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SINOUIAR PERTURBATIOI{S ]I/ITH SSUERAI,

PARAI,{ETERS

by V. Drdgan and A. Halanay

1.  In t roduc t lon

We ehal1 start  by consLderlng a singularly perturbed sYstem

f t =  o , l r - . . ,  N  _c,,*fu = fr ̂ oi
where €o =1, and. 6-k
such that E*>O and

naln assumptt[oDS.

, k)l are functlons of, a Parameter t

l lm et.t l =O. We shall adopt the fotr lowlng
t :o  €k

(L) y,. r

a) A*; t lcn-+1](O1't  Rnt) are unlfornLy l lpschltzc there

e x l s t s  
o A > O  

s u c h  t h a t  I  a n . t  t ) - A & . ( s ) ,  3  I  l t - u l  f o r . -  a l 1  t r s e l .

Moreover Au; are untformfy bounde6: there exlsts 1.,  0 such
r g

t ha t  , a r j  t t ) l gF  f o r  a l l "  l nT .
In  what  fo i tows the ln terest ing 'cases w111 be I= ( to . ,e \  and I=R

b)  We assume AN,v ( t )  lnver t lb le  for  a l l  t€T;  denote

Auj = ol j  and auitr" o;1-t =oo{. 
.  
-AlN Latn) o A#j ,T:.J=o'.  o., lJ- l .

SI; assune lnductlveLy that A;C't t l  are lnvert1b1e, wtth

unlformly bounded and unlfornly Llpsehltz lnverse , and deflne

A!-! = Ar1 - Ah 6ad-t un*. ,k, J=0, o o , ,9-t
X 3 l l . d ^ < ' e c V 0

. c) we J"ul*u flnally trrat At, for r< { E u
I lurwltz on I :  there exlsts &g= O such that Re

for al l  t€I;  here U* C{a) menns the real parts

lues bf A"

Under sueh asstleptlon we shall obtaln est*mstes for the

fund,arnental matr*x of th.e system.

fheee egtlmates wlL1 allow us to obtal-n a direct proof f,or

tho extenslon to thls case of the Kllnudev-Kraeovski f 1l

stabl l l ty  theoren? some assyraptst*c expansJ.ons for the solut lon-"

of  the Sauchy problem ,  tncludlng the case ofr lmpulslve" l t t l t l " l

eondl t lonsrthe extenslon to th ls ease of  the resul ts of  F ' f ""dto *o"C

L,evlnson and. t-tcft 
"*d&Ptrf, 

eoncernlng perlodi'orbounded and

a lmost  per lod le  so lu t lons .

Corespondtng reoul ts wlLl  be der i .ved for nonl fuea:r  st tust lone' .

are unlfornnlY
, . oc{ a is Lt)) 1 -Zue

of the elgenva-
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The results reporterl  are ref inenrents of the ones obtalned

by lr.Hoppenstoadt rvlth Lyapunov f4ctions 'rwe poJ.nt 6ut thet ,

the nethod. of lloppensteadt requtres more smoothness and glves

less tnfornatl"ons on the fundaaental matrlx . The problernsof

aLmost perlodlc soluti"ons and. ilbpulsl,ve lnlttal eond.ltlone

were not eonsld.ered by F" Iloppenstead.t.

2. -SslE-eet$sc!99 -

,Let cu&rs, g) 
'  

be the fundannental matr lx assoelated to
I-a L ' c{n4s Ato ls unlforrnLy Hurwltz ,r:nlformly bounded

7o"ao 
t v-t 'v

"and unlforml5r Llpsehltz 'se have

l c n t t r s r L ) l  4

u n l f o r m l y f o r  $ € t ,

We shal l  wr l te also

se l  ,  t e l  .

{ c o  (  t r s , . e )  l < " "  
- q o ( t - r )

slnce the nnost lnterest lng resul ts wl lL be obtalned for do) O ,
that ls assumln6 that the reduced nodel also exhl-btt$ asyap-

tot lc stabl l . l ty  .

lTe shaLl  start  wl th the case
our est lmates by lnd,uct lon.

A. Conslder the s lsten

N=l since we lntend to obtain

yo =  A o e ( t ) y o  +  A o l l . t ) X t

* 4,,0 ( t)yo * An \t) JL

case A;o = A.or-A orA-t A+o i we ,nay wrlteI n

ei t.
thls

i = A.lott) Jro + Aolt t; dj!tt)[.A,to ( t) yo + 'A,rt( t)y/.J
hence, by the varLatl,on of constants formula

yo ( t , " , r )  =co  ( t , s ) fo  . i - .o ( t , r )  L ,Aor@) A;  G)9J  (v , r 'e )d r
0n the other hand ,agaln by the variatJ,on of constants for-

nula fryss 
rn tt ,s rL)=c 4tt ,u rL),f. t  : tr\  

c, (t r(rL) An, (a) xo( c ts tt) ar-

. and ,by oomputlng en/.illr-) #r.-_io-,rt.d 
and repJ.aclng tnto the

formula for ye , we get 
$

y o ( t t s , E ) = . C o ( t , g ) f o * J n , " f t , 6 } A o , t o ) c 4 ( q n , e ) a a . f n +
, t ) -

.  *)  6o(tro) Aor{c) al f i  r-)-  A^ota) yr(o-ts rL)dd +

- i l*., (t,a) A ,+$)f I: 
'c+(q;, 

e) Ata(a) y.'t 6, t,t) ael aa
i
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In the last  lntegraL we change the order of ,  lntegrat lon and'
then 'we ca lcu la te

,+
t , l ,  " t t  n  c )  A  oLrc l  e  (c  ,6  ,€ )d  n  -, - 6

t t t* t  { "  ro ( t , r )  A, ,v)  Al t ( i l  ALL(O c4(a,6,1)  d c +
n ) - ' Lt J 0

. f f co(t,o)fo 01.,) A;rc) -A,r(n airct) Au(a) cr((,E,
ct J6 

v, ,,

. In the flrst lntegral we perform an lntegratlon by parts and.
then substttr.lte lnto the fntegral equatron for y o . ,

