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ON M-SPECTRAL SETS AND RATIONALLY INVARIANT

SUBSPACES

C.APos to I  B 'Chev reau

1 .  Tn t roduc t i on .  Le t  H  be  a  separab le ,  i n f i n i t e  d imens io -

nal ,  complex Hi lber t  space and le t  L  (H)  denote the a lgebra of  a l l

bounded  l i nea r  ope ra to rs  on  H .  I f  A  i s  a  suba lgeb ra  o f  t ( f l )  a  
'

n o n t r i v i a l " A - i n v a r i a n ! - - E g h i l e c e i s a s u b s p a c e l ' 4 o f H s u c h t h a t

(o ) lM lH  and  such  tha t  aM- -M fo r  each  A  i n  A '  I f  A  i s  t he  a lgeb ra

o f a l l p o l y n o m i a l s i n o f i x e d o p e r a t o r A a n A - i n v a r i a n t s u b s p a c e

i s e x a c t l y a n i n v a r i a n ! s u b s p a c e a n d i f A i s t h e c o m m u t a n t o f A

a n A - l n v a r j - a r t t s u b s p a c e i s e < a c t l y a n h v p e r i n v a r i . a n t s u b s p a c e f o r A .

o n e o f t h e m o s t r e c e n t t o o l s u s e d t o e s t a b l i s h t h e e x i s -

t e n c e o f . i n v a r i a n t s u b s p a c e s i s t h e t e c h n i q u e i n t r o d u c e d b y

s.Brown in  prov ing that  every subnorrnal  operator  has a nonLr iv ia l

i n v a r i a n t s u b s p a c e t z ] . T h i s t e c h n i q u e i s p a r t i c u l a r l y a p p e a l i n g

f o r t h e c l a s s o f o p e r a t o r s A f o r w h i c h t h e r e e x i s t a b o u n d e d

o p e n s e t G i n C s u c h t h a t G i s a n M - s p e c t r a l s e t f o r A ( i . e .

l f  r (a )1  . (  M  sup -  l r t l ) l  f o r  eve ry  ra t i ona l  f unc t i on  r  w i th  po les

r l  '  
t r €  G

o f f  G  )  and  s i c f '  t ha t  e  A  o  (A )  i s  domina t i ng  i n  G  ( i ' e '

l l r ,  l l  -=  suq - . ^  ^ [ r t t l l [  
f o r  any  func t i on  i n  H ' (G) , ,  t he  Banach

t r € o ( A ) r l  G

bounded and analyt ic on G equipped with
a lgebra of  funct ions

the suPremum norm) ' Neve r the less ;  so fa r ,  Pos i t i ve  resu l t s  
-have

res t r i c t i ons  on  G  and /o r  e ;

is  the oPen uni t  d ' isk  in  {  A]
been obta ined only  wi th  considerable

for  examPle A is  a  contract ion and G
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o  (A )=G-  i n  I tS ]  ,  t h i s  l a t t e r  case  bu t  w i th  M= I  be ing  p rev ious l y

s o l v e n d  i n  [ r ] ,  s e e  a l s o  i z ) ,  [ r ] ,  [ + ) ,  t ' g ]  '  A n o t h e r  d i s t u r b i n s

feature of  most  o f  these resul ts  is  that  subspaces invar iant

only  under  A are produced whi le  one would expect  to  obta in RG- (A)  -

invar iant  subspaces;  that  is  subspaces invar iant  under  the a lgebna

I  .  - - i L L  
I

R c - ( A ) = f r ( A ) : r  r a t j - o n a l  f u n c t i o n  w i t h  p o l e s  o f f  c  f  
'

By s tudy ing representat iors  of  H-  (G)  in to L (H)  the authors

.o f  l g ]  o f fe red  an  app roach  wh j - ch ,  when  i t  wo rks '  au tomat i ca l l y

produces an-  R"- (A)- invar iant  subspace.  In  th is  paper  we are able

to apply  successfu l ly  th is  approach to  a fa i r ly  broad c lass of

s e t s G , n a m e 1 y t h o s e b o u n d e d . o p e n s e L s G s u c h t h a t R ( G - ) i s

p o i n t w i s e  b o u n d e d l y  d e n s e  i n  H - ( G ) " a n d  s u c h  t h a t  R ( a G ) = C ( D G )

(Theorem 4 .1 ) .  (Fo r  a  compac t  se t  X  i n  c  we  deno te  as  usua l  by

c (x)  the a lgebra of  complex cont inuous funct ions equipped wi th

the sup norm and by.  R (X)  the c losure in  C (X)  of  th6 a l .gebra of

rat j -onal  funct ions wi th  poles of f  x) .  In  par t icu lar  we show

(Theorem 8 .1 )  t ha t  t h i s  c lass  o f  se ts  i nc ludes  any  bounded  open

set  G such that  G-  hq= a f in i te  number of  hoIes.

Th is  resu l t  genera l i zes  Theorem 4 .2  o f  [ g ]  wh ich  cove rs

the case when the.boundary of  G consis ts  of  a  f in i te  number of

Jordan loops.  9yt  
second aopl icat ion refers  to  the case when

o  (AJ , i s  an  M-spec t ra l  se t  f o r  A . ,  I ^ i e  improve  S tampf l i ' s  resu l t  [ f  l ]

by  show ing  ( fheo rem 8 .2 )  t ha t  f o r .any  f i n i t e  se t  o f  ho les  i n

o (A)  . there is  a  nontr iv ib l  subspace of  f {  invar iant  under  any

rat ional  funct ion of  A wi th .  po les in  the union of  these holes

The  paper  i s  o rgan ized  as  fo l l ows .  The  f i r s t  f ou r  sec t i ons

a re  ded ica ted  to  the  p roo f  o f  t he  bas j - c  resu t t  
- ( t r r . o t "m  

4 '1 ) '

To  app ly  Theorem 3 .1  o f  t  9 ]  t o  ou r  s i t ua t i on  we  need  f i r s t  t q  '

extend the representat ion of  R(G-)  in to t  ( f { )  (obta ined f rom the
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f ac t  t ha t  G  i s  M-spec t ra l  f o r  A )  i n to  a  rep resen ta t i on  o f  H -  (G)

and next  to  show that  th is  extension sat is f ies the proper  hypothe-

ses .  These  two  p rob lems  reduce  essen t i a l l y  t o  es tab l i sh ing

wr . - s .o .T .  sequen t ia l  con t i nu i t y  o f  t he  co r respond ing  rep resen ta -

t i ons .  (We say  tha t  a  rep resen ta t i on  i - s  w1-S .O.T .  sequen t ia l  con -

t inuous i f  i t  maps a sequence of  funct ions that  converges to  0 in

the weak x topology in to a sequence of  operators that  converg ies

to 0 in  the s t rong operator  topology) .  Of  course these cont inu i ty

d i f f i cu l t i es  appear  more  o r  l ess  exp l i c i t l y  i n  any  app l i ca t i on  o f

the S.Brown technique.  So far  they have been solved by t ransfer ing

the problem to the uni t  d isk where a resul t  o f  Nag,ry-Foiag (Theo-

rem I I  5 .4 of  [ f  a ]  I  enables orr "  to  assume t f ra t  e i ther  An or  Axn

tends to  0 in  the s t rong operator  topology.  This  going back to

the  un i t  d i sk  i s  p rec i se l y  t he  bas i c  l im i ta t i on  o f  p rev ious

appl icat ions of  the s .Bro\nrn technique (especia l ly  wi th  regard to

the type of  invar iant  subspace produced) .  our  main innovat ion is

{ :o  dea l  d i recL l y  w i th  the  con t i nu i t y  d i f f i cu l t i es  v ia  a  resu l t

(coro} l -ary  3.2)  which,  roughly  speaking,  g ienera l izes the above

theorem o. f  Nagy-Foiag and enables us to  exhib i t  a  nontr iv ia l

hype r inva r ian t  subspace  fo r  A  whenever  the  wx -S .O.T .  sequen t j -a l

con t i nu i t y  p rope r t y  i s  no t  sa t i s f i ed .  The  p roo f  
. o f  

Co ro l l a ry .

