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FUNCTIONAL CALCULUS WITH SECTIONS OF AN ANALYTIC SPACHE

by Mihai PUTINAR .

The aim of this paper is to give an algebraiéo-topological
approach Ee Ehe representation theory of algebras of global sec-
tions of an analytic space, in connection with the functional cal-
- culus problem for finite commuting systems of linear continuous
_operators on a Fréchet space. The'paper‘contains, as a partilcniiane
case, the existence of thiel analytic i functional calculus for commu-
ting systems of reqgulax operators on a Fréchet space as well oS
a spectral mapping theorem. The analytic space context yields ‘a
more reflred functional calculus even for finite systems of commu-—
ting operators namely a functional calculus which takes not only
the spectrum but also analytic relatlons satisfied by the operators
into acount. Moreover, the more genenal Jcase 0f representatlons (©)iE
algebras of global sections of a Stein space'does not reduce, in
general, to the case of finite systems of operators. Finally,
working with sheaves of C —functions we obtaln an analogue of
the theory which corresponds to generalized spectral systems
of commutlng operators. »

Our technique is based on airelative homology theory
(in the sense of Eﬁ, Cap.IX]) for topological algebras. Such a
theory was developed for the proof of Grauert’s coherence theo-
rem (see for example [1 II] and afterwards, independently, a

\homology theory ; : : 5 5



(essentially the samo) was elaborated and used by
Jd.L.Taylor in the func twonal calculus theory,
Let us recall some notations and tera:mology.

‘Let A be a nuclear Fréchet C ~algebra.In the relative

homology theory which we shall use, the free A-modules
are of the form A@E where E is a Fréchet space and
the admissible short exact sequences of Fréchet A~mow

- dules are that which are topologically C~split,.EBach

Fréchet A-module M has a natural free rosolution’(the

- Bar resolution)

Oc—M<— ADM «— ASASH <— ..,

The tensor product of two Fréchet A-modules M and N
is the quotient space of ¥®N by the subspace (not
necessary closed} generated by the elements am®npe
m®an,a € A,m€ ¥,n€ N.There are the derived functors
of the tensor product,Tor (Lh),and they can.be com-
puted in a natural way by the Bar resolution :

B3(M,N) O<-———ﬁi%Ne-PgiéAéN«-'—*\P,iéA@A@N‘—# e
TorA (J N) - B B S e

For details-see" [1,Exposd II] o [71
Let us begin with some obvious cor: responden-

‘ces.‘lf'o give an operator Tel (C®) is equivalent to
endowing C™ with the structure of a clx] -module

(the action of X on C© being identified with that

of T, C[X] denoting the polynomial algebra in x)_,Let

M be a Banach space and T a bounded linear operator
on M.Then there is a topological O(C)- ~structure on M
associated with T in the following way: '

f.mv= Z anTn'm ,where f = z a ZXTI‘QQCC)Q

Mm2z0 - a0

The continuity of the product (f,m }L-)fm follows
_ ea81ly from the estimation:



l[f mll l Z a 0 m” Z la | TRl umu nﬂf"“T“Hmf{ N

Conversely,each tOpologlcal D) —module structure on

M determines an operator Te L(M). Simllarly,n tuples of

commuting bounded operators on M correopond to topologi-
gal ©EEN) osude Strictnres: on M. 4
The translation in this dictionary of the functio-
nal calculus problem for a System of commuting operators
on the Banach space M is the following: for which open
subsetc UG @@L s there a topological ©(U) -5 structure

on N,compatlble with the O(C") -module structure?

VWe shall state this problem in a wider context angd
this will the central problem of the papérs

Let X be an analytic Stein space and ¥ a Fréchet -
€D(X)~module.For which open subsets UC X, does the OX) - :
structure extend to a Fréchet OWU) -medule structure on M,'
compatible with the restriction map o) — &y 2

Ve Shall use the following result which is a simpli~
fied versicn of a theorem o i Exposé II]
QL Let X-—EﬁPY be a morphism of analytic Stein s Spaces.
and V an open Stein subset sbial Ve Then

He -

01y ) for g=0,and
= Qe for ¢»0,

. E(Y)(D(X) , 0 )

the isomorphism being topological, ,
: Here welll 'im reict of the paper the analytic spa—
Ces are separable.For standard qotatlon in the theory of

analytic spaces see for example [1] and Lo

TEMMA 1 Lﬂt X be a Stein Space and U an open

Stein subspace of X.For each #rdchet XU) ~modules M and
N : ' ‘

© Tor g-(x) (M;N)".;’ Tor S(U)(M,N\ peN,

the isomorphisms being topological and O(X)-linear, ---



T

Proof : Iet. ¢ the natural morphism of Bar ree
solutions :

q : 3.9% (o), é(U)‘) — 5.9 o) | ©¢U)) ,

and K. its cone. Then by Gl ol & -quasiisomorphism,

hence the complex K, is exact.But the components of K,
are free ©(U)-bimodules (i,e. of the form O(U) ® E@Q(U))) :

