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L F'w TNVARTANT' r'R SEMI_'RBDH0',M srsTEMS

OF .ESSENTIAIIY COENzuTTNG O}ERATORS

by Mlhal putlnar

The alm df thls paper is to give a sequence of eat lrenunbers associated. 1n a natural way to a matr l* ( I . .)  ofessentialrv conr,nut ing operators on a u;"; ; : ; ;" : ,** i" .*
ls  seml*Fred.hofun and sat is f les  soee co. - , , .  /
has a rlght or rert rhesentlal lnverse ;:i:i:" !-;-',i l"i*rhat al l . the commutators [-s l l ,s*r l  ,  fu;r ,rg* lr tur* com_pact)" lhese numbers are invai lant to compact or smafr normper turbations of T*. o .r .J

let .  H be a Hitbert space and A C dG) 
"r,  

essentlaL
"y"t": t" :  

subalgebrq of r inear bounded operator*.r ,ui-*-

^ :  L l t+ ;  j  o*  a  matr ix  wl th  e tements at  A whlch is  r ightessential  lnvert lble !

' _ 9

T<W (*,r; c,t) , f,< W ( *,*u c4 )
Of'O
J J  = r + c o m p a c t o

Then the operator Tt nn*o HD
the r ight rso that  the equat ion

ie semi*Fredholm on

(r) Tx = y

has solut ion for  a lmo
has f in i te cod" imensio
t lon  0 f  ( l l  i s  r . rn ique
finite d.lmenslonal sp
eommutat lon reLat ions

st all. yf l. lm.r 1n . the sense that In T
n in Hu, l l le shal l  proof that  the solu*
1y  de ter rn lned. r i f  i t  ex ls ts rmodu lo  a
aee and by a f in i te set  of  canonlcal
rO f  compaCt  ng f tu rb ; r t : i nnc  ra i .  . " t ^ * '  r  -
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the fo l lowtrng sense 2

A canonleal commutation relatlon for T- * a system

by

ls universal in t"he

uy (x iJ  ,1 -<  i<  m,1(
exlsts a polYnomial

fo l lowing sense :  i f  one 'de*
j  -(  n, a system of lndetermlnates,

R € C I x i i ] S C l s u c h t b a t

R * n(rr ,  ) an.d.

/1:'
\ **t

"t" \
i , ,  I

I
x*r /

comrnuSation,
tbat

gm -+, 0

' A r . A

Q.4116(n,t i  (4") wlth elements ln the algebsa ULo gene*

rated. al-l Tr' such that

T k 'e A"frA, ,o1,1,A"

and lt

notes
there

R ' s O o

To concluderwe have a system of canonical

re la t lons 7^ which def lnes an operator rsuch

ar ar
-rr  J4 -"n J
E!.v
fl- ' tL

l s  an  exaet  sequencermodu lo  compacts .

I ' f ,  we repeat th isrcover ing the kernel  of  re lat ions by

corresponding canonlcal  cowt iu&at ion relat lons,  the proced.ure

ends a f te r  f in l te 'number  o f  s tepor thus  we ob ta ln .  e$  e$s€t r -
/ ^

t te l ly  exaet sequence.of  i { i lbert  spaees (  Fred.holm complex.

ln another terninology) osueh an essent ia l ly  exact sequonce

has a entlre number invariant whlch is stablo und.er compact

or snsal l  perturbat ionsr lnvar iant .  which general lEes the

$uler character ist ic of  a eomplex,

Translat lcns in a certaln se.nse of . -  the above proced.; : . re

give & 's€eu€r l r?e of  Fre, lholn cornplexes and correspond. lng
: -  

i  o f  ? ' oln$&es,ante Ind,nT ,D€7L rwhlch rv i l l  be the indice.r

th 'e construct ion of  t i re essent i .a l  complexes wi l l  be

**A* ln an algebralc eontextrby using exter lor  anr l  i iy lumetr ic

algebras and the part lcrr lar lsat ion to the essent ia l ly  com-

_.._-.-d

Ir
i

I
f,
t
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mutatlve case- sti.]I, works in the Barrach space context"

The f l rs t  sec t ion  conta lns  the  a lgebra ie  p re l i .m lnar lesr .

namely the construct j -on of  the complexes and tr lv ia l  homo*

topies for  them.These complexes ?te obtalnecl  by mlxing

Koszul cbmplexes in a Banner whlch renrind. the $pencer co&r*

p lexgs  o

In the second. part  s le use a not lon of  essent ia l  Fred.holn

complex pf  Banach Fpacesr l r rh ich ls a part icular case of  the

not lon  o f  Frec lho lm complex  o f  vee tor  bund les  o f  Sega l  [ f+1  ,
With a natural clefinlt lon for the numerleal lnd.ex. of such

a complexrwe prove sone proper t ies  o f  th is  invar ian t .Th ts

lnd.ex and. i ts proper i ies agree ln part lcular cases wlt l r  the

i nd . i ces  o r  I e . ]  o r . f r t ] "
The th l rd .  sec t ion  conta lns  the  de f in l t ions  o f  the  1nd,1* .

ces  assoc la ted .  to  a  sera ldFred.ho l rn  sys tem o f  opera tors r the

stabi l i ty  tbeorem for th ls invar iants and some propert ies. ,

o f  themo

fn  the  four th  par t  a  K* theore t lc  in te rpre ta t ion  o f  the

ind . ices  1s  madenwi " th  ad ,vantages  in  p rov ing  o ther  p roper t ies

o f  tbe  lnd lces"The ind . ices  are  sure ly  no t  ind"epend.en ts ra t

least  in-  some special  casesrbut we donl t  knol ' , r  the relat ions
whieh t i rey sat isfy.Also we fornulate th ls problem in genms

of  K- t ] :eoryc

l i re last  part  contains appl icat lons to el l ipt ic (  on tbe
r ight  or on the tef t  )  systens of  pseudod. i f ferent is, l  opBT&*

tors on a compact manifol f loThe sequence of  ind. lces whlch

r,re aeflne for such a system generalizes the analytlc ind.ex

of an el l ipt ic s;rstem.Afso systems rv l th r ight  or  lef t  lnver-

t ib le  sy rnbo l  o f  foep l l t z  opera tors rmake c learer rby  means o f

exarnples,  our construct ions o

f  would Like to thank Professor D.Voiculescu for hls

usefu l  remarks . I  thank  a lso  Pro fessor  V . I f t lm le  fo r  h ls

comrnentar ies on the aBpl icat ions to pseud.ocl i f ferent la l  ope*

r a t o r s .
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rP (a )  =  nP l y ,a l

6P 6vrr A .., n trJ E
. rtL

r
k = l

auaYon 
"trn 

.. n 
"tn 

r

'  r f  the ld,ear generated'  by B1r. . .  r&n colncid,es wi th A,
then'  there exj .sts a t r lv ia l  homoiopy ror f t '  ( "  I*  ,  s imi lar

/ \
w i t h  t l o }  )  "

I re t  now Kro  nb  m eomp lexes ,  1 - (  i (  m  ,o f  vee to r  . spaces ,
whieh d l f fer  on ly  by the i r  boundary.operators  ? .0 o =!  0 . ,  .

. . - t _  f
We shal l  suppose

t '

IdAI,GEBRAIC ?REIIMINAIRES

Let A be & commutat lverunl ta le C*algebra and &. =
r .  i= [ *1 r . . . , * * )  a  n* tup l *  o f  e ]ements  o f  AoThe Koszu l  complex

Ko(a) associated to a can be d.ef ined as fo l lows!

