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SOME INVARIANTS FOR SEMI-FREDHOLI SYSTENS

{
1

- OF ESSENTIALLY COMMUTING OFERATORS

by Mihai Putinar

- The aim of this paper is to give a sequence of entire .
numbers associated in a natural way to a matrix (Tij) of
essentially commuting operators on a Banach Space,wnich
is semi~Fredholm and satisfies some condition (e.g° ST
has a right or_left @ssential inverse Tatrix Sji y 3uch
that all the commutators [~Sji’skl] : 1831,2837 are come
pact>gThese-numbers are invariant to compact or small norm

perturbations of Ty '

Let H be a Hilbert space and vl GC@) an essential
commutative subalgebrg of linear bounded operators.Let
T = (Tij) be a matrix with elements of A which dg aights
essential invertible ;

Tﬁ%(m,n; 04,) ’ ffm(n,m;%)«
ER T co@pact;’, |

Then the operator 7 Hn—-»'Hm, 18 semi~Fredholm on
the right,so that the egquation

@ e -y i
has solution for almost all.yf}ngin-the sense that Im 7
has finite codimension in H®, we shall proof that the solu~
ElonicAEINE s uniguely determined,if it exists,modulo a

finite dimensional Space and by a finite set of canonical

commutation Ee oo 1or CompacE me bt e



the following sense : -
A canonical commutation relation for 7 is a system
52167ﬂ6(n,1; o4ﬁ) with elements in the algebra 040 gene~ -

rated by all Tij,such that

R € A, [Ad,A,)A

and it is universal in the following sense : if one de-
notes by (X \ 1< i$m,1% jSn,a system of indeterminates,
there exists a polynom*al R ¢ (:[Xi ]@(Z such that

jgx Rln) i

To conclude,we have a system of canonical commugation,
relations 9: which defines an operator,such that

5

g —4—> Hn _,5214, e

e o

is an exact sequence ,modulo compacts..

If. we repeat this,covering the kernel of relations by

corresponding canonical commufation relations,the procedure

ends after finite number of steps,thus we obtaln an essen-
tially exact seguence of Hilbert spaées (Fredholm complex .
in another terminology)68uch an esSentially.exact sequence
has a entire number invariant which is stable under compact
or small perturbations, invariant which generaliBes the
Buler characteristic of a complex.

Translationv in a certain sense of the above procodure'
give a oaquunue of Fredholm complbxos and corresponding
indaptants ind - ,D€Z ,which will be the indices oi‘ﬁﬁ

The conutructlon of the essential complexes will be
made in an algebraic context,by using exterior and symmetric

algebras and the particularisation to the ebsentially_com-




mutative case still works in the Banach snéce context.

The first section contains the algebraic preWinlnaries,
namely the construction. of the complexes and trivial homo=-
topies for them.These complexes are obtained by mixing
Koszul complexes in a manner whiéh remind the Spencer com-.
plex?s. : v ,

In the second part we use a notion of easentlal Fredholm
complex pf Banach ppaceﬁ,whlch is a particular case of the
notion of Fredholm complex of vector bundles of Segal [14].
With a natural definition for the numerical index of such
a complex,we prove some properties of this invariant.This
index and its pxoperules agree in particular cases with the
indices of [2] or [17].

The third section contains the definitions of the indi=
ces associated to a semiéFredholm system of Operators,the
stability theorem for this invariants and some properties..
of them, = :

In the fourth part a K-theoretic interpretation of the
indices is made,with advantages in proving other prOperties
of the indices.The indices are surely not independents,at
least in- some special cases,but we don't know the relations
' which they satisfy.Also we formulate this problem in }emms
of K~theory; | ‘ : '

The last part contains applications to elliptic (on the
right or on the left ) systems of pseudodifferential opera-
tors on a compact manifold.The sequence of indices which
we definé for such a system generalizes the analytic index
of an elliptic system.Also systems with right or left inver-
tible symbol of Toeplitz operators,make clearer,by means of
examples,ouxr constructions,

I would like to thank Professor D.Voiculescu for his
useful remarks.I thank also Professor V.Iftimie for his
commentaries on the applications to pseudodifferential ope=
rators. :
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luAL EBRAIC PRELIMINAIRES

Let A be & commutative,unital, € -algebra and a =
= (al,u.,an) a n-tuple of elements of A.The Koszul complex
Ko(a) associated to a can be definmed as follows: :

) = APIY,A] 5.0 & /L

6 K
(@.1) 0, : K (a)—— K y(a)
S | ; .
G, n o A Z(-«l) EpEN A A A
P = e =) P
where™ we mdke the canvnntlon 1‘:ll< RS )

e th@re are elements bl’ bné'A such that
1bl +... +ab =1 ,then the maps

gp 5K @) ——> K Ca) T 7

-P
M

p k=4 1 : D
give a trivial homotopy for K.(a) .
We have denoted by A'[Y,A] the exterior algebra with
n generators Yl"“ ,Yn and with coefficients in A.
There is a dual notion,that of cochains Koszul complex:
Kp(a) = //\p(YyAa.k 9 31) & Kp(a) o Kp+1(a) g
. . N :
p : ~ 5 : ;
£ (aYilA‘.. A Yip) = Z akayk/\ril/\,,, /\Yip ;

£

If the ideal generated by Byree 538, cein01des with A,

‘then there ex th& a trivial homotopy for k*(a],similar

with (1.1). ,

~ Let now Ko be m complexes, 1<1i< n ,of vector spa
which differ only by their boundary oporators 9 =2
We ohall suppose

ces,
9

®

e« e 1,0

VRSN A BRI i W



(@.2) _Bi aj * Bjai =0 1‘.\<-i,j\<-m

the compositions being made in all poésible combinations,
Let S* be the symmetric algebra with m independent
generators Xy,..,X_ ,with coefficients in C .We shall
identify sP with the set of homogenocus polynomials of
degree po : : 4
We shall define the complex Ko K,(Klo,u.,Km.) :
b 17 : List

g - b
Lt o -Rets L @es) = Kk Test- o

where the tensor products are on € 2and the operators B,
.D* work as follows : ' '