A

Lo thot Bl A /
50 that K }"'@'O(U)—«@(U)(M@N-) g sb exact.Bqt K

18 the cone of the natural morphism .
(?’; 'B.@.(X)(IM,N_) —— 3.5y y)
therefore @"is a quasiisomorphism:
, oy Q<X,><bi;N) e o

The bicontinuity of these isomorphisms is a sima

ple observation: : )

‘-,(2) - Each continous quasiisomorphism of complexes of

Fréchet spaces determines topological isomorphisms
between their homology spaces (not necessarely separa-
ted) ,[2,Lemma 7.1.32] ., | el

COROLIARY: 5 Tct  UE Y. be a Stein open subset

in a Stein space and X a Fréchet 9( K)-module.

Bhen there s at most one ‘Eréchet ©(U)-moduie

structure on M,compatible with the restriction map

Proof : Suppose M endowed with the structure of - .
a Fréchet @(U)umodule,compatiblé with the 9©(x) ~strucs
ture.Then by Lemma 1, M & ©(U) &@CX)M ytopologically,

Let X be an analytic space and M a Fréchet ©(x)e
module,The analogue o (X,M ) of the Spectrum Will be de-
fined as the smallest closed subset of X on the comple~-
ment of which the complex of sheaves B.@CX)(@,M) s
exact;iﬂlith Bls (X)(O,Mé denoting the sheaf associated to
the presheaf U +— B, CX)(Q(U) o). '

The components of the sheaf B.OQ(}_(@ ) are of
the form © ® Z,where B is a Fréchet space and ©O® E



is the sheaf associated to the presheaf Ui @&U)@ By
e esse v bitihia b > O(U)gE ' is a sheaf on the
Stein open subsets of X, Indeed,let U be a Stein open sub-
set of X and ‘u {Ui} a coveungfof U with Stein open
sets Then the Cech cochain complex ' ;

O/ KBl ol i -G‘(’M)—%% S

is exact. But ‘CPC?/(/are Fréchet nuclear spaces,hence also
the complex

0—= OW)®E —> CCUB E — €7D s s

18 jexaet . I‘rom the preceding exact sequence it follows
‘also that W(U 0® IJ) OB E and that ©& is acy-
clic on Stein open sets. i

. ILet us rezﬁark that

(X, = \_/ supp 76*‘ O) (0 m) =
P Zo
A N : o

where 7-‘5\" i(}L)(@,M) ‘are the sheaves associated to the
presheaves Ut——> Tor gCX) (&(u) ,u), ‘
' FPROPOSITION 3 Let UCX be an open Stein sub-
set of a finlte dimensional Stein space andﬁet M be a
Fréchet @CX) -module,Then

a) UN o(X,M)= ¢ if and only if

Tgi%&)(E)@),M)z 0 , pZ0.

S D) TR 'JG‘(X,M) then there 1s a Fréchet @(U) ~mo-
dule structure on M,compatible with the ©(X)- =Siructure.
; e If ‘bheme s a Frdchet O (U) -module structure
on I compatible with the ©(X) ~structure, then TI’DG‘(X,ML

The existence COndlthXl 1n bS or ¢) means,by Lem-
A

ma 1,Tor Q(X)(O(U) VM2 M ana Tor 9K (E—XU) M) =0 for

q >0 and we shall denote this situation by &) Z o Mo

Also the Tor-condition from a) will be denoted b by
Oaw - v el ‘
; U)eum vl



Proof : a) Suppoge un o (X M) = qS +Then the com-
plex B 9 (@ ,M) is exact on it i bounded on the right
-and its components are aC)CliC ons Ushenece becmuse alm(X)

is flnlte, ' '

o= Hq B, c’(ﬁ()(ow M) = Tor Q(X)(@(U)_,M) y 2 0.
Conversely,suppose OCU)LM ,s0 that thc complex
Ow) M\ is exact.By applying to this complex the
functor @(V) * ,where V l'—‘ an open subset of U,the re~
sult is the e} ct complex B, CM(@CV) M) ,because the com-
- ponents of B‘.g(y (O) ,u ) are Xv) ® ecy © —acyelic.

