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REMARKS ON TDEATS OF T}M CATKIN*ALGI|BRA

CERTATN STNGULAR EXTENSTONS

FOR

b y  M . P i n e n e r ,  S . p o p a  a n d  D . V o i c u 1 e s c u

one  o f  t he  c rasses  o f  ex tens lons  wh lch  a re  $o r€  genera r
than those of  the tdeal  o f  compact  operaf ,ons I { (H) ,  for  which we

have the Brown-Dougtas-F i t tmore theory (  [A: l  ,  T . lJ  ) ,  are the
ex tene ions  o f  co (x )  g  K (H)  where  x  i s  roca r l y  co rnpac t .A  c lass  o f
e u c h  e x t e n s i o n s ,  t h e  h o m o g e n g o u s  o n s s r f o r  X  c o n p a c t  h a v e  b o o n
s t u d i e d  i n  (  [ B ]  '  L t o J )  ( e e o ; 7 1  f o r  a  n o r e  g e n e r a r  t h e o r y ) ,
The  oppos i to  eas€  appears  to  be  tha t  o f  t he  s lngu la r  ex tens ions ,
Ln  e .  t hose  f  o r  wh ich  the  ex tens ion ,  i . s  *1ocar . i sed . r  i . n  a  ce r ta in
s o n s e  a t  i n f i n i t y ,  1 n  t h e  A l e x a n d r o v  c o m p a c t i f i c a t i o n  o f  x .  s u c h
e x t e n s i o n s  h a v e  b o e n  c o n s i d e r e d  b y  D e l a n o c h e  ( t { l )  a n d  i n  c o n n o c t i o n
w l tb  the  c * -a rgebra  o f  t he  He lsenberg  g loup ,  by  seve ra r  au tho rs
( tg l  r  [ 7 l r  t t t ]  ) . f he  e t ruc tu rp  o f  euch  ex tens ions  appears  to  be
ra the r  nys te r lous .  Fh is  i s  dus  ln  pa r t  t o  the  comp l i ca ted  s t ruc tu r .e
o f  t h e  t t c a l k i n  a r g e b r a , ' c o * e s p o p d l n g  t o  a  e i n g u r a r  e x t e n s i o n
prob len .  Bh ts  " ca rk in  a rgebra ' ,  i s  f a r  f ron  be ing  s lnp ro  and  the
a in  o f  t he  p resen t  no te  l s  to  c lass i f y  i t s  c lossed  two*s lded .  i d .ea ls .

W e  b e g t n  w i t h  t h e  n o t a t i o n s .

d e n o t e  a  c o r n p l e x  e e p a r a b l e

a n d  t ( H ) , K ( i r )  w i t l  d o n o t e

r e s p € c t i v e l y  t h e  i d e a l  o f

r n s t e a d  o f  a  l o c a l l y  c o n p a c t  e p a c e  x ,  i t  w i r l  b e  m o r e  c o n *
v e n l e n t  t o  c o n s i d e r  a  p o i n t e d  c  o i l p a c t  s p a c C I  ( - e  ,  u  )  ,  w h e r o  x
co*€sponds  to  SL  r  t * \  .  we  shar r  assu& '  tha t  a  t s  ne t r i zab le

fhroughorrt  ,H. wi I l

- d inens lona l  H l l be r t  space

bound"ed"  operators  on H and

ratore 0n H.

l n f i n i t e *

t h e  s e t  o f  a l l

co&pact  ope*





a n d f i n i t o * d i m e n s i o n a l .  B y  3 ( S L ,  ^  ,  H )  ( o r s j . m p l y * $  )  w o

eha l t  deno te  tho  C* -a lgebra  o f  bounded .  no r ro -con t j "nuous  func t ions

f t  S l  r  l *3  -  K(H)  and by J  (  J I  ,  .o  rH)  (or  s i rnpry  J  )
the C*-a lgobra of  norn-cont lnuous funct tons f l  f l  . - - -+  K(H)  such

tha t  f (  <^ )  )=O.  C lea r l y ,  t ho  res t r i c t l on  to  _C l \  [ . ^ ] ]  g t ves  an  i so*

m e t r i c  i n i e c t l o n  o f  J  i n t o  A  ,  w h i c h  w o  s h a l t  u s  0  t o  i . d e n t i f  y