. e p e
0 «, a; 4
Bok o 0on - il D o ¥ . T
: 1 D s gl J
xe.Kh s S il<:-n < ipélm’_ﬂil+' + “;p: p | and all “;;>Q 5

| Q/L" L}: - M ; A ‘

@esdl o biax, xi/v)== Z UK T I # ;
> 7 R=4 . o

®S —>

L R . ;
where TaR . 1611< < ip\<m, L _+"(i b P(i‘>0 _

d

It is easy to prove that K. is a complex.
PROPOSITION 1.1 Assume,with the above notations,
that there are the homotopy operators e, on the complexes

Ki,respectively,with*the following properties s

eiai+ aiei#'l, lsi<nm ,
(1.6) 0, 03+ Doy =0, '_ n 1€1,jsm, 143,
£4 57 h Boens @, Tsi,psm . o

Then the complex K. is homotopigually trivial.



Proof : Let us define the maps,also of degree +1 :

~S 7 =
el = 6162)2 oo gm‘bm 9 62 = e2e333 _emam g1t g _em = em
> ~ - .
el = ePye; Qe o8 = e 05es.D ey, By = oy

Whith this one we shall define the homotopy operators for K.

S = D _9...'9 Bl
---»»slm‘:l—m» s®og —r S®Km———--> sle 1

e Sl® Kl = S°®K Sl® %
: ¢} “Mi— 4
A ' o a :
oo EGE /’) can il g e
L l{?c 1 p
the conventions for the indices being that of (105),
.. q/. ; ; q/. : . ‘YL' : A/',
Qe SRR e S
3L =D jo) e iaae 4p :
the indices being like of (1.5)' ,except the case x €K__ .
First we verify ‘thegnomotopy relatlons on tLe terms
S°® K, end S°®K_ :
SN S - i
(e D+ D“)x‘.., 6‘1’318292 e o X + D(E—:: ek‘-}{k)—-
% e232"' oud i * 1—3 ;i 1?1,@232 L epd X + 0je1e50,- @mgm“

43 53 .c}x-r» #bmem:{-:(e‘blﬁx} )22 ; e9mx+_+

.ﬂn;emx = (92} + 0 ® ) 3 o emgmx +¢--+3mf§mx =(em3m +’amem):; =

(Dl 2 Soma E'D‘)X = 31813‘282,.-?m8m}:-+ |

PRSI R R S RO




R=1

(Z 9 ) wr 91319232 o o Bmen;}[ +- +em?ﬁlx e

e s alilie B on 0 e =

#

i
>
@
&

(o)
B
2o

i1

b

(2 ,ep + 0P Vg0 Qperx 5o+ oD x

For the terms on the left of SO@KO one verify the
homotopy relations as follows : :

d' . q’. i \: P < : «' %‘..—4 : ‘,
(1583 ED (xX; .- .xi‘/’) = E ( e il O x A
Ao e o
5__ I N‘B xX Xici Xiﬁ’Xk “"-%’i?i xXiL’... Xi‘ﬁ{é
A= h"fl,}, l : i P SR Da L P
, R’L' X' 2
o~ 4 ( Sk -
+ Z ek'}ixxi ...4_X,iﬁ.Xk- 5 -
k>0, B p -
' K a; +14
The term e, 0 xX, ! .. X, 7 ,if it appears,changes
p=L5p "1 wp=l e :
~N
not the sum,because ey 31 = O
pelien
| Ay ay g
el mmler .. Xi‘/b) - D(z oo xi‘?xk> =
e 1 p lwi/‘, 1 p
-
f’( q./."' 4 ~ Q/ 4/."/
=2 5: i St x, ¢ f-' Xi‘/’Xk"’Za o XXy 1. lebxk
Rzi, =1 3 e o Re 1
i %
« DT D %
; el 2t
Rzuv i p
P -
Frgm" (103) and (l°6 ) ’ 3jek + ekba = ajekek-e»lbk%l"' em}wi'
+ o010 -em?m =0 for 1§ j<k<m, end
e a + 5: 3 = c e
J hZ/& : ;
Indeed LJBJ = Z?P - B e3+1 341 eﬁ?nx““" ‘

”&



e} '{".'.

i 5 e.‘i«hlb:wrl °’m * ?j+lej+lej+293+2 e Gy +d e
| (ej’aj - ?Jej) ej{;llbj'f‘l.. : emam 2 “+amem e : emam ."’Bmem = L,

one obtains ED + DE = I,
~one compute: -

Flnally by adding (1.8) to (1.8)"
‘On thdright of S°®K__

{ .
(1.9) E'D°(}:}:f"4 ‘ﬁ) = B! (5; ? xxx EE ey
+ o
- . il | l D
i “ ~ A A
4 { 1 :
+ ZE: 'bkxxi Xiﬁ Xk) - 5 ¢! kaxkxll =
éz% - P - S D p
¥
. a;
; oAy ac Aeale
: Z . l{.xxil(' g }“i’b ’
L . -
%) il 4,4
(.9)r prme (o, Xi%) = D'(gi/ = 47 -
‘ 1 e P Ik o)
k <1y P 1 P oo D
; : a _
; 9 oo Xicﬁ Xk 3
/Q?t p
The last term of Cl°9)‘ .is z€ro because 'Zk ; = 0,
: : _ . ‘

_ Remarking that Zggg
3 g‘ + jz =1,

L

+ E’g}k = 0 for k< j and that

1<j<€m ,the equality E'D' + D'E* = I

holasyq.eada'

Let A ve a (m,n) matrix (a ) with the elements in

a commutatlve algebra AomL shall dQHOLG by ai"(dll’ "ain)

& - ¢
‘the.lines of 4 and by a = (alj, 7amj)

We shall applv the &above proposition to the Koszul comple-
Xes E K. Ca, \ or apart to vl K°(aq) If we denote by

91 andfga the cwrxes;cadmng bounary operators,the relations

We shall denote by Ce(p\ fhn translations of a com~

g G il e

-

in the same way -

the columns ofJQ.

