedlate that the functton vt -  ;p 1s ldentlcal ly equal to zero

oR tbe set of t ts co.nt inulty polnts. Tberi ,  accord-lng to f tu, 
po

l i t l  l t  fo lLows. that  v ,  and,  v ,  generate ' tho same me&sures 1r€o

,  r  t ^

Dt l  *  Dv2r  l f  and only  f f  v r (o)  =  vr (o)  and v1(1)  = vr ( l ) '  Thereq

fore the set Koo. mav generalLy lravo more than one element' How-

evar, t f ,  L*I (u(o), *u(1) )  ls a slngreton tb'on Krro ls a stngl 'eton

t oo  c

Tho fol1owlng lemma l s  essent ta l  ln  our  t reatemento

I$Mir{A 2o L o Asg,qi}.4*j}g3-gypo-th9-$€g . ( Hl ) and (H2 ) hoLd'' The+-'

the opeqahr  e [  get fnea Uy-1-2, r ]  and-(2,4]  ls  - { ra i lmal  me4otone '
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proof 
" tr ' . l rst  of al l ,  we note that D(&,) !s nonemPtY. Ind'oed',

t e t  f  e g l l o r t )  s u o h  t h a t  ( o * ( o ) ,  o * ( t )  )  € D ( t )  a n d  ( r r * ( o 1 r * u + t t )  )

eL(v*(o) rv*(L)  ) ,  whero , r *  t "  the funot ton appear lng ln  hypo-

(t t) .  By an elementary argument lnvolving (Hf) l t

"  r t  ls  easy to ehow (see [Ul  )  tnat

def lned bY
:

/  u \  (  - t t t \
t [  ; , }  =  ( .  - , r ,  l ,  

r o r  e v e r v  ( u , v )

( 2 . 5 )

f o r  v  € B Y ( o r 1 )  a n d  h  e T { 1 t l ( o r I ) '

In order to prove the maxinallty of fl we shalt show that'

f o r  e a o h  p a i r  ( p r q ) € X ,  t h e r e  e x l s t s  ( u ' v )  e D ( & I  s u o h  t h a t

{ 2 . 6  )

T  -  l l t  *  E  v ? q .

D ( r )  E  |  1 u , v )  e  H r  ( o , 1 ) l  t *  ( o , 1 )  ;

t "

tho oPerator

€  D ( T } ,

( u ( o ) ' * : u ( 1

T  :  X - >  X

-t2,7

(  ? , 8
) )

€  t ( v ( o ) , v ( r ) )  ]

.  th ists (Hr )

t l *
fol l -ows that the set \ .- /  a , f l (*) ls bounded' $o l t  1g apparent '

o<r<I

that (,f ,.,f ) 6 D (ft| .

h  , l f l e a t l o n  o f  t h i s  f a c ' t  l s
The opeTator  l t  tu  monotoneo The ver l f lea t lon  o I

onl .y a s lmplo exerclse lnvo] 'vtng the hypotheses and'  the fo l lowlng

formula for tntegratlon bY Parts
( 4

n v ( h )  =  v ( r ) h ( 1 )  - v ( o l h ( o ) *  \ ^ v ( x )  h / ( x ) d * '- ,/o
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ls r 'axlnal monotone on x " cclnseo-uently, ?or each \ I  o, the

followlng approxlmatlng bound'ary-valuo probS'em

o x  *  v d  *  A l o l  ! '  P r  & o € o  x  €  ]  o ' 1 [  
)  , n n \( 2 . 9  )

t l * t l ,  o B l o l r  g r  s o e r  z _ e T o r l f  ,

( u " ( o )  *  r ^ ( r )  ) €  1  ( v ^ ( o ) r  v ^  ( 1 ) )  ( a ' r o 1

has  a  un lque  so lu t l on  (u^ rv r )  €  H I (o r l ) x  H I (o , l - ) '  He re  A  ̂ and  
B^

&re the  Yos tda  approx lmat tons  o f  A  and B respec t lveLy  {see €o$e

[a  c  po  gg ]  )o  Accord" tng  to  a  s tandard .  dev tce  we 'd 'o  no t  reproduce

h e r e  l t  f o l l o w s  b y  ( ? , 9 )  a n d  ( 2 ' 1 0 )  t r r a t

| , , , 'J  and t tJ  are bound'ed tn L2(o,1)  '  (2 '11)

T h e s y s t e m ( a ' 9 } c a n b e p u t r n t o t h e e q u l v a l e n t f o r m
a .

