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Cohornol 6qr.r syi.f , fu cornnr.et sr- lpnor"t,s for
# # } - c r

F}?:l-llt!3 stle c el.s.
b;y iTihn.ea Coltoiu

fntrodr:r .ct ion

Girran 1l  e.  ne.racompect real  atra. l } r f , j .3 space'and f i '€Coh(X)

it is well j{no,,rn:} tha.t Hq(XrF)=0 for al-l- q21.,tr similar

s ta tenent  ho lds  i f  X  i s  a  cono lex  -q te in  space. f f  X  i -s

a  Ste in  rnan i fo lc l  we have t l re  fo l logr ing  resu l t (see( t t l )

f o r  t h e  p r o o f ) :

3h.e-orq$ T,et  ( i ( r0) '  be a conplex Stein manifolrL of  d inension

n and Ja tne sheaf of  t l i f ferent ia l  forms of  type (n,  o)

wj- th ene" l ) r t ic  coeff j -c ients" Theu,for any coherent

e.nal- . ' , r t ic  shen.f  F on L e-nd for al l  QZlrnxt f i -q( f  ; l

has a natural sti:ucture 
'of 

lr6chei-Schtra.rtz space s.nd.

H: (X , I )  i s  a . lgebra ica l l y  i sonorph ic  to  the  topo log ic

a,].rr of rxtf,-q(x;F"O) .
' le  r leduce the fol - lowine:

4cro11aqg Le t  (1 i ,0 )  be  a  conrp lex  Ste in  man i fo ld .  o f

d,irnension n and. F a 1oca11y free sireaf of f inite ranlc.

Then l io ' ( , " i .F)=O i f  q=n e.nc.  I In(X-F) is algebraical ly- L  r r \ i i r  l r c  \  i L  t  -  / ,  -  + r

i somorph ic  to  the  topo l -og ic  dua l  o f  T {onO(p,J l ) ;

The sit i.ration is enti-r 'ely differen.t for t ire in.ra.: ' iants

TTqfx - ' )  i f  x  i s  a .  rea l  ana l -y t i c  spa .ce . I t  rv i l - l -  fo l lowr . L / .  \ , r \  t  /

t ia t  I I : (XoF)=O i f  I ,ECoh( l i ) .  a .nd  qL?. , i lo lvever  one d-oesn ' t
v

1

g e n e r a l l y  g e +  I i : ( X , F ) = 0 . T h e  p u r p o s e  o f  t h i s  p a p e r  i s
, a

to give condi t ions on T unr i .erarhich l l ; (X'F) vanishes.

Jr)

ree..l-
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1,&g'lrrs j-g € cSitg["jn"! a'np'l-ytj 'c. g.heqveg

T h e p r o b ] . e m s t ] . i s c u s s e d i n t ? r i s p a r a g r a , p h n a y b e f o u n d .

in  t t f ] )  o r  $ )  ) .The i r  p roo fs  a re  g iven there  in  the

case of  complex a,nalyt ic spa,ces brr t  as one may easi ly

show they also hold in the 
' rea1 

case '

Le t rs  res l rme some e lenet r ta ry  no t ions :

le t  A  be  an  in tegra

elernent)  and let  l . {

t o r s i o n  o f  l [  i . e .
t I | 1

tl, ' i: = 
| meji | 

(l ) a€ \r lo i such tha't

I f  K is  the f ie l - r l  o f  quot ients  o f  A

ke rnel of the canonical map l ' I+l iqK'

let x be a ree. l  anal; : .r t ic space 1oca11y ir : :eduoj-b1e.( i '€ '

C-, '  -  is intes'pl  for a.t- . I-  xex) and rct((6 denote the
_ \ l i

sheaf  o f  gerns  o f  rneronorph ic  sec t ions  on  x . r f  Fecoh(x)

