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1. Intrq!uc' l !g

N . l l l t c h l n [ z ] d e s c r i b e d t n l g ? 4 t h e p o s a i b l e t o p o ) ' o g | c a } t y p e o f a l l

4-df ioensional  compgct  se l f -dual  E inste in spaces X4 wt th scalar  cu ' rva-

tu re  ' i 6  aO '  I n  f ac t '  h€  O" :uud  tha t  such  a  space  l e  e l t he r  f l a t  o r  t l

KJ-sur face '  an Enr lq \ rss-sur fac€ 
or  the orb l t  gps 'ce of  an Enr iques-

g u r f a c e b y a n a n t ! - h o l o r . r o r p h l c i n v o } u t i o n . O n . t h e o t h e r h a i d ' l t f o l *

Iows f ron the so lut lon of  the Calabl -conJecturc 
by S '  T '  Yan that

e v e r y K J . s u r f a c o a d n l t s a s e l f - d u a l E i n s t e i n m e t r i c w l t h v a n J . s h l n 6

scarar  curnrature (see [ t l  * *a [z+1) '  in  the present  paper  we study

the  4 -d lmens lona l  conpac t  seL f -dua l  B ins te ln  nbn l fo lds  o f  pos l t i ve

ecalar clu'vature and .we 
part icularly ptove the fo: ' Iowlng '  '

E lnete ln nanl fo ld  wl th

to  the  sPhere  s4  o r

p2  ( c )  .

2

T h e c a n o n i c a l m e t r l c o f P - ( a ) r s a s e } f - c u a ] - E | n s t e l n ' r n e t r l c w i f h .

p o s | t l v e g c a } a r c u r v & t u r e . T h e r e f o r e , t h e t o p o l o g i c a l c } t r s s i f i c a t i o n

g l v e n l n t h l s t h e o r e n l s c o i p l e + ' e ' I t s e e r o s t o b e a n o p e n q u e s t l o n

whe the r  p2 (A)  ad rn i t s  f u r the r  se i f -dua }  E lns te in  me t r l cs  o f  pos i t i ve

scalar curvature '  UsJ'nd' f  or e:i 'arnple non-tr i ' r  j 'el conf ormal changes

o f  t ho  canon ic&r  ne t r l c  o f  p j (o )  onu  on ry  ge ts  non -E lns te !n  ne t r i cs

  a  - ' f  .

o r ,  P 2 ( c )  ( s e e  [ z l 1 ) '
' i

the present  rnvest igat lons were speciar ly  Inspl red b.v  th-e pupt t  h l

c o n t a l n l n g . a n l n t e r p r e t a i l o n o f ? e n r o s e t s t w l s t o r p r o g r & n s e . I n t h a t

w o r k t h e a u t n o r s p r o v e d t h a i t h e a l n o s t c o n p l e x s t r u c t u r e o n t h a

TheorgL A coropact  four-d lnensional  
se l f -dual

poo i t l ve  sca l s r  cu rva tu re  l s  e l t he r  i sone t r l c

d l f f eonorph lc  to .  t he  conp lex  p roJec t l ve  p lane
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proJect lve sp lnor  bundle P-  of  a  Rlemannlan mani fo ld  X4 ls  ln tegrable

1 f  and  on l y  l f  X4  l s  sc l f -dua l .  S t r i r t i ng  f ron  th l s  resu l t  we  dec ldo

the  ques t l on  under  wh lch  cond l t i ons  the  ne t r l c  on  P -  na tu ra ] l y  de f l ned

.  
by the metr lcs of  the basls  X4 and of  the f lbres f l  (A)  ls  a  Ki ih ler

A .

ne t r i c .  Th l s  e l t ua t i on  occu rs  i f  and  on l y  i f  X '  l s  a .  se l f -dua I  E ln -

s te ln  space  w i th  pos l t l ve  sca la r  cu rva tu re .  Fu r the rmore ,  a  ca l cu la t l on

of  the Rlcc i - teneor  ln  th is  case Shows that  P-  then ls  a  Ki ih ler -Eln-

s te ln -man l f ; l d .  o f  pos i t i ve  sca la r  cu rva tu re .  I h i s  re la t l on  be t r vgsn

ee} f , -duat  Dlnste in manl f  o lds of  d lnenslon four  and Kt ih ler -Elnsto ln

11anl fo lds of  complex d lnenslon three is .  the baslc  ldea of  o l l  ergu-

non ta t l on .  f n  f ac t ,  t h l s  obse rva t l on  y le lds  tha t  eve ry  conpac t  so l f -

dual  E lnste ln space X4 wl th  pos l t lve scalar  curvature 1e s lnp ly  con-

nec ted  an t l  -  e . f t e r .  some ca l cu la t i ons  l n  t he  cohomo logy  r l ng  X i l ( p - ;Z )

t  A  
. s  pos l i l ve  de f j '  ns i ' on  d  63  ;t he  quadra t l c  f  o rn  H ' (X* ;  Z )  i s  pos l i l ve  de . f  t n l t r l  w l th  d lne :

^ A 2 2
There f  o r '€  ,  X*  must  have the  same homotopy  typo  as  S '0  ,  P ' (C )  ,  ? ' (  c  )  { t '

r ) 2 ?
p z ( c )  o r  p ' ( t E )  +  p ' . ( g  )  +  p ' ( 0 )  ( s e e  F z t *  l .  T h e  f i r s t  c a s e  i s  s i r a p l e

and  g l ves  the  resu l t  t ha t  X4  i s  l somet r l c  t o  54 .  0n  the  o the r  hand , ,

vre exc lude the th l ; -d  and four th case by a thorough etudy of  the 1-

d i raens lona l  comp lex  vec to r  bu -nd le  f  (P -  /X4 )  o f  a l l .  ve r t l ca l ,  vee to rs  l n

-P - .  
S lnce  the  R lcc l  cu rvs+"u .ne  l s  pos i t  l ve  ,  l t  f  o l l ows  by  a  resuL t  o f ,

Koda l ra  i ha t  t he  h ighe r  conono logy  E roups  o f  P -  w l th  coo f f t c l en ts  l n

the  shee f  o f  ho lono rph ic  fu : : c t l ons  nus t  van tsh .  l he re fo re .  i t  f oL lo ' * ' s

2 -
t h a t  l l " ' ( p - ; Z )  c l a s s i f  1 e s  l l n e a r  e q u i l ' a l e n c o  c l a s s e s  o f  d l v i s o r e ,  t r n d

s i n c e  t i r c  c o h o r n o l o g y  r l n g  i s  g e n e r a i b d  b y  U 2 ( P - ;  Z ) ,  l t  f o l l o w s  t h a t

t t x ( p - ;  Z )  1 s  t h e  C h o w - r l n g  o f  P -  r n o C u l o  n u n e r l c a i  e q u l r r a l e n c e  r  t h e

c u p - p r o C u c t  c o r " r e s p o n d s  t o  t h e  i n t e r s e c t i o n  p r o d u c t  o f  a l g e b r a i c

c y c l e s .  L ' s i n g  K o C a i r a t s  v a n i s h i n g  t h e o r e t r ,  B e r t l n l t s  t h e o r c n s ,  t h e

c l a s s l f l c a t l o n  o f  a L 6 e b r a i c  s u r f a c e s ,  a n d  t h r i  e n r n e r a t l o n  o f  a l 6 e b r a l c

i

I

)

I

i

ri
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v a r l e t l e s  o f  s m a l }  d e g r e e  * o  J u n  c i e d u c e  f i ' o n  t h e  s t r u c t u r e  o f  t h e

C h o w - r l n g t h a t P - n u s t b e o n e c f t l i e f o } ] " o r v l n g v a : : i e t i e s : A d o u b l e

I  .  K ] *sur face  i f  o '  -  3  and e  cornp le te
cover lng  o f  l I ' /  rami f  led  e long a  KJ*s t r i r t i se  r -

l n t e r s e c t l c n  o f  t w o  q u a d r i c s  t n  p 5  1 3  6 "  2 '  f n  b o t h  c o ' s e s  t h o  c a l -

c u l a t l o n  o f  t h e  D u l o r  c h a r a c t e : ' l s t l c  e n t a l l g  t h a t  s u c h  a  v a r l o t y

qsnnqt  bp  !hu .  t r , Ig igg t lYq  sp i i lo i  b r rnd ls  l -  q f  R  ge l f -dua1 D lns le ln

space rv i ' ih poe l t ive scalar .cuvvature o

I n  caso  c / .  1  |  such  a  va r ie t y  i a  ana ly t i o  i sono rph ic  to

; c r l be  the  sP ino r  f l b ra t i on
mgn l fo ld  F ' (1  12 )  and  ws  can  do :

i he  base  mr . re t  be  d l f f eono rph lc '  t o  t he  conp) ' ex  p ro jec t i ve

the f lag

exp) . ic i te lY t

p lane "

!

-l
I

I

P l n a } I y l l e t u s r e m a r k t h a t t h e S . ' a h e D € t h o d y i e l d s . t h e f o l l o v l ' n g

roeui t :  I f  X4 1s a conpact  4-d lmenslonat  se l f -cual  Rlemennlnn nanl -

f o l d  s u c h  t h a t  c a i P - ) ,  w h i c h  ' s '  a l r v a y s  t o  2 c , ( t ( P - / X 4 ) )  '  ' s  p o s i t ' L v e '

thon X4 ls  isornetr lc  to  54 o ' r  < i l f feor 'orphlc  to  [ '2(C)  and t l re  sp lnor

bund le  1o  ana ) -y t1c  l so r4o rph l c  to  tp l ( t c )  o r  t o  F ' (1  ' 2 )  '

2.  t t rc  so(a) -ac t . ! l  g rn  P(d)

Le tA  be  the  sp ino r  rep resen ta t :on  o f  t he  g r :oup  Sp in (4 )  ' anC Ceno te

l t s  decompos l t l on  l n io  i r reduc lb ie  conponcn is  by  A  -  fS  *  6 .  '  Sp in (4 )

a n d S 0 ( 4 ) t r a n s l t l v e l y a c t o n t h e l - d l r n e n s i o n a } c o m p } e x p r o j e c t i v e

B p a c e P ( d ) . T h e r e f o r e ' w e c a n e x p r e s s p ( ' d ) a s a s y r n m e t r l c s p s c e

P ( A - ) . S o ( 4 ) l t t - a n d w e c a n d e s c r l b e t h e r c e t r l c a n d t h e c o m p l e x s t : . u c -

turo of  I , (A-)  1n a complenent  n-  o f  the l te  a l6ebra lJ-  in  gg(4)  '  I f

8 . , ( l / J d 4 ) l e t h e s t a n d e r d b a s l s o f t h s L l c a l g e b r a e 3 ( 4 ) ' t h e n
1 J
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we have

'  ' ' ] )  'Theoren 1 (eee for  examPre L4

w l t h  L l e  a l g e b r a '

conne.cted subgrouPH - l s a o f  S 0 ( 4 )

t{. -  { | ,  & ,  * E ,  r :'  
14J 

'd -.,
*13n*44 'o '  a t4-^23'o)'

f , f  we choose

t r r e n  g ( 4 )

ayrnme trlc

t  Er 3*Ez+,
s t ruc ture

'  H- . |  ' - ,  [L,-rn-]  *  n- ,  [n-rn-]  c -8,- '  The petr lc of  
. tho

n- ,-  dtn1n,, '3+Ez4 , Ero-I21),

space P(d)

r'1A-Ez]l 1s

J : n - * n

'  SO(4)  lH-  i "e  g lven by the condl t lon thst

an or thonorrnal .bagls '  Fur thernole '  the complex

of  the co ioplex t lne P(A-)  ls  descr lbed by

. l  (Er 
3*EeC ) ,  - (Er 

4-82)) ,
. l (n,o-Etr) '  E1)*Ez4'

In  the  L le  a lgebra  ! -9 (q)  we

Y 1  -  E 1 2 r  Y 2  '  E 3 4 r

ln t roduce the fo l lowing

Y J  -  E t t - . t r o '

E ^ . r  Y .  '  E n t  +  E 2 a ,-  z . \ '

b a s l s :

Y6 t Er t, 
- Ez)'

Y 4 t E r 4 +

The o lements Y, '  r

t o  n - .  F l n a l l Y ,

Y Z ,  Y 3 '  Y +

we have t i re

span  the  L te  a lgeb ra  H-  and  Y r '  YU be long

f olLorvlng, cornrnutator rolatlona s
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f v  v ' l
l * 4 r ^ 2 - )

l , r  v 1
L r l  t ' 5 J

f y  v l
L ^ 4 t  ! r , .

1 ' r

- - t
l v  v  I
\ r L . ) t - , ( -

l - v  v l' ' ; 4  '  A 5 J

11

-Y6 '

-Y3 '

ZYr+ZYy.

0 ,

l 'v v 
'1

L ^ 1  r r t . . l

I V  V  I
L  A 1  r  - 6 . r

F '

t v  v  I
I  1 2  t  a 6 . J

f v  v  It ' ) " 5 '

f v  v l
L r /  t ^ q J

fv .r ''l
V a  I  L  t  J

r 9

fixr, xr)
r ' l

LY2 o Y6J

Ixr, vu)
[v v 

''l
t  ' 5  t ' o 6 "

-v
" ) '

L A I

-Y , ,

0 ,

*2Yr+ZYr.