We get _t
yo ( t ,s ,€)=cJt , :1 i l  * l  r " (  tp)aon1a) cr(o,s,c)  oa d +

*J -Koo( tn I  , e )  To (  a  ns  re )  da
where A t

l .

b t d , a

Koo (l $,t)= lou, 1s) aif ta) cr( t,E nOo Icr(tn6) 
A0o(6-) Ao.( v) {lrty)co(gr,€)dc

, +
. 

tJrco(t,a\fnrrro) A;l1o') -aor{r) q@J enrra) cr(o,a,e) acJ A4o(6)
Uslng thg estimates for the fund.amental matrtrx we obtatn the

u"t'i;]" 
,* ,6 ,L) | . " 

( t, e-ao(t-6) o 
"- 

V.ft-t ) )
and, from here

l yo  t t , s , f ) le  " (  e -uo t+  
-n ) l f , l  

o  6 re-do(* - " )J f r t )  .
n o J- f r ,  e-do(t - ts)  + 

" -H 
( t - t )J  lvo {6, ,u, r )  |  dE

Fe cboose 
'L-,i, 

, , and derlne t 
':r;;i,-:; 

",-, '-"i , ,, (t,e,c)f

t torr] c r i  we havo

ly" t t ,s ,e) l  4 'u '1t-o)"4 o ;u- t ' ' * ' l ,?r ,  *  €,r i . t

henee fo, " ,ff"liJ,?, ;,i:i" j.-*' 
* a) J e ro6or t

the estlnates for the conste,nts d.enoted by c
l.f {o{ 0 and belng unlforn ln I lf do)O.

We deduee

ty . t t ,s ,L) |  <"  r -*oeo( t -^r ( ' i " l  . ro l f r  )
and then

l r ,  ( t ,s,€) /  1e **"u '(n-" | t f i /  +t ,  I  i , / )
Froru these est lmates we deduce'  the ones for

mat r lx  i  l f .we denote  by  (  the  f t rs t  b loek
the  seeond b lock  eo lum we have f , r ( " rs r  6 )  =

t )  +
- b )  

e r

dependlng

f'
on fro ,rJ

-!(+-^,2,
+ e  e  l y r f
the fundamental
eolurnn and ay frL

( :)' tl1u,s,t) =-rc).
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I there E ls the ldent l ty natr lx of  the eorespondlng dlnrenslon,
henee

tyt+ ^,  . l  -Qo *oLt-61
l l o ( t r s r e ) l  1 c  e

lra .  . .  I  €,oao(* ' , t )  -*  t*  -a)  1 1
1 t n ( t r s r e ) f  €  e [ _ { . r e  +  e  

x L .  / J
These are the estrmates we wt l l  prove by induet lon 1n the ge-

neral ea$e N> l.Rennark now that for (o)0. we have from these
estfuoates the result of KLlmu5ev and Krasovskl,, but wlth more
useful lnformatlon bn the behavlor of the fundanental matrlxo
B. rn the general ease we write the system l.n the form

t N'L

Ekd#=F ol';'( t) yj * 4t^ru t t)a;tn G) d# $) , 0 c ks N-l
t  - . ,  f - t

trW=*on, (
and wlth Jf 

N-l'
t) yt o Ar.r, ( t) y/r tt)
= eol(y1)a = o, ,  ,  . , .N-L

v r'-t t't ,l ,u) = # (.n-'(, , u , €) t, +
,  , tr--t  J. <N- 

'  *:  
:- ,  - ,  ,  r , ,  .  t

"  tr)oi i ; t ,  |  ;  i t  , t ,L) ALd (ci) ai i ia) 
$'  ta,,r,e)la

r" (t,",L1,1 Q, (t,s,g; f, . i5^ cn (t ,{,0}# .ANf (s-) {r(,{,a,'ty6n
where ry^'' ;" the ;'!3 

' l i l"o""oro*r,'f, 
,n* fundanental rnatrlx

of the slstqm , J,l-t

,"'# =i' ol'' (t ) yj u:0, . . . eN-l
(  obtalned af ter  the red.uct lon wLth respeet to the fastest
v a r l a b l e s  X y ) .  I

As above we eonpute €,  AJk ( t )hu ( t rs ;e)  rep lace ln  rhe for -
nula for y N'+ and, perforn a cna:ftte or the ord,er of lntegratlon'n

We wrlte further

t  ( '+ t  4  r tN-L
t  )  . / -  €  |  ( +  (  C \  a  { o ' ' l  n  ( r  v  c \ a r r -

n* n-^ 
-n t" Lt --o fol ,  (t  rdr e) arnto') cn(o- rvrt) d'f =

= J Z  l i t n - t  r  - / 1  " )
6  k z o  . r .  k  

( t ' o - ' L )  A . n ( E )  A N ; @ f d C ^ , { c r Z , e ) d d - +
. 

t tt f t irNl . r
rn iF-. [n , ,''it, 

r, s) fa,nic) oil" t o) -Atx tul anl (aflnnnto) cn{qu,e)oc

By perfor,nlng an tntegratlon by parts , replaealng in the
formula for Jf 

ry-a and maklng obvlous reductlons , we get

v N-'t 
,,*. 

,."::) = 
a {& , s ,t) f," .f 4J^. f un k, n,€) aurrc) cn({4e )a r ln *

. J  kn- t r , t r ; r ' )  yN- r ( t r , " ,€ )dr  "
n



- We lntroduee now the lnduetion assumptlon

t at! '+I  I r ( t  rs r  o)  te f  6-en'r  {o [ t - " )er  .*r*  "  
'n"- t  

f t  t t -^ l  
1

-5-.

irhere

wlth 0 (0n- 
nLL.

By uslng tbls assumptlon we get

r t r l l-L

I  K  ( tou,e l  J t .  !  (s -en ' - r 'b ' r ' l 'L+,| - €n-r' F, tj

and we deduce

K N-'  ( t ,6,u) =#tu{ 
{nir , t ,0) 

Aro( q 'A;h(6) cN{t,  E,t)
N'L  t t

. 
A tr[ fr-it,cnr) Aercto) an" (E) a]rtr) cr (0-,8 o €) do- +

t  r L . n , + ,. t_ffrn-'it,r,0) | a*nra') afr t") -Ard rtr) oir tufiA,v^, { c) c,r (r,1 ,nl utll4ffi\
6

l r r u ' f  1 t , u r t , {  5  ^

r  
t t  5  " f u 1 "

* c fo \ f "*"*"to(b-B) .!- r.
tt-, Jn " il, ?

