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SINGULAR PERTURBATIONS WITH SEVERAL =

PARAMETERS

by V. Dréigan and A, Halanay

1. Introduction

B I

We shall start by considering a singularly perturbed system

4
: gzxmww , koo N
where 0 =1, and £, , k)l are functions of a parameter &£
such that £,>0 and lim €k¢4 =0. We shall adoPt the following
‘main assumpt&ons. . ! - =

a) AJ L:R-é;f(R 43 Rﬂh} ‘are uniformly Lipschitz there

exists A>0 such that | A.C tY-A, (s)] € Nt- sl for all ti seI.
Moreover AJ are uniformf& bounded there exists FJ>O such

that  |A,(t)lep for all  tel.

-In what follows the interesting cases will be I=(to,00) and I=R.

b) Ve assume ) 1nvertible for all t€I; denote

o NENTE e o
A,(a = A,g and define A = A Any LA " AR sk, 3=0,...,3-1,
We assume inductively that AQQ (t\ are invertible, with
uniformly bounded and uniformly Lipschitz inverse , and define

: a -4 40
AQ = A -Ake (Aee) Ay X0, oo, Eal

_c) We assume finally that A,, for 1<€~¢ N are uniformly

Hurwitz on I: there exists o > 0 such that Re d‘(Ae@ (t)) —20{6
for all te¢I; here Re 0(A) means the real parts of the elgenva-

lues of A,

Under such assumption we shall obtain estimates for the

fundamental matrix of the system.

These estimates will allow us to obtain a direct proof for
the extension to this case of the KlimuSev-Krasovski (1]

 stability theorem, some assymptotic expansions for the solution*

of the Bauchy problem , including the case of impulsive “initial

conditions, the extension to this case of the results of rfaJﬁto @Mﬁ

Levinson and T%@£§¢Mw§§§§{t concerning neriodie, bounded and
almost periodiec solutions.
Coresponding results will be derived for nonlinear situations:



The results_reported.are refinements of the ones obtained

by F.Hoppensteadt with Lyapunov functions jwe point éut that.
the method of Hoppensteadt requires more smoothness and gives
less informations on the fundamental matrix . The problemsof
almost périodic solutions and ihpulsive initiasl conditions
were not considered by F. Hoppensteadt,

2, Main estimates

R R P

Let Ca(t,s,g, be the fundamental matrix associated to
LAéi 5 Since Aée is uniformly Hurwitz ,uniformly bounded

¢
Yand uniformlg Lipschitz_we have

% (t-p
'C (t, Spﬁ)l zg ) ’£7/4-
uniformly for s ¢t , sel , teI o

We shall write also

e, (t S, e)lcce‘_%“%\

since the most interesting results will be obtained for «,>0,
that is assuming that the reduced model also exhibitg asymp-
totic stability . ' :

We shall start with the case N=1 since we intend to obtain
Our  estimates by induction,

A.  Consider the sistem

¥ = iy e A Aty

v ey Ay (B)y,+ Ay t)y, |
In this case A:o = A oA ATAA- )
v, = Ay e &(t)A“‘(t)[ o Ity A, 8y,
hence, by the variation of constants formula
¥, (8,8, =C (&, s)yo fc te’)&Ai(cr) (6‘);/',6’}(0”8 €)dg
On the other hand ,again bv the variation of constants for-
mula '

; we may write

y4(t S,¢)= C4(t s,g)yL + f Ci(t 7€) Aio(c) Yo( T8 ,a) da
~and ,by computing ¢ A, (G)ﬂ%A(UmAQ) and replacing into the
formula for y, , we get 7

y(tsE}.Cxtﬂyoffc(thMGﬂC(FAerxi

+J§6 (t <T) Ol(b‘) AM(G‘C)r A40(0~) yo(o',s,a)d0’+

Stk {%L (t’O-)Ao;}(U’r f,, 04(0':5{6) A{Q(Z)ga"l ‘6//)/{) d@]d(



=3

In the last integral we change the order of integration and

then we calculate
+

él Sgdo (t’O—)AoL (c) 04(095 ’£>dq_=‘ ‘

gé. SJC co(t,ﬂAo‘(ﬁ) A;;(z)'Au(cr) 04((,‘6,@ ditas ¢
+ 4 ﬁc (5,9)[ 8 5,(0) A} (T) -A,,(5) Afh)) Ay (6) C4(T+2, £)ac