^ i  f

^ 6 t

W 1

3 .-tlgrlCii.[1-er c-oI-4"1.'! i on f qL the P{3:ji c t lve' si?J.-nol bu]dl-g

. of a Rle,mannl,gn nanjrfo. ld

Le t  X4  be  a  4 -d lmens lonaL  o r i . en ted

deno to  the  p r i nc lpa l  $0 (A) -bund le

tho  p roJoc l l vo  sP lno r  bund lo

Rlena.nnian manLf .o ld  and le t  (Q,*rX4)

of al l  orthonor%al fre"nes n \{e 'consJ'der

r  =  o  * ro (4 )? (A" )

4  n ) - - ! L . -  ^ ^ - - , . , r t

w h t c h  1 o  a  p , ( c ) _ f l b r a t l o n  o v e r  X 4 .  ? h e  L e v l - C l v l t r r - g o n n e c t l o n  l n t r o -

d u c e e  a  d e c o m p o s l t i o n  o f  t h e  t e n 8 e n t  b u n d l o  T P ' l v P  +  T n P  l n t o  v e r -

t l ca l  and  ho r lnzon ta l  ve .c !o rs  '  t he re  ex j ' s t s  an  e lnos t - . comq lex  s t ruc iu re

J  :  TP  - *+  TP  p rese rv lng  th l s  c .eco rnpoo l " l on  such  ths t  J  Co lnc ldes  w t th

4

t h e  c o m p ] e x  s t r u c t u r e  o f  t h e  f l b r e s  P ' ( A )  o n  v e r t l c g l  v e c t o r s ' '  l u r t h e r -

l n o r e r  o n  a  h o r l z o n t a l  v e c t o r  E  €  ( T O P ) 1 1 ' ,  a t  t h e  p o l n t  V  €  P ,  J  i s  d o -

f t n e d  ( u s l n g  t h e  c l l f f o r d - m u l i i p l i c a ' ; l o n  b e t T i e e n  v e c t o r s  a n f i  e p l n o r s )

by  the  fo rnu la :

[ r r * J ( t ) ] ' y '  1 ( w * ( t ) '  V ) '

I t  l s  w e l l  k n o w n  ( s e e  [ t  I  o r  [ + 1 )  t h a t

I - y';.----

J  l s  a  comPlex  s t ruc tu ro o n P
i

" i

I

I
I

I
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l f  and only  i f  x4 l "  a  se l f -dual  Rlemannian nani fo ld  ( the negat ive

p a r t W - o f t h e c o n f o r m a l l y i n v a r i a n t T J e y l t e n s o r W v a n l s h e s ) . N o w w o

lnt roduce a hernr i t lan metr lc  on P by put11n6 bacr  the notr lc  o f  X4

to the hor izontar  subspaces and by adding the * - fo ld  of  the netr lc  o f

the  f l b res  '
i

i

;
I

I

l
. l

Theoren  2 '  (p ' J ' ga )  l s  a  K i i h le r  manL fo ld
- -

dua l  E lns te in  space  w l th  pos i t i ve  sca la r

Be fo rs  we  sha l l  p rove  th l s  t heo ren  Le t  us 'Look  a t  sone  exanpS"es '

i f  and onlY

cunrature C

1f  x4  1s  a  se l f -

-  48h,

A
f l x n m t l l o  1 .  X '  '
--E.' e

g e t r l t r r  c u r v a t u r o

A
E x a m p l c  2 . ,  X '  r '
#

scalar  curvature

s4

nn t l

t s  t r

l t  ' l t l

{ o

{ a
A P

n o l f - 1 1 u n l  E t n s t c l n  m a n l f o l d  w l t h  p o s l t l v e

a n u l y t t c - l n o n o  t r l c  t o  P J ( c  )  '

a  s e I l ' - d u a l  E l n s t e i ' n  r n a n l f o l d  w l t h  p o s l t l v c

isonorph5.c  to  the  f lag  man l f  o ld  F(1  '  2 )  '

s1  1s  a  con fo rna l l y  f l a t  space  w l th  pos l t l ve

t t  is  not  an Elnste ln space '  \ ' {e  ca lcu la 'be 3he

? ^
P usln6 the Sr- f  lbrat lon f  :  P - r '  X ' :

p 2 ( a )

and P

A , ,
E x a n o l e  l .  x t  '  S /  x

scalar  curvature '  but

f  l rs t  Bet  t l ' -number of

t b 1 ( x 4 )  o  1 .b 1 ( P )

T h e r e f o r e ,  P  d o e s  n o t  e d m l t KCh Ie r  s t ruc tu . res  a t  a lL '

E x a m p l e  4 .  L e t

trans f orn',at lons

norrnal  bas ls  et

p  c  E ( 3 )  b e  t h e

cu ,  p ,  f , '  t 1 ,  t z

by the  fo rnu las

group 6enera ted

,  t " ,  r v h l c h  a r e
)

:

by  the  Euc lJ -C ian

g lven 1n  an  or tho-
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l.
I

t * ( x ) . x + e i t

o(x) - e,1x{e.), ^  ̂ ft - i l ,
\ 0  0 " y

4  4  f '  
o l

P ( x ) ' B ( x ? e e * i o i ) t  t ' [  
: ' ^  

o l o

p ( x ) - c ( * # . 4 " r 4 u r 1  ,  t - [  o - 1  t l
\o o t /

x4 -  n l ln  
"  

s l  ls  a  f la t  i l lemennian nani fo ld  rv l th  th

Ha(xa ;z )  n  z  +  74  o  24  ( see  l -22T .  \Y i th  respoc t  t o  b

P doee not  adml t  K l ih ler .  s t ructures at  a lL '

t .

e homology Broup
A

-  (P )  -  b -  ( x ' ' )  a
l l

I :oof  o l theolnem- L (P, i ,gr )  is  a  Kahier  manl fo lc

1  \  L r - n  . e z . \
?-torn i l  (9r $) -  {( t  { ,1,5:2)

bo the  eubners lon  de f lned bY

an or thonormal  bas le  tangent

1 s  c l o s e d .  L e t  f  :  Q

f ( s )  -  [ s , I ] ,  w h e r e  s
r a

t o  X + .  T h e n  6 Q  -  0  1

1f and onlY 1f tho

- r P . * Q  x  ( s o ( + ) l H " )
s 0 ( 4 )

t -  ^  \  l so  \ u 1 F ' . . r p 4 t

s  equ lva len t  to

vr* (x r (e ) )  .  s i .

t , e t l x r r f !  (  I ' L  (  4 t  1  4  u 1  6 )

the formula

o f  1 * fo rms .  Thenbe the .dua1 reper

1 2
de AX

d(fk$ - O. 0n the manlfold Q we conslder the Vg1' 'biCal f l :-ncla'rne:rte'L

vector  f le lds Yo.  lnduced bY

Furthe::nore, we def j .ne f oltr

on Q by the fornula

the eLenbnts Y, ,  o f

ho r l zon ta l  vec to r

the L le a l6ebra S9.(4)  '

f le lds X, , ,  XZo X3'  X4 .

{* - ̂ rf"f - ) 4
+  ) t z r X



1 0

lnr ied late ly  fo l lows f roro ihe construct i 'on of  the.  a lmost  complex s t ruc-

n f t 0 0 0 .
tu re  J  and  o f  t he .me t r l c  ga .  l i o l  r ve  f l x  a  po ln t  - s '  -  ( " i ' " 1 ' s l ' s i )  J ' n

Q over  x0 .? ' (u0) .  - lJs- lng para l le l  c l lsp laceroent  a long geodeslc  1 lnes

we get  an or thonormal  repex s  of  vector  f le lds ln  a nolghbou: 'hood u

n f ) 0
o f  x o  w l t h , ( x 0 )  t  6 0 .  L e t  w n *  '  g F e n , s r )  c l e n o t e  t h e  l o c a l  f o r m s  o f

the Levl*Oivl tu 0onnectLonc Ti io rep:r l :  6iv0s tooatl ; '  o tr3,,vJ-i : l . jus- i len

Q 1. ,  r ,  u  x  so( / i ) .  I f  norv
I U

. { , : r  ( " r . 1 )
* . 1

( " r ,  
' o '  

" , , 4 )- l : : l
fo, . .. "+,N

4 ) ,  i h e n

':.

l e  s n  e f e m e n t  o f  S 0 (

d o f i n o o  h b r l z o n t n l  v o c t o r

d l Y  / n \ \ - s  f o r a l l s €l T n \ . i t 1 \ o / , r  "  " 1

r i  1 . ' 1  A n

n l
Y l . r .

I U

( t )

and

(z )

where  e .  .  (Y^ , )  deno tes  the  e ienen t
l J  L e

Slnco the coranutato::  of  ' rex' i i rcal-

o f  th

vqc  t  c : '

(3)

e l C

x* (x ,A)  .  * rJ  (4 ,  (x )  -  ' , t k ' (o ,  )  ( : : )3 t t )

l x r ,xJ ] (Bo)  -  R3 lx r ( *o )Er . r

:

lxr,v; t"o) - -a.j" j (ro ) s!,

etlYo",Yul -  o"

Fina i ) .y ,  the  commuator  be tveen a  f lu i : lenente l  voc tor  f i

h o r l z o n t a l  v e c t o r  f l e l d  l s  a  h o r i " z o n - " g ;  v e c t o r : ' 1 e i c .

on  a i i ,  '  U  X  $0 (4 )  r v l t h  + "hc  p : ' o rc : : t ; r

s lncs u: ; * , ( .s ,  )  ( *0)  -  0 ,  1 i  fo l l 'ovrc  
"h ' r ' i

e  n n t r t r :  e ' t  t h e  P i a c o  ( 1 ' i ) .

f i -e.r-cis Ls vert .4.cai ,  \ ' re 6ei

a n d  a

s  y l c i C s



1 - -

. / . r \  -od  [v  "  
'1  n

{ 4 /  ? * t A l ' I A J  
5  w o

4 r l
t l

From (1) -  (+) f t  norv fo l" Iorvs by a direct  calculat lor  -  l ls lng tho

eque ' . rL t les  a i { (Yod)  =  - * . l i ( ycs) ,  \7 (6 , )  
o 'azro(6)  -  c l ,  t , i4 ( / * )  *  a r r (Y* )

-L tJ .J -r

for . l  t  d, e d and usJ.n8 the connuinto: '  rel-atlons betr" 'ecn the Yf s '

r . r r t t ten do 'n above -  tha i  d( f :Ci )  *  0  ls  eqt l iva lon i  to  thc ' fo i "Lorv l 'n6 .

syctem of  oquat lons for  the eonponents of ,  the '  c l l rYer turo tensor  a ' t  I

* 0 6  x 4  z

:

R r e t c  -  ^ 1 2 2 7 ,  R t z l l -  - R 1 2 2 4 ,  R t + t n  -  R 1 4 z  
)  

*  ' 4 / L '

Ri314 -  Rl3z , ,  
.R1 411'  

-  -Rr4a4o Ra :ni t i  
-  Rzi ,D -  4/2. ' '

Req14 - Rzr,z), Rz 
)1') 

- -Rzj?-4' R'i i1i 
+ Rtlao ^ -4/?v'

Rlarc .  *3423, 034,1 3 
= 'F.)ro?-; ,  Pzo,11'"  Ri :+24 ̂ *4/)-^

c lea : , }y ,  every  re la t ion  oc .cur lngo l f  t re  e ' , lp - l ; r  en  even permui ;a t ion  to

o n e  o f  t h e  t r v e l v e  e q u a t l o n s ,  h o i d s  t o o .  N o l v  i t  l e  e a s y  t o  s e e  i h a - t

d(f i f l - l  .  O i f  and only l f  ) :4 ' . ls a sc-r. f -duts.L l ins' ;el ,n space rvi t l r
. .:-

s c a i o . r  c u ' v a t u r o  t  a ' l , h - ,  

q o . c " c l  .

