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FUNCTIONAL CALCULUS WTTH SECTTONS OF'AN ANALYTTC SPACE

by Mihai PUTINAR

The a im of  th is  paper  is  to  g ive an a lgebra ico- topologica l
approach to  the representat ion theory of  a lqebras of  q lobal  sec-
t i ons  o f  an  ana ly t i c  space ,  i n  connec t i on  w i th  the  func t i ona l  ca1 -
culus problem for  f in i te  commut ing s lzstems of  l inear  cont inuous
operators o l  r  Fr6chet  space.  The paper  conta ins,  as a par t icu lar

case,  the ex is tence of  the analy t ic  funct ional  ca lcu lus for  commu-
t ing systems of  regular  operators on a Frdchet  space as wel l  as
€ spectra l  mapping theorem. The analy t ic  spaie context  y ie lds a
more ref ined funct ional  ca lcu lus even for .  f in i te  systems of  conmu-
t ing ope: :a tors  narnely  a funct j -onal  ca lcu lus which takes not  on ly
the spectrum but  a lso analy t ic  re la t ions '  sat j -s f ied by the operators

in to acount .  l ' Ioreover ,  the 'more genera. l  case.  o f  representat ions of
a lgebras of  g loba1 .  sect ions of  a  s te in  space d.oes not  reduce,  in
genera l ,  t o  t he  case  o f  f i n i t e  sys tems  o f  ope ta to rs .  F ina l l y ,
work ing  w i th  sheaves  o f  C  

*  
- f r rn " t i ons  we  ob ta in  an 'ana logue  o f

the theopy which corresponds to  genera l i -zed spectra l  systems

of commuting operators. '

Our  techni -que is  based on a re la t ive homoloql r  theory
( i n  the  sense  o f  f s ,  cap . r x l l  f o r  t opo log i ca l  a tgen ras .  such  a

theory was developed for  the proof  o f  Grauer t 's  coherence theo-

rem (see  fo r  examp le ,  f r , r r ] )  and  a f te rwards . ,  i ndependen t l y ,  a

homology theory.  ,  ,
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(eosential ly the samo) was elaborated. a.nd used by
J. lnTaylor  1n the func 'b ional  ca lcu lus theoryo

I,et us recaIl  some notat ions and. te*ainology,
Let  A be a nuc lear  Frdchet .  C -argebra, rn  the rerat lve
homolo6y theory r,vhich vre shall use, the free A*mod.ules
I 're of the form a6nrwhere E is a Frdclret space and
the acmisslble short exact sequences of Frdchet A-oo-
d'ules are that whlch are topologicalry c.*spl l t .Each
Frdchet A-module &I h,as a natural free resorutiorr-(tire
Bar  r 'eso lu t ion)  ;

Q <- M +- AgU €-- AGaGU *-- .  r  .

rhe tensor prod.uct of tivo ^qrdciret A-moduleg. M and i.I
ls  the quot idn!  cpace of  i {6 I {  by the subspaee (not
necessary ctrosed) generated. by tbre ele.raente anEn-
mQanra€  Arm€ Mrn€  N .There  a re  t i r e  de r i vec l  f unc to rs
af the tensor prod-uct, ,r6r*(u' , ,1i)rand they can be com-
puted' ln a naturar vray by the Bar resolutlon !

B*(M;N)  r  o  <*-MGu *- -_r ,16a6 N.r - -  l , r6*6a6N* o"  o

r6r f  (u,u)  = un l$(u,N) rF*hJn

Fo, r  d .e ta l ts  see f r ,Exposd I I I  o r  LZ l .
let us begin vrlth some obvi.ous corrcspond.en-

ces. fo  g ive an operator  T €I .  (C.* )  f  s  equlva lent  to
endowlng cm '+ri th the structure of a cl 'x l  -modure
(tue aetlon of x on cm bei.n6 iclent l f iecl .or i th tnat
of B' cfxl  d'enoting tha porynomiar algebra in x) .r ,et
M be a Banach space and T a boun,r.ed. Jinear operator
on M.Then there is  a  topolog ica l  0(Cl -s t ructure on M
assoclated, with T ln the fol lowlng ways

to""OCc ) ,
f . m  =

The contlnulty
easify fr.grn the

I
tl<7t O

-nan'I'--m ,v,rhere f = \-

l\7t.O

of lhu prod.uct

es t lnat lon I

(t ,^ Ju r* f o]rows
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l l r .mll = l l  
T 

a.rnnl/* I ta/ t{ rrt n r n' =l lrf i , ,r,. f tmt ;

