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A REGULAR STRATIFICATION FOR THE JET SPACE ,3  (Z ,Z)

by

Alexandru Dimca

There is  an increasing in terest  in  the problem of  s t ra t i -

fy ing (complex)  je t  spaces by s t rata j -nvar iant_ under  the K-equj -va-

-  ' . .  -  r  1  r  1  t r l r
l e n c e  ( s e e  [ 5 J ,  L L J ,  L 3 J ,  L - t ' -  .  _ ..  However  there are s t i l1  very fevr  examples of  such st rat i f i -

cat ions -  perhaps onlY three

The purpose .o f  th is  paper  is  to  add a new example-  of  com-

p lex  j e t  space  hav ing  a  na tu ra l  s t ra t i f i ca t i on  and  to  show i t s

bas i c  s im i l a r i t y  w i th  the  known  examp les . 'As  a  by -p roduc t  we  qa in

some new j-nsight'  in.to the geomqtry of pencils of binary cubic forms '

t f re  author  wj -s .hes to  express h is  whole grat i tude to  Profes-

sor  Chr is topher  Gibson for  suggest ing th is  type of  problem'

. .  L is t inq the orb i ts

we shal l  descr ibe the orb i ts  of  the act ion of  the contact

g roup  K3  on  ou r  j e t  space  J=J3 . (2 ,2 ) .  Le t  l { k  deno te  the  g roup  o f

inver t ib le  2x2 matr ices A having as entr ies polynomia ls  in  x 'Y of .

degrbe .< k  over  C (and t runcated mul t ip l icat ion as product)  and Ok

t h e 9 r o u p o f k - g e r m s o f d i f f e o m o r p h i s m s h : ( c 2 . , 0 )

Since K3=t{2xD3,  we see that  x3 is  a  connected af f ine group.

The  ac t i on  pc : i<3xJ  - - *>  J ,  (A ,h ) ' f =A '  ( . f  ' h )  i s  obv ious l y  a lgeb ra i c
/

and i t  fo l -Lows that  i ts  orb i ts 'are construct ib le  connected smooth

f ^ 1
submani fd lds in  J  LnJ :

We sha l1  l i s t  t hese

o f  t he i r  rep resen ta t i ves .

orb j - ts  by the f i rs t  nonvanish ing je t
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Proposi t ion I
L l

l

1
r f  f € J  a n d  j  t f l o ,

'
4  normal  forms:

Table I

then f is equivalent to one of the fof-

lowing

Normal form Codimension
Boardman

symbol

( x r y )

( * ,  y 2  )

( * ,  y3  ) '
( x , o ) ,

0

1

2

4

z o -

zr 'o
g  I , 1 t o

Z.J

. ' t ' .  
t  

"

Proo f .  S ince

it.  is known that f is
')

9  ( x r y )  =  ( x  , g -  ( y )  )  a n d

The comPutations for

Boardman sYmbols are

j r t#or  we have that  rkdf  (0)>zr  and in  th ig  case

equiva lent  to  some constaht  unfo ld ing

o f  9 2 .the normal  forms are g iven by the order

the codimension of  the orb i ts  and for  the i r

s tandard and we shal l  omi t  them'

t r roPosi t ion 2

1  ' 2 c t n
I f  f e J ,  j ^ f = 0  a n d  j - f t ' o ,

the fo l lowing 11 normal  forms:

'  Tab1e 2

Type of

, 2  2 ,( x r Y l ( * 2  , y 2  )

then f is equi-valent to one o f

Normal. form Cod,imension svmbol

Z , , O

( x y ,  y 1xy,  y2+x
( *v , i2 )

1 * 2 + y 2 , 0 ) ( x - + y  r Y

( * 2 + y 2 , 0 ) ; . .  - - . . ' . 8
-  :  ta i  f \  :

-  t l  r - r - r
a - l - t 1 )

1 - - L  n  \  ( u z  - . r J  )  7  2 -

( * 2 * y 2 , y 3 )

( x " , o ) ( x "  r Y " )



I

Table 2 (cont inuat ion)

Type of  i ' f  Normal  form codamel  =)

( * 2 , 0 ) ( * 2 * y 3  , x y 2 )  8

( *2*y3  , *Y2*y3)  8
' 1 y 2 , x y 2 )  g

( * 2 * 1 , 3 , 0 )  g

( x 2 , o ) 1 1

2 t r r L

t4] we know that f is

c lass i f i ca t i on  , f  penc i l s  o f  b ina ry  quadr i cs
' l ' t 2 2

equivalent to some n= 1qr+c'  ,  g"+c")  '  where

(e1 ,e2 )  i s  i  pa i r  o f  quadr i cs  i n  t he  f i r s t  co lumn o f  rab le  2  and

- t  2  >aj_r  o f  b inary We note a lso that  in  
, th is(Cr  , cz )  i s  a  pa i r  o f  b ina ry  cub ic  fo rms

case the act ion of  x3 is  the same as the act ion of  the s impler

1 )

group M'xD- and by a couraqeous straightforward computation we f ind

that  the pai r  (CL,C2)  can be reduced to the specia l  types d isp layed

:
by  Tab le  2 .