ORI AT N TN



. COROLIARY 1.2 If the matrix Aie fefi or tight
invertible,then the complexes K.(K e )) ®M ,

respectively K,(kl(P ,n.,Km(p))(X>AM- are exacf,for each
'peZ. and A-module M.

4 | ' :
Proof ¢ let B = (bji) /é left inversé for 4 .Then

mn and if one denote by bj the lines of 4 :

BjaJ = ?% bjiaij = ot lgfjs n,

i

& = ? biy8sp 0 L& ksn ,..j;lk.
Then one define with the elements of 53 ,in analogy with
@0 the operators of degree -1, ey : KJ—~—9’ Kj s

e 7 ‘ oE
ek(x:fil/\ E yi, ):Z(—4)-bki xri /\...A-Yi/\...,«xi ;

and the relations (1.6) follows from (lo;O)o
For a right invertible matrix the procedure is dual .
By the Proposition(l.1)the complexes
K.(Kl(p), . ,E2(p)) ,respectively Ko(K (p)y-eesK (p)) are
'homotopiqually trivialywhich is ehough for: the proof of the
.corollary.

o, ESSENTIAL FREDHOIM COMPLEXES

There are many directions to extend the theory of
Fredholm operators to complexes of operators for example
the Hilbert space context [2] where there exists a good
notion of Fredholm complex with nice Stabllltj properties
or the Banach space context and unbounded operators on thgm
[17] ,where there are still problems.We shall relate these
ways by a notion of essential Fiedholm complex of Banach
spaces and associate an index with good stability properties.



Weldenote by X,Y,..e;g;a,... Banaé[h spaces and bouhded
~ linear operators on them, Z(X,Y) the set of linear bounded

operators between X and Y and by F(L,Y) the set of compacF'

operators.
DEFINITICN 2.1 An essential complex of Banach spaces 1s

a seguence of Banach spaces XP and ogcrators SBe .

1
B e
Q—> X —> Xl et = Xn —» "5 0
such that <§chp—’ igs a compact cperator for every prfo

WB shall use only finite complexes,i.e. xf = 0 for
pe 0 oy for lorec p. ' :

The Fredholm property for such an essential complex will
mean the exactness modulo compacts :

DEFINITION 2.2 An essential complex X° is Fredholm
iff for any Banach space Y, the complex '

f(Y,Ff)‘/%(Y,F)

is exacf°
This is equivalent with tne existence of a homotopy
between the identity of the complex and the zero map,modulo
compacts e :
PROPOSITION 2,3 An essential complex X° is Fredholm
if and only if there exist operators &P xb. et such
$hat :

el g g -~ E‘P%lép = I + compact , pe€Z.,

Moreover if 2; and 55 satisfy (o 1),uhen they are homoto-

piec in the class of essentially trivial homotopies.

 This caracterisatibn of Fredholm ﬂﬁmpl@xas agrees with
a particular case of the d&flnitLOD of Fredholm compleveb
of vec+01 bundles,given by G.uegal B

Proof s The sufficienecy 13 cladr because for each
Banach space Y, the complex X (¥,%X°)/ #(Y,X°) is homoto-
piqually trivial. :

To prove the necessity,we shall const et by decreauinv-

s A A e



induction on p the operators g2 .The firét'step‘is clear
because the ¢omplex is finite.Suppose that‘there exists the
g,q' for q 7 p+l.Then the complex

St d.
ZG&P,xP7Y / k(GxP,xP~1) — ZEP,xP)/ K (3P, %P ) A,
ety LGP P

is exact,so that if we choose the claos of IR
in the middle term,there is Pe LxPa ;) such that

T Ep+15p gl compact o -
Indeed, §P(I- P+lsp) _ g . §Pp+lgp
= 4P = (I~ £p+25p+1)gp + compact.= compacte

Suppose that we have two essential trivial homotoPie

A&i and E;_ of X° .Then,for each A€ [0,1, /(£ +{- /()
is still an eswentlal trivial homotopy,whlch proves the ;’
lagt affirmation of the propositions
Let us remark that if we replace €’ by'Elyé;then we
 obtain an essential complex e
4 Z N
E T 5 S
(0.2) 0e—x0e— xlte— ' e— 3t 3P o
which is Fredholm by the symmétry of the relations (zgl)ﬁ
Let X° be an essential Feedholm complex,homotopigually
, PLA
trivial by an essential homotopy £°.Then the operator

§ s“f & |
== Ly
(2.2 —n h.g - 3 “é}'xzp = e *$} 2P+l

1s. a Fredholm operator.Indeed,let us define



S 5 % LE el en
D l.' ~. P o8 f

Then‘thé Operatbrs TS and ST are essential invertible :

o oele? 0)
P e »
S = I + compact , -
0 '
i @)
TS = A A,£4£5 + compact o -
; .
)

lBy‘the last assertion of Proposition 2.3,the index of
T does not depend on the choice of the essentialy trivial
homotopy £° ,s0 we give the following e s
DEFINITION 2.4 Let X° be an essential Fredholm com-
plex and let T be the operator defined by 2.3 .Then the
index of X° is : : ;

dnd X2 =iind T,

The notion of essential Fredholm complex and associated
index are obviously stable under compact perturbations of
the coboundary operators &° ,

Now we shall prove the stability under small perturba~

s N AR 18




o P P L2

tions. Let (X’ é° )be an essential Fredholm complex and
let &' be a sufficiently small norm perturbation of e
CachhaE o compact.Then for each Banach space Y,
the complex