u i  a  Q { t r r * t  *  v r * e  r  B o G r  r E e ] o r l f ,  
( a . l a )

u ^  - A y { _ ( o i * p - u x }  e  & c 6 o  x G ) o , l t ,

*u 
Y 

'  respect ive}y ,  whl le  Y:  
t ' the oonJqgate funct lon of  Yx

( s e e @ a g o f a r P P " S 2 r r ? T o l r o r d e r t o o b t a i n a n e s t l m a t e f o r

vr t t  1s useful- to d.ef lne ae fn f+] t l re fol lowing funct ion
I

P^ : RxR -t ] s Go ,t*l ,R -*  ]  *  *  , t *J ,

pn{r ,s )*  } r ( r }+  i l  ' -n l t  *  f  t - .n - ' l )

where 
f^ 

und 
|" 

mean the regularized funotlons assoctated' to y

L
( 2 . L V  I

0 f c o u r s e . P ^ a ] . s o d e p e n d s o f x b y r n e a n s . o f t h e f u n c t t o n $ P r Q
N



I t  ls 
.apparent 

from (2.L2) and (e'1 ) t trat

(ufru^) e Qr" (v"rvt ) .

and. u., but. for the sake

I[e then have

- 1 1

of einpl lcl tY the varlabte x ls omi.t ted.

(  e.1"4 )

(2 ,L r l
&

,.- (* ) . Then bY (Hr )
I t

,x (t^ rvi) ( 3^(v+ , '* - P +

* . l 1  ( t " * t ' )  +  ux ( r r i  - ' {  +

y ( o " )  * b [ o * * q l 2  * Y l t " *

[ t t ^ -  
t f  ]  ( v r -  v * , ] ' *  ( o * ] '

X '

: "

+

Y
T

+

x)

+ u

+ p

J t s 1
, ,

,  - o  *  ( v + ) ' )  +  , r *  ( r ) ,  -  v *+  u ^ t p  a  7 '

+
f o r  e v e r Y  z ' €  R '

l s  conv6n len t  to  oboose ' *  =  
" f  

t " )  -

-s
v )

I

, .  )

A L

(u) and. tho wellknown propertv laf i+ lerl '
' a .

that  t " i l  ts  bound'ed ln  LF (o '1)o Moreover '

Y^*( " I  ) -  +)7' /\

+ +
L 7 '^  U

N

(  see

lnfer

el] )

D ( A )  s e

l r r P o

Y  r e

n* * frtu* )

Y (o"
* h

n l n x

c  1 l ^

o* (ot ' . -  n

) '

)

(a , re  )

( 2 , 1 ? )

p-ul., )

(2 . r8  )

-  f ( ( r+ Ia ) * ru *  ) '

But -? ls subl- lnear, therefore we havo

J

P r ( v ,  , v i l  ) t Y ( ( t + ) - B ) * l v t  )  +

+  P l v l  +
) t w

YI ' " : t  1

0n the other bandt

p - u r . f  s

^ {  r n  { r f

o o n 3 t o  r  8 . o € c

by def in t t ton

n G ] o , I t .

of conJugate funct lon, we- have
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. +
L e t  u s  n o t s  t h s t  

f  
( u * + f  

" f  
) 4 - c o n s t o r f o r  t t o € o  x c ] o r l L  a n d  

- f  
,  o

sma1t  enough (see (Hf  )  (11)) .  Thus by combln lng tbe lnequal l t les

(2 . I5 ) ,  (2 "L?1 ,  (2 .18 )  and  ln teg ra t l ng  f rom o  to  I  t t  f o lLows

(  r 1  -  1

t v " t ]  t s  b o u n c l e d  l n  L r ( o r 1 ) .  ( a . r 9 )
L '

.  tsy a simlLar devlce we also derive

( a .ao  )

$lnse 4' ('l (
u^(x )  *  )o , "  " i  

*  t r  )  dx  -  
I " i  

t I )45

f r om (2 ,1 -1  ) ,  (2 "19  )  and  (2 ,2o )  we  de r l ve

(  T  \  L - - t - 5  t -  ^ f - ^  t ' l

l " J  , l v l l  a re  bounded  tn  c [o , r ]  .  (2 .41 )

Stnoo B i.s everywhere deflned on R lt ls bounded. on bound'ed

a .

eetso Thue us lng {2 .2 i1}  and the seoond equat ton of  systen (a .9)

$e nay lnfer that

t " *  l s b o u n d . e d l n  r z ( o , t ) . ( a , a ? l

T[e are now able to apply Arzel i -Ascol t  Cr l ter ton ( .see (2 '?] . ]  and

(2r22l l  andl  to conclud.e thatr  otr  a subsequencet

u"-> u,  as I  -+ o ' '  tn c [o 11]  .  (2 '2r)