3 .5 .  i s  b roken  i n to  two  s teps .  f n  $  2  v7e  show how the  w* -S 'O ' "7

sequent ia l  d iscont inu i ty  impl ies the ex is tence of  nontr iv ia l

in ter twin ings between A and M,  on R(AG) on one hand and b.etween

A*  and  MU on  R(acx )  on  the  o the r  hand .  Tn  $ t  we  show how these

inter twin ings lead to  a nontr iv ia l  hyper invar iant  subspace for  A '

H e r e  t h e  h y p o t h e s i s  R ( a G ) = c ( 0 G )  p l a y s  a  c r u c i a l  r o l e  v i a  t h e

charac te r i za t i on  o f  c losed  i dea ls  i n  c  ( x )  '  The  f i r s t  au tho r  was

in i t i a l l y  l ead  to  Coro l l a ry  3 .2  v ia  l oca l  spec t ra l  t heo ry  tech -

n j -ques ;  we  b r i e f l y  ske tch  th i s  app roach  o f  t he  end  o f  $3 '
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sect ion 4 complete 's  the proo f  o f  rheorem 4.  r .  The appl icat ions

of  th i -s  theorem that  we g ive re ly  heavi ly  on the resul ts  of  t f  f ]

on pointwise bounded approx imat j -on and Di r ich let  a lgebras '  The

basic  def in i t ions and resul ts  that  we need are '  presented in  I  5

in  a form sui tab le to  our  purposesi  as a too l  for  genera l iz ing

stampf l i - ,s  resul t  and in  connect ion wi th  Di r ich let  a lgebras '  :

qe .  deve lop  i n  $6a  na tu r .a l  (ana ,  we  be l i eve ,  i n te res t i ng  i n  i t s .

own r ight )  par t i t ion of  the set  o f  ho les of  a  connected compact

set  ln  the p1ane.  Before concluding the proof  o f  the appl icat ions

in j  I  we need a few addi t ional  resul ts  on H-  (G)  which we present

i n  5 1 .

2 .  wa-S .O.T .  sequen t ia l  d ' i scon t i nu i t y  o f '  r ep resen ta t i ons

and intertwininqs

Throughout  th is  sect ion G is  an arb i t rary  bounded open set  
/

'  

. - t - t

o f  c ,  A  i s  an  ope ra to r  i n  t  ( f l )  hav ing  G-  as  an  M-spec t ra l  se t ,

A is  a  subalgebra of  U ' (C)  conta in ing R (G )  I  and 0 is  a  boun'dec l

l i nea r  map  f rom A  in to  t  (H )  such  tha t  o  ( r f )=o  ( r )  o  ( f  )=0  ( . f  ) o  ( r )

and  o  ( r )= r (A )  f o r  any  r  ra t i ona l  w i th  po les  o f f  'G -  and  fo r  any

f in A. Furthermore we assume that for any u in G and any f in A

the funct ion f , ,  def ined bY
u

fu  (^ l=* t ' I I I  r lu  ,  fu  (u)=f  ' (u)

a lso  be longs  to  A .  { i t houoh  A  w i l l  be  e i t he r  R (G- )  o r  H ' (G)  wh ich

c lear ly  sat is fy  the above.condi t ions we need th is  genera l  set t ing--

to  avoid us ing near ly  ident ica l  arsuments in  two d ' i f  f  erent  p l -aces;

note also that 0 is not requj-red to be an homomorphismt i-n fact

i t  w i l l  be  a  consequence  o f  t he  resu l t s  o f  t h i s  sec t i on  tha t '



under the addi t ional  hyootheses of  Theorem 4.1,  0 can be assumed

to be mult iPl icat iveJ

F i n a l } y , n a t u r a l l y a s s o c i a t e d w i t h 0 i s a n o t h e r r e p r e s e n t a t i o n

\--runction 
on X we def ine f* on x* by t- (i l  ='f ( i l- 

' t then o x is def ined

- \  
*  - (E .sv  z  a t  r - r r r  a , *  ( f l =o  ( f ! )  l i ng  i s  t he  key  resu l t

o n ' A o  = [ f : f ' e A ]  b y  o * ( f ) = 6  1 f ! ) * .  T h e  f o l l o v

o f  t h i s  sec t i on '

T  H  E  O  R  E  M 2 'L '  Suppose  tha t  A  has  noe igenva lues

that  0*  is  not  wx-soT sequent ia l ly  cont j -nuous.  Then there
and

i s

(*?

a n o n z e r o o p e r a t o r T f r o m n ( a c ) i n t o H s u c h t h a t T M ' . = A T

denotes the operator  o f  mul t ip l icat ion by V)  '

B e f o r e p r o v i n g t h i s t h e o r e m w e e s t a b l i s h t w o l e m m a s .

E  M l1  A  2 .2 .  I f  o *  no t  wx -SOT seguen t ia l l y  con t i nuous

exis ts  a sequence of  funct ions f *  in  A converg ing

boundedly to 0 and' a sequence of unit vectors *r, in H

o ( fn)xn converges weakly  to  a 'nonzero vector  y '

L

then there

pointwise

such that
\-

. - - P r o o f . I f o * i s n o L w x - S o T s e q u e n t i a l l y c o n t i n u o u s t h e n

there ex is ts  a sequence f*  in  A converg ing pointwise boundedly

to 0 and a vector  x  in  H such that  (a  ( fn)  )  xx does not  tend to  0 '

(we use here the obvious fact  that  the map f .  - r  f *  is  an ( iso-

metr ic)  weak *  homeomorphism of  A onto A*;  a lso recal l  that  fo t

sequences in rf 'o (e ) weak * cor' lv€fgence to 0 is equivalent to

pointwise bounded convergence to 0. )

By dropping to a subsequence we may assume that

t i m  l l ( o ( f n ) ) * x l  l = a ) 0 .  L e t  * r , = ( o ( f n i l - " r r 7  l [  t o t f n ) ) * x " l l  ;  t h e

seguence 0( f r . )x '  is  bounded and'  again by dropping to  a subsequence'

w e m a y a s s u m e t h a t i L i s w e a k l y c c i n v e r g e n t t o s o m e v e c t o r y . T h e

^ A r 1 - 1 i ' l - i o q



( y r x ) = I i m  ( o  ( f n ) x r r r x ) = 1 i m  ( x r r r 0  ( f r r )  * x ) = l i m  I  l o  ( f n )  * x l  I

show tha t  ( y rx )10 ;  consequen t l y  y  i s  nonze ro  as '  des i r t ' d ' I

T h e o p e r a t o r T o f T h e o r e m 2 . I . w i l l r e p r e s e n t a s o r t o f

R(DG) - func t i ona l  ca l cu lus  fo r  A  bu t  l oca l i zed  on  y '  The  fo l l ow ing

approxi.mation lemma wil l  enable us to "remove" the undesirable

po les  o f  ra t i ona l  f unc t i ons  i n  p (EG)  ( tha t  i s  t he  po les  tha t

are in  G)

;

.4'

$
$t
7.
f
t

L  E  M  M  A  2 r 3 .

pointwise boundedlY to

poles of  DG. '  Then there

that z

a sequence in  A converg iPg

o be a rat ional  funct ion wi th

sequence of PolY;nomials P' such

Let  f  be
n

0 and let

ex i s t s  a

r )

2 )

n

I  l P n l  l -  t e n d s ' t o

I  ( f r r -Prr )  be longs

tends  to  - .

n  tends to  - ,  and '

and converges pointwise bounded'1y

of h) . Let 'Prr '  be the sequence

0 a s

t o A

t o 0 a s

P r o o f . L e t t r l r . " r t r k d e n o t e t h e p o l e s ' o f r p w h i c h a r e i n

G and  l e t  d  I ,  
.  .  .  ,  c l o  be  the i r  mu l t i p l i c i t y .  (o f  cou rse  i f  r p  has  -

no  po les  i n  G  we  se t  P r r=g ) .  By  ( l t z )  ,  chap 'V ,  5  2 )  we  can  f i nd

t p \

a sys tem o f  po tynomia ls  
" j  , ,  

such  tha t  
" : ' l i  

( l * )  =o  
j , ,Z6 i ,m

for I<i ,  m<k and 0<L, j<oi  (here 6 is the Kroneckei  symbol and

h 
(Z)  

denotes the l ' - th  der ivat ive

of  po lYnomials  def ined bY

k  o i - I  , .
p  = I '  i  f ( j )  ( ^ r ) " j , ,- n i l r  !s-"

For each f ixed Pai r  3  t

11 -? o (Cauchy integral

t heo rem) ;  t h i s  P roves

/ +  \
i  t h e  s e q u e n c e  f ] r ' ( r * )  t e n d s  t o  0  a s

n

formula and Lebesgu€ dominated convergence

t h a t  t P - ]  s a t i s f i e s  I ) .  F r o m  t h e  d e f i n i t i o n- n
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o f  t h e  L .  . ' =  i t  i s  c l e a r  t h a t  e a c h  ) . ,  i s  a  z e r o  o f  o r d e r  > 4 "- " -  - ) , i  r  l -

for  f  -P .  Thus we can wr i te
n n

( fn-Pn)  t r  )  =rJT 
o,^- r r )  

io , .  ( r  )  .