J  wi th  a  sub-a lgebra of  A n which is  in  fact  a  c l -os od two*s ided.

idoa l  o t  I . T h e  s i n g u l a n  e x t e n s L o n s  w i I I  c o r r e s p o n d  t o

r+ -nononorph' isrus into fr / l  ,  wi ir ich ls what ni .ght bo cal led the
' rCa lk in  a lgebra "  f  o r  t he  s ingu la r  ex tehs lone  o f  Co  (Se .1*3 )  @K(H)  s

r y  J .  '  f h e  p r o b l e r a  w e  c o n s i d e r  i s  t h e  c l a s s i f i c a t i o n  o f  t h o

c losed  two*s ided  idea le  o f  
" / l  

o r  equ iva len t l y  the  c lass i f i ca t l on

o f  t h e  c l o s e d  t w o - s i d e d .  i d e a l s  o f  A  c o n t a l n i n g  J .

Fo r  the  sake  o f  comp le teness  we  shar l  reco rd  as  Lenna  t

a  n o s t  l i k e I y  w o l l * k n o w n  c o n s o q u € n 0 e  o f  t h o  f l n i t e - d i n e n s i o n a l j . t y  o f

J L "

lgggg 3.. L-e! -CL FS-a .compjrct $ej{isgb,I-e,, tigire-diggIrFi?gq}
spac_€,-Theg-,t l rere ie- a -nu.uFeq N, dSpgndlJg onJJ on Jhe $ine?q],qrr of f l

' su .gh t j la t  for  eveql  open cove-r ing q/ -  =  ( t f i )_ i ,  
; r  e ! ,  _ fL .  l * ld  d e

thefq is g ge: ingnelg t  =(Vi)t  

"  
f  ,  wF.i ,c.h ig. a, c.-oVsqi.

sets  " -  wi th  the f  o f ]owing prppe.r tX!

theqg_is  e  par j i t ig r t  I= I1U r .o  U IU s9c3 t lp_t_Vo n vo=fr

whjneger  p l  q  Q-r long to  the sane fk ,

F o r  t h e  n e x 6  p r o p o s i t l o n  w e  s h a l l  i n t r o d u c 0  s o m e  n o t a t i o n e .
-  By  r ( r  i a )  r l r l o  sha l l  deno to  fo r  a  pos l t i ve  opera to r  a  €  t (H )n  the

s p e c t r a l  p r o J e c t i o n  c o r r e s p o n d i n g  t o  t h o  l l o r e l  s e t  c  €  l R .  A n o t h e r

n i t a t l o n  v \ , s  s h a l l  u u *  r : i *  A *  f  o r  t h e  p o s i t i v e ,  p a r t  o f  a  c * - a l g o b r a  A .

Egggggllfgg 2.!g! M c 8n * -8." {-Cr, - ,H) q.u+ x e A* "
TtlSJr, !he, _fgJ_rgrli,ne" ggndit_i*ons ar,g gqulv_al*lrt-: 

' '

( i )  x  i :  
. i . :  

tne. : lo , : :a  tw-?_t ,Laed ideat  o f  e  senerared.





,1,  Eggg€.we shal l  use i .n the proof  the f  ot lowing fact .Let
- A . ^ *

a  =  " f t  +  C  e  deno te  the  C* -a lgebr .a  ob ta ined  by  ad jo in ing  a  un t t

.  t o  ,A  ,  t hen  ( i )  i s  equ lva len  t  w i th r

f o r  € v 6 r y  o c  > 0  t h e r e  a r o  n €  l N  ,  J . u r . , . r y o  €  M ,

ba r.  .  .  ,bn e ,A ,d € Ji-  such that

n €  [ ' 1 r J 1 1 . . . 1 ] o  €  M r b l r . , . . 1 b n  € A  t

g n.eighbo{4ood. of co such that

f  o f  a l l  t  e  V.  l "J l

.  W i . th  these  p rspara t i ons  we  can  now pass  to  the  ppoo f

o f  t h e  p r o p o s i t i o n .