(f(x,r)/ e, 5; )

is exact.Indeed this holds by the'stabglity theorem for
exact complexes (fbr example[ll Thm. m.ll])

in ‘order to priove the 1nvarlancn-of the index, let E'
be a trivial essential homotopy for 5' «By the cla531cal
theorem of stability for Fredholm operators,the operator

et - 00
i =
To’-"—' S 54

is Fredholm as a perturbation of T,and ind To ind T &
Let us remark that for each A€[0,1] » the operator

Ge Bl et e T g
=L 52 At e (-t)ied
T = 3’4

is Fredholm.Indeed,if we take

A e S )
T AFS cli-A)ed



e """;' e e e e S W [T LG e T e

then LA Eeete4dY) <
Gl 5453',)

0

and the diagbnal blocks are essentially invertible,because

3%,644,5132}“. are essentially small perturbations of -
the identity,hence ~A(4-AJ)7% 15 not an element of the
essential spectrum of them. .

Similarely one prove that 5T, is essentially invertible,
By the homotopical invariance of the index,we obtain :

@

il

ind TO ind Tl = ind T )
hence

Tnds e

#

ind T = ind G =Hna 0 = dndre 8,

Concluding,we have proved the following
THEOREM 2.5 The Fredholm property and the associated

index of an essential complex of Banach spaces are invariant

under small norm or compact perturbations of the boundary
- Operators.

The next proposition relates our index to the Eﬁler
characteristic X(X°) of a complex X°. ,

'PROPOSITION 2.6 Let X° be a Fredholm complex (i.e.
essential Bredholm complex and ngP"’i =0 D 7 e

Then HP(X°) , peZ ,aré finite dimensional spaces and

8 max - p(xy o,

FProof = et ¢° ﬁe a homotopy of X? and kpé,}t(xp)’
such that :

EP-&»ISP 5 AP-‘IEP = A pP : P'GZL' =

e




= b s ey OB _p

s0 that kp(Yergp) C Ker gp .But (I * kp) ew o e s

Fredholm operatcr on Ker § P ,hence

gim EP(X?) = dim Ker §%/Im 6P~ < dim Coker (T + XP)|_ sp

and the last number is finite.As a consequence,the ranges
of operators S§P are closed. '

We shall prove the equality (2.4) by induction on the
length of the complex X° oIf the length of the complex'is
one,then (2.,4) is the definition of the index.Suppose the
_ gffirmation is true for complexes of the length n-l.

Let X° be a Fredholm complex of the length n :
it 2

63> 3 3> .~ xE- > g

Let £ be = homotopy of the complex X“ and let denote
5o the complex :

2

T e SR e e
Then X (X°) = dim Ker §° - ind ¥° and- £° induces a homo~
topy £ for X* : $2-Jeed , £1= £%2 for g7 3,where I
is the projection map I ¢ X1~fmﬁ> Xl/Im.5O,

A short computation shows that

£ 0
Lt e
ind T = dim Ker §% + ind | O‘ Sk =
Staer s o
P

il
i

dim Eer §© « ind o 5



= dim Ker § = ind X ’

because the second matrix operator is the essential in=
verse of the first,hence by the induction hypothesis

ind T = X

In the Hilbert spaces case one can prove the following :

PROPOSITICN 2.6 ILet H°* be an essential complex

of Hilbert spaces.The followling assertions are equiyalent =

i).. H® is Fredholm .,

o 3\ . : : :
o) (8 ) is almost sn essential trivial homotopy
for H®;namely the operator ‘£z§*+-5¥é-. is Fredhclm,

4ii) There exist compact modifications of the boundam

ries such that H° becomes a complex with cohohodiogy spaces
of finite dimension,

COROLIARY 2.7 If HS and Hj sre two essential
Fredholm complexes of Hilbert spaces and h Hi~;+ H§

is,modulo compacts,s merphism of complexes which is linear

f86morphism, then ind Hy = ind Hj °

“Proef s let ﬁi be a complexbwhiCh is a compact mo~
dificatien of Hi -Then transporting by £° the boundaries
—of Hi sone obtain a compact perturbation of H; into an
esgsential Fredholm complex H5 »Then |

3 @ N; '-: o

ind Hj = ind h yxal e 5) = ind BS =ind H) .-

- The property of fredholmicity for an essetial complex
is stable also by passing to duals :

HECREM 2.8 ILet X° be an essential Fredholm complex

of Banach spaces.Then the dual essential complex X°! is
also Fredholm and

ingd Xof = ind X° . ' =

if the zero'th covariant component of X°' is the dual of




e

the zero'th contravariant component of X°

Proof : Let €’ be an essential trivial homotopy of
X°.Then the homotopy relations for X° give by duality
homoiopy relations for X",hence the dual complex is
Fredholm,The associated Fredholm operator of X°' 1is

S 0
' o4
S = T g 51
0 K
A e w0 |
s8¢ that ind S = »ind‘ _84 zz : = ind 0L °
. o :

B SEMI«»FREDHOM\& SYSTEMS OF ESSENTIALLY
COMMUTING OPERATORS :

Let % be a Banach space and T = (2y4) » 1€i€m,
l<j<n , a system of linear bounded operators with the

property :
(Gely s Mo nt l e XL, Led ham, Iodiken

We shall denote by Ki(lKj,y}the essential Koszul come=-
plex of the i'th line (jfcblumn) of J . Also one can form.

the essential complexes

Mo 1698



il

Kp( g5 aX)b Ku(Kl (®) , 9’ Kn[P),) and

i

K (T %) = Keo(Ky(p), o s Ky(2))
the notations of fiist section being used.Indeed they are
essential complexes because

;@(X,KP (T -,x))/%(x,xp(ﬂ“,x)) - Kp}(ﬁ”, Zf’(x):/jd(x))

is = complex,

The component of contravariant index equall zero in
KP° (with degree p in Y and 1 in X) is that marked in the
scheme - : : ' :

when the component ¢f covariant index equall .zerxo st I
(with degree p in ¥ and 1 in X ) is that® pointed.
Iet 2 = (s ) l1€i¢m , 1€3<n , be a system of

. operators,such that

52 [sji,suje’fé_(x) : {sji,mhk]é 'KCX)

for esch 1,j,k,h,

The followhng lemms gives a criterion in order that
the essential complexes Kp('?j_be Fredholm,

IEMMA 3.1 Assume that,with the above notations,the

sguLCH; JQ is a left or right inverse,modulo compacts, of ﬁ”
Then,for each p € Z ,the essential comklex KP(Sf),
respectively Kp (77) sis Fredbolm.