By a repeated appl icat ion of  the proper ty  that  f ,  is  in  A when-

- 
..  

ever f is in A and u in G we see that gr. belon.gs to A. From the

b o u n d  I  l f u l  l - . 2  1  1 f  l  l -  ( d i s t ( p , E G )  ) - I  * .  o b t a i n  t h a t  t s r r )  i s  a

'  
bounded  sequence .  I f  

?  
i ,  none  o f  t he  ^ i ' "  t hen  S r r (7 )  c lea r l y

converges to  0.  The convergence to 0 at  the ^ j - '=  ngw fo l lows f rom

ihe cauchy in tegra l  formula for  g-  ( r *  ) .  We have
l _ '

m  
- d j

, p  ( I )=  l l  ( l - 1 . , )  ' q ,  ( f  )  where  t f ,  i s  a  ra t i ona l  f unc t i on  w i th  po les
r< i<k 

r -

of f  G ;  therefore q ( f  -Prr )  (=09rr )  converges pointwise boundedly

t o  0 .  . u

Proo f  o f  Theorem 2 .1 .  S ince  O*  j - s  no t  w* -SOT sequen t ia l l y

.cont inuousT by Lemma 2.2 there ex is t  a  sequence f  in  A converg ing

weak x to  0 and a sequence of  un i t  vectors * r ,  such that  0  ( f r r )x '

converges weakly  to  a nonzero vector  y .  Let  now q=R/S (nrS pofy-

nomia ls)  be a rat ional  funct ion wi th  poles of f  0G and 1et  P '  be a

sequence  o f  po l ynomia l s  g i ven  by  Lemma.2 .3  (w i th  respec t  t o  q

and f . r ) .  The sequence o (q ( fn-Pn)  )x '  is  bounded.  Let  u  be the

weak l imi t  o f  any of  i ts  weak convergent  subsequences.  We have

S (A)  u=weak- l im (o (S)  o ( rp  ( r 'O-n '* ,  * r ,O)

=weak- I im (o (Srp , t r rO-nr . ,O,  * r ,O,

=weak -1 im (o  (R ( f - -  -P_  ) x_  )tk tk tk

= R ( A ) w e a k - l i m  o  ( f -  - P -  ) x -  = R ( A ) Y' n k  n k  ^ k



B

I t  fo l lows f  rom the equal i ty  S (A)  u=R (A)y that  a l l  weak converc lent

subsequences have the same l imi t  (o therwise by d i f ference we would"

haVe a nonzero vector  w such that  S ' (A)r , i=Q:  A would have an

eigenvalue) .  This  resul t  together  wi th  the metr izabi l i ty  o f  the

weak topology on bounded subsets of H imply that in fact

O (q ( fn-Pn)  )  xn is  weak convergent ;  i t .  a lso impl ies that  the l imi t

depends  on l y  on  q .  Le t  t hen  T (q )  deno te  the  l im i t .  The  l i nea r i t y

o f  T  i s  immed ia te .  To  ex tend  T  to  a l l  o f  R (aG)  we  need  a

b o u n d  o n  T ( q ) .  W e  c l a i m  f i r s t  t h a t

I  l , r  ( f r r - e n )  I  l - < l  l v l  l a " l  l f n - P n l  l -

(where  I  l r l  I  l r "=  sup lq  ( I ' )  l )  "  rndeed Ie t  e  be  any  pos i t i ve  number ;
r  r € a c

there is an open neighborhood 0 of  aG such that the rat ional

func t ion  q  i s  de f ined on  0  and such tha t  fo r  ) '  i -n  r l  lq  ( r )  |  s l  lo l l r "+er :

the naxjmt-rn nodulus principle implies- that

I  l v  ( f r r - e , . )  |  l - = .  = : R ^  l q ( l )  |  |  t r , r - e , r )  t r )  |  i
),efi IIG

therefore we have

|  |  q  ( f n - P n )  |  l - < ( l  I  q  I  I  n c * t )  I  l f n - P n l  l -

and  the  des i red  resu l t  s i nce  e  i s  a rb i t ra ry . ' a "  a  consequence

we . have

l l T ( . r p )  |  l < l  l o l  l l l q l l r * l i m  s u P  l  l f n - . P n l  l - = C l l e l  I n *

w i t h  C = l l 0 l l l i m  s u p  l l f n l l .  T h u s  T  c a n  b e  e x t e n d e d  a s  a  b o u n d e d

l i nea r  map  f rom R(aG)  i n to  H .  To  p rove  tha t  T  sa t i s f i es  TM '=AT

Iet  again q=R/S wi th  R,  S polynomia ls .  By prev ious consj -derat ions



we

i s

to

h a V e  s  ( A ) r  
$ n / s ) = A R ( A ) y = A S  

( A ) T ( R / S ) = S  ( A ) A T  ( R / s )  .  S i n c e  S  ( A )
. a

one- to -one  th i s  91 i ves  TML(R/S)=AT(R /S) .  The  equa l i t y  ex tends

any E in  R(ac)  by cont i r , , l ray.  o

3. fntertwinings with I4',  and hyperin .

The\b4sic  resul t  o f  th is  sect ion is  the fo l lowing theorern.

T  H  E  O  R  E  M 3 .1 .  Le t  X  be  a  compac t  subse t  o f  t he

comp lex  p lane  such  tha t  R (X)=C(X)  and  l e t  A  be  an  ope ra to r  i n  L (H)

fog which there ex is t  nonzero operators T and V f rom,respect ive ly ,

R (x)  and R (xx )  in to H such that

(1)  TMt=AT and

(2)  VM]=axY
. t

where M.  and u l  denote the operator  o f  mul t ip l icat ion by ? on
t r - 0

R(X)  and  on  R(X* ) ,  respec t i ve l y .  Then  A  has  a  non t r i v i a l  hype r -

invar iant  subspace.

Before proving this theorem we observe that combined

w i th  Theorem 2 .1^  (app l i ed  to  0  and  o * )  i t  l eads  immed ia te l y  t o

the fo l lowing resul t  whj -ch as ment ionned in  the in t roduct ion can

be  seen  as  a  genera l J -za t i on  o f  Theorem r I  5 .4  o f  t 14 j

C  O  R  O  L  L  A  R  Y  3 . 2 .  L e t  A  b e  a n  o p e r a t o r  i n  t ( f l )  a n d

let  G be a bounded open set  in  C such. that  G is  an M-spectra l

s e t  f o r  A  a n d  s u c h  p . h a t  R ( a G ) = C ( 8 G ) .  L e t  A  b e  a  s u b a l g e b r a  o f  
'

H (Gj  conta in ing R(G-)  and such that  for  any f  in  A and u in  G
'.i

f .  is  in  A.  F ina l ly  leL 0 be a bounded l inear  map f rom A in to
1 l

L ( H )  s u c h  t h a t  o , ( r f ) = r ( A ) o  ( f ) = o  ( f ) r ( A )  f o r  a n y  f  i n  A  a n d  a h y

ra. t ional  funct ion r  wi th  poles of f  G- .  Then,  i f  ne i ther  0 nor



1 0 : -

O*  Er€  W* -SOT sequen t ia l l y  con t i nuous '  A  has  a  non t r i v i a l

hyper invar iant  subspace.

T h e p r o o f o f T h e o r e m 3 . I w i l l b e b r o k e n i n t o a f e w

lemmas.  F i rs t  there is  no loss of  genera l i ty  in  assuming that

ne j - t he r  A  o r  Ax "have  e igenva lues .  We deno te  byS the  se t  o f

ope ra to rs  T  sa t i . s lV inS  (1 )  and  by  S*  the  se t  o f  ope ra to rs  V  sa '

t i s f y ing  Q) .  we  summar i ze  some e lemen ta ry  p rope r t i es  o f  s  i n

the fo l lowing lemma whose proof  we omi t .  I t  is  a lso c lear  that

any statement about S has a dual version about S* '  Though we do

not  s tate these d.ua1 vers ions expl ic i t ly  we wi l l  use them f reely

L  E  M M A  3 . 3 .  T h e  s e t  S  i s  a  s u b m a n i f o l d  o f  l ( R ( X ) , H ) .

^ 1

Moreover  for  any q in  R(x) ,  d t rY B in  the commutant  o f  A,  and

any .T in S the operators TM, and BT belong to S '

-

L  E .  M  I {  A  3 .4 .  Le t  T  be long  to  S  '  Then

a )  K e r  T  i s  a  c l o s e d  i d e a l  o f  R ( X ) ,

b)  There ex ls ts  a c losed s (T)  in  X such that

K e r  T = t f  € C ( X )  :  f  l s ( T ) = 0 ]

)  Let  r  denote the rest r ic t ion map f rom c (x)  in to

r - !

c ( s ( T ) )  ( r ( f ) = f  l s ( r ) ) ;  t h e n  t h e r e  i s  a n  o p e r a t o r  T : c ( s ( T ) )  " - + H

such that r=frr and frM"=afr where Ma is now rnultiplication by ? on
T  0  

* a

c ( s ( r ) ) ,

d)  Let  T l0 in  s  and le t  t ro  belong to  s  (T)  ;  then for  each

e ) 0  t h e r e  i s  a  n o n z e r o  T 1  i n  S .  s u c h  t h a t  s ( i . ,  ) C t + a X :  l 1 - ^ o ' l ( e  ] '

proof  .  a)  From AT=TM? r .  get  q(A)T=TM1 for  any polynomia l

q .  A p p l i e d  t o  ( p / q ) q  ( w i t h  q €  c ( X ) ,  P , {  P o l Y n o m i a l s ' -  q  d o e s  n o t

vanish on X)  th is  equal i tY g i -ves

=TI{^ (  (p/q}q )  =T (prp )  =TM,^,Q=p (A) Tq
q L J
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\

Thus i f  rp  belongs to  Ker  T then so does (p/q)  rp  ( recal l  that

q (A )  i -=  one - to -one  because  A  has  no  e igenva lues ) .  Now any  f  i n
\

C (X)  is  a \n l form l imi t  o f  ra t ional  funct ions Prr /Qr .  wi th  poles

o f f  X  a n d  w e  h a i r e - - ( f o r  q  i n  K e r  T )  T ( f q ) = l i m  r (  ( p n / q r r ) , r ) = 0 .

