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THE SUIVi AND PRODUCT 0F DEC0I\,IPOSABLE 0PERATORS

by

Robert Go Bartle

INTR0DUOTI0N. ret  x be a complex.  Banach space, and
1et g be the complex f ie ld. .  r f  A *9,  then Ac denotes

the complement of  A in g,  and cl  A denotes the crosure of

A in E'  t rn 1963, c ipr ian Foia,p t9 l  introd,uced. the c lass of

decomposable bound.ed. l inea. operators that 'has proved to be of

considerable importance, He def ined. a bounded operator cn .x,

.  
to be decomposable i f  for  any open cover I  Gr r .  n n r ,Gn] of  i ts ,

spec t rum A(T)  there  ex is ts  a  fami ly  o f .  (c losed. )  subspaces
f  v  r r .t  r11. . .1Yra J  t t ra t  are "spect ra l  maximal"  subspaces for  , r  

l
s u c h  t h a t  X  =  y l  +  . , .  *  y n  a n d  A ( T l t r )  c C . ,  ( o r  e q u i v a -

u u l

l e n t l y '  6 ( T  l y j )  c  c l  * ; )  f o r  j  -  1 r ' r . e r r .  H e r e  t h e  t e r : m

"sp.ectral maxi-mal" subspace for T means a subspace y of x
that is T-invariant and such that if z is any other T-invariant

: ,
subspace  w i th  c r ( r  I  z )  c  o ' ( r  I  y )  ,  t hen .  z  cy .  The  , , c tass j . ca l
theory" of decomposable operators is presented in-the volume

of 6olojoarX and roia5; t5l and. recent summaries of nelrler

developments have beengiven by Erderyi and range igl and by

Radjabal ipour [14] . .  Unfortunately,  both of  these summaries

were wri t ten'  before tha fo l lowing remarkable character izat ion

of decornposable operators was establ ished by E. Arbrecht tz l
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(and, independent ly,  by R. Lange t10l  and

An operator T 'on X is decomposable i f

every  2 -eover  I  ca ,  c ,  ]  o f  o . (T)  there '

s u b s p a c e s  f Y f  r y 2 ]  s u c h t h a t  X = y l

( o r  e q u i v a l e n t l y ,  o - ( T l y i )  . €  c l  G j  )  f o r  ;

B .  N a g y  l t l r 1 z ] )

and only if for

are T-invariant

* Y z a n d  a ( T l v r ) c c ,
=  j . t 2 o  T h i s

ane knovln

resul t  a lso uses a theorem of Radjabal ipour t f : l  to pass from

2-covers  to  a rb i t ra ry  f in i te  covers  o f  6 (T) ,

The efass'  of  decomposable operators contains the oper_

ators  tha t  a re  "spec t ra l ' !  in  the  sense o f  Dunford  (see td l )

as wel l -  as the compaet operators" r t  is  an open qtrest ion

vrhether the sum-.and product of  two eommuting decomposable oper-

ators is decomposable.  Part ia l  resul ts in th is direct ion have

been establ ished by 0olojoarX and FoiS and by Apostol  and

will be rnentioned later" rt is proved. here ttratffne sum and,

product are deconiposable,  provided. t l *  restr ict i .  nr  one of

the operators Io every spectral  maximal subspace of  the other

is decomposable.  Thj-s is a strong and.somewhat unpleasant

hypothesis;  unfortunatery we are unable to el iminate i t ,  or

to  show tha t  i t  i s  necessaryo

we remark that the case of non-commuting decomposable

operators is rnueh more di f f icul t ,  a l though some resul ts in

this direct ion for  sums of  very special  operators

( s e e  t 1 4 g S e c t .  4 l ) .
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PRELII\{INARIES. fn the fqllowing S and T denote
commuting decomposable operators on a complex Banach space x"
rt is a well-known fact from the Ger-fand theory of commutative
Banach algebras that

6 ( s  +  T )

,'s. / cm \
V  \ v ' l

I f  F  i s a

f  ( s )  +  o ( r )

s - ( s )  : 6 ( r )

c losed subset  o f  fu  we use the notat ion '

s * t  :  s € s ( s ) ,  t  6 6 ( T )  ] ,
s t  :  s  e  a : ( S )  ,  t  € 6 : ( T )  J ,

that  i f  T is

?-hyperinvariant

= t
= t

c

c

where  5- (x )  denotes  the  " loca l  spec t rum, ,  o f'1'

t o  . f  .  I t  i s  w e l l  k n o w n  ( s e e  l 5 r p p , l 8 r l  g r 3 ] . ] )

decomposab ler .  then the  se t  Xr (F)  i s  a  c losed

X T ( F )  : =  [  x  €  X  :  a - * ( x )  c  F  J ,

and

spec t ra l  max ima l  subspace  fo r  t s  and  tha t  o ( r l x r (n ) ) .  rna (T ) .
Moreoverr every spectral maximal subspace for T has the form

Xt(n)  ro r  some F.