Proof : OSuppose ol + compact.Then,by the
. Corollary 1.2 ,the complex K (7 eth) fer s homoto-
piqually triv;al i.e. the eusentlal complek K (777 is
Fredholme -
~ DEFINITION 3.2 ZIet T be a Mjutem of es senunallx
comnuting operators on a Banach spaceo.




If the essential complexes K (‘7’ or: Kp(fr) are
Fredholm, the 1ndicgs of are :

‘;mdp.ﬂ' = ind K_ (7) ,respectively ind® T~ = ina kP(T),

As a consequence‘of the Theorem 2.5 one can prove the
follow1ng . :

THEOREM 7.3 Let 9 be a system of essentially commuting
operators on a Banach space,such that the essential complekes
k, (T) oz K’ (), p € Z , are Fredholm. '

Then the inrdices 1ndp g ﬁ@@pcctlvelirlndp g PG'ZZ
are invariant by compact or small norm perturbations of I,
such that condition (3.1) holds. _ :

If the system 7 has only one line,the essential com-
plexes Y (9) are translations of the essential Koszul com-
plex K. (ﬂf),so that if one of these ig Fredholm,then all
are Fredholm,and

ind = na B TG - T
; / :

If the system 9 is of type (n,n) ,i.e. a square ma-

trix,then K ( 7) coincides with K°CJ ) and both with the

complex - 2

By — sy . @
A4 A
s0 that
ind® I = nindg 9 = classical index of T ;

if there exist these indices.

Alsgo in this case if the operator: ﬂr is Fredholm,then
there is an essential bilateral inverse of 7 which satisfies
(3.2),s0 that all the essential complexes K ) )

are Fredholm,A short computation shows that : '

g o F . inaiden 7 :



The indices have ‘a good behaviour by passing to duals :
THEOREM 3.4 Let J Dbe a system of essentially commu-
ting oLeraterﬂ on a Banach space X,such that the essential
complexes (6”) ,p€Z ,be Fredholm, ‘
: Ihen whe dual system ' on X' has the essentlul complew
kP ( 7' ) Fredholm and

xes‘
(e3) ind G i T Sne Lt
Proof : The essential complex KP (F"')is the dual of

K?( T ) .Indeed,the éomponents are dual,and the boundary

operators agrce by the duality

A ;Y:A3>X...- Xz,
=h

Xi. N A SR Sl
< = Ji Tk o o

-X'Yi{ A..:

51_.!:5'. s

hlh jljl Jkak 'y Where

,z‘<x Xt 0
’ 111y

! U s o
léil<...< i, €m , lé;f..

n

<..< i <m, jk‘

€£n and h,k depends on p and go.lMore precisely

L b e

!

[?l("l’) 2 m(""” = 3¥F') . 92@") compact .

By the Theorem 2,8 and by the choice of zero'th compo-
of Rp and KP ) =

In what followo we shall give some properties

index of a system of type (1,n) on Hilbert spaces

THECREM 3.5 Let fT be an essential commuting system

~with one line,on the Hilbert space Ha ,5uch that the essen-
tial Koszul complex K. (T ,Hy ) be Fredholm , i=1,2 o

' .Then the essential complex K. ook IQ©)L 5 HlébHQ)
is Fredholm and - A

~nents we obtain (3.3

of the

2 . !"’. ‘ /.
ind (‘T}éi.,l @ and T mma T,

Xj£§




Proof :- Let Ki be a compact medification - into a
Fredholm complex of the essential complex K. ( ’
i=1,2.Then by the main theorem ot [ 6] , K18>K is a
Fredholm complex and ind h1®>k2 = ind Kl ind K2 «But
K1®K is a compgct perturbation of - Ko (7T )® Ko(@“) ;

2
so that

~ A N :
ina (7,81,167,) = ind K;®K, = ind K,-ind K

2 o

= indﬂj « ind C-rz, °

Another multiplicativity property which generaliges
the multipllﬂativity of the index of Fredholm gperators,
is the following :

PHECREM 3.6 Let J be 2 one line system of essentlally _
commuting operators on a Hilbert space H,end let Q,R be
operators on H which essentially commute with T o

If the essential Koszul complexes of (9F ,Q) and

(9 ,R) are Frednolm,then the essential Koszul complex of
(T RO is also Fredholm,and

ddd (0F Rg) - des (G R nd (T 0 .

Proof : Assume dim H = %, if not all the indices are
g zero.There exists the decomposition

Ko (T’Q) ey Ko(gy) é K‘“I(T)AYQ

with respect on which the Fredholm .operator associated to
the system (9~ ,Q) has the decomposition :

Q T

- Let us remark that 'TQ coincldes with Tro  where
L° is the essential Fredholm complex :



7 :
OMH (&) >H'$H (“Q;T) S 00

~ By Proposition 2.6.iii) there exists: compact operators

kl"’.‘z such that
T+k

(“Q ST) ( 2 - ) = 0 .

