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On quasi-analytic vectors for some classes

of operators.

by

Ioana Cioranescu.

Abstract. We present in this work an extension of Nussbaum's
quasi—ahalytic vector theorem to the‘setting of distribution
semigroups in Banach spaces;we give also an application to the

,constructionog some quasi-analytic classes of functions.

/
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;/§ ﬂ..Introduction. We begin by recaliing‘some classical facts
‘concearning the theory cf quasi-analytic functioﬁs.
1t is well known that two analytic functions,all of whose deri-
vatives agree at a point,must coincide;further,a ¢ ®® function is
analytic if and only if its successive derivatives satisfy growth
conditions given by Cauchy's estimates.It was so gquaite natural
(Hadamard rised this question) to seek less restrictive growth
conditions on the derivatives of a Girn function that imply the
above mentioned property of”quasi—analyticityﬁ
More precisely,a subclass C of 6 g is‘called a guasi-analytic
‘cwlélss if f,5€C and and xoéR satisfys f(n)(xo):_ g(n)(xo) for
all ne0ud 0 v shhen f2g .. .
Let-gMninzO be a sequence of nonnegative numbé?s and let us
‘define the claés .

fc§Mn§={ féc”; HfﬁﬂﬂéflpM

. for some LVO} z

%

The -2bove problem recived the following.anSWer:

Denjov-Carieman Theorem. C quR ig a guasi-analvtic class if and
3.

O ..4/
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(Cad R
I’l m-4

lent to "ﬁ—" =400 e

m=0 o _ ; ;
 Moreover,if the sequence iM is logarithmic convex, that is
M2 2 M M then the condition in the above theorem means that

n = n-1n+i 2 -

the series 2{? M, 7 itself dlverges.

= m=0 .

Further it was natural to look for “other quasi- analvtlc “classes,
associated to other norms as the ol spamvama to other dlfferentlal
'operators besides the derivation.Along these lines many results
- were obtained by analytical means,on which we don't‘iﬁsist
_We shall present here shortly an operator theoretic p01nt of view
which leads to interesting generalizations of the quasi-analytic
classes ,on one hend,and which provides some new facts concearning
the spectral theory,on the other hand.

Let A be an unbounded operator with domain D(A) in the Banach
space X. ' =

A ooy Pew 1P a’ BT T houwor fouk Lea i belongs to o () =

= n

) D)

4 )
An analytic, respectively semi-analvtic vector for A is & C

vector x € X such that the series \

%?;o( tj/n! VA s respectively Zi: ( //(2 ), )‘ﬂA x|l

converges for some i 6 : vi. S

A quasi -analytic, respectively Stieltjes vector for A ié 50 2

vector X(EX such that the least nonlncrea51ng ma jorant of the se-
ries :E: \A % H ,respectlvely Z: ) A" xu/ diverges.

Let us remark that if A is a sym;etrlc operator on a Hilbert
space,then-the sequence {H A xn} 10,0 is logarlthmlc convex.Th1S"
is not true in general. ‘.v

pnalytic vectors were introduced by B.Nelson in 1959,t1o] :
semi-analytic vectors by B.Simon in 1971,113|,quasi-analytic and
Stieltjes vectors by A.E.Nussbaum in 1965,[11] .Stieltjes vectors

were independently defined by D.Masson and W.Mc.Clary in[:9] ,to

-
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whom the terminology is due,suggested by thé Stieltjes moment
problem. :

Let us use the following notations :
D(A) = the set of all anélyfic vectors of A = :
D ?(A) = the set of all semi-analytic vectors of A j
D (4)

p5(4) = the set of all Stieltjes vectors of A .

the set . of all quasi-analytic vectors of A j

It is clear that - , .
i D Tl o €9
n- N

PRy DU

P

We still remark that D#(A) and D°%(A) are linear subspaces of
“(4) but it is not true for p3%(A) and D(A).
In [11] T .Nussbaum proved the following result:

Theorem QA. Let A be a svmmetric operator on a Eilbert spaece H

If A has a total set of quasi-analytic vectors,then its closure

is selfadjoint.

This is a generalization of WNelson's siﬁilar result which
requires that A has a dense set of analytic vectors [10].