Denote

- ery-r f 
U-rt S

In " t  
( t , t J= l  y t - t (  t ,u , t )  |

where d,  , r (L)  ,  Onwl l1

_ex-!S, (u-^)i,r/Jrl .
k--i

"_on.r{ 
rr-a![H- L (v,o,t) l  au

# t H, 5",\7,&-ont,t+ ,'nr,r,, J
be correspondlngly ehbsen.

After some slmple trasformailons we, g-et

l;;, ;;;; { A W"i[ i f+,- {,"'tt,-"' +'n r i,t)

r a + tfl,)nlu .rf;@ru'r{."( 
r-'Y^t, l0ol *ffi,n

?-- t 
ux'L ("L

€

t i r l  +
-0,90-o)* ̂  ,' i  

q(L,Yr[*
|  : t  . .  ,  \  L  ^ - t - r

c  ( r  - € n - , ' L ( t - t s ) + ,  ^ - " n - r * f t - ( l  Y > N - 4
+ c  *  .J  f r - - " ' "  *  Z to . "n- t4  

t " t -b t  I  f "  t r , t )J t '  
n ,  _ . ,  :t tr-r -4 

4 =c , 4=Fiu-n $ rr€ ) s*ch that '  (6 ft ,1ftrt 'L ,* ' ,we take now (

for 6 > o snalr ur,o.rgl bot ftxed we have 6 
?r-na 

t n'd#ou

tln (69 )t=O and we can f ind r(t)  such tnat the lnequaLlty
r+6  Lx -+  '  '

: 'equi r .ed.  ho l -c1s.

i

t
I
f
t

l
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*'l?' :

Then by slmply. looklng at resultlng terms the lnequalit$ nay

be wr l t ten ,  , )u" * ' i t l f ; , r )  
< e "-ox-4ao( 'Yerr iu 1o

*e fu lt  r 
",nn4, 

(t ja)^ I L iYr,-"+(t-6) r v  ̂ ,a
tu-14 L 

vr' 'a\? .# ti e v"-'I 
T' J J 

(B'c) d1

Defrne- fo-'=, 9op-, -., "n*:rt-a\ 5t-'+,a) ) wlth 8,'oa,-1 we get

as 
"uoE 

r"" f n-att2tt#" 6,,linl ; whbre the estlnate for
c ls inde$endent of ' "  [ to"rT]  l f  &o7 0.

We deduce the est lmates

yN- t  ( t r s , L ) l  a  
"  

{  e
-grr/o ro-^Hn tfot.ff t

" $'f{-a),v'9H 
Qr'

g o / t ^

-r"E tr-^\! n
l"y

rorioll

, l  tn  l !y^{ ( t," ,(,)l 1 e { e-on4u-H r* 'Jrr. #i "
whteh.confdrm the lnductlon assumptlon for the block columns.

of the fundamental natrlx .

These estlmat*sq glve also the Xl,lnuSev-Krasovskf type-

result  for thq eade of several parameters ?" ln the case of a

slmple parameter.

'5 . 4eusn!e!1sgrPerqlgBq

fc

\t,€D, f  r *. l ' f ;N
\./

dLo

dd- =

r"il"h;rq -

k
-i4o[ (t io

Vie

vr(
d " , \ ,
* to)*"1,, ,n,'t{i,4 l"] ir"t:, ',,.i,Ef 

u" 
te ( t'c't) {, t"l { [^ii

to deduee the behavloup of  the solut lon of  the Cauchy problemn

I

We ehal1 use the estlmatesfor the fund.amental matrlx Ln order

{
Deftne. ]1 from the CauohY Problem

r-9. =+ of,..rl ik * tqr d
f" u",.; * yt ,Y,

d = o
: t

d

* d l  b y
where

v , ' ( t ; tj ' ( t i t o  r  X o ' - - . Y i r € )  =  Y J9,€) = i ry ( t 'e) "1.u,  
( t ,e)

lL tp ^)
We shal l  show'that ?, '  are 'bor:nded r  hence .y, '

v l "

0 = IIISX '-tst[ .
L r ,  C ,€p

d
,d

the prlnclpal part of the solutloa of the CauchY

Ite have dlreetlY

Ak{t) z; ( t 'e)

z u ( t " e )  = o
may wr l te  , fo r

t ,  c)  *  c j  ( t  r to ,u)  y l3

I ( t , t  o r ( )  Y i

ooj ( t) % 
(t ,€)

wLLL represent
probtrern.
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( ;  L - L  ;  \  ^ , , :
lo;o ( t )i {B {u J ieV cn)
i ' t  r "- 

Zfi, 
t tl)-'a|,tt) iu (+,t) o J .

dtr +

1 ( t , r ,

ort. t'

a ' \
4, ' ,

c ;  ( t r  t ,

b _ ,
t )Zla{

Q-o"  dd

in t t,c)

'r|f^j;r 0J r t;nr| vt

t , t]a o';utnt#to,o ao

* o r j ( t , e )  )
heuce fu- i  - r- , ,

I,_ll ' ') = -Zf ojo (t)l
where \- - l * ra. ,c)  

l4  o ( " - f  ( t - t '1

ln l t laL condlt lons.
!Ye dedueo

,  i  i  r t  - { , ' U : t " ) I
l *  A ' , * ( t ) i e ( t r . ) l  : " C 4 , ,  + e  t ; '  J
I 'of-" taN-l we replace ln the system for 

-%k 
the formula

obtained for f; , and. we $eg that

{ ( =  
o \ t t )  i a  (  t " ) - *  a [  t ' l  ] ;  ( t ' ' ) )  = '

- !t-! l.-

=t L* o.r, t t) Y; (t,e) -# af, tt) iJ (iF) -
N:L-Z  ArN  (  t )  A ; i  (  t )  A^ ,€  t t )  Yn {+ ,e )  +  Au"  l t )
€."

