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REMARKS ON IDEALS OF THE CALKIN~ALGEBRA FOR
CERTAIN SINGULAR EXTENSIONS

by M.Pimsner, S.Popa and D.Voiculescu

One of the clasges of extensions wﬁich are more general
than those of the ideal of compact ~operators K(H), for which we
have the Brown-Douglas-Fillmore theory ( [2] +.]3) ), ave the
extensions of C,(X) ® K(H) where X is locally compact.A class of
such extensions, the homogeneous onsg sfor ¥ compact have been
studied in ( [8] , [10]) (see [ 7] for a mors general theory)

The opposite casge appears to be that of the singular axten81ons,

i.e. those for which the extension, is "localised" in a certain
genge at infinity,vin the Alexandrov compactifiéation of X. Such
extengions have been considered by Delaroche ([41) and in connectlon
with the C* -algebra of the Heisenberg group, by several authors .
rod o 171, T22% ). The structure of such extensions appears to be
rather mysterious. This ig dus in bart to the complicated structureé
of the '"Calkin algebra” corresponding to a gingular extension
problem. This "Calkin algebra® ig far from being simple and the

aim of the present note is to classify its clossed two-sided ideals,
We begin with the notationsg.

Throughout,H.will denote a comnlex separable infinite-—
-dimensional Hilbert space and L(H) K(H) wmll denote the get of all
bounded operators on H and regpectively the ideal of compact ope-

rators on H,
Instead of a locally compact gpace X, it will be more con=-
venient to consider a pointed compact gpace (L2 gt Where X

corresponds to SLN{w) . We ghall assume that C) lg metrizable
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and finite~dimensional. By 5 2, o , B Cor aimply B )- we
ghall denote the C*nalgebra of bounded norm~conﬁinuous functions

f: Q \jw} —= K(H) and by FJ0 e ) op simply C7 )
the C ~algebra of norm-continuous functions f: S?.-—“*> K(H) such
that £( < )=0. Clearly, the restriction to QN {w} gives an iso-
metric injection of 7  into /3 , which we shall use to idsntify'
J with a sub-algebra of .3 » which is in fact a closed two-sided
ideal of B .The gingular extensions will correspond to

- ¥ —monomorphisms into 2@fj s wﬁich‘is what might be called the
"Calkin algebra" for the gsingular extehsions of Co(ﬁlsiuﬁ>(9]55H\iE

s The problem we consider is the classification of tha
cloged two-sided ideals of i@€7 or equivalently the classification

of the closed two-gided ideals of B containing J.

For the sake of completeness we shall record as Lemma 1

a most likely well-known consequence of the finite-dimensionality of

L.

gpace,Then ﬁhere ig a number N, depending only on the dimension of O

-guch that for every open covering <@L = (Uﬁ)Je.J aof O ek

there is a refinement 5% :(Vi)ie_I’ which is a covering by open

getg, with the following propsrty:

there is a partition I=I,U ... U Iy such that Vp N qugé

" whenever p# g belong to the game Iy

For the nex6 proposition we ghall introduce some notationg.
By E(¢ ;a) we shall denote for a positive operator a € L(H), the
spectral projection corresponding to the Borel get e R, Another

notation we shall use, is A for the p031t1va part gf @ g -algebra A,

Proposmtlon 2.Let M C E = B 0 e ,H) and x e J?)

*

Then, the following conditions are equivalent:

(LY % dis in the closed two-

siﬁed idegl of B generated







By W .

(i1) for every ¢ > O there are 8>O ne lN,3 seesYy € M

and e Sl g neighborhood of & such that
i

rank B(LE, oo );x())& D rank E([S,OO);yj(t))

for all t € Vnjwy 951

preprongsosidparnt

u% = B + C e denote the C »algebra obtained by ad301n1ng a unit
%0 AR ythen (i) is equivalent w1th-

for every o¢ >0 there are ne N , Ipseeesdy € M,

bysecesb € ,deJ such that
T
K @+ )__ bijbj a0 o,

J=
In view of the definition of </ this givea that (i) is

| .also equlvalent t0:

(i') for every o > O there are

n¢ m,yi,...,yn = M’bl?""’bn e . and ¥ o

a neighboréood of « guch that

n

el 2- b.(t)y.(t)b.%(t) 2 )
3= dJ J d

for all t € V~iwjd
With these preparatlons we can now pass to the proof

of the prop091tlon,
(i) => (11)

This will follow from (i) <=¥> (i1') and some remarks

baged on consequences of the mini-max principle.

Thus, using results in ch.II, §2 of [6 ] we have for
¥ > 0 the inequality: '






Fank E(LE 0 )0y ()7 5()3(1) < rank x([“ A DITACE

Further,using Corollary 2.2 #n § 2 of ch II of [6] we

have: <
ranlk BCER. o0 ), Y b,(t)y-(t)bf(t)) ES
- IR J J .J
L > x
< 2 rank B([7 ) o0 )b () ()b (1)) <
= =
i
§ 3 vauk m([ i 225600
§=1

Assume now that

. e e '
o Iyt }%1 bj(t)yj(t)bjﬁt) > x.(t},

then from the mini-max principle,it follows that for i

we have

rank E([¥-o, oo )3 2_ b (t)y (t)b )
: - J=1

> pamk B(LY, eo Jax (L) ).