A s a n i l l u s t r a t i o n w e s h a l l g i v e s p m e d e t a i l s i n t h e c a s e
1 )  )  paper  by L,  Q and C genera l

( e L , g - z ) = ( x 2  r 0 )  .  w e  s h a l l  d e n o t e  i n  t h i s

l inear ,  quadrat ic  and cubic  forms in  x1 y '

rf  rreD? and A€Ml are i iven bY

Proof .  BY Lhe

h  ( x r y )  =  ( x + Q r Y ) ^= 
{: :)

then (Arh)  'g=(x2+2xQ+cl  ,  *2L*c2)  and we see that  we can take in

g c1=ay3 , c2=bxY'*"o'

i )  a = 0 .  f f . b = c = 0  t h e n  5 ^ ' 1 x 2 ' 0 )  
" " :  

i f  c = 0  a n d  b l O  t h e n

b  .  r d  t h a t  1 * 1 x 2  , y 3 )
f  * ( x 2  , x y z )  .  N e x t  i f  c l T  u s i n g  h  ( x r v ) , =  ( x r Y - ! . x )  w e  t a r

i i )  a+0. I f  b=0 then for c=0 7 '-  (x2+y3r01 and for cl l  f  - f t ' ' f )  t r f

b l 0 i t . i s c l e a r t h a t f . . , 9 t , w h e r e 9 . = t * 2 + y 3 , , x y 2 + t y 3 ) . A n d w e

f  ind that  g t -  g= i f  f  s=t=0 or  s lo  and t lO and so the ot t lJ  new cases



dra  f -q . -Jo f  t  'OrL .' .F ,

Propos i t i gn  3 .  f f  f €J  and

of  the fo l lowing t l  normal  forms,

Table 3

32f=O then f  is  equiva lent

w h e n  A c  C . f 0 r f , 9 J :

to  one

Codimension

1x3+3*2y  ,  3*y2+Ay3)

1*3+*2y  ,  *y2)

(*2y ,  xy2 )

( * 3 ,  * y 2 t y 3 )

( "3  ,  xyz  )

( * 3 ,  y 3  )

( * 3 ,  * 2 y )

1 I

1 I

T 2

L 2

L 2

T 2

I 3

L , , , , 0

1 3

T 4

I 5

1 8

2 2  
' 2  r r

* , ' , '

Proof .  In  fact  we have to  c lass i fY  the  Penc i l s  o f  b ina rY

? ) ) i

cubiC forms.  To a cubic  form C=axJ+3bx 'y+3cxy '+d1t-  we can associate

i t s  h e s s i a n

?2c

1
L

J b

72c
*

? 2 c
64i

?xlY

7 2 c
,7

=axz +p*v*Yo'

where 4=ac-b2 ,  P

A =A tc ; r=F -4 " f  .

)
a=ad-bc ,  I and  a l so  i t s  d i sc r im inan t
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?

In  the pro ject ive space PJ of  a l l  nonzero cubj -c  forms we

shal t  consider  the quar t ic  sur face V=V (A)  'and the twis ted cubic

cu rve  W=V(d ,P , f , ) ,  wh ich  i s  p rec i se l y  t he  s ingu la r  pa r t  o f  V .

The  i nduced .  ac t i on  GxP3-  P3 ,  where  G=G1 (2 )  has  3  o rb i t s . :

. ? ? 2 , ? 1' . .  '  
G . x J = W ,  G ' x - y = V r W  a n d  G . 1 x J + y J ) = P i r . V .  f n  p a r t j - c u l a r ,  V  a n d  I ' r l  a r e '

' ] t
r  G- inva r ian t .  Now le t  f= ( f l - , f z )  be  a  penc j - l  o f  b ina ry  cub ic  fo rms .  '

' t )
I f  f *  and f t  are l inear ly  dependent ,  then f  is  c lear ly  equiva lent

one of t .h-e l-ast .4 normal for.ms

From now on we shal l  suppose t l ra t ,  . f  I  and f2  ute d is t inct

?  -  -  t r - - - ^
po j -n t s  i n  p '  . r 4  deno te  by  L ,  t he  l i ne  de te rm ined  by  them. 'By  the

above remark i t  fo l lows that  the posi t ion of  L ,  wi th  respect  to  V

.  and W is 'a  geometr ic  invar ia-nt  o f  the equiva lence c lass of  f  and

i n f a c t w e s h a l l p r o v e t h a t t h i s i n v a r i a n t d e t e r m i n e s t h i s c l a s s .