' t  ( i ) : >  ( r i )

f h ie  w i ] l  f  o l l ow  f ro rn  ( i )  { - )  (1 , )  and  som€ remarks

based  on  cons€quences  o r  the  n r in i * rna rx  p r inc ip re .

T h u s ,  u s i n g  r e s u r t s  i n  c h . r r ,  g ? ' o f  [ o ]  w e  h a v e  f o r
r

-1-
,  } J  M u J .

( i i )  3 o r S - v e r J  E  >  0  t h - s r - e  g f o .  5 > O r n e  N r l i r - , J o €  M

andVcJZ  ane le l rEogbood " -_o f  d  qgch t j r a . f

L  r ank  E ( [ 5 ,  oo ) ;  yd  ( t )  )
*4

rank  E ( te  ,  ,&  ) i x ( t ) ) -_<

f o r  a l l  t  €  V r l , r 1  J
-

--r'r- - *
oc e+ L biy ibJ *  d 7z x.

.i -rl

r n  v i e w  8 i * t n u  d o f i n i t i o n  o f  J  t h l s  g i v e s  t h a t  ( i )  i s
.  a l s o  e q u i v a l e n t  t o :

( i ' )  f gL*eveJ :y  &>  0_ ! t rg fe ,  a re  ,  ;

vr
o c r H +  I  b . ( r ) v . ( * ) r , #

j r r  
b i ( t ) Y i ( t ) b J  ( t )  7 t  x ( t )





rank

have:

now that

-
/-

J=t

t hen  f rom the  n ln i -nax  p r inc ip lo , i t  f o l l ows  tha t  fo r

w€ have

n

L
J=t
n

L
d=1

"ll,;I,1.,:j-ll:i,l.l-'1,: ::'-,'l;Tl.,I"l''i:;':-
t1

r ank  E ( t s ,  oo  ) ,  
E ,  

bJ ( t ) r r ( t t u lC t l l

r ank  uC t t  r  oo  ) , b j 11 )J j ( t ) u fC t l l  <

rank nCt*u, l r . ,  *  )  ry3 ( t ) ) .
d

Assuns

oa f*o

T h i e , t o g e t h e r

rank  E ( l f ,  oa  ) ; x  ( t )  )  4

P =n (nzur rr u, ti +t
. t_.J<n

b j ( t ) r r ( t l u l t t )  ) .  x ( t ) ,

f , >  o c

rank  u( [ r -c ( ,  oo  ) r  t  r r ( t ) r r ( t l t i f t l l
j= t

wi th  our  prev ious renarks rg ives l
Y\

. i  " t ' - o c  r  / . r r
L  r a n k  E ( L = ; - -  r @ .  ) ; y r t t ) )  w h o r e
j= t  r  e

I 'hus r taking o( .  = €/21 f  *  € we s€€ that  1 i  r )  impl ies

( i i )  w i t h  5  - ' / r ^
/

( i i )  ;_)  (  i )

L e t  ( 1 " )  d e n o t e  c o n d i t i o n  ( i ' )  w i t h  M  r e p $ a c e d  b y  t h e

c l o s e d '  t w o - s i d e d - ' i d e a I  g e n e r a t e d  b y  M . I t  w i I I  b o  o l e a r l y  s u f f l o t e n t
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to  p rovs  tha t  ( i1 )

f o r  €ve ry  t  €  v -  l < ^ r1  we  can  f  i nd  b [h )  e  A  ( t - <  h<n )  such

that
,

n

I  u Io)  (  r )16(r )bIh)  * (  * )*  r  ru 7t  x  ( r )  ,
h=.L

n b[h) rt .\< (#)'