_ b)) Tet U DolX,M)be a Stein open S o bl
There is a covering e O CU with Stein open subsets Vi’
V N O"(A M) = ¢ ,and with the nerve of finite dimensiop.
Then ‘L( '{_U} UV~ is a covering of X &and the associaw
.ted Cech alternated cochalns complex

@(Y)(

(3) | 0—> O(x)f-» 9(07@72“@).._,. -C,‘(Q()-_a,._ se o —> BNU)—0

>

istexeche Splitting (3) in short exact sequences,noticing

that @G (U ) -G @), ves \o"’(’w are _L@(U) and using (2) o

it follows that OWzn. -
c)  Suppose O(U) > M sand let V be an open Stein

subset of X, VN U =¢ ,Then O(UUV) =0W)® OW ) and M has

a Fréchet Q(UUV) -module structure which is compatible

with the O(X)-structure,via the restriction map Q(UU V)»@(U).
By Lemma 1, ‘ iy

- S e
0 = TorQ;UUV)(E)(U uV),M) = Tor )(@(qu),m)

99"(9@ u) @ 1o 9%, -
hence Tor O(X)@(&/) M) =0 for p>0.In the case p == O; -
& u4 (O(v) '®9(X)Pﬂ) ;

nence O(V) ® ocx) M= 0.
As & consequence of a) if-M ;é 0,then «(x,M) ;455,'

because @(X)-;M M.



This proposition contains a hOmoiogical caracteri-
sation of the spectrunm and translates a part of our pro-
blem into homologicél conditions.The next theorem gives
a more complete answer.First,a definition:

i Let A be a Fréchet algebra and let B.,C. be two
complexes'of,Fréchet A-modules,Further let K. be the sim-

Bé(ﬁ.,co).We define

’ ple complex associated to the complex of blcomplexes

Tgrg(B.,c.) < 'Hp Ko " mieme

' Under nudlear;ty.conditions Taré C*{,Co) is a homologi-

cal functor which extends our initial Tor (the case when
the complexes B,,C, have only a component different from
ZEer0) . « : o
THEOREM 4 Let X be a finite dimensional Stein
space and let M be a Fréchet ©CX) -module, '

For each open set U D o(X,M ) there is a Fréchet
1216 U)—mddule structure on M (not necessarily unigue )
which éxténds_the Frécnet QQ(X)—module structure,

; Broof : Tt UL be a covering of U with Stein open
subsets of U and V7~ a completion of U with Stein open

SeitsaN = V) o (X,M) = ¢5\,to a covering of X with the

nerve of finite dimension, i
.There is a short exact sequence of Cech complexes

(4)  0—> 9 —= (V) —> T (U —>0

The double complex Boogx)(£93M) which gives
)(éa,M) is bounded in the second argument,so that -
there is a bounded spectral sequence which converges to

T/o\ro@@)(%.,m ) 3

AL 0%

oS

' £ m' A i = . . . X s
Ba —ap q(tror O(x) (g,m)°) , Usp, W0
jole] B : ' :
But the components of 2 are of the form TEY€>(W1) 5
where W, is Stein and disjeint of ¢ (X,M),hence by the

Proposition 3.a), Eﬁq = 0.for each p,q.Then Q'J.M, dive s



T %(X)(Sa',m) S0 picll. . |
THescomples oo 0 —> 9(X)-—~—‘» O 1s a free re-
solution of G°(V) ,therefore Tor. (¢ () M) = '
= Tor.é) ) ((9(}:} ,M ) and we danote thilcil e e @ =
By applying the functor Tor. x )(% ) to the ex-

‘act sequence (4),it follows that © Cﬂ)? M.There s a:

natural continous morphism
(5) OCu) ® o) ¥ —> 7o Q(X){G(fu) M) =M

which. givé"s the desired O (U )—-structure.

The next simple example shows that this structure
is not unigque in general.let X = C*and M =C with the
NG D) -structuze given by the evaludtlon map at O,If
U5 0 is an open subset of C2 which is not a domain of
holomorphj (1 o Steln) there 1s in general not only one
chaxacter on O () (i.e. = tepological  O(U)-module strnc-
ture on € ) which extends the evaluation in O by the res-

. triction map D(c%)— O),

Let us remark that the map (¥) is compatible with
the restriction meps,thus the theorem says wore,namely
that there is a structure of Fréchet -@(O'(X,M)) = lim @CU)
module on M. ' : ' m,m)

THECREM 5 Let f : X —> Y be a morphism of
Stein spaces and let M be a Fréchet O(X)-module.Then

f G%X,M)z G{YQM)

where M has tke @(Y)wetructure induced by the ‘map
£* . Bly)— @(X)

Proof : Let V be an open Stein subset Qf'Y-.From (1)
there are isomorphisms : '

4'.1“31‘.49(1_.)(@@) ,m)) 3—_ TGr.Q<X) <©.<f“1V),>9(X)),

therefore the natural morphism of complexes

6) .50 0} — 3.°%) (9(t), o))



‘is a quasiisomorphism.Let %. be its cone.