Thisg ,together with our previous remarks,gives'

rank BE(LY, e )sx(1)) £ }__ rank E([‘;;“ ) B2, ),y ($)) where
. J=1
/3 =n(max | bjﬂl' A )
- 1sj¢n

Thug ,taking o = 5/2, ¥ =&  we gee that (i') implies”
Sk e
(ii) with & = /2A3

(i1) => (i)
Let (i") denote condition (i') with M replaced by the

closed two~sided‘ideal generated by M.It% will be clearly gufficient






to prove that (ii) => (i"). Thus, assume (ii) holds. Then
for every t € V~ {wly we can find béh)e A (L<hg<n) such

that

¢
S ) (h)*
il s e C O TEE T SR S A
h=2

I b(h)lk <n><u)

But then, for every % é.V“\E;oX there is an open set

Uy c Ot "astie U, such that

= s

béh)(s)yh(S)b (0)* (s)+dtJr > z(s)
1L

for all g e Ut

Agsuming V is c ompac t (which ig no loss of generality)

we can apply Lemma 1 and find a covering (V )Je.JlL)"‘L)(V )Je 3

N
by open subsetsof V ~iwj. (in the relative topology of V ~iwl )
guch that Vj & Ut(a) and Vprll #$ whenever p£ q belong to the
same set J, .Let further (gj>je e be a partition of
unity subordined to this covering of V> iw}  ,Then we may

define bounded continuous K(H)~valued functions c§h>on

-V ~fol  (A<¢ke&N,1¢hgn) by

clf:h)(s): Z /g 8)b<(3) (8),

Je d
We have:
n N : 2 )
e e céh)(s)yh(s)céh>(si>+2 E_IH; A |
h=ll U ‘ ' .
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N - = . -
L (L ety @y @p® ez er, -

L sl SO

Il
e

A i
S - ) Ch )

I
f3le

el Be h=1
5 Y ¥ 8ylEduta)=x(s)
© k=1 jed, o | . )

Remérking that the: EK(H)-valusd functions clgh) can be
prolonged from V ~ iw} to all of 2 \{w} we gée that we have
proved that (i11) => (1), '

QeE.D,
- We turn now to the clagssification of the closed two-sided
. ideals of B which contain J .This will be achieved by exibiting
a bijection between these ideals and the class of cones ¥
of positive continuous functions on L2~ LY ,satisfying the.

following "completeness" property:

(%) If f: Q~fwy ——10,99) ig a continuous function

~guch that for every & > O there exists a nelghborhood VE' o~ e
and a function B e “ guch that

2l B¢ (t)+ € for all t € v,
*hen f belongs to B. =

We pags now %o the construction of the scorrespondenoe
between ideals and cones. '

By F we ghall denote the set of conbinuous functi@né
‘f“fto,o‘a‘) e ety “ache Bhat spp RGO, O?).Let further, fér
5 £ >0, ‘f’g gtand fér the following .particular f_unction S
'Vl’&(t)z ma}?(t—lf_ (5] A :
For 'x.c—:. f)+ and Ye F we get a continuous fun_ct-ion ;

T‘f’ X .on Q\{gg defined by T\?x(t)z’l‘race P,






w7

"Let us note the following'properties of the functions

1) 1 x(8) & PG rank E(LS, 00)3x(t))
where & > O ig thelgreatest lower bound of supp‘?,

2_) g cranle B 28 , 0o Jgx(t)) £ 2

il

x(t)
%) Agsume Ye F ig an increasing function, then for

X,y €8, »X ¢y we have T,x(t) < T, y(t) for all t € S>1w]

The last property is a consequeﬁce of the mini-max principle,
which shows that the n-th eigenvalue of (%) is greater than the
n-th eigenvalue of i(t) (eigenvalues being listed in decreasing
order,ﬁultiple g¢igenvalues repeated), so that the same is true for

the n-th eigenvalues of ‘Y{(y(%)) and SO ) e

For a clogsed two-gided ideal é} containing J we shall
‘denote by 7@(&2) the smallest cone of continueus pogitive
functions satisfying property (¢€) cbntaiping all the funections

- * 5
T*,x,where X rung oOver (;Zf and ¥ runs over £,

Conversely, for a cone ‘@ gatisfying (#),let al;(g)
be the set of all positive elements X & ' guch that Tf(x) e
for all ¥ € F ..CZWTQ) will be the set of all elements X e B

such that (xI L(x* x)i/?‘ G.J;: (\é)

Lenmna B.C;f(f) ig a closed two-gided ideal of B ,which

Proof .Remark first that xe . B, is in J+("€) L cif
for all € > O.This follows from the fact that every ?es%z

ig dominated by a function of the form «'fé on the spectrum of X
and from property ( % ).