B u t  t h e n ,  f o r  e v e r y  t  €  v  - t * \  t h s r e  i s  a n  o p e n  s e t

Ut  c  f l .  l . ^ l \  r  t  e  U* such that

. n

I  u fo l  c . ) rp (s )u t (n ) * (s  )+a  € rH  ) ,  x (s )
h=t

. f o r a I I s € U t

'  Assumtng  V  i s  c  o rnpac t  (wh ich  i e  no  loss  o f  genera l i t y )

we  can  appry  Lemma {1 ,  and  f  i ; d  a  cove r ing  ( v i )  j .  J tU  . . .  r . /  ( v j )  j  e  Jn

by  open  subse tso f  V  -  I , r \ ,  ( t n  the  re la t i ve  topo logy  o f  V  . . l u ; }  )

such  tha t  U j  C  U t ( j ;  and  Vp f l  Vq=  6  w i renev€r 'p l  q  be long  to  the

s a r u e  s o t  J u ' L e t  f u r t h e r  ( c t ) j €  
J t r r  . . .  , u o  o t  a  p a r t i t i o n  o f

un t . t y  eubord . i ned  to  th ie  covo r lng  o f  V . l " : 5  .Then  we  may

de f  i ne  bound .ed  con t inuous  I { (H ) -va }ued .  func  t i one  . fh )  on

V  : [ o \  " ( { . <  k ( N r L {  h  ( n )  b y  .

o,l*) (s) *

We havel

L /G,G:nt?], (s)r
d € J r

^J

( I .f n) (s ) ro(s l.f r'l!* 
D.r L rn:

k=L
L
h=L
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n N /

:  L-  f -  (  f  Br(s) t [? ] )  (u) ro(s)r [? ] )*  ( , ) )+e € ru
h = l  k = I  j € J t

n

:  L  , I -  B i (s ) (  f  r [? ]1 (s ) ]p (s ) r [? ] i  c , )+2  €  rH) ]
k = L  i d J t  ,  

h = t  
r / \ J /  - t r

n / \ / \

k * t  i e J t

Renarklng that  the: ;  f (g)-valued funct ions . fO) can be

prolonged f rom V *  l " : ]  to a l l  of  JZ. i ,^ : \  we sde that  we have

proved.  tha t  ( i i  )  : )  ( i " )  .

'  Q ' S ' D '

Ws  tu rn  now to  the  c lass i f i ca t i on  o f  t ho  a losed  two-s ided .

i d e a l e  o f  A  w h i c h  c o n t a i n  J  . t h i s  w i t t  b e  a c h l e v e d  b y  s x i b i t i n g

a  b t j e c t i o n  b e t w e e n  t h e s e  i d e a l s  a n d .  t h e  c l a e g  o f  c o n e s  €

o f  pos i t i ve  con t inuous  func t ions  on  f l -  L . ^ : \  , sa t i s f y ing  the

f o l l o w i n g  " c o n p l e t € n e s s "  p r o p e r t y :

( x ) IJ f: (Lt I 'cl ---_'to, @) is a cQqt_l[uqus fuqc_lion

sFc.h_t,hjr!_f or, j3JS.rJ € > O ,tlere ex.iFts_g neisbbglhogg V, oJ 
"o

and,  g  : lugct ion gt  .8  sqgh.  that

f  ( t )  - <  s .  ( t ) +  €  f o t  a l l  t  €  V e
i t  , La  Orhen I q.q_{ oqgg__-g_9 5.

W o  p a s s  n o w  t o  t h e  c o n s t r u c t i o n  o f  t h e  c o r r e s p o n d € n c o

b 'e tween  idea ls  and .  cones .

