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Abstract .  We

quasi.-analYtic

semigrouPs in

construct ion o$

On uasi-analvt ic veciors for some c l -asses

o f  o P e r a . i o r s .

b y :

Ioana Cioranescu.

present  in  th is  work  an  ex tens ion  o f  Nussbaumrs

vec tor  theorem to  the  .se t t : -ng  o f  d is t r ibu t ion

Banach spaces;we give also an appl j -cat ion to the

some quasi-analyt i .c c lasses of  funct ions.

I
I
I
I

$ I ,  , In t roduc t ion .  We beg in  by  reca l l ing  sone c lass ica l  fac ts
I

lconce.rning the theory cf  quasi-analyt ic funct ions.

I t  is  wel l  known that two analyt ic funct ionsral l  of  whose der i -

va t ives  ag lee  a t  a  po in t rmust  co inc ide l fu r ther ra  C 
e  func t ion  is

analyt ic i f  and'only i f  i ts  successive der ivat ives sat isfy gror ' i th

Condit j -ons given by Cauchyts est imates. I t  was so qua: ' te naturai

( I lad .arnard  r i -seo  th is  ques t ion)  to  seek  fess  res t r i c t i ve  g rowth

eond.it ions on ihe derivatives of a C 
* 

function that impl; 'r the
,t

above ment ioned" property ofrrQuasi-analyt ic i ' ty '

More  prec ise ly ra  subc lass  C o f  C h  is  ca l led  a  quas i -ana ly i i c

c ( 1  e n d  e n d r  Y  t ( * ) ( *  )  =  s ( t ) ( *  )  r o rc l a s s  i f  f  , - g ' € C  a n d  a n d  x o € R  s a t i s f y :  -  \ ^ o ,  b  o -

a l l  n = O  1 1  , 2 r . .  o  r t h e n  f = 8

l l r(")fi* : i.,oM".

class i f  a.nL
o6 _4/

t tfL

n1

d i "verges .

I,et us remark that

f-let { MoJor,O be a sequence of nonnegative numbers and lei us

d.ef ine the c lass

c  { u , , J  = {  r € c F ;

The 'above problem reeived the folLowing .ans\ ' rer :

Den joy-Car l_eman Theorem.  C { t ' t " f  i s  a  ouas i -ana lv t i c
I I I J

f o r  some  I>OJ

L M o
- n = O

e>o -.1 I

the cond.ition 7. M t/vL
"n

m = 6

-* t '  oo is  equiva-
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F- t t '
S" I,.i  ̂ -l

lent to L 
-M; = to'o '

m = O

. I v l0 reover r i f  the  sequence { * "J  
i s  l0gar i thmic  convex ' tha t  i s

- .2 .  r r  nrr
tyLn 2, ' ,n-1r ' ,n+1.1then. the'  cond' i t ion in the above theorem neans that

a 

" ' ^ ' - - i t r *  
. :+^^ r  r  A ia76?cr .s

the ser ies E * : ' l *  i tse l f  d iverges '
._ ,=0_ _1f1 ic_dlassesr___

Further it i"as naiural to look for other quasl-ana' 

t
aassociated- to other norms as the l l  '  l l  *  and' to other di f ferentia'

! L  ^ ^  ^  |  a  h 6 C  m 2  r l l t  l - P - l i  t  U D

opera.tors besides the der lvat ion'Along these l ines many resul ts

w e r e o b t a i n e d b y a n a l y t i c a l m e a n s , o n w h J - c h w e d . o n | t . i n s i s t .
^ ! ^ -  J - ' l ^ ^ a g ^ * i a

l l le shal1 present here short ly an operator theoret ic point  of  v iew

. !  I L

which leads to interest ing geneta:- :zat ions of  the quasi-analyt ic

classes)on one handrand- which provides some new facts concearning

the spectral  theoryron the other hando

I,et A be an unbound.ed operator with domain D(A) in the Banach

space X.

A  vec ' to r  x€X  i s
oo

1. l(1") .
-=0
l r ib.rr trut icrrespectively semi-anal lr t ie vector fgr A is ui  t^

vector x 6 X such that the ser ies

a o  . n
f  r  i "7 

r )  { l  6nx t l  '  respectivelY/ . \  / n .
t n = O

eonverges for  some t>0 '
!