In the first integral we perform an integration by parts and
then substitute into the integral equation fox. ¥y, o
We get t
Y, (tys,8)=C,(t, s)y +JC (t G)Aoi(o‘)c (c, s,c) dO’y +
: :(:Kao(t'z 0€) V(5,8 ,a)d';

where :

Ko, (t5%, a) {AM(g) Au(z;) Cy(ty8 £)+/c (t,a‘) A, G) AoL(E)AM 5)C, c«zi)de-
£

*’(H c (t,w\[Amm) A“(G‘) -A, (z A, (e)j A Lcr (6,8 i)dcr} A, [5')

Using the estimates for the fundamental matzix we obtain the
estimate :

= = S 0 i
\KOO(t’z’a)lé c (eie do(t%) B Ei. ('6 g)>

and from here
\¥, (t,s ew c( e “‘°“"’”ii,\ +ge
+ cJ[:E e —%f(f'z’)J’yo(E-y‘S,Ql db

z : O (¢-,
We choose 049 ¢'1 and define f°=tf.séuAp‘h_? ol /0{ yo(t,s,é)]

('lf/b)/\‘>+

[‘to,TJ C I ; we have

: ; . o = (4 eo)do(‘lf/)) .
Iyokt,s,ﬁ)]-ed O 0).éc (]yol e Iy;/) +
+cj (f e‘&(’(bz) +e ‘L()C 5\) ed"?"uc Udzfo

hence S’<c(|y)+£(yt\)+gc§>
the estimates for the comstants denoted by c depending on Lto ,TJ
if «, ¢ 0 and being uniform in I if 70,

We deduce
qoe (£-a)

70 (4,50 <0 (7] +<,/51)
.and then Bl . -."!4({,'«,,)
: ta) A A
{yd 6= E)[ e ew"e"( {\3;0/ +¢,| y,/) +C e‘& /yi)

From these estimates we deduce the ones for the fundamental
matrix ;, 1if we denote by r; the first block column and by F

the second block column we have F (895, €) = (5), P(s s,&)- (0)



where E 1s the identity matrix of the cor93ponding dimenoion
hence ' e
U&t,s,a)} 4 C @

} (ts&)) ,c[ge :
These are the estimates we will prove by induction in the ge-
neral case N> l.Remark now that for «,70 we have from these

{£.

Byl -A) - e~:g-t(%—o>)j .

 estimates the result of KlimuZev and Krasovski, but with more

useful information on the behavior of the fundamental matrix,
B. In the general case we write the system in the form

N-4
eagui AM( By +E,,Ak,,( 't)A,\,N (%) 0(9»«() y 0¢keN-1

4
dynw %ANd (t\ gty ()
and with yN+ = colky,)k Ot

4 A
3 s,e) ; l" (ty5,6)y, +
g M e ) dy /
+ ¢ g A (o N (T pe)dT
JA[(«O k ( ,) _)é” N(, )N._a/:a_ ( ) )
y (t,s %,)_ Cy (t s,g)y +5LHS CN(t,a‘,e)% A”é(ﬂ yd'(Ojo,i)do’ :
A !
where r7 is the k-ﬁ block column of the fundamental matrix
of the‘system : M- o ; :
Z A / (t) y k:O"OGQ',an 3

( obtained after the reduction with respect to the faStP?t
variables y,) . ' ;
As above we compute G ANN (t),ﬁﬂ (tys;¢) replace in the for-
mula for y % and perform a change of the order of integ ration.
We write further '

o 5 k: )" tt e «)CN(cr,z;,e)dO”-:v.

n o _N- Nz’
=Jz_2k:) ;Txrl (% O_’QAkN(ﬁANN (5)0' Cylo46,)A0 +
+ b L
{H o V (t, Q’Q)[A (G)ANN(CY -4, (%) A @]AM C,(65€)dT
%

By performing an integration by parts s replacaing in the
formula for y‘”"A and making obvious reductions , we get

(t s a)l Z P U: S,ka +L LIFN@,()‘E AkN( ) ,,l<r,n.€)af§ﬂ +

+S s @ l?)yNi (% sﬁ)dc
A



where

K,N"L(t GyE)= H f” (t, t,Q)Aw(E) ANN(G) G lbsi5e) s

AN

+gé£ L(t,f,e) A (9 Ay (8] Apy() cﬂ(v,z*,a do +

E 3
We introduce now the induction assumption :