0oncernlng the sequenoe L"i l  we have only proved 1ts bounded""""

l n  L l (o r l )  and th ls  6eems to  be  tho  bes t  poss tbLe es t tmate  we can

1" i ]  ts  bounded. in L l (orr  )  .
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ob ta tno  However ,  by  He l ly ts  p r lnc lp le  t t  foL lows tha t r there

vr€  BV(or I )  such tha t r  o t r  a  subsequsncer  Eo have

"  v ' (x)  - - -a  v t (x) r  &s

Taklng lnto aeeount (?"at) and

domlnated. convergence theorern

) ->  o ,  f o r  eve ry  xeb r l l . ( e . 2 4  )

( 2 . i J L ' t

v-
I

:

lz,_egl

(  2 ,27 ] -

be tlre

12.24) one gets bY Lebesgue

11

o A . 4 o  s t r o n g r Y l n L P ( o r l ) r  L d P <  @ '

0f oourse, 111 12,2r) v represents the equlval 'encs class of

wl th  respeot  to  oN" .  wb l le ,  aecor<Ltng  to  the  usua l  sonvent lon t

tbe c l"ass of  v^ was ldent l f  1ed wlth oI  o Surthermore r  so have t

gome eubsequences

vi

yrie assort that 
7e. 

f,u' tet 
+ 

t L

funotlon def lned bY 6 {u) : \ i
I ) o

o * J -  E  * @  t o t h e r s l s e .

-  r + 42 (u,r -  l  - tJ

f (u (x )

{ r .

IYe

\ :
Axo r ( * )  ( u r ( x ) - h ( x ) ) ax  ZQa t *T  t  - + I ( h l

*  ? * \ \  * " -  ( r +  \ a ) * 1  * r \  
1 a 1 o , r )  

.  
{  

t 1 t + ) - l ) ' 1 o1( . ))

(  2 . 2 8  )- {  t n  t ,

A^ u^ ( .  )  - -+ , l t  vaguelY ln I { (o 11)
/ \ / l /

)d.x.,  I f

l n tend to  PaBs to  the  l ln i t r  86

cp  (u )  e r , l ( o r l  )
) t

1-  o ,  tn  the tnequal l tY

ex l -s ts

for everY h € D (
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Fron  (2 ,2 t )  ,  ( 2 , 2 .?1 ,  and  {2 "29 } .  bY

reasonlng one deduces that

a stralgbtforward

( f+ )  e ) l lu '  (  
"  )  ->  u ,  

"s '  
1+  o ,  s t rong ly  ln .  L2(or1) .

as clalnedo Srom l2,21l ,  lz"?.t+| ,  and (2'1o) one gets

.  ( u l o ) ,  
: o ( 1 ) )  

€ L ( v r ( o l r  v r ( l ) ) '

0n the  o ther  hand,  f ron  (2 .221 t  (Z r?V l  ,  G"29.1 , ,  (2 '261 '  anc l  (2 "2 t l l

one obtalns

" :  l " t  * f -
n - " : + E v ? { '

$'smarlslng we have d.emonstrated. that (urv)Gpt*l  and' satteftee

(4,6)o Thereby Lenma ?oL ts oompletely provedt

a

Let . l -  be long to  M(o,1)  anc l  le t  q .  eBV(or l )  so that

Now by passlng to the ltmlt '  ln (2"28) we eonclude that 
1ei 'u,/

( 2 , 2 9 ,

Rernark ZoL"

I-  Dq. Then wd have the docompogtt lon

/

a

where lln* tr, fr- Dqs i '
/ /

tbe slngular Part of {o

azl

rchiah exlsts a lmost  overywhero o" ]or IL,  and'  le tn t r i " ' t r ) '

Aocording to ttt, 15] , ff 7e 
au tben ws have

*  e ]o , l f  '

(a . to  )
/ -  f t o *  f t

/ / /

c * ( x )

Ilere

rr
: r  q(x)  -  \o  At5)d5 '  that  ls

i ts the ord,tnarf derlvatlve

q8

of

1s

:

and

/ J x ) e  
A u ( x ) ,  & o e o ( 2 . t L )



s L g e

n(x )  €D(J ,  1 ,  +

onerator def  lned bY (2"1 . )  and

, f ,  
(u -h  l l to ,  fo r  every  h€  c  to ' rJ ,  suoh tha t

x e f o , l ] .  ( 2 , 1 2 1 '

12.2') ls al 'so consldered'
The

1n E,  16 ]  ,

A

1n d. l f  f  erent oontex t  o
l r  L o J  r  l R  a  o r l l c r - t ' ' . u  v v

