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RTMARKS ON HILBERT-SCHMTDI PERTUftBATIONS

0f' ALM0SI - NOR]'IIAL OPERATORS

by  Dan  Vo icu lescu

We have shown i .n  a  recsnt  note f15 l  n  that  quqs i -

t r iangular i ty  re la t ive to  the Hi lber t -Schnidt  c lass can be used.

to  g lve a new proof  and an ex iens ion of  the Berger-Shaw inequal i ty
r - l

L3J .Th is  sugges ts  tha t  a  s tudy  o f  a }nos t  no rna l  ope ra to rs  nodu lo

H i lbe r t -Schmld t  pen tu rba t ions  nay  bo  tn te res t i ng .  When  a t  l eas t

on€  o f  two .a lnos t  no rna l  ope ra to rs ,  wh ich  d t f f e r  by  a  H i l be r t -

Schmi .d t  ope ra to r ,  has  f i n t te  nu l t i cyc l i c i t y ,  we  p r *ove  be low tha t  : , .  :

the i . r  Hel ton-Howe neasurss tA l  r  op equiva lent ly  the i r  P incus-G-
' funct ions 

[5  ]  ,  ars  ogual ,  0n the other  hand we bave a]so other

tnva r ian ts :  t hose  o f  quas l t r i angu la r i t y  and  quas id iagona l i t y

re la t i ve  to  the  H i l be r t -Schn id t  c lass .  Th is  l eads  to  a  ques t ion

asked  by  R .G.Doug las  l n  connec  t i on  w i th  t15 l  , . na rue Iy ,  whe the r  the

' two  k lnds  o f  i nva r ian ts  a re  re la ted .

.  f be  p resen t  pap€r  con ta ins  a  fow  remarks  tn  th l s  d l rec t i on "

We show that  the quasi t r iangular i ty  o f  an a lmost-nornal  operator ,

r e 1 a t i . v e . . t o  t h e  H i i b e r t - $ c h n i d t  c l a s s  l s  i n  a  s l r n p l e  r e l a t i o n  w i t h

tha t  o f  l t s  ad " jo in t  and  w i tL r  the  quas id iagona l i t y .
t .

TJe prCIv€ that  i f  an a lnost  n .orna l  operator  ls  quqs i - t r ian*

gu la r  w i th  respec t  to  the  H i l be r t *Schn id t  c lass  thon  i t s  l {e l t on*

Howe m€asur€ is

For .  ce r ta ln  subnorma l  opera t ' o rs  we  ob ta in  co rnp le te  resu l t s l

t he ln  adJo in t  i s  quas i t r i angu la r ' re la t l ve  to  the  I t i l be r t - schu id t

c lass and.  we get  €xact  f  s rnu lar  f  or  the guasl t r langular i ty  e ind
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quas id iagona l t tY  i nva r tan  t s .

W e  c o n c l u d e  t h e  p a p € r  w i t h  s o m e  q u o s t i o n s  w h i c h  s e e n

na tu ra l  i n  connec t ion  w i th  H i l be r t -Schmid t  pe r tu rba t lons  o f  a lnos t

no rna l  oPera to rs .

Th roubbou t  H  w i l l  deno te  a  co rnp ley  separab le  tn f i n i t e -

d i m e n s i o n a l  H i l b e r t  s p a c € .  B y  f , ( H >  ,  G o ( H ) ,  ? i C H l  ,  O  ( H )

(o r  s i .mp ty  Y ,  6 f  , f r . . rn ,  C  )  rn ;  sha t l  o . , r t o te  the  bounded .  operEr to rs

on  H ,  the  Scha t ten -von  Neunann  p -c lass ,  t he  f i n i t e  rank  pos i t i ve

on t rac t i ons  on  H  and  re f l pec t t ve l y  the  f i n i t e  rank  o r thogona l  p ro -

j e c t i o n s  r  '

Tbe  no rms  on  X  CHI  and  Er {n )  w i l r  be  deno ted  by  t l  l t

and  resp€c  t i ve lY  I  l t  .