( a )  =  A P f y , a lKp

E
p

5p

where'; we make the convention 1< i.., <
. *

.  I f  t ] r e re  & re  e le roen ts  b l r , . . rbn€  A
a*b, + , . .  + *rrbr,  = 1 , then the naps

eP t Kp(a )--------+ Kp*l(*) , p € V-
' fw-

0 " 2 )  d ( a r r , A . . .  A  Y i ) =  > -
r -  p  k= r

glve & tr lvLal homotopy for K" (a) o
' tYe pave d.enoted. by A'[YrA] tr te exterlor al6ebra with

n generators Yl,  . . .  
lYo and with eoeff lcLents in A"

fhere ls a dual not lonrthat of cochalns Koszul complex:

r  P  e Z

P-r
b ,/\

=  L  ( * r ) J  r " ,  B y ,  A . . . A  y . r  A . . . A  y ;
4 = ,  

* j  * 1  * J  
l B

sucb that

boaYu n YirA "' .A 
ttn

, 5P r KF(a) -*-----:, KF+I(a ) ,



( r . r )  V r ? J * ? j ? i = 0 ,  r . . ( i , J - ( m
; .  .

the composi t lons bein6 mad.e ln al l  posslble comblnat ionso

Let S' be the synnnnetrle algebra wlth n lnd.ependeat
genera tprs  

I f  r . . .  rXm ,w i th  coef f l c len ts  in  C . .We sha1 l  /
*: ld.entlfy $P wlth the set of hono6enous polynomials of

degree po
' 

We shall. d-efine the eomplex K
. i

* Ko (Kr.  , ' , .  ,Kmo')  t

Wbere the tensor products are on C and the operators E,
.  D '  work  as  fo l lows 3

/ :  4 ' r  P 4 4; . -L 4;. / '( 1 , 5 )  D ( * x ; " . ; .  x ; ' r ) =  f  a  * x ; " . . .  \ , ? ' . . .  x , ' 7*1  *p  ' /  
4= ,  

* J  *1  ' j  *B  ,

4  * , . ' * 4 ,  =  b  a n d  a l l  X r ) Q ,
.  * l  - p  J - j  't  e % ,  1-(  i ' (  . , ,  (  ln-(  mr

It is easy to -prove that Ko ls a complex"

}ROPOSII ION 1,1 Agsu-nnerw.t th -phe qbove notat lgns,

that there are the honnotony operators €,  on the cclmplexes- -

K'.,respec,l lv.eUryith the fol- lgw.ing, proL.qEtles :r - ,

1 1 t
e {  0 ,  +  0 ,  e . r  =  }  |  } ( L (  m  Ir r l - L /

( t - r \  , r  - i  .  ' -, t l . b )  e . , 7 0 + ? . € i = 0 ,  1 - < 1 r . j - ( & r L * j t
+ . J J r - n

u l  
" J  

+  
" j  

G l  =  O ,  . .  - < i r J - ( p

. T}en-tlxl'.cg -rpleg K. 1q_.bgrypt.opJSggllxjTiy*..p1 "
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Proof l  let def lne the mapsralso of  d.egree +L :us

=  
" 2 * 7 3 3 " / *

deflne the homotopy

1 1a, ,,. o+x., 
so@ tr

so@ K_*

€m

e

operators for K" :

Etr

e =- m

g ' l  =
gl

E2

eA
4.

g r  = .

e l = *
I

*f?e

*rb z" z

one $/e

D

"' EJ*

" '?-**

6r ' l
+  S * @ K-m - tW_4

h-=, ip

be lns  tba t  o f  ( r .5 ) ,

tj ,r*',4i' *,t? ,-p *1 *p

.\, 4;, 4;,'dkdlt-t. 
. , trJ tu ,

Ufhith this

1
. . .=+ S*@ K"

I

shall

s o o K
. - = o

r D...-r 5@ K, ---*2
.L

{ v l  . t

sr@ K*4a1_r"'

c a s e  x € K - m  o

on the terms

, r4j.

^O ,A  t t
D  I O / A

o

i -

es

5 ) '

mot

(r,r) u 6."rT' *{o) -

the conventions for tl ie lnd.Lc

(r,? ), s, (*xi{'i .. . 
"lrT4 

=

First we verify tfr$o
s0& lco and. so8 K-, t

,except  the

apy ' re la t i ons

. 
t|Yrl-

1  1  , l  - / t S  \
=  e . , d r E . . d n . . . e * ) - x  +  D (  Z  e o x X ' ' ) =

I ! C 1'  r u  4  
k  t  

&  * l

4 a n a - . )= 
" '0 .L*ZoA. , .e*d*x  

+  drerer0r . ' .  e ; t ^x+

l a \ \ \ 1= (  e f  1  +  a  
1e1)  uTre . . .  u r l * *  + . ' .  +

1 1 / \ 1 \
e d  x + . . . + d e  x = l e  0  + 0  e  | x = x- m r r  - m m  ' I o l n  m & /  )

\ 1 . a - \
ErDrf  x = Af f  2u2. . - r 'memx +

( ' \ 1 * * \

I e n . l . " ] o l . . . . o  ̂ n  u i t / x

^ ^ ' \ - i r
e l d l  

" A r Z . . . * r n * *  
+  l d U e O x

. .  lL

1 1 1 - 1g d , r e . , € 2 o z . . ,  g _ - 0 - x  + . . .  +  o * e _ x
z c ) )  m l n  m m

^ / ' 1 1 r 1
+i*e*x = \uZd Z o o 

ZUZ) "3o3. ' -

( ? r : . .  ) * s * . . .  * r  *
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I

... =0*u* * *JJ" *, *.

er)-*' dr

"J** *

f  
' so6Ko

4*
Lp

%
t-_

?r*r?ru 
z 

., . ?*.rf + . *er)**

For the terms on the left o

homotopy re.l-ations a.s follorss I

(r. e) uo {-xli

f Z ?pr .u{:| ,,, ,{!-',., *?*o* ?ip, ̂'"{.,!7*n. ?r?, _*x{;.,r -., 
"i? "

1= t P>.ih i * 1'.J + j

4t

one verify the

p * p  - r

4:n..) =

) =

B p

'  a '  .

L r i h  P  r

' ,\, ty'' (r'. +f
f tre term ei 2 o xxlt /  i . .  xr ' ' f - i  ,1f l t  appears, changestp-r  *p  '1  . -p-1

- not the sum'because A ? t  
= 0o

P- l  P

:!) =' [2. eo"*{?
tuz io

No"nx
I I p

*TrE ?'r;u"" {"" "{'i-t, "Pu"o -T,:r;-*Ii {If"

* I. ?u;n"xfio i.. *{'P ,
Er, L, 

'r -p

From. (r,:) and (r"o ) ,

+ uF j*r*f u*, ' .. ey'

tr?, .A ?#o

rnd.eecl ?r?, * ,e ?x*ro
" , Lrr4

f

j < k {

I [ o

' .  t  e

?i6n + d'u?, = ?J*kux*Jk+L',. uop*.t

O for 1r<

,  L.at-a

\ - 1= 
"  jo  ie3+t93+t

h  o n ds t e$*

i +
m m



'n  ?r"JuJ*fJ+r "

3'inal"ly by ad.d.lng (1"8
v

" CIn thflrlght of

a . \ 1

"{^ 
* 'J*}"J+le;+2 oJnz

k?t * 7ju;) *;or?j+r" '

(r .g )

+ Z
Pr rh

( r . g ) '

* . . .  * )  em m

+dre, = Io

TIE = Io

sam€ vra,Y 3 .

4 '
x . 7  +-p

"{)-/ 
*

p

e d
m m

v
m g r

) t n
so8 x

"{'n)-p

(1.8) '  one obta i r is  ED +

*m one comPute;.  1n thq

= E, ( > ), *x"*It 4 ..,' o r t ,  *  t l

,$l= D'(t{r*{i

E,?olin*#{'i {i^L v, E: *x!', ,,, .t5 +tp  *p tp  *1 tp

+ 1- ?o?r' u(''
.z--- & tr'., tI

k ,ip '!.

She las t  te rm o f  ( f "9 )

Remarking that

?16.1 * r. E{)u ='r ,
rr Gt k >,-d i

h o l a s e  e o  € o  d a

re t  A be a [mrn)  matr lx  (a , . ,  )  w l th  the erennents  in
& con:tr^rutative argebra Ao.tlie shali a*i8i* by &i = (ait,.., ,ru)
tbe  l - lneg  o f  .4  and by  a j  =  (u r  r ,  . , . ra . *o )  |

J " J '  -  m J /
the colurnRs of rt .

!?e shal l  aqnlr the above proposlt lon to the Koszul comple*
xe$ Ki = tr" (ar\  or apart to i<i  = Ko (" i) .r f  we d.enote by
?r 'ena)  j  

tbe corresponcl ing bounary:  operatorsr the re le t ions
( t .7  

)  I ro lds  "
we shal l  ctenote by c"(p 1 the translet lons of a cor&*

p l e x  6 "  t o q ( p ) = c p * q  , ? r ^ ( w )  * ? p o q  r F r o . € Z .

*!*, r .p

d;.
1 r p vo l t  o k  '

p

I  is zero becanse ? rtr '  = oo
l L *

1 N l  4 . r r . 1  
P

o,_ej  +  e!4_ = 0 for  k(  j  and.  thatS J  J K
l * . (  j  r (  m  , t h e  e q u a l l t y  E t D r .  +  D t E t  s  I

:
:



coRoI,lARr L" 2 rf the rnarrlx. AL- 
''.t<f J_g4

tnvgrtlb-lg-thgn the qpmp,le.lqs r, (r1(p) , ... ,r*{n t) Oona

A-nodule Mo

Lt
I

rT 7 n and. tf one denote

Prosf :  Tret 3 k
the

lef t  inverse tar 4 olhen

l ines of  I  :

b J t * t j  =  1  t  1 5 j < n

b 5 t * g  s  o  , 1 - { i u k ( n  , l / k '

f egpec t l ve r . y  r " ( r r$ ) r . . . rKmCp) )  @ oM'  a re  exac t , fo r  egcb .