N4 1
i, 5w, O (mj
ke €

: with (o) SEC e
By using this assumption we get

: . Sy
IK ’z 6\) )Lc-—- QN&’%({B)Z_N' _QN_4§’C )

i
Ex. L ‘ &

and we deduce

e “(ts€” L e (t 3~'

+ ¢ & 3 [e\g""“dou z))+§_N'_% eheﬂ g ?OJ‘ i )( a%p
EN; b J . )
Denote _ Y(e) e ({—A)N :
Tl 7 el 20 ()% 2 )

where fe/ ) Qﬂwill' be correupondingly chosen.,

After some simple trasformations we, get

}Nl(%ﬂ-r)/z-— (NDJQ}L& —@NQ-(*: Q)Z«fklyk)—}

JH
Oy dglta) - = O A.__L *kon)
el %o_a(lghlf QJZ: %.e 2 E’;f‘*
o 4 S E R ’i —QNEQU'A) :
g o o 2,_ =5 )
= Qe%f (fn-) JQ’ALQ - P 5" ‘ by il 3&3
L :
= - ~6
3 &N’L 4 -h"l {)

S 2 A fYE)%Z
we take now Jj =c , Jp=Cdey o Y(€) such that'’ (e 2 ) & Sy

& 9
for ¢ > O small enough but fixed we have ¢ i“ <1 hence
i, (o )-o and we can find *’(z) " such that the inequality -

oo &
requlrcd ool Glet

—_—

; - -
+E‘,;Jﬁk (6,70 | A le) A%10) -A10) Agy (6)] Ay (7)€, (5% 4¢) dd}o?gés
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Then by simply_looking at resulting terms the inequality may
be wriggan _ -9H4“(t VA
‘}(t,a)4ce z,e|yk[+

L (t8) M .
Op- - o it
+c£~f[e s o eg“f \]}’(ze)dz
~ Gyeya i ,
Define f“ =3 sup _ e e (& A\j( L8 with Oy £, we get |
ENEEL A L \
as abomve PV é_c% &, I(\)/k] o where the estimate for

¢ is independent of Bt e i £ auiol 0
We deduce the estimates

e v L e"-’(“)” ~
b el i d o ﬁf \31+2» o = ék\ykl}
d :
; : O o (tn <0y 2
oy (el of o2 \yk\+2——i oy L ¢ 1500
; : ; kzo k‘J
which-conférm the induction assumption for the block columns
of the fundamental matrix . '
These estimat&sa give also the KlimuSev-Krasovski type-

result for the case of several parameters as in the case of a
simple parameter. : '

3.. Asymptotic expansions

We shall use the estimateskor the fundamental matrix in ordexr
to deduce the behaviour of the solution of the Cauchy problem.

Define yA from the Caughy problem
({ko‘gt -*Z_ A Lt) y yk- &toﬁ): yf
4 :
and ‘5 by yq, (%3 to iy - Yo €) = %‘ (tse) “'lea' (tgi)
where N = max ixi . ‘ ' ;
We shall show that %; are’ bounded s hence %} will represent

the principal part of the solution of the Cauchy problem.
We have directly

& dz,;cec) ZA({)Z C, e)+,}(2_ A, (t} (te) Z_A (t) y(téf)

zk ( éo’ﬁ) =0 Car
We may write ,for d %, :
3 (’t,e) = C (t,t, ,e)y +é} L\o cia(t T 8)2- A (<f) yecd”f) ag =

= Cé(t,to,i') yf + c e, G"QA (@){[A w)]A

J

i
¢
o 1= YL

0




-

- -

[A“ (t)] A?(t) ¥, M) as + G ¢, t, z)? [zx.--(t)]Ad"Te(t) yeo
1 I - S

i[A .t)] AJQ (4) yc(Jci) +SJOV & o O(,,[Add (t3 A C{}gwf(c,g) de

hence 0
=)
oyl -z[AJ at? Ajg(t\ ye(f,e) S
where
initial conditions.
We deduce :

G ey 4 o
(e ?j o %‘%L), here ¢ will depend upon the

Sl N
l%—t aﬂt\ mml aclfi + e ?3}'”'{")]

For k <N-1 _we replace in - system for 2z, the formula
obtained for yN , and we see that

0
i(; Akc)(t (t,e)- QA A,( (t] y t,€)>

i o7 : “OL
=AT) L At )';,':;(t,i) -2 A .at) e
)=o : ; -
-%ﬁ A BT SR ’6) Ye(%@*‘% “‘“’"(”)]