1. LEPIMA. I.f

operators and F c

are comrnutj-ng decomposable

under

seen

I  i s  c l o s , e d ,  t h e n  o . ( S l X * ( n ) ;  c c  ( S )  o

t h a t  R ( r ;  S  l x r ( F ) . )  =  R ( r ; s )  l x r ( n )  r o r

Xf (F) is T-hyperinvariant, i.b is i_nvariant

R ( r ; s )  f o r  ) .  i n  p ( s ) . I t  is  eas i ly

) .  i n  
J o ( S ) .

S and T are commutj-ng decomposable

c C are c losed, then the space

is invariant under S + T and Sf .

[ l o reover  6 (S  +  f  l y )  c  C(S  +  T )  ana  O. (ST I  y )ca (Sn)  ,

! Iper-T" The operators S + q, R(tr;S + T) (for I  in

Proof .  S inCe

both S and

r.f

E r F

a

-,I

2, IEIV]MA.

operators and

Y  : -  x S ( E )  n  x r ( r )

J o ( S  +  T )  ) ,  S T ,  a n d  R ( o , r S t )  ( f o r c irn,f ( sr I I commute with
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Y o f

both S and T. Hence Y is invari"ant

and the assert ions fo l low readi ly.

under these operators

3, LEI{MA" I f  K cg is a bounded convex set and i f

c K ,  then C (TlY) c K for any T- invar iant  subspace
,",
{ ! r

Indeed.,  i t  is  vrel l  known that

grow only by f i l l ing in some of the

K is  convexr the  asser t ion  fo l lows.

C.  Aposto l  t3 l  de f ined a  decomposab le  opera tor  T  to

strongly deqornposaFle i f  i ts  restr ict ion to every subspace

X - ( F )  (  F  c . g -  c l o s e d )  i s  a l s o  d e c o m p o s a b l e .  R e c e n t l y ,  B ..I'

Albrecht. [ f l  snowed that not every d.ecomposable operator is

strongly decomposable.  The condi t ion that we ,wi l }  require

s imi la r  to  tha t  o f  s t rong decomposab i l i t y .

1 S

the spect rum cr(T lY)  can

"holes"  in  6( f  )  ,  S ince

b e

al

i l
1 ;
! i
1
i :
i
I
t
lz
i
1

i i
i l -'
: ! r  "
t i
i l
4:
t l

i l

. &. DEFINITIoN, Let T be d.ecor:rposable and let S commute

vr i th To Then S is said to be T-stronqly dee_qmp-osable (  or

to be strongly deconposable wi th reSqeg! to T) i f  the restr ict ion

S lXm(F)  i s  decomposab l -e  fo r  eac l r  c losed se t  F  in  C.

-  WARNING. I f  S is a subset od 9n F,-H. Vasi . Iescu

and I  r  Bacalu have studied the not ion of  an S-decomposable

operator and there is a corresponding not ion of  t t rong ^ - j^ .
r) X!' !

S-decomposabi l i ty j  whieh is very di f ferent f rom the onenintroduced.

I t  is  c lear that  i f  S is T-strongly decomposabLe, then

decomposable. '  Also T is strongly decomposable i f  and only
' :

is  T-strongly decomposable

S i s

i f  i t
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There are .  some cu.ses in whi-ch r-strong decomposabi l i ty

is  au tomat ic .

5,  LEIVIMA. r f  T is.  a decomposabl-e operator and s

a cornpact I respn n quasini lpotent)  operator that  commutes

wi th  T ,  then S is  T-s t rong ly  decomposab le .

1 S

Proo_t. Each r:estr ict ion $, lxn(F) is compac-b [resp.,

quasini lpotent]  ana hence is d.ecornposable"

5. T,EIVIMA. If T is a spectral  operator and

decomposable operator that  commutes with T,  then

T-strongly decomposable .

