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REMARKS ON HILBERT-SCHMIDT PERTURBATIONS

OF ALMOST - NORMAL OPERATORS

by Dan Voiculescu

We have shown in a recent note {157 , that quag i-

- friangularity relative to the Hilbert-Schmidt class can Bé ug ed

to give a new proof and an extension of the Berger-Shaw inequality
[31 +Ihis suggeéts.that a study of almost normal operators modulo
Hilbert—Schmidt perturbations may be interesting. When at least.
one of two-almogt normal operators, which differ by a Hilbert-
Schmidt operator, has finite multicyclicity, we prove below that * . |
* their Helton-Howe measures [8] , or equivalently their Pincus—G-
functions 65:1, are equal, On the other hand we have also other
invariants: those of quasitriangularity and éuasidiagonalityl‘
relative %o the Hilbert-Schmidt class. This leads to a question
asked by R.G.Douglas in connection with [15] ynamely, whether the

two kinds of invariants are related.

The present paper containg a few remarks in this direction.
We ghow that the quasitrimngularity of an almogst-normal operator,
relative.to the Hilbert-Schmidt class is in a gimple relation with -

that of its.adjoint and with the quasidiagonality.

We prove that if an almost normal operator is quasi-trian-
gular with respect to. the Hilbert-Schmidt class then its Helton-

Howe meagure ig = 0.

For. certain subnormal operators we obtain complete results:

their adjoint is quasitriangular relative to ﬁhe Hilbert-Schmidt

clasgs and we get exact formular for the quasitriangularity and







o

quasidiagonality invariants.

We conclude the paper with some questions which seenm
natural in connection with Hilbert—Schmidt.pérturbations of almost

normal operators.

Throughout H will denote a compléy geparable infinite~
dinensional Hilbert space. By Z(M, %, (0, Rjm®, & @
(or simply &<, ﬁf ,7{:/ {J’ ) we shall denote the bounded operators
on-H, the Schatten-von Neumann p-class, the finite rank positive
contractions on H and regpectively the finite rank orthogobal pr o=

jections.

The norms on £ (H) and &, (H) will be denoted by [ 3

and regpectively | Jf g

The class of almost—normal operators on H, i.e. the class
of operators T € L (H) such that CrX,T] € Ef( ', will be denoted
by AN (H) (or simply /ﬁvt/). For I‘§~/?«4ﬂ(ﬂ) we shall denote
its Helton-Howe measure by Py and its Pincus G-function by GT'
¢ el [61 ). We recall,that it has been shown by J.D.Pincus

: : 2
that_PT ig equal é%ﬂ-GTd;]’ where d A is Lebgsgue measure on R..

Quasitriangular operators and quasidiagonal operators have
been introduced by P.R.Halmos C9X and the corrésponding notions
relatve the other norm-ideals than the compacts have been considefed
mn 12} '
The analogs'of Apostol's moduli- of quasgitriangularity and
quasidiagonality, rekative to a Schatten-von Neuman clasg

¢ (2] ) are:

q (D)=lim inf [(I-P)TP]
p t [ p
PP

gd (T)= lim inf [?,Iﬂ)
p PC’? I P

where the lim infs are with respecﬁ to the natural order on O?
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We ghall also censider the number

k (T): lim inf H} | (p
e
from [lBi&,where again the liminf is with rsépect to'the natural
order on éR:.All these numbers are invariant with respect to
'%aa—pefzurbations, qp(T+X)=qp(T),qdp(T+X)zqdp(T),
Kk (B+X)=k (T) for X € ff

Conéerning qp we recall the following inequality from

El
(1) £ upM/P ol
qp = T
where mp denotes the multicyclicity of T,

- Eor the ciass-ﬁvwfit seeﬁs that the class of perturbatics
which gives interesting results is %}‘.Many of the results will
be derived in fact from the following easily checked relation,

which wag implicit in ElSl

() {(I-P)Tplfﬂr(?[w*,ml P)+ ((LP)T*‘I?IZE

where T ¢ ,P € U)

hold:
(0, (2)2=(a,(0"))% e [0 % 1)
(q2<'r>>2+<q2<m*>>2=<qd2<cv>>2

Proof.Let P (0 S el o il il

o o . e
=T E=

lim )(I~PH)TPn] 5 = 95(D)
n > Q

By Proposition 1.1 of [12| , we have

o

Lim: inf ((I—PB)T*?H\ >=q2(T ) and hence uging relation ( % nand
oD
n——:)»

the fact that ‘(T*,TJ G—KZ we infer,






i

(a(m)E = Ir (B0 +(a, (%07

-

Comparing this inequality with the inequality which is

obtained by replacing T with T we get
« 2 —
(gp(m)%=0r [T4,2] +(ay(2*)%.