P€V and.

and tbe  re la t ions  ( r .O)  fo l lows f rom (1 . t0 ) "

For a r ight  invert ib le matr ix the procedure ls

By  tbe  Propos i t lon(1 .1)  the  complexes .

r .  [ r1  (p )  , . . .  ,Ko(p) )  , respec t6ve ly  x " ( r r r  p )  r . . ,  , r * ( t ) )
homotoplqual ly t r iv la l rwhlch ls ehough forthe proof

.  coro l la ry .

= 6 b3r)
by oj

oi"i r:
1 0  1 0

. 1 r
bJt" '  =

Then one deflne wlth the elennents of A. , ln a"nalo6y wlth

lJ ---> KJ ,

/ - -  .  i  \  J  1  / \
eo(xYr-    . .  .  n  Yt  )=)  ( - l ) :b t r , -xYi -A. . -zr  Yr .A . . .  zT Yi*  ,' r *p 

E 
^*h *l -b *p

;
1,

T
1'

duai '

are

of the

, 
2. ESSEI{TIAI !'N!:D}IOI,}1 COMPLEXES

there are Bany d. i rect ions to extend the theory of

f redho ln  opera tors ' to  conp lexes  o f  opera tors  fo r  example

the } i l lbert  spa.ce context  f  2 J where there exists a 6ood'

not ion of  Fredholm complex wi th nlce stabi l l ty  propert ieo

CIr the Banech $pace context a.nd. unbounded. operators on thpn

f l? l  r rvhere there are st i l l  problenis. ' l ie shal l  reJ^ate these.

vrays };r a notion of essent.laL Fred"holm eomplex of Banacil

spr lees  an6 assoc la . te  an  in , lex  w l th  good s tab t l i t y  p roper t leso
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DSS,ISIITICIN 2.L 4o *q.F-9q!ia1 eoguteT of .Eagach sPeges is

a ssqrrpqc-g ?f ganach"-p-ga9-eg Xp and opergtorg 6: n :

lo  ' t  6  a  - .  n- l  t ' - '  *n
- 0 * Xo 

dr 
X-*-? ----4 Xn-l-::" Xrr----> 0

(
tYe  d .eno te  bY  X ,  Y ,  .  .  .  ;  b  , L7  * .  o

l inear  operators  0n thern,  {6rY)

operator"a between X and Y and' bY

operators"

DErrlTlTrON 2.2 An _e,gg-?ltiaL ,eg3glgr
j,ff tgl_any Bq*ac4*spaee Y' l4q--qqqplgi!

FI1CIFGSITICN 2"3 A* es-gjlnt:lqtr*ctgplex

1r Ann o-&j/.-l-{ there exlst qIgIatgLF [p !

frtsat !

nrrrr*Jn sBaces and bouhded'

the set of " l lnear bounded

K&,u)  the  se t  o f  compact

such that tP I  P- l is a gom.p.acl opelator for eYe{.Y ptL.

f l n l . t e  eomp lexe$r io€o  XP =  O  fo rY{6 shal1 use only
p ( 0 or for lar6e po

. The tr 'red.hclm property for such an essentj-al complex wil l

roean the exactne$$ nodulo compacts :

t$  ,x ' )  /  K(v ,8"  )

Ig-grgg-t o
This is e.qui-valent wi th the exlstence of  a honotopy

between t i :e id.ent i ty of  the eomple: i  and the zero maprmod.ulo

compacts  :

Xu i -s Fredholm

Xo is Fred"l:oJm
T''! ?a - I

XY---+ XY sech

{ 2 . } )  J p - l e p  *  d * r 8 p  =  r  +  g s g p a c t ,  p e Z .

n[orr;ov?r i f '  t ,  rq4 €; ggl-L{y- (2"1) , t i ren they are,4g$otq*
plc. }q lhe g]:ie* p_t-essqnt*+1'E- !v+y*.Mq

t i r is  caracher lsat lon of  l r red,Lrolur compJ.exes egrees wlth

a part i .cul .ar  car ie of  the c lef in l . t lon of  Freci .hokn comple-tes

of,  veetor bi : -ncl lesrglven by C,Sega. l  f14]  o

Froof ;  The suff ic ierrcy . is  c lear because for

Banach $pace r ,  the  csmplex  { ( ' t rX" )  /  1 / (y rx " )  l s

piqual ly t r iv ia l6
' fo prove the necesgl t ; , r r r , ie shal l  construct  by

eaeh

homoto*

d e c r e a s l n g '



lnduct iqn on 'p  the operators  LP nThe f l rs t  s tep ls  c lear

because the complex ls f lnl te'$uppose that there exists the

tqt" for q2ap+InThen tbe comPlex

&
t&e,xP-l I k(xP,xP*l.)

'  . ? r - ,&(xP,xP*| /  k(xP,sP+)

the class of 1* gP+15P'

f e t , :PrxP-I) such that

+ compact q

ls  exac t rso  tha t  l f  we chooge

in the nidd.le term, there is

6 ' ,

r* tP*l5P = EP-L P

r n d e e d ,  6 P ( r * t i r + r 5 n )  =  5 P *

= f,P * (r- gn+25r+1)5 n." compact

$uppose that we have two esseqtlal  tr lv iaL homotoples

E;  and e;  o f  xo oThenr for  each t {e  for rJ  ,  LLI  
" ( t -A)€;

ls stt l l  a4 essentia] ' t r iv ial  homotopyrwhich proves t lne ' i

last aff i rmatj-on of the proposit j -ono

l,et us rernark tha! Lf we replace €' Ay e'6'eithen we

obtaln an essential  complex

- l  L2 ,  . ,  f 44
b"Z)  0  +*  Xo u  

t '  
X l  -  ; "  Xn- l  .+  Xn<-  O

whieh 1o Fredholn by the syuimetry of the relations (Z,L) '

Let Xo be an essentlal Fsedholm complexrhomotopiqually

t r l v ia l  by  an  essent la l  homotopy  t ' .Then the  opera tor

E 2 *

. r r . ,  .4
c ) e

a L
d '

,b
P

, s
,r. fo

t
t

I

I

I
"t

Ir =  |
I
\

us

5 r 4rrr5n :3

=  C O m p a C t o .

vaP --*
A

d.eflne

( z "S )

1s: a I ' red.holm bperatog. Indeedr let

o
X2p+1



$ -

x 5
. \\ r '  - Ao

Then the operators fS

,rnll ___"

and $T are essential invertible

+ conpact

+ compact o

+
f

' 6
F

0 \
I
I
t

: I
. l' t

(i,
\ D

o \
I
I
t

. /

,- =f'

' )I T
I
I

f S ; l
I
I

\ 0

x2p .

J
l, t

I' i
.  l .' a

t

{

x^ LL
. 4 t

r to L'l

Io

t L € 3

I  . € 4  t f

I

"By the last  asser tLon of  Proposl t lon 2"5r the lndex of
r d"oes not d.epend on the choiee of the essentiary trrvlal
homotopy t '  ,  $o we glve the fot lovi lng

DEFr$rrro$ 2"4 .r.,e!. xo be a* FsPentlal Fredilglg-c_orn*
plex end,-lgt I be,.t]Le ope.rat-ol cl-eflngd by ?*3 "fhgn-thq
lgtrlt}-gI x' *s, t

' l n d . X o = i n d f  
o

Ttre notj-on of esse,ntlal Fredlr'oLn conrplex and assoclated.
lnd.ex &re obvlously stable und.er compact .perturbations of
the cobound.ary operators 6'  n

i

lTow 'we. shall prove the stablllty und.er srnall perturba* . i: :
;

- -  - -  - , j ' a



.  f  -  e o  I  -
t lons.L,et (X", d- /  be an essentlal  Fred"hol-n complex and

let i '  be a'suff lc lent l"y snal l  norm perturbation o' f  t '
+ ) o

such that 6'"  = compactoThen for each Banach space Y,

tbe compler

(t{r,x"1 / K(r,x')

- ls. exactolndeed. thls hold.s by the stab$llty theorem for

exac t complex"" ( rot example p? , ru*. 2 " 11] ) "
In ord.er to prove the lnvar iance of  the-Lndexr let  f '

1,,

be a t r lv ia l  essent la l  homotopy for d- '  oBy the cLasslcal

theorem of stabl l l ty  for  Fredholn operatorsrthe operator

fn* o -

:

Fred.holm, Indeed.r i,f we take

LE' aQ-L) ta
4'

t l
(J

, i ; )

fE "  t z  o  \'{ f,* 7n, I
\  o  f ,4 " ' .  