1HSSREM 2oto Asg.Ele.!Lat 4*pothesoq (Hf ),  ( t tr) ,  gS (r i f  )  hql{"

-  ' " 1 - ' 1  ( o r t 1 l 2 ( o , 1 ) )  g l d  l e t " ( u o , v o )  b e l q n g  ' t g
Let f ,s !e..gtJgg-t! 1lI*r-

D(* ) geriqeo bll (2 , r )  "  The& t4er9 gx ls ts-  a  up lque palT of '

$ g @  ( u r v )  e  w I ' * ( o r T i  r ' 2 ( o ' 1 ) )  s u e h  t ' h 3 t

u s ve L e  (  l o , r L I l  o , L L l i e  L *  ( o , T ; t 2 ( o r r )  ) 1  Q . 7 7 1

! g . r  e g c h  t  G [ o r T t  ,  v ( t n  
" )  

e g v ( o ' 1 ) d we heYe

6t
o ; l x f  t t o x )  *  + x ( t r x l + n q ( t , x ) t  f  ( t , x ) r  . & r e o  x  € ) o ' I t  )  l 2 " t t + l

a\+

- f  
( * ' t  + ( t ,x )  

-  f t f  t , x )  +Bv( t , *1 t  s ( t ' x ) r  8o6o x  € lo '1 [ '  (2 'v5)

D ,  r u ( t r ,  ) ( u ( t r .  ) * t f 7 o ,  *  n €  c  [ o ' r ]  I  t r ( x ) e D ( y ]  ' o  < x  4  1 1

I1ere * ,  +denote 
the r lght 'par t ta l -  der lvat lves of  u 'v :

F ,T  l - - . r 2 (o ,1 ) i  f o r  each  t  € to ,T [ '  r t t t ' " )  
l s  t he  d l s t r t -

but tona l  der tva t tve  o f  u ( t ro  )  wh i le  t t r t t r "  )  d 'enote  the  ord ' lnary

d e r l v a t l v e  o f  v ( t , .  ) ,  w h l o t r  d o i l s  n o t  c o t n c l d e  t o  t h e  d l s t r l *

bu t lonar  d ,e r : tva t tve  o f  v ( t r ,  )o  The no ta t ton  i ' "  l s  choeen to

p o l n t  o u t  t h l s  d l s t l n c t l o n o  0 f  o o u r s s ,  
#  

( t o o )  o o t n c l d e e  t o

2 w
'ax

an

{

)

( 2 " 1 6 1
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i * [ t r o ] o  F t n a l t y  v u { t r , )  l s  t h e  s l n g u } a r  p a r t  o f  v ( t , ' ) r  t o o o  )

( '

v u ( t r x )  a  v ( t r x ) *  \ "  w j  ( t ' :  ) d  
I  '

a n d . ,  D *  t u ( t r . )  t s  t h e  m e a s u r e  g e n e r a t e d '  b y  v * ( t ' o l n

R e , m . a r k - 2 . l o I n f a c t r l i l T h e o r e r n z ' L r f o r e a c h t l t h o e q u l -

v a l e n e e  c l - a s s  v ( t r "  )  c o n t a l n s  a  f u n c t i o n  v l ( t  , o )  e n V { o , L }  s u c h

t h a t  u ( t r o ) r  v l ( t r o )  v e r l f y  { L . i l  a n d  ( 2 , 1 6 ' } ,  C l e a r l y  ' ' ' 4 ( t r ' }

-  r  - 1  - . -  - i n t  f r om a  co r  i  x  €  t * r l ] 'ls d.eternlned on Lorr1 apart from a countable set ol

. 1
' t -

L f  L - - ( u ( o r t ) r * u ( l r t ) )  t s  a  s l n g l e t o n  t h e n  v ' ( t r o )  l e  d o t e r m l n e d

up. to  the  c lass  o f  func t lons  o f  bounded '  var la t lon  be}ong ing  to

v(tr .  )  and'  genere-t lng tho sane neasure$

pro .g f  -oJ  Theorem-2. l .  t r l r s t l y r  so  assume tha t  X(x )  =  
!  