Converse lyreach topolog ica l  9CC) -naodule s t ructure on
M d.etermines an operator  Te L(U) .S1ni lar1yrn_tuples of
cornmutlng bounded. operators on Ir{  co::respond. to toporogl-
ca l  O(an )  -modul .e  s t ructures on M.  

- -5

frre transrat ion ln this d. ict ionary of the funct lo-
nal calculue problem for a system of commutlng operators
on the Banach space r,{ ls tire fo}lowlng: for rvhtcir open
subsets  U C C, !  1s there a topolog i "* f  g(U)  _st ructure
on l i f ,con'rpat ible with trre o(cn) '-*"; ; ;  structure?

yie shalr state thls problem in 
" 

*r; ; ;  
"*r"r**t  andthls rvj . l l  the centraL problem of the papdr,:

6 ) f  o )  
t : * - x  be  an  ana ly t l c  f r t e i - *  sp&ce  and  M a  F r ' che t . ,

e ' tJ ' /  -nor lu le . {or  i ' ; } r lch open subsets  uc xrd.oes t t re  g f t ) -
s t ructure extend.  to  a  Fre jchet  O(U)  _mcduLc s t ructure on M,compatible rvi th ihe restr lct ion map g(X)_ -_-_* e.q f

Y/e sbarr use the forrowing result  vrhtch ls a slnpl l_
f ied.  vers lcn of  a  theo: rem of  f1 ,n*pou6 I I I  3
o) '  le t  x  f  ry  be a rnorphism of  analy t ic  s te ln  spaces.
and V an open Ste ln  subset  in  y . Ihen

,r' otYtUrl ,o(v) ) O(r-lv ) for q=0, and,
0 fo r  Q)0 ,

the  lsomorph isn :  be lng  topo log ica lo
I{ere as rver}  i ,n rest  of  the paper the anarytrc spa-

ces are separa-ble"Fof stand.ard.  notat ions in the t t reory or-
ana ly t l c  spaces  see fo r  exanp le  .F ]  and.  tZ j  .

LlIriiMA I &.! X be a Ftein_space anrl U p.n_-gpg_g
Slp ln  subspace of  X.rrern sBlspaqe of X.{gr qSqri  l , fdcgg! O(U) *"oaofuu M and,

' r'ir 3*) (rrr,u) ! 16, *u,(na,u)



proof  3
so lu t lons

L,et f the natural urorphlsm of Bar r€-

a{ ..:
I[ .
I
T
l r
l -

]

q , 8.0(s 6 ocu;, g(u/)- -*? u.gtu) (frul , q:v)) ,

. and .  K .  l t s  cone .  fhen  by  ( I ) ,  
f  l s  a .quas i l somorph ism,

hence the complex Ko ls  exact .But  the components  of  K.

;:.#;"*lnlt 
-bJmodures (1,€. or the ror* oru) 6 ;b oiu,l),

rs the eone .:"r:.r",xi;pJp:HI]J' "ti' exact.But-;!'"

 2

E' i r.e!x)(r,r,n ) --n' l.(u/ (m,n )

therefore qrt  is  a quasi- isomorphlsm:

16' o;(x)qu,n 
7 -n *^- O(Ll 1 ,r,r ,, \-  v ^  .  \ & t , l y  /  a

The blcoatlnuity of these lsoinorphisns is a slm,.p le  observat loas
(2)  Eaeh cont laous quasl tsomorphrsm of  conplexes ofFr6chet spaces d.eterulnes toporogical lsonaorpbisns
betyreen the l r  honology spaces fnot  necerrurury  ,unu"r -
ted )  ,  [ 2 , l u r *  a  . l  . I , 121  .  ,

COROI&XRY 2 tet UCX
in a stgin snace ano. u U'g*gffi)_modure.