I

ls Fredholn as a perturbatlon of Trand 1nd fo =

Let  us remark that  for  each , te t0r l ]  , t i lu

/  f  "  A Z L  + ( l -  D  e L
l ^ ,
r  f z  AEe +  0- .< )
Ir  =  I  A  f 4
\ 0

1nd. t o

operator,:I
1s

\ c J+6 -A
L

fr
o

A L J



0

= (

I
\*s^

4i

*  +Q-, t ) (  [ "et  + e t f ' )
'  

* - '  ^
/ -  +G-, t  1(62e5 + e4i3 )

and the cllagonal blocks are essenttally lnvertlblerbecause

F" e' + e,f,"' , .. , are essent la l ly  snal l  per turbat ions of .
the  ld ,e r i t i t y rhence : l ( / - r {  ) -1  1s  no t  an  e}ement  o f  the
essent ia l  spectrum of ' t l te a.  o

slmt larely one prove that s1T4 is essent ia l ly  invert lb leo

8y the honotoplcal  lnvar lance of  the lnd.exrwe obtaln :

lnd, T^ = lnd, T., = ind T ,O I

henco

l"ncl Xn * i.nd,. f = 1nd. T = ind. f * lnd. X'o

Coscluding;we have proved the fo1lowtrn-g
TIIEOREM 2.5 The Fredhol*Lploperty and the -assogtateg

qpgrq-!-g!e'
lhe next proposi t lon relates our lnd.ex to the Euler

eharacter ist j .c t r (X")  of  a conplex Xn.
PR0POi l I ION 2o6 lu !_  X '  be  a  { reCho lm_cgnp lex  (  L "e ,

ggsentlqr erg*nglp *offi* go,Lm6"'
gry sp(x"l r D €7L ,gl6.-{4nitg, dtpgngiona}- Sp.acqrs_ end.

(2"6)  lnd

a' honotopy of Xl and t<P e K(XP/ ,
such that

gP+15P *

i

Proof  l

X o  =  i C ( X ' )

I,et t" be

:. ;
{ .

lgdql*of a.n egt3:n!{a} complex of Banach speces are lnvarlant

sndgrr-enall jorm or gomperct per,-ta{Latlons of the bg!r!:gar.v

J P * 1 g P * r + k P  , g € V - , 6



fhen 5!-1rP I  r* t  sP

so that sP(rer SP) c

Fredholm operator on

:  Her $P--+ Ker 5P,

r  a D

J  K e r d -  i s  a

=  ( r  +

K e r 6 P

K e r E F

on) ln*"
.3ut (r

,henee

5 P

+ k P

-+ xo---+ x1-;  4?-*2.. .  --+

I .et e'  be a homotopY of thq comPlex

i' the conplex 2

topy E' fgr -f" ,  7z = Jra €4 , E' 
1 

e7

ls  the project lon map Jf  :  X'- ,  -  X*/ Ip
' A short computatlon shows that

1nd" T = dim Ker 6" + lnd

o )

\

' )

, l

LL

5 3  6 t

0

{ s
I

I
\
\

?
5t' 6h

6 h
0

:  
d " l nKe r t r o  *  1nd

arm up(x') = d-im Ker tp/rn 6p*r -( d.lm coker (r + xp)l**r6r

and. the Lest number 1s f in i te.As a consequencerthe ranges

of operators E I t  are c losed..

We shal-I prove the equality ( a"+) by lnductlon on the

length of  the complex Xo of f  the length of  the complex ls

onerthen (a"+) ls the d.ef in i t ion of  the ind.exosuppose the

aff i rmat ion is t rue for comp)-exes of  the length f l - l .

- I,et Xo be a Fredholm complex of the length n :

X n +  0 .

X' and let denote

o

0 -4 Xlyln 5-0 --* X2 *--o X1----n... ---> Xtr* O o

'  a r  / - o \  "  
- O  -  i l' rnen A \A / = d.go Ker 6' in6 i" and.' E ind'uces a homo*

for q 7z 5 twhere 3f
c O

6 o



= d lm Ker  60  -  lnd  i "

because the second, natr j .x operator '  is  the e- isent ia l  in-

verse of  the f i rstrhence by the lnd.uct lon h; ipot l tesis

l n d . T =  Y - ( X ,  o

In-the Hl lbert  sBeees case oRe can prove tbe fol fovr lng :

}ROPO$ITICN 2.6 l*t l i '  be e.n eg!*9ntia1-.cg!rp1ex

W. 
e -9q!t{va}en-L :

1) E" ls r l :eqlro&p ?

.  \  /  r ' f , \  i  r , - r - - - .  - 1  1 - - - - : ^ - - -
i " i )  td 

' )  
is  a. lFq-gt-q4-gsseg[La]"-13: iv ia]  homoJely

ftr: I{';[ragrely-iLg-g:erg.Jej- S 5x' + 8*f, $-ryeq1LcJg.

iii) Iirql"e*e{p-t cgejgc-t e"9ci}f
ries sueil that l i '  becones a cgmpl,--e:r with- eolro*.oii igjly gJacgii

of  f : i -n l te d1n:,ensiono

CSROI' IARY 2"7 I f  Hl  and I i :  are two eseent la l
. & c

Ffq4hg]ry, gompleTgj.gll_"I31!qr!_:**rc"eg *gL![ fo : Hi-,----' g"

ls "nroclulo. ggij:ec-t1fu A. l'r,gphiplL of ccryp1exg.?_ylrglh_iq $ng.+q
E$Br:orplrLegr_Ugg ind ili = lnd IIi o

AJ

tfo-q-{ l Let lii be a cornp}e:; v.'hj.ch is a compect mo*

Cif ieat ion of l l i  " i i ror.  transport ing by f '  the bound.aries

- of I- i {  ,  o$e obtain a eornpact. perturbation of I i ;  into an- I ' - r -

essentlal Fredholru cornpiea tI; oThen

lnd. I{i s:"nA fri = v,(ff:l = f(fr:\ s rpA frl ='ind. }1,1, o
I  a  / ' \ ' " J '  

* / v \ L ' ? )  
Z  I

fhe property of  f r*dholmicl ty : for  an esset la l  complex

is stable atrso by perssin6 to d.uals :

rfiIiCF.IlM 2,S "lS.!. Nu be a**gs$SqLiqf*Freqhg_r$*S.cm

qg-{"*jrggF "Spqgqrs"Tl}ren th.eJ.!,al e s:s$nt j-al cornoigN- }1" I is

also F::e<i"hol*l and

lnd X" f = lncl X"

i f  the zero t  t t i  covar l .ant  cornponent of  Xo t  ls  tho d.ual  of



t .

tFg. zelo!tLj:pntravgrlgn! copponent-._9,f X'

Proof :  L,et  L '  be An essent la l ' t r tvtal  homotopy of

X""fhen the honotoi2y relat lons for  X" glve by d 'ual l ty

homotopy relat ions for  Xo t  rhence the dual  complex 1s .

Fredhotmo[he associs, ted Fredholm operator of  Xof ls

c r t  F I f  n
Y- v \./

4 ,  r 3 t
t c '  6

L s l

t . 4

5 r  e \
f 3()

o
lnd X"

1. SEMI*TREDHOI,M SYSTEMS OF ESSI]NTIAT,IY

.COMMUTING OPERATORS

)o
S (

o \

I
I

I
tso that lnd S + *ind

I,et

1 3 J - < n  ,
propertY

( r ; r )  [ r i i , T n r . J  e K G )  , 1 * < i , h - < , . . m ,  r = ( i , k r ( n  o

We shal l  denote Uy f ,  (  f i  )  tn* essent ia l  Koszul  cor l - '

p lex  o f  the  i t th  l lne  (J ico fu* t t  )  o f  T  nA lso  one can fo rm'

the css'ent la l  comPlexes

X be a Banach spece and '  T = (n ; . )  '  1 ' (  i (  m
r J '

a system of l lnear bounded operators wlth th.e

/ttL{" 4,(rg'{}



;18; T

= K '  (s l (pJ  , . . .  ,  ro { r ) )  and

Kp(f  ,x)  *  x.(rr(n ) ,  " '  ,  n*(r))

the  no ta t lons  o f  f i r s t  sec t ion  be ing

essent la l  comPlexes l :ecause

{(yun ( T ,x)) tx(x,rn( r ,x)\ = Kp(f, tk) tt'G)) ;,

contravariant ind.ex

and 1 in x)  is  tbat

7, ., ,?,,,*
, 1 , - - *H*  t (

wben the component cf covariant lnd.e>: equall .zeTo

(rv l th degree p in Y and 1 in X )  is  that , ' ;  pointed.

