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IN :  LOCAL R INGS

M i h a l  C l p u  a n d  D o r i n  P o ' p e s c u

$ 1 Tnt rodUg!,tgn

L e t  R  b e  a  h e n e e L i a n  d i s c r e t e  v a l u a t i o n  r l n g  a n d  f = ( f t , . , . " , f * )  @

s y s t e m  o f  p o l y n o m i a l  e q u a t  j . o n s  l n  v = ( Y l  . . : . : Y N ) .  o v e r  R .  S u p p o s e  t

h a s  a  ' f o r m a l o '  s o l u t i o n  ?  i n  t h e  c o m p l e t i o n  f r  o f  R  c u c h  t h a t  t h e
n C

J a c o b l a n  m a t r l x  J : = ( g ) ( 9 ) ,  h a s  a n  l n v e r t i b l e  m x m - m i n o r .  T h e n  u s i n g
, Y

t h e  f m p l l c i t  F u n c t l o n  T h e o r e m  w e  c a n  g e t  a  e o l u t i o n  o f  f  i n  R .  I f  J

h a s  n o  l n v e r t l b l e  m ' x m - m i n o r s ,  t h e n  c o u l d  ( m , Y , * , V ) r  b e  e n l a r g e d  l n

o r d e r  t o  g e t  a n  i . n v e r t i b l e  { n x m - m i n o r  1 n  J ?  B y . N d r o n ' s  b l o w i n g  u p ,
A

t h e  a n s w e r  l s  " y e s '  i f  t h e  e x t e n s + o n  - A ( R ) c  a ( R )  i s  s e p a r a b l e  (  Q ( R ) ,

d e n o t e s  t h e  f r a c t i o n  f l e l d  o f  R ) ; .  A s  c o n s e q u e n c e  w e  g e t  t h a t  e x c e 1 l -

e n t  h e n s e l i a n  d i s c r e t e  v a l u a t i o n  r i n g s  h a v e  t h e  p r o p e r t ) t  o f  a p p r o x i r *

m a t l o n  ( a  n o e t h e r i a n  l o c a I  r i n g  A  h a s  t h e  p r o p e r t y  o f  a p p r o x i m a t i o n

e m  o f  p o l y n o m i a l  e q u a t i o n s . o v e r  A  h a s  a  * f o r m a l * '  s o l u -i f  e v e r y  g y s t  
 

t l o n  i n .  t h e  c - o r n p l e t i o n  A  o f  A  i . f  f  i t  h a s  o n e  { n  A } . T h i s  i s  a  r y . e a k

f  o r m  o f  a  h e s u l t  o f  .  N . ; . G r e e n b e r g (  s e e  [ Z ]  ) r .  o u r  w o r k  g l o b a i i z e s

N 6 r o n ' s  b l o w i n g  u p  u s i n g  f g j  a n d  [ f g ]  a n d  a s  c o n s e q u e n c e  c h a r a c t e r i -

z e s  t h e  t w o  d l m e n s i o n a l  f a c t o r l a l  r i n g s  w i t h  t h e  p r o p € r t y  o f  a p p r o x l '

m a t l o n .  f t  a l s o  s h o w s  t h a t  a I I  r l n g s  w i t h  t h e  p r o p e r t y  o f  a p p r o x i m a +

t l o n  h a v e  t h e i r  r f o r m a : l  f l b e r s  g e o m e t r i c a l l y  n o r m a l .





5  Z  go lu_S><!g r : rons  o f  'Ne ro l ' s  p

L e t  R , R '  b e  a  p a i r  o f  d t s c r e t e  v a l u a t i o n  r i n g s  s u c h  t h a t  R '  i s  a n

" u n r a m i f  i e d "  e x t e n s l - o n  o f  R ,  f  . e .  a  l o c a l  p a r a m e t e r  t  o f  R  i s  s t i I l

a  l o c a I  p a r a m e t e r  i n  R ' , S u p p o s e  t h e  f l e l d  e x t e n s i o n s  a ( R ) c  Q ( R ' )

a n d  R r l ( t )  c  R ' / t R '  a r e  s e p a r a b l e .  T h e n  1 t  t s  k n o w n  t h e  f o l l o w i n g :

( . 2 . 0 )  T h e o l g n n  ( N 6 r o n )  R ' i s  a  f l l t e r e d  i n d u c t i v e  l i m i t  o f  f i n i -

t e  t y p e  s m o o t h  s u b - R - a l g e b r a s  o f  R ' .