=i t ;+ 
al j '  t t l  i ,  t  t ,er fr^;ruT tt,6) + a^" ( t

fv

For k /-N-2 we may nCIw repLaae y rt-t , and '

{
y . ( t - t )  \  =- J '  '  J

ln the same way ,we get

\  L *o , ,  ! r )  {  ( t ,€ )  
#  

a i  t t l' {  *d 'u  * )n

= 
i F"ol' 

(t ) t'd'(f' E
hence

,g,,€) = *irfqtr,r,e) i,4_ltr,",

r here e wll,L depenil upon the

wn ( t ,€))

\wnt{, t)J

Th,e estlmates for f,- tosb8ber wlthy_

tO, lc,t)

the ones

dc

for (^),' sbow
d

that z, Ls bounded.
Remark that lf Co) 0 )

est lmates.
z and, W; adnj.t unlfornn exponentlal

Remask also that i" fu the solution of tho reduced. problem

and tbat the other components satlsfy
r ' i

* ad;^ (t \ fl, (tI-) =' ai. t t ) Ldr ( t, c)
f r  d €  '  t ' 8 -  ' ,  J 6  4

and the estlnates for L^9, show that their prlnclpal parts



satlsfy the algebrale equations aseoelated wlth the problem,
for t ) to. Remark 

;1rr" 
t: -i_ 

, 
t1g bound.-,ry- la,yer tern

cJ ( t ,  t ,  , ;)  L t i  .  
#toj C t )J-t  aiu ( r)  rd

-8 -

Al.most perlodte solutlons

the case {>O and the systen

and

u k

bqunded on the whole axls solut lou of the systeqt

4 '

ConsLder 'now
^{

tk
whe

d,Au
&

re € v ,
J _  a

- l - - r ' - L +  t  - '  u d '  -  K  \  v ' l -

o 
o-"*"""uotrnd.eb. on the whole axls ( uere I=R )

= Z A r . ; ( t ) y i  + f  ; . t t ) .

unlfornly I' lpschita. From the stablllty assumptlon and taklng
lnto account the estinnates for the fund.amental matrlx we see
that the soLutloli*t:"u-u On

y ( t ,  e)  =  
L} r  

t * fo( t ;u ,e)  ro  (s)  ds
ls bounded on.th-ei whole axLs ( and tt Ls the unlque one wlth
thls property ) and rnoreover tt ls unlformLy bound.ed wlth res-
peet  to  t  .

r f  the eoef f le lents  are aLmost  per lodte , th ls  soLut lon ls
aLrnost perlodle .  We study eloser thts soLutlon. Deflne y,.  to

{ . ' l k =  0 r 1 r . ' . l N

where e
f, rrln ro((

Deflne zp by the relations
FJ

-  Y !  = Y p  +  \ % y where XU are the components

be the unlq.

€ , *  =

where

0k

I
+ fck

o|i rt) i  +
ue
!+
J to

f 
J't '4(t) 

= ,j 
( rt) -o,i (t) f dfo r . ( (  t ) , J  ( t ) = f dr , f  (  t  )=f  r ,  ( t )

of tbe. unique bounded on the whole axls solutlon of the glven
system. .  We get for zy the systen

0k{ " -  = . io r , ( t )  z ; . * t I f  oo ,  t r )  I , t t l  - * -o f ,o ! , t t )  +^  d *  j = ,  t ( d '  '  J  ,  [ - _ o  o  
' - J "  

J = o  
' d  

d
r L \+rp t t) r,l tt)]

As tn the preeedtng seetlon Be may wrlte

iu t t ,el  = -*Uf,  t r) l  
' 'o ln[ t)  

VettE) - f  otr  r t )J 'ot [ t+)+
*  0n ( t ,  e )

tt[ ii fc;r) dr

a
j d r) o[rn) [( ofrro)fu rfrr) - (^i- rr))arjcr;

1-r "
( t ,  e ) =  J
+ 

. -o{t

t "

J c* [ t ,ae )

/t
1  .u ( t ,6 ,€
"dg

k'+ . s-r e
c. r t ,c, .)A fo h ( tlJ-'a i- tol i. L F_ 

afi.d iu\r,a+{r$d;t
,  k.+

^irr,)E t ( oiu tn))-na[ro) -(AfL ttti"aft

+ L
,.ft
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hence lu.., t(t  ,q-)) I , \  ,  .  
.

By the sane procedure as tn the precedlhg sectlon wo.have

-k-& -# Arj (t) , t  * i  ,*,^!.  t t)  wi(t ,€) '
The*dstrhltea'for tfre run1.i6'{r'ental matrLx and. the ones for ut'

alLow us to d.eduee that z u are bound.ed unlformly ,hence i*
glve the prlnetpal part of the bounded. on the whole axid solutlon.

I,et ua remark that ft are the bound.ed on the whoLe axlg

/ perlodle , alraost perlottle respeetlveLy ln the eorrespondLng
L -  r  

'

eases )  o f  the.  systems

6,  du,  =#,ALi  ( t )  i ,  t t ,6)+ *  *  u;  ( t )  y) .  + r1( t )" L  d *  d ; - ?  
- k J  . t ,  " J  \ - ' , '  

a . = L n  
o S

o = T aei ( t) i; (qp) 
";+ Aej ( t) yJ * re [t) , (7rk+L-,

nanety i^ 
'i: 

.tl 
"or..itroo 

or'il* reduced. system
o

d lo  =
ffi

N

4^ A o,.Lt )
l : ?  o

N

o  = ,  a , , ( t )
.^ j.O ' r(l

f rtt)

f 1 ( t )  r  k V t ,

defLned by tbe equatlons

YJ' +

Yd' +

let YU be the functldns
N

0  =  -  A p  t t )  i o  +  f ^ ( r )  +  a r o ( t )  f " ( . ) , k  2 , L ,
If fn these equatlons we perform the succestve ellmlnatlon of

A ^
Y N -  ,  Y u - *  ,  . . .  w e  g e t

k A ,

=  o j , t t ) f u n  r f l t )  +  A r o { . t ) % r t ) = o
e--/L P' -

and lt folLows that we may wrlte

, f u
et+

aad from here we get

i u r r , o  - f t t l l 4  * t .
\Ye see ln thls way that

. N ' z l . / \ .
and y; ,yt , r. c.., y$ represent the ftrst approxlmatlon

for the unlque bounded

sys tem.