The  c lass  o f  a lnos t -nOrna l  Opera to rs  on  H t  1 .€ .  t he  c lass

o f  opera to rs  r  e  X  (u )  such  tha t  f  n * r t l  e  8 t  ,  w i l l  be  deno ted
I  t /  h  t , /  4  , 1 , / ' t - '

.  by r r , l /  (H) (or  s lmply / t ,J / ) .  For I  C A t l l  <n> ws shal l  denote

t ts Hel ton-Howe noasur€ by Pl  and J. ts Pincus G-funct ion by nn'
t - 1 1

(  [B l  [ : l  t a  1  ) .  .  
r re  reca l ] ,  t ha t  t t  has  been l  shown by  J .D .P tncus

is equal *f"cTd 
;1 ,  wbere d ?. is Lebesgue ne&surs on R2.

Quasi t r inngular  operators  and quasid iagonal  operators  havo

been  in t roduced .  by  P .R .Ha lnos  f9  1  and  the  co ruespond ing  no t ions

re la tve  the  o the r  no rn - idoa ls  than  ths  conpac ts  have  be .en  cons lde red

wl Lre I

t he  ana logs  o f  Apos to l tg  nodu l l ' o f  quas i t r i angu la r i t y  a ld

quas id iagona l i t y r  reka t i vs  to  a  Scha t ten -von  Neurnan  c lass

( Crl t]27 ) arer
I  

i : tnp  Iq p ( T ) = I i n  i n f  { ( I - . / ' " !  p
P e O  

t  t r

I'  qdn(r)= t i ' , jnf  l lP,r l  )  ppe{r

where the l im i r l fs  are wi th  respe c t  to  the natura l  order  oR A.
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We sha l l  a l so  cons lde r  the  nunber

kn(r)= r i rn;yr  / [4,r1 (n-  
A e  & "

f non  [1 r1  ,where  aga in  the  l l n ln f  l s  w i th  respec t  to  the  na tu ra ]
^  m +  - - -

o rde r  on  {A r .n r r  t hese  nunberg  a re  i nVar ian t '  w l th  nespec t  to
( o' f ' 4  -pe r tunba t i  ons  I  i .  e .  qp ( [+x )  =qp(T )  ,edp (T+X)  =qdp( [ )  ,

k,",( t+X)=kr.,(T) for X e 8f
v v l

C o n c e r n i n g  e . ,  w e  r e c a l l  t h e  f o l l o w i n g  l n e q u a l l t y  f r o mv

For the crass nf  m seens that  the c lass of  porturbat isg

w h l c h  g i v e s  i n t o r e s t i n g  r e s u r t s  i s  V  r . M a n y  o f  t h e  r e s u l t s  w i l t

be  de r i ved  in  fac t  f ron  the  fo l l ow ing  eas i l y  checked  re la t i on ,

w h t c h  w a s  l m p l i c i t  i n  [ f f 3

(+) |  Cr-r l rr  |  .2=rr(p[ro,tJ r)+ l(r-p)r.  Tl  :

where T e X rP € e
n l f

Sgggggfl igg l.  Let r c /tf l .r le,n the .f-ol loyin$ esrali j jes

By  Propos i t l on  I . 1  o f  L t r ]  r  w€  have

l * \ r
t l m  i n f  l ( r - n n ) T  

' P n \  
2  e r ( t  )  a n d  h e n c e  u s i n g  r o l a t i o n  (  ' , 9  n n d

p -=" OO

t he  fac t  tha t  f ro , r l  e  Fn  ws  in fe r r

frrl
qp( r )  €  (n r ) r /n  Pn l l

w h e r e  r T  d o n o t e s  t h e  m u l t i c y c l i c i t y  o f  [ "

holdr

(42 (r) )2=(0, (rn) )2+ rr f t  
*,  r l

(0, ( ' r)  )  2* (qa (r *) )  2=(qaz (r) )  a

Pfpe{.Lot  P, . ,  t  I rP, ' ,  e F 
'be 

such that
l a u

l im l t t - to) rcuf  ,  =  aa( r )
n d(F> cA
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(u2( r )  )z

Compqr ing  th i s  l noqua l i t y  w t th  t f r *  i nequa l l t y  wh fch  tg

o b t a i n e d  b y  r e p l a c i n g  I  w i t h  f  w €  g e t

(02(r)  )2=rr  f - t* ,d +(aa(r  1 )2.