The components of K., are ®©(X) M -acyclic hence
the complex K. O(X)M is also %xact .But this is the cone
of the morphlsm of complexeu B (Y)(@(V) JM)— BOQ(K@@"J’*V) ,M)
50 that

i) TSr;Q(Y)(Q(V),M). 2~ 0y, OF ) o6y ,M)».

Now suppose VN o{¥,l) =@ .Then O(V) LM ovex O(Y)

and this is equivalent from (7) with O(s~ lV).,L M - over O(X),
which in turn 1s equivalent by Proposition 3.2 with

el o) = @ e ileots M) = heyasud,

Returning to the initial operatorizl case,X = (ln
M a Banach - @9(¢Y“)~module correSpondlng to a commutlng
n~tuple of operators a = (al,ag,...,a ),o%fx,u) coincides,
as proved in [8] ,with, the J.L.Taylexr's joint spectrum
up<a M).Thus Theorem 4 correspond to the analytic functio-
nal calculus theorem of J.L.Taylor [6] or [6] =znd Theo-
rem 5 Ig apert of J.L.Paylor's spectral mupping theorem
(6] ,namely the case of the mappings the domain of which
is a domain of holomerphy ( and contain° the pectrum)

The following result is well known in the theory .
of analytic spaces but 1t can be proved also o .con-
sequence of Theorem 5, :

COROLLARY 6 Each character of the Fréchet algedbra
@)(X) yvhere W s o finite Pimanionél Stedn o;ace coincl-

des with the evaluatj g iab i apeintiof X

- Proof : Let { be a character of O(X).This means
a topological ©(X)-module structure on C ,For every mor-
phism of analytic spaces f:X —> C',the set ¥ <rZX:Eﬁ =
= o (€ ,&€) contains exactly one point.Indeed a topologi~
cal structure on C is completly determined by the action

o 2 on (@ hence byn complex number.But the set of mor-

phisms f:X —> @€ separates the points of X,therefore
o(X, € ) reduces to a point xe X.By Proposition 3.b ,there

‘is for each Stein open neighbourhoed U of x a cheracter

.?h of O(U) which extends @ with respect to the restriction
P& )—>OWU) .By passing to the inductive limit with respect

to U,there is a character C?x: E)x-—» d:iwhich extends @,



Dut CPX is a morphism of analytic algebras'so that CPX
coincides with the evaluation at x. -

The same argument based on the separation of points
of X'by the elements of ©(X) shows that every finite di-
mensional representation P o) — 1 (™) >has the sup-
port concentrated in a set with at moétvgiements;moreover
P factors through a sum ©x /m;'@' cee & '@x /ml;,"° .
=P ’\)‘4....4.»}’ =m, 1 71 w =he b

: As & particular case,the joint spectrum of every

commuting system of linear operators on C™ has at most
mopeoints. : it
: For Stein spaces of finite Zariski dimension,the
Theorem 4 say. essentially the following fact (Qla the imbe~
dding theorem) . e : = e

COROLLARY 7 let a (al,..o,a ) be a system of*
rcommutlnp operatcrs on a Fréchet _Space. M,which has & con=
tinuous © (C ) calculus. : - -
| Suppose that there are entire series:fi~6 Oiga >
such that £, (a) 1€ 1< p.let X be the enalytic space
associated to the 3d€al I generated by fi : X =(v(1),D/18)

Then Sp(a,M)CX and the system a has a functional
calculus with germs of sections of X in neighbernoods of
the spectrum.

Proof : Because O(x) =9(C n)/I and IC Ann(l),
there is a structure of Fréchet O )-module on M,induced °
by the O(C ®) cmodule structure.let j ¢ X—> C% be the
natural closed immersion.Then j o(X,M) = Sp(a M),hence
Sp (a,M)C X,and the rest follows from Theorem 4. '

If the spectrum is contained in an snalytic subset
of €% ythen it is not true in general thatthere is an
analytic subspace X ot @8 supported on this set,such
that the preceding conclusion holds.For example,for a
quasinilpotent operator which is not nilpotent,there is
not a O(x) = ¢:rz]/(zk)-functional calculus,fdr every k€A .