 -  y s ( t ) J

on the whole axls sol"utton of the afflne

) * 
Atdt) [ Yn(t,e ) I t

x g ( t , 4  *  1 e  t t ) l g *  t l  ,  l r o  ( t , t )  -  [ C t ) l a o \

Thle result ls the extenslon'and ln some sense 
" 

t*ddf*ement
f t

the essential  part of. the theorems of.  I ,evlo"oo-f,8tthrfg fof the essentigl .  part of . the theorems
and Hale '  ueifei*. rsl
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lnl t lal ,  iondlt lonsIspg1srygtr

€ - +  o .

We constder now the Caubhy problen
' t N

t : % ^ = f r A & ' ( t )  t ;  t  { * - ( t o , e ) = t o y f
and look-'for" the behavtor of the solutfonJ for

We shall proceed, by tnduetion .

A, Wrlte the. system ln the form

I
(
I

( t )  y t
the fundarnental natrlx

n*-'(t,,t,e) \
l r t  t , , t , e )  

)
ental natr lx of the system
= !_ ;. deftne q,: from the

) f  " ( t ,s ,L)  *  Ay" f t ) ry i

natrlx the expanston

/ ft rt-|( t,,,, r) o 
\=  |  *  l +

t fr;, ( t, a,e) cN [t,,,,q )

( t )

t t )
DEnote

.yn-L

The system ls

t N-t

s r d & = Z A ,
F "ki

) . .  N- l
€n?H=F oni
N - L  . .

r  ( t ,e )  =  eo l  (

=. fono

!-
€,c

( taiyt
uT'(q = G, orj

=  c o l ( y ;

wrltten

,  a  1 k < N - L

!#" = eL'-'(r,€) yn-t * ,A.l'ttr,t) yN

obtained
Cauchy'



- i l -

A A

^  ( rn ' ' ( t1 , t )  f i i ' t fo , , ) \  L  [Y '^ ( ] ,n . t )  
i l " ' [ to 's ) \

I- * - L n l  
"  A  l * € r t  |  , x r , ,  

v  I

\ i f iL+,^ , r )  f r ,1 t ,4 '1  )  \ . l ru-1 r t 'n 'e)  fnU'n ' t ) , /

I n w h a t f o l l o w s w e w l l l . o b t a l n t h e p r l n e t p a l p a r t l n I n ^ l )

we sFa11 estlmate ? 
,and 

l* and. obtatn the xrrtnefi 'aL parts

. tn r 
il-.;; 

-R 

"ru6p6-*ce 
sha1l need to study the behavlor of

- t h e s o } u t l o n s ' w . t t h l m p u l s l v e l n . l t l a l c o n d l t l o l l $ o
o " " " , " y N - L ' o ( , i ; - " o r [ | . y , | , a 4 o . i * : ' ) .
[he solutlon of tbe caucf,y probLem w111 be

/ rn - r t r , to , t1  
(nn- r ( t , to ,€ ) \  (  Y ' -n ' ' te )  l|  "  - '  

\ l  I
t * , n r , - r . \  l l  I
\ r N-,r (t,t.,r) fr ( L,t'",t) 

I \ lrZ'r /

and we see that 
rl

, r - ,1 t , t r ra )  =  i n - t ( ,  , r )o t€ .JF f l - l ' o6e )  * tn  i t ^ i t t ' t "L )  ' n - ' ' ' (  t )  +

L x-t t fi ru - .\ --*t,0..,, 
v

+  ln  ( t , t r , 0 )  yno  *  €n  |  ( t , t o , ' ) ' *u ' t t ) * r "  ( ( t ' t " ' r )  yno

vn  I t , t o ,L )  =  f , *o , to 'L )  v r -L '?P .  t r c ry  ( t ' t oo t )  v t ' o

A r r N - t t t 4

*  [n i l r ( t , t r , t )  r * t 'o r t ;  "  ( t t , to ,€ )Y i  *

\/ '/- 
1

., * fit,to r t1 r 
P"oto) + try ( rt t% sL) Y,f '

In the sartre way as.we dld 5't before we obtaln

6) = - +nl* tl e/ntt) f 
n-t(*,s,e)+

n rif-r\t,s,t)
iiut', ",
+  c n t t r s r 0 )

d ^ l

a : w - r $ r s r L )  =

-A;rNtt) oA [Jt)
. b

*  \  cH t t ' s ' t )

(  ^ N

e) annto-) L afrtol dln-n to-)
+

o;'n tt ) cJ ^it t
r+

t " l ^  c n  t t p 6 r

] F'+1o,o,u) 4f

a nL, tt ) ,,4;-lo oX 
t-t(qe) I" "-'Lo'\e)a-

*nlt. dnt,qr." the. matrlx of the 
"yut# 

obtatned after the f lret

reductton" Taklng lnto aceount th-*n,maln esttmates for the

aolurn'' of ' the fundame*'*i-*";;;. --_ 
F "-tr as obtalned tn 

':



t

a / t'  ' L 4 -

sectlon 2 we see that

WC

. l
a
Vr

dryi's, t)
q $ (,1"''e)

,0J

i"l,r, s,z)

. t. A[h,'t f fn

1r

|  f i-1 (t, t ,  ,e) y N-t 'o (t) I a
, r_,t"

A
/,

deflne l '  f rom the sYotem

fi '-'rr,s,L) = i*'o,e) frn-t (, rs r 6) +

(t g^, ;{" (t - U)"-:-a e
€u-t.