Th ie  imp l les  a leo  tha t  l im  ln f  [ t t - "n ) f  
*Pn

z=82(T 
r) '

n  - > c a

:  Bu t  th t s  g i ves  then :

(qda( r ) )2  1  r in  in r  |  [ ro , r1 [ !  =
a  * > &

=rin tnr  t  l t r -?n)rPnl2.
n ->oo

=(e2 ( r ) )2+ (aa ( r112

l t-no: r r* >J! ) g

wheno we used , ths  eas i ly  cbecked re la t ion j [ r , r ]  l l=  [Cr- r )  , r l :+

.a,-) \ n

f o r  P  €  U '  , T  G  X  . F o r  t h e  r e v e r s e  i n e q u a l i t y ,  I e t .

be sucb that  r im /&n rr ]  f r=qo2(r) .  Then w€ haver
n 4>oO

I  l 6 t

*  l ( r -p)  r  F? l '
l -  1 2

Q n f r ,  e r e C

( q d e ( r ) ) 2 = r i n ( | c , - e n ) T Q n l , , * k , - Q n ) t * Q n l z , ) >
n  - > ' O

n -,1 oO n -r*

7.  (qz1t ' )  )  Z+(az(r  1 )2.

n ill
ggfgllg$ 2. !g! r e/tJv bo- $SS.r-r- tha! qa(r) z w .gbg!

k2(T)=0.@ ^r  L*  i ry  k2(T)=0.

EIgg ! . I f  qz (T )  /  oo  , t hen
)  , 2

(qda(T) )c=2(or (T) )c+Tr  lT* ,n l  Z  oo  and henc .  kz  Q)  4oc ' r - (3 )  <  &  ,

t h i s  imp l i es  kz (T )=o r ' s i nco  w€  have  shown  i n  f r + ]  t r r * t  up  f  o r

t 1 p

Q .  E .  D .
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I f  n f

S i n c e ' i " n  t h e  n e x t  p r o p o $ i t i o n  w e  s h a l l

q2 (T )  14  fo r  I  c * "1 /  , ] e t  us  under l l ne  tha t

t h e  p r e c o d i n g  c o r o l l a r y r i t  i s  a  c o n s o g u € n c s  o f

q,a$)  < oo 1- )  qz( tx)  - / .6D 1:7 qdr(T)

t T c * : ) n a $ ) < e

Erspssilren 1.
n / ) /  l t  A f

s e/ , l / t (H)  rT €f lJ r  (H)  be such that q2 (slsoIrg t

and S-T e ? t . T h e n  w s  h a v e l

PS=?T

Eggg{ ,  I n  v iew  o f  t he  de f in i t i on  o f  t he  He l ton -Howe rqbasure

t t  i s ' e a s i l y  s e s n  t h a t  a ] l  w e  h a v e  t o  p r o v e  i s  t h a t  f o r  a n y

{  -po lynon ia l  I ' (X rxx )  the  t races  o f  t he  sc l f - commuta to rs -  o f

F ( s r s x )  a n d  F ( T r T b  a r o  e q u a l .  s i n c o  F ( s r s * ) , 1 ' ( T r T l

F(s ,s|-F(T,T 1 e Et and qa (s)z co -) qdz (s) <^a=:ed, (F(s ,s*) ) <"0

we seo  tha t  the  p roo f  o f  t h i s  fac t  i e  the  sane  as  the  p roo f  o f  t he

oquali ty r"tr*,Tl =Tr [sI sl

l l

Q .  n .  D '

us€  t he  hypo thes i s
*Ehj--

r d $  i p  r p r o o f  o f

P n o p o s i t i o n  l r t h a t

co and

cc>Sinc .  eda (s )  {  o4  the re

rn  t r  such tha t  { t r - ro )s ro  [  ,  t  , ,

c o n s t a n t  C  i n d e p e n d e n t  o f  [ 1 .