: Q+k2 A ,

- : .
Let ©L° be the modified complex,Then the exact sequence of

complexes
0 0
/ f
O0— H - > H —>
A : 11\ I
28 j : ("‘@ » ‘T) j /
C—=H —> H®H =l =0
A ) |
: T+k1 ; :
( ) Teky
Q+k2
0 > Sl D)

O~ I
OoO—>

gives the long exact sequence

(2]

' o ' 2! ~
Gs) oS RSl ke (P+k,)—> Ker T— )

= { 3
T m ._ ’a ; . S 2 No =4
- Gl e et = BB [

A short calculation gives 2)0;: Q+k, and 21_:'Q 3y 80

ALTIIR TNy [l TRORRI A T (ol S T S U BT R 508 TR TR



DFu

‘

that 2 ° and 31 have finite dimensional kernel and coker=-
nel,and from (3.4) :

1nd T, = x(E*) = ind @+k, : Ker(T+k,)— Ker miie

~ 1nd(Q : Coker(T+k)) —»Coker T) . -

Similarely,modifing the other boundary operator of Lg o
there exists compact operators k3,k4 such that (R+k9‘T =
=(T+k, )R - and : -

ind TR = ind (R : Kex T —> Ker(T+k4)) -~
»‘ind.(R+k3 : Coker T —> Coker(I+k,)) .

Then the operator Tp, associated to (J,RQ) coinci-
des modulo compacts with that one associated to the complex

( T+kl
0w B MBRQek) ey (SREkNQ , Tvk) o

— 0

Indged this is a complex : <R+k3?Q(T;ki) = { R+k5)T(Q+k2)

. z(m+k4\R(Q+k2) . and | |

ind TRé = ind (R(Q%kg Ker.»(T«s-k‘i ) —> Ker(T+k47)~
..ind((R+k3\Q : COKer(m-kl);» Coker(m+k4)5 .

where ind(.)= dimKer () - dim Coker (-) .

The above indices ex?st an@ - Ind TRQ.: ind Ty + indw$Q.

by the following result :
5 Long 2 : b
LENMMA 2.7 Let X —%» ¥ 25 7 be two linear operators

with Ker and Coker of finite dimension,between vector spa-
cessThen ST has the same property and ind ST = ind S + indl




For the pfoof see the proof of 13, Thm.VII.3 °

: COROLLARY 5.8 g_;f: = ~T17009,T{; is an gssential_
commuting system of operators on a Hilbert space and

: ' ,then if the essential Koszul complex

; m HER s
sof . is Fredholm, then = Tl ,..,;Tn has the

m

Bos o Bpeesal,

same property and ind :imlmgoe,mnind s
This answers to a guestion raised by R.Curto in his
thesis 2 ,where there is a deeper investigation of the

essential commuting systems with one line,on Hilbert spa=-

cese

4., A K-THEORETIC APPROACH

The indices defined above can be obtained in & natural
way,in certain cases for example the essential normal case
: Lot a Stiefel manifold.,

For terminology and notations see [3] and 1zl

from some elements of K

Let A be an essential commutative Banach subalgebra
of £ (B),with E denoting a Banach space.Then the unital
- Banach algebra B = A/KA A is commutative,znd let us de-
note by X its maximal spectrum.By the Theorem of Novodvorski
e e, Kl(x) is isomorphic with Kl(B) via the Gelfand
transformation § : B—> G(X) o B
- Let T besa éystem of elements of-A',invertible on the
right in B,also by a system with elemeqts'in 4 =

T € Mo (mn; A) ~, T € 0 (nym; 4)
Tf = Im'+ compact .
We shall denote by 27(7'))3T(3?)the images in B of these

matrices.The system (9 ) determines by its Gelfand tran-
sformation a map




—~ '
SCE): E > Vm’nwm_(ﬁ) 2
We shall identify the Stiefel manifold V cc)

g, N«
with a subset of € ™ , denoting by (z ) the coordinates

in C™ , with respect to the matrix,representatlon

(4»1) Zzl 222 o oo Z2n

I, N=m (&;) &

Let us fix p evZL o The essential complex K €F n)
is Fredholm by lemmd 3.1,with an essential trivxal homotopy
£° defined with the elements of ) .Let T be the associated
Fredholm operator (2.3) .Then we have the following comple~
xes,boundaries,trivial homotopies and associated invertible
' operators,respectively : .

of the points of V .

K (7CT) ,B) Wi e e
= 2 o e s

Kp(::r(f’)‘) , 6(X)) e HUCHR LG TOE o TG
T . A L —

Kp(tf(("a'_“)(x), C ) ) e ) e )

for each x €X,

By the homotopical unicltJ of the trlvial homotopy for
the last comple ,we have [5TC€)(*J} [ﬁ(S) (%d'h ence
qu;)j = faxa‘)*] ,denotlng by [ .] the Kl equivalence<
classe . :
Therefo¢e if we denote by EE the right invertible
syptem (4.1 ) on A% @ ) and by T~ - the associated

0, n~m
“invertible metrix to I; Gé '@( n,x1(¢3) ,then



=20

— 7 —~
(wepl = w1 .

- Concluding,there exist elements —EIﬁEK} (Vm,n»m(lvl
pt . ysuch that ; :

ind_ T = index o%"lo;rr/(?]') ; e
DA ! B s

| : = = L A
ey ce)) I k) —He 1 @) 257,
, , |

where index : Kl(B)—4*>’ZZ is the index map.
: This way one can prove some properties of the invariants
,indp'Qf,For‘example : L o e
PROPOSITION 4,1 Let I be as above.If we add a co-
Jumn with elements of A to I ,then the new system T/
15 still right invertible in B and '

: o |
ind T’ = ina ot g e g

Proof : The first affirmation is obvious.The second
follows from the formula

0.‘ ’ . 5
‘l'gp =gt Eoa1 -

whicere: 1 2 Vﬁ,n«m(&:)‘“*’ Vm,n+lmm () is the natural
inclusion.
Indeed,there is the following decomposition

2 (Z0) e @) L 1@ Y

where e fﬂvﬁ,n&lmm(K;)) ywith respéction this

-X_

P2l
!