Since Ker  T is  a lways a b losed subspace . th is  concludes the proof

o f  a ) .

b)  The ex is tence of  s  (T)  fo l lows immediate ly  f rom the

wel l -known character i -zat i -on of  the c losed ideals  of  C (X)  .

c)  Any in ter twin ing T in  S induces an in ter twin ing f l :

N ,

C (X) /Ker T -- '> f l  between the operator MU induced Uy Mt on

C (X)  /Xer  T and the operator  A.  To complete the proof  observe

that  (v ia  the factor izat ion of  r )  C (X)  /Xer  T can be ( isometr i -

ca l l y )  i aen t i t i ed  w i th  C  ( s  (T )  )  and  tha t  i n  t h i s  i den t i f i ca t i on

f r ,  b . "o*es Mz.  oD c (s  (T)  )  .
U ?

)  For  any T in  S and any q in  C(X)  we have s (T l r { * )csupo q

( b e c a u s e  f o r  a n y  4 ,  v a n i s h i n g  o n  s u p p  q  w e  h a v e  T M o  ( S ) = T ( 0 ) = 0 ) .

Take now rp to  be I  in  a neighborhood of  lo  but  0  for  lA-ro l> ,  .

Le t  T ,=TM^ ;  t hen  by  the  above  remark  s ' (T . , )  sa t i s f i es  the  des i red
r o - r

i n c l u s i o n ;  i f  T r = 0  t h e n  T = T I 1 ( t - o )  a n d  s ( T )  s u p p c ( f - q ) ;  t h e r e f o r e

. T , # 0  f o r  I -  i n  s ( T ) .  E
t '  o

L  E  M  M  A  3 . 5 .  L e t  T  b e l o n g  t o  S  a n d  V  t o  S * .  T h e n :

e )  s  (T )  canno t  be  a  s ing le ton ,  and

b)  i f  s  ( r )ns  ( v )  *=o  then .  Ran  (  t ) JRan  (  v ) .

P roo f  .  a )  I f  s  (T )  i s  a  s ing le ton  [ I o ]  t hen  C  (s  (T )  )

one-d imensional  and i t  fo l lows f rom c)  o f  Lemma 3.4 that

an e igenvalue for  A.  This  contradic ts  the assumpt ion that

empty point spectrum

l -s

t r i s
. . o
A  h a s



L 2

b)  By  c )  o f  Lemma 3 .4  and i t s  dua l ' vers ion  fo r  S*

may see T and v as operators def ined on c (s (T) ) and c (s (v) ) 
. .-,- '" ',/

respect ive ly .  I {e  want  to  "dual ize"  the in ter twin ing A*V=-V"4i
a ' .

to  avoid the d i f f icu l ty .  created by the mixture of  ' -B i inach space

and  H i l be r t  space  dua l i t i es  we  p roceed  d i rec t l y  as  fo l l ows '  t : t

x  in  f i  *g  def ine a cont inuous l inea: :  funct ional  v i  (x)  on c  (s  (v)  * )

by

. - t .  , - - l r r \ t ( \

( 3 )  < V ' ( x ) ,  f ) = ( x , V ( f * ) ,  f  e  c ( s ( v ) * )

check thrat V' is a bounded l inear map from H

in to ,M (s  (V )  *  )  ( t he  Banach  space  o f  con rp lex  Bo re l  measures  on

-  a r ,  :  -

s(V)* )  and tha t  v 'A=NI iV1 where  mi  i s  mu l t ip l i ca t ion  by  7  on

M (s  (V)  *  )  ( i :  e .  M{  (u  )  =u  w i th  du=7du )  '  F ina l l y  the  de f  in i t ion  o f

" l
v r  makes, i t  c lear  that  Ker  v '=(Ran Vi - .  Thus we have to  prove

t h a t  V ' T = 0 .

Let  W=V'T '  f rom the in ter twih ings TM7=AT and v 'a=M{V'

we obtain V'TMu=V'at=M'iov'T that is uitt=wMt' Bu! the spectra'

s (V)*  and s (T) r  o f  U i  and 14*  a re  d is jo in t ;  there fore  by  a  we l l -

known result W=0 '. O

P r o o f o f T h e o r e m 3 . l . L e t T a n d V b e n o n z e r o o p e r a t o r s

in  S  and  S*  respec t i ve l y .  s i nce  ne i the r  o  (T )  no r  o  ( v )

tons we can f ind t r  in  s  (T)  and p in  s  (V)  s t ich '  that  \ l i

App ly ing  d )  o f  Lemma 3 .4  (and  i t s  dua l  ve rs ion  f c j r  sx )  w i th

e< |  r - [  |  /Z  we obta in nonzero operators Tt  and V,  respect ive ly

' i n  
S  a n d  S *  s u c h  t h a t  s ( T t ) f l s ( V f ) r . Q .  F o r  a n y  o p e r a t o r  B

commut ing  w i th  A ,  BT t  i s  i n  S  and  sa t i s ' f i es  s  (BTr ) f l  s  (V t )  *=0 '

/ h d  r  l  - - -

By  b )  o f  Lemma 3 "5  we  have  Ran(BTr ) Inan  V ,  and  the  c losed  l i nea r

span of  U B Ran T,  is  a  nontr iv ia l  hyper invar iant  subspace

BA=AB
fo r  A .  o

can be si::gle-
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Remark. As mentiOnned in the introduction corol lary

3.2 can be proved us ing local  spect ra l  techniques (see [S l  '  for

bas i c  de f i n i t i ons  and  resu l t s ) .  f n  t ha t  cbn texL  Theorem 2 '1  i s

ref laced by a resul t  say ing that  (under  the same hypotheses)  there

exis ts  a nonzero vector  y  whose local  spect rum wi th  respect  to '

A  ( n o t a t i o n  o ^  ( y )  ) i s  c o n t a i n e d  i n  a G .  I n s t e a d  o f  L e m m a  3 ' 4 '
n

w e - h a v d a P r o p o s i t i o n s t a t i n g t h a t o n c e w e h a v e a n o n z e r o v e c t o r

y such that  oo (v)  c  3G we can f  ind (under  the assumpt ion R 1x1=C (X)  )

ano the r  vec to r  y l l o  w i th  oo (Yr )cx0a  ( t ro re )  ( l o6oo (y )  ,  e  a rb i t ra ry )

and such that  the 10ca1 resolvent  sat is f i -es a cer ta in  growth

condi t ion.  F ina l ly  Lemma 3.5 is  rep laced by.  the fo l lowino two

resu l t s  o f  l oca I  sPec t ra l  t heo rY '

,  f .  i f  o o ( V ) = [ l o ]  a n d  t h e  l o c a l  r e s o l v e n t  o f  y '  o o r r ( ^ )

s a t i s f  i e s  I  I  o o , y  ( ^  )  t  l s u l  r - r o  l - k  ( f o r  s o m e  k )  t h e n  t r o  i s  a n

e igenva lue  o f  A .

2 .  L f  o o ( x ) / ' l  ( o o *  ( V )  ) * = Q  
' ( f o r  

n o n z b r o  v e c t o r s  x  a n d  y )

then A has a nontr iv ia l  hyper invar iant  subspace'

4. 'The main theorem. We are now ready to  prove the cen-

t ra l  resul t  o f  the paper  which is  the fo l lowing '

T H E o R E M 4 . l . L e t A b e a n o p e r a t o r ' i n t ( f f ) a n d

1et  G be a bounded open set  in  'C such ' that :

( i )  G -  i s  an  M-sPec t ra l  se t  f o r  A  I

( i i )  o  (a) / lc  is  dorn inat ing in  G'

( i i i )  R (G- )  i s  po in tw ise  bounded ly  dense  i n  H ' (G) ,  and

1 i v )  R  ( a G )  = C  ( s G )

Then  the re  ex i s t sanon t r i v i a l  RG-  (A ) - i nva r ian t  subspace '
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Proof  .  F i rs t  we c la im t i ra t  we can assume thaL G= (G )  
- '

To  p rove  th i s  asse r t i on r .  l e t  G  sa t i s f y  . ( i )  t o  ( i v ) ;  we  have  to

s h o w  t h a t  c , = ( G - ) o  a l s o  s a t i s f i e s  ( i )  t o  ( i v )  '  S i n c e  G l = G
I

t h e r e  i s  n o  p r o b l e m  f o r  ( i ) .  T h a t  G ,  s a t i s f i e s  ( i i i )  a n d  ( i v )
I

f o l l ow  eas i l , y  f rom the  i nc lus ions  GCGI  and  aGIcaG.  These  i nc lu -

sj-ons together with the maximum riodulus principle also imply

usion map H* (G, ) ---+ n- (C) is an isometry; thust ha t  t he  j - nc l  
r .  