T h e  s t a t e m e n t  o f  ( 2 . O )  i s  n o t  e x a c t l y  t h e  f o r m  o f  N 6 r o n ' s  p - d e s i n -

g u l a r i z a t i o n  [ t {  b u t  i t  l s  e q u i v a l e n t  w i t h  i t ; '

A  p o s s i b l e  e x t e n s i o n  o f  ( 2 . O )  w a s  d o n e  b y  G " P f i s t e r  ( [ g ] c t r . V f ) .

U s l n g  t h e  s a m e  i d e a ,  i t  w a s  g l v e n  l n  [ f S ]  a n  l m p r o v e m e n t  o f  P f i s t e r

' s  r e s u l t ,  w h i c h  s a y s  i n  f a c t  t h e  f o l l o w i n g :

( 2 . 1 ) t  [ . g n ] q g .  L e t  A , A ' ,  A  c A '  b e  n o e t h e r i a n  f a c t o r i a l  r l n g s  e u c h

t h a t  e v e r y  p r i m e  e l e m e n t  p  f r o m  A  r e m a i n s  p r i m e  l n  A '  a n d  t h e  e x t e n -

s l o n  k ( p ) : = O ( A / p A ) c +  k ( p A '  ) : = Q ( A ' / p A ' )  i s  s e p a r a b l e .  $ u p p o s e  A '  l s

l o c a l  a n d  Q ( A ) c -  Q ( A ' )  l s  a  s e p a r a b l e  e x t e n s l o n  o f  i n f i n i t e  t r a n s c s l .

d e n c e  d e g r e e .  T h e n  e v e r y  f i n i t e  p r e s e n t a t i o n  s u b - A - a l g e b r a  B  o f  A '

c a n  b e  e m b e d d e d  l n  
. a  

f  l n i t e  p r t g s e n t a t i o n  s u b - y ' . = a l g e b r a  B '  o f  A ' s u c h

t h a t  B ,  i s  a  s m o o t h  A - a l g e b r a  i n  q A ' f i  B '  f . o r  a l l  p r i m e  e l e m e n t s  q e A '  .

( 2 . I . I )  B g g 3 f k  I f  A '  i s  n o t  l o c a l  t h e n  ( 2 . I )  l s  s t i l l  t r u e  w h e n

A .  c o n t a i n s  a n  i n f i n l t e  s e t  o f  i n v e r t i b l e  e l e m e n t s ,  w h i c h  a r e  a l g e -

b r a l c a l l y  i n d e p e n d e n t  o v e r  A  (  l o o k  a t  t h e  p r o o f  o f  [ f  f J  L e m m a  2 )  " M o r " " *

r e o v e r ,  $ u p p o $ e  t h a t  A '  l s  n p t  l o c a l  a n d  c o n t a i n s . o n l y  a  f i n i t e  s e t

o f  j " n v e r t i b l e  e l e m e n . t s  w h i c h  a r e  a l g e b r a i c a l l y  i - n d e p e n d e n t  o v e r  A .

T h e n  f  o r  B V e r y  f  l n i t e  p r e s e n t a t i o n  s u b - A - a l g e b r a  B  o f  A t l  t h e r e  : .  i : - , , r  "

e x i s t s  a  n a t u r a l  n u m b e r  d  w i t h  t h e  f o l l o w i n g  p r o p e r t y :

, o L e t  A " , 2  A '  b e  a  n o e t h e r i a n  f a c t o r i a l  r i n g  s u c h  t h a t  t h e  e x t e n -

s l o n  Q ( A " )  ) Q ( n )  i s  s e p a r a b l e .  S u p p o s e  e v e r y  p r l m o  e l e m e n t  p  f  r o m  A '

r e m a l n s  p r i m e  i n  A '  a n d  t h e  e x t e n s l o n  Q ( A '  / p A ' )  c  Q ( A " / p A "  ) i  l s  s e p a '

r a b l e .  f f  t r d e g Q ( A " ) >  d  t h e n  B  c a n  b e  e m b e d d e d  i n  a  f i n i t e  t y p e

0 ( A  )
s u b - A * a l g e b r a  B "  o f  A "  s u c h

f o r  a l l  p r l m e  e l e n e n t s  q  o f

t h a t  B " ' 1 s  a  s m o o t h  A - a l g e b r a  l n  ( q ) n n " ' '