Ay =
=%[Z A,C;.L(t) 78,8 - 2 Ak@y (thE) v A, ey, (SO0

For k ¢N-2 we may now replace Yy, , and:
in the same way ,we get

[ZAA(H S -2_A me (u)}

N
= {)Z:A (8w, &q
Sl
hence .# N, = S
Bitye) == ¢ xr{(‘t SR Z/Ak () uD (6{) dg-
- k=o Y)Ahd

‘ The estimates for fl togh@her with the ones for‘cqy“ show
that 2z 41is bounded. : :
Remark that 1f «,>0 , z and W admit wniform exponential
estimates. ; : :
Remagk also that yo is the solution of the reduced problem
and that the ather components satisfy -

z A%, (6) 7, 68) - A»-Lt) 0y (%,0)"

0

and the estimates for u% show that their principal parts-



B

satisfy the algebraic equations associated with the problem,
for tYt,. Remark also in  wy - the boundwry—laVer term

cd-(t,tc,é) [y- +2[A ey AJe(ﬂ ye

Consider now the case o >0 and the system

: N

: f,;‘%k 2_Ak (t) 5, + £(8).

- where fka are bounded on the whole axis ( here I=R ) and
uniformly Lipschitz. From the stability assumption and taking
into account the estimates for the fundamental matrix we see

that the solution defined by

(t,€) "flg T s e te )
is buunded on th¥ “Whole axis ( and 4t is the unique one with
this pr0perty) and moreover it is uniformly ‘bounded with res-
peetto; £ =2 S ‘ ey
If the coefficients are almost periodic ,this solution is
almost periodic . We study closer this solution. Detine y} v
be the unique baunded on the whole axis solution of the systevm

k _
di == :
Ek .———k =A‘Z—_0Ak6 Lt\ yc) + fk kt) k= O,l,ooo,N

A 9 2 4 N,

(t) = £, W) -ap @) Lag (0] 2008 2] (t)=ty ()
Define 2z, by the relations L

Y= o0z where y, are the components

of thee unique bounded on the whole axis solution of the given
system . We get fox 2, the system

==

€\ a% 2_A (t‘) Z ,\Lz/ Ay (t) y(t) Z_A,%]H) Jm +
w2, 0t) - 5 )

As in the preceding section we may. write :
k = _
v\ s) = -»2 [l (£)3 7 ) T (58) LA, W] )+

+ qu(t e)
where G

oy s e) ﬁ & ot 6)2- [Akk (tﬂ A (t) LZ, AJ @)y

ol

(a,é)*fé(oj}dr

Q

+€ f ¢, (t,7e) Akk(cf}z_ L AH:W\D A\9) -(af, o Ak';(%)];g(d,s)d@

t

. +fi { G, (5,6,¢) Akk(cr)l:( Akk(ﬁ)\f fL() (Akk (t)) f (t j ag

e -
40



: _,9,.

hence Jbuk(t 6)) Q
By the same procedure as in‘the precedihg section we have

de
£ a5k = Z/Ak (8) 2y + hz,AJkt)W(t €) -

The estimates for the fundamental matrix and the ones for ag

. allow us to deduce that z, are bounded uniformly ,hence yk

give the principal part of the bounded on the whole axid solution,

Let us remark that J, are the bounded on the whole axis
(periodic s almost periodic reSpectively in the corresponding
cases ) of t%fisystems

£ Bik —Z Ak (t) ¥ yj (¢, €)+2_ & (t) i fk(t)
H

0 _;AQ Gy vy (&%) +; g (t) 3j+ fe G, ok

namely y is the solution of the reduced system

d .
bf s=ts AL by 0t
© = e g t e
Let yébe the functidns defined by the equations
; N

Ui Ay my s e T (t) k>l .

LD fn these equations we perform the succesive elimination of
Q
Yersis iy Yﬂd Bl eieie we get

o .
; K .
;%Z Ath)y + fLLﬂ e (t) Vo (8) =
and it follows that we may write
e k o~ A &
) > Aoy Ge) —yte °gf |
ep . ' | N

and from here we get o
~ A

| e -yl 2.