. =
: .
1!

e
=

0 'TE

80 that,by some elementary computafions




w2

¥
: : Te e T .
- 7L Z
*
ghelie il Mo et T \ =
P ; ¥
.K, a
T14'Tl 0 |
’ o * i e
ot » '
One can prove that Kl( m e mdlﬁ e frele abelian group”v

with at most A 5eneratorsoTherefore the elements(fg ) pEZ

are not independent ,but we was not able to compute the re-
lations which they satisfy.We hope in the aid of a topolo~
gist to solve this problem. ' -

The full problem is the following :

What relations there exist between 1nd ‘7*, PaE s
where 9 is as in Theorem Doon ok

For a square matrix 9 of essentially cowmuting opera-
tors,one can prove that indo ﬁw(z classical ind 3“),and
in@wifT'(z ind det o) are independent.However,Markus
and Feldman have proved that '

ind, I iing . 9 <0,

if the commutators of the elements of J-. are tface class[izl-

5. APPLICATIONS

The main part .of this sectionis devoted to pseudodiffe-
rential operators.kirst some notations and terminology :

Let M be a compact manifold and gCM) the set of
pseudodifferential operators on M,of crdar s ¢ R and of :
type (9\8} tome d < p<s 1= J' ,in the sense of Hormur_lder '



T ;

(see for example [9]). An elliptic on the right systém of
pseudodifferential operators (in the sense of Douglis-
‘Nirenberg ) will be a matrix ¥ =(P;;) with

(5 1) eLj”s (M) forl<ism, LSjisn .

= 3 4 x
_and some~real numbers %48, such that for each (x;§)eT M,
the matrix of principal symbols

@) 3= [Ty, @ )T))

lb invertible on the right for 35 sufficiently 1arge.
| For such an elliptiec on the right system P ,0ne can
construct,ﬂ¢th sone modificatloao,eusentlal complexes like
(%~) ,83 follows : ‘
Let O Dbe a real number and let us dencte by 7 (i)
the Sobolev spaces of M.We shall use the 1ndeterminates X
and Y of first section only for implifiéatiOﬁs of the
boundaries formulas,.The essential complex-. K (?) will
bew s '

o
pee lse

2’4-"943:3’ K ___QL-;.K ouet DO
p

p~-1

‘ L Do Rl
(5(,2)’ KK

where we omit the first index p~l and

I . i :
S s gt SN aer W AR B E L T
‘pq = 78 g1 ‘pq 71 b

summing by the indices : 1Kji< ooa< jp*qSWI’ 1n§il< cao<

s ihé;m ’ _O(i *;oo%tx&::q" all &, 'O and the order
: L “h K

: .C Con ,j,i,-"() ®o S -}tjl-f-oo_a-{-tjp»q% O(ilsil‘&ooafq/ihsih g

all this for 0<q <D »




- w2G.

-
K = for °
b Q> p
T & D
Ko . =4 H (5341, (&i)@! e A ® X, ‘...xfé,
p+q 1 Jp+m+q--l 1 h
‘ : £ e A S
the Sum by e léjl< oo o0 <;}p*m.&q l\ jak g L il< 600 <ih »m 9
X #ooot & —gel, il 00 0 e T, ) =
1 h k :
= 0 +t 'f'ooo,{’f- o (S 4eo0etS ""’(D(' S. o et ifX S'El
0 Jprmegel 1 "2 210 ipip
for q7lo
Th@ corregponding ‘boundaries are as in the first section:
=i 3 2 XO & q/‘ 3
D(XYJ /\ LN /\Yj ® Xic4 LI Xicf‘—> =
A k 1 h ; :
ik ' 3y '
= /. GUilRE g A e s AT A AYS ® Xy X,
4= 4 t=4 sdt J1 dy Ve i 8 h
i . :
ol el e i
g e Sy
i e e
= (=P xY A A N X
A= 4 t;( Sjt Jl/\ : ‘Jt jk e il ih.
and siﬁilgzely ’31°°°’am‘ -
Using  the compactness of the commutator
fpl,PQ] "'*51"'?"‘/ M) —= 1 (M) ,
where P,c LR 4=1,2 ,one can prove that K. . (P) 1s

an essential complex of Hilbert opaceﬁo

One can prove that there exists for each s‘éﬂi opera-
tors AS{~LS ( M) such that the principal symbol o (A N
- would be iﬁvertiblu,real end. the extensiong AS : GTM)~»E1 U
would be isomorphisms.Moreover,the inverse A;l is 5 pseudo»



differential operator,modulo compacts. .
Then the elliptic on the right system P which sa-
tisfies (5.1) can be written like ‘

A 0 /A 0

g Bl B e -
ey ‘ : th

where 7 is also elliptic on the right end satisfies (5,1 ) :
and the ellipticity condition with tjzsi=OoWith_the opera~
tors As one can define. an essential isomorphism in the sense
of Corollary 2.7 between Kp"‘(@) and Kp*”(i?,,) ,£0 that we
can supposc that the ellipticity condition holds for all
t.=s;=0.But in this case U(V?’) coincides with

L2 sBH7(1)) ,vecause all the operators ng have order
zero. ,, ;

THEOREM 5,1 ILet 7 be an elliptic on the right(left)
syutem of poeudodl f@*entlul opersa ators on a compact mani-
fodd 1 ‘ § e

Then the essential complexes K (ﬁ?)rcmpecfively
KP°G?) gre Fredholm fer 2ll. ¢ R and p-eZZ , and ind K°T§U
respectively ind KP°C“) depends not on o .