l s  a r r  r : t ( r r t r eL r

o (a) f lC is  dominat . ing in  Gt  and consequent ly  so is  o  (A) f lG,

Let  0  denote the representat ion f rom R (G )  in to 'L  (H )  def ined

b y  O  ( r ) = r ( A )  ( O  i s  a  p r i o r i  d e f i n e d  o n l y  f o r  r  r a t i o n a l  w i t h  ' :

po les  o f f  G-  bu t ,  s i nce  G  i s  l 4 -spec t ra l  f o r  An . i t  ex tends  by

c o n t i n u j - t y  t o  a l l  o f  R ( G - )  ) .  B y  c o r o l l a r y  3 . 3 .  t h e r e  i s  n o

loss of  genera l i ty  in  assuming that  one -  say 0 -  o f  the two

representat ions O and O* is  wx-SOT sequent ia l  cont inuous '  Let

now h be in  . l l ' (C)  ;  there is  a  sequence rn in  R (G )  converg ing

p o i n t w i s e  t o  h  a n d  s u c h  t h a t  l l r r r l l - < l l h l l -  ( T h e o r e m  6 . 9  o f

[ f r ]  ) .  The  c losed  ba l1s  o f  t (H )  a re  compac t  and  me t r i zab le  j - n

the  w.o .T .  (weak opera tor  topo logy) ;  there fore  any  subsequence i i
I

i

o f  t he  sequence  O  ( rn )  has  a  W.O.T .  conve rqen t  subsequence '

Fu r the rmore  s ince  O  i s  w* -S .O .T .  sequen t ia l l y  con t i nuous  and

s j -nce  the  w .o .T .  j - s  weaker  than  the  s .o .T .  
111  

these  . conve rgTen t

subsequences have the same I imi t .  Therefore o ( r r r )  i tse l f  is

W,O.T.  convergent  and the l imi t  depend,s only  on h ' (again because

o f  t h e  w x - w . o . T .  s e q u e n t i a l  c o n t i n u j - t y  o f  o ) .  w e  s e t

O  ( h ) = W . O . T .  l i m  0  ( r r r ) ;  c l e a r l y  l l o  ( h )  |  l < M l  l h l l *  ; ' t h e  l i n e a r i t y

of  0  (now def  ined on t t -  (C)  )  is  immediate i  f  ina l l l r  i f  s  is  in  R (G )

and  h  as 'above  We have  sh=wx l ims r r ,  ;  t hus  O  (sh )=WOT l im  O (s rn )=

= W O T  l i m  0  ( s ) o  ( r n ) = s ( a ) o  ( h )  ;  s i m i l a r l y ' w e  s e t ' Q  ( s h ) = o  ( h ) s  ( A )  .

We now apply  again Coro l lar  y  2.4 (wi th  4=g-  1C) )  to  assume that
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e i the r  0  o r  ox

f rom H- (c)  to

Indeed  le t  9 ,

boundedely to

and

.-say 0-  . is  wx-SOT sequent ia l  cont j -nuous as a map

t  (H) .  We can now prove that '  0  is  an homomorphi -sm.

h in  i t -  (C)  and Ie t  =r ,  in  R (G ) -  converg ing pointwise

gi  then 
" r rh 

converges pointwise bound.edly  to  gh

o (gh)  = la lOT l im 0 (sr rh)  =$iOT l im 0 (sr r )  o  (h)  =0 (g)  O.  (h)

The representat ion @ now sat is f ies a l l  the hypotheses of  Theorem

-  r ^ 13 . I .  o f  [ 9J  ;  conseguen t l y  t he re  ex j - s t s  
' a  

non t r i v j -a l  R . . -  (A ) : i nva -( ;

r i an t  subspace .  i l

5 .  C -se ts  and  D-se ts  i n  52 .  I n  t h i s  sec t i on  we  deve lop

some mater ia l  on Di r ich let  a lgebras ne.cessary for  our  appl icat ions

o f  Theorem 4 .1 .  Mos t  o f  i t  i s  con ta ined  j -n  t f  f ]  where  cha rac te -

r i za t i ons  o f  cond i t i ons  (3 )  and  (4 )  ( i n  Theorem 4 .1 )  and  o f .

D i r i ch l i c i t y  o f  R (K)  a re  g i ven  i n  te rms  o f  ana ly t i c  capac t i y

Since we need to extend some of  these resul ts  to  compact  subsets

of  .  the Riernann sphere we recal l  the basic  def i .n i t ions.  V ie deal

w i th  the  usua l  mode l  o f  t he  R ieman  sphere :  S2=CU[ - ] .  Though

most  of  what  we say appl ies to  any compact  subset  o f  S2 we are

interested only  in  ord inary compact  subsets of  q  or  in  comple-

ments of  bounded open subsets of  C ( in  other  words we never .con-
.)

s ide r  compac t  subse ts  K  o f  S "  such  tha t  -eDK) .  The  usua l  de f i -

i r i t i . o n s  o f  C ( K ) ,  R ( K )  a n A  u - ( f t )  e x t e n d  o b v i o u s l y " t o  t h e  c a s e
n

.o  € K (cons j -der l -ng that  oo is  a  pole of  a  rat ional  funct ion f  i f

0 . i s a p o 1 e o f t ( t h ) a n d t h a t f i s a n a 1 y t i c a t @ i t t r

i s  ana l l z t i c  a t  0 ) .  We  say  tha t  K  i s  a  D i r i ch le t  se t  (o r  b r i e f l y

a  D-se t )  i f  K  i s  a  co rnpac t  se t  such  tha t  R  (K )  i s  a  D i r i ch le t

a l g e b r a  ( i . e .  R e  ( R ( K )  )  i s  d e n s e  i n  C * ( a K )  )  .  W e  s a y  t h a t  t h e
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compact  set  K is  a  C-set

o O

bounded ly  dense  i n  H  (5 ) .

i f  R ( S x 1 = g  1 3 ^ ,  a n d  R ( K )  i s  p o i n t w i s e

A  c i r cu la r  t rans fo rma t ion  o f  52  i s  a

map  ,p t s2  - -+  52  o f  t he  fo rm v (7 )= (a6+b)  / k7+d)  w i th  ad -bc l0 '  I f

q  is  a  c i rcu. lar  t ransformat ion such that  q  (K)  =K,  then the map

f  , - - ?  f o q  m a p s  R ( K t )  ,  R ( a K I )  ,  g ' l a X r )  a n a  C  ( a K f ) .  i s o m e t r i c a l l y

on to ,  respec t i ve l y ,  R (K)  ,  R (3K)  ,  I { -  (K )  and  c (aK)  , .  and  p rese rves

p o i n t w i s e c o n v e r g e n c e . C o n s e q u e n t l y q ( K ) i s a C . s e t ( r e s p . a

D - s e t ) i f a n d o n l y i f K i s a C - s e t ( r e s p . a D - s e t ) . U s i n g a

c i r cu ta r  t rans fo rma t ion  g f  t he  t ype  w  ( f i )= t / \ - -7o  
$o4x l  

we

see that  t -he fo l lowing resul ts  (known to be t rue in  the case

of  compact  subsets of  the p lane)  remain vat id  in  the case when

o
- € K "

p  R  O  p  o  s  I  T  r  o  N  5 . 1 .  t  [ t t ] , T h e o r e m  5 . 1 ) .  L e t  K

be a compact  subset .  Then the fo l1owing are equiva lent :

( i )

( i i  )

connected.

P  R  o  P  o  s ' r  T  r  o  N  5 ' 2 '  t  [ t t ] ,  C o r o l l a r y  9 ' 6 ) '  T h e

intersect ion of  countabl f  many,  decreasing D-sets  is  a  D-set '

we now turn our  at tent ion to  character izat ion of  c-sets

and D-sets  whi 'ch involve analy t ic  capact iy  (denoted by y) .  Again

we 'mere l y  ad jus t  resu l t s  o f  i f f ]  t o  ou r  needs .  (Here  and  e l se -

w h e r e l ( 1 ; o ) i s t h e o p e n d i s k o f r a d i u s 6 c e n t e r e d u ' T

K i s a

K i s a

D - s e t .

C-set and each comPonent
o

of  K  is  s i rnP lY

P R

be a compact

valent

( i )

( i i  )

O P O S I T I
)

subse t  o f  S -

K  i s  a  C j s e t ,

There ex is ts

p  N  5 . 3 .

( - € 0 K ) .