We see in this way that '
| gpttie) = 5, Mleeq , |y(t,¢) - :v;Ct)‘ ceh

and §: ,§¢ s siereiy ?& represent the first approximation
for the unique bounded on the whole axis solution of the affine
system, . ‘ :

This result is the extension and in some sense a rez@&nement

of the essential part of the theorems of Levinson-1é¢ 5)[?1_]
; belfert C =
and Hale - 3
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5. Impulsive initial conditions

- B e - O Ue e OB W e W on 6N G WP X e WD SN M S Cm e e

We consider now the Cauchy problem

=
0/94 ._2- A/(J(t) y Y (toae) '*é;c y;f
and looggfor the behavior of the solutions for € — 0.
We shall proceed by induction . :

A, Write the system in the form
d O
& 9@—2_ A '(t), yd- + é\kN\t) W
. i
He 2 : :
e g f‘o e Ay
DEnote

N-1 - :
Ay (£,6) = col B A e e;«r~1)

N : . '

ngft) = (ANO (t),..... ; APﬁNq;(t))

MN&) = (Eﬂ Aka Qt) ’ k’J = 0, ...,_an)‘
N-4

i —cel Gy -, O clkaN-1

Tnhe system is written

dyht e
_%E @Q i(t e) y" +% ,¢) Yy

DEnote Orreqﬁopﬂln€7Y 7 the fundamental matrix
e
[1 (f,A,C) _ 2 (,A,€) :
3 N A 3
: /“;/—L (’61/&, E) ] //; ( -6//’/ 6)
1)

b :
Define f; : as the fundamental matrix of gpe system obtained
after ﬂfirst reduction v = 0 ; define fvd from the Cauchy
problem Na(c)lt f* ﬂ”(t)ﬁ e ) A, (’c)/;'/_;v
| f4(s < e)~ 0 '

We write for the fundamental matrix the expansion

Yy ey N[ PTea0 0

{)

«
ey ) ATy ﬁ”(%og 0 k)



In what fOllOWS
we shall estimate

=11-

e v Vi \/‘N | -

/e !(é,fl,e) F,Y 1( i) = rm,l i taLe) U/‘n - (+0,5)
46, - e S

FMU:M) F(e/sz) | 54 A <) F’(LL,A i)

we will obtain the principal part in 61~4 )
r? and r‘ and obtain the princiyal parts

in 14 ‘' and ﬁ wh@Eé we shall need to study the behavior of
the solutions with impulsive initial conditions.

Denote <yN4p

The solution of

r( N-4 U;l{o) E)
TﬂN:_ (tl£°,2)

and we see that

bt 0 =

A 4 NL

~J

N-4

() = col {{ -y, » 0%k ¢N-1) -

the Cauchy problem will be

l/;HN—L(‘E,JCO_'E) yﬂ-i,o (‘E)

Il (£t )

1
éij”

: 'A_N'L | =B
&, to,E)yﬂlo(g)~+€ {1(t,tm,g) yNLO(E) +
: \V
+ SN F (t’to 75)5' (E)"’f ‘H(t’toaa) YNP

0
yN (tﬁtove) = }1 (tvfo !9/) Ve F'?&)"’ 7, N (tytoat) Yok

ey Yq @ Tos
L [”(t by

A
d N4, (¢) +r;‘(t,to,{)y;'f

v
(g\+? P(t'%,d y:.

- In the same way as we did it before we obtain

o~/

I/,’N fbasy €] = - L c&NN,i(t) f"”"(t,s,gh

= ¢ 6,5,¢) L o (t) + 0y \t48,8)

e " 6, t,0) @) L k() ©) -
SAT (D) ok ()] rrvs.“c) do *

e
+S (t(\\,QA
N
where dl”&gis th
reduction. - $aki

aolumns of - the fundamental matrix

L(t\cﬂ(ﬂeﬂNL@@\F th

G, matrix of the system obtained after the first
ng into account the main estimates for the
S e e obtained in =



elDe i

section 2 we see that

" (¢ . ,e)y (e)} L e, oeluto

We define f’ from the system
1 : A
ﬁ% /7n?t,s,€) - OQ (t,@) f1" (tys,€) +
Ay oye )L Thots,) + &g (81 o, mﬁ(tse)j

A ¢ :
m(t,s,e) = w‘l,“ £ r\HL(t 8,8) + Ay (t) V‘N,A(t_,s,e)

1
+._-
&

: o A
Fﬂ&:*"” e) = (‘Jd(ﬂ“(t,E) rl\% kt’sae) ""é‘”'(’iz‘)ﬂ- (ty¢) Cy (t,.S,S‘,)
A
, - pN M- :
Em%(} ﬁﬂ(t,s,e) = J}M(t){:(t,s,a A (t) [L(t,§,e) .
with zero initial o ibmN values.
Since

it o = cﬁ ‘(t,¢) «oQ &, €) A kt)oQM(t)
we get by direct cheking, that W are defined bj the system

adr\ﬁcts e)= BT, E)F btys,€) +¢A e s){" [(5,8,8) +

+£i~ cﬁ:”(t che () Ld} I/' (t Syt )it o (t)fz_:(t,s,e)]

v Vi '