In  o rde r  t o  con t ro l  t he  i n te rsec t i on  mu l t i p l i c i t i es  o f  L t

a 1 ?

:  und V we introduce the fol lowing binary quart ic form Ut( f , t - )=

'  t - I  . 2 - 2 \
.  T  \ P t  + , P x  ) .  :

Essent ia l  to our studY is

L e - m m a 4 . L f l | V h a s a t l e a s t 2 d ' i s t i n c t p o i n t s .

P roo f :  Le t  us  suppose  tha t  L fn  v  cons i s t s  o f  on l y  one  po in t

'l

f I  (wh ich  ex i s t s  by  d imens iona l  reasons ) .  By  the  homogene i t y

. ? ' l ' 2 ' t ?
'p roper ty  of  eJ und.er  G we can suppose that  i )  f '=x"y oY i i )  f -=x"  '

We  sha l1  make  the  p roo f  on l y  i n  t he  case  i ) , t he  o the r  case  be ing

complete ly  s lmi lar

We shal l  work in  the open af f ine set

r ? ? ?
n ( h l = l C u e ' ;  b + O l g  C rv \ v t  

t " - -  
.  - t  - J

L -

' f . '

Flere fL  corresponds to  the or ig in  0 and we can suppose that  f -  €  o (b)  ,

. a
f . = ( a r c r d )



- 6 -

T h e n  L r n D ( b ) = { t ( . f c , d )  i  t e c J  a n d  v n D ( b )  h a s  e g u a r i o n

A { t r l l c r d ) = Q .

f t  fo l lows that  the in tbrsect ion LfnV4D (b)  is  g iven by the

equa t ion  i n  t :

4 . 2  )  ?  ? ,  )  )
t  

-  ( a - d - +  4 a c "  )  - a t - a c d - 3 t ' c ' + 4 t d = o

Since  th i s  equa t i on  mus t  have  on l y  the  so lu t i on  t=0 ,  a l l  o f  i t s

coef f ic ients  but  one have to  be zero.  r f  d f | ,  then a=c=g and
_ 2  ?

Lr= (x ' v ,  y " ) .  r f  c /Q  then  a=d=0  and  L r=  ( *2y , ,  xy2 )  .  And  f i na t r y  i f

c=d=0 then Lfcv and we have thus proved that  the case i )  cannot

take  p lace

B y  L e m m a  4 ,  f o r  a n y  p e n c i l  f = ( f l , f 2 )  w e  c a n  c h o o s e  f t  f 2 c vt  
)  

-  c ,  t  
.

and  th i s  i s  t he  key  to  f i nd ing  no rma l  f o rms .  The  i n te rsec t i on  L fnv

i s  mos t  p rec i se l y  desc r ibed  i n  te rms  o f  t he  d i v j - so r  p  o f  deg ree  4

-  induced by A on Lr .  To determine th is  d iv isor  we have computed . for

each  no rma l  f o rm f  i t s  assoc ia ted  qua r t i c  f o rm Ar t y ' , f  I  and  he re
' -  

is  the.complete desgr ip t j_on of  the orb i ts  ( !he points  p. ,€L, - f tV are

dis t i -nct  and in  vrw'  i f  not  contrary  s tateJ; :  

-  l -  r

a )  D  j - s  n o t  d e f i n e d  ( i . e .  L f c V )  i f f  f  , - ( I 3  , * 2 y ) .

b )  D=Pr+Pr *p3*p4  i f  f  f  *  f  ̂ =  1x3+3*2y ,  3 *y2+ ,1y31  fo r  some

, t e  c r f O , . r , 9 j .

c)  o=2p l+p2+p3

i .  p r c W  i f f  f  ^ ,  ( x 3  , * y 2 + y 3 )

i i .  P r € v r w  i f  f  f  -  ( * 3 * * 2 y  , x y 2  )  .

d)  D=2P f2P 2
' i D ? ?