L e t  f  =  ( s ; i )  
,  

t - t i . < m  ,  1 (  J - ( n  ,  b €  a

operatorsrsuch that

z . o  [ s  - = u u ] € K t { ,  [ t r y r i . , x l < 1 ( x )) o a  a " j i t " h _ L J  v  r ' - \ . . '  t

f o r  e a c h  l o i r k e h "

The foll ornrrhng lemma girres a cr j-terlon in order that

the essential  ,complexes 1<o ( T) ae Fredholm.

Iffiltru.A 7"L rtssuqle l[q!-'i{i}F lhe g'bqYe-4oi$.lJolrs

qXgign f, is a left o{ rir:L1-:*yggiler@ 3-.
rUop,{SI-SeS! p *-IL , !i$- q,si1gglgtsgmplex Kp (T) ,

re$pgcUlvel f  Kp {T) ' ip ,Ffecl l ro l } : '

Coro l la ry  LoA r the  comPlex

p iqua l l y  t r l v ia ln i  ue ,  the

Fred.holm"

DEIIINtrTIQN 3"2 le_t, T bq_?._Sr.!i!_ep. of essgstj.alhr-

,+"elprs. gs*& .corunut inq oD€
! r -  _ - - 1 {  &

on ( T , {(x)/:k(i l) '  is homoto*
essintial eonplex Kn(T) is

xF (T ,x )

used.n Ind.eed theY are

ls a complexc

The comPonent of

I iP" (vr l th c legree p in Y

scheme

equal l  zerc in

narked" in the

r - - ,
*  * *  i X  ; _ ?

i n K
p o

sys tem o f

t b e

l r -oo t :  Suppose T f , s I  + cc.nnpact, .Thenrby the



IL the essential  complgielK^ (

Fredholm.the lndlces of T are 3

lnd"nf  = lnd Kn ( f )

incl^ f = lnd. K" tf) OUP
Y /

I f  the system f  ls  o f  t lpe

tr ix" then K^ ( f ' )  coincides wlth. U

complex

nrespectlvely lndP tJ- - rna Kp(fi,

r) o r  KP  ( r ) are

As a Consequence of the Sheorem 2"5 CIne can prove the

fol lowing

THsOREtfi 3.3 !gj. fl Fe a $yslem oli e.gse+Ulall't*caggy,31*i

operators on a Banach spec_e,rqqgh thgt the ejesentietr complgxep

K- ( 1f) or xp ({) r p r 7L , arq;-Fled.hol&"
rl 

Then ttre lFdle es ::nd, { ,se8pecth'ely lnclP f , Pu Z 
.,

C1g_t"4""ti+"t -!{.- "cgpe lg-pe.rturb*li.o.SF € f ,
sugh thg.t  con${Uon (}"f)  }rold.g"

ff  the system T has only one l inertho essentj ,al  coID-
t a - \plexes KDIT) are t ransl ,at ions of  the essent laL Koszul  coEI. : -

p lex x.(?) rso that l f  one c, f  these is Fred.holrrr then al l

ere Fred.holrn, and

3=  ( * i lF  i ndoT  o

( n r n )  , i o e o  a  s q u a r e  $ & -

Ko(T )  and .  bo th  w l th  the

i f  there exist  these

Also  ln  th is  case

there is en es.sent ia l
( 3 " 2 )  r s o  t h a t  a l l  t h e

are Fredholm"A short

-%-> 
0

lnd. iceg o

i f  the  opera tor  T  i s  Fred .ho lmr then

bl lateral  inverse of  T which sat i .sf ies

essent ia l  conp lexes  K*g) ,KP (T)- p
computatiori sltcrrvg thst

.l.a*

o  .  -  ' +
"l

*v

$ x
A

so that

ind.o T = -lnd. T = classical index of {
o

lnd.-r f = incl det T



fhe ind,lces have'a good' beheviour by passlng to i lrrals I

TlmOBxM 1.4 l,gt T be* a-gysteF of gssentlg}lv-9-9tr'nu*

lin,g op.e-rat,c'rs. on a Tgfgrg!- sg:tge, X,srlcL-!4irt ths eqs.ggt':Lgl

complgf ' .es r { , . , (T)  ,F €V,be ryg4hglgo
.t,

Then__the^qqql_SJq! Tt on X.' hqe_ tb.e essgntil i l cogiple*

)rgs.

h  c \
\.,t a ./ J

KP ( dt ) Fqed.hol-rn -gnd

lnd,*  T s  inc lp  T '  ,  P€7L
v

Pgqg-€ :  The ess:ent ja l  conplex Kp (  dt)  *

K- (  T )  " I t tdeed.r tbe 
ccrmponente are dualrand

p '
operators egree bY the d-ual l tY

X {  . . .  S *  x ' Y *  t  A - . . A  S o /  E  X : !  . . ,  X i 7  )
J 1  " - J i s  t  * 1  ' * h  '  . r l  d k

a

)  r -  i . '  d i -  t - ,  d  i .  i . t  ,  where*h*h al ,J l  . rk.rk

, t

L :  < . . .  <  1 , ^ ' < n  ,  1 (  j r - <  . . . (  i 6 - <  n  ,
I  I f  : I

and hrk d.epends on p and quMore preclsely

T t  ) ,  [ n ' ( T ) 1 t  =  D ( T t ) r

" l  
^ ' r -  r r

,  { rr \ '  = 
^dr(Tr 

)  ." . .a *(Tr)* compae i  o

o

the dual of

the boundary

( * Y *  A . . .  A  Y i  @' 4 1 - h

=  ( = r : ( ' )  5 ^  i f* r* I

1 (  1 l

1< i l t< .  -(  ior( n

' D  ( 5 ' ) r  =  D ' (

[zrrr) .  .  ,

1r<

.  3y the Theorem 2"8 and- by the chrolce of  zerorth compo*

ner r ts  o f  K-  and.  I iP  we cb ta i -n  (3"7)  
"' L r

In ushe.i follovrs we shall" 6ive serne properti-eei of the

ind .ex  o f  a  sys tem o f  type  ( l rn  )  on  l { i lber t  sp&ceso

fH$ORaM 1"5 r-q! T; be "a3.*9.qsigq,!lal: qar-iryggng.- s-.vg!eq

. wi-",tL one 1lne, slr . ths. lii"lbe rt_.g}:a$e H"1 ,gSgb_$rg!_l{g-ggggg*
p}pL Hosngl*s.grtpls:i-K' ( f; ,l{i) }.g-Igs3!glg , i=le 2 o

gbsq*lle ssegsjiel-s.ssp]fu. r' a 7-, 6T, I 6 Tz t ur6 u, )
ls  Fredhoim and

J-ri d (  f ^6 r , I G r e \ =  1 n d f l ihd TL



P r o o f  : . l e t

Fredholrr complex

1=l r2oThen by the

a ' i onpac t

essentlal

theorem. of

nod.iflcatlon t.nto

*orrpir* y" (T;rur\
a\

L 6 J  ,  K 1 E K 2  l s  a

Ki be
of the
maln

wJ.th respect on whieh

the  sys tem g  ,Q)  has

the Freilholm .<-rperat or

the r l .ecomposi t ton :

assoclated. to

m
w

- f t \

r l
l r
I
t

f ^
\ \ l

Iet us remark that Tn coinctd.es wtth fT," tphere

Lo ls the essential  Fred.ho1m conplex

Fred.holm complex and. ind KtEK2 = lnd Kt.lnd J{t .But
frtnf, is a conpsct perturbatlon of '  Ko (q) e K"(Tl) ,
so that

rnd" (%6I ,  I  6U = lnd *16 K? * ind Kr. ind Kz =

rnd.{ . lnd fi,

Another multi-plicativity property whleh generallg.es

tbe multlplicatlvlty of the lndex of Fred.holm operators,

is the fol lowing :

THEOREM 3"5 let- f be a one-11ng*syst-ern o.f essentiallf,
cognutlng opeiator_s- on a Hl lbert space Hrgnd. lq! QrR !9
orreratore. on g whic4_qssqntlai l  mrnute wit ,h Y .