I

:  ^ F

A q u a s l - a n a l y t i - c , r e s p e c t i v e l y S t i e l t i e s v e c t o r * f o r A i s a o -

nonincreaslng majorant of  the se-
oo -tll-

f  f f  ,qnxll  
' '* 

diu.rges.
zn =4

symmetric oPeratcr on a Hi lbert

a CF vec tor  fo4 i f  x belongs to Df (A) =

F r  tn / ,  . r  ) l r t ro* l lb:  /  (zn) ' . ,
i i

vector x €X sueh that the least
to ^a/,r_

r ies Z l l  lo" [ [  
'  ' - rresPectivelY

rvt=4

let us nemark that if A is a

t i

l

spacer then the sequence 
{ l t  

o"" [J  r r ,o  
is  logar i t ] ' :n lc  convex 'This

is not true in general '

Analyt ic vectors were introduced-
.t -l

by E.Ne lson in  1959rU10 - l  '

semi-analyt ic vectors by B,simon tn 197,1r[rr f  ,quasi-analyt ic and'

S t ie l - t j es  vec to rs  by  A .E .Nussbaum j -n  1965" [ t t ]  ' s t i eL t j es  vec to rs

were ind.ependent ly  def ined.  by D.Masson and w'Mc'c lary  in  [9 ]  ' to



-1-

terminology is  duersuggested by the St ie l t jes  moment

use the fol lowing notat ions :

t ' ,8 /  I  \  -  f .he set  o f  a l l  analy i ic  vectors of  A ;
y  \ , ! , /  v r r v

l s " ( l )  =  the  se t  o f  a l l  semj - -ana ly t i c  vec tors  o f  A  ;

D q a ( A )  =  t h e  s e t  o f  a l l  q u a s l - a n a l y t i c  v e c t o r s  o f  A ;

D s ( A )  =  t h e  s e t  o f  a l l  S t i e l t j e s  v e c t o r s  o f  A  '

clear that
Da(A)  c  Dqa(A)

n n
Dut(A)  c .  Ds (A)

whom the

problern.

I,et us

It  is

We st i l l  remark that  Dt(A) ana lsa(-q) a^re l lnear subspaces of

D 
P'(A) but i t  j -s not

I n  [ 1 1 ]  r . N u s s b a u m

true  fo r  Dqa(A)  and Ds (A)  .

proved. the fo l l -owing resul t :

Theorem 0A. let  A be svrnmetr ic oPerator on a Hi lbert s p a e e  H

I f  A  has  a  to ta l  se t uas i-analvtlc ve ctqq ri thsg-it s c losure

is  se l fad i  o in t .

This is a genela:- : l lzat :on of  Nelsonts s imi lar  resul t  which

requ i res  tha t  A  has  a  d -ense se t  o f  ana lv t i c  vec tors  [ f  O] '

r t  is  interest ing to remark that  in t? l  l { .Hasegawa has obtai-

n e d a v e l y s i m p l e p r o o f o f T h e o r e m Q A , a v o i d . i n g t h e e l a s s i c a l H a n -. I

burger moment-problern method. of Nussbaum by a direct irse /of Den-

j o y - C a r ] - e m a n ' . s t h e o r e m o n q u a s i - a n a l y t i c f u n c t l o n s . o n t h e o t h e r

hand.,we remark that the suff ic iency of  Denjoy-car leman cr i ter ion

for quasi-analyt ie i ty can be der ived'  f rom Theorem QA as-a special

case;al l  these facts are conpletely disscussed'  by P'R'Chernoff  iXl
:

[3 ] ana [+ ] .f, loreover Hasegarva has generalized' the Theorem QA

to the context  of  cbntract ion semigroups on a Hi lbert  spacerBi-

v ing the fol lowing

Theore.m -D. let A !g 3 c l o s e d r d e n s e f y  { " f l l e a  d l " u i p # v e  o p e r a t o r

o f

g n a H i l b e r t s p a c e H . f f . A h a g a t o t a l s e t o f q u a s i - S n a l y t i c v e c -
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to rs r then A is  the  genera tor  o f  a  cont rac t ion  semi -group.