4 . Soto -"-

I n  t h t s  sec t l on  we  s tudy  the  cu rve , tu rc  o f  (p , * )  l n  case  o f ,  l t  be ing

a Ki ih ler  rnanl fo ld .  . -

tho_orq,  3 . -  r f  x4 ls  a  ser f -dual  Dlnste ln cpace vr l ih  post t lve scs. Iar

'cunratur  
e  T -  48n r .  thon (P, i rga)  is  a  Kl ih ] 'er -Elnstc ln  ne 'n l f  o lC vr l th

i

!:

I
l

t:

J

1

i
i
.1

I

t
!

i
I
d



1 2

A

Bcalar  curvature f  (?)  -  f , ( : { ' r ) .

to prove thls theoren we neod sorne rvel}-known forqrulas connected vr*th

the change of the curvature *ensor in Riemannlan submerslons' ] ,e!

f :  Mn -a f i t  bn a Rlemannlan submersLon and let N denote 1ts nornal

bundle,  
.0n 

l , !n  we Local ly  choose f t t l  0 i { t } i i i r lF i r8}  rOpe}  EA (Ar}a '0 ,

1 1 . . . ' h )  s u ' c h  t h a t  f x ( E o / )  o  O  ( o ' r p r . - .  "  =  m t l  , 1 "  e I 1 )  a n d  s u c h  t h a i

F  r  / n  \  / {o i  *  r i q . \ o l /  \ r r J r . . .  o  1 r . . . e E )  i s  a n  o r i h o n o r n a l '  r e p e r  o n  
" i f l '  

L e t

c ; ,  At r "u"ou. t lve1y,  be the: - r  c l r . * .L  rcp+; 's ,  Thcn t re  havo ihe s t=r , rc t , *e

e quet lons

ddA . wOrndB,

d*AB '

a31 '

*Acn*cts " lRnrc#c^dD,

{
vrrrnd" ,

,f
,,I
t

\ l

;.
t

, t
,t;

1
t
:4
c

d r Y . . .  a  t Y { t n } Y t {  +
4 . J

'1

aC* ,

.  o rJoo o  nro l r " ' . .4 (np ,$c)* oo'.F., ,$ol,ra, (ror-)

4 -  - k
- L D  d "

2" j. j  k}"

Lornrnn E.
^ i J P Y

l_toq_!,, fn the equatlon

ei la i  .  ,  fx f r , .n f t t i r .'  * " l J  "  1 1  
' -  

I j

p u t  t h e  v e c t o r  f l o l d s  E ^ ,  8 " .
. P \ 1

g e t

A \. ''l
f  i  4 ; : \ - - r . i

*  Tr ' .  .  , .  - 'J / \ 'vr

z LJ i<r

l r . r i  + h  r a c n n n fr l  4  v l i  . .we

w e

.  ^ i { -
t o  r v .  -  f - ' i r .  o n  N

4.J . rJ
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t l

l .

l i
:r

* i t n * r ; (Ep 'Eq)  *  R rJoo  =

.  f {aGrr (Bp,Eq)

-  Ep( rxo i r r (Eq) )  -  uo( r * i ' r J tno) )  -  r * i l r J [ ro ,Eo l

.  up(* *J (nq) )  -  ro ( r , * j (Ep) )  -  r * i l r j [Bp ,nq ]

.  doiJ(Ep,Eq) * , r ' j [no,Enl  -  r " i r r r [no,so]  i

- p.iJoq o *icnncJ {no,no ) 
.n 

f lno,noi 'r1lJ (sco) r

q o e  
" d "

proof  o f  Theorem J.  Let  X4 be e.  se l f -dual  Dlnc ie*n Bpace rv t th 'sca ' le" : :

curve.t[re f;  - 48/7. I ' ie Lntroduco e. met.r ic on Q b.] '  pul l ln6 back the

netrj .c of X4 to ths h,- ' .o,1tal subspaccg and by eddl 'ng the raetrlc

of  the f  tbres def lned by th  condLi io ; r  that  ' , / f r  YO i 's  o : thonornal '

Then ' , i :  Q . - ' x4  and  f  :  Q+?  a re  R len 'a : rn j ' c ' n  s ' - : bne rs ions '  i n  en
' n 2 o O 0 0

.  a rb l t ra ry  po ln t  xu€  X4 .we  f1x  e .n  o : i nonarna l  bas i s  s i ' ,  t ; - ,  s j ,  
"+ t

r vh l ch  de f l r res  a  l oce l  repe r  s  -  (e1  , "2 rs3034)  by  pa : raL1e1  d l sp ta ' ce -

rnont  a l -on6 geodls lc  i lneo.  Then Xl  '  n i  -  *k ] (s*  )E ' - , ,  arq or ihonornal

hor lzonia l  vector  f le ldo on Q.  Fo: '  th ,e ce lc t : , ia t j :on rve nolv  use the

f  o) . Iorv lng eonvont lon:  lvo dcs i .6nc. ta  a qr . lnn i ; i ty  ean-nec* 'ed.  wl th  Q by 
f l

and  s  qu r rn l l t y  o f  I ,  by  
- . ' Lo !  

un  cons lde r  t he  o r thonorna l  r cpe r  on  Qo

ol - x. 
.riI 

- *r, ul : *i, El - *0,

E; - # "r, Ee - # "u, ri - ft,' x* ni * fi Y*

, ; - # Y 3 ,  , i o  - # " n .

I f  we epply lemma O to tho Rlenannlan su.bnersions , '  ,  Q * X4 and

t:
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f  :  Q  *  P ,  t h e n  w e  g e t  ( i , J r P , Q  a  4 ) : '

*rJoo . *fJon . tr 
*l/*I; tnff,iri') . 

*o*Tu;',tt]-1, 
tnil;

fi - p*. - - . Y, ,rfnr'o '-){ -o,r S o.tn-r'rnl1tf, (d)'ttJoo - p.lj 
ne 

* 
fri "i*^'t*i\5,"q, " t_j", - -

Thla  Y le ' }ds

=q x . 3{ ,** -4\ * + -;.qri,nh*i, tdl.*rJoo - *tJoo . 
k, 

*io-^'tJ\'sp '-qr " f.trt 
Lr

l l l t h  reePec t  t o

"[ornil " *{(nX,1uf ,rf i) . (n;, Iir],: if l) - (,tl,1s;l,ri l) ]

and a tnce  ln f , r l lCoo l  -  o  (L  4  4 ,c r ' ,  I  ! ) ,  r re  gc t

*f.tr{ l  - -#v5, [xi,xrl)'rr, ) 217.

-  
h*r;or( ' l ,unr)

.  -  4,*rJr roRrjz+) o

* ir tn[ l  -  4,*rr .4-Rr1a3),

" fr t r l l  
*  * fotnl) ,  l , i  I  4 '  c1- I  5?

n .
a t  l hs  po j "n t  sv .

Novr X4 is a eelf-dua} Elnstein space lvith sca].ar currrature T o tA/^'

and  so  we  have  the  equa t lone  f r cn  the  .end  o f  Sec t i on  3 .  Us ln5  th l s
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r o l & t l o n s  w o  B e t  ( 1 z J ( 4 )

H  r - * r* t j  to t , , - *frtnll

i ' -  1 ,  j  *  l \
I

i  .  2 n  J  o  4  f

otherwlss )  ,

(- n,
. I  - + ,

I  t t u

\ 0 ,

/ _ k ,  i  -  1 o  i  g
.  (  t ' '

*irreil . -, lutnl) " t 
^h, I - 2' J 6

\  o ,  o thoncj .se

S t n c d o * r , ; , , F - ' [ * t n [ l - , , | ' t a [ ) , 1 t f o } 1 o v l g t h a t

$  + F  - 9 r
(1> 

norJo ,  
-H * i io t  - to ip

"f ' t ' r j lq"O; 
.r"nlehes tf exactiy. t tvo lndlcos e're 6tee'?er i 'ban 4' '  ' Ihoqe;

fore,  v le  3ei  the equat ions ( ' { 'X 4 4)

^x*klcck t

^x
rglkort

ri3

n5tk6 '

^xt rgr5o,

^xn6i56 '

on Q tne

1z)

Now we

D !^'klnrk

f i r'vik0,

Q a
"51k6

t s r
"5156

I t

"6156

cslculate

O a  - . . 5 t  6 0

( - *  J s  6 s

cornpoaents  o f

1 o
f 

oik '

rt  -xRiir.o " nrt56

v
tensor  R--

the cu:alatu'rs

* i l n'  H6156 '  " '

a t  s O l

^x^51t 5

- :Ki \kt5k

'  Rtrro -

' Riltor '( r )



1 6

For oxamPle i  we Prove tho

others ln  the 
"* t " " ty '

f irst equat-"r.onand rerqark that. one gets the

D
"51k5

l ' r l th resPect

1q)

ai

- : ' t  t x ' t N \-  \ /  p .  .  
" q , /'  

f r r } r  
"X '1 

K ) '
L ! c i r  s i  .

) * -

- V

x\  n i l

v

( E ; )

. (

. (

N t . ' l { . T . t t

' xv ,x"kt 5  " i

vl*"ilc(E
ng

: 3 t ,  X

x lr ^3f
r/ ii.

t r Y  u  K

r )
- V tt-.,,r,1'^(nI), BX).

$ T ^ '  " )  r
.^.

)  -  0 ,  l t  fo l lorvs ihatto  n r (w[

Rfrr.s' ofirtnfl*frrtn]) - nl('''"',fr(E;) ) - *'ilccn]1"[rtnil

' 
# 

,,[rtrirwirrni) - BI(.irru'il ' - 
*,, 

oflrrnfl,,[rtsil

" # 
*[rtnir(r'i,tni,nii) - rf ('vfr('r;)) o *!*

,i(*oot"*) )(nf , ini,nof ) " *,flrn

1 n
frdrt

the f lbreg of the Rlenannlan su'brnersi-ons 5i : '

a re  to ta l l y  geodes ic  
- subnan i " fo lCs ;  

?hc ro fo reo

only ln one f lbro and then ' : io get

L
n  - \  Y '

\Ye CAn

t

and r-r : It -> Xa

ca lcu le te  F . . " t-  
)oa2

,r166' 4/?',



r l
! , ' '

Now f rom ( t )  -  (q) I t  f o lLows  tha t

-  B n
t.tJ - ,fdtJ ( r , 1 . /  o ;

.1 .

a n d  t h l s  m c a n s  t h a i  ( P ' J ' S " )
o

sca le r  curva tura  t r (P)  =  6 ' i

Kd,hler-Elns te in .r:canlf old vrl th

t
/  - r ' l  \

.  C ( A  i  '

i s a

I r O

'7u

Q . e , d .

A corapact  K i {h ler  mani fo ld  ( tc ,J ,g)  ls  ca l led s  Hod89 n,gnl fo ld  l f  i ts

.  )  . n  \  - f  f ?  e  \  ? o n r e g (  c o h c r c o l o g y

fundanentsl  f  orrn O(fr  ' '9r)  *  g(J$a' !2)  represcnts a:r  integer

c l a s s . B y K o d a i r a ' e l h e o r e n a } i o d g e m a ' n i f , o l d l e a l 6 e b r * 1 g . - p . r o j e c t J - v e

(eeo [21]) .  Let  R1c l  TM:} Tj . i  c .enot.o the i ]1cc1-te[3of;r  Then the ?-!am'

t i

rop resen ts  i ho

{. o*t" } '

t o  ( P  , J , E ' o & f t ) ,  t h e n  v r o  g e "

u / t 8 ( J '  ,  o  ) '.L
12'r

' r r -  nrc(91,92) -  {*s(J o Ric ( {"  ) '€2)

f irst Chern-ciass of, l j l :

c,,, (; i i) .

I f  wo aPPIY th ls  fo r rcu ia

c.  (P) -  Cl"  '

^  l c t  se l f -dua}  E lns te in  space v r l th  pog- r ' -

Coro l ]a rY J .  I f  X"  i ' s  a  coEIP '

?,J , #.rr *+3/r, l:- " 
Kltnier-Elnsteln

'  urre tnt"gor c lass t 'Ol  "  
ct(P)"  In part lcular P ls

nran l fo ld  w l th

a lgobra ic -ProJ  ec  t  iYe '

/U*d lb 86 6
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Cjro l lary  2. .

curvature is

A comPact  se l f -dual

s imp ' tY  connec ted .

P loo . f ,  s i nce r r , , , ( r ;  ' e I ' 1 ( x4 ) ,  i t  i s

s imply  connec ' ted.  In  our  s i tuat lon

ds f l n l t e  R lcc j '  t onso r  and  4 , ,  (P )  o  0

(sce tg ] )  -  f rom l , iyerrs  t l reorcn ( r1

^ n
6 1 P ' " 1 r 1  -  0 ,  p  5  o ) ,  a n d  f , r o m  t h e

H 2 1  (  p r  z )

Einste in space.  wl th  pos l t lve scala ' r

suf f lc ient  to  Prove that  P is

P is  a Kt th ier  mani fo id  rv i ih  pos l i i ' ve

f ol iows - by an idea of S '  Koba]'r ' : 'h: i '

( P )  i s  f i n i t e ) ,  B o c h n e r l e  t h e o r e n  ,

iii:'z ebruc h-Rienann-Roch' f, ornula "

:;llljg-9-o39ilqlgffI ii:ucture ciinr'p:S'l;q-gi{H@_W

&et .X4 be a e.ornpact  se i f , -C ' " ' 'a l  E ine ' te j 'n  space :v1 ih pos i t lve r ra ' lar

curvaturo and ret  i i '  :  ?  -> x4 de. : ro io  the s2- f j 'b=* i j 'on of  the p:e ioct '1- i 'e

sp lnor  Uunaie"  Since X4 i "  s . - ' ' -np ly  coanectcd. ,  thorc e: t is ts  n 'n  e: : - rn" iL-

t lon class rv € 'd2(piZ) such thai : ' ts ; 'egi.r l-ct lo'n to t irs f, j"b: 'es ie the

2 ' ' , " ' r7 ' )  
'  ' t ia  rer rer l :  tha i  

" l r  
: 's  c 'e f inec u 'p

6 e n e r a t o . r  o f  l l ' ( f l b r e ; Z )  -  i r ' ' - (

to ol.emcnto of ,r-nit21 Xt' ;7"). i ' ; 'cr l  the ?]-rccr-Gys-tn ncc.L\cncc Lr; l-nnoc':: ' r" ' i ' : - l" i

f , o l l o w s  ( s c o  t 1 9 ] l  t h a t :

,n*i{zt (x,t iu + yr . r, r i*2i '-2 p.,,t, tz}, ,Zt*t (p; u ) ,. 0.