A r ,  E l
A a
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fn  fac t r fo r  to  ge t  B? t  i t  i s  necessary  on ly  a  t ldes ingu la r iza-

t lonr t  r ,v i th  respec f  o f  some pr ime e l -ements  f ron i  A t ,

f  r \  . )  \  n ^-\ ' 2 . '2 ) t ,g ro ! ] -a r ,L  Le t  u :A->Ar  be  an  in jec t i ve  morph ism o f  noethe-

r ian fa.ctor ia l  r ings una .Fn, the set of  a l l  pr ime ideals of  height

r < i , .  f r o r n  A t . S u p p o s e  A t  
" o n t u . i r =  

a l i  i n f i n i t e  s e t  o f  i n v e r t i b l e  e l e -

ments vrhj-ch are algebraical ly lndcpenr lent over A and for everv

n r i m e  e l e m e n t  f r o m  A  t h e  r i n g  ( . q t / p A ' ) - . ^ ,  i s  a  d o m a i n . T h e n  t h erecl
f  n ' r  ' ' r  . i " , ih^ '  ^^ rd i -b  j -ons  are  equ iva len t :I  v l f  v l v J l I t 5  v v l l u a  U I v l l D  q I  g  E V q r  V  q l s l l  U  .

i  )  For every q e 8,,  the norphism ,q,A' n A--+ l \ i  incluced. by u

i  s  i ' n r  m e  I  l w  S r n O O t h

.  r \  ^ .

i i )Ar  l s  a  f i l te red  induc t ive  l in i t  o f  f in i te  p resenta . t ion

sub-A-a lgebras  B i  o f  A t  such tha t  ts i  i s  &  smooth  A-a lgebra  in  '

. a
q /] B. f or every a € .f'^ rt -  A '

i l i )Every  f in i te  p resenta t ion  sub-A-a lgebra  B.  o f  A t  can  be

embed.ded- j -n a f in i te presenta. t ion sub-A-a. lp 'ebra P,t  of  At  such tha'L
_ a

B t  is  a  s i r iooth A-a lgebra f  or  a l l  q€ f  
t fq  -  A '

Proof Clear ly ive have i .  j .  k+i i i  )  , l rom (2 .1)  and (  2 ,  1 .  1)  y/e get

a l s o  i ) + i i i )  a n d  i t  r e n a i n s  t o  s h o w  i . r ) - + i ) . S u p p o s e  ; \ r ?  l i r , t B *

n  h n i  - -  r ' i  - - i  f  p  t r r n p  s m o o t h  A - a l  s e b r n s  i n  q  O  B *  f  
" ;  

e v e r y  o : P ^ = , ' .l J .  v s - L . t l e 3  i  J - I , I - L  r / s  u J y s  D l l r w u  U I r  t \ - ( 1 I 6 t j U J _  d , D  -  
l -  A .

T h e n  N r n .  )  ( A t ; = g  a n d  5 2 , -  )  -  .  ,  ̂ r e e  
q ,  

a r p  n r n i e n r i r r o\ " 1 i  q  n B i /  A  
t i ' q  

n E i / A  
G r  s  v f ,  v J  s t /  ( ' r  v  Y

B i - i n o d - u l e s ( * O / U  d e n o t e s  t h e  f u n c t o r  I { r ( a r l , - ;

+1* -  r , rqLrer r r , rJ  , -6 , .0 , /A :  ] in |  1 { ( l i )  
q  nz . /L (At  

)=o  ano ?  ,  ,

j - s  a  f la t  A ' -modu l_e  and so  uq ;Aqf iA4 r \ {  ,a r ru t
f or every ,teq,( cf . l |b

i ) n o r  e v e r y  , €  P n ,  t h e  m o r p i : i . s m  u . ,

1s  fo rmal ly  s :noo-bh

f r om [ t ]  l . conse-

r n! ir-*Qr- \ , &-A
n/ A -" " ( 3i &n:r/'t et

be : 'ormal ly  s ;noo bh

"  (2 .3 )  Theo i :gm Le ' 'u  .u :A . - - ) r ' r .?  be  an  in jec t i ve  morph ism o f  noe-

. t h e r i a n j ] a c t o r i a 1 r i n g s a n d . . P o ' , n u s e t o f a ] - 1 p r i m e i c 1 e a 1 s o f

he igh 'L  3 i . -  f rom A?.suppose A '  i s  a .  loca l  r ing  and fo r  every  p r ime

.bh"  fo : fou i i t "ge l e m e n t  o f  A  t h e  r i n g  ( A ' / p A ' ) " " d  i s  a  d o r n a . i n . T h e n

sta tc rnents  a re  equ iva len t :

:  4^ A n +A, l  j -ndu.c ed by u
\ 1 r  I  r !  