.  * .  - I  I  P z e W  i f f  f  - ( x - r y - )

') ')
i i .  P l  ,  P  2 €  V r l , r J  i f  f  

' f  n  ( x - y ,  x y ' )
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e )  D = 3 P . ,  * P "  a n d  p r  e  W  i f  f  f  . . ,  ( x 3  , x y 2 )  .r z ,  I

And  we  have  f j - n i shed  the  p roo f  o f  p rop .3 .

2
s t r a t i f i c a t j - o n  o f  t h e  c o m p l e x  j e t  s p a c e  J ' ( 2 , 2 ) .

Proof .  Because the s ing le s t ratum which is  not  an orb i t
s-t

i s  L  r  w€ have only  to  ver j - fy  regular j - ty  o f  the orb i ts  l is ted in

Table I and Z over 
'Z

We shaI1 f i rs t  deal  wi th  the s t rata f rom Table 1.  The st ratum
s-(xry)  j -s  open in  J  and hence i ts  resular j - ty  over  L i=  obv ious.

L e t  Y  b e  t h e  s t r a t u m  ( x , 0 )  a n d  1 e t  f n € y  s u c h  t h a t  1 i m  f '

ex i s t s  (= fo  say )  and  J2 fo=0 .  r t  i s  easy  to  see  thaL .  f '  mus t  have

the form

n=(alr,r, +Llt,r.+alerr+alcr.+r, lerr+Qi"rr, ^f;"rr*uf;orr*r.2t.rr+

* u ] c - * l l o - + o : L ^  )  w h e r e  r " i  €  c  a n d  L ,  e ,  c  a r e  r -  , 2 -  , 3 -n  n  n - n - - n  n  n -
'  forms i r1 x,y such that L^10 for anyn. A moment thought shows that

t-ir. 
n'

" : : ' : '  to#L ,  s ince  f 'and  r l  r rave  a t  leas t  a  l inear  common fac tor .

We de f ine  Z  = { re . r  ;  f  * f ^  f o r  some l€  c r [o , r ,oJ ]  .  r r  i s

c lea r .  by  ou r  desc r ip t i on 'b .  t ha t  L  i s  a  Za r i sk i  open  subse t  o f

the  vec to r  space  I  f eJ i  72 f=o  J  and  the re fo re  . t  i "  a  cons t ruc t i b le

:  connected smooth submani fo ld  in  J .

We have obta ined thus a par t i t  ion f  o f  J  consis t ing of  L

and  the  rema in ing  25  o rb i t s .

2.  The regular i ly  o f  the s t - ra t i f  icat - . l .oq

We sha1I  prove now the main resul t .

Theorem 5 .  The  pa r t i t i o r -  f  i ,  a  bons t ruc t i b le  Wh i tnev



ThereforeTf i t=Q and thus the regular i ty of  Y

To prove regular i ty for  the strata Y,

we sh1l1 use the method of  t1]  .  A s l ice s at

\

f= (f i+rx3*q21*r,t ,  r?*o2+L2)

o v e r  X  i s  p r o v e d . r
) 3=  ( x , y ' )  a n d  Y r :  ( x r y " )

f^ has the form

:,
_ { r

A
c ( € C  .

I t  i s  su f f i c i en t  t o  p rove  tha t  N r=Y . f ) s  f o r  i = l12  a re  A -  and -B- regu la r

o v e r  W =  1 4 S ,  w h i c h  i s  a  l i n e  i n ' S .  A - r e g u l a r i t y  f o l l o w s  b y  t h e
:

simple remark that at any point f  e Ni the direction given by the

l i ne  N  i s  a  tangen t  d i rec t i on  a t  t ha t  po in t .  I ndeed  i f  f €  N I  t hen

?  - ]  - 0
g ( t ) = f + t ( x r , O )  €  N t  f o r  a l l  t €  C ,  s i n c e  N t =  D ' "  w h i c h  i s  a  c o n d i t i o n

on  the  2 -1e t  on1y .  And  i f  f €N2  then  g ( t )CN2  fo r  a l l  su f f i c i en t l y