1 e t  t F  d e n o t e  t h e  t o r s i o n . s u h s h e a f  o f  F  i . e .  t h e  k e r n e l

of  f l re canonicel  ne.p T--rTq4(6.One qets ( tF)*=tF*r for

al l  x€X. ' , r t re say that I  is  tors ion-free i f f  tF=o'

] i fe sha1l  need the fo1louinf l  rest l ] ts:

a)  tp€coh(x)  i f  Fecoh(x) .

b) Tf F4oh(,\)  is to:rsion-free t l r 'en for a'11- xex there

exists an open neig' i r .borhood. U* containing x and there

ex is ts  a  natura l  .number  n=n(x)e N such that  n lU j -s

isornorphic  to  a  subsheaf  o f  o t lu* '

The rrropert ies a) and b) also fol lovt ' f rom the third.

1 domain(col:muta.tive and 'r"ith 1-

be an , t -nor lu le 'T,et  t ; " ,1 denote the

l,li is the

.*=oj
then  i

pa.::agranh.
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Def in - l t ion  -1 .  le t  (X ,0" )  Ue a  rea l  ana ly t i c  space and.

trr€Coh(X). ' . . {e say that F ver i f ies rr the pr i -nciple of  analyt ic

cont lnnat iont t  i f f  whenever UCX is an open subsetrxcU

and s , te  I  (U ,F)  such tha t  s* * t *  i t  fb l lows th .a t  su* ty  '

:  for  a l l  y in a neighborhood. of  x.

Exa.mrrleq 1). If X j.s loca11y irred.ucible the:r O" verif i.es

t ' the  pr inc ip le  o f  ana l l r t i . c  con t inuat ion t t . fndeed- ,  i t  su- f f i ces

t o  s h o u r  t h a t r i f  U C X  i s  a n . o p e n  s u b s e t , x 6 U  a n d  * . [ - ( U , 0 y ) ,

t l ren s"#o imnl ies s ' ' *o for  a l l  y in a neighborh.oocl  of  x.

Th is  fo l lov rs  imned ia te ly  by  cons ider ing  the  morph ism

O-1r,5>O-.1 , . , .  (nrul t io l - icst ion by s)  nnd using t l :e coh-e: :en.ce^ 1 ,  ^ 1 ,
of 0r .

r r \  T - o  a r  . ! ^  ' l ^ ^ ^ 1 1 - ,
t )  r r '  X is l -oce,11y . i r reducible a.nr1 I€Coh(X) is

torsion- iq lo t i ren r '  ver- i - f i -es " the pr incinle of  anc. l : r - t j -c 
'

eont i :nuat iontr  .  This sta. tement fo l }otrS frorn exairnl .e :L)  and b) .

2 . T h e  g 6 l 1 s m 6 1  6 e : y  o r o u n *  l T ? ( I , ,  )---_-

l e t  X  be  a  rc : l l .  ana ly i l c  space and-  f . ' tCoh( I ) .Le t ts  d"enote

Hqf X-T')  the eohono' lornr ql 'oups with coinoa.ct  s i . rnpo:r ts .anclr ! ^ \ r ! t r , /  u r l u  v v i r v r i r v r u f - J  : t L v s l r p  v " . , . t

clef f jc ients j .n F.One may f in<l ,  sone fu: : ther detai ls a.bout
'  . r  - ' 1 .

these inr , 'ar ia .n ts  in  (L lJ) "

Ve shal l  need the : fo l l -o lnr ing : :esu1.t :

Theorem l .  ldt  X be e paraconpa,ct  real l -  analyt ic space

a n d  F € C o h ( l i ) . T h e n :

A) Eor a.11 x€Ir I ' *  j -s generated- as O"r*-rnodule by the

inape of the ne,tural nen lf :f .I)*>r'--"J i : r L { g ) v  v r r v  q *  r ' : r - t } /  
) \

B )  F o i .  a u  Q Z l , I i q ( l ( , F ) = o  .