In  f7 )  P .R.Chernof f  ex tende '  th is  resu l t  to  genera l  s t rong ly

cont inuous semigroups on Banach spacesrgiv ing the

,Theorem 
(Co) .  lg i  A  b"  

"  " i " . "d  "p" " " t .
tha t :

( i )  A l ras a  t o t a l  s e t  o f uas j--analvtic vec'!!r-Ej
,r,

an extension A @(co) selnj-group.( i i )  A  h a s
,\'

T h e n A = A

Y: i t tg  th is  theorem, the

fol lows as a CoroLlary.

Concearning St ie l t jes

to theorem QA :

Theorem S. let  A be a svmmetr ic and sem

on a  H i l -ber t  space H. I f  t  has  a  to ta l  seJ  o f  S t le l - t ies  vec tors r then

i t s  c l o s u r e  i s  s e l f a d j o i n t .

f ,P version of  Denjoy-Carleman theorem

vectors we have the Ti j l lowing correspond'ent

by l'las-

1u 1;
in

is to extend Theorem (Co) and HS to

This  resu l t  was  proved by  Nussbaum [ t t ]  and red- iscovered

son and Mc Clary [9 I  ana appl ied to quantum f ie ld theory.

A simpl i f ied proof of  Theorem S has been gi 'ven by B.Simon

h.e also proved. the analogue of  Nelsonrs theorem replacing

Theorem S the condit ion on A by the density of the set l?"(A) .

fn  [4J ?,R.Chernof f 'showed.  how v ia  some operator theolet ic  te-
II

ehniquesrTheoren S c.an be der ived from Theorem QA.He also'  genera-

Lized Tl ieoren S from semibounded syrumetr ic operators to the larger

context  of  generators of  bounded holomorphic semigroups :

Theorem 4f, .  Let  A Fe a c losed operator on a Banach space X sueh

that :
' a

( i )  A  h a s  a  t o t a l  s e t  o f  S t i e l - t j e s  v e c t o r s ;
it

(i i) A has an extension A ,which gqner?-Fe.s- .3n hol,gmorphic semi-

grolfp--f-q:] R.2' -= O yhich is uniforml-v 'bounde{ for Reh>tO '

T h e n A = A .
-

The aim of this work
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dis t r ibut ionrrespect ive ly  ho lomorphic  d is t r ibut ion semigroups on

Banach spaces and.  to  g iverre la ted to  these factsrsome exanples bf

new quasi -analYt ic  c lasses.

6 2 -  .ouasi-analvt ic vectors and 6lenerators :of  : -

d  i s t r ibu t ion  s  emigrouPs '

We reca1 l  f i r s t  some fac ts  concearn ing  d is t r ibu t ion  semigroups .

Rather then l ions ts def in i t ion for  a d. istr ibut ion semigroup from

fgl  ,more useful l  for  ou, ,  consid"erat ions is an equivalent def in i -

t ion  d .ue  to  T .Ush i  j ima [15 ]  :

let  A be a c losed l inear operator '  in a Banach space X such that

D ?'(A) i"  dense in l i .We put t l  x l tn = l l  . tnx l t  for an{ x e nF(A) and'

n = O r  1 r 2 r . . . ; t h e n  t i i e  s e t  D 0 "  ( A )  c a n  b e  c o n s i d e r e d '  a s  a  F r 6 c h e t

space Y with the topology d,etermined by the serni-norm system

r . .  . .  1  , , e  d e n o t e  b y  A -  t h e  r e s t r i c t i o n  o f  . A  t o  Y . C 1 e a r 1 y
I li xllrrl or,o . vv

^ 

rT:: l ' r* ,  A is A^:w-e-f- I  pose!,or short ty A€ (A*), i r  the ope-

ra to r  Aao is  the  genera tor  o f  a  semigroup {  u r l r r ,o  o f  c }ass  (co)

i n Y

We remark two imPortant faets: 
'

i )  f o r  a n y  x  6 Y r t  - >  U - x  i s  i n  C * ( ( O r + c o ) ; V ) ) ;