Y
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i i  )Ther .e  ex i -s t  a  f i l te red  induc t ive  se t  (B i ) i6  
I  o f  f in i te  type

r \ ,  -L L t L . L v L  I  J g  -

A-a lgebras  anc l  some morph isms o f  A-a lgebras  u . :Br - -+At  (no t  nece-

ssar l l y  in jcc t i ve)  such tha t

a)B*  i s  a  smooth  A-a lgebra  in  f " r t fo )  |' r -  -  (
.  : .  b )  ( A ' ,  ( u i ) r ) l r i m  n t

,e  9o, ]f o r  a l l  i € I

i l i )Ev .ery  f in i te  p resenta t ion  sub-A-a lgebra  E oF At  can be  em-

b e d d e d  i n  a  f i n i t e  p r e s e n t a t i o n  A - a l g e b r a  B t  a n d  t h e  i n c l u s i o n -

BC-lAt extend.s to a inorphi-sm of A-a. lgebras v:Bt----)  / i r  such that Br

is  a smooth f , -a lgebra i r  
l r r - l to) lo *  n, l

P r q g f  i i ) - - + i )  a n d  i i ) < - + i i i )  g o  l i k e  i n  t h e  p r o o f  o f  ( 2 . 2 ) .

For  the impl icat j - 'on i ) - -+f j i )  v , Ie  need the fo l lowing lem"t ra:

(2 .3 .1 )  l emma Le t  A tX ]  be  the  po l ynomia l  r i ng  i n  some j -nde te r -

m j - n a t e s  X = ( X . ,  .  - . . . x  )  o w o r  a .  n o e t h e r l a n  l - o c a l  r i n g  ( / i r m ) . L e t  a'  J l  "  
" r L r r /

be an arbi t rary proper ideal  of  A[x]  v ' r i t ] r  i i t (a)g:  d- i rnA'Then there

n v r ' a * -  - - l - '  v  \  i -  - t i l  . c u c h  t h a t  t h e  m o r p h i s n  6 , : l - [ , { ]  - +  AxO X I - L S  t r s  , 1 =  \  1 1  ,  , . .  .  , n y l )  l l l  l l l f :  r ) L { L ' l f  v L ! c ' v

given by h,*-v h(x) maps g in an ic leai  vr i th heigbt) . t i t (a) .

T , e t  d  b e  t h e  n a t u r a l  n u n b e r  a s s o e l a t e d  t o  t s  b y  ( 2 . i . i )  '

T a k e  - { " : = A ' [ t ] i g ; X ) , 4 ' b e i n E  t h e  m a x i n a l  i d e a l  o f  A t  a n d  X = ( X I  , . . . ,

X ,  )  .  C lear ]y ,  the  inc lus ion  A ' . .  > ,  '  t  sa . t i s i ie r f tnu  .hypothes is  o f  (  2 .1 .1 )
o -

and so  B can be .embec lded j .n  a  f in i te  p resenta t ion  s rub-A-a lgebra  Bt
.)

o f  A t  t  suc l t  t ha , t  B t  i - s  a  smoo ih  , r , -a lgeb ra  i n  qn : t  f o r  a l - t  q  €  L f  , , ,

N o l n / , l e t  t : , ' r [ V ]  "  t  f  Y = ( Y 1 , . . .  r Y u )  
' o e  a  t n o r p h i s m  o f  ; l - a l -

g e b r a s  s u c h  t h a , t  3 r = f m t . f i  g = ( g 1  , . . . ; E ' - ' )  i s  a .  s y s t e m  o f  r - p o l ; ' - n o -

n ie. ls  f rom f  := l ier t r t l . ien lve consid.er  thc ldeal  A*  Senerated-  in  A[yJ

by a- l - -L  rxr - :n ino: is  o f  the ja 'cobian natr ix  (Ea/dv)  associa ' ted to  'g '
\ t  - 1 a  - - - - r - ^ . - ^

D e n o t e  H r = L 4 , ( ( g ) : I ) r r v l i e r e  b l i e  s . u m  i s  t a k c ' n  o v e r  a l l  s y s t e r n s  o f
g (:)

r - p o l y n o m i a i s  f z ' o m  I r r , b e i n g  v a r i a b l - e  a n d " ' d i  t n o s t  s . T h e  c l o s e d  s e t