It is interesting to remark that in [7) M.Hasegawa has obtai-
ned g very simple proof of Theorem QA,avoiding the cla831ca1 Ham-
burger moment- problem method of Nussbaunm by a direct use %f Denu.
jOy—Carleman ‘s theorem on.quasi-analytic functions. On the other
hand we remark that the sufficiency of Denjoy-Carleman criterion
for quasi-analyticity can be derived from Theorem QA as a speciél,
case;all these facts are completely disscussed by P,R.Chgrnoff iﬁﬁ
[Bj)ana [4:].Moreover Basegawa has gen allzéd the Theorem QA
to the context of contraction semigroups on a Hilbert space,gi-
ving the following ‘

Theorem D. Let A be a closed, denqely defined dissipative operator

on a Hilbert space H.If A has a total set of quasi-analytic vec-
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tors,then A is the generator of a contraction semi-group.
In {3 ] P.R.Chernoff extende this result to general strongly

continuous semigroups on Banach spaces,giving the

Theorem (CO). Let A be a closed operator on a Banach space X such

that:

(i) A has a total set of quasi-anelytic vectors;

(ii) A has an extension % which generates a (Co) semigroup.
Then A = 4 . '
. Using this theorem,the'Lp version of Denjoy-Carleman theorem
follows as a Corollary. . _

Concearning Stieltjes vectors we have the following correspondent

to0 theorem QA 3

Theorem S Let A be a svmmetrlc and semibounded operator operator

on a Hilbert space H.If A has a total set of Stieltjes vectors,then

its closure is selfadjoint.

This resulf was proved by Nussbaum [11] and rediscovered by Mas-
son and Mc Clary [9) and applied to guantum field theory.

A simplified proof of Theorem S has been given by B.Simon [13]
he also proved the analogue of Nelson's theorem replacing in
Theorem S the condition on A by the density of the o D?a(A)

In [4] P R.Chernoff'showed how via some operator- theoretfc te-
chmiques, Theorem S can be derived from Theorem QA.He also genera-
1ized Theorem S from semibounded symmetric operators to the larger
context of generators of bounded holomorphic semigroups

Theorem HS. Tet A be a closed operator on a Banach space X such :

that :

(i) A has a total set of Stieltjes vectors;

~
(ii) A has an extension A which generates an holomorphic semis=

group {0%"Re2.‘7€3 which is uniformly ‘bounded for ReA70 .
~ : 5
Then A = A .
Y s
The aim of this work is to extend Theorem (C,) and HS to

-
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dlstrlbutlon reqpectlvely holomorphic dlstrlbutlon semlgroups on
Banach spaces and to glve related to these facts some examples of

new quasi-analytlc classes.

—. +§ 2,~Quasi~amalytic vectors and generators=ofLses. . 0hil

distribution semigroups.

We recall first some facts concearning distribution semigroups.
‘Rather then Lions's definition for a distribution semigroup from
[ 8] ,more usefull for our considerations is an equivalent defini-
tion due to T.Ushijima [15] . |

Tet A be a closed linear operator.in a Banach space X such that’
D¥(4) is dense in X.We put | xll, =A% | for any x €D (4) and
n=0, 1,2, ...; then The sed D™ (A) can be considered és a Fréchet
space Y with the topology determined by the semi-norm system

glixuﬁin»o .We denofe by A% the restriction of.A to Y.Clearly
hoex(n).

We say that A is A% -well posed,or shortly A€ (A7 ),if the ope-

rator Apé is the generator of a semigroup % Utgtzo of'clasg (CO)'
im X,

We remark two important facts: = ; E
i) for any x €Y,t —> U,x 1s in C T, +o°) e ’
1y alt. 4 locally equi-continuous in “£{¥)that is

for any s > 0,there exist an integer ng and a constant cs><3

such that :

i[Utx W £ l{xl\ , for any t €& [O,s] and any X€&Y.
B

By results of T.Ushijima £15] and J.Chazarain [2] ,we have :

" Theorem. For the operator A the following two condltlons are

equivalent

1) A€ (A°°) and the resolvent set Sa) +¢;




2) the resolvent R(A ;A) ‘exists for M\ belonging to the loga-

rithmic region

Aol,fé:,)’“ = %Ké c; Re;\_zo(.lnllmkhﬁ ’ Resz}

defined by some constants o >0, f,7€R and satisfies-
LR(A 381 £ 012D

with some constant C> 0 and an integer k.

An operator satisfying the equivalent conditions from the above

theorem- is called the generator of the distribution semigroup de-

finéd as follows

let = { Ye ¢ supp¥ < R compact}~~ and let
8 (L{’) whl I ‘?(K)R(k;ix) AT,
o | =
where l—l‘hr fiether bg‘u(ral,dary of AMIF,T and € (A) =

e Mty (t)at . Then we have

(—;)o - L0 SUPP G < (0, %9}, & ()x €D(A) for any e
and

(LT) | '- 18 =8® 1y , ‘é'-ﬁA:S@ID(A) 5

Revlprocally,lf for the closed and densely defined operator A there
- el (D ;£ (X)) with the above properties,then Aé(A ) and

f () £ & . Condl‘blons (I) and (II) represents the 1n1t1a1/ defindiGi

on of L.J.Lions [8] of a distribution semigroup.