( t l l ] , T h e Q r e m  8 . 9 ) .  L e t  K  \

Then the fo l lowing are equi -

o

6  > O  s u c h  t h a t  y  ( A  ( 4 ; 6  ) r  K )  =  v  ( A  ( X ; 6 ) r K )
o  

-  |  \  ' A '  u

-- ' , . . ' '  - . ' .1
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for  each 
?€ 

aK and

( i i i )  There

f o r  e a c h 6 € ( a K ) \ E

0 < 6 < 6
(J

ex i -s ts  a  o -curv i l inear  nu l l

there  ex is ts  r>1  sa t : i  s fy ing

sgt  E such that

l im  in f
6 - a 0

y  ( A  ( a ; 6  ) \  K )  _  , s
;l^Ta rc-t6TnTKT'

Proo f  .  When  KcC th i s  i s  Theorem 8 .9  o f  t r r ]  ( t he

' l l o c a l i z e d "  v e r s i o n  o f  ( i i )  c l e a r l y  i m p l i e s  ( i i i ) )  .

o
suppose now that  -  be longs to  K.  Let  A be an open d isk

large enough to contain tfre cl.osure of S2'. K. The transformation

q r q ( t ) = L / ( n - a )  ( w h e r e  a  i s  a  f i x e d  p o i r i t  i n  S 2 - K )  m a p s  K n A  i n t o
' ) -

K I r A ,  w h e r e  K r = v  ( K )  a n d  A I = Q  ( S { l - ) ;  A t  i s  a n  o p e n  d i s k  w h o s e "
o

c losu re  i s  con ta ined  i n  K r .  obse rv ing  tha t  cond i t i ons  ( i i )  and

( i - i i )  a re  au tomat i ca l l y  sa t i s f i ed  on  0A ,  we  see  tha t 'K ,  i s  a

C-se t  i f  and  on l y  i f  K f  A I  i s  a  C-se t . .  Consequen t l y  K  i s  a  C-se t

i f  and only  i f  KrA is  a C-set ' .  The desi red equiva lences for  K

now fo l low f rom thei r  counterpar ts  for  KnA (observe again that

Lhe la t ter  is  a  compact  subset  o f  C for  whiqh ( i i )  and '  ( i i i )

a re  au tomat i ca l l y  sa t i s f i ed  on  aA) .  g

An immediate consequence of  th is  resul t  is  that  the

character izat j -on of  D-sets  (Theorem 9 '3 of  [ f  r ]  )  can be extended

to  compac t  se ts  K ' such  tha t  *e  f t '

The fol lowing lemma wil l  lead us to a somewhat more

convenient  vers ion of  th is  character izat ion when K is  connected '

be a comPact ,  connected subset

equ iva len t :

i s  s imp ly  cohnec ted .

L E

o f  s 2 .  T h e n

1 i )
.  ( i r )

M M A  5 . 4 .  L C t K

the fo l lowing are

aK  i s  connec ted .

each comPonent of K

,|,v'wt ,( LYUI



proof . suppose that a component G of i t" not sircply

c o n n e c t e d a n d l e t L r a n d L r b e t w o n o n e m p t y c o m p a c t d i s j o l n t
2 : '  ,  n2 nm {-hc i  nc lus ion s2 '  Kcs2-  G

subsets of  52 such that  S2r  G=L'UL,  '  From the inc lus

w e  o b t a i n  a K = ( a K 0 L 1 ) U ( a K n L 2 ) '  S i n c e  0 K  c o n L a i n s  e a c h  s l i  ( b e c a u s e

0L* c  aG c a.K)  we have a nontr iv ia l  spt i t t ing of  DK in to two d is-
a  

F  q a r q  T h i s  1  ) l i c a t i o n  ( L )  +  ( i i ) '
jo in t  compact  sets '  Th is  proves the im!

. T o p r o v e t h e c o n v e r s e w e u s e t h e f o l l o w i n g o b s e r v a t i o n

w h o s e p r o o f w e o m i t . T h e b o u n d a r y o f a s i m p l y , , c o n n e c t e d d o m a i n

' i s c o n n e c t e d . S u p p o s e n o w t h a t e a c h c o m p o n e n t o f K i s s i m p l y

connected and le t  aK=L'UL,  be a sp i i t t i t ,g  of  aK in to two d is jo in t

c o m p a c t s e t s . B y t h e a b o v e o b s e r v a t i o n f o r e a c h c o m p o n e n t G o f

i , ac  i s  a  connec ted  se t ;  hence  we .have  e i t he r  acc l J l  o r  3GCL2

Let  v .  denote the union of  the components G of  K such that

a c c I , ,  ( i = r r 2 )  a n d  l e t  K i l l , i u v i ' s i n c e  x r n r r = 0  a n d  K = K 1 U K ,  t h e

p r o o f w i l l b e c o m p l e t e d o n c e w e s h o w t h a t e a c h K , i s c l o s e d .

Let  then t r r ,  be a sequence in ,  sdY'  K l  that  converges to  I  '

We can assume that  f fv f  (o therwise we are done)- '  We def ine a

sequence un in  i ,  as fo l lows:  i ln=t rn whenever  ^r r t l l  t  i f  ^ r r4" ,

then l r r .be longs to  a component  e of  f t  sat is fy ing aGcl t t  in  that

case we choose u '  to  be the point  o f  EG nearesL to  ) '  on the

segement  wi th  endpoints  t rn  and '  ) ' '  In  a l l  cases urr€Ll  and

l  r - r -  l <  l  r ' r ^  l  ;  t he re fo re  l= I i -m  un  and  ) '  be longs  to  L r  '  hence
,  n '  '

t o  K t  as  des i red .  E l  ,

we now state a convenient  character izat ion of  connected

D - s e t s  

T H E o R E M  5 . 5 .  L e t K b e  a c o n n e c t e d c o m p a c t  s u b s e t

o f  S2  1 - i ax ) .  Then  the  fo l l ow ing  a re  equ j - va len t :

( i ) K i s a D - s e t '

( i i ) D K i s , c o n n e c t e d a n d t h e r e e x i s t s 6 o } 0 s u c l r t h a t , f o r

i n  D K  a n d  0 ( 6 ( 6 o  r  v  ( l  ( 7 ; 6 ) r K ) > - 6 / 4 '

i
t

I
I
I

I. l
I
t

,
Ir
t
Ir t
i l
1
, l
I
i

;
, I
i {

r$:,

1 8

'
' i

I

I

t
I

. t
+
4

I' ,
I
t

i
; ;
, !
: F
i !
i i

I
l

I

:
i
i

I
i

, i

a

I:

:
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Proof .  That  ( i )  impt ies ( i i )  fo l lows f rom the prev ious

lemma together with the equivalence of (f) and (i i i )  in Theorern

e . 3  o r  [ r r l  .

Now suppose that  condi t ion ( i i1

v

y ( A ( q ; 6 ) 0 a K ) < y ( A ( 4 , ; 6 ) ) = 6  w e  g e t  a t  e a c h. U U

v  (n  ( t r ; 6 ) .K )  / y  ( t  ( [ ; o )na f t l  >L /4 ;  t he re fo re

t i on  5 .3 ;  by  Lemma 5 .4  each  componen t

t h u s  K  i s  a  D - s e t  ( P r o p o s i t i o n  5 . 1 )  .  O

i
, l

l

1

i

ho lds i  s i nce

4 o f a K. U

K i s  a  C-se t  by  P ropos i -
o

of  K is  s imply  c .onnected;

6

Ksect ion K denotes a f ixed compact  subset  in  the complex p1ane.

( r t  wi l l  be convenient  to l  consider  K as embedded in  s2;  the

unbounded component  of  the complement  of  K wi l l  be ident i f ied

as  the  ho le  tha t  con ta ins  co ) .  Le t  G  deno te  the  se t  o f  ho les  i n

K .  Fo r  each  ho le  H  the  se t  K - .=S2-H  i s  a  D-se t .  (Th i s  i s  a
tl

wel l -known resul t  i - f  -€H;  a su i tab le c i rcu lar  t ransformat ion

t ransfers the resul t  to  any hole-recal l  that  here s ince K j -s

connected each hole is  s imply  connected) .  Now i f  H '  1s another

h o l e  " t o u c h i n g "  H  ( i . e .  a g n a H ' l Q )  T h e o r e m  5 . 5  ( o r  C o r o l l a r y  9 . 7

.o f  [ f  f - l  )  shows  tha t  52 . .  (UUH ' )  i s  s t i t l  a  D -se t .  Th i s  p rocess

can be repeated and mot ivates the fo l lowing def in i t ion.A set

e  o f  ho les  ( i . e .  a  subse t  o f  G)  i s  ca l l ed  a  D i r i ch l -e t  cha in
t

(or  shor th ly  a D-chain)  for  K i f  the (compact)  set  KF=S'x L/  . I
H € C

i s  a  D-set .  We denote 5y f  t f re  set  o f  D-chains for  K ordered

by inc lus ion.  F ina l ly  we def ine the boundary of  a  D-chra in

(notat ion af )  to  be the boundary of  the corresponding D-set  Kf .