This implies also that lim inf [(I~PQ)T'&Pn 2=q2(T%).'
n———~>&_ ;

But this gives then:

(g, 0ENE £ 1im fin ([bn,m]lg =
, T

Slim At [(I_anpn{ 2 {(I-Pn)m p‘n)}gj >
n —> o0

2. a2
=(a, (1)) “+ (a5 (1™) _
: 2 é
where we uged the easily checked relationJ[P,T]!2=IZI~P)TP/ +
‘ g

+((I»P)T ”P]g for P’é(jv,Téi§f .For the reverse inequality, let,
2 o
an\l, Qn<%jCF’- be such that lim{CQn,TK,l;ng(T). Then we havae:

- n....->oo
. » . 3
(ady(m)2= 11m( | (G-q e, |5 [T-ap1%e, ) =
n ~> <0
— ¥ Q_
> lin inf[(I—Qn)TQn (; +lim inf‘kI-Qn)T*Qn{ 5 >
n —» H=
; ol ol
Z (g, (1) “+ (g, (T ).
Q.E.D.

(qda(T))2:2(q2(T))2+Tr R e and hence k,(T) £qd, (1)< co,
This implies k,(T)=0, since we have shown in {14 | that kp for

1<p< 9 can take only the Y %lues O or S






-5u' = .
If mp < e , when a5 (T) é&(mT)l/gf/Tll
B D |
Since in the next proposition we shall use the hypothesis
qz(T) < SO o L G;/%/V’,let ug underlipne that,as in pgoof of
the preceding corollary,it is a congsequence of Proposition l,that
4 (D) £ 00 L=D (1L 8P <= qa (1) < =0 and

D =Y
N, & 0 qZ(T) &

s s o PociociastitnePoncfiaing

and S=7 € %, .Than we have:

PS=PT

Proof., In view of the definition of the Helton-Howe measure

it is eagily seen that all we have %to prove 1s that for any’
X =polynomial F(X,Xx) the traces of the self-comnutators. of

F(5,5*) and F(T,T%) are equal. Since F(S,5™),F(T,T*)

B(S,59-F(2,7Y €82  and 9 ()£ = qd,(8) <=2=2qd, (F(5,5%)) <
we gee thét the proof of this fact is the same as the proof of the
equality Tr[?%}Tl e

Since qd2(5)<<'°* there is a gequence (Pn);:l Cf(jb
< : » s |

B T1I such that ((I—PD)SPQ( 5% C, /(I—Pn)s ?nl 5% @ for some

congstant C independent of n.

Using relation (%) and the fact that S,T €/4ﬁ5'we have
/' e oy o] o 5% sj/ =

=lim “(I—-Pn)TPnl - {(I—PH)SPnizg -

N 2N :
B _((I~PD)S*PH\7'2\ <
: 7 Z o
£ - Yinmognp [(I»PQ)TPH \ 5 - [(I»PH)SPnll 2( + =
e

s K S : m ¥ Z_-_ - % 2
+lzmj;1i(l(i-9n)l‘ Pn(g |(1-P )S Pnl .

<

—







6=

< 20 (1lim sup (cx-Pn)cs-T)pn

n.,-?oo

-
5 H
4+ lim sup[(I—Pn)(S—T) Pnl 2):0
n
‘where the last equality follows from S-T € &, and B g,

QeE.D.

e o i Ao ot s ke e ore e

o= 0
Proof. Since q2(T):O, there 1s a gequence (Pn);QC: %

E 1\1, such that lim/(I—Pn)Tpnl 5=0.

P n -0

Congider 7 =(I-P)P(I-P,) X =(I-P)TB ¥, =P, T(I-P)).
We have .

= e, -A i < "_‘.X. = —\! *

Lmn,Tn] ~(InPn)L1,T1 (I-P)+X X -1 Y, -

3 X ¥ -

Thug for A =(I-P)[17,7] (I-P )+X X~ and B =YY, we have

LeR B €L B 00

i
n—> e

mr oo e %
fa i B
The remaining part of the proof will be gimilar to an argu-

ment used in the proof of a theorem of C.A.Berger (see [6t}page

T2
Let r,s be real-valued polynomials on R.

