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SOME_EXTENSIONS OF NERON'S p-DESINGULARIZATION AND APPROXIMATION

IN LOCAL RINGS

Mihai Cipu and Dorin Pbpéscu

§1 Introduction

&

Let R be a henselian discrete valuation ring and f=(fl...ﬁ,fm)

system of polynomiél equations in Ya(Yl,.L.,YN)-over R. Suppose f
has a "formal™ solution y in the~completion R of R such that the
jacobian matrix 3:=(§i)(§) has an invertible mxm-minor. Then using
the Implicit FunctionYTheorem we can get a solution of f in R. If a
has no invertible mxm-minors, then could (h,Y,f,?) be enlarged in
order to get an invertible mxm-minor in J? By -Néron's blowing up,
the answer is "yes" if the extension‘Q(R)C:Q(a) is separable ( Q(R)
denotes the fraction field of R). As consequence we get that excell-
ent henselian discrete valuation rings haVe'the property of approxis
mation (& noetherian local ring A has the property'of approximafion
if every system of polynomial equations over A has a “formal"™ solh—;
tion in the completion A of A iff it has one in A).This is a wgeak
form of a result of M.J.Greenberg( see [2]). Our work globalizes
Néron's blowing up using [9] and [ii} and as consequence characteri-
zes the two dimensional factorial rings with the property of apprckr
mation. It also shows that all rings With the property of approxima=

tion have their ‘formal fibers geometrically normal.






§2 Some extensions of Néron's p-desingularization

Let R,R' be a pair of discrete valuation rings such that R’ is an
"unramified" extension of k, i.e. a local porameter‘t of R is still
a local parameter in R'.Suppose the field oxtensions Q(R)C QR )
and R/(t)< R'/tR' are separable. Then it is known the following: -

(2.0) Theorem (Néron). R* is a filtered inductive limit of fihi-
te type smooth sub-R-algebras of R'.

The statement of (2.0) is not exactly the form of Néron s p-desin-
gularization [lﬂ but it is equivalent with it.

A possible exten51on of (2.0) was done by G.Pfister ([9]ch.vI).
Using the same 1dea, it was given in [iﬁ} an improvement of Pfister
's result, which'says in fact the following: :

(2.1 Lemma Let A,A', ACA' be noetherian factorial rings such-
that every prime element p from A remains prlme in A' and the exten-
sion k(p):=Q(A/pA)C—>k(pA ) :=Q(A*/pA*) is separable. Suppose A' is
local and Q(A)< Q(A') is a separable extension of infinite transcen
dence degree. Then every finite presentation sub-A-algebra B of A
can be embedded in a finite présentation sub-A-algebra B' of A'suoh
that B' is a smooto A-algebra in gA'(1B" for.all'prime elements qgeA'.

(2.1.1) Remark If A*lis«not locsl then-(Z.i) is still true when
A' contains an infinite set of invertible eleménts, which are alge-
braically independent over A (look at the proof of @3} Lemma 2) MO ==
reover, suppose that A' is not local and contains only a finitelset
of invertible elements which are algebralcally 1ndependent over A.
Then for every finite preaentatlon sub A algebra B of A" there &y-f
exists a natural number d with the following property:

“Let' A"> A' be a noetherian factorial ring such that the exten-
sion Q(A")DQ(A) is separable. Suppose every orimo element p from A
remains prime in A" and the extension Q(A'/pA') c Q(A“/pA") is sepa-

rable. If trdeg Q(A*)> d then B can be embedded in a finite type
o)
sub~A-algebra B" of A" such that B" is a smooth A~ algebra in (q)nB™

"

for all prime elements q of A",
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In faetyior To get D' il 1 negessary 0n1J a "ae ingulariza-
tion" with respect of some primé elements from A'.

(2.2)Corollérx Let u:A——aA' be én injective morphism_of noethe-
fiah factorial rings and X the'set of all prime ideals of height
§4 . from A'.Suppose A' conteins an infinite set of invertible ele-
menfs which are algebraically independent over A and for every_
prime element from A the ring‘(A'/pA')red is a domain.Then the
following conditions are equivalent:

i)For every quja the morphism uq Alfof“—~>Aé'induced by u
is formally smooth

ii)a! de e filbe red inducfive limit of finite presentation
sub—A—algebras‘ Bi of Af such that Bi igs a smooth A-algebra in":
qf)Bi for every qelfi,

iii)Every finite presentafion sub-A-algebra B of A' can be
embedded inla finite presentation sub-A—algebra B' of ‘A" such that
B'q is a smooth A~algebra for all qéZfZ,

Proof Clearly we have iiliii).Trom (2,1) and (2.1.1) we get

also 1)—>iii) and it remains to show ii)—>i).Suppose A'Z 1imB.

—p 1
Bi being fin?te type smooth Aualgebras in qf)Bi for every qg,fi,.
: 2
Then N AV )=0 (B ¥ :
“<Bi)qrﬁBi/ (41)=0 end §2 .) ./A,qEEJA. ere projective

Li—nodule (NB/A denotes the functor H (A,B,-) from [1]).Conse—.