O( u/ -nodulq
s t f  u c t u r e  o g . M r  - -

O(x)---* Q(u).

P"oo+ : suppose M end.ovred. wlth the structure of
a Fr6chet  o(u)*mod.ure,compat lbre wi t t r  the o(x) -s t ruct
tu ro .Then  by  l emma 1 ,  ' g  O(U)  6gCr t *  , t opo log f " " f f y .

le t  r  be an analy t lc  .pu*JXa i f  a  Frdchet  o(x)*
module"The analogue ' . (xrnr  )  o f  the spect ru-n wl r ]  be d.e-f lned as the 'srnarr -est  c iosed.  subset  o f  x  on ,o" - " . -p . r .e_

::::, :;, :l'; lo'et j, -i : ilffi " : ;i: ?: " " i;ll"l,l ; :1" il_, .Ene presheaf  U r - ->  B . - * / (g (U)  ,M) .
The components  o f  the  sheaf  u ,Ok/60 , r7  a re  o fthe form OA Errvhere E 1s a Fr6chet space and 06 r

' . :



1s the  sheaf  assoc la ted .  to  the  presheaf
We assert that U {--> O(U)GE is

P .stel -n open subsets of  X. In<i .eed.r let  U be
set  of  X and.  

V 
= {UJ a cover ingrof  U

sets .Then the  Cech cocha in  complex

U r--. Otu)d r o
a shgaf on the

a Ste in  open sub-
vri th Stein open

nuclear  spacesrhenee afso
is exact.But (P(1,lare tr"r6chet
the complex

l s  exac t , I ' rom the  preced. in6
also that f (u,  96 n) = OCut
c l l c  on  g te tn  open  se ts .

let us remark that

o(xrla) ;

ri- 9r
" p

presheaves

o --> 9(trJ6u f,"cuS& E - dfwl6 s -p o o r

exac t  sequence i t  fo l lows
i ae  and tha t  OG E 1s  acyo

supp f*3ul (e ,a ) ,
i l  

{9  , *1 .  a lq  !h"  gheaves assoc lated.  to  the
u l-* *4, 3(X) (E(u) ,M).

L.-/
P v o

where

PROP0srTlOi{ 3 lqt u cx b9 ..e+rqqgq ..s.t_S_iq_ sub_
ffi

Frdchet 0C x1 -ngg,r+.le.Ihe.fr

a) U n cr(X,uJ= d if  and only: i f

r t r?*,(ocu;,r , r)= o ,  pvo.

b) rf  u )o(x,, , t l )  , ! i ip4 there ls a Frdcithet thele_i s--?_Frdchgl 9( uJ _Ino*
d.u1e s t r r l c t r r re  on  i t ,  go , Ipa t ib le  w i th  th i  g (  X)  _s t ruc t , l " *

c )  f f  there  is  a  !_ rdchet  O CU)  -nodu le  s t r f t . c tu rerfrc turenocuJ_e str t rcture
%on M cogpat lb te -w i lh  thg  O(x)  _@ t r<* ,M) .

trrdr$fl" lence cond.j.t lon i" I)__.or. c) rceans,by tem-
ma 1r  Io : l  "o6" o"c x)1o(u) ,ivi) g ,.r *"d rj; #o"*ri',;;":";";.;
q  )0  and  we  sha l r  deno te  th i s  s t tu i t t on  byO(u )z900 M' '
Arso the Tor-cond-r t ion f rom a)  u i i l r .  be denotec l  ; t
a (qd ,  M  ,  [ 8 ] .



Proof ;  a)
ptex n.ffiT0 ,t,,t)
and l ts  copponents
1s  f j . n i t e ,

o = H^ B.o(ft)foculq.

