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THE SUM AND PRODUCT OF DECOMPOSABLE OPERATORS 

by
Robert G. Bartle.

INTROBUCEION, Let X be a complex'Banach-space, and
let C. be the complex field. If A cC, then A° denotes
the complement of A in C, and ecl A denotes the closure of
AR C. In 1963, Ciprian Foiqﬁ [9]“ introduced the class of
decqmposablejboundgd'linear'operators that has proved to be of
considerable impoftance. He defined a bouﬁded operator on - X
to be decomposable if for any open cover { Gl""’Gn} of its
spectrum G (T) there exists a family of (closed) subspaces
{ Yoseea,Y } that are "spectral maximal" subspaces for T
such that X = Lot e & Yo and iG(ln {Yj)“C«Gj (or equiva-
lently, 1$(T_[Yj) (= ol Gj) for di= 0, 000, Here e o
"spectral maximal".subspace for T means a subspace Y of D et

that is T-invariant and such that if 2 is any other T-invariant

sibspace withiea (TR 7) e G(n] v, then izicie @ paein o s

theory" of decomposable operators is presented in the volume
of Golojoars and Foig? [5] and recent summaries of newer
developments have beengiven by Erdelyi and Lange [8] and by
Radjabaiipour [14]. . Unfortunately, both of these summaries
‘were written before thes following remarkable characterization

of decomposable operators was established by E. Albrecnt 2]



(and, independently, by R. Lahge [10] and B. Nz [tz ) o
An operator T on X is decomposable if and only if Hors
every 2-coven { Gy 5 Gy } of o(T) there are T-invariant
subspaces { Y; , Y, } such that X =¥, + Y, and o (1Y) < g,
(or equivalently, GKT’YJ) = ol Gj ) for j = 1,2. This
result also uses a theorem of Radjabalipour [13] to pass from
é-covers to arbitrary finite covers of GKT)..

The elass  of decompésable operators contains thé oper-
ators that are "spectral" in the sense of Dunford (see [6])
as well as the compact operators. It is an open question
whether the sumsaﬁd product of two commuting decomposable oper- -
ators is decom§OSable. Partial results in this direction have
been established by Golojpara'and Foi§§ and by Apostol and
will be mentioned later. It is proved here thaﬁﬁhe sum and
product are decomposable, provided the restriction of one of
the operators ﬁo every spectral maximal subspace'of the other
is decomposable. This is a strong and.somewhat unpleasant
hypothesgis; unfoftunately we are unable to eliminate it, or
to show that it ig neéessary.

We remark that thé case'é? non-cémmuting decomposable
~operators is much more difficult, although some results in
this directibn for sums of very special operators .are known

A

(see [14:Sect. 4]).



PRELIMINARIES. In- the following S and T denote
commuting decomposable'operators on a complex Banach space X.
It is a well-known fact from the Gelfand theory of commutative

‘Banach algebras that

{ s+t : s€5(S), t €5(T) 1,
{ st 2 s eqls) , t es(n) ),

c)';(S.'-&j Tiies gls) . o (00
SUEE) e @) - o)

il

If F 1is a closed subset of &, we use the notation’
| XT(F) CoRne e Spx) €F }
R e q;T(x) denotes the flocal spectrum" of x corresponding
to T. It is well known (see [5+pp.18,19,31]) that if T is
decompoSable, then the get Xp (F) is a closed T~hyperinvariant
spectral maximal subspace for P and that <S(TIX (F)) < Fag(T),
loreover, every spectral maximal subspace for T has the form

XT(F) for some F.

L LEVMMA, IFf S and T are commuting decomposable
operators and F < C is closed, then @(szx (7)) =s(s)

Proof. Since XT(F) is T- hyperlnvarlant, it is invariant
under biothie S ande RS For N im P(S)s It is easily
seen that R()\,S‘“XT(F)') = ROGE)IX ()R ror b P(s).