Denoting by Cn and Dn the hermitian and respectively the

antihernitian part of Tn ,consider: ' : ==






o

F_=r{a(C )Dng(cn))cnr(s(cn)Dns(Cn))+is(CQDnS(Cn?‘

n 4]

Then we have:
= : 5 :
[Fn ’Fnl ~Rnsn [Tn’ Tn_l San
where
Sn:s(Cn),anr(s(Cn)Dns(Cn)).
Since TaTn a %Q ;,We have Pp =Pp and using the definition
n
of the Helton-Howe-meagure, we have:
2
Tr[%é*,Fn] :2§§ r- (g (x)y)sg(x)dPT

R
On the other hand

0 = X i " ° ~ =] ~ g (
It TS BN (Tr(R,Sp8,5,R,)=Tr(R 5 B S R )) <
n—oa n —D R 5

< un (| RS, IF (4 [1)=0

peie o0

- Hence we have proved that

ggr2(32(x)y)sz(x)dPT < o,
g

Since r,s are arbitrary real polynomials, this gives

Q.E.D.






Proposition 5. Let Te AN be subnormal and assume

the spectrum of its minimal normal dilation is contained in the

rght essential spectrum of T. Then we have:

qz (T*) = 0

(a4, (1)) %= (qd, (7)) 2=re[n* 7]

Proof. In view of Proposition 1., it will be suf-
ficient to preve:that g, (Tx)=0.

Let

T X ’
-N=( )éf(% X"
A0 S

be the minimal normal dilation of T. Since T €AW we have X€ 5’

- Because of the assumption O“(N ). & 20 (T ) 'we can apply Propos:Ltlon S35
ofL}2], which gives:

0 (T5)<ay (T* @V O @ ... )¢ g, (%) + g, Fen*e ... ).

In view of the fact that normal operators can be

diagonalized modulo the Hilbert - Schmidt class {_13], we have
Gl irtemt eat @ . ).

For *@n*@ ... acting on H{ @ (}'@}f’ @ (y@}{f)@‘
the subspaces '

=R )®. . A D (0BY)B (0 G )& ...

n-times

are invariant subspaces. By Proposition 2.4 of ClZl we have







q, (* @ N @ N* ® ... )<lin inf qZ(KT*@N*@Nﬁa...)\KM) =

n —=e0 :
¢ L S e * i . e
= lim inf q, (T"@S" 8N @.:_,_@& )=lim 1>n£ d, (Nm y=0
n-—oo° n-times M= (n+l)-times

where we did use the fact that Tx@ e . NXE(%.

QoEoD'

Proposition 6. Let

N =(T X}éz aX ")
S

be normal, and assume X, Y €¢. . Then T G/I_JV and we have

q, (TONEN®. . .) < | X, .
Proof.That CTX, Tzég,l follows immediately from

Gt vl =0 %

Let K_=I® (el )®. .. DHOX)® (0 @)D (060)a. ..

Then by an easy generalization of Propositibn
2.4 -of [121 , we have qZ(T@ NEND ... )&
< lim inf (q, (B, (T® N ® ..k, )+ | (1-p, ) (@en6...)2, | )
Ra=22 n “n ni2
= lim inf (q, (T®S8NE...8N) +|x],)= ‘
R E=EE0: - h-times.
= lim inf (g, (N®...8Y) +\x12)=1x!2

B .o
n —» o9 (n+l)-times .
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We think it is natural, to conclude tﬁis paﬁer by asking:
to what extent do the Brown-Douglas-Fillmore theorem on essentially
normal operators [ﬁ.land the Apostol—Foiag—Voiculescu theorem on
quasitriangular operators ([?], see also [7;% admit analogs for
almost normal operators, relative to the Hilbert-Schmidt class ?
The question concerning quasitriangularity is another way of stating
R.G. Douglas’ guestion mentioned in theiintroduction. Both theormes
mentioned above have many particular caSes, the analogs of which
would be of interest, but which to state all would make a rather
long 1ist, so we think it may be:- useful to state the most far-
- =fetched %uesses about analogs of these theorems, with the hope
that some small part may turn out to be true. |
Guess A. Let T, Gaﬁfyr(K), T2£/%JQﬁﬁ'be such that P, =P

Sl

Then there is a normal operator Néﬂfﬂ}ﬁ and a unitary operator

veZ (e }) such that

u(T, ® N U*-T, @ N€ Zz

Among the particular cases we mention:

Iy It Téb%ﬁq70 is such that PT=O'then'there is a normal

'operator N such that:

T @ N=normal + Hilbert-Schmidt.

A2) If T ¢ A/(H) then there is Séuﬂ&%ﬁ) such tha£

T & S = normal + Hilbert-Schmidt.

Guesé B.AFor Té/%l'we have

(ay (1) %=2 ( ap}
RZ






il

where P; is the postiive part of Pp - Among the particular cases

We mention:
B1)T hyponormal, T ¢ A /'=> q, @)=,

B2) PO >q2 (T)=0.
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