I

i.i ) { utJ t,,o 
'is Iocal ly equl-continuous in . f ; iYlthat 1s

fo r .  any  s  TOr there  ex is t  an  in teger  n^  and a  cons tan t  
" " "o

such that

i turx t l  4 c" l [  x l l r r -  ,  for  any t  € [ors1 and an; '  x G'Y'
5

By resu l ts  o f  T .Ush i j lma 1157 and J .Chazara in  [2 ]  ,we have :

T h e o r e m .  l q @ A

equiva- l -ent  :

1 )  A €  ( A F )  g n d  t h e . r e s - o l v e n t  s e t  S ( a )  * i l  ;



ex is t s

theorem' is  ca l led  the  genera tor  o f  the

Proof.  We shal l  use simi lar  arguments

belongi4g to the loga-

the above

i

L -  Y  q Y I A
l ;  J .  q l l u  c

X such that

ror A.

r i thmic  reg ion

A  .  .  =  f  ^ e  c ;  n e 2 ,  z t d - r n l r m f u l *  F ,  R e  L  
" f ]t t u , p r *  { .  

r ' e ' /  t

def ined, by some constants o( > 0 ,  F, f ,  e A i rnd Sat i 's f ies-

I t  R(  , I  ;A)  l l  4  c ( t  +  l ' L  {  )k

1 1 } t h s Q m e e o n s t a  C > O . a n d "  a n  i n t e g e r  k '

An operator sat isfy ing the equivalent cond i t ions  f rom

dls t r ibu t ion  
' semi

f ined as fo l lows

vlhere
+ 9 0

|  )" t
J E

at te
and

let

( r r )  6 ' - l €  = 5 6 r x  ,

Reclprocal lyr i f  for the closed- and" densel-r '  def ined operator A there

is  t  €{  (A;  {  (X)  )  w i th  the above proper t ies, then a e (nd )  and '
. i

9 t l l  {  /  .  Condi t lons ( I )  and ( I I )  represents  the in i t ia i l  def in i t i

on of  I - , .J .U-ons [g l  o f  a  d is t r ibut ion semigroup '

I,et us finally remarknthat we have t141, [t f I
. C

Z  ( Y )  =  i  Y ( t ) u * x a t  . f o " a n y x

' l t le can now give our main result

Theorem l .  le t  A

( i ) A h a s a t o t a l s e t o f q u a s i - a n a l y t i c v g c t o r s ;

in  e l tens ion  f  uh ich  genera tes  a  d . i s t r ibu t ion  semi -

groqp.
fw

S h e n - A = A  .  '

f l  = \ V € c * ;  s u r r c g a R  c o m P a c t J -  a n d  l e t -

, [ ^ . ,

t ( y ) =  #  J  ? ( l ) R ( f r ; A ) c t ) "  '

l*,r, * is ,0" #;tit", or ,\ u, ft, t and A' ( 1 ) =

Y (t)at .  Then we have

f ,  C n  ;  { ( x )  ) ,  s u p p  t . ( 0 , +  c o )  ,  e  (  Y ) "  € D ( A )  f o r  a n v  x €  x

^ t
+ '  7  n  -  \ f r \  T
O (2  A  =  c - r \ 5 , /  r n /n \  o

!  \11 , /

as in the Proof of  Theorem
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( co ) '  ,  ^ ,
i . * :  , t  g f  i i l  wh ieh by hypothes is  is  non vo id .The operator ,& -A

i s  su l jec t i ve  and.  i s  an  ex tens ion  o f  A ,  -A ;A bee ing  c losedr the  range

of  h -1 ,  i s  c losedrso  tha t  i f  we can prove tha t  the  range o f  h  - l '

i s  d e n s e  i n ' X r t h e n  i t  1 s  c l e a r  t h a t  h - l '  =  i : X - ' r t f r . t  i s  I  =  f ,  ' .