B y . /  w e  s h a l l  d e n o t e  t h e  s e t  o f  c o n t i n u o u s  f u n c t i g n s

.  Y :  Lo,or )  . - - - - - -Lo, , r . , )  'such that  $upp YC (0,  09 ) . l ,o t  fur ther ,  f  or

e > 0,  "P,  s tand f  or  the f  o l lowi rg  ; .par t icu lar  funct ion in  F

. V  r * r -. e ( [ / =  m a x ( t r - € . , 0 ) .

Fo r  xe  8 *  and  4  *  , 7  ws  ge t  a  con t inuous  func t ion

T y  x . o n  J l r l , " r \  d e f l n e d  b y  T f  u ( t ) = [ r a c e  y ( x ( t ) ) .





-7-

I , e t  us  no to  the  fo l l ow lng  p rop€r t l es o f  the  func  t tons

T *  x :

r)
where 5

2 )

, )

x r f  € 8 *

r *  x ( t )  <  t i Y ( x ( t ) )  t l

>  0  i s  t h e  g r e a t e s t

€  . r a n k  g ( f  2 t  r

Assune Y e  7

, x ( Y w e h a v o

. r a n k  E ( L S  ,  o o ) ; x  ( t ) )

l owsr  bound  o f  suPP Y .

) ;x ( t ) )  <  * *u  
" ( *1 '

i s  an  i . nc re  as ing  func  t i on  ,

r *  x ( t )  1  T f  Y ( t )  f o r  a l l

The  las t  p roper t y  ! s  a  cons€guencG o f  the  n in i *ma1 t  p r inc ip le '

wh ich  shows  tha t  the  
.n - th  

e i6enva lus  o f  y ( t )  t s  g rea te r  than  the

n - t b  e i g e n v a l u o  o f  x ( t )  ( e i g e n v a l u e s  b e i n g  l i s t e d  i n  d e c ' e a s l n g

orde r rmu l t i p le  e igonva lues  rqpea ted ) r  s0  tha t  the  sam€ i s  t rue  fo r

t h e  n - t h  e l g e n v a l u e s  o f  Y ( v ( t ) )  a n d  Y ( x ( t ) )  '

Fo r  a  c loeed .  two*e ided  idea l  J  con ta in ing  J  w€  sha l l

" d e n o t e  b y  €  q )  t i t ,  s m a l l e s t  c o n e  o f  c o n t i n u o u s  p o s i t l v e

f u n c t i o n s  s a t i g f y t n 8  p r o p e r t y  ( x )  c o n t a i n i n g  a l l  t h e  f u n c t i o n s

Ty* rwhe re  x  r uns  ove r  d *  
and  Y  runs  ovo r r

t hen  fo r

r e JL*L*] .

;[- rc)
tha t  r r (x )  €8

C o n v € r s € l J r  f o r  a  c o n ,  t  s a t i s f y i n g  ( x ) r 1 e t

b e  t h e  s e t  o f  a l l  p o s i t i v e  e l e n e n t s  x  e ' 8 *  s u c h

fo r  a l l  f  q  g  
"  ; f  

(A  u r i t l  be  the  se t  o f  a l l  e lenen ts  x  e "B

such thar tx t *(*i i l 'r ' lz a & rc )

lggg* V. J 
(€) ie ,a cr9sed-two:,slde9' 3'd-e-aI*of

cgnlaipg J .po."nru,oogt Q (il) n 
: Jn &)

I

proof .Renark f  i rs t  thaf ye,I t* ts

fo r  a l l  e  >  O . [b l s  fo l l ows '  f rom tbe

ts  dorn lnated-  by a ' funct ion of  the f  or rn

and  f ron  P roPer tY  (  x  ) .