V( t t r+ i )C spec( ; r [v ]  / f )  cor responc ls  e> : rc t l y  to , t ] re  se t  o f  a l l  p r ime

ldea ls  pgSpec(Bt )  fo r  l vh ich  l l i  i s  no t  a  smooth  A-a lgebra .F .emer l t

t h e t  B ,  i s  s m o o t h  i n  q n  B '  i f f '  , L y ' T ( l I r ) . s o  r ' , i e  g e t  h t G ( l i r )  ) ) r 2 . .
. d

' e t  x € . i 1 r / r r o  r e  g i v e n  b y  ( 2 . 3 " I )  f o r b i r e  i l e a l ?  ( l l r ) . ' i l h u s

h t { f  ( V ( t l ) ) ) > 2 . L e t  6 f  b e  t h e  e x t e n s - i - o n  o f  { t o  . / n ' t r  a ' n d  v  t h e





e x t e n s i o n  o f  F '

f " - t ( q ) l q u g o ' . 1
x Z  t o  B ' .

0 . E . D .  .

T h e  f o l l o w i n g  r e s u l t  i s  a n  e x t e n s i o n  o f  [ f g ]  p r o p o s i t i o n . 3 .

( 2 . 4 )  C o r o l l a r v  L e t  u : A - : r A ,  b e  a n  i n j e c t i v e  m o r p h i s m  o f

n o e t h e r i a n  f a c t o r l a l  r i n g s  g u c h  t h a t  e v e r y  p r i m e  c l e m e n t  p  f r o m  A

r e m a l n s  p r i m e  i n  A '  a n d  t h e  e x t e n s i o n  k ( p ) .  + k ( p A ,  )  i s  s e p a r a b l e

s u p p o s e  ! h "  e x t e n s i o n  Q ( n ) r c - - +  Q ( A ' ) .  i s  s e p a r a b l e  a n d  1 e t  t : . !  , ,

b e  a  s y s t e m  o f  p o l y n o m i a l s  l n  Y = ( Y I  , . . . , y n )  o v e r  A  a n d  y € A ; n

s o l u t i o n  o f  f  i n  A ' .  T h e n  t h e r e  e x i s t  a  s y s t e m  o f  p o l y n o m i a r s

i n  Y , Z = ( 2 I , , , . , 2 y )  o v e r  A  a n d  a n  e l e m e n t  z € A ' t  s u c h  t h a t  ( f  )
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C l e a r l y  B '  i s  a  s m o o t h  A - a l g e b r a  i n

a

h

c i ,

h  A f Y , Z l  ,  h ( y , z ) = O  a n d  H f  n y . ( y , z ) i A ' '  h a s  h e l g h t  >  2 .
\ r

P j - o o f  o t _ ( 2 " S . 1 )  I t  i s  e n o u g h  t o  c o n s l d e r  t h e  c a s e  n = l .

R e m a r k  t h a t  l f  g ' 3 = g f l A  h a s  h e i g h t ( h t ( e ;  t h e n  h t ( g ) = h t ( g ' ) + L .  I f

h t ( g ' ) = h t ( a )  w e  h a v e  n o t h i n g  t o  p r o v e  ( t a k e  x = o  f o r  e x a m p l e ) .

O t h e r w i s e  1 e t  Q l , . . . , g r  b e  t h e  m i n i m a l  p r l m e  i d e a l s  a s s o c i a t e d ' t o

g ' c A  a n d  f  e . g .  a  p o l y n o m  j . a l  w h i c h  i s  n o t  c o n t a l n e d  l n  O ' A [ . X ] ,

1 = 1 , . . 1 r -  .  A s  t r t ( g f  ) <  d i m  A ,  w e  c 6 n  c h o o s e  a n  e l e m e n t  x €  m  w h i c h  i s
r r

n o t  l n  U ' q . *  .  l V e  c l a i m  t h a t  t h e r e  e x l s t s  a  n a t u r a l  n u m b e i  s  s u c h
i = l  r  

r
i t ' " t  r (n*)"  , f  * l  e i
b e c a u s e  f  h a s  o n l y  a

" n d  
(  * u  ) s €  0 { .  

i n d u c e s

R e m a r k  T h e  p r o o f

4 .  W e  p r e f e r  o u r  L e m m a

c o m p l e t e  l o c a l  d o m a l n  a e

f o r  s  s u f f i c i e n t l y  b i g .  B u t  t h i s  1 s  t r u e

f i n i t e  n u m b e r  o f  s o l u t i o n s  i n  i r v e r y  a / g t

a n  i n f i n i t e  s e t  o f  e l e m e n t g  i n  A / g L .