Suppose now tha t  * *€  X  xann j -h i la tes  the  range o f  A , -A ; then

1 * * r A x )  =  L z x T r X  )  f o r  e v e r y  x  e D ( A )

le t  x€  D*  (A)  a  quas i -ana ly t i c  vec tor  fo r  A  and l -e t  f ( t )  =

< * . r U t *  )  ,  t z . . O ,  w h e r e  { u r l 1 t , g  i s  t h e  l o c a l 1 1 r  e q u i - c o n t i n u o u s

semigroup generated uv T in Y = l*  1f ;  '

I t  is  c lear that  f€ Co'  for  t  70 and'  that

, ( n ) 1 t )  =  1 x * , u * A n x )  ,  t 7 o

t ( n )  ( o * )  =  1 * *  , A n x  )  =  L n  z x x  r X  )

f o r  e v e r y  n = O r 1 t 2 r . . .

We  de f i ne  now

I t  is  easv to ver i fy that  g € C * and that

./.^ \
g \ I i l  ( t )  =  l xx  ruaAnx  ) -  f une  L t  zx t  ,X  ) ,  for t - .6 .

.  c , ,  r  1  . . ^  ^ ^ -
us ing now the equi -cont inu i ty  o f  the semlgroup ]  u t l t r ,o  /  we can

f ind.  for  every s  >Ora constant  
" " tO 

and an in teger  t "  such that

/ - \  ,  .  n+n -  n

^ .pup  I  e (n )  f t ) l  4  c " (  ( \ ^ t t * l t r .  +  t , l l n )  =  cs ( l lA  
- sx i l  

+  l ] l  I  '
O1t4.s

Fur ther r i - t  i s  known tha t  i f  x€X ia  a  quas i -ana ly t i c  vec tor  fo r  A ,

then so j -s  Ax (see [ r l  ) lhence i f  we S"" : : ,  
* '  =o l t l " l  g( " ) ( t )  I

w e  g e t  a s  i n  L 3 l  , T h " o t u *  3 . 1  . r t h a t  Z  - , * o ' ' ^  
= + t i ' o  '

tL= c

Thus g belongs to a quasi-analyt ic c lass on every f in i te j -nterval

and as  g  van ishes  fo r  t / -O, f rom Den joy-Car leman ' ts  theorem'  i t  fo l -

lows tha t  g  i s  iden t lca l l y  zero 'There fore

1 x r r U t " ) =  " L t a x * r x )  
,  f o r

f.or t>, O

f o r  t 4 O  .

rw

t'>z o and x 6 Dqa (A )



3ut this implies bJr d.erivation

z  x * , A x  )  = ) ,  z X * r x  )  r
' :

As the above relat ion holds for  x belonging to

j . t  resul ts that  **€ D( i*)  and that

a -total- subset -in Xr--

X,**r = A. *r .
But as 2. e I t f l  = -f (f,*),we necessari l ly get x = o"Thus L -A

has a d.ense range .

Q ' € ' d '

we shal l  next  general ize Theorern H s to holomorphic distr ibu-

t ion  semigrouPs.

using the terminology of  the beglnnlng of  th is palagraph'we say

g o  ,  , t  r  n  r  I  t &  \  i t  t h e r e  i S  C r : > O  S U C h
that  A is  eu -wel I  posed or  iha* t '  A e \Ae )  Lr  t / r rsr  s  I

^ d

that the operator A:- ar is the generator of an equl-contj-nuous

semigroup {urir,,  in f, tvl . I f  A6. (A;" ) and J)(al + /,t iren we

say that A is the generator of  an exponent ia l  d istr lbut ion semi-

gruopr ln  i ;he  sense tha t  the  assoc ia ted  d is t r ibu t ion  sern ig roup

has the property that  
"-  

{ t  
€ i "  an d.  (x)-valued tempered distr ibr

b u t i o n r f o r  f > w .  .  '

E x p o n e n t i a l d i s t r i b U t l o n s e m i g r o u p s w e r e i n t r o d u c e d b y J ' T " l ' i o n s

j .n  fa l  and fu r ther  s tud ied  by  Fu j iwara  [ f f (u " "  a ]so  tAJ  )  who

consid.ered also the not ion of  an holomorphic distr ibut ion semi-

g o u p , g i v i n g t h e s p e c t r a l c h a r a c t e r l s a t i o n o f i t s g e n e r a t o r .