Suppose UD o-(  X, id)  =  6 "Then ihe com-
1s  exac t  on  Ur i t  i s  bounded .  on  the ' r l gh t

are acyc l ic  on Urhencerbecause Ainr (X )

. r  z 1  , O r w l - -
,M )  = Tor i '^ ' (E{u;  ,na) ,  q77 o.q.

converselxrsuppose 0( u)rp i  rso that  the complex :
B.p(x)(9cu; ,y)  i ;  

" " ; ; t .By 
apply i 's  to th ls complex the

func;tor. O$)GpCg . ,v.,her. V 
;i;;.,.,T 

open subset of U, the re-
sult Ls the *A?gl complex B,y\^/(OCVJ ,M) ,because the com-
ponents ar  B. t , t t : '  (gf t l  

. ,L i  ) .are O(vl  6 &U 
.  -acycl ic"

.  b)  Let  U )o{Xr . i ; i  )  be a Ste ln  open subset  o f  I .
fhere 1s a cover ine t  o f  f ,u  lv l th  s te ln  open subsets  v1r
v t  o  o- (x , " ) :  ( ,and.  wi th  the nerve of  f ln j - te  d lnens lop.
Then..cl ,{  = tu} u 1f ls a covering of x and. the assocla-
ted decf r  a l ternated.  cochains complex

(5\. 0-+ 9{x)-* €(o-@v'"(t )-"- 14(t/)- .. . -> 4N(n0--+o

j . s  exac t . sp l l t t l ng  ( l l  i n  sho r t  exac t  seo .uences rno t le ing
that l 'o( ' t {)  ,  4^1n'<) t  . . .  )  G'(14 are lg(u ) and. using (2) ,
1 t  fo ] l -ows that  Q(V)>rn.

c )  Suppose  g (Q>V and  1e t  V  be  an  open  S te ln
subset  o f  X,  Vf - l  V = 4.Then O(uuV) = O(U)g g(V )  or ra  M has
a Frdchul  9(uuv)  -module s t ructure vrh leh is  cornpat ib le
wl th  the OCx)-s t ructure,v ia  the rest r ic t ion nap O(uu v)+ g Jo) .
By lremna 1,

o = ri"oju uvtocu uv) ,&i) = rlr 
uro'e,".r 

v) ,M) =

= ri' 9n)(t,u) ,bi ) 4 rt" ?*,Cn*),M ) ,

n  t h c  c a s €  p  =  0 ,p  \  / ,  - t  
{  v t -

M g M4 (O(vl  6B..qrd )  I

hence O(v) G ,,", rr - o.

A s  a  c o n s e q u e n c e  o f  a ) , 1 f  M  /  A r t h e n  - ( X  r M )  /  f  ,
because OCx) $ ,ut,



Tbls  proposl t ion conta lns a homologicar  caracter i *
sat lon of  the spect ruro and t ransrates a.par t  o f  our  pro-
b lem ln to  homologica l  condi t j -ons.The next  theorem g ives
a  more  conp le te  answer .F i r s t ra  de f in l t i on ;

I , e t  A  be  a  F rdche t  a lgeb ra  and  Le t  8 . . , eo  be  two
complexes of tr ' rdchet A-nod.uLesoFurther let K. be the sln-
p le  complex assoc iated.  to  the conprex of  b lcomplexes
g* ( r " , co )  . , ve  de f lne

n;"i(n. ,c.) = t ln K" tD €TL .

und,er  nuq lear l t y  cond. i t ions  16r*  (x . ,c . )  1s  a  homol ,og i -
cal  functor which extencLs our in i t ia l  t6r  ( t i ie case when
the complexes 8.1c.  have only a component d. j_f ferent f rom

\z e r o ) .

Th:Ej0REM 4 let  r  be a f in i te d. i rnensionat stein
space a- r {  Le t  M be a  F{dc t_re t  9 (x ) -modu ler

For  e ,ac i l  open -se t  U >  , r (XrM )  thers  1s  a  I ' rdcbet
-modu le  s , t ruc tu , re  on  L{  (no t  necessar i l y  un . ique )
extenos ihe i ' r6-,  chet 9(X) -no,Lqle s=lructure.

9( u)
whlch

, *e-( l t '? t " l  (g ,u)" )  ,  o*(p,  -N- .qso .

Proof l  ret 6L[ ne a coverlng of u with stein open
subsets o! U and 1l a complet lon of Ql
s e t s V , V O a ( x r u t )  =  d . r t a  a c o v e r i n g
nerve of  f ln l te  d inens lon.