Let us finally remark that we have ]:14] [15]

Ié (P ) = S Y (t)Uyxdt  for any x €Y and . .

- o

We can now give our main result

Theorem 1. Let A be a closed operator on a Banach space X such that

(i) A has a total set of Quasi—anal_vti.c vectors ;

n
‘ (ii) A has an extension A which generates a distribution semi-

groupe.

~
Then A = A

Proof. We shall use similar arguments as in the proof of Theorem >

1\
S \,
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Let /'1 éf (A) which by bypothesm is non void. Tne operator A -A
is surjective and is an extension. of A -A;A beeing closed the range c
" of A=A is closed,so that if we can prove tha‘t the range of Al
ist densesdneX, thens it is clear that /’L-A 7\, L that is A = 'j—l.v .

Suppose now that x*€ X ¥Yannihilates the range of R,—A;then
éx*,Ax§ =Azxt, x> - for eyery x D(A)

Let x€ D° (4) a quasi- analytlc vector for A and let £(t) =
i ,Utx 2l 20, iwhere gU }t 0 is ‘the locally equl -continuous
oy

semigroup generated by A in Y = (A).
It is clear that £€C% for t>0 and that
X : .o
£ 4y - «x ,UtAnx\/ sl
f(n)(o+) oy Ry A x",x =
for every n=0,1,2,¢0¢ «
We define now
it ) = ektdx*,x> for 50
g(t) = '
0 for t<€0- s

It is easy to verify thaet g €C°° and that
g.(n)(“ﬁ) = <X¥,UtAnX >~7&ne;\’t4x¥.,x> 4 Hor ‘t"f,é) S

Using now the equi-continuity of the semigroup iUtltzo / we can

find for every s >0,a constant cq > 0 and an integer a0 such that

upalps e (o)l & o ( a” Al S0V ke (uAmnlel-Hlln)
04tes

Further,it is known that if x€X ia a quasi-analytic vector for A
then so is Ax (see [37] )j;hence if we denote K = sup | g(n)(t)/
we get as in [3] ,Theorem 3.1.,that Z K—%n =+ 0
Thus g belongs to a quasi-analytic cg.Lass on every finite 1nterva1 .
and as g vanishes for t£0,from Denjoy-Carleman's theorem it fol-

lows that g is identically zero, Therefore

1

. (8l
4X%,Utx>= e .4x sy s for £ 20 and senle(A ) o



But this implies by derivation

S
2RRES L)

As the above relation holds for x belonging to a total subset in X;—
9

it results that x € D(A*) and that
e
uf T8

n
But as A€3(8) =5 (A ) ,we necessarilly get x = 0.Thus Aoak

has a dense range.

q.c.d.

We shall next generalize Theorem H.S -to holomorphié,distribu—
tion semigroups. 3 ‘

Using the terminology of the beginning of this paragraph,we say
that A is Azo-well posed or that Awé(A:°) if there is w>0 such
that the o?erator 44?1 &5 is the generator of an equi-continuous
semigroup SlUt%tzO s =LAy oI AG_(A?) and $7(4) 4 ¢,then we
say that A is the generator of an exponential distribution semi-

gruop,in the sense that the associated distribution semigroup

has the property that eF gt 8 is @n ‘of, (X)-valued tempered distrib

buatien, for 2500,

e

Exponential distribution semigroups were introduceld by J.L.Lions

n [81and further studied by Fujiwara [5\(see also [67]) who
considered also the notion of an holomorphic distribution semi-
group,giving the spectral characterisation of its generator.

We say that Aé(Am) with § (4) % @is the generator of an ho-

Jomorphic distribution semigroup in the sector Sy = {h; largle

0 4 054% }if A ®™ is the generator of an holomorphic semigroup
%Uﬁtzo'_ci(” in this sector .
In this case holds :

for every & O,there 1is samiye. 20 and an integer ng with

“ e"$/1U)' x || £cg i X“na

R T R e e T
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for every x€ D’M(A ?7?}, AE S,x £ .
Thus it is natural 1o introduce the following notion. :

we say that Aé (A:) is a bounded holomorphic distribution semi-
group for. Re A~ 0 if A generates an holomorphic distribution v
semigroup foxi Re A> o with the DROPEPET &~ | o B

there is co‘>0 and noeN such that

Il ﬁ; x(l £ c, l\xuno for every X e (4} ang Reldl z0

'Then Theorem HS can be generalized in the following way

Theorem 2. Let A be a closed onerator on a Banach space X such that:

P A=A

(i) & has a total set of Stieltjes vectors ;

~
(ii) A has an extension A which generates an bounded holomorphic

distribution semigroup for Re A +0 .

o

Then A= A .
The proof can be carried out adapting as in the proof of Theorem 1
the arguments used to prove Theorem ES;we don't insist on the de-

tails.