I f  t l re e.gsenb:LA}-Kgszul complexeg of (T ,Q ) and.
(T ,R ) are Fredirolror_then tbg essenliql.. Sosgu}_eemplex o!
(f  ,RQ ) ls q, lso Fre*ho1ry,and.

ind (T ,RQ) = tnd.  [ f  ,n)  o  lnd (TnA )  "

Proof : Assurae dim H = I , l f not a}l the lnd.lces are

d.econnposi t ionzere" fhere ex ls ts  tbe

K o  ( T , Q )  =  K " ( T )  s - K._l( 9-) n rO



r  [ t
t ,

n  \ o ' /  - r l , r r  ( * a  ,  f  I
O - > H  

' q t  
> I i e i i  E  '  - / i - > H - - - - > Q  

r

By Proposl t lon 216o111) there exlsts ' ,  compaet operators

k., ok^ such that
L -  . Z

(*u ,r )

r\,

tret I'' be
eomplexes

: 0  o

complexo Then the exact sequence of

{

\

f+kt \
l =

Q+kz I

rcorllf iedthe

0 *-+

0

I
H,f
I
E
t
I

o

l

0 ----F

0
,l
I
I
t . -,

I

0
6
t
H
f
I
I

'e
ri\
i
I
I
I
J
H
4.
I
t

0

H

(*e

I+k,

$---"+- g

,l
I
I
I
I

I
H*-+ 0

I
0

gives the long exaet sequence
'  - r o

(J.4 ) 0 ---s" ilo ( il')---- Ker (r+xr)-l+ rer T ---> trl(i") -'

'  ? 1  D  , ^ J  . ' -

- Colcer(f+kr)j-y Coker T --+e IIz (I")--> 0 6

^  r r  - ' lA ehor t  ca lcu ls t ion g lves 7"  = Q+X,  an i l  ] -  *  e  rso

, . T )

i 
**ot\

\ Q+t, /

'
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that ) o and ?l holr"

ne l rand.  f rom (3.+)  ,

lnil f". = K(i" ) =
\ a -

t

finite d.inenslonal kernei . and coker-

rna (Q+t, : Ker(r+tr) -o trer !) *

/ , \
rna(Q : coker(t+kr)-->coker f)  o .

Sfuuilarelyrmod.lfing the other bound.ary o.perator o.f

there exlsts compact operators krrkO such that (n+fc4 f
= (t+t.\ R and.\  z l '

r na (n  r  Ke r  T  +  Ke r ( r+ rU ) ) *

*  ind. lR*t-  :  coker T ;  cokerQ+r,) )  ", +2

.  [hen the operator T. , ,o assocLated. to ' ( f rnQ 
)  colncL-nq

des nod.ulo compacts wi th that  one associated, to the complex

I 
t+kt 

\
0.-.+ o \ n(Qticrt/ , H6.II 

('cR+krl_Q , *+k,), H___+ 0

Indeed, thls ls a complex 3 (n+rr) q(f+k1) = ( R+kr) f(Q*kr)

'=  
f r+ to)g(q+k2)  ,  and

lnd" tRQ = ind (n (q+tr) : Ker(T+kt ) * Ker(T+tr4)) *

/ ,  

1

-Lnd. (1n+rcrf O : Coker( f +kr) -+ Coker([+kO)) ,

w h e r e  1 n d . ( . J = d . i s K e r ( , )  * d i m C o k e r  ( ' )  o

fhe above lnd.ices exlst and Ind. t** = 1nd TU + lnd-T.

by the fol lorv lng resul t  I

LEku{A }"? &gj. x --r'-*- y -S*i Z bq -ti^ro ,l-l.nqqr qp-gg!.ggg"

wlt h-Kgr an*--C glteJ of f1*ifur-SULgnglggrlg.!'Sr-e$ -lrect o{ s pg*

ges.Th_en ST beg tbe sqm.e p{ lpqr ly.and ind.  $f  = ind S + tnd.T

T O

th



For the Proof
COROLIARY 5.8

see the proof  o f  15r  T4n"VI I " ,  o
rn 'n. .  lS an eSSent ia l=  I l r o o ? t r n  -I f

eorm0utinq slfstem oil' erators on a l{ i lbert sp&ce 4nd

tr! = rrr , o o o 1tr8* , trlglr if the og,s-entlal Koszul qggp,leg
r i l - -

o i  
*  

* -  r ' i ] oo ' rTn  hag- l4q

seme propert:v and ind ' '  - m'rlt lr lo o 'm*ind. o

f,hj-S a$swers to a question reiseil by R.Curto in hls

tlesis 2 lwhere there ls a. d"eepeT i-nvesti$ati-on of the

essant,lal cornmutlng systeus with one fineron l l l lb.ert Spa*

C 8 S  c

K*TH.EORIT fC AI'PROAO}I

The lnd.lces defined. above can be obtained. ln a naturaL .

wayrin certatur ca,ses , t?o example the ,esst i t l i t  normal case

from s'ome elements of K* of a Stlefel manifold.o

For terminoJ.ogy and. irotations see [3 ] and. LtZi o

Let A be an ersgential  conmutat ive Banach subatgebra

of f '  G )rwith s denoting a Bamcb spacenThen the unital

Banacii algebra B = A/kn A is convnutatlverand. let us de-

note by X its maxlr:nal spectrum"By the Theorem of Novodvorskl

n,) ,  x](x)
transformatlon

Iret g- be a systenn of elements of A r invert lble on thq

rigir t  ln Bratrso by a system with elernenbs in A :

T c \tb (Ir,ni A ) , f e X6 (^y*i A)

ff * I* u courpac t

,q( f  )  * ,  i , *6"u

d.etermlnes by i.ts

4 "

ls isomorptr ic with Kl(r)  via the Gerfand

n  r  B - o  6 f U  o . *

We'shal l  dqnote by J f  ( f ' )

rnatr ices.fhe systen rr(f)

sfornatlon a,nap

L n  B  o f ' t h e s e

Gelfand tran*



Ee shalL identi fy the $t lefel nanlfold V*.r** (g),

wlth a subset of C, 'on ,  d-enoting by (zr j)  trre'coord. inates

1n C * 
,  wlth respect to the matrtu r6presentat ion

rt(T )

*25*

U L Z  o o o  
" L n

, Z Z  o o c  , e O

zw2 zmn

G"r  )
"11
'zL

o i o

zuu- o o o

of the points of  V*ro-* (  C )
Let us' f j-x p € Z o- The essential conplex *n ( T ,A)

le lredholm by lenna 5ollwlth &a essentla.l tr lvlal homotopy

E'd.ef ined with the elements of  f  o let  T be the assoeiated.

Fred.holm operator (2,r)  .Then we have the fol lowing comple*

xesrboundar lesr t r iv la l  h.onotoples and. assoclated invert lb le

opera tor$ , r respeet ive ly  !

xn(.rcr) ,B ) ?T(T )

I r ( T )

T. (  e .  )

.-
rr (  r .)

; t (c ' )  {x )

Kp(.fr;1 ,6rxn

irn(fi?lrx), c )

fo r  each x .€Xo

By the homotoplcal r:nlcity of the tglvtal homotopy for
-  . /< -  - / -  u

the last  complexrwe have lar  cc '  ) r t  1J - l r t rd ' ) -c t l rhut r "*
- / - \  , z a  - r . r

f r ice;  )J = f  ara ' l * j  ,denot ins by l '  .J  the K,  equlvalence.
e lass  a  i i

Therd'fore if we d.enote by Z the right

aypten (4"1 ) on v.*ro** f c)- anf br !2.)
invert lble matrlx to .y:p(Z ,.G(v*ro** CC

,  t ( T )  ( x )

lnvertLble

the  assoc ia ted

))  ,  then
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/-\-

tf&rl z ft it lr*l o

elementsConclu.&ing, there exlst

p  tV- ,  such that
T n Kr (vn, n-n carl

v _ ,

? t t i

lndnT *  lnd,ex " f r i ' " i t rS 
o 

Tn ,

K'(v*,r*mcc)) .da''i rlcxl 4L KrG
t++d

) *

where index : Kr(B l--- 7L 1s the lnd'ex llrs.po

[]rls way one can prove some propertles of the lnvariants

ind^ {  ,To, example !
o**onourTr0t{ 

+,r }et T be as .above"r{-wq-qdd..-a cg-

lrgmn rv:rlE elementp of A U ?- , theq-the ,ngw s.vsteno Tl

lg . st l t l  rfuTh!: lny'ert lLlels B an4

t -

l n d -  T t  = l n d *  T  +  1 n d * . ,  T  )  P  € Z  op p P * t

Proof : The f l rst  af f i rnat ion ls obvious"The second.

formulafol"lows from the

tt 5i - 5'n * tp-r

where .i r V*rn*nn(C ) ---> v*ro*l-m (Cl

lnclusiono

ls the natural

Ind.eedrthere ls the fo l lowi.ng d.eeomposl t ion

u n ( T ' , 6 )  = K p ( 2 , 6 ) +  * n * 1  f t r 6 )  n  Y n + I

where { = {fr*ruu1**(c )) iwith respect on thls

L n l ( : "  
; "  )

, L

so&e elementary eornputatlonsso that o by
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1 !  t ;  *  1 ! fru, * rf,1 *

t ? o  t i  0

O  T Z *

+ r-[

* T _
L

L

1! 
[(-

-)l "
'r ' rl

\ l
l l  r F

+ r l , J

=f(
l \

Tn i 6*r

One can prove that rl(V*rn-#A)) ls a free abellan Eroup
wlth at most l f  d*rr"rators.r i l i ruior* the elqments (fn) peVL
are not lnd.epend.ent , but we was not able to compute the r€*

let ions which they sat isfy"We hope in the aj .d of  a topolo*
g is t  to  so lve  tb is  p rob lem"

Ihe full problem ls the following. :

YJhat relat lons there exi-st  between i"nd.
ffi p

n 'here  1  i s  as  in  Theorem 5"5  ?