There  1s  a  shor t  exac t  $equence

( ,+ )  o  
=  

g '  *  t 'W) -  f r '@) - -ao

Ar  v l
The d.ouble complex Bov\a/  (g ' rM) rshlch gives

- , \  O [ y r r c Y .  \
Tor .  "  1  ' (  

P  ,M /  i s  bounded in  the  second.  a rgur t ren t ,  so- ,

there is a.  bound.ed spectral  sequcnce which conver.ges
16r"o(x)(  9 ' ;u )  ,

E t =pq.

But the componerrts of fu' are of the form 1-l O (wr) ,
where Wi is  Stein and dis jo int  of  cf r , l t ) , t iencl  by t f re
P ropos i i i , on  7 .a1  U in  =  0  f o r  eech  p rQ . . I hen  I ' JL t r  1 . u ,

wi th  S te in  open

of X with the

of  Cech complexes

that
t o

.



- ,^  Okl  .^ .r i r ; t x / ( g ' , n )  =  o  ,  D € 2 .
The complex . . . 0 -.-* g(Xl .-*-r 0 is a

solut lon ot  6 ' ( t )  , theref  ore T6ro0G/ rcW) ,uJ =
= T6r.p(x)  (  0(x/  

' ,M) 
and ure denote th lq by 6,(U)

By applylng the functor r6r.O(x )@"rw ) ;;
act  sequence (+)r i t  fo l lows i l rat  {o"(U)>,  M, lhere
natural  cont inous norphlsm

( s l  O c u ) G  g c x l  M ri" !(x ) (G'(u),*) = M

whlch g ivqs thg d.es i red I  (  U fs t ructur€r
The next sinpre example shovrs that thls structure

i -s  not  un ique in  genera l , le t  x  = Caand M *c  wi th  the
O c c ! )  -s t ructure g iven by the eval , ra t ion map at  0 , r f

u) o is a'n oper.r subse t of 6 x'  r ' ;hich is not a donain of
ho lonorphy  ( i . uo  s te in ) , tL " t "  l s  l n  genera r  no t  on l y  one
charae ter :on 0 (u) ( i ,  e. e topological I  (  u) *urod.ule struc-
ture on C ) v;hich extend.s the evaluation in o by the r€s-
tr lct lon l lap o(c, o) -4 9(u) o

f ree r€-

7z Mo

the ex-
l s  a '

I,et us remark that the
the  res t r i c t i on  maps , thus ,  the
that  there ls  a  s t ructure of
mod.ule on M.

TI {EOREM5 tet  f  :
gtein spa ce s and fJl , l  l*

map (T) is compatlble wlth
t heOr€m SayS more  rname ly

Frdchet 9(o-(x,nr )J = frol&(u)

x _ >  Y
a Frdchet

u)o{x, M)

ls-e-qggrlleq_gr
D ( X) -m:o! u-l 9_, T h_,e,n

?-reFl = ..(x,na)

ryhere M 4gs thg Q(y)-struetjlfe incl.r:egl by-_th.gjlnap
r* : 0 (v) *> 0(x) ,

Proof  :  I ,e t  V be an open s te ln  subset  o f  y .Fron (1)
there ?re isonorphlsnrs

16'.0(Y) (ocu) ,etu)) ry. t ';".o(x) ( B cr-\) ,gG)),

therefore the natural  morphi-sm

(6 ) u . o(r) (pcul , ocx )) ------->

of  connp lexes

B.,o(x ) ( g(r-1r,), otx ;)



( r ) T o r  o

l s  a  gues l lsomorphlsnn" I ,e t  l { "  be i ts  cone.
Ihe conponents of Ko Bre " A Ur"r l ,{  

-acyc1lc hence
t l re  complex Ko a orx)  M is  arso exact .But  th is  1s-  the cone
of the morphism of complexes 8.8(tf f iul  ,M)* n.ox(0ft-1r, ,)  ,mJ
so that

) *^o Ttr.9(x/6p6-\) nM).