-4-

The proof Ls based. on thq existenee of  a compi-exi f ieat ion

?.ana on  the .  fac t  tha t  X  has  a- fundamenta l  sys tem o f  open

neighborhoods v,rhich are Stein in i . (  see (  k]  )  for  the pr i rof  )  "

lVe remark that theorem 1.3 j .mpl ies the vani-shr ' -ng of

H : ( - { r I )  r o r  e . 1 1  V 2 . T n , r e e d , r i f  K  i s  a  c o m p a . c t  s u b s e t  o f

X  Le t  H#(Xr ' )  denote  the  cohomolog l  g roups  r ,v i th  sunpo: r ts

i -n K.Si-nce there exists a canonice. l  isoinorphis in

l# Hft(x, F)-*03(x, F)
K

i t  su f f i ces  to  p rove  th .a t  H$ lXrF)=o fo r  a l l  compnct  subsets

I(CX and for e.11 qz2"But th is sta, tenent fo l lo.vs f rom the

exac t  sequence
^ 1

Hq-r ( x-K, I ) -+iIfl ( x, r'}.--a.tIq( -T, F)

us j -ng theo: :em 1.8.

l-tef_1n_ilr-qn f,. Tf F€Coh(X)r. '. ' . 'e say that p hae the nronert..;

(P)  i f : f l  fo r  e . l J -  x€X anc l  fo r  a l l  se f (X- t * ] ,F ) , therc  ex is ts
f-1 , __ _.' se  
t ' (Xr I )  such tha t  s=s  on  X- I (  i f  I (  i s  a  su f f i . c ien t l ; r

la rge  conpact  s r , rbse t  o f  I , .

R-em.p :d !  I f  I I : ( , - { ,F )=6 + ,hen F  he , .s  the  proper ty  (P) . InCeec l ,

fo r  a l l  conpact  subsets  I i  C  l ' l  one  ge ts  the  exac t  sequence .

a ' j

I ' (  x , 'F  ) - - ' l '  ( t . : i { ,  1" )  -> i IT i ( t : ,  F)

Tn.lrinp. the ri i-roct l i-mit n,s L( n-r-ns; o-r"" thc compact

subsets  o f  ) i  e .nd  r - r .s ing  the .  fac t  tha . t  I I : (XrF)=orone ge ts

t h e  e x a e t  s e q u e n c e
f l .  n .
I  ( I ,  l l  ) -+ ;  I  ( l l r l { ,  F) - -+o

K

. rvhich teLls us th.at  for  a-11 eonpact s l rbsets QC, ' l  ancl
r l  . - -  ^  * \  F , -

fo : r  a l - l  s€ l  
' ( l i \Q ,F)  

there  ez :Ls ts  se  I  ( ) i , I )  such .  tha , t

,s=s outsi-r le a suf f i -c ient l . r r  lar^.qe conpact s l rbset I (C.X.
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/  1 .
Tair ing Q={*J i t  fo l - lours that  F has the property (p).

T,enimP-L.f ,et  X be a pa.racompact real  ann. lyt ic snace and

x6, " i .Then there  ex is ts  se  f (Xr0 ' )  snch tha t  s (x )=e  and
.  l \

s (y )#o  fo r  a l l  y€Xry+x .

P::oof l e t m * b e t ] r e n r a x i m a 1 i r 1 e a , 1 o f O * . * a n d . & ] , . ' n 9 & ' ' ,

a set of  genera. tors for  m*.Then the sheaf of  ideals I

d a f r ' - n a r 1  h r r rv , t  .