(x )=1  |

& o € n  x e  l o r L t  "  L e t  u s  r e f o r m u l - a t e  ( 1 ' 1 ) t  ( 1 ' 2 ) r  t L ' l )  a s  t h e

. 7 )

foL lowlng  abs t rac t  Cauchy  prob lem on the  spaoe X -  1 ' (o '1 )  x

-1

L t  ( o  r l  ) o

,+- ( :l:l).fi (:l:l) , ( :[i) , 12,17 |

/  " \ .  
(  uo  \  ( z . r g  )t  " -  1 (o)  =  t  , , "  ' l

\ v / '  \ u o  /  
'

Aooordtng to Lemma 2.1 the general  t i reory 'of  ordinary di ' f -

fe ren t ta l  equat tons  assoc la ted  to  monotone oBera tors  oan bo  
I

appl led to obtaln part la l ly  the assert lon made in tbe etatement



* L 7 :

t h e r o  e x l s t '  o r  v G w r ' * ( o ' T i  r ' 2 ( o ' r ) )  w h t o h

( a " , 4 ) ,  T b e r o f o r e ,  f o r  e a c h  t  e f o ' T t  '  v ( t ' o )

. r 1 ( *  , , 1  e  B (o r r )  t t  f o l Lows  t ha t

(a .+o )

fu l f1 l led.

r-
n  L b r  P o

( a " 4 1 )

( r * . 4 ) * 1  ( I ) ,  8 s  \ - , o '  s * o n g l Y

Slnce

( t r . )

* D x

of Leruma

D * t l ( t , o  |  -  
f r l t ) ,  

t e [ o ' t f
/

l l t rerefore by Remark (2 '1 ] '  (2" ]+) '  l2 ' " )  and (2 ' t6)  are

In ord.er to Brove (2'")  rse lntend to use Theorem V'16 t

nx
I02lo Lot us denote by /t' the operator deflned' oa X by

n X / t \  / - t t t + l , ' " u \
t +  ( ' " , )  ! !  

[ - * , + B 1 v  )

w t th  o t i l )  *  D (T )  ( see  ta .a t i .  A  rev i s ton  o f  the  p roo f

the approxlnatlng Caucby probJ-em

d+ ,  [ ' * ( ' , \ + f / " t ' * l \  ,  r  f ( t ) \
=ar  

\  " ; ( t )  I  
- f t  [ " ; t t )  i '  \  e ( t )  / '

/ * n \  ( o )  3  f  " "  \
A ^ o , j t ( r ? t L ? /  \ . " n /  \ " o ) ,

ln X,_?
t shows us that

1 D
( r+#)  ( ; )

fherefore by the above clted theorem the solut lon (u^'vt) of

-  ' ( a , 4 2  
)

l i ,+l l

of Theorem 1'. Thus

sa i ts fy  (2 .37)  and

c o n t a l n e  a  f u n e t l o n  v l ( t r ' )  e B v ( o ' l )  s u s n  t h a t  u ( t " ) 1  o I ( t " )

sa t l s f y  (1 .7 ) ,  and '  t he re  ex l s t s  
, tH  

e  ( " ( t ' ' )  such  tha t

p-t t , , )  -

Qttt
a \

l t ( t )

o(t(T t
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oonvs rges  tn  c ( fo rT ] i  X  )  t o  the  so lu t l on  (u rv ) o f  ( 2 . 5 7 1 , ( 2 " t 8 r .

By a standard argument tt follows that

(  ^  / " 4 \ )  
'  

*

tat- \ "^ I 
ls bouncred ln r'

Thus, by the procedure used 1n the proof of

reBeat here'  t t  nay be obtalned. tho foJ- lowlng

n

I  3P i  * r  bounded.  ln  L* (o , r i l2 (o , t )
L  , A  x  )  - -  v v  q r . s v s

( o - r T ; X )

Lernna 1 that we

(  2 .44  )

d.o not

estfunatos

l ) (2 ,4r1

(a"+e )l" l , \  and. l" i  are bound.ed, ln L* (JorTL I lorl l  ) .

t r ' ron  (p .a j l  ,  Q. ,47  )  one ob ta lns  (z . r r ) ,

The general case when rs I  are not ldentlcalLy equal- to I
J  . '

recluoes to the abovo oneo Indeed, l t  suf f tces to dlv lde botb

equat lons  o f  (1 .1 )  by  oc  and.  & ,  respec t lve ly ,  and.  to  observe  tha t
,)

the operator

(;1.(:,il
* Ko.

3 " ' +
dn tho

*x,  \
l e . '  l
9 t

comple te ly  p rovedo

can be  reversed.n  Spec l f i ca l l y ,

,  wt th D(,4)-  D(fr , )

le naxlmal monotone we lgh ted  space  t2 (o r1 i  oc (x )ax l x

L Z ( o , 1 1 S ( x ) a x ) .  T h e  T h e o r e r n  2 , L  l s  n o w-  t J

Bemark 2 2 o The rol"es of A and B

assumpt tons  ( t ) and (11 )  of  ( t l f  )  become

( r ) n o ( y  )  *  R .