Norv' suppose v n c{.r,u ) =4 .Then o( v) r nt over o( y)
and thls 1s equlvatenr rrom (?) wlth g(r-\) f  fu over g(x),
which Ln turn is equlvalent by Proposlt ion 3.a wlth
( r * \ )  n  o - ( x ,&  )  =  4  , r , e "  vn  ; o ( x ,u r )  *  d  , c * , e  odo  '

Return lng to  the ln l t ia l  operator ia l  caserx * .  co,
M a Banach 9&^)-mod.ure correspond.ing to a coa.uutlng
a - tup le  o f  ope ra to rs  a  =  (u ] . , u2 r . .  o  r& .n  )  , o (  x r r . f  )  co lnc l c les ,
as proved.  1n [g ]  ,w i th , the Jot roTay]or 's  jo i .n t  spect rum
$p(arM)"Thus Theoren 4 correspond.  to  the analy t ic  funct lo-
na] calculus theoren of J,r. ,"Taylor fg j  ot tgl  and Theo-
rem 5 ls  a  par t  o f  J . l , iay lor rs  spect ra l  napplng theorem
t0 l  ,namery the case oi the mappi"ngs the domain of whlch
1s a d.onaln of holoscrphy ( and contafurs the spectrum).

fhe fo l lovr ing resul t . is  wel l  knov in in  the theory .
o f  ana ry t l c  spaces  bu t  l t  can  be  p roved  a rso  as  a ,con . -
sequence of  Theorern 5"

o(t)(6{o),*

! .
I
I
i
1
I
I
I

i
i

i
!
I

I

i
I

I

COROtrIARY 6
Q(x) ,rvlrqrg x 1s_a f, inite glnen$ron*rTli l l i l i lcoj-nc1-
9.es wlt l i  ihe-e)/alual}glr_at a_pglsl  j I  X.

Pro,o{ , I,et f b" a character or O(x) .Thl.s meeng"
a topolog i "ca l  9(X)-module .s t ructure on C,For  every mor-
phisn of analytlc spaces f rX --> C'rthe set ?*;CT]il =
= o-  (c  

rG)  "or r ta . lns 
exact ly  one polnt . rnr ieed.  a  topolog l*

cal structure on C ls comprlet ly determin€d by the aCtton
of  z  on C ,hence by 'a  complex nruuberoBut  t l ie  set  o f  nror -
ph i 'sms f  :x  *> c ,  separates the po ints  o f  xr therefore
o(X,  C)  red.uces to  a  po lnt  x .e  X.By proposi t , ion S"b r there
is  for  each s te in  open neighbourhood"  u of  x  a  character
9u or  O(u)  which extenc ls  f  v r i i l r  respect  to  the rest r lc t ton
9f t )+0(u)  .ny pass ing '  to  the lnduct lve l lml t  v r l th  respect
t o  U r t h e r e  J - s  a  c h a r a c t e r  9 * , O * *  4 1  r t h l c h  e x t e n d s f  

"



Dut A -- ls a morphlsm of analyt lc algebras so that A *r  x  v -  -  I  x
colnc ldes wi th  the evaluat ion at  x ,

The same argument based on the separat lon of polnts
of x by the eleurents of O(d shoi. , ,$ that everjr ' f ini- te d.1-
menslonal representat lon 

? .  gft)  --+ f ,  (q: )  has the sup- ry
por t  concentrated.  ln  a  se i  wi th  a t  nostVelements;moreover  Y-

? faetors through a sue I *- t^l! g ..o S g* /*jP ,
P S t u  T V , * " ' * 1 = * .  

^ 1  4 \ 1  ^ P  ^ P

As a pa i t icu lar  caser the jo i .n t  spect rum of  every
comnutlng system of l - lnear. operatorr on Cm has at most

a .n  po in ts "

F o r S t e 1 n s p a c e s o f f 1 n i t e Z a r i s k 1 d ' 1 m e n s i 0 n , t h e
fheorem 4. say. essential ly the fol lovrlng fact 6' i"  the lmbe-
dd.lng thecrem) :

C0ROXI' . Iy ? le! a = (u.,  ro. a ra^ ) !g-a qygtern of.
gggnullg,qjperalcrs_o* jr_F{fc{et spegg i,t,r1hi-ch has lL con-
t j -nuoug g (  C n) -ca lsutus.