^ N frrt-t

f [ t ,u,r)  * A; 'n 1t l  &' l* t t l  [ '  i t ,9
./l

= d,f i  t t  )  f  
' - ' ! t ,u,€) + nnn l t)f" $ tit,s,e)

wlth ?'ero tnltlal a6!rd$eths'0g vatues''

,TPil: ) = &ot[t,€) - .lJtt,et ];"" tt) c,4nlot']
we get by dlrect  cheklng, that  f  are def lned.by the systen

t  9 r r +  .  n t t . d , -  , .  X N 4 L , , -  a \  A " l -  . t [ 1  
H r +

f u | . ( t , s , e ) = , f t n 1 1 t , € ) r n ' ( ' ; s , € ) - d J t ' , , ) * . ; ( t , s , E ) +
4

. ' t_#:"0, .1  o*"  t  ) tA# ) f r * ta ,s ,€)  + An*L\1- : ( t ,8 ,e) l
I  l rn 

' \ l  v '
(, fr*Lnlr,s, t) = ,4,1-*fil f"d-ft rs, €) + Arn, tt) U 

(t 's ' 8)

4-[61", .1 
- . ln ' ( r ,u)*n* t l ] : . ,  .AXtt ,e) Fn, , t , ; , t ,  *  

-
' *  

*  ,AJ t  1 t , t )4 " t "  t . l  [o4 ,1 ,  t  . ) [ , " ' ( t ,a , t )  +  A*n  t t )  ( [ t ' s ' t )J
4x.  ' r

,^,t t,r,s, r) * rQi-rtttqi,l,s,€) + Ar,, ( t) 4;g,s,e)

wlth %era ln l t la l  valuee .

= #no(r,r, ri,"-tr,s,€) . { r4,1*(t,t) cry ( t,s,l)

c n (

We see th-atwe see rnar  . r t - .  
N- r

fl "-'( t rs, ., =t"lnr,f:,rr!#::;,1 
tl i;i:J+ C^, ( c, s , e) A;" ( $-) clFx-.r (

henee n

I  f t l - t ( t , t o r c )

)

(

L

o

,

I

;

l-l

)

N

q

v ' t l eL c- - 1 * - t
-co( g - $'")
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to obtaln thqE estlfrate we have used, agaln ttre maln estlmates
for the coLumns bf the fund.amental matrlx f *-t .
. In the usual way we have further

that

end

wlth 1t

- o rLtrl /.^i,ttt) Pii 4 r) ̂ ar +

Bv'T,,T,i;;:, 
;T;ry:, iT J'H*:i'...&!13":"" 

we d educe
'  N-| '

bl-nce

( f i "n,t , , r ,er\  -L f  l rn- '1+,0,u) \ , ,
| ,1,; 1t,4t) J- 

t' { \ r; u,',,t))*;' ' 
Q fi ',! '(r'n't) da

we get for frf l+,to,t) Un't,o(r) ,"1,u ,u+n^ (1,to,r)g't-t 'o(r)
est lmates of  the fo"r  "  

f t . ,  
;  

* lo f  t  -1,  ) .

Se have 'further

fl' l[t,n,c) = - f'-n(t,,,r) o/.n''[,:, r) A^-i(a) n nA,i''b,e) A"f ( a)ao(t,a ,e )  +

- AJ,'1r,,r, e)
S;u{ },n,") . t^t: F(h,n,r\ f,A|"ta,tl[}{d-nAI u,,,r)A,loilnnln)c, (r,,t,t) otd -

- -rfi u&:-1ft) [- fr '-'(+,o,dA!,'ta,)A;:ro) roAl"t qt1A-]]nl(/da,r[

-<. (  t  *o)
r#^i't&,0,4) .

l,C"tt,a,.) I L- 
*.r 

ewill,

5.in"e



tr

{t-dp: t o,L) d}gt,ty;1 r
1 , , e ) J i . 0 ( l
( t,{q tl I g Nz'o, 

t,) - ,fr:-iq,€ )A;1, (] , )yi) t

ft),A i, ̂&) & tr'\|,,e) A;1" ft,1 co?,to d gfl+

yn - t  ( t  r t

'  ' t

ln [t, to, t

we get agaln an

. 
By su,nmlngup

f;

-14-

est*mate of  the fot t

a l l  est lmates we see

) = o

a -er [+-a)
? e  ..tt-l

that

nu 
IL,r,,L)

){ l;,',1:;l )"" 
iln'(que)d.

(1,n,  t )

,,?) =i{'4todt{' ' 'o
rAl '1t,,u)Aif t+,2 cn t+,

1 = - A^,i (t),1; (+)f *'
* tncn[t,tq ,)g!,- h,t'

B. Denote ylo = yf ,

+Cn$,+o,e)  A" t+-rd Aif, ( t )cl i,, t+ ) 5["?€) + o{1)
;(t)e'(f ,t",.i' r #;";iir!,i0, t, ;t 1;#) cnrt,r",el ni"rtliNN({) CNt{'t.,e) At'n (t)A A

,:' - aren tt") | or',

N
, / .

J=o

To perform an lnduetLon &ssuxoe

,j F,r", r, =* [ J,n,t,,r)f, ,l,o4ad r$$,( ,,t4 ceF,to 0 ri".or1l
rn" ?fd,it io" witl eonslst in developlns &[ ; slnce

t l  [ t , t r ,a)d Vf"f ,  now ln the same assumptions as we worked
th tn A .  we may wrl te

[ f  *  , t , , t ) !ov?o =*Y, , :  ( t , t ,  ,c ) [n  n : f

o. i, 
"y{i'L^i, 

e")Jt p( 
"t" 

'c) d'o n o r1)1

,t''o =
n v . -  I
t . / t  I t  I

I

al{ V.,1-
\7" vul'

a,,, tt) l, ,i.,q)

rf l i
. 0

+
II

the above fornnulae may be wrttten$ as

Y j (
N..L

r,  to, € ) =# f ; [  
^(t,  to ,6) trv{o,o * tU

o e j  4-N-1

ot*(t,) Anl"s)entt ,to &)vi' otq)

. N

z2\

d*o

P
Zr

k = a
wl

?z
l<--o

A*r. tt) %, 
( t, to ,r) = An,n [t] cn ( t, to ,r) A;l tt)
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?

d to
4 ai,r'tfi$'