Q ' E , . D .

o f  ( 2 , 3 . 1 )  I s  n o t  f  a ' r  f  r o m  [ f  S ]  P r o p o s i t i c j n

d o e s  n o t  a e k  f o r  A  t o  b e  ab e c a u s e  i t

i N  F E .





('
?:  Rinns- t i th  the nr :oPcr tv  o !  ePP

A noether ian  loca l  r ing  (Arm)  has  the  proper ty  o f  approx i -

mat j -on (  short l -y we shal l  vur i te A is an l ,P-r i tg)  i f  every system

o ' f  no l  vnomi  a l  eor ;a t - i  ons  rv i  th  coe i f i c ien ts  1n  A has  a  so l -u t ionv I  y " - J

.\
i n  - i  t s  e o m n l e t i o n  A  a t  m  i f f  t h e  s ) . s t e m  h a s  a  s o l u t i o n  i n  A ( ' l r J

The AP-r in ,c ,s  are hensel ian anC thei r  f  ormal  f ibres are "qeo i te-+  r r v

t r i ce . l l y  dorna ins ,so  the  i? - r ings  are  un iversa l l y  jananese(se .e  l4 r (gJ

A n  i m p o r t a n t  c o n s e q u e n c e  o f  [ + ]  t q  . 6 . 7  )  a n d  ( 5 . 1 )  i s  t h e

f ollot'., ing:

( 3 . 0 )  l ? r o p o s i t i . o n  l e t  A  b e  a n  A P - r i n g . T h e n  A  i s  a  n o r m a l
A

d.omain  i f f  r i  l s  ioo .

The nroo f  be inq  shor t  enous l r  r ' , re  sha l l  ske tch  l t  here .Ver r r u  y l  v v r

s h a l 1  e x p r e s s  b h e  p r o p e r t y  t ' A  i s  n o t  i n t e g r a l l y  c l o s e d  i n  Q ( A ) "

h r r  t h p  r . 1 - 1 r . i n r f  - i  h i - l  j  * t r  n n A  ' i 1 r n o n n p t i  h i  1 i  1 ; ; ,  Q  f  S O m e  S y S t e m S  O f  p O -U J  U . I . . t g  \ z \ . r j r t ! A a l J - t J - L J I  U J  a l l l . l  - L I I u u : l l l J e U I v + - L I  (

' l r r a n n i o ' l o  a n r r , g f , j - o n S . T h U S  A  i s  n o t  n O r m a l  i f f  t h e f e  e x i s tJ J r l V l l l J O - L D  g \ j U G  U I V f f  -  . l t a 4 D  n

^  A  * L c *  ^ n - \ ' i -o . r , . .  r a r l r . - r *  € i i r n > / l  s u c h  t h a t  , t * f * r a n - i u i - 6  a n c  t h e  s y s t e m s
i = 1 *

d = O ; c = C ; (  a r e  i n c o n p a t i b i e  ' r n  A r X  b e i n g  a n  i n d e t e r m i n a t e . T h e  p r o o f

j - s  a  c o n s e q u e n c e  o f  t h e  f o l l o r i n E :

( J . . 0 . 1 )  . i e n : 4 a . l , e t  f  , g 1 1 . r ' .  l g u  b e  s o m e  s y s t e m s  o f  p o l y n o -

m i a l s  i n  s o n e  i n d - e i e r : : r i n a t e s  X = ( X l r . . .  , X n )  r Y = ( Y l r . . .  r Y r )  o v e r

an AP- r ing .Suppose f  depends on ly  on  I ,Then f  has  a  so lu t ion
, \ A

_ n

* C  A "  t v h i  e h  p n o l - a -  * l r a  d a r 6 + ^ - -  / +  v \  - n  i  n n n m n q ' l - i  h 1  g  O V e f  - A4 E :  n  r v r r r . v r r  { 1 1 6 , r ! g i )  U I I E  D J  D  U r ' r r r D  a j  ,  ^ ,  L  , / . - v  ! l r v v r r t l j q  u I w ! l

f o v .  o l r p r \ r  i = l  -  i r r  r  h a s  a  s o l u t j - o n  x g A n  l v h i c h  m a k e s  t h eI U J .  g V E J - J  
, J - L l . . . t L )  - L I r  I  . t l c l D  o .  D \ , / J L - t u I \