(^? ir y-x
r-r= { 

^
' ,t 

t 
o",,u if yfx

is  coherent and using the theoi :em 1,3" i t  fo l lo. f fs ihat

one rhay f ind f ln,. .  r fn€ [ t1xror,)  $irch that fr ,"-aren{,

for al l  i=1r , ,  ,  1rr. ORe d educes, using ltrakayama I s lernna,

t l l a . t  f ,  o r .  o . ' f -  v  genera te  m- .Le t  f : i i : dRn  r l eno te  the
I t /t lrt iL )1_

morph ism inCuced by  the  sec t ions  f .  r . . .  r f " . , . f t  fo l lov , rs

tha t  f f :0 . ; *  0x  -  i s  sur jec t i verhence f  i s  a .n  inuners iog .  :
j . L r ^

in a. neighborhood of x.In part icu-1ar x is an isole.teh

p o j . n t  o f  t h e  s e t  l 1 = f - 1 ( o ) = { z e x l  t . , f  z ) = , - . = f  ' ( r \ = n L
t  .  I  l - '  '  - o  ' - - I [ \ ' ' - " J

t r ' rom theorem 1.8.  i t

{ ognl-l , u=t,

fo l lows tha anon].cat nap

s=rf *...+tfl+ff*r.one ma)r easily verify that s
t

sa.t i -sf ies the condi t ions of  the 1emma.

Put  O. , r=O-r t ro  E  . l  . ,  and  ld t ts  cons ider  the  sec t ion
i _  

/ v  \ 1 1 r . . .  .  t t T I / l  t

gn+t(  |  
' ( : r roy) 'def ined 

such as fo l lorvs:

{  f  r r - v
4 I  u Y  

- 4

if yfx

t t h e c

"$ t  
I -1x,0x)- - - r [ t ( " rou)  is  sur ject ive.Let  rs  cons ider

fr,*f [" C*,0x) ?,rr"h _that {(frr*r)=Bn+l and put



-6-

Proggsj-t ion 1. let x be a pars.cornpact real analyt ic

space vuir ich is conneeted, noncor,.rpact and- 1oca11y irreclucible.

Suppose I€Coh(X)  such that  n lCXrF)=o.Then F=tF.

Proo! Put G=F/tF. l" /e must show that G=o.From t ie exact

sequence o-+tr|*>F-+,G--{, \ry? deduce the exact sequence

lr] Cr, I ) -+n1 ( x, c)-*! t x, tr')
s ince s1( :tC* rF )=o  and  H ! (X , tF )=o  i t  f o l l ows  tha t  H ]I i ( x , G ) = o ,
Tnr  par t i cu la . r .G has  the  oroper ty  (p ) .suppose tha t  there

ex is ts  .x€x  such tha t  Gr*o" r r : rom theorem 1 .A.  there  ex is ts

ue  |  ( ] : rG)  w i th  u " *o . t re t r i  cons ide r  s  bu - i l t  as  i n  l em: re .  r ,
For  a l l  l c l t r r ' , " . ,e  ge t  (1 /s ) i r -e [ -1 i - { " } rG) .s ince  G has  the  .

p roper ty  (P)  i t  fo l lo r i s  + ,ha t  rhere  e : r i . s ts  v=v . ie  l - ( ;e  ,G) '
and there exists K=Ki(  x e.  compact subset ur"n i l rat

v=( l /s) iu on xr l i , rurr i " t r  is  ecuivalent to the fa-ct  i l rc. t
'1

s- 'v=u 'on  ) l r l ( . s ince  x  i s  connectedrnoncompnct  anr l  G

ve:: i f r i .es " the or incipl-e of  ana, lyt ic cont inu.at ion"

(cf .  exanp]-e 2rpa:raeraph 1) we deduce that , i t=,  on , -{ .

rt follor,,rs that u"erlc" for all ielT.si-nce th.e m*-a.cl"i,c

topolog; '  on G.-  is  sepa:"a. ted i t  fo l lovrs that  u__-o.
- 4

Cont rad . ic t ion . l lence G=o anc l  the  pr .opos i . t ion  j . s  p roved,

gglof' ggg.:.I,et X be a real a,nalytic space whj-ch ls

pera"cor:npaqt,  connected anr l  local ly i r redncible.  Thenr

x is  comoact  e  Hl f r ,o . . )=o
Proo{ Jt ' follow.c inr-':redia.tely from th.eorem 1,B, a,ncl

p ropos i t ion  f_ .