2 BINAL TS S agh s are commuting decompogable
operators and E, F d\g; are closed, then the space
Y := XS(E) r\XT(F) is invariant under § + T and ST ,

Moreover & (S + TI'Y) co(S +T) and & (ST YY) es(ST)

Procfi. The operators S + Ty R(A3S + T) (for A in

SO(S EE ST e R(a;ST) (o o inﬁJO(ST)) commute with



O
- =

both S and T. Hence Y is invariant under these operators

and the assertions follow_readily.

3. LEMMA., If K © ¢ is a bounded convex set and if
s (T) € K, then G (T|Y) € K for any T-invariant subspace

-

Indeed, it is well known that the spectrum o (T]Y) can
grow only by filling in some of the "holes" in G(T). Since

K ig convex)the assertion followss

C. Apostol [3] defined a decomposable operator T +to be

strongly decomposable if its restriction to every subspace

XT(F) ( FcC closed) is also decomposable. Recently, E.
Albrecht.[1] showed that not every decomposable operator is
strongly decomposable. The condition that we will require is

similar to that of strong decompos ablllty.

L, DEFlNITION. Let T be decomposable and let S commute

with T, Then S is said to be T-gtrongly decomposable ( or

to be strongly decomposable with respect to T) if the restriction

S[X;(F) is decomposable for each cloged set F in Ce

WARNITNGe NS i o al subseit ~ of 9, Fo~H. Vasilescu

and I, Bacalu have studied the notion of an S-decomposable

operator and there is a corresponding notion of %trong o

S—decompo ablllty} which is very different from the on%Alntroduced.
It is clear that if S is T-strongly decomposable, then

S is decomposable.' Also T is strongly decomposable if and only

if N is M- strongly decomposables



There are some cuses in which T-strong decomposability

is automatic,

Sin LEMMA., If T is a decomposable operator andi e S
a compact [resp., quasinilpotent] operator that commutes

with T, then S is T-strongly decomposable,

Proof. Each restriction SiXT(F) is compacf Leeso) -

quasinilpotent] and hence is decomposables

6o LEMMA., If T is a spectral operator and S is a

decomposable operator that commutes with T, then S is

T-strongly decomposable,

Rroc e EREEERE 8 F b ounidie sl projection operator that commutes

with a decomposable operator S, then it is easy to see that

S|EX 1is decomposable. Now if T is a spectral operator

end i SE'c € is closed, then XT(F) = E(F)X, where B is
the spectral -measure for T., Therefore SlXT(F) is decomposgable

for each closed  F:.

THE MAIN RESULT. We now show that the sum and product
of two commuting decomposable operators are decomposable provided
one of the operators is strongly decomposable with respect to

the other one,

o THEOREMo Letb st sand “ 1 ibe clommuib it o decomposablé
operators on X and suppose that S 1is T-strongly decomposable.

Then the operators S + T and . ST are decomposable on X.

Proof. We willxtreat the case of S +,T in detail. Let

L{Gl » G, }vbe an open 2-cover of & (S + T) and let {Hl ; Hzﬁ



be an open 2-cover Qf‘cr(S + T) such that cl-Hj c Gj

and H;is bounded by |G (8)] +{e(m)| + 1, where |o(s)]

denotes the spectral radiﬁs of 8 . Now choose d > O

such that

(e = ot % min { dist[cr(s+T),(HlUH2)°J )
P - | ~ disnlED G T, deetiHC SR

For each pbint s in 6(S), take an open ball U(s)
with radius less than d and center s, and let
jU(sl),...,U(sN)} be a finité cover for 6(S). Similarly, -
let [V(ti);..o,V(ﬁM)} be a finite cover for & (T) consist-
ing of open balls with radii less than d and centers tk’
For convenience, we denote U(sj) by Uj and V(tk) ‘by Vi s
L We note that the pairs of indices (Jj,k) (J = Ly.es,N;
‘ e 1y bl Falls inte three disjoint casess» : |

Case Of Here Sﬁ + by 45HiLiH2 o In this case
cl Uj el Ais disjoint froms (S + T), for if |[s e‘sj} =d
and |t - tkl = d ., thew [(s + ) = (sj b il '
< dist[e(s + T), '(Hlusz)C] whenoiﬁt fqllq‘,vs that s + % ¢6“(S + T),

Case If Here sj +Atk & Hl. In this ease el Uj + cl Vk chi

for if |s —Vsj‘ <d and |t 7 tk] < d, then
[(s + 1) = (s + t,)] < 2a < distlH;,6;°] whengﬁit follows

that s + t € Gy
" Case II. Here s, +t, € Hy - Hj. In this case we have

@ik Uj + cl Vk c qz.