_ 1-g

( f l ) t  T h e r e  l s  a  f u n o t t o n  v * € H l ( o 1 1 )  s u c h  t h a t  ( v * ( o ) , v n ( 1 ) )

€  D( t )  ana  v * (x )e  tn t  n l / /  l  ,  f  x  e fo , r ]  d '  '  '

0f aourse, th ls change ptod.uces the roverslbt l - l ty  of  p: :opert tes

o f  u  and v ,  wbere  (u rv )  represents  t t ig  so lu t lon  o f  1 l * "3? l  t  (2 '18) '

Rgln?rk Z_.xo Theorem I rematns true tf B ls replaced by a

e lng le*va lued funot ioo  B l {x r r }  :  ]o ,1 [  x  R- - -a  R wh ich  sa t is f les

'arai ;heodory oond. l t lons and ls lncreastng with respect to

seeond. var lablen In fact ,  wtth the except lon of  some mlnor mod"1-

f l c a t i o n s ) t h e s a n e p r o c e d , u r e l s a p B l l o a b l e t o t h l s C s s g c

Reqark, ?.r io The assumptton Dlf  l f  R we made ln Theorom 2o1

generates one of  the naln dl f f lcuLt les of  the probLem" 0f  cour$et

assunlng D( f  )=H the reader can easl ly Qbserve tbat ln th is s lnpler

) .

case the eoJ-ut ton (urv)  1s of  " ,oJ 'ass lca l  
typg '

R e + a r k 2 . 2 . O s r t r e a t e m e n t c a n a ] . s o b e a p p l . l e d t o t h e s y s t e m S

of  the form (1.1)  wl th  2a equat tonsr  eP€ci f ioa l ly '  when A and B

ate subdl f ferent la ls f iom Rn lnto l tsel f  o $ ' lnce thls extenslon does

not generate new aspects or dl f f lcul- t ies we bave conftned'  ourselveg

to  the  s tnp les t  case o f  2  equat lonso
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3O ASYMPTOTIC BSHAVIOUR

lYe beg ln  th ls  $eot ton  by  as$umlng tha t o ( Y

the

s lrnple

(  " o \ \
\  " o l  J

asser t ton  1s

s ( t ) r " ' )  E
\ v o /

n ( y l

d.ure

)oRo  Then  1 t

proof  o fl s  no t  d . t f f l cu l t  to  show by  us lng  the Broce tn

1f

manner

rn D (frl

f  the

*o\
l -

t o /

a i l e d

f o.l lowlng

uf s(t  )

Und.er the we

(rr ,4 )*1 te

and. Slemrod

eomple tely

[g] connot

alcer hypotheses

Lernrna I that the resolvent of f t  ls a conpletely contlnuous operator

(see also [ fa] )  and evon mo]e I ' t+rg)- l  napu bound.ed subsets of X

" 1 1
i n t o  b o u n d e d  s u b s e t s  l n  H r ( o r r )  x  H ' ( o ' 1 ) "  T h t s ' f a e t  t o g e t h e r  w l t h

the assunptton o 6R t f t l  assures (see fg]

the  orb l ts  o f  the  sen lg roup ls ( t ) ;  t> .  o \

\ , /
d.ef ined ntr ni l t  )  whi.ch ts actual ly equal to X '  Then, suff ic lent

eondtt ions assurlng tho stron6l convergence of soluttons !n the

then the &ssoolated orb l t  L/ s (t  )  (uo rto ) ls bound'od rn l* (o '  L ) x
t 7 o  

v

n l (o r t )  so  tn  pe r t l cu la r  l t  l s  p recompac t  l n  C  [o , {  x  C [o r1 ] "

The Last

topology of  X,  as t  approaces v e

slnl}ar to that  of  [ fa]  o Moreover,

a  e9nsequence o

( r*,4 t-r (u tt I i
\

(iit ) vre f

cont lnuous so the

be appl led to  th ls

sm be formulated tn a

(uo rvo )  1s  taken

)  tne preconipactness for

generate4 by - fr  and

in at tempt to prove that

techntque of  Daformog

cage.  However ,  tn  the

equal l ty

g t>o.



?L

s e q u e l T g g s h . a l l s t a t e a n a s y m p t o t l c r e s u l t u s l n g t h e

nde$1p-os-1-ttvltYt' tntroduoed' b]' R'S'Bruok' Jr' lf l

DTFrNltroN '"1, Let H be a monotone operator on

space Ho Then l I  ls *xr lp9.sl t lve, l f  thore exlste yo€

conoept  o f

a reaL Hl lbert

M*10 wblch

sa t l s f tes :

(a) the eondlt lons xn

and Llm (orr, xn - Yo
n  + o o

Here (.  r  ")  n don

woakLy, vn € M xr, , 1""J boun'deil '

=  o  lmPly  o€Axo

the scalar Product of  H'

---> x

> H
o t e s

TII* 'REM VoLo AqEume thgt ( I I1)  r  (H2),  (nf  )  holdi  (uo' to)  e

t  2 .