Remarh  Le t .  x  be  a  r :es . l 'a .na i -y t i . c  space and F€coh( , . i ) .pu t

x t=supp(F)  a .nd  l= the  se t  o f  a ,11  connected  comp.nents

o f  ) I f  . T t  f o l - l o w s  i h a t :
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H1(x  ' r - *1 / " . ,  n r - . '@ Hl fu ,F). - C \ - j t r , l - " r C \ . * '  r - ,  - T I . L  
v

From theorem 1,8.  we decluce thatr i f  e\rer1r connected'
'l

component  o f  sqpp( I )  is  compact , then u j (x ' I )=o. fn  the

follovring paragraph vre shall tLiscuss the cond.it ions

: .  under l , rh ich the converse of  th is statement holds.  ,

, ,  
[herefor:e B. general isat ion of  the concept of  tors ion

r v i l l  b e  n e e d e d .  r

? Gene-4.1 ! 'zed, tors ion

Let A be a cor.rnutat j -ve r ing(not necessar i - l ; /  inteeral)

wi-th l--el-e:.,rent and 1et l.T be an A-module..?ut 1'.Tl-lon,n(l.1,-rr)

ano i {1Homn( l ' lTA) . le t  J : l t * l f *be  the  eanon ica l  map:
i !

J ( m ) ( * 1 = r f i m ) . T h e n  t l . i = k e r J  w i 1 1  b e  c a l l e d ' c h e  t o r s i o n

ubmodule of  l , t . ! .T wi l l  be cel led to: :s ion-free i f f  kerJ=o'

Rlynerks.  1)  kerJ=o neens that for  a l -1 m€11-{o} , tnnt"

exi-sts rff<:l* str-ch that r-frrtr) f o.
x-' ], li -i-;,T:::'1"-," ".

4) If A is an inte,q;'aL rlonain anri l '1 is ail
t  |  . - 1 .  (  r  

' l

A-modu le  o f  f in i te  t : , ,per ther r  kerJ={n€} ,T l  (J )  ae ; t - toJsuch tha t  * *= ,
!

The remar lcs  L )  r? , ) ,3 )  e re  o l tv ious .The remerk  4)  shovrs

that the tors ion d.ef ined a.bove genera. l izes the concept

of  tors ion c lef ined in the pi i . rag:raph l .L,et ts pi :ove i t .
(  l  . r -  (  !  .  ,  l

3 . ?ut lT= lm€l',{ I C 1l ae.q- tol r:uch that. a.n=oJ .0bviously 'uve
\ l

\

srr.ch t fre,t  , fro) f  o. I f  K cl-erotes the f ielc1 of ql .rot ie:: ts

of A t l :en N=ker( i l -b l , tQI i ) .Since *{ ," f r f t  f lo l lows 'bhe"t
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^ r  ,n61f o. I lence the:r :e exj-st"s fe l {omr.( I iQK,I t )  wl th f  (m@1) *o.,  ,  - - -  - ' - 1 ! \ - - - R - " t - ^ / ,

l e t  f f i . I  , . . .  rm . , ,  be  e .  se t  o f  seno rn . to rs  o f  L r [  a , s  A -modg le .J '  K

Th.ere ex is ts  
" ,e l - - {o}  

such that  ar (mror)€A for  a l t  i=11.

tr'Ie ma.y take #a ( f. u ) .