A l s o ,  l f  f r  [  0 ,  * )

such  tha t  f  (0 )=0 r  then  f  ' r

- - - > L o , J l J '
av

f e t  f o r  € v e r Y

)  r r r * x  e V' r E

€very  Y  e  F

the sp€ctrun of  x

:

c o n t l n u o u s  f u n c t i o n

e .  t  . H e n c o ,  i f

tn J-rc
. f  ac  t  tha t

* t  o n

a

Y





t h e n  a l s o
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r(x) e J- ft)

f  or x eA+ wo have thot u '  l*(€) l"r and

y te ldn  the  des i red

x €;["rc)
In Part i-cular t

o n r y  L r  x 2 n J * ( 8 ) '

u le  w i I I  f  i r s t  show tha t  J " (€ )  i s  a  c losed convdx

herod l ta ry  con6 tn  f r  .To  th ts  end we app ly  the  renarks  pr€ced ing"

the  T ,emna and Coro l1ary  2 .2  i .n  $  2  o f  ch . l l  o f  fO l  t  to  ge t l

T a ( x + y ) ( t ) - < . 1 \ x + y i \ . r a n k E ( L a , @ ) ; x ( t ) + y ( t ) ) <'r€

a " 't/u '&/+

n+r ,  *=  ̂  tn rU x  e  8*  ' -  
1> 

o '

A l s o ,  l f  o  ( x  4  Y  a n d  Y  e f i f t )  t h e n  ' * r  x

* ,  i ,  inc reas inS . 'Th is  togetber  w i th  the  prsced lng  renarks  y ie lds

tha t  J -@ 
ru  a  convex  he red i t a r y  cone '

t o  see  t ha t  a - f t )  i s  a l so  c l osed ,  l e t  x  be  i n  t he  c rosu re

o f  & H )  . r b e n f o r a n y  t - >  o w e c a n f i n d y  € J * ( V )

sucb that

x

un i t  o f  F t  . I t  f o l l ows  tha t

x
e

'a t  t he  use fn ing  o f  t he  P roo f

A l s  o  b y  o n e  o f  t h e  r e u a r k s  a t  t h e  b e B i n r ' l i n g  o f  t h e  p r o o f

we havo that

where  e  i s  the

t +
, t

and the renark'

c onclus i  on .

J r c ) = \ x e " 8 x'*x *J*( l i l  I

l .s  a  c losed '
A s tand 'ard argun€nt  sbows now t l ra t  J (8 )
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lsf  r  1d"oa1 of a ,euch that ( ; t t  ry* = J*((  )  .Morsov6r stnce.

T*  x*x=T* xxr  t t  fo l lows that  J  
(V)  ls  se l f *adJoin t  and hence

a two-s ided ldea l .

S lnce  fo r  x  a  J*  and - f  e  F ,  Y(x )  l s  uoro  on  soa€

neighborhood of a) , property ( x ) lnpllee tbat J* C J- (8)

and henc e J c;{ (S )

Q .  E .  D .

Ibeqfgg 4. Tllg-, c osres Po!9en-cg

V #;l(8)

ls,--a F.ijeotS.on Fetyee$ -cog..eg ,,sigisfvi38l- p.f opsrtJ ( x ) and cloeeg

two-sideQ ideals of -A con-talntns J .T'Fe,-l . ,n-vglLg og, th,!s- bi i ,69-

t ig+ is

Eggg€ . I t  w i } l  be  su f f i c i en t  t o  p rovo  tha t

7 -t 7 (€ q))
d  - d

€ c  €(J(E))

the opposi te  i^nc ' lus ions be ing obv iousr

To prove the  f  l r s t  inc lus*on,  le t  x  € .  J+  
(€g) )  *oa  t  >  0

such  tha t
n

ru  x ( t )

'  The renarks pr€cod"ing Lenma 7 
I tnty*_ 

t ,hat

'  l ' t  r  9 t

€ / .  r an  k  E (L€ ,oo ) ;  x t f )  )  - <  
"  ^ I  ' onk  d ( IS ,  * ) ;  

] ; t t \ )  
* ' / 4  .