D l , f t ) ;  f  , B G L L ( o r *  )  L " 1 o 1 1 ) ) i '  ( o ' o )  e n l o ' o ) t

B-ro' - lol" @',

u { t r . )  4  o r  g ! 1  t ' - - > u '  s t r g n g t y  1 n  l 2 ( o ' 1 ) '

v ( t r  o l  - - 2  o r  a , s  t  - ) @ ,  g e a k l t y  t n  1 d ( o ' l ) 1

wbere (urv)  19 the weak solutton--cg f o r o o ; o f  
( 1 ' 1 ) r  ( 1 . 2 ) r  ( r " ' )

oor respo.nd l l$  to  (uo ,  vo i  f  ,g ) '

r f  l n - a d 4 1 . ! 1 o n  ( d o , v o  l € D t & t  g p d  f  1 8 ' e d ' 1 ( o ' *  ' * ( o ' 1 ) )

u ( t r . ) - > o r  a s t  - >  o o  ,  w e a k l v  1 4  * t o r l ) ,

and so_ 1+_ parl icr* lar stro.nsly t3 0br1l.

P  V n  ) )

Tbe sYmbol 
" 
& moans the closuro

gn4 e-Io * [ oJ ,

( , . 1 )

( r . 2 1

then

-  ' - (  3 . 1 )  '

x  L 2 ( o , t ) ,l n  X  -  L e ' ( o r l )
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A  w e a k  s o L u t i o n  o f  ( 1 . 1 ) ,  ( 1 , 2 ) r  l L ' t )  o n  L o r t ]  l s  t h o  u n l f o r m

Ltrnit  tn X of any sequence of so1uttons obtalned by Theorem 2'1

oorrespondlng to tnl t laL d.ata ln D ( f l t  and to r lght-hand sldos

i n  w I , 1 ( o r T ; L 2 ( o . , 1 ) )  ( s e e  V ,  p " l r d ) '

P r o o f ' T o p l o v e l V , t l a n d ( r ' 2 ) w e m a y a s s u m e w l t h o u t a n y ' l o s s
^ F

o f  genera l l t y  tha t  oC(x )  =  
33  

(x )  = l r  scoo  x€ ]o r l f  and  f=g=o  (see

6ego t ra ]  l .  o lear lY wo have 
$

/ o \ n-lr"rr  t e H {  )
\  o  /  

-  Y L \ o /

We asser t  tha t  i l .  t .  d ,emlpos l t l ve .  To  show th ts  le t  (unrvn)  and

(zor*r , )  be some sequences such that

Le bound.ed ln  X (7 ,11
)

vn * ? weaklY 1 n  L 2 { o , r ) r ( 3 , 4 )

(.:") e 4('")and (;)r
Un ---) u t

and

r r r q  1 ( " " )  { " \ \  E o  ,
l r - ) o o  \ \ * o l  )  

\ " ^ l / *

By means of  (2 .5)  t t r ts  becomes

*g Jf,,(o )v,,(o )*un(t )v,r(1 )] + 
7*tun)+ 5j fl,.)v,,(x)u")=

where ,{roe Xrro u"a S,.eBoo .
/

Let  us  assumo tha t  y (o )  =  Y  
(o )=o '  T l ren  ( t "6 )  leads  us

rA {. 4
l tn  \ '  ,F ( t r , (x ) )dx  =* t11  

\^  ) ' ( tn (x )  
)  dx  =  o

n-too Jo ) n --> oo 'o

l t . r l

o ,  ( 7 , 6 |

ii
i

il

to
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Thls  together  wl th  l7 '4)  Yte l -ds

. ; .  ^ . . r b ,  I  \

g ( u t x ) )  = Y ( f ( x ) ) o o r  s o e o  x e ] o ' r f  r  s o . t h a t
J '  I