We 
-sha11 need the fol lowing theorem:

Theorem ? . lc t  A  be  a  noethe ' ian  r ing(conmuta t ive

u'tith l-el-ement)rE an A-morLr.rle of f inite type ',rrhich

fa.ithfu.l a.nd R an A-rnodule'. The f ollouring condi.t ions

e qu-ivalent:

' l  
P - n

!  '  r r ' * V

2 " H o m n ( l t r R . ) = o
r - l d

s e e  ( L 5 J )  f o r  t h e  p r o o f  .

r ' ,e t  x  be  a  - rea1 a .na ly t i c ' sDaee and F(coh( r ) . ' , ,1e  de f lne
o., frp)€f;-^-.1 +rn;i r r  L i I : ( :  I , j - , ' l -n  the  Ss , t i le  ng . rm.e f .Cb. ' r iouS ly  1 .he , r  e r .e  co l te re l t

q.nal-yt ie sheA-res.

1) Cne gets Local ly a,n exact seque:nce o|-+0.3-+lao

e.nd

A r )

3.re

Rernarlcs

and. then the exact sec.u'er1ce q-oFgg$-+ol-.it follor,.rs thet

f , f i f  ;  o  ' l  n ^ - ' l ' t  - "  i  ^ ^ * ^ - * 1 ^ - :  ^  , -  
'

a' i$ ruui, j .r  '  J/ isonor:phic 
. 'uo 

e. sr. i l rsheaf of 0-9, ana this

prope:r ty holds for  F a,1so i f  F is tors ion-free. ' , , r /e d.educe

tha . t r i f  oT  ver i f ies  ' r the  pr inc lp ie  o f  a .na . l1 r t j -c  cont j .nu .e t i -on , , ,

then eyery  to : rs io r . - f ree  sheaf  does .

2)  F / tF  j -s  to rs ion- f ree ,

P_ropoqitJl_gL.-L t L,e'b X be a :r:ca,l ano.l..,,tic space l,,,hich

j"s para,cornpact,  connected ancl-  noncompactr  su,ch tha.t  the

structu-: :e shecf o--  ve: : j . ' f l l i .es ' t t l 'Le pr i r ic : -n1e of  a.p" l - l r t : l -c

continu.at--, l.on'? . Talce pelorr(l i) sr..rch the.t rrltx, F) =o. Tb.en
* u

F==tF ( i .e .  IQo) .The proo f  i s  essent ia l l i r  11rn  ss .me ur i th
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the  proo f  o f  p ropos i t ion  1  ( i i s ing  generp . r - i zed  to rs ion) .
? ?r lenee one ma.y deduce the fol lowing

C.oro l la r : f - l t  l " t  X  be  a  rea l  ana ly t i c  spacer f ih ish . fs

'
.i

paraconpactrconnected and such that 0r.  . , rer i f ies , , the

pr inciole of  analyt ic cont i -nuat ionr.  Then:

x is conpact €+ n] 1x,0..) =o
Pronosi t ion 2 let X be a pa.re.compact real- anal.,,t i  c

:n"""  "" : -  
F(coh( ' { )  'Put  x '=su'pp(r)  and o. . '=(o- lAnn(F) )  

lo,  
.

Suppose that (Xt rO*i ,  )  ver i : f l ies ?f  the nr incip. l .e of  ana.t ; r t i .c
cont i.ni-r.at ionn . ?hen :

1  . .
H ; ( X r F ) = o f )  e v e r y  c o n n e c t e d _ . c o n p o n e n t  o f  t i ,  i s  c o n D a . c t .

Drn^ f  , / - - l a  +.i:_r'rroi_,,H r'ollovs :frorr th.e remarlc fiac.le in the enri. of
the second. para.grranh.I- ,et is ptor*,d ' .T,_o_r-  v be a coni- ,ec-be4
c . o n p o n e n t  o f  x r . F r o n  I ; l f  x , l l = r l ] ( x , , F ) =  €  e l ( u , e )  , , , i c  r j e r . l u c e

.  - t -  ue ] l  u
tha t  H; (v ,F)=o.Thq s ta tenent  o f .  i l : .e  p ropos i t j -on  fo l lows
nol  using proposi t ion L? and theorer:r  2.  (Fx is an a.or_r/ l tnn(I ,*)-

f a . i t h f u l  m o < j . u _ l e ) . ,
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