Let us conside: '  thc funda'rcentai  for: ; r

r}(91'Bz) eagtr (r f . , \  z)

of the KiihLer-Elnste in man:Lf o-- ' l-d '? '

c l ass  c -  (  P )  .  Res t r t c i l ng  'O -  t b  tn t :
- l

. , r h i  n h  - o r - a q p n t $ .  t h gI t l i * v r r  ^ ' v  y ^  e  e ' - . .

11

f : ; ; ' c s  ? ' ( G )  o n c  6 e i s

B

T,T f r

f irr ' ' t  Chern-



4 q

O I rruro

Proofa Slncs

wo  ge t

-  - L 4 B  o P 1 ( o )  *  4 v r l f l b r o- lfir 
-7, .t*

nnd  honco

J)  ;  4w moduro t *  l l2  ( *a t?) i

T i e c a j . c u l a t e t h e i h a r a c t g r l s i l c c . ] " a s s e s o f ? a n d ' d e n o t e b y c r g n d &

the  s igna tu ro  and  the  EuLer  cha rac ie r i s t l c ' o f  X4 '  respec i l vo l yo

. .

th?glg4.4. .  I ,e t  Tu and Tn be tha complex vcctor  burnr ] Iso of  nL l  ver t lca l '

and hor lzonta l  vectors tan6ent  to  P '  Shen:

1 .  c , ,  (8")  -  ca ( tn)  ' f r /Z ' '  \ ' lo  denote ih ls  e lcnent  by f , '

l r -  / r -  , .  
r i t - - a r

z .  c , ( p )  - ? f , r  c r ( P )  ̂ ) ( e - z ' ) r " [ x " ] '  c r ( 9 )  ̂ ' f u t ' f ' - L x ' l '

J . p1 ( P) - G6-22')"* ;x41'
2  ' lD r r r t [ x4 l -

4 .  T "  .  ( ) ( -?YJ t t  L^  J '

' 4

thg  Bu ler  charac ter is t l c  o f  thc  f ib ; 'es  P ' (G)  aqua] .s  t r ro '

ca (Tu)  G

and henco

zw noduro ct* i?(xa; z)

x  2  4 i z ) '
2c , , , (Tu )  e  f i nnodu lo  ? I ' -H ' - (X ' ; z )

:  - . .  ^ 1  . ,  t  {  a n

C o n g l d e r n o w t h o a n t l - h o l o n o : . p h i c i n v o } , . . l t l o n / A : P - l P n a p p l n g e a c h

f  lb re  in to  l t se l f  end cor re8pond j .ng  to  "uhe en t l 'poda}  i08p o f  ' s2  o 'n

s a c h  f l b r e .  s l n c e  y ' t p r e s e r v e s  t h e  d c c o n p o s i i l o n  T P  o  f v  +  T n  e n d  e i n c o
I

I



20

the conplex'strdctr ir" . lA0 at tho polnt p(V) oqtrale -Jt

i&ntl - -o

' 
ri?

we app ly  F '  to  Zca(T" )

-  ?n  There fore ,

3 O* Nilsrx Yro gei -2ca (fu) ; - CI.
roeu l t s .  I f

and dc,,, (tu)
I

I

I

c, ( t " )  -Q./2 and c, , ,  ( tn) .  c ,  (TP)  -  c , , , (Tr r )  -  J )  -  n /2  "n /2

ho l .d .  Nex t  we

functor la l l tY

ca lcu la te  the  socor id  Chern-o lass  o f  fn  us lng  ihe

of  the  [u ]e r -c1ass  e  e 'nd  us tng  the  fac t  tha t

f " ' t  T n
t

:-* tX4 changes the orLont,rt. ion (p ts tho bu"rdle of al l  rtnegs'-

t l von  p roJec i i vo  sP lno rs )  I

c r ( T n )  ' ' e ( T n )  -  e 0 r x 1 n 4 )-  -rx(o(Ti:4);  -  -4#*[x41.

^ ?
VJi th  reepoct  to  p l  -  -2c,  + c f  i t  ' fo l - lc r rs  that

lo ' r rx[x4l  -  pr  l r rot tx4) = F1(Th) -  -2cr(Tx) *  
" f  

t lo)

.f - (N-21)"*[x4],
:

Now we  ge t  t ho  Chern  c lasees

c ( P )  -  c ( T u ) c ( T h )  '  ( 1 +  6 ) ( + V - ? # i l a i ) '
2 ^ '* [x4]  *  3(d-?] i ' tu[ : ia] ,cr(P) -  d;-  -?,et

and

I
i

l

I

I

l

I

F :

cr(P)  "  -?sf [x4] '



?1
\ , ' ?

Flna I IY ,  we ca lcu la te

o n c o  m o r e :

the f i rs t  PentrJagin-c lass uslng P,, - -2c2 2
* C ^

I

p 1 ( P ;  !

Coro l ta rY  l .  I f

pr  ( t , r )  +  P .  ( tn )

t' * T2 * 2fft47

( 6{'-21) st'*[x4]

A

Xa ie  a  conPact  se l f -dua i

Q o 9 . d o

Eins te in  6Pace t ' r i th  PosJ ' t l vo

^ a ' t A

x'(x4 iz> x H'(r." iz) + 7' La

" i  o Furtheriaore, t lrs aecon'd

4  ) ,

scslar curvature, then the qr"tadratlc f or:gt

poc l t t vo l y  do f l n t t o  w l th  thc  d i sc rh ' l nan t

B o t t t - n u m b o r  b ? ( X 4 )  ' [ n  b o u n d u r l ,  O  d  h 2 ( X 4 )

3 lq l f  .  s lnce X4 1s s i rap ly  connoctec ln the

non-e lngular .  !e t  b i  denoie the d i raonsioa

rvhlch the que.drat lc  forn ls  pos i t lvo ly  or

qr,r,:clrcttc for^n Nltxa

of the subsPacee of,

nogat lvo lY  Cef in i ie  '

i ' 1 , )  l s

:{2 oo

Ehcn

d -  b *  -  b - ,
+

' r o 2 + b + b .

0n the other  hand,  P ls  a  Kehler-Elns ie j 'n  nc 'n l fo lC rv l th

, .  9 , 0
sca la r  cu rva tu re .  By  Bochner rs  i heo ren  qnv ' " (P )  *  0  l f

from the Hirzebruch-Rienann-Rocb fovroula lve get

1 ' Z -
. p

t1" z

:.

p o s L t l v - e '

-  \  n \  a n r l
P  

-  w . /  Ls ;s

1 - " 1 P 5 P ' 0 1 1 1
f-.-H r.r4 r
J 6 J ,  L o  J a
lf
L

1 t
- : i l J

. t o P

c-x
$

tvtth respect to 1 l . f  fbro s 2rv l f ibre and ustng the fub' i : l" i  J 'ntegratlon

wo conclude 1 - q;d)/Z artd havs b- = C' Tnls ireans that the quadra-

t lc  f  orm H2 (X4;  Z)  le  poo. l * ' lve ly  dof ln i te  '  l iorv  f  or  evcrXr  conpact
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on lon tod  E ins ie ln
A  -  t  t ,

space x '  the fonnuLa (  sce L4 Jr

, \ t  ) l
,., + -l-t-i' '  -  2 -

ho lds .  The  P roo f

the Cau0-Sonnet

)  ' ,  t u 4 \

I  tuv 12 **e 'L ' r  t
- J r - r " + l  l q z x ?
x +  

' /

after somo calculatlons fronn

1

+ J l

of thls fornuLa fol lovrs

foraufa

end the Hlrzsbruch
':.

1r
J
. .4
A

I

€ ^ j

l s a

w o  g e t

b ^ t 4
I

-  l r i -  l?  .

sel f -dual  E lnste in Bpace rv j . th  pos l t lvo scaler  cu lv&ture t

a ! .

%  -  * d \  O '  a n d  s i n c o  b -  =  0 1  1 ' o  '  d  o  b p - '  t t ' f o l l o l r s
- z

geo,ne txy-o f  x4 .  rn  fac to  ) .e t  J3  -A? * r t l  lu ' i ;he  deconpoe l t i . rn  o f

. r )

burrd le A ' '  *nder  the i ior igu opt to to"  
" '  

The 'Laplaco ope:ntor  [  ^  A6

preserves th ls  decorcpoei t lc .n  ernc lnCuccs t ' ,zo operators \  
i

)  ?  1 ' -

[ - (A l )  - -n  I -CA' ) .  wi th  respeci  io  bn (X4)  -  0  rve i rme d iate ly  6et  by
'  - + '  +

Hod6e theorY tha t

,"w {_l n l z  -  + l n r c f  * { -

olgnature formula

P 1  !

1z'Jtz
f r\T+r
x1

rf x4

t h e n

tha t

q . c . d .

&egark. lor a eelf-dual Ej .nsieln spe.cc ' rLth pooi ' t lve sca'J 'ar c. ' "r fa-

'  
"  

u s l n g  t h e  P : : o j c c t i v ct r . l re  wo proved tha t  i { '  i s  poc i t i rveLy  de f in l i

sp lnor  bund le  P ,  Bochner 's  theorenn snd t 'he  i i l raebruch- 'R lenann-Roch

form*La"  l iowever ,  one.can a lso  p :cove i . ;h ie  p roper ty  c i rec t i y  in  iho

+ c10

+ h o



,-

2 )

( ;

x /
& -

2 +

lnd (d+d)  .  d im  ke r  A*  -  d1m ke rA- '

dlm ker A. . din ker A.

and hence

0n the othcr  hand t  for

L lchnorowica- fonoula

4 -A r 'Yr4-2) = b 'Clm kerrll- - 
Z\,

I

(-

r
+ J

v4
. I

X4

r
J
.,4
A

(u, Au)

r {
" ? s

r r (u)  '  Rrst  "" iz o. tR"" J r,r""*J 
I ,

ivu 12

overy Z-for"ro

3 r ( u ) ,

t
\  4  l a / A  - \

u ) ,  . u  c  I  v \ _ l  o

! 4  L 2

ur  u {  dx .  
' n  c i x  " ,  t he

n1

i

rthero
i

l -
I

1
I

ho lds .  i f  X4  i s  an  E lns te ln

s lnp l t fY th lg  for roula to :

r o ( t r )  .  ( ( t r - +  € l u ,

?

6pace and lf  u is a seciJ'on in't1. l ' 1?e

i-}
I

I
!

I

! .u r thermore ,  l f  th le  E lns l :e ln  ' rp&ce ls  cc ' } f -dua l  Tr l t ' h  poar t l ' ro  eca la ' r

curveturor then b- -  'd!m korA- '  0 r ; ' ' r 'ncC' iat 'e ly fol lows'

, "
Pace X+ w ' t th  Pos i t l ve

coro l la rv  4 .  A  coapact  ee l f -dua l  E ins te i r  s ;

; ; ; tu ro  and van ish ins  ts : t t i  nu ,nber  bz(K4)  '  0  i s  i ' sonet r i c

t o  t h e  s P h e r e  5 4 '
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Prbof . YF }.r r  " z -  0 , then c/ ' O. Furtherno're, rve have

0 ^ d - 4 3
1zri '

and. henco lY* '  \ ' l -  - 0' This

s to ln  sPace .  Bu t  t hen  X4  l s

curr rature (see [ j ] ,  honce

means trrat X4 is b' conforuallY

a space of  cor :s tant  Posi t lvo

lsone*or i .e  to  tho sPhore 54 (see

t l
- J  . . . v t *12  -  1v r -12  '

) r*2

a l  ^ +  t \ {  h -
L L G V  D ' g

soc t l cna l

LL4 .  ) l  .

Q . 9 . d o

wtt jh  respect  to  coro l lar les J  and 4 uc non havo to  s tuc 'y  such sc l f -

dual  E lnste in spaces wl th  pos i i lve gcale ' r  curva iuro that  tho seconcl

Be t t t  number  5  , '  U r (X4 )  ea t i l f j ' es  1  (  b  (  3 '  Tn  the  no r : t  soc t i ons

la t  t ho  eecos  b  =  2 ' J  c l ro  i ' npcss lb le '
o f  t h lg  P lpe r  we  w l l l  P rove  t i

A

Fur thormoro ,  b :1  occ ' ; r .e  l f  and  on ly  l f  : i "  i s  d1 ' f feo : ro rph lc  to  ihe

2  : ^ ^ ^ * { } . ^  + t

complex 
.pro j  ec t lve p lane pz (c  )  .  F i rs t  o f  a l l  rve c .escr lbe the cchorcc-

Iogy  r i ns  Hx (p ;z )  o f  t } : e  p ra jec i i ve  sp : : l o r  bund le '

The orem t .  Le  t '
. # a

q n n  c h o o s o  t h e

such a traY that

C l  , " . . r e b  b e .  a n  f ; l : * ' i : ( ' : ' r : n a }  b a e t s  o f

o r len ta t lon  c ia "ss  v r  e  l i ' '  t ,? ;Z)  o f  3hs

' '--xip: i1) ='ir.ui;"' l ; ::) :-'tt] anr-"
i-,-' 1 -r' ;. z: 7

H2 (x'"  ;z) -  or 'e

s2- f lbrat ion i - r

. , . ) A

f i ' 'E '  (x " ;  Z )  and

rvl . thout .r .os s of

2  . t t r . , / , ,
b .  S l n c c  x .  -  L f  L l .  j  r

' 2 r - , )

, r '  n  ( * t  o  . . .  +  r . ) l v  
"  

* i  o  O '  i '  
o  Z r v  + ' x ^  +  " '  

+  ; " a r

rr
v r h o r o  x ,  a  t i  o t r

P r o o l .  T h e  c l a s s  w  j ' e  d e f  i n c d  r - r ' p  i c '  a n ' e l e ; o e n t  o f

.  . , )  t

t |  ;  2w modu lo  : ; * i i t (X ' * ;Z ) .  Therc : lo ' re '  \ ' /e  can assuf , le
v

ganu"*f f ty that 2l  
'  ?-T{ + T'n, + " '  + x" $nC' O I  t  ("
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0n ths other hand, by Theoron 4 and borol la:ry 3o "ve haYe

Tz - (y-?T4x[xa] ' (u-+)xf .