Suppose tha! tbe.re are entirgjr-esieg f i  € g(C." 
)

gggg__thg_L fr(a) = 0 , 1{ 1-( p.tu} X bS- the_ ana]ytlc glace
assoglatec to  the_j -c lea l  r  senetr ted.  b I  f ,  3  x  = (vr r )  ,D/ ro I

tbg Sp(ar l t )cX and. . , !b_e s , , ;s tem a.hae a fuact lonal

-calculuF_ v,rith ge_rg-rs_ :f segtlons € x in neig:hborliood s of
the:spe cLru-no

'  
Fgo_of : Because O ( x) =O(C ") /t  and r c Ann(u),

there 1s a structure of Frdchet 9fu )-nod.ule on M, induced.
 , /  n \

by tbe  0(C " )  -mod"uLe s t ruc tu re" le t  j  r  X  -  >  Cn be  the
.na turaL  c losed lmmers ion" fhen j  o (XrUI  )  =  Sp (a r lv l ) rhence

Sp(arL I )C X,and.  the  res t  fo l lows f rom Theorem 4 .
I f  the  spec t rum ls  conta lned in  nn  ana ly t i c  subse. t

o f  C ,n  r then i t  i s .no t  t rue  1n  genera l  tha t thcre  is  an
analyt ic subspace x of  Cn supportecl .  on th is setrsuch
tha t  tbe  preced ing  conc lus lon  ho lds .For  example  r fo r  a
quas in l lpo ten t  opera tor  wh ich  1s  no t  n l lpo ten t r there  j -s

no t  a  I  (x )  =  A f  ,1 /  [ "k )  - runc t i -ona l  ca ]cu lus ,  f  o r  every  t r€ t {  .
In  what  fo l lows we sha1 l  ad .ap t  our  techn iques  to .

tbe case of  senlable manl. fo ld.s and. f : ' - funct ions on-them. '



f o l d s

PR0POSIIION B. !g! f rX *> y
mA VC Y an open subset  o f .  y .Then.

r3rtnft)(Cal ,6)cvt) ! 6 G-tv ) fo r  q=0"and"

f g q  q > o '

tle lsgmor.plljlsmE beUr&_t opg.t ggigal..

8go.qt : First iire
: fhe Koszul  eomplex

pond. lng to the System e
fo (v )  6&)  !

lYe d.enote by 1" the sheaf of  germs of
\ D a
G - runc t lonso

suppose  Y  =  JRno

T"  fu r ' . . . ,en i  f -G )d tCt r4  cor res-
= I ,  e1r .  .  .  ,  er ,  ) '  of  end.omorphlsms of

ur ( toa )  = ( r r r )o  g  -  f  @(y is )

rvhere /1 are_ the coord. lnate funct lons. on R nri"  
a f lee ra_

so lu t i on  o f  f " t v1 . rnd -eec r fo r  the  exac tness  o f  t he  Koszur  
"o * -p lex l t  suf f lces to  prove that  e^  is  a  regular  sequencu f5 ,vrr. 6.8*. , I  '  r ' lentlfvinB flG ) a f, c v\ '  *rru 6&, u) , ir" 
'

have

Grh) (1," ) =

r h e n  f o ( v *  v ) 7 6 u ,
ek+I=/k-vk ls one

/  \ - ,(  .r i -vt)  h(x rv )

,eo1t(v x v l
one on the

a  a t

t o

, n * . 6 f t x v )  , y G y r v t  v ,

4
= f " ( y x  V n d  / - -  -  r \

- -€ r , ;='l 
(Yi=vli / and

J.ast  b  ly  l -mor1ule,  f  or  ]  : (  k(  noIhe ld.ent l f icat ion[ . o n  7 " f f x V ) / ( e ,  i , . o r e n ) € ( t x v )  g

( rr=,,rr) ) ef,(u ) i" ob,ri oou . so

4
@

(v x v) /(e,
^  ?  r  4 t .
3  b ( v x V n . n

A e l

*i" {(r\ (€(*, ,f,cvy = Hq k *)6lr"lK.( u , ' ,"cv) 6 tcul))=

:- 1n 
*. ({ u, 

.,f,(x 
)G f"Cvi ,trr" tast Broups berns hono.tosy

groups of the Kosz,ul complex corie,spond.lng to the *rrao*or_phisns 6nu),  ot  6 (x x v) ,

-uJ  h ( * , t )  ,

h<  f . (Xx  V )  , x€  X ,v6  V ,1 - (  1 - (  n .
The system fxe i .s g1s9 f"( x* v)-regular and. the zerohomorosv space t(xx v n 

., i  
(  rr{*r= ."r))-; ;- ; ;  i"n"r"* ical-

G*u)rn)(*,.,1 = (rr(x)

I



I y  lden t l f y led  w l th f (rtv).