P q o - o f .  I f  E  i s a b o u n d e d

a decomposab le  opera tor  S ,

is decomposable.  Norv i f

i f  F . L i s c l - o s e d r t h e n

TI{E NiArN RESULT " \{e now show that the sum and product

of two comrau*j:ng decomposable operators are d,ecomposabl-e provided

one of  the operators is strongly decomposable wi th respect to

the  o ther  oh€r

7, THE0REM. r,et s and r be comrnuting decomposable

operators on X and suppose that S is T-strongly decornposal le,

Then the operators '  s + T and sr are deconposable on k.

t reat  the case of  S + ,T in

open 2-cover  o f  d (S +  T)  and

S  i s a

S i s

lvi-[h

sf Ex

and

the

1'or

project ion operator that  comrnutes

then i t  j -s easy to see that

T is a spectral  operator

X f  ( F )  =  E ( F ) X ,  w h e r e  E  i s

T h e r e f o r e  S l X r ( F )  l s  d e c o m p o s a b l es p e e t r a l ' m e a s u r e  f o r  T .

e a c h  c l o s e d  F ' o

Progf .  We wi l l

[ G , ,  G ^ J u e a n' t ' 2 ,

detail- " Let

tet {H' Hzfi
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be an  open 2-cover  o f '  6 (5  +  T)  such tha t  c l  H ,  -  t j

and H; is  bounded by  16 .  ($ )  I  *  la - ( r )  |  *  r1  where  lo - (s )  I
l

denotes the spectral radius of s .  Now choose d > 0

such that

I  -  ,  - \  t - -  . . . -  r C r

( s )  d  <  | r n i n  I  d i s t t c r ( s+T ) , t u r vNr ) c ]  '

d is t [Hr rcrcJ ,  d ist  lnr ;orc)  I  .

For  each po in t  s  in  6 . (5 ) ,  take  an  open ba l l  U(s )

with radius less than d and center s; and let

i U ( s f  )  r . . .  r U ( s N ) J  b e  a  f i n j - t e  c o v e r  f o r  d i ( 5 ) .  S i m i l a r l y ,

I e t  [ V ( t I ) r . . n r V ( t M ) i  b e  a  f i n l t e  c o v e r  f o r  6 . ( T )  c o n s j ' s t -

ing of  open'ba} ls wi th radi i  less than d and centers tk '

.  For  conven iencer  w€ denote  U(s ; )  by  u j  and v ( tk )  by  Yh '

t ' l e  n o t e  t h a t  t h e  p a i r s  o f  i n d i c e s  ( j r k )  ( j  =  I r " ' e N ;

k -  l r . , , r N I )  f a l l  i n t o  t h r e e  d i s i o l n t  c a s € s r

Case 0 .  Here  * j  *  t x  f  Hru  H,  o  rn  t i r i s  case

c f  U .  +  c 1  V n  i s  d i s j o i n t  f r o m  C ( S  +  t ) ,  f o r  
' . i f  

[ s  
-  s j  |  *  a

J

a n d  [ t  t n l  <  d  ,  t h e n  [ ( s  +  t )  ( " j  +  t o ) {  <  2 d
- l

< d is t i c (s  +  T) ,  (Hru  ur )c1  wnenc3p- t  fo l lows tha t  s  *  t  * ' tS  +  T) '

C a s e I . H e r e * j n t x € H t . I n t h i s c a s e c l U . + c l V k . G l

f o r i f  [ s - " i l < d  a n d  l t - t k l ' u '  t h e n

f  
(s + t )  -  ( " ;  *  tk)  |  .  2d < dist ln 'crc]  wnen3S[t  ro l lows

t h a t  s * t € G f

case IL Here ur *  tk € H2 -  Hl .  In th is case we have

c 1  U .  *  c l  V k .  G . 2 .
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Since T 
' is  decomposable and

ope i l  cover  o f  6 (T) ,  then

( ( )  x '  =  x t ( c l  v r )  +  . , .  +  xT (c }  v * )  t

w h e r e  o f  c o u r s e  s - ( T l X * ( c l  v k ) )  s  c l  V 6  f o r  k  o e  1 1 . . , ; M .

W e  l e t  S t  3 =  S l X t ( c l  V n ) )  f o r . I  =  t e . . . 1 M 1 -  h e n c e ,  b y

L e m m a  1 ,  w e  h a v e  6 ( . S k ) . 4 ( S ) ,  B y  h y p o t h e s i s ,  S  i s  T - d e c o m -

posab le t  hence Sk  is  deconposab le  on  the  space X* (a l  Vk) .

Since [Ut,  .  .  "  ,U11] is an oBen cover of  cr(  St)  n there exist

subspaces  t  j *  
(  i  .=  ! . ,  ,  . .  ,N)  o f  Xr (c l  Vn)  such tha t

t l t ' . . . r v M J  i s  a n

(()

having the'

take

x r (c l  u j )  n  \ ( c1  vo )  ,

because  6 (5 lX r (e l  U j  ) ) c  c l  U ,  i nd ,s ince  c [  ' r j  i s  a  convex

set , ,  i t  fo l l6ws f rom Lemma 3 that  d(S* l " jo)  =  f (S lY jk)  c  c1 u5.