.  fh is  Yle lds

H o n c o  b  -  4  -  r  1 s  d l v i s l b l e  b y : 4 '  B u t  1 ( " b  4  )  a a ' d O  A r  4 b '  s o

tha.t  ls posslble ln the case b a I  o!r l$

Q . 9  r G r



t o '

6." AnaLysls of the linee:: sysien // /
r e - * 4 @ & . G * g A : . * + . # - l s . 4 r

ItIe keep the notatLons and essu.upti-ons of'the previous sec-

tion" By f<Jp vrc-d.enote the ce.ncni.cal shdaf on P, ioeo the

sheaf of holomorphic J-fo.r:ms, by !p ue d.enote the shee.f of

hoLomorphic fr.mctions on l.

S i n c e H a q  = H 7  ( P - o * ) * Q  f o . r o .r ^  \ L  ,  y ? l

'tf

naps 0p -0p (* shee:fl of nonh.e:e l,"aniflhing

fr.rnctions on P) f f--+ ei:p (Z rr :-f) yielC.s

cohornoLo$y sequcnco) an isamo.rphisn
4 ;/. .\

.. P:Lc (P) a lI | (P, o..., " ) ---> ';c (P, a) "

Lloreove.r, since P is e iiod.ge-nenifoLd., hence a projec'bive

al"geb::aic I'a.rletV, the eJ-cnents of }ic (P) corresponti l 'o

the d.iviso.r classes (ll ' W 3,) on ?' encl s-iace 'i;he cch.cno*

logy ri-ng tt tr(p 
, Z) is gene:ra,';ei r:y ilz (?r 7,), the ca,:.cn:'-:.-

a1 homcinorph.lsm of the Ciro',i-.ring ci ? ('ll:e .r:ing cf e.-l-5ebrr,.'-c

cyc-1-es moCurlo va.tional equiva-]-ence :;i-tir 'ch.e j.n'be.rgec-l;-i-cn

procluc'b) into the cohonology .ri.n"g :-s su-rieci;f-ven To.r 8'

cycle z or a cless of e. e.ycic o.fl ccd.inens:ion J rie c'!.enate

i ts  degree by (z)  €  V"o
. A

If x : '-s .:;a eier:en-b of IId(X, U ),

Ix]  d.enotec the corresronCin3 i : l - : :o:, :  eys-ben on ?, j -u ca

(set-theo:'etlcaliy) tlre so't of ei-L nci-negatirre dj"riso:ls

D on P representing the cla,gs Fi o If rle. e,a.icuLete :inte.r*

section p.roCucts, 1:e o:ite:: i.o ::.c-b ii: 'hrngl'.j.:h bo'l; ',:cen c,i-

gebraic cycleo end. thei-r cohcnolci:;J ci-c.cses. i?e no'l;o the

follow-ir.ng formulas vrhich e.re cc:licc.uc:ices of {;laeorem 4 a.nd"

theorern 5

the exponentraL

holonorphla
|  .  i !(via the exa,ct



I e m r p , e l  ( , 7 3 )  E  2 U -

/ Y z  =  G - + )
I

{ u ,  x . , 2 )  . =  c o o .  *

n r'7

p, thcn (D . tr\ F

th.e d.:,visor cless of D

* j - €  Z

O!*nod.o-le rePres entlng the

d )
u C' "1

t . , ,  *
\ r v  J ! g

d
+ t e ; x ;

/ L

i=1

are not

lgu*g-A
cJ.ass ry

. v

poss ib le  "

let 5 be 8n inver';ebie

. flren

(u,2x1 )  = f  c.  a (ou2xo

I f  D is an effect ive divisor on

a m (4 - d ) >O (n e2') anrl

has the forru

d
-

m ! v  r r  Z  a i  x i
. a

L s I

([he assertion about D follows because y is a;iaple, encl be-

ca.use of

((* tu

From theorem 4 vre infe-re 'chat 'ohe d-j'visol cLas s f Ls anpl'e

and c . ,  ( tup )  =-2T " ( f f  
X is  a  KeihLcr- 'T ins i ;e innar : i ' fo ] ' i '

then either a){ r, *{1 is amp'l e, ui""" or(X) ca':: be ex-

pressed. by the Rlcci tenecr" To d.ecid-e vrhich of the sheaves

ts ample, compute (c . ct_y)o Yihere c is a::y ai-gebraic'c';vve

\
on X")

Tfe rrilL show that in the ce.se ( s"l 'i;he essccj'o"teC re'tion-

a1 map Ls the canonicel enbecld;ing of -bhe fl-ag rnen'rfo]'c'

F (1 ,  2) C_'rp} x E2 c {p8o and the.t  the c8.ses d * 2 or 3
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H q  ( p ,  r s y )  = o  f o r  q

dim rro (p, t@t ) = e*(F**)" (y' + 1)3 *. aeF=U Q + t)

f o t  v  7  - 1 o

Prove: fhe first assertion j.s Kod.er.lres vanishing theo.ren
F .  n  .@Y a  r . . ,  F1  (  , l gY  

+Z)  i s  amp le .  The  second .L21  J  s ince  J . l "  e  up  (  9 I - '  ' * )

aeserti.on follows from the i.'h.rzeb::uch-Ri-eirrenn-Roch fornuLa :

L 6 i  ,
d i m H g  ( p , n s v )  = * 1 v + x ) 3  ( f ) - &  ( v + t )  ( j ' . v l

and. frorn tl:.eorera 4

gggglf.s*Tg fhe linear sysf;en {tr/ he.s ditnensioa 9 - 2d "

Bi 3 ne '1111 d.enote the se'b of t'eee poin'bs of /f / ? no.l:e

p.reciseSy the subscheha of P d.ef:.nca by the sheaf of j-c-i.ee.is

V r! ima.ge (Ho (P, ]:) o t-1 --o -0p ) "

fhen ./l* / d-efines a .ra'cj.ona.L no.rnhrln. '.

r 
Pg^zp  P * " 8  P ' - -  ,  . .

by Y 1Te shall cleno'be 'ine Ztylsk:-*c1oc'ure oll th.e inege cf
a r A

O ln Pr-e *

Since Y is no'c containeci in a 'Droper l"inear su.'bspace, l 'de

lnfere by a vleLl 1(no'.i'13. forrnul-e,

C.eg (Y)

ln the next sections lve she,l,-} p"ro.ie that /f /, B, fi , end

I 
c F9-2 must have th'o fclLc'': j 'n'S F'roperl;iese

(A) Eech d. ivisor of / ! f , /  spLits into at ncst 2 conc.ponents. '

Tt /2"/ conteins e Linea.r su.bsl's-lc:r of the form /-Il/ + lt '
v

Va ) 0, a:-* /'[l/ > 0, the:,r d * ''l (cn'cl d:rm ,/ir, / * 2]. i
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(B) If the J.inear system /7 / ne.s no be.se polnts, then
U

either d r i and. p r""trieted. tc any smooth connected'

surface v € /7/ j -s f ini te of degree 2 or 6 '< 3 and p

restricted. to ony sriooth connected. surface V € /V" / ts o'

. i

i
(c) Tt /r,/ has bese points, then B is e^n irreducibLe ou'Jf* j

' i

ve ancl O ts birationa.l onto its ima,ge Yo noreove'r degree I

( Y )  = 7 - 2 6 ,  :

In this section we will d'ed'u'ce the fol3'otring consequence

of  these ProPer t ies 3
. A

Itreo'em 6: If X4 is an oriented' 4 clj'nensioned' se]'f';dL''a'J'

compact Dj-nsiein mcnifold. rvi'ch posiiJ've scalar curvature'

then bZ t  6  1  1"

?roof; I) fhe ca.se d * ]z Ccnsi6er ? a'nd' {^" a'bove' If

?
ds : p-+ pJ. is a 2-foLd. covering, the branch locuo of Q

vre1l be e. smooth o^uartic in F3 (sin'ce lte know

ay z ffO*l Gil and 6*cJp =- Q"luz (-4) )' we vrill de*

no te  i t  bY  Zc

l?e recaLl the follovring facts a.bou-t d.oubi'e coverings

- - -  - :  ^- ! - - . '  ^^ .  rFhnrnr:  a ' : l ' i  e

E rv -;u of smooth ccnplete ve-l ie-bj-cst fhere exicts eJl

algebraic line bundle 7' XzU cn U such thCI't V is iso-

clos ed. subvarie ty of i and F is inducecl by

the project ion o

Moreover there e4i"sts a fibre prod'rlci d'ie'g::e^n

v  ' ' 9 >  u
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wh,ere t is an aL6ebraic oeclion and q tbe morphism

e ( e ) = * 2 E e @ e .

The ramlfication -locus ili of 6 i, thc divi'sor of' zeros of i ,

whlch is allveys smooth. The inclusion {arc CJV yiclds c.

sectlon af LJ, I ff*,U'1 ? ff00,1,) r which cor.responds to

a divlsor 7., and Q /Z i"s e^n j'scinerphism onto 1?.

fhere is a canonical exa,ct sequence
'o -*, g\l ct Q'u * ga, 6 o U$;1) 

'--+

v*rleh gives for the Chern cJ.e.sses

,  c(  e ' r )  = P\"( t l i  L t  )  " ( t -1 
)  c(r , -21-1 )

= E*b(Q'u ) (r +c, (.!) +2cr(r)2 "'/ l41
+

In ou-r  caset  Y = P,  t r ' i  *  P3 r  l ,  -  Q- 
"(2)  

we get
n)

X tvl cr{ 9Z1r) * *8 (?'3) = -i5 which contracr'ic"i;s

A  ( p l  =  z [ f * )  =  1 o o

She ca$e vrhere /7 / nea e bese curve B, P is a bi'r:atj'ona'''"
t

morphlom ? q. B -vEJ is Lefi a

We also consid.er the inr.'e-rse, bi;re'l icne.i tra.nefofmation
, f ^ ' )

! ' = 8-1, whic?r is a no.r1:i:is:n 3i7* Jlc --7 Pr vlhere 3t

ls a Za.::isl';i closed. s.Lihs?l of coc1i'ne:rsion

noni.cal incluslon ind,u-ce'J. bY {

f i * ( , ,  {  2  f ,cg " ( -4) ) - 'c " r - [ i="* l  
oQI i9 .^1( -2) ) i  l * ]

y wp3 : 
F, 

--F t -p-r

tensorizerl" vrith 6\ "(/-r) 
givos a ho].onorphic ses';icn of

& } J

6nO .(e) on p q B which e:,;tenCs unique-Ly to a hcJ.omor-
b -u.)

pbtc eictlon of F' ' t9, ' ,r{t), s:Li:co"cod.:-m 3 ) ' t  .  The dlvisor
id

of. zeros E of thie *""tior, ," tl lte:efo-re eJl el-ement at /Zy/

/\

&)3 1L

o " o )  )
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and supp (n) -. B is precisely the locus where g) is not an

open embedding.'

fn the same way we d.efine a di,r'isor F on P3 such that

srf,pp (F) - Bt is the Locus wheve { 3-s not an open embgd.-

d.ing. 1'[e clairn that the raorphiem p ind.u.ces a,n isomorphisn

P-supp (E )  5  F3 ' -  supp(F) ,  no see th is . ' !?e f i rs t ly  prove

that V ind.uces an open enbedd.ing P3 -- supp (l') + p \

supp(E) ,  S ince E ls  ample,  the var ie ty  P > supp(E)  is

affine, hence it is sufficient to sho;ztha'i; for e.ny rational

funciion f on P being holomorphic on_ l?rsu.PP(E) ttre fwtc-

t ion f  o9 ls holomorphic on P3-supp(F)" I{enee lve he.ve

lll 0 ,+

v'i n cr

such

rings

that

supp (F)

O - '_pr, yI r

to show that for any printe d.iviso.r il! on ['3 spch that

the function f o V r-rl ccntained. in the local
, 7xt<-t{ yt ":12-*ty'he drwsor

. Since i?r 4 sulpifi]'-c'f-7-co.r:responcls to \Tt

that V ind.uces an iscmo.r:pi:ism of tlae locaL

91,* ? 9p3,vln " Becau'se of tb' is isomorpniem vte'see

I?$ supp (E), hence t e 9p,,, end f oW € 9p3;yt, .

fhis provec that '{ i, an open enbedCing F3 = supp(r) -:t

3 rr supp(E), especiaLly F I 0 e.::C. 'ohe.refore v,'e ce'n apply

the sanie argument to f and. F ins*ea.d ot !/ a*dE (erry

d.ivisor I.'