E,,—guf”_(t,s,e\ — (t)Wth s,€) + Ay Lt)’/'4(t'8’€)
%/&Q’%",s,;) = A, e)ﬁ"‘ t,8,€) “&N(t E)F’ (t,8,€) +

+ 1, " w085 (0 [AL, Lt P“(tsa)+ ' &t)f’(ts&)]

N' 5
?Ngf r::(t’.'s’q ;&:_ét)m“ilt,s,e) + ANN(“C\ r;_i@,s,e)

with zero 1nitial‘values o
We see that

Nﬁ '
r»NA.(t Seel) [ 'E‘bd", 8)[6)\9”,_\;(0" /)Q) +
+ G (0,8,€) b ) ) gy L) ) Jols
hence : — ol £~ kc)

B e ] — o
e o - -
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To obtain the estimste we have used again the main estimates '
for the columns of the fundamental matrix (ﬁN‘
In the usual way we have further

N W 25 ) . N i
':M(t,s, OF = @QM(t) r'"(t‘,s,c) +u)N;i(t,s,g) -
with ¢ : : N

A =

Wy ftrs,€) =¢ S O 8,5, 8 A (AL (o) by Loy

-2 (t;oﬁw(t)f)rs*m) A
+j° c, , G ©) A'L (t)c/l (t)O’ F(@’ag) dq

By taking into account the preceding estimates we deduce that

i
‘WY‘E E) \jHL’ [L(L %4Q_°(o( o)‘
Since
ke o f'M[He '
F AN =§L-J (‘/QNL(G )wm(me ) do
rk:(ﬂ%d = {ua(bh) \
U ' v £
we get for ﬁzLé;hh{)% '(6) and (%‘f )gﬁlL%E)
estimates of the form & ¢~ ')

We have further L

it "ﬁ' g 0k ) A w+@@H""(A,e>~AJ$fa.>@~<f» it

N e ’
A &A% . é/( f"?}‘to’e E;A (0’,%)‘3{ ((T ]A C (074.8) ol g — .
fA i))(’g (7¢) AW(A)G (5,0, ) ol o~
“and [ NM(“{)/ o g;c,,,”e~«°(t4) |
f; (£,4,)= EN[ e {ws)@d Tr) P (’vde)o(v‘~ _ |
= NE BIAS ) [- P )bt 0 08,74 0) <A (00) A, (010 )
» u?NN—L(/{;/) {2 -
: - 2 ' )
with b e

&,i

v Since



_“;4-

[\K‘N'L N-t -

N (16,/\@7 i r' (’c q Q) e :  :
o e (/)w (€)W, (0n,¢)da
ol e o (+0,¢)

'—'O(d_({'-'A‘ >‘

we get again an estimate of the form %‘e

By summingup all estimates we see that

7 (t,t06) =[F éé e{g”'o G, o) Al tIy2]
'+(‘/Q (46 NN O)C (et e)g" +(Q'])

Y b, )--ANN ke, )Tkt € [y 700 oy oML, )]
+ £, Cultt g)g: AL (Bt Oy O Ay, (&) G4k Dyhe

| +C,y((:1c oA QANA(%)j £)+0(']) -
Bow (By (£,8.€) +2_ A (Jc)gd (t,t,8) = A O Cy ke A (&)Z' (i)g\/ +(”)/;]}
§=0

: - bo
B. Denote yk”" ey e e taﬂ 77

the above formulae may be writtenft as

Yj(tatos€) _2_ 5"} (t ts6) 4 3/ 4 é Ll ﬁ‘)(’,t to,‘&)yNHQ(Q)

0 ¢jen-1 _
| e
% A, (t) AL tae) = A, &) et &) A,;i‘(t)%s (t) .+0(Ej
- -
To .P_erform an induction assume ‘
1 o
'YJ (t,to, %_X &, to,ﬂﬁk y‘c ; A [A@ t)} C (tyt, ,‘c (7)
02/2p,
The induction will consist in developing J*k ! since