I
I

I r
=

n

tha t  S  iT e A{2 *u have

i e  a  s 6 q u e n

, . i

/ ( r -rn)s"PnI

c  e  (?n  ) ; r

z4 c, tor g oae

+

I

1 z  I  z
l ^ l -n d l .

l
U

n

and the  fac

Pn)spn  l t  n  -

I

Pn)S"o t - r l

r-?n)spn I 
e2

U s i n g  r e l a t i o n  ( + )

r L!*, r] -rrF*, rl/ =

r ln | 1 cr-nn)rPn I :- {ct-
n -)cA

- f c r - rn ) rn  Pn l ; .  [ c t -

rm suo l [ ( r -Po)mn \ !  -  lc
- ) & ' /

* rl* jIL{ ftr-r n) n * r,frt- [rr-p ) s rp
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n - ' a . o

+ l ln  sunf  ( r -en) (s- r f rn  f  r )=o
n

where the last  equal i ty  f  o l lows f ron S-f  €8a- and Pn 
' t I .

Q .  F .  D .

EUspsElUgE 4. irCIt f e rQ J{GD E spc.h that Q2(r)=0' lhsn

Pr 5. O

Elgg{ .  S inc  q  qA(T)=0,  thero  ls  a  soqu€ncu (Pn) r * '

, r -  '  I
pn f r, such that 

l i : lJr-Pn)rPn 
I z=0.

cons lder  Tn=( I -Pn) f ( r -Pnr  r t l= ( r -Pn)TPn lYn=Pnt ( r=Po) '

We have

f . t , i ,rn1 =(r-Pnlfr ir l  (r-Pn)*xnxfr lrn'

Thus f  or ao=(r-Pn) f t* ,r ]  (r-Pn)+xnXo* and Bn=rirn we have

A n e V 4  r B n  o E ,  , g n 2 r a ,
' t l

l tm  {Ao  I  r  =0
n - ) " 4

[*] 'nJ =An-Bn

T h e r e i n a i n l n g p a n t o f t h e p r o o f w i l l b e s i & i l a r t o a n a r g u .

n e n t  u s e d  i n  t h e  p r o o f  o f  a  t h e o r o m  o f  C . A . B e r g e r  ( s e e  [ g l  p a g e

1 1 2 ) ,

Le t  Fr$  be  rea l -va lued po lynon ia ls  on  R"

D e n o t i n g  b y  c n  a n d  D n  t h e  h e r r n i t i a n  a n d  r e s p € c t i v e l y  t h e

lD

an t ihe r rn i t i an  pa r t .  o f  Tu  rcons ide r :
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Fn=r(s  (cn)Dns (co)  )co*(s  (cn)Dor  (co) )+ ig  (co)nos (cn)  .

Then  w€  have :

Fn" ,Fn I =Rnso f*nT rnf snRn

whore

Sn= ,  ( co )  rRn=" ( s  ( cn  )Dn ,  ( cn )  )  .

$ inoe T-Tn € Yt  rwe have P* =P, and uslng the def in i t lon. n r

of  the HeI ton-Howe-neasurs r  w0 h*or ,  
o

r . ,  I  ^ ( f  2 , 2 1  2 .*" lFo* ,Fn J =2 ! \  " ' (s ' (x)y)s ' (x  )dPr
?,

0n ths othen hand

r in T" Fo* , t ,J = rtn (rr(nosoansnRo)-tr(RnsnBnsnRn)) <
n *> as n -7c{

{  r in (  / l  Rnsnl lz {nn /*)=o
n  - ) a

Hence we have proved that

( \ . t ( s 2 ( x ) y ) s 2 ( x ) d P r

a.
Sinc€ r rs  arc  arb l t rary  rea l  po lynonia le ,  tb ts  g lves

P r { 0 .

q .  E .  D .
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Proposition 5. Let T €,.tJ/ Ue subnormal and assume

thp spectrum of its minlmal normal dilation is contained in the

Proof .

f lcient to prove that e,

Let

$ = (: " )*r,o@/(,  )

For  r *@ N*@ . . .  ac r i . ns .on  Xa  t *@Xf  a  (X@]{ )6 . . .

4.qnt essent iaf  sp t .  Tben we have:

e2 (rx) = o

( t ,  t r  \ )2=(qd,  ( r )  )  2=r r f r * , t ]

fn  v ievr  o f  proposi t ion 1. ,  i t  w i l l  be suf -

(r*) =o

be the minimal normar d,i lation of T. since "t €,*,t we have xe 82.

