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REMARKS ON ROUGH NORMS ON BANACH SPACES
: - :

G. GODINI

The aim of this paper is to give equivalent conditions
for a norm on a Banach‘space to be rough using the sets defined
by (2) below. This enable us to obtain unitary characteriza-
tioné for rough and strongly rough norms(see the definitions
beloﬁ), using either (1) or (2) below. |

Ve wanf to thank Professor V. Zizler for helpful and

)

timulating conversations related to the subject matter.of
this vaver.

"Let X be a real Banach space znd for each XY €%
let }ixi“xy; denotes the one sided Gateaux differential

of H.fl 2t x in the direction v, i.g.,

(1) wxi! (v) = 1im+t—l(ux+tyﬂ - {ixi)
-0

We denote the unit ball of X by BX and

S, = fxeX ¢ yxn = 14

For each x€ X let us denote

(-2) Alx) = AX(X) ={f€—;SX—* ¢ f(x) = uxu}

xr

¥ . - e
where X is the dual space of X.
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By Ascoli-lezur Theorem ( [11) we have:

(3) wxi’ (y) = max{f(y) :fea(x)

Definition 1. ([31,047]) A norm of a Banach space X

i's .called' to be rough if there is an ¢ >0 such that for

every x € X and §>o0 , there exist Xy 9%Xp U eXx, nxi-—x "< 4

i.=1,2, u€Sy with nx2u'(u) - H}il'ﬂ'.(u)zi . ‘
For 2 bounded set A <X , we denote the diameter of A

v . 3 : _ P )
by diam A, i.e., diam A = sup S_\\al -2, T ay,2,€4 §.

Proposition 1. The following vroperties of 2 given

norr of L ore ecuivalent,

i) M. is rough.

ii) There ig an ¢ » O such that for everv x e3, &nd
( ~ . ” =
¢ > 0, there exist ¥ ,V-€ 354 V=X« g 9 1= 1,2 wih
dimm(a(r )V a(y.)) > €.

Iii) There is an & >0 such that for every x ¢S, and

& > 0, there exists yéSX y 1t y—xncé- with diam(a(x)uU a(y)) = £

iv) There is an ¢ >0 such that for every xSy and

>0 ; diam(U{A(y) ' \ly—xl\‘(—g})ZEo

Proof. 1i)=»ii). Since W is rough, choose ¢>0
given by Definition 1, and let x (:‘SX and c5->09. We can suppose

§<2. By i) for this x ¢Sy and 6/2, there exist xy,%x,,u €X,

X
0\ X=X < d/2,i=1,2,u €5, with uxzn'(u)l- - \\xl‘ﬂ' (u)=¢.
By (3) there exist f;e A(Xi), i = 1,2 such that \\xiu'(u)k =

= £, (u), i = 1,2. Then:

£ ux2H' (u) - uxlu' (w) = f,(u) - £;(u) £ nE -f h¢diam(A(xy )V A(x))



| e

Let y; = x;/ix5fl 5 1 = 1;9:¢ x; # 0 since Ji<2 andl(xi—xn<&f€)

We have for i = 1,2

M=yl = =g Mgl = /g g X=X %y + I (%5 =%, H2

LUX=x5 | +|Nx 0 =1] = Wx-x 41+ ux A=) £ 2 ix-x. )< §
X 1 1 5 1

Since A(y;) = A (xg), i = 1,2, théirirﬁﬁli"cation i)=pii) is
proved. - |

ii)¢>iii). Let ¢ > 0 be given by ii).. If iii)' does
not hold, then for ¢/2 there exist xe Sy and d >0 such that
diam(A(x)UA(y)) < £/2 for each ye S, , \y-xu=d . By ii),
for x and d as above, there exist Y1170 € SZ y W7 -x il < i
i = 1,2, such that diam(A(yl)UA(yz)) > € . Let fn,gneA(yl)U
U Aly,) such that |

(1) 1;.1"‘ WE -2 > ¢

Let ~ = max{diam(A(X)UA(yl)), diam(A(x)uA(y2)3. Ve have
x < €/2, Let feA(x). Then NWEp—ga e WE ~f W+ | f-g i < 2ex<¢
for each n, in contradiction with (4). Therefore ii)==2iii).
iii)=>iv) is obvious, |
-iv)é-_i).- Let € >0 be given by iv). If i) does not
hold, then by [ 2] (see Proposition 1, i) =_§iv))l for &/2

there is an x €8, such that whenever f_,g e Syx , lim f(x) =
. X n’*n X B

= 1im gn(x) =1, we have 1lim sup ||f _-g (< £/2. By iv), for
n : B - BTH

this x and each n we have diam(U {A(y)' S y-xll<l/n §) = ¢ .
Then there exist fn',gne tJ g_A(y) e Wy—xli<l/n 3 such that

£,-g,1 3 3¢/4 for each n. Clearly, lim £ (x) = 1:rilm g, (x) =1
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and since fn,g € SX* , we have by the above cited result of L 2]

‘that lim sup Uf -g, W< £/2 , a contradiction with Wf -g 1> 3e/4
n

for each n. This completes the proof.

Corollary 1. The following‘propertiés of a given norm

of X-are eguivalent.

i) 1< is rough.

ii) There is an ¢> O such that for every Xe SX and

§> 0, there exist xl,x2,uc~:SX ’ _&in-—xuz B i = 1g2y such

that (x U’ (W) + x i’ (<) > £

iii) The sgame with ii) but with x, = X, or one of X9 9%5

@uﬂsx.