Rroof & Assumé that the‘components of P have order
zero.There is by Theorem 6.3.7 of [9] a right parzmetrix
C of ¥ ,also of order zero.If & is a real number,the
extensions of P and & to BT (M) give a system of es-
sentially commuting operators_ P with a right essential
invefﬁe %7 such that all the components -of P77 com-
mute modulo compacts.Then by Lemnma 2,1 the essential com-
plex F‘T(ﬁP)ls Fredholm, |

\

The independence c¢f the index of O results by Corollarj
- 2.7 oThe left invertible case is dual,




Let P be a system like in Theorem 5,1 ,Then the 1ndi-
ces indp(@) = ind Kg(@) for some o€R , p€Z ,depend
only on the principal symbol of <P and they are locally
constant in the space of right elliptic symbols.Moreover,
if we work only with homogenous symbols,they are also to- -

- pological invariants, : :

For example let ® be a smooth function on /R ,such that

@(%)=1 for IF(> 2 and ()= 0 for I§I€1.The function
¥ l)

—_— C ,
T(§dz) = z ¢C5) if S7o,
c o]

is an elliptic symbol of order zéro on the sphere SlgA
pseudodifferential operator on ST with this symbol is the
following [13,XVIs6.2]

P : 12(sh) —— 12¢s1)

P(zX) = © g5t1 Eorile> 0
= zk forile<i@ © )
) G : Dl )
where (z ) is the natural base of L°(§7).The index ef: B
Let now S be the-symbols 10 e Onis. i®l = on
the ‘n~dimensional torus T® = $'X ...xs! ,end let
P = (Pl,o.o,Pn) be an essentisl commuting system of
pseudodifferential operators sssociated to the symbol
(owl,w,, 0,) oThen “? is an-elliptic to the right system,
“and by Corollary 3.8 '

inae i - ( -1) nmlmée coll

for each m€MN" o



Another class of operators with comp&ct commutators
are Toeplitz operators.One can define the invariants indpﬁr
for each sygtem I of Toeplitz operators on Sl (or,on

o o , a7
enother manifolds like e *,Tn,eeo ) which has the matrix
symbol Cb = (@, .) invertible to the right in all the
1 id’ ; e ‘ * k)“i

points of S .Indeed,if this condition holds,then d) Gb(b J
is & right inverse of (P in the set of continous matrix

symbols-on Slo
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) THE SUPERPOSITION PROPERTY FOR TAYLOR'S FUNCTIONAL
CALCULUS

% by Mikal Putinar

_ This note contéiné-a proof of the'superposition theorem
for J.L.Taylor's functional caelculus [4].The technigue used
in the proof is based on the Cauchy-~Weil integral,

: The notations and the terminology are that of [ %] andfé].
x B ORENE S het " Xibe 'a) Bapach space 2udl let=aiive’l & come
‘ muting n-tuple of linear bounded operators on X.
If f is an analytic C™ -valuated function in a
neighbourghood of Sp(a,¥) and if g is an analytic functicn
'in a neighbourghocd of f(Sp(a,X)),then

(gof\@a) % glt@)) .

ggégg‘: With a good choice of the domain of f,the fun-
ction gof is analytic in a neighbourghood of Sp(e,X),so that
there exists the operator (gof)(a)'oBy the spectral mapping

- - theorem [4] ,the function g is defined in & neighbourghood

of Sp(f(a),X),hencg there exists,g(f(a))o ]

Let V be an open subset of @' vl contains
Sp(f(a),X) and on which is defined:. the function g.let also
U be an open subset of €™ which contains Sp (a,X) ,on
which is defined f and such that f(U)C V. :

Then for each x€ X , . o e



(gb:t)(a)x = (.Zmi)fmfazua( gof)(z)g A s

0 U | ;
=234 ')’2'kfRz~.a [ wa-f (2) gW)x A dw> A dz .
| L \V2 : - :
S . (¥ e :
)L ‘ “(23&)1 RZM&,W“f(Z) g(w)x'A dw A dz
S o VXV '
62) =937+ )’“’S Rz«-a,wwf(asg(mx A dw A dz
’ : UX
. N c T
=(233) jRZma ((iJTL) f RW“fCa)g(W)x A dw> A dz
% Y, v i 3
-_z(’g:;‘u"“"ij_ag(f(a)) Az
_ N
= r e

where for (1) the theorem 3.6 of f4} 1% used and (2) iis o
consequence of the equality

(3)

z~a5w~f(zx = Rz~a,w~f(a)

which we shall prove. _
" The resolvent map Rz a,w-1(z) clo es the aiagram Dies

oo

H‘,’(@M > fé(vxv x)) m‘m(a 3 B8y W ~£(2) ; -g(va x)
S
?“"”“(5 EW) ;U;v,x)) Cages Hm*n[g&) ,z~a,w~f(z);£°(va,x))

and analogously R : ;wf(a) closes a diagram D,It l1s enough



to prove thatABwﬁ l.e. the corresponding objects and maps
are equall, |

Remarking that the Koszul complex K° (3%,3w yZ=8,W=F (2))
is the complex associated to a bicomplex with respect to the
group of variables (Sz>-w ,w~f(z)) and'z~a,there exists a
regular spectral sequence which converges to the cohomology
of the &bove complex,with the first terms

qu =KP (2, 0, ,w-f(z); Hq('h-a 3 6 ([0 xv,x)) and
qu 5t (“09:) w sw=fz); hq<"-a s dlee X))

,In the same way,rep1301ng £ &) wdibh f(a) there is a spectal
-sequence hpq which converges to H°(@%)Dw,a-a,w f(a))

By the Prop051tion 4.6 of [4] ,£(z) acts == £la) on
H® (z-a; 50X V, X)) hence EPS = E‘Pq for p,q € Z and r=1,2,No-
t101ng that the boundarweo bf tbe spectral sequences qu
qu become from the boundaries of the initizl blcomplex one
prove by an inductive argument that qu = qu as groups,for
each réN.

The maps of D become from maps between spectral sequen-
ceswith respect to the filtration given by (ZWQ,w-f(z» «The
first and the last spectrzl sequence are degenerated and
independent of (Z*a,W*f(Z))QO that also the maps of D and D
agree, 3
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