[ ( x )  - T ( x ] = o  & o € c  x e l o ' l l  ( ' " 7 1

From ( r ,5 \ ,  ( r ,? )  and Lemma 1"1  ln  [2 ,  p r  +z ]  r t  fo l - lows tha t

n
( E r T l e n ( t L ) '

so lt ," lnd'eed d'ernlposlt lve and tn part lcuLar 
ft-t (:)

l / " ) l
t \  o /  J

T h e r e s u l t g f B r u c k [ ? ] o a n b e a p p l i e d t o o b t a l n t h e w e a k

oonvergence o f  eo lu t lonsn I I I  o rder  to  p rove  ( ] '1 ] t  assung (uo 'vo ]

e D ( A )  a n a  f  , B € r * ' 1 ( o r *  i t 2 ( o , 1 )  ) '  L e t  u s  a g a l n  c o n s l d e r  t h e

s t imo on fo '  * f '  By a standard d 'evtce
prob lem (2 ,+21 ]  l z "+3)  tn ls  t lmo on  [ -o l  oe lc  pv  'a  pvc

one bb ta ins

!  - e -  ( " x ( t ) \ \  r s  b o u n d . " a  i n  L * ( o , x i : , 2 ( o , 1 ) ) .
t-rr \ "n 

(t)lr
'  t \

B y t b e S a I I l e r e a s o n l n g a s t n t h e p r o o f o f L e m m a S ' I o n e d . e d u c e g

that

1
( .  1

T b e r e f o r e  { u t t r o ) ,  t > o }  l s  b o u n d e d  l n  H } ( o , } )  a n d  ( 7 " 1 ) '  l s  n o w

p r o v e d  b e c a u s e  w e  k n o w  U ( t  , . )  - +  o l  a s  t +  o a  ,  w e a k l y  l n  L c ( o ' t ) "

Then (3, t )  fo l lows by a s lmple oomplet j 'on argument '

^  ^ *n1  a  *  a l  r r  nY 'OV l
T h e o r o m J . I . l s . n o w c o m p J ' e t e l . y p r o v e d
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4O AN gXAMPLfi

A mathemat loa l  mod.e l -  o f  t ransmlss lon l lne Bhenomena (see

Cooke and Krrunme [sl ) ts tho prob]'em

r  ?g -  *  9J  *  p r ,  +  e ( t r x ) -o ,r  
5 1 _  

- :  . a x  r  . r $  ,  v \  v r . . ,  - ,  
( 4 . 1 )

'  ^ Q v  -  O t  u -  ̂ .  - -
.  c t r - f f i +  G v o o

f o . "  o 1 x 1 L ,  t ) o

u ( x r o )  : B  - l o ( x ) ;  v ( x r o )  =  v * ( x ) ,  o ( x ( 1 ,  ( 4 ' 2 )

v ( t r o )  =  R g  u ( t r b ) ;  - u t t  r L ) € f o ( v ( t , r ) 1 . ,  t l z a  )  
( 4 ' ' l

w h e r o i * - u r € p r e s e n t s t h e c u r r e n t f l o w l n g l n t h e l t n e a n d v

l e  the  vo l tage across  the  l1ne;  tbe  cons tan ts  R and Ro,  \ ,  G,  C

are  res ls tances ,  tnduotance,  conduetanoe,  and.  oapac l tance;  e  l s

'  tbe vol tage per unl t  length lmpressed'  a long'  the l lne ln ser les

wl th  l t o  By  phys loa t  roasons  L )o ,  C )Q,  RVo ,  Ro)  o r  and '  G)o '

The nulttvalued functlon f (whose graph 1s assumed here to be

maxtmal monotone ln RxH) represents a nonl inear restste:.rceo

Le t  us  requ i re  tha t  u ( t r x )= - l ( t r x )  d .ev t6 tes  as  l t t t l e  as  poss lb le

f rom a prescr ibed ln terva l  K*  tarb]CR.  To achleve th ls  we shal l

ln terpret  the torm e as a feedback d" ls t r ibuted cont ro l '

$s  l e t  us  choose  e  to  be  the  mu l t l va lued  func t lon  e tu )=? fU(u ) '

i t

i i, }
I

I n  t h l s  c & s e  ( 4 . 1 )  b o c o m e e
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-  2 , ,  Q ,  ^ -l, - - # + Ru +'d I.'-(u) : o ,? t  ' ) r  -K  
(4 , J ) /

t t  2v 2r , -  .  ^ -u m - 6 * G v : o c

ReoelL thet fn(u) 
:  

o i f  u€K, and. -  
! ,* ,  

otherwise. f lheorem 2,I

can  be  d , t rec t l y  app l i ed  to  tba  p rob }em (4 .L ) /  r (  4 .2 ) r (4 .3 ) .  f he

oontrol ls aahleved. becauee ( see ( 2.31t) )  fpr eacb I )7 o,

u( t r x )  €  D(  A  t f l  =  fanb  ] I  s e Q r : c € ] o r l f  .

the above control problen wae suggested. ue by ft0, p.zf]

where the trthernostatic controlrr for the heat equation Lc

d.iscussed..
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