In what follows we shall adapt our techniques to.
the case of separable manifolds and 1;,'~functlons on them.



PROPOSITION 8, Tet £:X—>Y be a morphism of mani-

 folds and VC Y an open subset of Yeolhen

s

Tor E(Y)(’E(X),’&V/) = z(f"l\/} for qu,g.r_x_c_l_.
S = 0 : ;__93: q709 ,

the igomorphisms being topological, . ot
We denote by & the sheaf of germs of € “-functions,

Proof : First we suppose Y = Ro- < :
‘The Koszul complex K.(el,...,en; @(Y)@ZCV}) correg-
ponding to the system e = (el,...,en\‘of endomorphisms of

i) @'&(V) =

ei(‘foag_) ;(yif)(ia g - £ @(yig)
where.y’i are the coordinate functions. on [R'n,is a free rea-
solution of 2(V).Indeed,for the exactness of the Koszul com-
plex it suffices to prove that g\is a regular sequence [5,
VII.6.Ex,.3 ] -Identifying 4(Y) ® & (V) with St e |
have = _ S ;

,.(eih)(,.y,v'). = (yi-vi) hfx, v e g(‘fx V) ,y€ Y,ve V.

Bheo . (o V)/.(el,. vese )85 V) = E(xx v n 'Q4 (yizvi)) o
emf‘/k"‘:’k is one to one on the last '&(Y)-module,for 15k< n,

: The identification 7, (¥ x V)/(el, e, ,en) ’Zf‘fx Ve

A=t

= Z(YXV P (yi.—.-vi)) ?:E(V) is obvious.So

Tgr"goﬂ (?(X\ ) = i (ZCX )éw K.( e;'@(Y)éZCV) ))z

A : :
= H_q Ko (f*e, t(x)® Z(V)) sthe last groups being homology

8roups of the Koszul complex‘corfefsponding to the endomor-

phisms f%e)i of. & (Xx V):

_((f*e)ih)}(x,v)= (fi(x) —-vi) Wit ),

.h{ '@(X;c V),;xé e V,l\<'i\< iy

e System f%e i3 &lso ’@( X% V)-—regular and t‘he‘zero
homology space %(Xx V n 1) (fi(x)=~vi)) can be topological-

vE



1y identifyied with & (t"1v),
In the general case we denote by B, the sheaf
associated to the presheaf ' s

B p.aw) (Le=Lw), €cun V))'.

The functor presheaf —» associated sheaf being exact,it
- follows from the preceding 1ocal'computation‘that 2 s
a resolution of the sheaf ¥YF~?ﬁ§(f"1(Wn‘V)).The homolo-
gy sheaves L o B, are soft sheaves,hence

-/

{"(w,’é(;q) - qu,{’(W) (e tw), % Cunv)) §7/o; :

for each open subset W one iy

Then “G(X) ®%(Y)'Z(V) _P(Y’%] 2(7*v) and |
’MY V(&) ,2n) = Py, % ) = 0, fo g0 |

With this result,Proposition 3 and Theorems 4 and 5
are still valid and the proofs are the same,to Stein open
~ subsets of a Stein space corresponding the open subsets of
a manifold, ‘ '
' Let us observe that a structuro o topolovical
4(X) ~module on a Banach space M means a spectral distribu-
tion T : LX) — L(1),[9,3.7.13),and conversly,the set
cr(X M\ belﬂé&he support of ‘T.A special case is X = C® wﬁen
Theorems 4 and 5 represents the €2 ~functlona; calculus
and the spectral ©“-mapping theorem for genmeralised spec-
tral- systems of cbmmutlnb operatoro.Coqtrary to the analy-
tic case,such a uystem does not caracterisize a e )
structure. _ :
Concluding,we mention that all the e sul s hiold viin
a’category of ringed spaces with a sheaf of commutative
nuclear Fréchet algebras as structure sheaf,category in
which an analogue of Proposition 8 is valid.
One can prove with the technique developeﬂén thls'
papes the followxnr result,suggested us_ by C.Binicd : ---
Let X a finite dimensional Stein space.Then Q(X)EEE

fiiniise o obal T honplosical dipension 1€ and only 1f X s

complex manifolds.Moreover,in this CRSE the dimension of X
coincides with the global homelogical dimenulon ©k 1G] ¢




=13

The global homological dimension (in our context )

of a nuclear. Fréchét algebra A,is the smallest n <~ such

bhat ¢

Tor‘g‘(M,N) =0

for each Fréchet A-modules M and N and p>n,

- Baeulty: of Mathematics
University of Bucarest
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