T , P € ' V - ,

For a squere nnatrix T of essentially commuting op€T&-
torsrone can prove that lndo T(= classical ind T) ^na
1t9*1 T (= incL d*! "f ) are ind"epend.entoHoweverrmerkus
ancL Feldman have proved. that

l nd .o9  +  j "nd . * r f r  =  g .

i f  the sef f inutators of  the elements
r 1

of  J  a re  t rece  c lass  112 J  .

5 " ApPtr0ArIoNg

The mein  par t .o f  th is  sec t i ;n is  d .evo ted .  to  pseud.od . j . f fe -
rent ia l  operatorsoFirst  some noLat ions and. ternninology !

J,et  M be a.  compact manifold and f [ ,S( lU) the set of
pseudodi f  ferent la l  operators on M, of  or  "er s e fR. and of

t y p e ( e ' 6 )  , 0  \ < S < P * .  l * f ,  n i n t h e s * n s e o f  l - I 0 n u a n i L e r



(see for exanple tgl  )  , ,  An el l ipt le on the r ight systen of
./

pseudodl f ferent la l  operators ( in the sense o' f  Dougl is*
\  - h  . -

Nl,renberg ) wil} be a matrix "f =( Pii ) with

( l . r )  P . ,  *  €  t r t J * t i (u )  ro r  ] . . ( i - (  m ,  r<J . ( r l
r .J

. and s.ome real. nulnbers t,r"i, such

the matrl:r of prlnciPal sYmbols

.  6o(9 )  (* , t )  =

ls  lnvert ib le.  on the r lghtnfor !  suf f ic ient ly largeo

For sueh an el"1ipt18 on the r ight  systen, ? r  one c&n

gonstructrwl th .eome modlf lbat ioasreseent ia l  conrplexes l lke

KD (r  )  ,as fo l lows :
- 

I.,et a be a real- number and let us denote by

the Sobolev spaees of  MoWe shal l  use tbe indeter 'mlnates X

and Y of  f l rst  sect i .on only for  s lnpl l f icat ions of  the

bound.aries formul,asoThe essentlai coinplex. K-*T e) wil l
P * r t  o

where we onilt the flrst lnd.ex B*I ancl

- - c ' ,  H G . ( q i : t r n k * ) e r *  n . . .  n Y . , ' &  
" r ( ' n

*p*q. = -q; 
.JI ,p-q. *l

N,
X. *A^h

I  r t j * * i ( r r r ) ( * ,F) )

. x
that f  or  each G; l )e T M '

f ( ru)

K--" - 
jl 

"'
P * I

sumnlng by

(  l n ( m  i

t h e  l n d t c e s  r  l . ( J r <  * o o (  J p _ q ( $  ,

X ,  * o o o *-1 , all x, '0 and. the
[r

{  = q
-h

1 < 1 1 :

ord.er

G  ( f  , J r i  r { )  *  c  + t {  * o o a + - t ' '  *  { r - s i - * o e  o +  t ' *  s . ,
J l  , p *q  * I  -1  :h  *h

al l  thls for 0 ( q  d p  o
I

_ _ , , .  i i _ , - {



*nln = o for q)p .

*nlu = +> gG (n'i '1'() (u)orrrn ... ^yip*rnq*? 
"f, "*

t h e  s u m  b y  :  I (  J l ( , . o  ( i p + m + q * I - <  n  ,  1 . ( 1 l a  o o o  { 1 u - (  m  ,

X ,  + n o o * 4 t  =  g . * 1  r  a l l  d ,  O a n d  ' 6 ( ' r r J r L r 4 )  =
^ r ^ h - 4 k

-  6 + t r  * n o q * t i  *  ( r r * " . J + s J  - ( t r " r l n o . " n  * r o r r l  t'11 JP+m+q-1

for  q7r l ,

fhe eorrespoadlng bound.aries are as in t 'he first sectlsnl

(,o d: \
D ( x Y *  A . o o A Y l  @  x . ' " t  . . ,  x u ' " L )  *

J l  6k *1 *b

4* h-
,t - A -4;. -4,-l -(;"s  L  L  G 4 ) ' " p . .  +  x y +  A  o " o A y +  A . . .  n y *  @  x o ' " . . .  x * ,  1 . .  x r  a

4 =  , {  t =  |  
* s d t  d l  d t  d k  '  - 1  - g  * h

,&f .-L + ^ 4. {,c l - - - . L

= ) -  ) -  f - l ) -PsJ t *Y i ln . , .  ^  YJ tn  . . .  nv lp  xuxr l '  . . '  
" r ; "-tr= ,l t= {

and. simllgrely ? 
r.. n ?w o

Uslng the compactness of t.he commutator

f p 1 ' p p 3  r '  r { q - + s t + s t  (  M )  - * - - >  H " ( M J ,

e that *nI,,  (") *

&n essent la l  conplex of  Hi lbert  spaces" '

One ean prove that there exlsts for each s € R, r oBerq-

t o r e A u € I , $ i M ) s u c l . r t h a t t h r e p r 1 n c i p e l 1 s y m b o 1 s o ( a " )

vuou ld .  be  lnver t ib le r rea l  end the 'ex tens lons  * * :  
l i o iM) ; l l * -E [ { i

would" be lsonorphlsmsoMoreOverrthe Lnverse Al '  is  a pseudo*

n ,  ( ' y .  A o o o  A y +  e  x f / l  . . ,  o ( ' f ' )  =
d l  d k  * 1  * h



dlfferential

fhen the

t i s f l e s  ( g " r )

*10*

operator o nod.ulo
el l ipt lc on the
can be wrj- t ten

compaets.
r lght system
1J'ke

which s&-

I

I
I

i

I
i
I

I

i

a-
\
I
I,

I

I
I
I
I

\

^--*s1

o A .
r $

\ rA.
\  l " L
t o  I  ' .
I  J o  I
t l

I  \ s
m

oan

where 2 ls elso el l ipt lc on the r lgbt  and sat isf ieu (  5,r  )
a r rd  the  e l l ip t l c i t t r '  conc l i t ion  r " ;11 ; i r  t ,=s r=Oo!? i th . the  opet fa -
tors A" one c&n rlefi.ne. en essentlal lsouiorphism in tl ie $ense
of Corollarir ?o? bet'eeen Kd G) and K; (" 

) reo th.at -r,.Q

cnn suppo$e tha t  the  e l l lp t i c l t y  cond i t lon  ho lds  fo r  a l1
t - r=s*=CroBut  in  th is  case K*o(  ?  )  co inc id ,es  w i th

i , t - - *  r .  Y
*;(  ?o rH "(vi))  ,because al l- the operatcrs nl;  have. order
? e r o o

rilEOnELi 5.I l,et ? !S-g$_-gl:Ul,!iq, on !ii._iisht(l*t!.)
efgtggJl.f .ps_euclofliflerer:tlat opgfgtgl:s_ gn a ionpsct meni-
fo$*d" M.

flrqp. tlre. cgigltitt cgUte:res KJ Q)rreseqqtl]rsii.v
KP;(?)rerp*W. o-€ !R 

oqr$ 
B €Z, epd ind

rgg.Egql3y,plj. ind Kf (9): .{F.r,er.4q, not _Sg o- o
K{@),

Proof  : Assumc tha.t  the conponents of ? bave order
seroofhere 5,s by Tht:arem 6o3u'7 of  f9 ]  a r i6 l : t  parametr lx

f t "  t r+g  ,aJ-so  o f  o rd-er  zeroo l f  6 .  i s  e r  rea l  n ru i :ber r the
ex ' [ :ens lons  s t  ?  and f l  to  H r  (u  )  g i 'Oe a  sys ten  o f  es*
seni , ie l ) -y eonmuting operators ?- wi th a r ight  essent ia l
lnverse -6- such t l iat  a l l  the components of  ?n ,6- co*-  ,
nute unoclulo compacts"Thein by ler ima 1"I .  t i ie essent ia l  corD*
p lex  KJ( " )  i *  F redho l rno