Because of this isomorphism we get en isomorphism of the

(algebraic) Plcard groups Fic(P -sr,rpp(D)) i= l ic(Pi - '

supp I3)). ,  I f  .nl  o j .  E,o are 'r ;he ir : 'e$u_crble components

of Er we can d.efine art exact sequence

V,w  ->  p j . c (p )  - -7  p io (p -supp(p ) ) . - - - -0
restr ict ion

( a 1  n . r . ' a * ) l +  c l o . s s  o f  (  X a ; E ;  ) "
l -
I
i
I

t"
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lhe restri ctlon map is surjective since eny dirrisor on

p r. supp(E) extpads to e, d.il 'esor on P" fhe analogouo 6€-
e

quence for Ff and F entfe, l ls that ?ic (3-.  supp(D)) (4'

Plc (P3- supp(F)) is a f ini- te cycl i 'c gror-rp.

Because of Plc (?) * V,4 the number of conponents of E is 
i

therefore aS leas-t 4, but since E e /27/ = / +w + x1 + '

+ xA + x3/, tt must be exa,ctl"y 4. and' E * E,l o EZ u E3^o 84,

( s  :  f  i  a  e  t t 3 )  =  4  : r  ( E r , ' T 2 )  o  c 6 o  +  ( u 4  " .  T \ ,

$ince any su.rface v e/r/  ts i r .reclucrbLe, the lntersect ion

product F, , V is definecl a::imuet be an irred.ucibie curve

( b B c a n s e  o f  ( D r  . T ' )  =  ( E r  .  Y  ' ? >  =  1 ) .

The image l, = fi f[r-. B) is consequ-en';-r.y a potnt c:r e Line

tn Ip3, because it is a).way's a point or e curve, and. if it

vras s, cuJve of higher d.egree, Ei . V l'Iould eplit into e.'i
.  

t ,

Leaat 2 components"

I/loreover, if H is a hlpe::p3.ene of P3 containing trro the in-

verse J-ma,ge {* = V-r,rou-l-cl contain E, es a conponen*" But

we knoTr that I f / .d.oes no',; con'i;ain e ij-near subsystem of t?:'e

hence (Pi. 
" tr .2) !s '! .

form /Vt/  + 81. r  dim /Vt/  7 C, hence uhe ca'se of a base

curve ie not possible'

thls proves that the ca$e d * J is irapossibl-e.

I I )  The cese g :3  2 ;
f

Tt /ry/ has no bar:e curve, ti:e rna,p V tri.1l be a finj.te bi*
a

retional rnorphlsm onto a three:loLd Y 6i P2 of d.egree l.r ltrorQ-
-  q  . t  , i r

over, for gen*fic hype;'pl:enes 
'i'.:2) the me'p Q r';i-'l-l'- ind'uce

' e-1 in-eo 6 
-11'1 

i"  smoothan lsonro::pb- 'r-sm V '  f  
- try +Ho ' f  (s*t. t* V t !  'L



) )

I
\ ' : i  I

and. lrred.ucfble by Bertln'i 3s 'cheorem) o

Therefore H does not meet the singu.la,r J-ocus of Y, hen'ce Y

has at most isoLated. singulari t ies'

Because of din /Q i(il/ 
= 20 and' din 

!'Tt 
c! 18 there ere at

Least Z distinct quad.rics Q1 , Q2 of F? contaj-ning Y. As 'Y

ls not contained' ln a hyperpLa"::er e'ry quadric containing Y

will be irreducible.

B e c e u s e o f  Y (  Q 1  .  Q 2 a n d d ' e g Y = C ' e S Q l  '  Q 2 * { ' v r e J ' n -

f e r e Y = Q 1 . Q 2 .

fhus y is e 3-dinensiona]. complete inte:rsection rvith at most

isolated. singularities, this implies rche.t Y j's a normaJ" ve-

riety [rUJ. But since P is finite a.nd birationel, it must

be an isomorphlsrno i"€. P is isomornhic io e^n intersect1'on

of 2 quadrics in F5.

For e cornplete intersection Y of trio hl.per..surfaces S'n F5

of d.egree d.1 r. d-, vre cen comPute

using the exect sequence

o -a @y --.' 0y o 0*l-t9v (a, ) o -9y (d2) a Q

(where O d.enotes ihe shea,f of hoLonrovphic vector fieLds)i

which ylelds for th'e Chern cleeses

o(y)  = (g,  o Ou* c(or(d l ) ) -1 c(or tar) ) - l

(r + T) 
6 " (t . 'd"1f)-' (,i +arY)^1

.  6  ? -  r .  ^  t  \  - r .  t t Z  I

Er (1 +6t* ' ts trz + 20 f3) L I  -(d1 +d') 7+ (di +

+a! 
'+4, ui T' ' (d? +a! +af Jr- ua,, u7> trt 7

the' [uier cha.:re'cieristic bY

I
I

i

rn the oase d1 *' d2 2 vre g'et therefore
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XtYl r! cr(Y) o Cr

whic l i  cont . radtcts K Ql  = 2 Kf#l  = 16r

If on the other hend. /7/ nas a base cur.ve B, lhu image Y . -

rviLl be e o'*"i-"tv of aegre* J n codirn Y + 1 in lP5n Hoivever,

euch varietles (degree Y = codj'n Y + 1) e're classj'fied' i
!

(eee IZOJ), ef ld checking the i- ist  of these variet ies, Y I

would. be one of the folLowing on'es I 
i
I

(a) y o fP1 r Ez 6P5 (sesre brrlbedd.mg)

.(b) Y cone over tlre retlon*L seroll F1 &84 (bLovring up of

one polnt of IPZ, enbed.cLed. into lp4 by the J"tnear nystem

of quaclrtcs through this poi-n:b )

(c) f cone o,rer p1 € F3 (i-foi4 \reronese embed.{ing) "

But j.n eech of th.ese ceses the l: ',-r.:eer systen /?*/'.tculcL

conta:lu a Linea.r su.bsystern of i;he for:l /V/ o YZ t

Vz > '0, dlm /v/ > o"

f,n oase (a) v\te couid. iake
r f (  o -  

'  4

l l . i  ! : r  f" ' (P x F-l)  (P e.P' a Polnt)
i

v." E @*@1 z H) (il$lz a l-ine)- 2  . L

tn case (b) rYe could. take

! r  J i # ^  
 

u.l sr yr"(i\) F cone ove-r tire strict tre:rsfcrn of

. a Line pascing ffo3es-gh the centre

in lP2

Va u 0 efil 1l 
"orr" 

ovev j;he strl'ct tran'sform of

a J.ine in tP? not peosing through the

centre



.,*,*.i4*:'ii ;x3"p;'--*'r*uE siJEF

) )

and

Qo cone over a Point Pou

C cone over 2

P 1  " r P Z  '  & '

Thie proves that the case 6 ; 2 is not Possj'blec

?.' ,Prgq{ o.f .PrgeertY k\)

I,,"gng 1 Each d.ivisor D €./tr/ epLlts into at rnost 2 conpo-

nents and d"ln Y > 2.: If the linee.r syst en / 7/ conteins a

Llneer subsystem of the f'or^ /Yl/ + YZ , TZ > 0 ' d'Im/Y{

Y 0r  then l t  fo l lows:  d  =  1 ,  d in  /Y{  *  2 '  /T1 /  has  no

base pointo,  (4 .  T)  
= 1 t  (Y?) = o eech culve

C€/V{ .  V1 resp .  C '  e  /V l /  '  V ,  i s  leornorph lo  toJP l "

e D 4 / f /  
S n A O = V 1  

o V A ,  Y 1  , Y A > 0 " '

'Slnce 
f ls arn!1le, Yre'must he've (D 

" f ) > O for o'ny

tive d.ivisor D on P and. (C . T') > O for any curve

P .

In our case

( 7 3 )  =  ( p  . t r ' )  =  2  ( 4  - A )
(vt 

'. 
fn) + (v, . T'

( d - 4) ( (v, , "r') * (ve "'*r2) )

and. (vr  .*r ' ,  = # 
(v i  .? ' ' )  < o,  hence (v,  

"*r2) "

=' (V2 . *r2) Er a 1 and Y1 , VZ cannot spLit into further

s u n m a n d s a n d  ( V l  . T n ) = 4 '  d '

N o w w e c a n p r o v e d . i m y > 2 . I f Y r v e r e a c u r v e r W € w o u ] . d

have deg ( l)  > g - 2 6 v 3, i .€ '  a generic hyperplane

F1

( c )

Qntc o)
n *

I  (c)

1n

vl

Yz

ca,s e

points

en?1

T

effec-

C o n
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H 6d9'2 would, meet the curve in at leaet J pointe and a

gene.ric divlsor D o @-1 H would therefore oplLt lnto at

. Leaet 3 components, whlch is a contred.ictlon"'

By Bertlnl ts theoremo [Al the following tvro possJ.bllit les

.remaLn 3

a) generlo divisors.of /f  /  are imed.ucible

b) /tr/ = /Y1/ +V, , TZ a f ixed, cornponent, end dim /\/

= 9 - 2 d

3ut ff /Vt / + V, ts eny J.lnean dubsystem of /f / such that

Tz? 0 end din /Yr/ 7 0, we heve (E . V^ )

ls ampLe, end (Vl . Vz . f) 
* (Yl , (Ar- vt) .y) tr:

! r ( v r  r t ? ) -  ( E , f  ) 7 0 ,

'  1 .  € o

Because.of (V1 . f)  
* 4 -d the cohonology clase of V.,  hes

the form

6
v 1  = w +  L  u t * f  ,  & i e %

i =1

(by lemma 1 ),  hence

"tr * *2 + aw I
i=1

'  i= l

= * f. (aar- 't ) r i *[( t- *i2) -1 ] *12
i =1

end 
d

(v .2  . t )  , .  z  7  (a ,  -  
" . .2 )  

-  d  +  2 .
t t l

i .=1
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3T
If d - 3, these J.nequalit ies have no solution, for d < 3

the only possible solut ions are 11 E w , vl  :  ur + 11 or

v 1  ' 1 ( , * x 1  + * 2

If g r: 2, we would. heve $,r2 .tr) = Q , d. e.
D

u1' r  Q , which contradicts the structure of tho .r lng
H  *  ( P ,  z ) .

In the case d ' 1 we would have (vr3) = 0 and. (vlz "tr) E? 1,

consequently, for any lwo d.istinct eurfaces V1 , V1 t € /V1/,

tho intorsectton VroVl t lvoul.d. be an irred.ucibLe curve.

1
Secause '  o f  I I ' (P,  .Q.o)

) *
Itnear syotern on the

. is igeducible

Jr:nctlon formula we

sheaf) on Ct

= O we .infere that /V/ . V1 J.s a fuLL

surface V, , and. eny curve c e /v/ .%

(beceuse  o f  ( v l2  ,T  )  =  1 ) .  By  the  ad*

flird for the canontcal eheaf (dual.izing

! : r -  2 ( V 1 2 ; Y Z )  = - 2

any curve Ct € /V1l .  V, is lso-

sequence

to thb section d.e-

@c = gc s a.tp o Qr(e v1 ) = !C o -Q"(-e v2) '

dee(  Ad E!  -  2(C .  V2)

hence C =IP1 .

In the same vray lve see thet

morphlc t'o P1 . 
*

Let L1 be the llne bundle 0p(V1) ' then the

O -e Il , -., 0,' -) 0r, ---+ 0 correspond.ing
|  - Y  * u 1  

^  .
flntng v., ls exact rrla thus r3(p, t;') * H1 (P, o;1) ta Q and

, '1  r r ,  ;  \  h  Hz(p,  q1 )  ,  H2(vr ,  gv" )  =u3(p,  t ; ' )  uy  ther r  \ t 1 r  * V 1  ,  t .  * u 1 -

exact cohornologY stlQU.e[oer

By serre .duallty H3(t, r., ;1 ) 3 Ho(P, roro { ' ,  ) r: Q end. by

- 1

the lllrz ebruch-Rlemann-Roch f ormule din H2 ( P o r;1 ) n



3B
4* t (-V1 +rf,

Now let f be

C  =  V 1  t o Y l €

responding to

0 -+..9p & trr

eorresponding to V1 r

t  the sect ion of ! ,  co.r-

the exact sequences

)3  , '  o  (observe  p1  (P)  =  o ) .

the eect ion of L,

/v{ ' V1 and V

V1 t. Then we have

r 0,, @1, -->0-  v 1  |

l g t l  I

o -tgv-  - v 1  - v 1

and deg @g or,r) - (c . L1 ) = (ut3) = o, hence gc or,1 =!c

(since C j.fP1 ). By the exect cohornology sequences we get

therefore a.{m Ho(v, Qv. CI I,1 ) = 2 and dlm I ' Io(P' rt) c;3"
r  t 1

Thls proves af* /Vtl a Q and. Ai* /Vt/ . V1 o 1.

Then /Y/ . V1 has no fj-xed. conponent and' because of

(Vt3)  = O the l lnear  systo /Y1/  lnes no base pointo.

.Because 'of d.irr /V,r/ = 2 the surfece YZ cannot be e flxed'

component of /V'/, since this would lmply /7/ = /'{/ + v2,

d.In / f  /  = 2 Q.€"d..

leJnmg .4. If d.lm f :: 3, we have

a) for the case d < 3: [he morphism fi ie blretionel e,nd

-  7 r -  2 6

b) for tho ca6e d rr 3s The norphlsm 6.tu birat ionel or

E3) "of  degree,2  (and Y =  Er ) "

Proof l Because of codi.m(B) > 1 \Ye conclude (see LfJ> that

Ho(P, rr&Y ) - }f (x - Br trOr' )

= f ( x - 8 ,  f f S " W )  )
krl9 (Y, ( Q*gx) *o,Q(u) ) i
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where gy(Y ) ls the restrictlon of 
-the 

eheef of htrnpet'-

planes gp9-2 Gf).