We say that A e (A:' ) wlth .9 (A) + 0 
' is 

t-]re senerator of an ho-

lomorph ic  d . i s t r ibu t ion  semigroup in  the  sec tor  So.  = { l ;  [ " tg l<* ;

o L d. ,  I  l  i f  A *  j -s the genera. tor of  an holornorphic semlgroup
- L \, I

{u t l t ' ,o 'c {CY) 
i t t  th is  sector  o

In this case holds :

f o r  eve ry  t : z  o r the re  i s  f *=O 'c "  - ' 0 and an lnteger ne with

i
I

I

tt "- 
fi u^ * Ll I ct ll xttrr"
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f o r  e v e r y  x € l F ( e )  r f ' { e ,  A ' €  s ^ ^ , ,

T h u s i t i s n a t u r a 1 t o i n t r o d " u , c e t h e f o ] . 1 o w i n g n o t , i o n . . :

we say  tha t  Ie  (A ! ' )  iu  a  bound"ed ho lomorph ic  d is t r ibu t ion  semi -

group for ne ,1> O i f  A generates an ho- lomorphic-  d ' is t r ibut ion
' n

semigroup for Re f t> o wi th the property - :  -

there  is  .o )0  and noG N such tha t

I  u  x [ l  I  co l lxt lrro for every x 6ld (a)

Then Theorem HS can be general ized in the fo l lowing. way

and Re lzto ,

such tha t :
,Theorem 2. L,et  A be a c losed operator on a Banach space

( i )  A  h a s  a  t o t a l  s e t  o f  S t i e l t i e s  v e c t o r s  ;
r\,

( i i )  4 i ras an extension 3 which generates an bounded- holomorPhie

dlstr ibut ion semigroup fQr Re i  > 0 .
6\,

J h e n A = A

The proof ean be carr ied out adapt ing as in the proof of  Theore"m 1

the  arguments  used to  p rove Theorem i lS ;we donr t  ins is t  on  the  d 'e -

ta i l s .

$  5 .  9n  a .ouas i -ana lv t i c  c lass .  o f  func t ions ' I

We shal l  show how usj-ng Theorem 1 from $ 2rnew classes of  quasi-

analyt ic funct ions can be der ived' '

In  f1  I  t v :o  example  o f  d is t r ibu t ion  semigroups ,genera l i z ! 'ng  the
I t

t rans la t ion  and the  Gauss-Weiers t rass  semigroupsr t " :  rb tud ie f ;we

remark that these examples were suggested us by U' l {osco and' iwe
I

present  here  shor t l y  the  pr inc ipa l ' fac tso  
I

.  
let  us d.ef ine the fol lowing funct ion Spaces :  

t  ,  

'

: 1 . = { o , R - - I t 5 o - = d o * 6 1  ,  o o , 6 - 1  e L * ,  o l 4 L L  , n ( t ) , = l " f  { t ) a u e  r ' n
Lt (  -  u I  L,  

for any ot: to

Z o =  \ u ' Z  5 1 t  > o

where 6- 
-1 = n/v ,

slat ion operator.

w i t h  c - 1  % *  6  q
t,{:'

- O O  *  C E , / ^ \  - 1  , 1
I  =  L r  \ K / r  I r  E  !

I*J
(R)  and %1 is the tran-



Here is an examPle

q r ( t )  =

-1  0-

func t ion '  be long ing  to  Z  o ,

- ?  - 1  - l

V n  f o r  t 6 [ n - n - ' r \ J  ,  r r > 2 2
c'o

for  t€  Er  U t t t -n-2r t - ]
ry r=  &

o f a

f  1 +

t 1
,1

For a fixed 6 €Z 1et us d efine the operator A on I-r' by

D(A)  = {  f  €L2;6f  is  absolute ly  cont inuous and o-1 a1u1{of )€r2J

olutely c
4 a )' '  

d t  /  o (
/ dt'

B )  ,

f o r  9 € A
+ p a

(
! z =  ]- cro

e  ( s e e  f . 1

Af  =  -  q -1  dAt (o f )  fg r  r€ l ( , t )

and the operator B =, A2 by

f e
x ( B )  =  

]  
r  € L ' i  t , d / a t (  o  r )  a r e  a b s

( c

3f = o-t u'/ 
urz 

( ar) for r G l(

let  t -  be the Heavis ide funct ion and

Vtre shal l  a lso use the notat ion /  8,

, (  €" fu and g el , ]o. tn)  .Then we hav

ontinuous and l
\

6 t )  € t 2  J

" 2u7-, * o' -1c 
[o-tu'/ urrl' d ' " t  

\

F o r  a  f i x e d , 6 e Z

and.

are .exponent ia l  d. istr ibt t t ions semicrou

respec t ive ly  B .  /

Ploreover ,. if { '€f,o;nen t ^ and t 4 axentt usual sernigroups of

bou.n<Led operators on lrz .