. y a

fhe lndependence ef the lnd.ex of f  results by corcrlrery
2"7 

"T'he 
lef l t  i .nvert ible cg'se is dualo



. . ' ." t ,  
- :  ._ 

+*)l*,

Let ? be a systen l lke ln Theorem 5.L oIhen the 1ndl*
ces lad- (Q ) = fna f f{9) tor srome a€lR , F €.L ,depend.v
only on the prlncipal symbol of ? and tkrey are locally 

:

constant in the space of r lght e11lpt lc symbolso&Ioreover,
l f  we work only wltb honogenous syabolsrthey are also tc*
pologlca1 lnvarlantso

For exerrnple lgt q be a smooth functLon on R , such that.
q(T)  o  1-  for  l ]  l> t  Z and t (Y)= 0.  for  l l l (  l , rhe funct lon

td 'l

f : l T S ^ ) + ( L r

a ( 5 d u )  r (  ? q q )  i f  B ? o ,

=  q q )  u  T < o ,

ls ax el l ipt lc symbol of ord.er zero on the .sphere sloA-
pseudod.l f ferentlal  operator on s] with this synbol is the
fo l lowlng f t ] rxv l "  6 .zJ :

P : L215I1 ---o r,2 (sl )

p(zk )  =  
"k+ r  

fo r  k ) ro  ,

sd 
"k 

for k( 0

where ( uk ) is the natural base of L2( SI) .  r i ," lnctex of P
i s  * l o

I , e t  n o w  - *  b e  t h e  s y m b o l  - l @ r . . * F *  . . o E l  o n
t l :e 'n*d.1mensiona1 toyus fr  = SlX ". .  X sl  ,and^ }e' t

l t ^  -  \t P  =  \ P l r o . o r P n /  b e  a n  e s s e n t l a l  c o n m n t i r r g  s y s t e m  a f
pseud.od- i f ferent la l  operators associated. to the symbol
( d l r o . o 1  f i u - )  

' " , 9 J n e n  
?  i s  a n l e L l i p t i c  t o  t h e  r l g h t  s y s t e m ,

end by Corol lary 5,8

i n a  ?  e  =  (  - l )  t * r r r r o  
o o & n ,

fo.r' eaeh m{ lN n 
o
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: .

Another elas$ of gperators $Iitb compect conmutators

&"re Toepllta op{,ratorsoone c&n define the invariants lnd'nfl

for  eg,ch systen T of  Toepl i tz operators on Sr (  or-  on
24*L nn - - - \ whieh has the matrixe n o t h e r ' m a n l f o l d . s  l i k e  $ - ' -  

- r r  
r a c o  I  Y

I r ^

symbol A .,= ((rJ ) lnvertlble to thre rlsht 
:" "tlJl: rt6\-4

poS.nts  o f  $ Io tn*ee&r i f  th ls  cond" i t ion ho ldsr tben O- (OQ- l  
- '

ls a right inverse of + in the set of contlnous matrft
. ' t

symbols .on S*o

fhe Nattonal Inst l tute fbr Selentl . f lc

" and Teehnlcal Creation ' fNCnESf

Bilo P6cil 22O
. r .zc?o SUCafeSt,  ,  . , t  J v  t  e b v e 4  v u  v

Romanla
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II TIIE SUPTNPOSIIION

carcums

I

PROPERTT FOR TAYIORIS

1 1
: ; .

TUNCTIONAI

by Mlhal Putlnar

Thls note contalns a proof of  the superpoc.Lt ion theorem

for J. lotaylorns funct ional  calculus f+l  "nUe technique used.

in the proof is based. on the Cauchy*Wei]  lntegral .

fhe notat ions and. the terminolo$y are t i rat of [ ]J ana[a],
IHIIOREM : !g! X be a Bgnac!*gpace SndJet a be-_a co.m*

gu.rtlng n-!gple- of linear bou.ndg:l oLeralllls- o4 X.

4g f is jin analxllg C4{x- *y&}ga!9.4 f]tnotign lg*e
pelehb'otr lgl{ tod of Sp(a,X) gnq_.a{ I  }s aq,aqalyl ic {gnc}icg
in  a  +g {shbo i r rghood .  o f  f  ( sp  (a ,X ) ) , t hen

( s o r ) G )  *  e ( r r a ) ) ;

l3g.gg r With a good choice of the d.omaln of f , the furr-

c t lon  Bof  i s  ana ly t l c  in  a  ne ighbourg i rood"  o f  Sp(arX) rso  tha t

there exis ' ts the operator (Sof )(  a)  . 'By the spectraJ- urapping

theoren f4]  , the funct ion S 1s def lned in a nelghbourghiood.

o f  9 i p ( f  t " ) , X ) , h e n c e ' t h e r e  e x i s t s  e ( r ( a ) , )  "
I,et V be €ln open subset cf C4v\) ,wtricrr contains :

Sp( f  Ca) rX )  and on  wh ich  is  de f ined, .  th .e  func t lon  gn le t  a fso

U be a.n o1.)en subset of  Ctot  whieh contEr ins Sp(arX) rsn
which is d"ef1ned. f and. sucl: thr:r 't f CU)c V" '

Then fo r  e i i ch  xe  X ,  . .
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r
(s,r)(e) x = QtJtL)-nJnr-uteof)(  z)x n d.z

\
d w l n d z

I

+ d z

A d z

\
(w) x A dwi l. d.z

/

t ,
v

f /
o t / I

=CLJif '")nz-a 
( .} 

o*-, (rj E(w)x n
'  

|  |  r rl!, V

r
(t ), =( 2Ji+.12* 

J 
R"-*; w-f( z) I (rnr) x . 

r dw

U X V

(
(2\ =(/$i r '* J 

Rr-fu w*f (a) I (w)x A dw
i  

U X V

w-rqa 18
r.J v
/ t

- - ( o - i l , . - + c { p  

" s ( r i u t )  
: c n  d . z- \ . ( . w y t , ,  

J . . r -
U

=  s ( f r a ) ) x  ,

r / {=(rn.i)-*J R"-" ( Crn;fo J R

wbere for (1) the theorem J.5 of [a] iB used" and tZ) ls a
eCInsequence of the equal i ty

' :

( : t  R -  - R
.  z-?t i ry- f  (z l  "n-arw*f  (a I

which rve shall proveo

Phe resolvent map Rz_a, w_f (2,  c loses the d. tagras'  D :

so ( i'i* ',5tvou,x)) %-> Ir*r"(t* , J" rz-',w-r( z1 i$(uxu,x))
4
l r
l 5
I

.

H*'(4, r* ;€{rl*v,x)) ". -- o*.Yt iu ,z-&tw-r(z);6!u*v,x))(  1 t  I , / ,

and analo6Scusly R"-r ,w*f(a) c loses a d. iagran D,I t  1g enough
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to prove that &*D loeo the correspondlng obJeets and. maps
are equalLo

Renarklng that the Koszul complex .Ko ( i ,  , t ro tz*&sw*t k))
ls  the complex assoclated. tc a blconnplex wl th respect to the
group of  var iabLes ( i r  r i  *  ,w*f  (z)  )  and. z*&tthere exlsts a,
regular spectrar sequence whj-ch converges to the cohomology
of the above conplexrwlth the f i rst  terms

t l n  *  Kp  (  i *  16  *  ,w - f  ( z ) ;  sa (z *a  ,  f "6 ,xv rx ) )

Efa  =  sP  (  ao  , i *  ,w - f  k ) ;  nnG**  t  6 fux

rn  the same wsxrrep lac ing t (4  wi th  f (a)  r there ls  a  specta l
d n n

sequence i l t  *n tc ] :  converges  to  I Io  (6 r r in tz -&,w- f (a ) )  r
B y  t h e  P r o p o s i t l o n  4 . 6  o f  [ + ]  , f  ( z )  a c t s  a s  f  ( a ;  o n

t i " ( z - a ; [ f t ; x  v , x ) ) o h e n c "  E f q  =  ; , f n  f o r  D t e  € f ,  a n d  r = J r 2 " N o -
t l c ing  tha t  the  boundar ies  o f  the  ppec t ra l  sequences  * :n ,
b:o become from the bound"ar ies of  t .he ln l t la l  b icomplexrone
prove by an lnd.uctive arguaent that Ef;q = dpq as groupsrfor
e a c h  r € N "

fhe naps of  D beeome from rraps between spectral  sequen-
ceswl th  respec t  to  the  f i l t ra t ion  g iven by  (z*arw- f (z ) )  , rue
f j - rst  and the last  spectral  $equence aie degenerated. and"
l r idependent of  (  z-arw*f  (z ))  so that  a lso the naps of  D a"a i
agree o

ReceLved.

and"

v ,x  ) ) .
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