. T o

posi t ioned

a n y  t € N i

by (x)  then

s m a l l  t g 6 ,  s i n c e  * Z = E ' I ' 0  w h i c h  i s  a n  o p e n  " c o n d i t i o n  o n  t h e  3 - j e t '

prove B-regular i ty  we sha1l  show that  N,  and N,  are n ice ly

ove r  N  i . e .  i f  ? f  i s  o r thogona l  p ro jec t i on  on  N ,  t hen  fo r

f -Tr( f )  e  TfNi  .  To show th is  we note that  i f  f  is  q iven

.  f - t t 1 f 1 = 1 o 1 + r , 1 ,  g , 2 * r 2 )

and' for  t  suf f j -c ient ly c lose to i -  we have

g ( t )  =  1 f r l+ax3+t  (Q1+r ,1 )
) ) )

t ; + L ( Q - + L - ) ) 6 N i

r t  f o l l ows  tha t  f - ' l (  ( f  )=g  ( t )  €  T f * i

In  order  to  prove the regular i ty .o f  a  s t ratum 14 f rom table

- J  ^ a - - - -

2 over /,  we can restr ict otrr conside.rations from J to the vectof

, s u b s p a c e  J ^  f o r m e d  b y . a I 1  j e t s  f  w i t h  3 l f = 0 .  r n  J o  a  s l i c e  s  f o r

. t

f L  i s  g i ve r i  by  ( * )  i n  wh ich  we  take  L -=L2=0 .  As  above ,  i t  i s

suf f ic ient  to  prove that  P=Mf lS is  A-  and B-regular  over  the l ine

N=  f .  4 .S  and  fo r  do ing  tha t  we i ' sha l l  use  the  me thod  o f  [ : ] '
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A-regular i ty .  Let  CIa fe  an analy t ic  path in  the s l ice

star t j -ng at  f  L  and ly ing in  P,  Tt  denote the ' tangent  space to  M

at  @- and T the tangent  space to  the orb i t  o f  f  )  .  We fcnow [ f l  that- E  
l a  L  J

l iT  ta  ex is ts  (=To say)  and To)T .  S ince  T  has  cond imens ion  1  in
t-rO : -

Tr= tangen t  space  a t  f  1  A  L  ,  t o  p rove  A - regu la r i t y  ( i . e .  To?T t )

o
? 1 ' > ' )

Le: '  Qt: ( f j+<11)x"+91 , f i+oi) '  where

i i ) + i )
Qi= . *  ( t  )  x "+b t  ( t  )  xy+c -  ( t  )  y '  f o r  i =L . ,2  .

S ince  9 ,  l i es  i n  P ,  d t  l eas t  one  o f  t he  O :  i s  no t- E

i den t i ca l l y  ze ra .  Le t  us  suppose  A : lO  and  l e t

r = m i n . o r d  { . r  t t ) ,  b l  ( t ) ,  
" l  t t l  J

- r  I' ' -  Def ine Q=l im a- 'Oi  and not ice that  Q is  a nonzero quadrat ic  form.
t+0
' 1 1 ' t

s ince  f xo l  , o ) ,  t vo l  , o ) ,  ( 0 , " 01 )  and  (0 ,  yo i )  i r u  a l t  vec to r s  i n

T{ -  ,  i t  f o l l ows  tha t ' t he  co r respond ing  fou r  vec to rs  ob ta ined  by
E

rep lac i "g Ol  by Q are a l l  in  T^.  And the proof  o f  A-regular i ty  is
" - E

ended by us ing the fo l lowing:

Lemma 6. If  for some quadratic f,orm Q, the f.our vectors

assoc ia ted  to  i t  as  above  a re  a l l  i n  T ,  t hen  g=0 .

? ) ) ?
Proof .  Let  c=axJ+bxzy+cxya+dyr  be a gfenera l  cubic  form.

By a s t ra ight forward computat ion,  us ing a base for  T,  we f ind that

)
( c ,  0 )  €  r  i f  f  2 t r  ( 3 a - b )  +  ( l + 3  )  ( 1 c - 3 d )  = 0

( O , c )  €  r  i f  f  Z $ - 3 )  ( 3 a - b )  + 2  ( ? ' c -  3 d )  = 6

Wri t ing that  the four  vectors associated to  Q are in  T we get  a  l i -near



i ' l ' , i ,  , '

homogeneous system of  four  equat ions in  the coef f ic ients  of  e .' :
the rank of  the system is  .3  for  dny 2 f  0  ,  the only  so lut ion of\
i s .  t he  t r i v i a l  one .

i ,  I  j  ,

B-regular i ty .  r t  is  suf f ic i -ent  to  show that  p

posi t ioned over  N and th is  is  proved exact ly  as above.

case we f ind that  g  ( t )  €  p for  t lO by us inq the contacr

t i -on g i -ven by change.  of  coord inates (x ,y)  ,_- .+ ( t l l  ,a ] t )
p l i c a t i o n  b y - t 3 .

i s  n i ce l y

fn  th i s

t ransforma-

and mul . t i - . '
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