[here holds gV d s*g* , and if d. = deg @), there exists

an inte gey frlo ) O u*U * ernbeclcling !y ea 9, (- ano)&

& @*9X (couesponding to a choice of a ba'se of the fieLd

of rational flrnctions of x ove.r the subfield. of rational

fr.mctj.ons of Y). ConsequentlY

alm ud(y, gg( )-)) + (d. - 't ) 
'dim Ho(Yo .Qy(v-

dixo If (x, !-o^t') - (v+1 )3 + ( v  + t )

gfp , this itl-

formula

Qv o a.b s 9r(v) g g,v !4 '0"(-v) E1
(since d? o gl(-zv) ) '

slnce for Y >> O the fr:nction 1t 1'a d,in Ho(Y' o*(w )) is

poLy:romial rq'ith the leading coefficient

equality lmPlies

d  d e s ( Y )

As on the othor hand. deg(y) > 7 - 2d n the lemma foLJ"ovrs

lrurediateLy.

e-Jroo$ qf, t4e p{gpsr}i.qe (S ' ,(.Q).

In thls section we yrill prove that /T/ has no'be'se points

end that the morphlsm F tu e finite morphlsm'

I,"nlS*-F Tt /t/ contatns a snrooth lmeducible surface V'

the base 1ocus B is eropty and dinn Y = 3" !\.lrtbermore ftV

i s f i n i t e a n d a g } . o S e d . e m b e d . d . j . n g i f 6 ' 2 .

Proof: $!gJ: V ls a ra{;ional surfece.' By'the edjunction
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: J '

fherefore the anticanonica]. class {x.lo-t ls ample and' becau'se
1

of H'(P, 9o) l l  Q the antlcanonical l inear systern ls

/u i ,1 /  = t i r .  v .
By

1t

By

v

the Ilefs dnetz theorem on hyperplane sections (see LllT)

foLlows that u1 $, n) o o.

CaeteLnuovo f s crlterion we .can consequently conclucle tha.t

r Q E

= { a i * u 1  ( v , n ) . 0 )  ( t z l
ls ratibnaL (elnce Po * d'im' I n o t v r . y @ 2 )  =  o

) .

D

S. gp, .II V ls the blovring up of P' ln 2 6 + 1 polnte

Porrorr PZ such that no 3 of these polnts are coJ. inee' ' r

and. no 6 of these points lie on a quad'ric.

fhe mlnlmal rationa]. surfaces are the surfaceu P2, Fo, TZ',

T2r ... I trytrere Ii '* Et P(g ,O-O*1 (rr) ) (rational. scrolJ-s ).
J ' - ' '  -  n  - - p t - y  

- )
sirr"u (h) oz) = 9 , 

* 
(o'"2) = B, and ((iuz) - (V3)=-  ' - -81  ' n

g - z d , the surface V is obtelned from F2 ty bloTring up

2 6 + 1 pointe or fron a sur-Face Fn by blovring up 2d

polnts (since the blowing u.p of 'one poJ-nt diminisbes |COU?)

b y  1 ) .

On the niled. surfaces 3n *> P1

ed. eectlon E : P1 --> 3r, such

has. the proper ty  (g2)  < o.  The

wlth generat'ors b !r eless of 
'3

. O r ( F . B ) ! a 1 ,

d i v l B o r s - 2 3 - ( n +

and

(nf I
[]re

sent

there exists e distj-nguish-
4

that the curve 3 = s (P' )Sn
,

Picard. group of F' La 7""

e.nd. f = class of a flbre I"t

(82 )  =  -  ro

?)F 
are canonica l  (1 .eo rePxe-

{ z V -} V! is the blowlng uP of
"1 

(rutro) ), and. lf



one point and. E

pnl-sm

+1

d V the exceptionaL curve on Vr an tsQrlo.f,-

I 9v(D)@vE f*o,
ho1ds.

If a! t v -+Fo is a sequence of blorvlng up of points and.

lf E d.enotes the exceptionel divisor of lt o ,then the d'ivi-

sor Z "/S 
- (n + 2) yxn + n ie cenonical on V.

rr ctl!1 rs ampler we hdve

0 < (cri1 . ?o B) = (z 
"fn 

+ (n+2) 
"/F 

- E) " ' / f  u)

= z(g2) +(n+a) (rr . 3) - (E , ^/ 's)

= - 2 n + n + 2

r : - 1 1 * 2

C o n s e q u e n t l y o n l y n = 0 i s p o s s i b l e i n o u r . c & s e ' F o o

-  p 1  x  P 1 .

If we blow up one point on the su-rface Io, uiu g't a surfacs

whtch is isomorphJ.c to. the blovring up of tvro points of IPZ'

i n  2 d

points  ) .

Iret L

The eurfefoe v is theirefore el1vays obieined by blorving up 8',2

+ 1 points " Po' 6..  ,Pzd *1 
(perbaps inf ini tely near

be a l{ne in P2 and. ^1, 3 Y -r PZ

b3-owing up, E the exceptional curve' The

V and. - 3 *n Ir, + E on Y are cenonic"l/ if

transform of L on Vn then

' o

3 - (E .  t r) ,
t-t -'henco (E . 
'I,) 

< 3,

Therefore I cannot contaln more than

the sequence of

d . l v l s o r s - 3 I r o n

f i* the strj.ct

two points of



SlmilarLy, if Q ts a quedric tn 1P2, the dlvisor
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F 1

{ . P o r . ! " . P 2  J  .

- { a - l/n + E on v is canonlcal.,

t.naneform of Q on V, tben

if Q is the str lct

than f lve pointo of {Po, i ' . ' .  e t , I  .

surface Y ernd. the Linear

o < ((  ̂ {/ q * {t - E) . 8) = 4 + z - (n . t)
( E . t ) 1 6 ,

hence Q cennot contain more
' a

S,t_e_B_JI-I DescrLption of the
@

.  , - . t 1  ,s y o t e m  l C / J y ' I

The Llnear sysi en / C^:iy1 1 
"orresponds 

to the Linear system 4

of aLl cubics tn lPZ passing through the polnto Por.. ' .P2d

( d ! i  1, 2 or 3) ( the cubic C corresponds to the divtsor
*

n!', 'C - E on V). If d< 2, thle llnear eysitem defines aJl

embed.ding of Vt

Norv consid.er the case d = 3..

I t  J.s easy to see that for 'eny polnt ? I  P., .  there exlsts

a cublc through Poro".rP6 rvh: lch d.oe.e not contaln the

polnt P.

Ilenco t C;f; t has no base point outslde the exceptional.

Locus

For any polnt Py there are cubics C, O.? through Por.. ' . r?6

which are non-slDSrlar in Prz end. have d.ifferen'b tangent

d.lrections in Pt . Tn-erefore /' i '/ h-as no base points on Y"

L,et Qy be the qued.ric through the poJ-nts Po, Pl , P2, P3

and P3+v ( V E 1'  2, 3).ena ly t l ie Line through the re*

maining Z poi.nts t tO, P5, te J t tnru.,. 1 .



lhe Llnear system

( \ / = 1 1 2 r 3 ) .

spanned. by the cubics

lr3

C  y  o  Q . +  T r "A l e

\
t L ,

\\

I

\

t
t
a
t
t .
I
t,

1 . '
t

a
a

a' -- i . ' .
/ \

fi,6
t , ' l

V f

t
i 't',8.

' o P

,
t

t

f4
{ft,/
n

Consid.er for exa'urPle Ct a C 2  o  Q 1  . ' Q A  +  Q l  .  L Z n

o Q Z . t r 1 o 1 1 . \ 2 ,

t
*  P r t  *  P *

t f J

*  P , r t  ,  Q D  .  ! . ,  =  P B  +  P 5 t :- + ' c . . r

P4t e Ca = Q3 o !3, then

n LZ or P41 6 Tt2n L, n Q1' In tbe f,lrst

case PO.! wor:ld' be a point Po( , o( = 0' 1' 2 or 3' bence

S n l P 4 r P 5 w o u l d b e c o l i n e a r , w b l c h l s t n p o s s l b } e ' i n t h e

se.cond. case P4t viould' be the point F4'

| [ b e t a n g e n t d ' i r e c t i o n g o f t h e c u b l c e Q \ | l n . t h e p o l n t e P o '

1) p p are d.ifferent, slnce the cubics transversal'J'y
^ 1 '  - 2 ' - 3

meets in tbesu poii 'tu 
-(obse.rve 

that no line Ly pasbes

thxpugh tb'eee Points ).*

then

c 1  ' Q 2
6

n t
V=o

D

t P,l
.fif Q1 .. \2

If for exa.mPle

PAt e Qt  ̂  a3

a \

\ ;
.  t l

,\
l ;

t "
t l

' A

;.y'!
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In Pn (resp. P5' resp. P6) ttre cublcs

.f€8p o

In all

having

I f  a Y

s r 1 ,

degree

lt n'1, *4rv

Step IV
ffi

TIe have
,|

/wir,/

just seen that the morPhlsm

Ls a closed embed.d.ing on eech

arn luir1 / , tr *

Cz, Cl  ( resp.  C1 ,  C3,

tr: Ci lntersect transversallY.

polnts P. we thus have at Least two of the cubics

d.lfferent tangent directions at these points.'

is the exceptional cu.rve Y-1 (y- ), then fui1 . Et

hence tt^t;r1 t . E ' is Kf;rt"tent llnear system of

1 on 8". (=p1 ) hence the ful l  l inear systen

oE, /.

twi,1 t

I

i
- l

i

I
I

I

6 ; f --7 Pe defined" by

exceptlonal curve D G

lv

and. C Et f c -

dim Ho 1v, z"r |1 ) - dim tf (v, ,;; f-El I - 1

z - dim tlo(v,&)?1 t- 6l)
6

Z  * rE ,  ,  hence
v=o

aril c$l ,{cu}l (c)) o 9{,. ,*" (m- -1 ) s'' )

z { 9", (3-d) o 9v
6

( :, (nn- -1 ) 8.. )
vgro 6

d.eflnes e finite norphlsm V -r ['2 (s * 3)

Le t  t  be  an  i r reduc ib le  cu rve  on  Vn  f fE  n t fo t  ve  0 r . . . 116  ,

then it ls the strlct transfo$rl of a plane curve c. If c has

d.egree d and multlplictty m., at the point Pu , we cen c6ill-
.l l\.

pute aLn /wi ' . ' /  .  c as fol loYrs:

$o(v,oi1 (- d)) * Ho!*', Q."z(:-o) e yngv ,:"(nn,z -1 ) Ev ))
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I f l Y d . e n o t e s t h e s h e a f o f t d . e a } s o f t h e p o i n t P ' n t h e n
6

9x9V (  Z (mv -1 )Pv )  E!  n l t  '  hence Ho(V'  U; '

v ' ,o Ptd c

( - 6 ) ) = o  l f  d ' > 3  o r t f  0 = 3 a n d  c e A '

r f  d c i  a n d  c e n  ' v r e g e t  d i m H o ( v ' t r ; 1  ( - 6 ) ) = 1 '

and tf d < 3 the sections of Ho(v, tt'?1 (-fr) ) coruespond

to the curves of d'egree 3 - d' passing through all polnts

v t 4  c ,
Hence dtu H9 $, ui1 i-A ) t I for e,'v curve f on v and'

a in  lw i r1  /  , t  > t '

T h e r e f o r e n o c u r v e o n C i s c o n t r a c t e d . t o a p o t n t r . m d ' e r t h e

rnorphism A , hence Q '"  f inl te Q'e'do 
"

Coro.lla.rJ, If the Linear syetem / { / contains a snooth ir-

reducible eurface V, the morphisn P ' P -" 
F9 

-26 is fJ'-

n l t e .

Proof : fhe llnear systern / V/ 
nas no base polntn

quentLy 6 le d'efined' everlrvrhere on P' and' fi t u

for any smooth irreducible surface V e /A'l '

Iret D 6 p be the locus of points x &, ? vrhlch are not

ieolated. 'n their fibre f 
-1 

t 6 ($), bv ze.rlsklfs msin

t h e o r e m t h l s l s e Z a r l s k l c l o e e d . s u b s e t i n ? ( c f . f o r
F jt F 1 L inage f, tnl is of d.i-

exampLe DoJ ,  t r t  J  ) '  r f  E  /  q '  t he

mension S l r lf trI € F9 
- 26 is a generic hyperplane' the

, and. Q-1 ttt) ,= v € /7/ is smooth

and trueducible (uy Bertinifs theorem)' 3ut we have seen

tr

t h a t 9 , / v i s , f l n l t e , h e n c e V n E m u g t . b e f j . n l t e a n d t h u s
, '

COIIE €-

ls finite
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dlm E ,:  1, dlm F fU = 0.. rn this case H ni)Cn> = &

for any eufflclentLy general hyperplane' hence Y n E - Q ,

whloh ts a contrad.iction since V ls ample.

Leguna 4 dim Y . 3 and if B is not empty, then B ls a"n 1r-

' reducible. curve" I tr  thls case, thg variety Y dp9-2e is

< r f  d . e g r e e  7 - z d  a n d . t h e m o r p b i s m  Q ,  F - - n - + t i s b i -

rat ional.