P
a'/ ,

krC

l p  g . o
t , - r , ,  .  - \  I  r t '

| r , \ L r u o t Y J  i  J r ,  =
,JE 'L K

alr( t1 "ffiwry r/t''*cp( t r t " ; t )b f ,
L

+ 0 (r ; ) ,  
,

we deduce

,d ( , ,to ,u\ =#{i'' ft,t0 ,t) !,
N

,ti.''n*) o,l t tot/n/, (t"
k .(.ro dL v

I

$ 1t,to,L) =*a], tt l  L*ft ir,t, ,c) tr rf,,"*

.)Lott(r,!'rn tr,to ,€ l r!i. o rll] =$ttl (r(t,t',el[flrirt)J"'

n, *, X'7t x 0 q) r * 
Ai i u, i 61 i, :q tn ; (t,))'a, ft, t,:) 5 f ''

,i ; ,l''* 6,^frr') fot tr" l'i,'o

5* af, rt)
J'o 

'; 
o

+ /2 o'rolt
]  L g + t o '

2n{,
l 'o  

td

Silnce

4o{ il .  afrtt l Y; (t ,to,L) = af, tt)C? (t ,tr ri l l-$!, tttJu* of,(t){Y,ez- A;. l r  )  i  Y,- +
J=o / l  ; l  dd=6  

to  0

l _ s N* Z A {  ( t ) A e
ilt" rd t,#.olJt.) [Af. (r"!"u (t,t o,€) ,to-=iGi-Je '-'

, ir, t o,ofa[, rq]-| ,rt t 
f i ,olu{t") 

L$rtt, i l* rt,o n o (1) ;aprtt) c

we d.eduee

7,

d'c

of;

yo  ( t  
l t o r€ )  

=  c j ,  ( t r t " )  yo9o*
a

z^
€,4

,{oh, ) lulo{tf tl tu{r i l 'cu &,to,€) vf i  otr,)Ao-

V \n(t,to ,t l $%oq1
for  o 1J Lp-L
and the lnduetlon assumptlon ls confdrmed ; we have further

we may wrlte aLso

d=6

and the ether eomponents of the solut lon ean be wrl t ten step

af, tt) t6 tt,tone) * aftt l  vn (t,to,e)= af.tt) co (t ,to,4f4.ttrf i i ; tr lo;*

. { afott) y,o I r#at, tt) t,A{t.ito lr&"Y t (t,to ,u)Xeg'

o;r, ) B, (t,to,€) L o'u 
"il'fr^iOrt fr t, &,)t4, (t )J 

trruoo oty).
aud the equatlon gives. lnforrnat i .on concerntng, W&rto r€).

W6 use the same relstion for p *2 tlo get fnformatlons eonr

cern lng y ,  (  t r to  r€)  and"  so or l
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Conslder the equatlons obtalned for € *0 ,k=.L; .  ,  .  eN
*lt ten ln the tr tangular form eorrespondlng to step by step

ellnlnatlon .
I

?
4- A[, Lt) y; a o
J = o  - . t d  

- d

Deno te  by  |  ( t r t o r€ )  the
slow eoraponennts replaeed by

Then we have

,  7 = 4 , 2 r , . , . , t N

soluttsn corr.espondJ"ng to the
c . ? ( t , t o )  . { ' "  .

- l

" lo (t )[
Afirt)

vo ( t  t to,L)- i " . ( t , to) l  o aLr!*)  
I ro f  

t , . t  o,€) -  i ,  { t ,  dX*
c4 (t ,to tL\ L ̂ h tr[*(Ai ttt y: . t" 

- 
oirul yr" \ i ... -

. . . .  + 0 ( r 1 )

and we deduee y ,  ( t r to re) -VrGr to  ,e )  -+  O fo r  € . - -  O
t )  to ,  s lnee al l  the terms are 0( l )  er6 of  bound.ary-rayer
type . rn the garEe \rya:r we e&n uae all other relattons o

Remait f lnal$y that the probLern wtth lnpulslve. lnlt lal- con-
dl t lons can be generated from the problen

L-- ,':--W- 
= # ,V- 

o,J ( t) *i x; (t) = ,d!
by lett tng y,."  = 

t  
-n 

.o .  
v s

Thls type o"f p"5bl"ems eorrespond,s ln the casb of one paraneter
to the ones conslderdd ( f"  nonLlnear sett lng ) of A .  B.Vasl l . leva
ln L975 at. the eonferenee d\rv nonll-naar dse*l,Latlons in Berltn f6J

6.  Non l lnear erg!ssgg_

A. .  Consid,er a system of the form

) . .
t o #  =  g  ( t r l o r J r 1 r " . . . x n , e  )

rde shaLl star-b by ntoa{rrg the stebttlty of i gtven solutton
r/

f o r u L =  l X  -  y k  w e  g e t
e k )

We shall assume that

A h . ( t , e )  =  $ t t ,  { o ( t , r ) , . , , .  .  i l ( t , t )  , e  )
sat i -sfy al l  tbe as${rmpttons ln the lntroduet lon uni formly wl th

tL



- t  ? -

respee t  to  O l t -  4  to  .
t f le shal l  dlseuss thls questlon

Wo may wrlte

l i r  nore detal l  . l "ater"

N a  g  t
z  r t , € )  =A  [ . t t , t o , € )  , i  * h t ,  J ,  [ ( * , s , € )G r ( s , z ( s , e ) , c )os

Denote l, 
^ "{o

Ur(t ,  e)  = z ( t ,  t )  -7;  
[  ( t , to, t )  zf ,  .

' Then  
t t  4 " rd (€ )

.  w [ t , r )  = * !  \q . t - , s ,e )  co (s ,w(s , r ) .7q  ( ,Ay t , ,d  21" ,e )as*'  d" 
rr"r n, ,1 ir1 *.*  J f ln[ t ,s, t ) .Gu ls, t r l ' (s,e) ++ f{" .'k '+ond(t)  -  a 

J d s

wheve 4(€) wtl} be chosen further on .