P o~ : :
: f (,t,to,?_) é yk °is now in the same assumptions as we worked

k= d
with in A, we may write

_’1 N’P " { % ,L P40
% X;k (t’to’e)k 2__ X,}ft t, ooe)fk Yh_ 7
e P e

. AJ‘PU"),[AP? &o)}cf( 2,60 37+ oly),
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P

B | :

= e )AL 1) [Tl ) v
JEo Am = ‘Zf}t t°’€)€ 0 -Aff(t) ol )EPP H i A/( >§/ i
+ 0 (q)- ‘

we deduce

".«J

IR & ) ?“’ZA Cofag el oo d 3%

for 04j ¢p-1 :
and the induction assumption is confarmed ; we have further

. Al (1) y (¢, t,,8) = Z_A?d (t)L&Xtt t, ,ef yZ‘o'

;E
o -
?-—ff 0 [ag (50 ¢, (.8, ,6) )% 0(9] I|=4, 1) G LA A,

;ﬁ tﬂg;j" 0ty z,ﬂm wﬁz MM ARACS I

smce y(j° = y?‘°+ ZA &to) [A (b ﬂ % e

Q...

e
We may write also
21 A% (&) y (ts8,,6) = A (t)C (t,t e)/ t)]’{gf A'?(t)iyp =
oxo ?é o? PE o ? lﬁv /}0 }y 5. )
P 0o :
+2_A (t) Ae MQ[%H: (t)]c (£5%0,€) 7, |
= ? A? i N ‘
Aﬂ){t) c ('t to,0[A;, (t) ]%A,Pa. (t\s%}; de(t)[ t, 3 y + 00 ;
we deduce : . ‘

Ly, (5bo.E) = o (t it y;*%z. onet >L J]—%e [t o) yf"i 0(9)

and the ether components of the solution can be written step
by step 5 for instance

LS o ALU’.) % 0 Afﬂt) c (t,to,g[A‘(tU(Ajét)you

A"U;) yl J+2. AJ (t)lZ,.A LA&:(%‘)B C (t,t ,e)ge
: AL

- A (t) 8t to,E)EA .(t)JZ-AJ(t){ Je k. )[Afz (tO)K ¥ %+ 0(7)

~and the equation gives information concerning XL(t to,€) ‘

'WE use the~same relation for p =2 to get informations cone
cerning y2_(£,t°,€) and so on .
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Consider the equatfons obtained for £ =0 ,kml,...,N
Written in the triangular form corresponding to step by step

_elimination ’

|4 ,
; é%; A%J ) y = 0 o GPeal Sl Y |
Denote %Y Y (t,to,€)  the solution corresponding to the
slow componemts replaced by co%(t,to) .y;zo :

Then we have

Ao WL 3, (68,05, (4,507« &% () Ly, (¢,t,,6) - §, (1, £]]-

= AL 6t o S Wl e ) e +%i AL oh

cees +0(n)-

~and we deduce y, (tsto,O-F,t,1,,8) =0 for E—0 ,
t>t, , since all the terms are O(q) er¢ of boundary-layer

type . In the same way we can use all other relations ,
Remark finalky that the problem with impulsive initial con-
ditions can be generated from the problem
ol _——5: Ex ,
79 e % AkJ. ) X; E xd;(t) ==y
by letting y.~ = 4 x. L. :
This type of problems corresponds in the case of one parameter
to the ones consideréd (lin nonlinear setting ) by A . B.Vasilieva
in 1975 at the conference ¢w nonlinaar oscillations in Berlin [6]

6. Nonlinear systemsé

R wp e rer @D v T am oe e D wn e D e v e

A, _ Consider a system of the form

Ek-% = g (-tyyo syL9°°'.yN 92)

i e ’ 7
We shall start by studéng the stability of a given solution gk)
for-zkxyk-yk we get : ‘ : —

N - &

ék dj—.& (to E) 322&2 (ty Yo (‘%i)....,....).yy U;,E)Ig_) Zoi (t,i)-}-
dt d=° 2. _ s
et ) o) o)

We shall"aésume that

9 v : 2
A (t,€) = ———g—I(|(tv YO(t»e)'-----.-. Y,,,/tr_i) ’ C-)
satisfy all the asé%mptions in the introduction uniformly with
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respect to O0<T £E,

We shall discuss .this question in more detail 1ater.
We may write

_ o N t |
i (L5 @) -.-%’: = (t,to,a) ZE}“Z—% J n(t,s,E)Gk(s,z(s,&),‘E)dS

Denote ok €t
Cwr(t,€) = 2 (t,€)- ; L (Eato08) 22
Them : ‘. N '601"0((6) :
Wity )= k Sf‘(t 5,€) G (s - ( ,e) f; (&g’c‘,,e} 2 ,g)ds+
t= 'fo s
i rl(t s i)G (s, W(s,s) 22 ( O,E) 2} ,€ds
ERSJG ot (E) J- | / /

where «(€¢) will be chosen further on .