S ince K .  
j -s  connected ( i t  j -s  the u i r ion -of '  a  connected compact

se t  w i th  some o f  i t s  ho les )  and  D i r i ch le t  i t s  boundary  i s

connec ted .  No te  tha t  0 f  (=sKe)= (U  aH)  .  We  beg in  w i th  an  

'

'  n e t
el6mentary but  usefu l  resul t

Di r ich let  chains for  connected compact  sets .  fn  th is
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L E M M A

boundar ies  over laP

6 . 1 .

i s a

The union of  two Di r ich let  chains whose

D i r i ch le t  cha in .

a connecLed comPact  set  in

Then

a unique maximal  D-chaj -n

an
determine*(at  most  countable)

maxir-nal D-chains are pairwise,-

argu vn e tr I

Proo f  .  Le t  YL  andY2  be  two  D-cha ins  and ' l e t Y =VrttY, i

i t  fo l lows easi ly  f rom the above observat ion that  a t=a ' t rUaYr;

therefore af  is  connected.  The anal lz t ic  capaci ty  condi t ion

( ( i i 1  o f  Theorem 5 .5 )  i s  sa t i s f i ed  a t  an l z  po in t ,  o f  i : he  boundary

w i th  respec t  t o  K9  o r  Kp  ;  i t  i s  t he re fo re  a l so  sa t i s f i ec l
L r  

" 2
w i th  respec t  t o  K tp  t , ?=K tsA  K8  because  y  i s  a  mono tone  i nc rea -

'-L" "2 "r 
'2

s ing  se t  f unc t i on .  Th i s  conc ludes  the  p roo f '  B

'  We can now prove the main resul t  on Di r ich let  chains '

T  H  E  O  R  E  M  6 . 2 .  L C t  K  b E

C and  l e t  G  deno te  i t s  se t  o f  ho les .

( i )  anY  ho le  i n  K  be longs  to

(consequent ly  these maximal  D-chains

pa r t i t i on  o f  G)  '

( i i )  t he  boundar ies  o f  t hese

d i s j o i n t ,  a n d

( i i i )  i r  ? is a maximal D-chain then Knl ip is dominat ing
- L

o

i n  K p
L

Before prov lng Theorem 6.2 we observe tha!  the ex is tence

o f  max ima l  D -cha ins  was  a l ready  imp l i c i t l y  es tab l i shed  j -n  [g ] '

o f fer ing a convenient  subst i tu te for  the t ransf in i te  induct ion

used j -n  I f l  and [ f  i l  t  we repeat  the proof  for  completeness '

p r o o f .  ( i i )  a s  w e t l  a s  t h e  u n i q u e n e s s  p a r t  o f  ( i )  f o l l o w

f rom Lemma 6 .1  and  f rom ( i ) .  Le t  ! hen ,  t o  f i n iSh  the  p roo f  o f

( i ) ,  H  be  a  ho le  i n  K  and  l e t  L .  be  the  se t  o f  D -cha ins  con ta in ing

H.  L  i s  nonemPtY :  {H }  e  L -

t t  Jered set  o f  D-chains in
.  

Let  now t [ f ]  i€ I  be a to ta l lY orr
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b  -  r - - - -  
'  n

U,  a re  i nc reas ing ;  we  have  now Kp=  
" - -K f  .r _  ;  L n € N  an  l l E ! \  

n

i s i n L a n d L i s

t h e .  p r o o f  o f  ( i ) .

is a maximal

D-cha in  and le t  s=  suB l f  t r )  l .  nor  any  ! I€  G we have e i t 'her  H€V '

,  
^ .Kf lKg

or else H C Kt6 ( ind.eed by ( i i )  i f  H {  8; the maximal D-chain

conta in ing H has a boundary d is jo in t  f rom aKg).  For  any

we have

s u p  l r t l 1 1 =  s u p  l r t r )  l < s
I € H  I € A H

L and let

r =  u  e .
neN 

tn

and

f  =  u  v . .
i6.T L

where the

V
and Kra  is  a  D-se t  by  Propos i t ion  5 .2 i  thus  L

v

dn induct ive set .  Zorn 's  l -emma now concludes

_- - .9 -  w
To prove (j : i i )  let f  belonq to H (Kg) where L

( the equal i ty

the inequal i tY

the inc lus ion

suP o
f  € (Crr) f l  r .g

Since G is countable we can wri te

a s -  d e s i r e d .

" + v

i s  a  consequence of  the maximum modulus pr inc lp le '

fo110ws f rom the def in i t ion of  s  combined wi th
n

DHc K0K,p)  .  There fore
\,

l r t r l  |  { = s u p  ( s u p  l t t l )  l ) ) s =
H + e  l € H

s = s u g  l t t l l l
I  €Kg

o

7. Epl i t t ing s-  (c)  when G=ctsz.  Throughout th is sect ion

open set  o f  32 such thatGt is a bounded oPen set j-n C , G2 is an

S2.  G2cGt ,  and G=Grf lG,  .  A sPecia l ized

decomposit ion theorem was already gj 'ven

ve rs ion  o f  t he  fo l l ow ing

in [ 'g] .
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T H E o n h u T : r ' L e t G r r G r ' a n d G a s a b o v e a n d l e t

A .  deno te  the  suba lgeb ra  o f  t i - (G2)  tha t  cons i s t s  o f  t hose ' func -
z -

t ions in  H-  (G2)  vanish ing at  * .  Then there are pro ject ions.  Pt

def ined on H* (G) such that :

i )  The  ranges  o f  p ,  and  p ,  a re  respec t i ve l y  H -  t c r )  and

AZ r  a r i d  P r *P r= I  ,

. '  2)  Pf  and P,  are norct 'cont inuous '  and

3 ) . P ,  a n d  P ,  a r e  w e a k x - c o n t i n u o u s '

P r o o f . l ) W e o n l y o u t l i n e i t s i n c e i t . i s a s t a n d a r d

a p p l i c a t i o n  o f  C a u c h y  i n t e g r a l  t e c h n i q u e s '  l "  
0 ( e ( ^ r l f " r l L , - r 2 l '

By  p rob lem 5K  o f  tO ]  we  can  choose  ( fo r  i =1 ,2 )  a  sys tem f i  o f

c losed rect i f iab le Jordan curves in  Gi  such that :

( a )  I f  ' V . = [ I : T  ( I i , l ) = u i , r ]  t h e n  V ; c G i  a n d

[ r e C .  : d  ( I , 3 G i ) > e  / 4 ] C v  .  .

(b)  Th:  geometr ica l  rang:e of  f  ,  
is  the boundary of  Vt

( c )  r ( r i r ) = - 6 i r 2  w h e n e v e r  r e c - v l

(Here I  ( r  ,  r  )  d .enotes the winding number of  
, f  

w i th  respect  to  I

and 6.  .  the usual  Kronecker  symbol)  .  For  f  in  H* (C)  we set
-  L t J

( i = r , 2 )  f i ( ? )= , f u  ! r , f  f t ) /Q -6 )dE  (5ev r ) .  r he  f o l l ow ins  f ac t s
L J L L  ' i

.  (a11 easy consequences of  the def in i t ion and of  the Cauchy in le-

g ra l  f o rmu la )  conc lude  the  p roo f  o f  r ) .  (we  l e t  F r ( r )= f i ' )

f i i s a n a l l t t i c i n V , a n d . , c a n b e a n a l y t i c a l l y

ex tend  on  G .  i

f . = f  ,+ f  ,  
'

-  f I  is  bounded on any compact  set  conta ined in  G,

i n p a r t i c u l a r o n a c ' z i t h u s f z i s a l s o b o u n d e d n e a r D G z a n d

I
I. i
i

i
l
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maximum

and the

consequent ly  be longs  to  H* (G2)  s imi la r ly  f r  be longs  to  H- (Gr ) '

'  f  2 ( - ) = 0  
.

f o r  f  i n  H* (G l )  f  t = f  and '  f o r  f  i n  A ,  f  2= f

Z)  The embedding H* (Cr)c t t -  (G)  is  an isometry  (by the

modu lus  p r i nc ip le ) ;  t hus  the  range  o f  P t  i "  no rm-c losed

p r o j e c t i o n  P ,  i s  n o r m - c o n t i n u o u s  ( a n d  s o ' i s  P ) '

T  H  E .  O  R  E  M  7 . 2 .

G^  connec ted .A  subse t  S  o f
z

G^ is  a lso d.onninat ing in  G'
z

- - - - . - - - - - ' - - . ' - - -  - -=-3)  .S ince H-(Gt)  is  the dual  o f  a"separable Banach space

.  i t  is  enough to prove the sequent ia l  wx cont ihu i ty  of  P,  (  [B l  '

Theorem 2 .3 ) .  Le t  t hen  fn  conve r ing  po in tw ise  bounded ly  to  0  i n

H- (c).  Then pr (fn) is norm bounded. ana the pointwis"T?3"8t3f i"8;

fol lows from the definit ion together with the uniform convergence

to 0 of  f '  on comPact  sets  of  G'  0

Next we wish to show that the notion of dominatinE set

behaves wel l  wiLh respect  to  that  decomposi t ion of  H-  (G)  .

Though the resul t  ho lds wi thout  rest r ic t ion on Gz *9 g j -ve

the '  proof  on ly  in  the case that  G,  is  connected,  suf f ic ient  for

our  apPl icat ions.