Ja= i 9@ gnﬁ /i B

=

If‘& A; lim 1 ( ) /A(L ) 0 dﬂO‘Q

q i’qN3,

k"' 1 = vL ) ‘Y s

: &'sodule nd Leg Yq ﬁ qf A Aq must be Jormally smcoth
for every q€{&,(cf. [ﬁ]). n :

- quently

’cJ

[N
O]
=
=1
o
ot

(243 Theorem Let u:A—>A' be an 1n'ocilve morphism of noe-
therian fectorial rings and AL,the set of all prime ideals of
4
height €4 . 'from A':Suppose A’ is a local ring and for every prime

element of A the ring (A'/pﬁ')red is a domain.Then the following
statements are equivalent:
i)Por every qe--];U the morphism u‘:Aq[\A*“_?Aé induced by u

is formally smooth
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ii)Theré exist a filtered inductife set (Bi)ie i of Timiste type
A-algebras and some morphisms of A-algebras ui:Bi~—>A' (not nece-
ssarﬂi injective) such that |
a)Bi is a smooth A-algebra in {uzl(q)\QG.a,} for all i€ET
B) (A", (u);)¥1in By
iii)Every finite presentation sub-A-algebra B of A' can be em—
bedded in a finite presentation A-algebra B' 'and'thé iﬁtlusion_
ByA' extends to a morphism of A—alge?ras‘v:B'u—é’A' such that B!
is a smooth A-algebra in {v—l(q)‘qe.gi,} )
Proof ii)—si) and ii)e—piii) go'like in fhe preet of (2.2)
For the implication i)fuaiii) we need the following lemma:
(é.}.l) Lemma Let A[X] be the polynomial ring in some indeter-
minates X:(Xl,...,Xn) over ‘a noetherian local ring (A,m).let &
be an arbitrary proper ideal of A[X] with ht(g)g dimhA.Then there
_exigts X:(Xl,...,J ) in mA"™ such that the morphism e ——A?A

given by hewos (%) meps g in an ideal with height2> ht(a).

Let d be the natural number associated to B by (2.1.1).

Take A'':=A'[X) mt%) 0 being the maximal idesl of A' and X:(X&,...,
- \LL § 4>

Xd).Clearly,the inelugion Ale. A" satisfﬁ%&he_hypothesis af (2,30

4

and so B can be embedded in a finite presentation sub-A-algebra B'

of A'' such that B' is a smooth A-algebra in g 3' for all g € gD

N'O\V el (C [v R ':Z:<§,i
_gebras such that B'=ImT.I{ g= (81540058, )Y is & system of r-polyno-

,...,YS) be a morphism of A-al-~

misls from I:=KerT,then we consider the ideal Ag generated in A[Y]
by all rxr-minors of the jacobian matrix (0g/0Y) associated to g.
Denote n Z:Lk ):I),where the sum is teken over all systems of
r—polynomlals from I,r-being variable and -dt most s.The closed éet

V(HI+I)C‘Spec(A[i]/I)kcorre sponds exactly to-the set of all prime

ideals pe Spec(B') for which Bé is not a smooth A-algebra.Remark
that B' is smooth in qf)B' if1 07§U EI .80 we get ht(ﬁ(HI))E;Z.

o

Let x€m'A'" be given by ({.3 L) Per:the iJLanC(II) Thusg

WET 6 (T(H))) 2 2.Tet 6L be the extension of O_ to A'' and v the
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extension of V'XZ 0B, Clearly B i a smoofh A-algebra in
Lvitarlae 7,08 .
; QuE.Bs"
The folléwing result is an extension of [;3] Proposition 3
(2.4) Corollary Let u:A—>A' be an injective morphism of
noetherian factorial-rings such that every prime element p from A
reméins prime in A' and the extension k(p)c—~>k(pA‘) is separable,
Suppose the extension Q(A)c.» Q(A') is separable and let flid, il
be a system of poiynomials in Y=(Y1;...,Yn) over A and y‘éA;h a
solution of f in A'. Then there exist a system of polynomials h

in Y,Z:(Zi,...,Zf) over A and an element ze;&‘t such that (et

h AI},Z], h(y,z):D'and H(h)(y.zﬁA” has height 2 2.

Proof of (2.3.1) It is enough to consider the case n=1,
Remark that if a‘':=aflA has height <ht(a) then hf(g):ht(g')+l. If
ht{(a')=ht(a) we have nothing to prove (take x=0 for examplé). |
Otherwise let él";"qr be the minimal prime ideals associated 'to
8'cA énd fea a polynomial which is not containéd in in[X]j
=l we P o AB ht(qi)<:dim A, we can choose an element xé& m which is
not in @Diqi. We claim that there exists a natural ﬁﬁmber s such

i=
that f(xs) & ;;3 a for s sufficiently big. But this is true
because f has only a finite number of solutions in every A/qi
and (XS)S€[N induces an infinite set of elements in A/qi.

' ‘ DD

Remark The-proof of (2.3.1) is not far. from [li] Propositidn

4. We érefer our Lemma because it does not ask for A to be a

complete local domain as in [ii].
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§3 Rings with the property of approximation .