As usually G (s,%,€) is such that for any > O there
exists §(f) such that if |z] £J(y) it follows {G(s,z,e)léy’/%/
flor all st 0. L8 = & ; '

Chose f' depending on the stability pIOperties of the linear
problem ; chose «(¢) such that for t3 t,+o(€) LET‘(HO e)€°l’-455‘) |
by using the main estimates obtained in sectién 2 for the
fundamental matrix we see that if (22| 1is small enough ,then
%}g (&) =0, As long as Ww- does not ﬁ%ﬁ%ve a compact we
shall have |G (s, WA € ) +-;1]” (s to,a)z ,ﬁ)]..
for sellit it +o((()] s : '

Taking into account the main estimates ‘for the fundamental
matrixx we get '

-&‘ = ?(%'0)0&

to 70 &

"2t { g Agellee

¢ izl Aol ST 00T,
In the usual way we deduc

wlte) | FEe™Ror  tptex():
-Then . for t> t, we get a general estimate of the form
Jwr(t o)) < C(4~e’°‘°(% el ) '
~ which shows that if —¢(¢) is small enough (that is if €>0 is
_small enough ) we can find an uniform bound for [Gk( . )}
In this way we have finally

yl6) Yo 5 I704,6) Gy -G . ) a(4)
e e

t (o)
L) ¢

lw’(t 6)! -.,M l fk
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_elt-t)

with [w (6 €)[¢ploe for o
and lim 73(6) O AF ly2 - yo(to,e) ’ is sufficiently small

and ¢£> 0 is sufficiently small. :

We point out the fact that the formulae shows we have much
liberty for the perturbations of the fast variables . y - jk(£ o
k;l ., because of the estimates valid fot the fundamental matrix -

B Consider now the main problem of approximatéigﬁ solutions
by using the reduced pwebiem system.

Let y be a sclution of the reduced system-

i :
%@- =508, . 5 @), ©) Lo lt)s Yo
g g,((éju,)) ~448,0) |

Denote z, (%, o= Y (t,6)- yk ()

It folloWN that

@ dp (40~ Z A (o1 fbe s Gl alte), ... 3,(4,2)E)

with [f, (,8)] £ <(€)
e 620 ] ¢ p12lre) jo)re 2 dC)

we write again :

2 :
2k e) - %/V(MS)% #2.’ f‘ﬁ(ias}/i(o,z)eé*
- A /A%/ﬂ)f)few |

For ):zZO} srgall enough

l2te)l éZ—/ﬂ({f E)//?k/"/' J(E)f
| H(YM ‘f b /%/af)/o“’

Let @ €)= %,/F (t, éo,w}/%kl

WG = ol — yo = 50 &
e L (Qf)"rf o cte)= e
, i g [E st s)
(ppﬂ({,f-) QXJ;O g e v (/f’ (n,2) 0l

We have‘ > ﬂ
(F(ée)ﬂk(qwte lﬁ“‘*"))z I%Q’l



S

@) ' P
Assume W?*E) ‘k(O*e Iﬁ )23[3 ](éf)

| S
Then (o | Jce)dc(yz,/% /(e/ (7fe ) <
end the estimates 1is confarmed with e - ce
The same ¢ has to be used to construct dp ) then ifdr<:é:
we have 2 (et ) - :
25 G0 UW”’ ) ,/fz/
we deduce %i(£4)
w-(e) ¢ oé(ﬁ)fc))Z'* fe' Vi taerol
ﬁnd from here uf(t;g) __ﬁ(g) ; . hence finally
~ oy (f‘{o) f—-é/
2 k re <& =2 o
[ elee) /?(s)+ (? >f=4 (€51

which shows that for convenient initial conditions the solu-

_tion is uniformliy with respect to t close to the one of.the

reduced system .,
This is essentially the type of result obtained by P . Hoppensteadi
[4%] under more smoothness.
The uniformity. of the aproximation shows that = 1f y above
has good jnitial conditions the stability property in the first
part of this section is obtained by checKing the assumptions
in the introduction for the matrices

N

el (e ad, 8] 00
d ;9%.
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