Proof a The aesumptlon dim Y = 
.Q 

' would inply 
9.e(y)

8 - 2 d , hence eny tvro generic surfaces of /// wouLd. have

an lntersect lon conslst ing of 
.at 

Least 8 - 2 g components,

and at Leaet g - 2d components I t  / / /  inae a base curve"

But  e lnce T I "  ampLe a"r rd .  (73)  = I  -  2d , ' the second cas 'e

is lnpossiblee i .€. l f r ,  he,s at nost f ini tely Inany base poinis

and 2 generic eurfaces of /tr/ have an lntersectlon Cl + Ct+

*.. .  + Cg-Zd . I f  V ls e dif fe:Fent suxface of / f / ,  'Lhen

a
( f )  i  B  -  z d  ' '  ( c t  "  V )  +  . 6 .  +  ( c e  -  2 e  .  v ) ,

h e n c e  ( C f  ,  V )  E r  1  f o r  i  ! -  l r . . . e  B  -  2 d  .  f h e n  e a c h  "

curve Cl 
.has 

exactly one polnt in corrunon lvlth the surfece

V and they interseet t ransve.rse. l iy  in th ls point .  Especlal ly

these lntersectlon poin-i;s 
"""/3iilguLar 

on C., end on V. fhere-
:

fore any base point og /t,/ must be a nonsj.ngular po5-nt on

V for V e / tr /. By Sertini ts .theo.rem, lt 'follovrs that there

exist emooth lued.ucible surfaces

lemma 5, we would. have dim Y = 3..

Hence we have Proved. dlm Y. = 3, 7

Aeswne that C 6' 3 is an igeducible

V e / f /, but then, by
U

2 6  S  d e g  Y  <  B  -  2 €  .

curve, then for anY 2
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Burfaoes V1, V2 e /f/ we have

V " . V ^ E C + D '
t z

where D ls sone effectlve oycle of cod.imeneion 2 and' (p 'T)

7 7 ' 2 8  ( s l n c e  d e g  Y  7 7  -  2 d ) '

Then lve get

( f )  , ' 8 -  2 a  ' -  ( c  . t r )  +  ( o ' T ) ,

h e n o e  ( c , f  )  =

I n t h l e c & s e  3 * C  a n d "  d ' e g Y * ? - 2 d  '

Now assurae dtm 3 *  O. 'Beca.use of  ( t r3)  *  B -  2d ,  deg(Y) ' *

= T . 2 d t h e b a s e l o c u e . B m u s . t b e e r n p t y o r e q u a l . t o a , p o i n t '

I 'rhere 'ny 3 generic surfaceg ot / f / intersect trsnsversaLly"

EspecialS.y the base pornt is nonsinguLar #d *ty V € /f /,

by Sertlni ts theorem / r/ contains therefore snooth irue-

d u c i b l e s u r f a c e s v , b u t t h e n b y l e m r n a 5 t h e b a s e l o c u s B

must  be emPtY Q.€.do

9.' tlE- c-e€.q d = .-J

li'e will Prove

lrrep.rsryh If # ls an oriented. s elf-dual compact slnstein

rnanifold of positlve ecalar curvature and' tf $' z) I o:

then # ls d.iffeomorphic to the conplex proiectlve plane

E2 end the proJective spinor brxtdLe P- r= 'P ls analYtlcal-

J.y ieomorphic to the flag manlfold F ' ( 1 1 2 )  g F 2 . x  P 2 .  T h e

embed.d"lng ls induced' by the lineer system / tr/'

Sroof : Consider agaJ'n P- = P' /f / an{ Q '

Step Ir  / tr  /  nas r io base points. Assume the contrary, then

/ T / has' e base curve B' 
'In 

this caee Y ' ls a variety in

pT of d.imensi.on ,3 and. degree 5 = cod'inr Y + 1' By Lzoiit fol-



4B

lows that Y is one of the folJ.orving varLetJ.es:

A ratlonaL ecrolL ['(E) - o F1 , rvhere
'  

a )  E = g _ r 6 Q _ 1  o q 1 ( 2 )-P'  lP '  
-F '

b )  E  =  Q  r  e  ̂ 9  1 ( 1  )  o  o  , ( t )
8 '  

-  
lP '  lP '  .

' + 1

oJr a cone .over a rational scrolL D(E) ---+F', -where

o )  u . 9 u t  o  g * r ( : ) ,  [ r(E) = 3. c F6
)

d )  s n g n l ( 1 ) o g u r ( z )  , a ( D ) * 1 1  c  F 6  ,

or flnally

e) a cone over the ourve P1 C" P5

.  (5-fold. Veroneee enbedding). .

The embedd.ing of, the scrol ls is glven by i;he follovrlng llnee.r

e yot em / l I / ;  let '  L.be the relai lve bundle of hype.rplane $€c-

t ions of  P(E)  L  P1 (such that  f 'E  - - '  \  ls  sur ject ive) ,

t h e n  H = L O  t x O , n ( 1 ) .- P l

But in each of these ceses r?e eould. find. a lLnear subsystem

/ v r /  + v r r  c  / ? - / ,  v o , ) 0 ,  d i m , / v r /  7 4 "  I n  t h e  c e s e s  e )

d) we can take /V'/  = /L/ in the noiet ion introcl.uced. above,:

in the case e) vle can.take the linear s1i'stem comesponCi-ng

to /P, * ?,,  * P' * P1,/ on P1 . (Observe thet Ho(Y, r)  E
A . i  

z * J +
=  r f ( F "  S )  h  0 / t )

Hence /tr/ cannot have. bese poin'bs, by fernna 3.

F.bep. f.qr fhe morphlsrn 6 is a closed enbed.dlng P,
-  p  * z y 4 ! p ? r  d e g t  y =  6 .

$lnce, for a generic hyperplane H #{ the restr lct ion of E:

l
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'  

v ' 6 
'1(H) -+ y n H is an isomorph:isn (ty lemna il, the

by blowing up 3 non-collnear points of F2.

'  
o *9p ((n -  1)v) - ' '> Qr(nv) ' -> 9q(n) -> s

r o -r 9y (n - 1) -> .9v (*) -> ou(n) '" > o

(we consider V to be embedded into P7) we get

Xtgr t "v) )  -  X@?((n.*  1)v) )  *  X(gy(n) )  -  / (gr (n  -  1) )

E X (gotn) )
'  =  ? n ( n + 1 ) + 1

J *

end cono equentry f. Qrbv) ) E fiQx(n) ) rl (n + t )3;
v

fhls proves that I is a closed embecld'ing'

Steo I I I :  P is the intersect ion of
+..+-

l i-near oubsPace of lP8'

rPZ x p2 6 eB wlth a

Iret tr1 ' 12 be holomorphic' Line br:nd.les on P such that

c r ( L r ) . -  w  ,  c l ( L 2 )  =  w  +  x  ,  t h e n

Qp= liz * oA2.

Vle wj.ll ehow am /!t/ = din /LZ/ :: 2' 3y Lerona 3 it ls suf-

flcient to show dj-m /I\/ > O , d.tm /t'Z/ >- 0'

Bythe l { l rzbbruch-RleBann-Rochtheoremweget

Y t r , . , ) - X { n ; o 3 .

If .we choose n blg enough, the line brur&[6s

t1 I (tt s !e16(n+2) _*a lt o (rro Or)*o wiLl be arnple

and. the l"inear syst em /(T,, 0 l")an/ 3 /nf / wtlL contaln

a emooth connected. suxface !Y (by Sertinits theorem)'
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feneorlzJ:ng the exact sequenoe

O + 9 p ( - w ) - > 9 p * 9 o ' * o  b y

we get an exact sequence

o -'q6(n+3) o r,io(n+eL r,i1 r (+-+g#r,il & up -* 0

and. by the ad.Jr.mction formula it-holds that

gn, 6 r,;1 6 dp o Uut o-Qp(- 1T) s r,;1

Y dtt s r,;t(n+1) * %*"

, By Kodatras vanlshlng theorern lt foLlols that

H ? (p, tr-s(n+3) o rle(n+z)) ca e foir q'1 z and.

*l (\,v, tu* o o-8(n+1 ) o rls") = o by gerre duallty. conse-

o;1 @ cdp

quentLy H1 (P, @p s r;1) = Q and. tlz(p, lt ) = Q bv seru'e

duality, hence

d.inr tlo(p, !t ) 2.1 'end. by syuaetry

dim Ho (P, Lz) > 3.

Now we can infere (by lemna 3) that /t'r/ *d' /l'r/ Ceflne

morphleme Vi  3-oPz,  Vrr -P >P2 and

a! = (kt, V ,) , P -r F2 >, n'2 crBB satisfying

t fCO*rtt l  ,  g*r(1)) E Votgna(1)) - T,i 0 !e

Beoause of /\ @ L,Z/ e /T /, the norphisnn V t, P--"IPB

faotorizes through a lineer subspace n 5 BT a1d. the em-

bedc l tng  f  P=rF7.

fhen P consldered. as a subvariety of P2 x P2 ls defined.

by a blLinear form no(3, i l)  o Ho(P, Lz) -+ t. stnce P

le nonsinguLar, thts bilinear form must be of ranlc 3, i.e.

in sultable homogenous coord.J.nates the verlety P G F2 x F2
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is d"efined. by an

U V-  +  U"V.
o o  |  |

equation of

+ U^V^ + 0,'  e a

[!..pJ-Yr # is dlffeomorphic to P2 (c)

If H is a llne ln P2 n then the

4ll -1 /rr\ '  
, p2 Xs the bloWingNc Y, 

2 \fr/ -

If for exarnpLe . H ls C.efined. bY

V o + a V r * b Y n = 0 '

restrict lon V 1
up of e. point of

the equation

then v €: F2 x H = FP x P1 is d.efined. by the equatlon

( u e t n g V 1 , v 2 a s h o n o g e n o u s . c o o . r d i n a t e s o n H ) b y

(ul -.*uo) Yt + (ua - buo) ve = Q

io€o "!a/V is tho blorving up of t3" polnt (Uo t Ul :  Ur) t

( 1  :  a  :  b ) o  .

Consl.d.er a ftbre lln of p -r# (p e #), then /I'Z/;fp

is a Linear systenr withou'c a base point on Fn g=P1 , and.

becauee of (3p .  Lr) = (-x 
" \Z) = 1 this l inear eystem'is

of d,egree 1. [hereforo the resrbrict j .on of 9 Z 
' to On meps

Fo isomorphtcal.ly onto a line -, c PZ,(The sane is truo

ro" Vr.) lvu ol.aim tha'r; *n I I{,} if p # ! t

Assume Hp o Hq = H, then llp, Ib ere striot tronsforms of

lines of P2 r.rnd.er the rnorprtf"* V 1 : V .- V ;'(tt1 
-' Uuz.

Since tbey are mapp'ed onto H und.er V ,, theee Linee csII-

not pess through the centre of the blovrlng up, V t, Copo.o-

quentJ,y Fp, Fg have & Iloil.-Gmpty interseotlon, henoe p = 1.

[hus vJe can deflne an inJ octive mep

.? , # -rP2. ,' duaL space to Pz by 9(p) E ttt t 't

lV tm \Er  Y A(X'pr .

I  V *

P2.

I

I
l

I

I
r
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To eee that I
coordlnates.

For thi,e purpose we choose an open set U 4: # such that

?/U ls ioomorptrtc to the triviaL Fl-b',rnd1.e and a trirriaLi-

zatlon ?/V = U x lP1 . Choosing homogenous coord'J'nates on

P1 end ueiing the trj.vialization we get €@-sections of

p over U; p(x) correspond.lng to (xr. o) and. 1(x) co.f,-

respondlng to (x, oo ).

Lf V o, 9r i, Y z ls the base of Uo (X, trr) coruespond'ing

to the homogenous coord.j-natee Vo, V1 , TZ, the rnap 9 
on U

J.s etf,pressed. bY

y . / v - K p * ^ l t 0  { q a - p n V , s  q * Y i  '  ( p * ! z f i L * V ' o ' '

n * V o o  1 * Y ; ,  ( n * y o o  L o v 1  - p * v r @ q x V o ) )

J-n the followlnq uense: consid.er a polnt o e u and. the

f ibre FO, since the restr ici ton map Ho(9, ta)

'  
f  (r '0, hz 0 gino) is eurject ive (because /r ' r /  '  Fo is a

fuLl J.lnear syJteo1)r w€ can cb.oose a hoJ-omorphic section V

of l"Z i n a nelgbbourhood. of the fibre Fo such that ^/

points P (o) e.ndgenerates fhe line bund.le LZ in the

q ( o ) , i . . € r V 1 = f i Y i n e n e j . g } b o u - r h o o d . o f p ( o ) a n d

{(-:} ,  where fo, f1 ,  f  Z are ho}ornorphio funct lons' Then

V(x) ie the. l ine d.ef ineC by ihe equation

1

[ r . ,  (xro) fr(x,  *  )  -  f . ,  (x,  'o) f r(x,  o) j  vo +

-fa(x,  b )  fo(x,  o!  vt  + f fo(x,  o) f  ' ,  (x,  *  )

?or points x in a nelghbou"rhood of 0"

le a dtffeornorphism lve express thle map ln

I r r t " ,  o) fo(xr-)-

- fo(x, d@r* o
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