Alg o it f:[:O,OO) — 10, oo )ngs a continuous function

guch that £(0)=0, then Pof & #  for every P §‘} .Hence, if






=

X QOZ; (¢) then also £(x) e%(ﬁ) _
In pafticular, for x € By we have that'Jcécz;(g)if and

'only Jet xgé; (f A

We will firast show that G; (ﬁﬂ) is a closed convex

hereditary cone in A .To this end we apply the remarks preceding

the Lemma and Corollary 2.2 in 82 0f chell of [6] , o get:

I (x+y)(t) ¢ W x+y\W .rank E(Le, 00 )sx(£)+y(8)) S
& _
- x4y (rank E([&, o0 )3 (4 )rrank ELSE, o0 )y(8))) &

< g (T* JOR S KM e B,

T‘},\x-—‘)\T?Li/A § Xé\g $ ;\>Oo

Alaon L0 S X LyandyeJ (f) then ’l‘% y\_Tvbysmce,
’% is increasing . ‘This together with fthe preceding remarks yields

that _Z, (¢) 1ls a convex hereditary cone.

To see that é—l(ﬁ) is also closed, let X be in the closure
of dzr(ﬁ) .Then for any & > O we can find ¥y GJ (‘@)
such that
e
el gh o =

where @ is the unit of A It follows that

e (y+ < e)=T
7&5 qu +&/Z.
and the remark ® at the beglnlng of the proof yields tha desired

conclugion.

Also by one of the remarks at the beginning of the proof

we have that ‘ : , =

J(‘é ixe\/?) X *J‘ €z

A standard argument shows now that <7<“€ ig a closged






0=

left ideal of B ,such that C;T(f))F ;=sz(gﬁ) .Moreover since
T%,X&X:T%)XX* it follows that 57(t?)_ ig self-adjoint and hence

a two-gided ideal.

Since for x & J, and ‘Ye F , P(x) is zero on some

neighborhood of «w , property (# ) implies that JL_CTCQL €6
and hence 7Cd7/€).
AR

Theorem 4.The correspondence

e s e o i s
froviudioie @esomaiiaaians

: 7? k———f>6;(2§)

ijs a bijection between con: &g satisfying property (%) and cloged

 two-gided ideals of B containing J .The inverse of this bijec-

= \—> ‘é(j)'

Proof.Tt will be sufficient to prove that

—_—mZs=

J 2 F(E(H)
g < B(F(E)

tion is

the opposite inclusions being obvious.

To prove the first inclusion, let X é%(ﬁg)) and. € > O

be fixed.Since T*ﬁ X isg in ‘@(&Z) we can find a neighborhood VE
of ,funcfions S e & .and Jgseers¥p elements of C;?
such that '
n
S é ) 2
T¥éx(t) & y(8)+ S for all & € V.

i=1 5

The remarks preceding Lemma 3 imply tpét

E ¢ cnanieB s mbmiElls 2 rank ELS, 00l 5 @)+ %






-] o=

for all t € V. and where c=max (sup “*f(yi(t))“<) dn<¢
deisn teV

— /r’)f (4&{( /J(J//D%_)o | € v : /ee/)ea‘{{‘rl’)g

'_éAe yi' g geveral times if necessary,we may agsume that 2¢ « ¢

go that 2

e

rank E(L&,2); xt#)) & 3 rank £(18,%°); y.t))+ %

¢

-~

and gince the rank of a projection is an integer, this .gives:
rank & (¢, o0); x(t)) & Z_ yank ECLS, o) ]L(Z,L)) For i \/‘

Using Propogition 2, we conclude that X é(}: .Uging Lennma %, we

have

Cleln) - ehem 7

and hence the desired conclusion.

To prove that e (dZ('?g)) Bietie
Congider further 8738550005 &N orthogonormal basis of H and let |

E; denote the orthogonal projection onto " Ce;.For &3> 0 let

fn e s s {u} —[o0,29) be the functions defined recurrently Loy &
fo’i =Gy £ 04, Tl (f-»‘l_ £t ) Define now xeeuﬁ
k=0 :

to be the element _ .
e o N{w
x = 7 2 GBE-die ke N §

n> 1_

and note that Trace (X ECt)):f(t).

Our agsertion will follow from property (%) once we have
- shown that x, e.éZ(Zf) and that there ig ¥ € F such that
f & ET‘P . e LGlaanlg s o /5+ and ((X.\ ¢ &

The inequality

Th% X (t) ¢ Trace X . (t)=f(t) for every & > O, _
together with one of the remarks at the beginnlng of the proof  of

Lemma 3 shows that x. € é@_(ﬁ? : :

For the remaining assgsertion, note that






C

£ zTﬂ/xf_(t} 7> £(t)
5 :
Por all 4 e O

Q.E.D.

sided ideal of /3 generated by MudJ .Then €(7J) is the smallest

cone with property (%) containing ZT+ vy \Er20, 3 € N }
: » 3 .

Indeed, the smallest cone with proper’cy.(ﬂé) containing .
the above set is clearly contained in ‘@(J) and on the other .
hand the ideal corresponding to this cone c¢ontaing M and henced“l’ .

go that this cone must coincide with f(J Ve
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