J '-' vq)

be  f t xod .S ince  T1  x  i s  i n  eV )  we  can  f  i nd  a  ne ighbo rhood  VE

of  rJ  , func t ioou fn ,  , - .  ,  Y .  e  {  and }1 r  "  "  1 }o  e lemente  o f  J "





_Io_

f  o r  a l l  t  e  V .  and where  c=TaT (y rp- -  t \  T  ( f r ( t l l t l
c  t / i  t  i a \  L E L < n  t c V a
b  :  , n f  l r Y r n a u T T T i ) ,

' /Ae  y * t  s  seve ra l  t i nes  t f  nscessary rw6  aa l  assuae

n o  t h a t  l

r q n k  € ( L e , * ) )  x t d )  (
n

L
c t f

r o n l ,  € ( L 5 , * ) j

and s ince the rank of  a

r"tn k € (Le, *): xftJ)

U s i n g  P r o p o s i t i o n  2 t  w e

have

pro jec t i on  i . s  an
n

s Z "^ ,k  
E(LS,

i = l

c onc lucl e that x

\ l
)  6 ,n  d -

I ,
K  e A e o \ T t  n g

, ( t

that 2 c <-€

J;ft\\  * o4

t h i s . g t v e s :

y 'o ,  t €  V . .

g T-rernnia 3, w€

l n t e g e r ,

o" ); Jttt))

e ]  .us in

and  henae  the  d .ee i red  conc lue ion .

ro  p rove  tha t  Y  c  8  q (8D f111 t  eV

Cons ide r  fu r the r  u ,J_ r *Z r .  .  r  ,  an  o r thogonorna l  bas i s  o f  H  and  Ie  t

E i  d o n o t e  t h e  o r t h o g o n a l  p r o i e c t i o n  o n t o  C e i . F o r  t >  O  l e t

fR re  t  - f l . Lc ; \  * ' 1o , " " )  be  the  func t ions  ds f i ned  r€cu r ren t l y  by

f  o r L  
= o r  . f n + 3 - r  e  

= n i n  ( f -  t  ,  
f o ,  u  ,  g  ) .  D o f  i n e  a o w  x r l  I

k=O

t o  b e  t h e  e l e n e n t

f o r .  ( t ) L o  f o r  t  €  t ) r l ' ^ : 1
tJ,

a n d  n o t e  t h a t  T r a c e  ( x ,  ( t ) ) = f ( t ) .

. .Our  assa r t i on  w i l l  f  o l l ow  fno rn  p roper t y  (u r  )  once  we  have

shown that  *e  u J [ (E)  and that  there is  f  e  V such that

f

The inequa l i t y

t t  x € ( t )  (  f r a c .  x  €  
( t ) = f ( t )  f o r  s v € r y  E  >' 6

t o g e t h e r  w i t h  o n e  o f  t h e  r e m a r k s  a t  u h e  b e g l n n l n g  o f  t h o

Lerorna ] showe that xt € j t . (8)

.  F o r  t h e  r e m a l n i n g  a s s o y t i o n  1  0 o t 0  t h a t

G ( v ( J)))+ = Jn (u q)) c;r

x .  ( t ) = t
n >

o ,
proof  o f





fo r  a l l  t  eSL

Q .  E .  D .

M C 8*  ,and le t  
J  

be the c los.eg,  two-

$aSb tgS{ gr / een-era!-e,* H M \J J .rryn*V q) lg th,e.jpa}}es t

eo{ r .F , .w { ,u r .pT .op*e f t y  ( * ( ) , , con ta in } ,nF  [T+ .V  \e>0 ,  y  M ]

f n d e e d ,  t b e  s u a l l e s t  c o n e  w i t h  p r o p € r t y  (  * )  c o n t a i n i n g .

.  the above eet  ls  c lear ly  conta ined in  €  ( ] )  and on the othar
tr

hand  the  idoa l  comdspond ing  to  th i s  cone  con ta ins  M and  honc  ̂ vt " d  t

so  t ha t  t h l s  cone  nus t  co i nc i de  w i t h  t  (  
J  ) .
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