A noetherian local ring (A,@) has the property of approxi-
mation (shortly we shall write A is an AP-ring) if evéry system
of polynomial equations with coefficients in A has‘a solution
in its completion K gt-.m 1L the system!has a solution in A {127 .
The AP—'ingsvare henselian and their formal fibres are'geone— |
tricslly domains,so the AP-rings are universally japanese(see[@,@])
- An important consequence of [4] (4.6.7) &nd (5.1) is the
following: ‘

(3.0) Proposition Let A be an AP—ring.Then A is a normal

A

deomsin. 1ff A i teo.

The proof being.short enough we shall sketch it here.Ve
shall express the property "A is not integrally closed in Q(A)"

by the compatibility and incompatibility 0 f some systems of po-

lynomials equations.Thus A is not normal iff there exist

n g
gk o T n=-i. .
al,...,an,cgiefuryzl.such that ¢ +s iic d'=0 and the systems
; Y=
d=0;c=dX are incompatible in A,X being an indeterminate.The proof

systems of nolyno-
v S B B i =
L’..‘,An/’—'&—(“‘l’..”ym) overxr
an AP-ring.Suppose f depends only on X.Then f has a solution
"n g ) ~
$€ A" which makes the systems gj(%,Y)=O incompatible over A
] : : 7o ila
for every Jj=ls..e,s iff £ has a solution me A whiech makes the

systems gj(L,Y)zO ineompatible, over A for every j=lyevesSe

For the proof of (3.0.1) remark that the solutions of f

in A can be well approximated in the ﬁ«adic topology by fhe SO~
latilons of T in- A,

(3.1)”2§9Q£§g The formal fibres of AP-rings are. geome~
trically normal.

~
Proof Let q be a prime ideal of A and K2Q(4i/qNi) a finite

extension,.bet A' be sthe integpal clogure of A in KgA' is & finite
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A4algebf& because A is universally je p%nc e hilge bl tee Joeal

ring becange 4% is e domain and -a Tinite algebre overie heunse-

lisn lecal ring [8].Thug A" i &n

A

AP-ring (a finite local algebra

over an AP-ring is still an AP-ring;see for rGMple{T]cn Il
A
The complebion A' of A' is still an 1nte crally closed domain by

~

(3.0) ‘and then the ring XS4 :Q(ﬁ‘)@kA =l ")éﬁ'(ﬁ'@> )

&%

e

QQ(A‘)@k,X' is an integrally closed domain.
| D Bl
(3.1.1)Remark If the Pormal Tibres of a hénselian ring
are geométrically normal, then they are'geom@triéally integrally
closed domains [E]L

(3.2) Corollary, Two dimensional . AP-ringsare excellent

henselian.

Indeed,the Fformal Fibres of a two dimensionsl ring
have dimensionAél.Consequeitly; "geometrically nérmal formal
Tibres’ ds equivalent in this case with "”cometrlcullv regulery
Tormal fibreg".

(3.3) Theorem, A btwo dimensional factorial leoecal ring i

an A*—r¢4“ iff it is excellent henselian an :(A)@KA is a prin-
= £

¢ipal ddeal domain.

~n i
Preof 4 jga faetorial ring - if A ig g -Tetcteorisl AP-ping
i 3 : i
([2leh.V)and so the ring C(A)®,A is an one dimensional factorial
£ ®

domain.Using (3.2) we get the necc %sity.Conversely, if A is excellent

hensel1an and O(A)ﬂaA is factorlal then every prime e19ment from A

A

remains prime in’ fis by (5] and A is factorial Cring (ef, [7[]

i o

th. 5,p.31).Thus the hypothesis of (2.4) are fulfilled for the

>

inclusion A(+—>AJ

f polynomials in

hO)LeL y_(”l,.,.,gq) be a system o
i1 »

Y:(Y],...,Yn)nover A,and ﬁéfAn a golution of f in A.Ve may sup-

pose by (2.4) that‘ht(H,p>(§)A):;Q.By Blkik's Theorem (see [7]
N g &

or [”]/T 6.1)),there exis g Punetion Ao I 1 ===l

d(r,c)>>c,r agsociated to f and H,D) with the following property :
s (s 5 -






5 : Gifpr o - f
= m * and lI(f) W )Dﬂ s
then there exists a solution ye;An el f in A such what v =7

mod gc Pl
The ideal H(f)(ﬁﬁA being a m—primary ideal, there exists

a natural number r such that m CT“/P>(J>h.CﬂOOue ar. element

Sow : n 4 a “T -~ A _Vd(:‘,])A\

yeA gueh that § = § modn A We have m A(:J(f)(y)1+
, d(r Jfioaiie. S J e dile )T »
+. ACI<f)(:\[)A‘t”I (}L(f)(J)‘L +1 JL)C- oo e

and it results m ACH(f)(iﬁA. Thus we obtaini.g e H(fff)g

if af A v d(r,l)

As £UF) =eflP) =0 mod m sthere exists a solution of £ in 4.

Qe BsD

As a corollary we get the main result of [13] :

A

(3.4) Corollery A two dimensional regiular local ring is

henselian universally japanese iff it has the property of ap-

proximation.
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