§ 3. On a.guasi-analytic class of functions. ’ ol

We shall show how using Theorem 1 from § 2,new classes of quasi-
analytlc functions can be derived. y :
|
In (173 two example of dlS‘tI‘lbu‘tlon semlgroups,generallzlng the

translation and the Gauss-Welerstrass semigroups,are tudleﬁi,we
' ] . i ,
remark that these examples were suggested us by U.Mosco andjwe

present here shortly the principal facts.

Let us define the following func_tiori{ spaces : .

Z=§C' sR-=R .0 = 0—.o'k 61’ 0"0’(5.-1 €™, 616L2 h(t)s So‘z(s)dsélﬁ
; t-ol |
for any & =0

z SU“EZ T80 with O '?; E'é;L }
where G ! ="/D— e L°.°;—:‘ B (R b L (R) and ‘z’ is the tran-

slation operator.
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Here is an example of a function belonging to Zo

‘(- )‘ 1+ n for t+€[n-n">,n] , n%2
t) = : oo
1 for L eBs Ul 0l
S

For a fixed 6 €2, let us define the operator A on 125 by
vD(A) =§ fé€ LZ;GI‘ is absolutely continuous and G-1d/d{1(5 f)€L2}

Af = - 0"1dAt(®ff) for TED(A)

2 by

and the operator B = A
D(B) =iféL2; £ d/d_b(O‘f) are absolutely contlnuous and

e 14 (C“f)éL
1 : /dt
w4
=g d (ort) £ f&D(RB .
/ i . (&)

Let ™ be the Heaviside function and for € X denote by o =FXCF 2
; ; + o=
We shell also use the notation Zg,¥>= g e (8 (b)) db ~Box

1 —oo
¢ e“@ and géLloc(R) .Then we have (seel[11]) :

For a fixed ce 2 the maps
' ﬁ(‘f’)f 0"—1(“6+*6f) ; ape@
and ' ' ..M./
. UgE "1(6‘3? * <“—;1—;“ e >) “f’é%feL

1l

1
2\

are exponential distributions semigroups on L~ of fzenerato/rs A,

respectively B.

/
/

Moréover,if ﬁézo)then "54 and g,@ aren't usual semigroups of
bounded operators on L2 .

We still remark that for &

it

1,the distribution semigroup 54
coincides with the semigroup of translations on I° and Gg coincin
des with the semigroup of Gauss-~Weierstrass.

De.nboting by C [T1;T21 the commutator of two operators on L2,

it is easy to get that

b= =S+ o lofe -l o Be s 5-10[0-;6“2/(1%1

d't

-
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In paiticular,if 6 is a.e.differentiable,then

af dlogiol 2 -
s i v TEL

that is A is the perturbation of”theVﬂerivationmoperator by the
:multiplication with a certain function.

it o is twice dlfferentlable then

2

Bf = 4°f dlog 1671 A@
2
dtz i // A&t

T % ' 2
[d ?o%ls“d{b_f ( dlogisl/ J ;

that is B is the perturbation of the operator a?/ , by e aif-
_ dt
ferential operator of order one with variable coefficients.

We can now give the following

Proposition 1._Let 6 &2 and T be.a ¢ function.Assume that

-1 - |
dn/dtn(d_f)él? ’ [U- 1dn/dtn(6f)](o) = O,. n=0gl00s

and that for every integer k,the least nonincreasing majorant of
A/ :

the series Z I 6"16/ n(e‘"éﬁ§)\\ diverges .
m=0 dt
Then f is identically zero.

Proof. Let A, be the operator defined by / ‘

A |
D(A ) = g’ féL : f is absolutely contlnuous,o- / /(Gi!‘) éLZK
@t
|

and £(0) =

=
A fre a .
of- @ ) (eap  £eDlhy)

it is clear that A is c¢losed and can be extended to:an operator
A which is the generator of a distribution semigroup ,SQCh that
A # A . ; 4

The hypothesis says that- T 158 quasi~analytic vector for Ag.

It is easy to prove that for every(lérﬁ,el xtf is also a quasi-

/.

v /
/



el il o
analytic vector for A ,because of the estimate :

| aBete ’“flt -||o '1d/ “““f)ﬂL2 £ (el 1B

,,,,, e e L

Thus Lz(suppf) is contained in the closed span of D3%(a).

As for every integer kg'zkf is also a quasi-analytic vector for
Ao,by the aboye reasoning we get that if f 4 O,then an(Ao) has
a dense span in IZ.By Theorem 1 it follows that A = A,which is
impossible.

q_oesdo

By the above method many other classes of quasi analytic functions

can be constructed.
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