- r , n * n m - ,  d  f -  Y ) = C  i n C O n p a t i b l e  o v e r  A  f O f  e v e r y  j = l r . . . e S .D J i i U t : r i l i )  6 i t , " t

. d

For  the  proo f  c f  (3 .0 . t )  remark  tha t  i ;he  so lu t ions  o f  f
 

j - n  A  c a n  b e  w e l l  a p p r o x i n a t e d  i n  t h e  m - a d i c ' ; o p o l o i y  b y  t h e  s o -

l u t i o n s  o f  f  i n  A .

f  3^l  )  Theoren The formal-  f ibres of  ; \P-r lngs are geome-
\ ) . ! l

t r i e : r l l v  n o r m a l  .

Proq-L Let  q  be a pr i -nre j . r1eal  o f  A a.nd.  I (5q(A/qn, t ' )  a  f in i te

e x t e n s i o n . L e t  A '  ; "  t h e  i n t e g r a l  c l o s u r e  o f  A  i n  K " A r  i s  a  f i n i t e





A  , . ' l  r e n h r o  h n n g 1 1 g g  A  i S  U n j 1 v e r s a l l y  j a ' p a n C ;  c . A I - S O  i i f  i S  e  l O C a l} ! - i L - L t ) L :  U I  ( : "  U L - \ /  v  \ ' r  u e r r ! ,  d  * t ' -

r , ' i n r r  l rocnr rse  i i  : i - s  a  domain  a i iC  a  f ln i tq - .  3 - i -geb. r . "a  ovo l l  EL  hense-
r  r f r f )

l i an  loca l  r ing  [g ] .Thus  ; ' r t  j - s  an  i \? - : r ing  (a  . l in r ie  ioca l  a , 'p ;cbrd

o v e r  a . n  A P - t i n g  i s  s t i i l  r : n  A P - r i - r - g ; s c e  f o r  e : : e n p l - e  [ : ]  " t r - . 1 1 ( 1 . 2 ) ) .
The complet lor . r ,  i '  of  / i t  is  st i l1 an integral ly c l -osecl  c lomain by

^ l  

(  3 .0)  anc l  then bhe r in i ;  i i6 ,  ' \  = f . ( i , t  )@1rA 3Q ( i \ '  )  e  '  ( ; : i '6^ ; \  )  3
a

3Q ( r i '  ) 6A  ,  A '  i s  an  i n t  c :g re11y  c iosec l  d  oma in .

Q . l i . D .

( : . f  . 1 . ) i emark . ._ f i  i he  f c rma l  f i b res  o f  a  hense l i an  r i ng

o ? 6  a r  n m n * n i  n e ' l ' l  r r  n n r m q l  t h o n  t h n r r  p a " o  g e o m g  t r i c a l l y  i n t e g r a l l  yO L  V  6 ' , .  V l a l ( ;  V r  ! v a r J J  r i v r  r r r u r  t  s r r v r l

c 'osec i  domain : ;  I t l  "  .

(3 .2  )  io ro l la r ' ] t fvro dimensi-onal  .  AP-r lngsare e:rccl lent

nense l t -an .

Indeed. , the for i i te f  f ibres o. f  a  t rvo d imensional  r ing;

have c l imcnsion - (  I  .  ionsequei - . t ly ,  "8co; : lc t= ' icc .1J y  r :c , r :na l  lormal-

r i b res "  i s  ecu i va len t  i n  t h i s  case  l ' r i t h  ' t geonc t r i ca l l ; z  v r .gu la r

f  o r n e l  f i b r e s r r .