X r ( e l  V O )  =  Y l k  *  . . .  *  Y N k

On the other  hand,  s ince s(T lxr (c l  vn))  c  c1 Vo ,

another application of Lemma

Since the restr ict ions of  S

fol lows that '

o ( s  +  r l Y j k )  c  6 ( s l r r n )  +  c r ( r l t i o )

c c l U j  *  e I V o ,

f o r  j  -  1 ; . . . r N ;  k  =  l e . . . e M

Now suppose tha t  the  pa i r  ( j rk )  sa t is f ies  Case 0 t

S i n c e ,  b y  L e m m a  2 ,  w e  h a v e  A ( s  +  t l v r u )  c  d ' ( s  +  t ) ,  i t
r J A

fol- lows that we must have C(S + Tlt ; f)= f l ' , ,  whence i t  fol lows

that '  Y* . , -  =  (0) .  S in i iar ly ,  i f  Case I ,  ho lds,  then
Jr \

el,
property

v
r . i l -  . E

J JI.

that 6-(Skl t jn) .nUj .  In fact '  we may

3  p roves  tha t  a (T l t j n )  c ' c l  Vn  .

and T to Y*'-  commute, i t
J I \
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Now

Y . .  f o r
J K

6 i  ( S  +  T l Y . .  )  c  G -  a n d  i f  G a s e  I I  h o l d s ,  t h e n  a ( S  " u  
m l '  \  -  / r

' J K  
-  - l -  t  u r r s r r  \ J  \ P  '  ' t ' ; g i  

I  " 2 '

l e t  Z ,  l r e s p  . 1  Z z l  b e

( j ' k )  s a t i s f y i n g  f a s e

' ;  z =  X
( j , k ) e r

the l inear span of the

I  [ r e s p . ,  I I ] .  T f ,  ? ,

vrn with y jx  €

€ Z, then
I

v
4 . :  t -  I

J t U

so that we have

6s+r (z ) c  Ur r *n(v ;6 )  .  Uo ' (s  +  t l v ;6 )  c '  Gr  .

Consequently we have that 
I t'  6 ( s + r l  z r )  Y ,  d r * * ( z )  :  c '  t

.  
o * - 1

simirarlyr w€ hav.e c(s n Tlzr) c c, ,  Tt i ,  clr^. fun q, ^^^[Y)

X  -  Z ,  * 7 - ,
Sinee [Gf ,  GZ] is an arbi t rary open 2-eover of  o:(S + T) '

i t  fo l lows from't 'he theorem of Albrecht c i ted ear l i .er  that

S + T  i s d e c o m p o s a b l e .
:

To treat the eaae of  the product STr we argue as abovet

w i th  the  fo l l -ow ing  minor  mod i f i ca t ion .  I f  
'  

A  i=  l c (s ) l  
+  [a ( t )  I

*  l r . a n d  i f  d  >  0  i s  c h o s e n  a s  i n  ( o ) ,  t h e n  w e . t a k e  t h e

rad l i  o f  the  ba l rs  u (s )  and V( t )  to  be  less  than dr  l=  a /21 , ,

The remainj-ng details are bntirely similar.

. '

I t i s k n o w n t h a t i f T i s a d e c o m p o s a b I e o p e r a t o r a n d
; '

i f  A is a quasinilpotent operator that commutes with l lr

then [ + Q and T afe quasinilpotent ,equivalent and hence

T  +  Q  i s  d e c o m p o s a b l e  ( s e e  L 5 t  p p .  1 1 ,  4 0 1 ) .  S i m i l a r l y

i t  was proved by Apostol  t4 l  pe f498l  t f rat  the sum and product

of  a spectral  opefator and a commuting decomposable operator

are decomposable.  These resul ts fo l lw f rom Theorem 7 and
A'Lemmas 

5 and 6o
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1 l

0f coursel  the product of  a compact operator,a]1d.

any bounded operator is compact and lience decomposable. How-

ever the fo l lowing'corol lary of  Lemma 5 and Theorem f  does

not appear to be obviouso

' ,  : f  i
r , l r ,  . '

.  
' i

K

i s

B. C0R0I,IARY. If

is a eompact oPerator

aLcomposable.

T is 'a  decomPosab le

that commutes with

operator and

T r t h e n  T + K
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