Because of  the assumptiot t  q (}{*)  c {  t t*)  . ruu can appry proposi t ion 3.3

o t f rz l ,  wh ich  g j -ves

u2  ( r x1gn  2gx&n*@u*  e  . . .  )  (  u ,  t r * )  +  92  (N*@r . r *  @ . . .  ) .

rn view of the fact an.t normar operators can be

diagonallzed moduro the Hilbert - schmldt class t-13]r w€ hav.e

q 2 ( T x )  = q z , s * @ n x O  N *  O  . . .  ) .

the subspaces

a

x,'= ff@t&ZLo_.. &G( o.X').@ (0 oX, )@ (0 o 0)6l a

are invar j -ant  subsphces. By proposi t ion 2.4 of  f r t l  we have
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q2  (T *  @ u t  o  N*  o  . . .  ) < l im  iY  , r 1  1 t *eN*oN*o . . . ) lKo )  =

= Iim inf t, trxes*eJ1@.,.--@*)=1i* ln_! 9z (&r_:i@!,*)=0
n -? o€ 

-4 -[-tim"" 
nn ->d2 -1 

ffiiTJ:E1mes

where we did use the fact  that  tx@ s* -  w*e6^-q - s  L t t s  l q v  I  9 l r q 9  A  \ . Y  e  r r  -  -  
2 .

0 .  E .  D .

Pgopos{t ion 6.  Let

l m  v \-N = l  '  ^  
le f  (N@X' l

t v  s J

be normal, and assumg X, y ?6r. Thg4 r e{l arrd-we [avet-

e 2 ( T E N O l i o . . . ) <  l * l z .

3Ig€. That trn, r\ eto follows immediately from

Cr* ,  T ]=x  x * -Y*Y .  .

Ler r<rr=f@ tJbK, )o. . .@NeX, )@ (o @P )o (0o0)@. . ,

Then by an easy genera l izat ion of  Proposi t ion

Z 4  o f  L f z l r w € h a v e q 2 ( T ( D N ( F N ( D . . .  ) 4

< t*L lg (c2 (P*, . ( r  @ N O . . . )  lk . )*  I  t r -n*r ,  (1sN6.. . )n*rr l r )

= lirn - inf (qz (q9ee$,+gl + | x| , ) =
n -+ ao rn-t imes

= l im inf  (er( rgg.*-eyl  * l  x l r l= l* l  ,
n ---D ao (d+I) - t imes .  o

Q . E . D ,
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we th ink i t  is  natura l  to  conclude th is  paper  by ask ing:

to  what  extent  do the Brown-Douglas-Fi l lmore theorem on essent ia l ly

normal  operator= [4  land the Aposto l -Foiag-Voicu lescu theorem on

quasi t r iangular  operators (P) ,  see a lso L l  J l  admj- t  analogs for

a lmost  normal  operators,  re la t ive to  the Hi lber t -Schmidt  c lass ?

The quest ion concern ing quasi t r iangular i ty  is  another  way of  s tat ing

R.G.  Douglas '  quest ion ment ioned in  the in t roduct ion.  Both bheormes

ment ioned above have many par t icu lar  cases,  the analogs of  which

would be of  in tere 's t  r '  but  which to  s tate a1l  would make a rather

long l is t r  so we th ink i t  may be usefu l  to  s tate the most  far -

- fe tched quesses about  analogs of  these th$orems,  wi th  the hope
o

that some small part may turn out to be true.

be such that D = D- T' r  ' 2

Then there is a nor.ma.l operator ef d0 and a i-rnitary oPerator

u€ f rYaYtsuch that

ggegu a. Let r, e A t &l , rre *'l/t/l

u  ( r r  6  N )  u * - r ,  @ Ne6  z

Among the par t icu lar  cases we mention:
t  l l  .

Ar) Tf  Te/t .X( l {  j -s such tha! p. T =0 then there is  a  normal

operator  N such that :

T @ N=normal +  H i l be r t -Schmid t .

rf r e ftIf\\ then there is s€k\W) such that

T O S = normal  + Hi lber t -Schmidt

For  T 6/ f  we have

A 2 )

Guess  B .

=2 
$ dn;
R2

t c , $ ) ) 2
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. +
g lgfg P,  is .  the post i ive par t  o f  P-  .  Among the par t icu lar  cases

We ment ion

B1) - l ' t  hyponorma l ,  T  +  ,4  J { - -7e ,  ( r * ;=6 .

E2 ) Pr(o 4 nr(r)=0 .
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