(3 .3 )  : ' : : t o rcn . , l  two  c i i i nens iona l -  f r c to r i a l  l - oca l  r ' n53  i s
,  

a n  A l - r i n g  i f f  i t  i s  e x c e ] l e n t  h e n s e l i a n  a n d ' l ( , \ ) & r ; \  j . s  a  p r i n -

c ipa l  i c l ea l  doma ino
A

-  P r .oo f  1 i  i s  a  fac loy r l a l  r i ng  i f  A  i s  e  i ac to r j -a l  AP- : r i ng
A

(  [ t ]  ch.Y)and so t i re  r ing ?(r \ )&, , i r  is  ern one d imensiona. l  factor ia l

r l n m : r i n - T T s r - i n r  ( , 3 " 2 )  r v e  g e t  t h c  z l e  c r : s s i t y .  C o n v o r s e l y ,  i f  A  l s  e x c e l l e n t
u v r r r e r r r  )  \  / .  e  /  a ) -  "

A l

h e n s e r i . a n a n d q ( a ) o o , i i s f a c t o r i a 1 t . h e r r . e v . i r y p r 1 r 1 e e } ' e m e n t f r o m A

re.malns pr ime 
' r .n ' i  

rV [S]  and i  
" r "  

f  actor la l  r ing ( .q t l r [ f "4 ]

t ' l r .  5 , p .  ) L ) . ! h u s  
" r . e  

] : y p o i h e s i s  o f  ( 2 . 4  )  i r r e  . l u l - f i 1 1 e d  f o : i : '  t h e

i -nc l -us ion A .+ i
Y

i i o v i f i  e t  , i = ( i t  r . . .  r : l , r )  b c  c  s y s t e m  o f ,  p o l ; r t 1 e t i . o . r - "  i n
, A I A

v -1 . r  \ r  )  . ove r  r . ran r l  $ ' €  r \ "  a  r : r ' l n ' L io t t  o f  f  i n  A . r ' i e  i r t ay  sup -4 - \ r ] - r . . . r - n ,  
n

p o i r e  b y  ( 2 . 4 )  t i r a i  h t ( l l /  
" )  

( i ) , \ )  ) , ,  ? . T y  l l l k i i i ' s  ' l h e o r e r n  ( s e e  I Z ]
\ r . /

or  l -q l  (  T  - ( r  - l  )  )  J : l rn ro  pv ' : i  s ts  l : .  . lunc t : ' -on  d :  N x  T i  - - - - - j " [ :  tv t r  
L  - r J  .  I .  v .  - r - , t  /  ,  v . r r u r  v

d ( r r c ) )  c r : :  c s s o c : l - a b a c l  t o  f  a n d .  I I I  r t  r , ' r i t . r r  i h c  f  o l l o v r i n g  p r o p e r t y  i
\ - t , /





B

t t ' r - . +  - -  1 ' l  r , / - \  ^ .  * ^ ^  
A ( n  ^ \

" r r  J  e A "  s a t i s f i e s  f  ( y )  =  0  m o d  n u \ r  r " 7  a n d  I I r * t

then there  ex i -s ts  a  so lu t ion  y€  An o f  ,  ,n  O such * ; ; /
?

mocl m" . r l

T h e i d . e a 1 I I r " t ( f ) A b e i n g a m - p r i n l a r y i c 1 e a 1 , t } r e r e e x i . s t s
\ J . /

a na tura l  nu inber  r  such tha t  g "c  i i (  r ) ( f  ) ; . choose an  e lement
' . n  

. -  d ( r , l  ) A ' i  - ' .  ' . ^  ' \

f  e A "  s u c h  t h a t  j  =  $  m o d  ! ' ' t ' '  
s L t ' A . W e  ] r a v e  m t A c l l r r t l S i ) r r , +

d ( r . ' l ) ^  A ( n  r . ) - r r r ,  
/ ; \ t  , * d ( r r l ) ; r . _ ' - '  

.
+ m * . L . ) L r A C i I /  / - \ ^ . - u \ r  r r

:  \ f ) t J / A - r : i i  
t t ( f ) \ J / r i  - t - n r  A / E -  . . .

and- i t  :hesr i r l t "  t " i .Hr ' . r  (51A. Thus vre obtaj-n '  .*"C I i ,  ^ , ( t ) .l , r / ' " '  - ( f ) "

^  ̂  . F / - \  . o f  4 '  A  / - -  I  )r i . s  - L \ J /  =  r \ J )  = 0  m o d  g * t " - /  r t h e r e  e > : i s t s  a  s o l u t i o n  o f  f  i n  A .
' n ' l l n

\ . ! . J J . L ) .

/ t ; \ - - Ir. J lriI r

l : i

As a corol lary ' f fe get the main resul t  of  [ f : ]  ,

|  1 '  a  \  n ^ -  ^ - r  ' ' r  - - - -  ^  r , . .  ,  r -  r\J.47 usr.rol l -c.ry A tvro dimensional  r .egular local_ r ing

hensel ian universal ly japanese i f f  i t  ha.s i l re property of

proxirrat ion
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