(-6k-rw ) ,

Proposi t ion t  and" Theorens 4 and 5
proofs  a re  the  samer to  S te in  open

cor respond lng  lhe  open subsets  o f

fg the general cese lve denote by
assoc iated.  to  the presheaf

3 , th" sheaf

fl,----..* ,.Atw) €tnn v)) .

fhe functor  presheaf  s  assoc iated sheaf  be ing exact r l t
fol lor,vs from the preceding local- computat ion that 3. rs
a resolution of the sheaf '.1| F-> {t ( fL(',r/n v)) . The homolo-
gy sheaves 

- l t ,  
o f  Soare sof t  sheavesrhence

. l

f  (w,XCq) = i{q, 
f '&ul 

16k-rvi l  ,€, ( 'r/^ v)) , evo,

for  each open subset  W of  Y.
rhen 6tx1 6 f"r",4{u1 = 1ft,16") = h?-\r ) ana

r6r4(Y1f ta) ,&Lvt )  =  f (v , ' !gS = 0  ,  ror  q)0 .
' lF l i th 

th ls resul t ,

are st i l l  val id,  and t i re

s u b s e t s  o f  e  S t e l n  s p a c e

a.man l fo ld . "

Tre t  u -s  observe  tha t  a  s t ruc tu re  o f  topo log lcs , l

6G\ -moclule on a Ba-nach space u means a spectra]  d. lstr lbu-
t l o n  r  r  f o k )  - - >  r , ( t t )  , f 9 , 3 " 7 . 1 7 ) , a n d  c o n v e r s l y , t h e  s e t
o ( x r U l )  t e i n * X n "  s u p p o r t  o f  

' T . A  
s p e c i a t  c a s e  i s  X  =  C n  . r r f r e n ,

Theorems 4  
" r l i  

5  represeats  the  Yt - fooc t iona l  ca lcu lus
and the spectral  €^-rrapping theoren for general ised. spes-.
t ra l ' sys tens  o f  eomuru t ing  opera tors .cont ra ry  to  the  ana ly -
t j . c  case,  such a  sys tem d"oes  no t  carac ter is ize  a  4 (C" )  -

s t r u c t u r e .

Conc lud . ing ,we ment lon  t ia t  a l l  the  resu l ts  ho ld .  in
a category of  r inged. spaces wi i i r  a shea.f  of  cornmutat ive
nuclear l r rdciret  a l .gebras as structure sheaf ,category in
whlch an anal , .ogue of  ?roposl t ion B is val id."  v

One ean prove v r i th  the  techn ique c leve lop"a ln  th is
. p a p e r  t h e  f o l l o w i n g  r e s u l t , s u g g e s t e d .  u s _ b y  C . t s d n 1 c d  i  - - -

' I ,q t  
X  a  f in l te  { in rcns ione l .  S te j - -q*s i jag 'c .Thgn 0(X) f ras

fjrni,tj,'_g'lob..rl t:omol-g$Lcel, SL:-q:_cngion if end o-nl;i' if X 1s_a "

gopp lex  l rag i$o i r l l . l , i o re  over , in  t41s  ca .se , . the  c i imcnsr 'gn  o I  X '
go+ngi+eq ,qrf !  th 

: lcLg-t  
9(X) .  

.
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\  The g lobaI  homologica l  d lnens ion ( in .  our  context ' )

,  o f  a  nuc lear .  F idchet  a l$ebra Ar ls  the smal lest  n  Saosuch
' that :

, l

f o r l ( M , N l  =  0  :
.  p - '

i

- . ^ . f o r e a . c h F r d c h e t A - m o d u 1 e s . M a n d N a n d ' p . ) n .

Faculty of
Unlversity

Mathematics

o f  Bucares t

i.i

: i

,  . ; i
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