As usual ly G [urgre) ls such that for any f  > O tb'ere

exrs ts  f f f l  sueh that  i f  lz l  t - f , ( f , )  l t  fo l l .ows {c f "  ,z , i l le  y lz l

f o r a l l  s ) 7 t o  I  O z L g t o .
Chr:se f ,-  a'*p*"Ur."* on t .he stabi l l ty propert les of the l" lnear

problem ; chose a&l sueh that for , i  ro-*J(e) l+[  t t , to,e) ts l  t {J(y);

by uslng the maln estfunates obtalned ln seett&n 2 for the

fnndamenta l  matrLx u le  see that  1 f  tu ! | ,1"  smal l  enough , then
llm 4.(&) =O. As long as t),r does not 6df6ue a compact we
e+o
l na r r  have  l s  t s ru r {A ,€ )  *  A  [ , ( s l t e ' , t - ) t j  , . e ) l  s - t t
for  s  e f t  o ,  to*  <(e) j  

'  
.  d  d

faklng lnto accoutrt the maln estlmates 'for the fundamental

matrlxx 
, (L"I!LI) o g. 1t_ D I

lw  ( t ,e) l  €M 1+,  )  2  *  e-  €r '  \  c '  d*+
r+ 

-T tk '4o 
i'-c ?

+ { [, J. . l l;(tp,)l lGn(a,u'sl^,i l, ,%'(o,{, 
e) {,e)l 'h *

k - t '  
+  o+4( t )  t  

vs  
|  .

. *to(#+,i.-:' '!r ! {' ll 'o(t,n,t)llGn(o,u,r(a,t)*F f; (a,t,t)ti ,tSlJ"€g  
-  ' i t r c )  t t {pJ4 . ru i i l  \ ' t ' - ' - / l t " t 2 \ r ' 1 -  

I  d
In the u'sual way wd dedueg,,

f*(  t ,4 J apof+T 
-T'o" 

t  2, to+ a (r) '
.Then.  fo r  t ) r to  .we ge t  a  genera l  es t tmate  o f  the  fo rm

1,.*(  t  ,e\ f  t  i (  ,  -  e-"r  o [ t -  s" ]  J,
whleb shows that l f  <(€) ls suaLl enough (t frat ls 1f €> O ls

. smalL enough ) *" can ftnd an unlform bound for I cl ( ' ) /.
In thls way wf have frnally v

q{t,e) 'V( t ,r ln * l(r,+,,t1 {yf - iu(t",€)) + &(t,t)
d , ' d  

:  k t o  4  -

ttteg {b { 7u
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r y  -  * / G - f . l
wtth {ur (  [ ,€) le pf t l  e.  L --  

for t  , r to .

and. Uq f ft1=O; lf I V} - Vrlo,Q) | tq sufftctentLy smaLL
€ 1  0

and r> O ls suff telent lY emaLL.

We polnt out tbe faet that the fornuLae shows we have mueh

l"lberty for the porturbatlons of the fast variabl- u Yf. - iot 4-,t)

k >1" .r  beeause of the estLmates val ld fot the fundanental matr lx
7 ' t

B: Conslder now the matu problem of apBroxlmat&$$ solutlons

.by ueJ,ng the reduced trntroOeqtn system
. , \

let  i  be a solut lon of the reduced systen

*9 
= qo(t ,$"t+1 , , .. Jnft1, o)

0 -- 9,,&, t,rt) ,
Denote zo tt r€) = yk

It  fol lows tbat u
q,* ft,€) =toV ftl+o,Gf)

w l t h  / r r t t , € ) 1 1 < ( € )
I  eo t  t , * , ,  |  €  t (  l l l r e )

f,, r+"1 , y:

i npl, o) ,k a.t-
( t ,e1. inCt) .

, /  l t )  r E z - d C d  i
we wrlte agaln

N 
r r r  

n -  n+

t({,t) = * ,; lt,to,0 
zf ,Z 4 Jr, Q a, o, t)/r( rt, d & +

- * lI J: f"rtl n,t) G/.( a,+h, €) , t) /4
tr'or i{o"l smgll enough

tz({,e)l , A-t iil;,,,,t) )lz;lt ! @ r

+ d ;  z  I  l *n  #&- i l  l ?  (0 , , i l 1 tu
0 /.o, , 

_+,

r ,et V"&, €) = 
* l fo t t , tot€)) lql

rr(|,c) = lx (1,41 - # Jp y, {t,i
wlth J.,l,$p*,= r,{)r! 

ir" 
rtr,/^=,Vft,n)

V r.,1t,0' ?Y F, )*,,n 
- 

i " -" 
?r(a,ilJa

(t

tife have"Qt i ,q 
1k(r1+ e-t f '  (+-r" ' ,  

*  
r+f  t



- . . , - * ( t - t " ] t r t
Assume qr" (-[, e) e.k (f1 f 2 "t' ) 

74r

n{- tu;trhen ?p*, (t,e ) t t (6 f l r (7 rn

t z i t  t t  y )P

e
- t  , ( t - to) ) o  :

then x 
; .  {

and the estlnates ls
/\

I the'sane C has to
eonfdrmed
be used to

a\

wl th  e  ,=  C

conetruct Jp )r
we have A

f  h  V" f t , ( )  Lk (  \n' F G t  '
we &educe rr

t t ( t , e )  e i ( t ) + t f k
.and from here ut- ({ e) e

A

I  e [+,e1 I  t  i r ( t )  t t ' (7  r

.-*,(t *) 
l * /g l

- 
{ 

tt-at 
ur ( a,e) o{a

. henee flnallY
,

f t r \ N

tt -'to , 
\ Z^ l"; I' f=^

+, lJ:
p ( t t

2* t / ,

whLeh sbows that for convenlent lnltlal- eondltlons the solu-

tlon ls unlforml.*y wlth resp.eet to t elosq to tlre one of the

reilueed systen .

fbls ls essentlal ly the type of result  obtalned by F '  Hoppensteadl

C\J under more smoothnees.

The unlfornl"ty of the aproxtmatlon shows that Lf i above

has goog lnl t lal  eondlt lons the stabulty property ln the f trst

part of thls seetlon ts obtatrned by ehecKinS t lre assumpttons
- 

fn tne lntroduction for the matr lces

za  .  r  1 r t  A  A  , .  t  ^  \ '
l i r .  1 t 1 . =  

t J L  ( t r t ' " 1 t ) r . . ,  ' v " t t l  r a )  .  '
t d '  D q .  

\  -

fd
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