We st i lL renark that  for  6 = 1, the d. istr ibut ion semigroup €. t

coincides wlt l i  the semigroup of  t ranslat ions on 12 and 6q, coinci :

des wi th the semigSoup of  Gauss- l {e ierstrass.

r  - ' . - .  L  n  l -m . rn  '1  
+he commuta tor  o f  two opera tors  on  12 ,!eno1,]ng Dy u L 11 ; ' r2 )  Lr

i t  is easy to get that

A = -Yur + cr -1c 
Lo ; -u/arl , ! =

8 ^ r Y ) r  = ,  y € D ,  t € t 2  ,

t r t , - f)r  = ** o-1 (6ro < * '  Y* )  v4? )r  er,z
t :

l
eneratd:s A,

the maps

d  
- 1  (  y * x 6 r )

denote by , f  
+ =YY .

s ( t ) t f  ( t ) a t  f o r

l ) :

o f



:
l J l-  |  l -

.

I n  pa i t i cu la r ' i f  6 -  l s  a 'e '

Af = -u7 u, - 
dlog '"h, ,  f € 1 2  ,

that is A i9 the pelturbltion of tle -deriyatign 
'o!-erat-or

mult ipl icat ion with a certain funct ion'

I f  s 1s twice d-i f ferentiabletthen'

,
Bf = d-f  // aiz

by the
. . ' ' _ -

+ 2 dlog ror/ur ra\/1,' +
/ "

f dz eotkY,ro
L  / d t -

that is B is the Perturbation of

ferent ia l  oPerator of  order one

We can now glve the fol lowing

Propos l t ion  1 . - ] ,e !  6eZ and '  f

'  and  f (0 )  =  0

A^f = r:--1 a/. ,  / u * ( c r )  ,  f  € D ( A

7 d log le : l  /  ' , ' I  f(  / a t  )  ) L  e

) t -

the operator  d t , /  -  . ,  bY a d i f -
/ dt'

w i th  var iab le  coef f ic ients '

6 - 1  * / d t o ( a i l e t ' z  , t o - t * / d , t o ( G f ) ]  
( o )  =  o '  n = . r 1 1 "

<  t l  , =  - 1 a g z  r < 7 . "  f  \ l l  d i
. the ser. i-ee 4 l l  u u,/ 

")+* 
(6 6t t ) l lr ; l lverges '

f , . l l  
t  (  ' -  b

t ien f  is  ident ical l -Y zero'

?roof. I,et Ao be the operator d'efined by

l (Ao)  =  
{  

f  eLz ;  f  1s  abso lu te ly  cont inuous '  o i -

be a C 
F funct ion.Assume thq!

t a

)  F t '

I
r l
t i
I i

4 l l- 'u/qL(6+.

I t

A

Ao

is c ledr that  Ao is c losed

which is the generator of  a

f A

The hyPothesis savs that f

is  easY to Prove that for

\
o t

i

and can be extended to an operator
l

d- istr ibut ion semigroup ,  such that

1s  a  quasr -ana lYt ic  vec tor  fo r  Ao '

i  / -

every  0 (6  Rr " t  
o " f  i s  a lso  a  quas i -

I
1t



- t z -

analy t ic  vector  for  Aorbecause of  the est imate 3

t f  anoid t r l l  ,  = l l  o  '1  an/  . (  dei ' ( t r )  l l - ,  t  ( t+ lo{ [  )o .U ^o= 
Ir- / dg' 

-.!a -

r r  _ 1  - n  
. ( 6 . r ) l l  , o .-r - '1?ii"ry 2-/6"

Ihus 1,2(suppf)  l "  conta ined in  the c losed span or  lqa(a) .