Let G, , GZ and G as above and suppose

G that  is 'dominat ing in  both G,  and

. .F i rs t  we establ ish the fo l lowing lemma'

L E U I M A ' 7 . 3 . L e t S a n d G a s i n T h e o r e m 7 . 2 . ( t h a * . l s ,

S  i s  d .om j -na t i ng  tn  G ,  and  Gr ) .  Le t  f  i n  H - (G)  such  tha t  f  lS=O '

Then f=0 '  
be the decomposi t ion of  r  q iv""  uy '- p r o o t . L e t f , . = f r + f r b e t h e d e c o m p o s i t i o n o f f

Theorem 7 . r .  We  w i l l  show tha t  f r  
1 ld  

f r  4 re  i den t i ca l l y  O '  Le t

e =  i n f  l i r - r r l ;  b y  t h e  m a x i m u m  m o d u l u s  p r i n c i p l e  t h e  s e t

I i € a G i

s r = f t r e  s : d ( I , a c i ) < e / a ]  i s  s t i l l  d . o m i n a t i n g  i n  G r .  c l e a r l y  w e
I

have  s -us^cs ,  s ; cc .  ,  s l cc ]  and  s ln  S |=Q '  Le t 'M i i= .  ? :p  l f ,  t l l  l '
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Then we have

Mrl=Mr z3l4zz=MztsMtr

( the equal i t ies come f rom the re la t ion f l=- fz  on SIUS2 and the

j -nequal i t ies f rom the fact  that  S i  is  domj .nat ing in  ,G,)  .  Now the

e q u a l i t y M | 2 = I 4 2 , i m p l i e s t h a t f z r e a c h e s i t s m a x i m u m a t S o i i . E

po in t  o f  EG,  wh ich  is  in 'Gr ;  thus  f ,  must  be  cons tan t  and equa l

to  0= f ,  ( * )  ;  now f ,  I  S=-e ,  I  s=o and s ince  S is  dominat ing  in  Gt  '

f  i = 0 .  
O

proo f  o f  Theor  em 7  .2  '  P roceed ing  as  i n  Lemma 7  ' 3  '  v l e

!

may assume that  S=SrUS, wi th

and S-LAS;=Q. SuPPose that S

S *  dominat ing .  in  G,  ,  S ,c  
C,  ,  S2cG I

L

i s  not  dominat ing in  G;  then there

to

ex is rs  a  funcr ion  o f  norm one in  np(c )  such tha t  
; :E  

l f  ( r )  l=o(1 '

Any  subsequence  o f  { fP }o t {  "o " " " tn " "  
un i fo rm ly  to  0  on  S '  S ince

l l f p l i = t  f o r  a 1 l  p  r . . . 1 1  c h o o s e  o n e  ( d e n o t e  i t  f n )  ' w h i c h  i s

weak*  conve rgen t . t o  say  9 '  o f  cou rse  g l s=o '  By  the  p rev j -ous

theo rem f  , r ,  
. t d  , r , n  a re  weakx  co r l v€ rgen t  t o  respec t i ve l y  g ,

and  g r .  I t  f o l l ows  f rom Lemma 7 ' I  t ha t  9 r=9 r=0 '  Now the

weak 4 -conv€rgence of  f r rn  to  0 impl ies i ts  un i form convergence

( to  0 )  bn  the  compac t  se t  S I '  By  d i f f e rence  ( f  
, , r ,= f  

t r , n )  we

ge t  t ha t  f r , ,  conve rges  un i fo rm ly  to  0  on  S t  and ' consequen t l y

f r , ,  conve rges  to  0  i n  no rm ( reca I l  t ha t  S t  i s  domina t i ng  i n  K t )

S i m i l a r l y l I f 2 , ' ' I l - t e n d s t o z e r o . T h u s I l f n | | t e n d s t o z e r o

i n  c o n t r a d i c t i o n  w i t h  t h e  f a c t  t h a t  l l f r r l l = 1  f o r  a l l  n '  0

B .  APP l i ca t i ons '  We

app l i ca t i on ' s  o f  Theorem 4 ' t '

are now readY prove the announced
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T  H  E  O  R  E  M  8 . f .  L e t  A  b e  a n  o p e r a t o r  i n  t ( H )  a n d  l e t

G be a bounded oPen set in C such that:

^ \  r - -  is  a  connected,  M-spectra l  set  for  A '
- - _ _ _ _  O . t  I P  q  v v l l r l v v  e v s

-\
- . - . .  b)  a  (A)nG is  dominat ing in  G,  and

\
.  

- - -  
- . .  c )  C-  has only  a f in i te  number of  maximal .  D-chains;  then

r  ^ . . 1 - - ^ r ^ ^'  there ex is ts  a nontr iv ia l  R^-  (A)- invar iant  subspace.
\,

Before prov ing th is  theorem-we make- two remarks
Fi rsr  t f ie i *Ss i i i f rpElon ' I r r i f  c  is  connected is  necessary

to ta lk  about  D-chains of  G but  is  in  fact  nonrest r ic t ive i

indeed i f  G is  d isconnected then an easy argument  us ing b)

shows that  o  (A)  i tse l f  is  d isconnected (wi th  the consequence that

A has a nontr iv ia l  hyper invar iant  subspace) .  The other  observat ion

is  that  condi t ion c)  is  obv i -ous ly  sat is f ied in  the case when G-

has only  a f in i te  number of  ho les (wi thout  any rest r ic t ion on

the i r  l l oundar ies ) .  Thus  Theorem B .  I  subs tan t i a l l y  genera l i zes

T h e o r e m  4 . 2  o f  [ g ] .

p roo f  o f  Theorem 8 .1 .  Le t  K=G i -as  i n  t he  p roo f  o f

Theorem 4.  I  there is  no loss of  genera l i ty  in  assuming that

f t=C. I t  is  suf f ic ient  to show that

once th is  is  done the conclus ion fo l lows f rom Theorem 4 ' f '  The

boundary of  K is  the union of  the boundar ies of  the maximal

D-cha j -ns .  Thus  fo r  each  x *aK  
and  6  sma l l  enough  ( reca I l  t ha t

the boundar ies of  the maximal  D-chains are 'd is jo in t  and there

a r e  o n t y  a  f i n i t e  n u m b e r  o f  t h e m )  w e . h a v e  Y  ( A ( T ; 6 ) - K ) )  6 / 4 '  S i n c e

t h e  i n e q u a l i t y  v ( l ( 5 , 6 ) n a f i ) ' < o  i =  a l w a y s  s a t i s f i e d  w e  o b t a i n  t h a t

K  i s  a  C - s e t  v i a  ( i i i )  o f  P r o p o s i t i o n  5 ' 3 '  O

W e n o w t u r n . o u r a t t e n t i o n t o t h e c a s e o f a n o p e r a t o r

having i ts  spectrum as an l4-spectra l  set  and g ive the fo l lowing

genera l i za t i on  o f  t he  ma in  resu l t  o f  [ r : l '  
'  

" -  '

K  i s  a  C - s e t :
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T  H  E . o  R  E  M  8 . 2 .  L e t  A  b e  a n  o p e r a t o r  
' i n  

t  ( H )  s u c h

tha t  o ' (A )  i s .a  connec ted  l { - s f i ec t ra l  se t  f o r  A ,  
1 " t  

8 f  
" . ' " t n

be ( f in i te i ly  many)  maximal  D-chains for  o  (A)  ,  and le t

)  are is  a  non t r iv ia l  R, ,  (A)  - invar iant
K = S z r ,  U  H  . T h e n t h e r e i s a n o n l  ^

He €" - lr< i .<n
t-

subspace

' ^ o

proof . r,et K.=g2.. U n and G=ft i we can assume without
' r- uer,

:ari ty that b, contains the unbounded component of

6(A) ;  an induct ion argument  based on Theorem 7 '2

' and  Par t  ( i i i )  o f  Theorem 6 '2  shows  tha t  6 (A )
n

is  dominat ing in  Gt= Orf t r l  .  A s imi lar  argument  to  the one used

in  the  p roo f  o f  Theorem 8 .1 ,  shows  tha t  K  i s  a  C-se t ' .  Ce r ta in l y

r  - 1  - a 1 - -  - 1

,R (c - )  (wh ich  con ta ins  R(K)  )  i s  po in tw ise  bounded ly  dense  i n

g - ( C )  i  R ( a G ) = C ( a G )  f o l l o w s  f r o m  a c c a K  a n d  R ( a X ) = C ( a K ) .  T h u s r i f

o ( A ) c G  w e  h a v e  t h e ' d e s i r e d  c o n c l u s i o n  b y  T h e o r e m . 4 . 1 . ;  o n  t h e

o the r  hand  i f  o  (a )dc  an 'a rgumen t  o f  [ f o ]  (deve loppec l ' t he re  i n . t he
t

case M=1) can easi ly  be adapted to 'show that  A has a nontr iv ia l  i !

hyper invar iant  subsPace.  o
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