Sinee; T 'is decémposable and {Vl,...,VM} g on
open cover of 6L ) o sthen:

(%) St = elipE e ot el )

where of course S(T|Xp(el V,)) ccl V, for k= 1,...,M,

We let S, := S‘XT(cl V,.)) for k = 1,...,M; hence, by

k
Lemma 1, we have G(Sk) egls). By hypothesis, S 1is T-decom-
posable§ hence S, 1is decomposable on the space XT(cl Vk)‘
Since {Ul,.,.,UN} is an open cover of U(Sk), there exist

subspaces ij (j.= A ) o XT(cl Vk) such that

(v) — XT(cl'Vk) = Yy F oo + Y
: ; el
having the' property that <S(Sk[ij) C‘AUj o In faek, we may
take

because GKS?XS(cl Uj))C'cl U5 énd,since cl Uj is a convex
set, it follows from Lemma 3 that 6(S|Yj, ) = o (8/¥y) < el U
Or. the other hand, since S (T[Xplel V)l el Vk', '
another application of Lemma 3 proves that <§(T}ij) ccl Vi
Since the restrictions of 8§ and T to ij commute, it
follows that .\
cr(s' = Ti'rjk)-c o‘(s\yjk) + G'(T)ij)
' | el el
BoEE e e |
Now suppose that the pair (j.k) ‘satisiies Case oY
Since, by Lemma 2, we have ¢ (S + T]ij) o (sl S s s
follows that we must have G (S + T{ij)=-ﬁ*,'whence it follows

that' Y (o) s imilaaly, i GiCase 1 - hellds, wahen



& (5 +-Tkjk) = Gl and if Ggse I holds, then o (S + T[Y.k) : G,
Now let 'Zl frespiy ZZJ be the linear span of the
Y.k for- (k) satiisfyinsiCase I [respe, LL[o i aaic 7 then
J : T 1
% = ‘ZLJ withisey ey
(3.%)€T Tk - i

. go that we have

Toenl®) < Hio e i) e Uots + miE o =

Consequently we have that

slsema) = U oG eia
GZl

similarly, we have o"(S + T‘Z Ol G2 b c/e_ar ﬁwm (6/ ““%[3/}
gt X =2 420

Since {Gl e } is an arbitrary open 2-cower of ¢ (S + T),
it follows from the theorem of Albrecht cited earlier that
S + T is decomposables ’

To treat tﬁe cage of the product ST, we‘argue as above,

. ]O‘(S)l + |o(2) |

@0

with the following minor modification. If A
+ 1,.and if d > 0 is chosen as in (a), then we take the
_radii of the balls U(s) and V(t) %o be less than d' := d/24.

" The remaining details are entirely similar.

) known:that if T is a decomposable operator and
R Q. is a quasinilpotent operator that commutes with = T,
"then T + Q and T are quasinilpotent equivalent and hence
T + Q@ is decomposable (see [53 pp.-ll;‘uO]). Similarly
it was proved by Apostol [4{ P 1498] that the sum and product .
of a spectral operator and a commutlng decomposable operator
are decomposable. These results follw from Theorem 7 and

7 A
Lemmas 5 and 6o :



A

0f éourse, the product of a compact 6perator and .
any bounded operator is compact and hence decomposable. How-

ever the following'cofollary of Lemma 5 and Theorem 7 does
not appear to be obviouse

8, COROLLARY., If T is.a decomposable operator and
K is a compact operator that commutes with T, then T + K

is decomposables
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