As for every integer k, %nf is also a quasi-analyt ic vector for 
'

Aorby the above reasonj-ng we get that i f  f  4 'Orthen pQt(Ao) iras
t

a dense span in lz.By theorem 1 i t  fol lows thai Ao = Arwhlch is

iurposs ib le ,

Q  ' € ' d  '

By the above methoQ many other classes of quasi.  analyt ic funct ions

can be constructed..

I



1

_ 1 3

SibliograPhY '

)  d istr ibut ie. I.Cj-oran€sctl - Un exemplu de semigrup t .

St.  cerc .  mat .  ,  1  ,  tom 26 ,197 4 rp .517-365 :
. \

2. f.Chazarain - ?robliloes de Cauchy abstraits et applications- ': '

d quelques ProblCmes mixtes'-

J'Funct.anaL '  #r49f4'  P'  386'  ql lG '

7 . P . R . C b e : : n o f f - S o n e r e m a r k s o n q u a s i - a n a 1 y t i c v e c t o r 8 r

Transact ions of  AIv lSrvo} .L67rp.1o5-115.

4.  p.R.Chernoff  -  Quasi-analyt ic v.ectors and quasi-analyt ic

func t ions  -  Bu1 l .AMS vo l .B l l r roo  4  rL975,p '677-646 '

5.  D,tr \ r j iwara - .  A character isat ion of  exponent ia l  d istr ibut ion

s e m i - g r o u p s . -  J . M a t h . S o e . o f  J a p a n ' v o l . 1 8 , n o  . 3 . 1 9 6 6 , ,

p . 2 6 7 - 2 ' l 4 .

6.  J.P.Gui l lenent -  Pharn The Iai  -  Sur l -a caract6r isat ion d 'es

s e m i - g r o u p e s d i s t r i b u t i o n s ' - J ' F a c ' S c i ' T o K g o '

.  22 ,197 5 ,  P.  299-1LB ,

1. Iv l .Ft l .segawa -  on quasi-analyt ic vectors f  or  d issipat ive operators

J.J,. l ions les serni-groupes distr lbut ionsrPortugal iae Math. '

1 9 ,  7 ,  t 9 5 o ' P ' 1 4 1 - 1 6 4 '

esses of  CFvectors  and- ,  ess 'ent ia l
I I

se l f -ad jo in tness ,J .Func tJAn . lo , !972 , '
I "

r l ' lp-r9'72 ' I

n.Ne lson -  Ana ly t i c  vec tors rAnn.o f  l la th  .  r (2 )  r?o  t tg |g ,p ' i572 '6A5 '

A .E.Nussbaum -  Quas i -ana lv t i c  vec tors  rMh 'Math"  6 '196 ' 'p '179{9L

A . E . N u s s b a u m - e n o i e o n q u a s i - a n a l y t i c v e c t o r " ' ? ' " u ] " M a t h '
: l

7 5 , 1 9 5 9  , P . 3 o 5 - 3 o 9 .  
'  i

l l . B . S i m o n - T h e T h e o r y o f s e m i - a n a } y t i c v e c t o r s : A n e w P r o o f

o f a T h e o r e r r o f ] v l a s s o n , a n d M c C } a r y - - I n 0 i a n a U n j . v .
;

Math.J . ' rvo l .  2o,  no . I2  r l :g7 l rp '1 t r -45-1151 '
l

B .

9 .

1 0 .

11.

TZ.-



14.  T.Ushl j ima -

.

L5 .  T .Ush i j ima  -

National

.  ; -
some propert j_es of regular distr ibut ion semi-

groups . , Proc. Japan ;i 'cad- . ,45 ,3 ,1969 ,p .224-227'i

On the generat ion and smothness of semigroups

of. l inear operatorsrFac. sci,univ.Tokyo 19 rI972,

p.65-1,2'1.--

!

Inst i tut of Scient i f ic and technical

Departement of Mathematics.

3d.?ac i i -  no.22o,

Bucharest

R O M N T A

Creation.

A

+-a: 
;:i,...\

*.' I '.';i, -' "- r'r
' f '  

,  , l l r i i ) J j
I
, {j,
r l

r l

:.';.k+ild'