Proof. i)==>;ii). This follows by Definition 1, using

{ 3

the well-known fact that =Wy ) tu) = W Y{-u).
ii) =>1i). Using formula (3) we obtain that ii) imolies
condition iii) of Pronosition 1 ?hove; whence the ! is roush.,
i)=>iii). By Proposition 1, i) =2iii), there is an
¢' >0 such that for every X.GSX andv JE>O, there exists
Ve Sf , W y-xilzd with diam(a(x)uUAa(y))= g . Let f,g e
€ A(x)UA(y) such that Wf-gll> £/2 . Then there is & u €Sy
such that (f-g)(u)z &'/2. If fe Afx) and ge A(y), then | »
by (3) we obtain ¢'/2 < f(u) + g(=u) = uxi'(u) +|\yu‘(—u).
Similarly, if f,ge A(x) or f,gecA(y) we obtaiﬁ respectively
pxit (W) + uxn' (=w)x e'/2 or wyu'(w) + i (-w)= e'/2.
Therefore we have iii) e.gZ.,for-g= £/2. |
Since iii)=>ii) is obvious, this completes the proof

of the corollary.

Definition 2.( L21 ) A rorm of a Banach space X is
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said to be strongly rough if there is an ‘E >0 such that for

every x € Sy there is a ue Sy with | xit' (u) +xn (=u)z¢e .

Remark 1. By [2] , Proposition 2, i)&»ii) it follows
that [« is strongly rough if and only if there is an €>0

such that for every'xe SX , diam A(x)> g .

Definition 3. A norm of a Banach space X is said to

“"be quasy strongly rough if there is an ¢ >0 such that for

.every Xe SX'and J;'O there exist y,ues y—xncﬁJ‘ with

X ! i\
iy’ (w) +yyu' (-u)z ¢ |
The usval norms of C{2,b] and fl(N) are guasy strongly

rough but not strongly rough.

Proposition 2. The norm of = 3Banach space ¥ is cuasy

strongly rough if and onlv if there is zn ¢ >0 such that

[®]

the set § xe S, : diam 4(x)2€e$ is_dense in 5, in the norm

tonologl.

Proof. Using formula (3), the proof of this result

is similar and simpler than that of Proposition 1.

If Fe-SXy¥'( X** is the second dual of X) and cy>Q,

then we denote
K(F,d ) = §feBxt P(f)p1-§ 3

Such a set is called a "slice" of By {s1.
We shall consider X embedded in X' , by the canonical

embedding.

Remark 2. If for each ¢>0 there exist x,y'eSX and

&> O,\Lx—yuzwy such that diam(K(x,J )(\K(y,f )) = ¢ then.
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it is‘easy to show that.the norm'of X isvnot quasy strongly
rough (since A(X)UA(y)c:K(x,; YA kK(y,§ )). I do not know if
the convefse is true.(ByL21], Proposition‘l i)ee=il) we

- know that the norm of X is not rough if ahd only if for eaéh

¢ > 0 there exist xe Sy and J> 0 such that diam K(x,d )<€).

Clearly,boﬁe can extend the notion of a rough norm by
letting in Definition 1, that one, two or all of‘xl,xé,u tb
belong to ¥*¥ ., The geometrical equivalences of a rough norin
given in Proposition 1, enable us to give other extensions.

Let us denote for fe& SXx

E) = %XC—,SK : Flx) = 13

Then for example we can call a norm of ¥ almost rough if

there is a2n ¢5>0 such that for every xe S, and 5>O, there

exists F& Syxr WF-xW<d with diam(A(x)UD(F))=¢ . Obvious-

1y, if xe¢ X, then D(x) = A(x).

Remark 3. If for each £> 0 there exist xe SX’ FEESXue
ond d>0, I|F—xl<d with diam(K(F,J )nEK(x,d ))=<¢ then
‘the horm of ¥ is not almost rough (since A(x)vV D(F)cﬁK(F,é’)fﬁ
NK(x,d ))e

For each Banach space X, let

'ex = sgp {t : diam A{x)> ¢ for each Xe SX}

N

Then clearly this supremum is attained and we have Oﬁr&XSEZ.
The known examples of spaces are with €, =0or?2 but it is
not difficult to show that for each A, O <A<2 , there exists

4 .
a space X with &, = ). Indeed, since for X = 4 (P),.T1 un-
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countable we have éi =2 (see [2] ), let £, = (¥&' )xef"é'x

% =1, §y=0for Y#¥, . Let C =§rex* 1 nE-«f =kl for .
suitable o depending on Y . Let B* Tbe the (weak*) closed
convex hull of BX* y C vand -8. Then B*' jnduces a norm on X
with the desired properties. Note that for xeX, x = (. ?&, );\/él"
\ix =y and ‘%:O for Y# ¥, where p-is determined to have in
the new norm ,norm of x equals 1 ,we have diam A(x) = X .
Suppos1ng éJ{>O (1 e., the norm of X is strongly rough),
we want necessary and (or) sgfflclent conditions such that
for each x e Sy fo exist only one u = u_ ¢ Sy with axu'(u) +
+ax )l (=a)2 By - (see Definition 2). A necessary condition will .

be given by the next result:

Proposition 3. Let X be a Banach Space With £.>0.

A necessarw condition that for the element }:c;—&;,[ to exist =

unicue ue S. with

(5) g (w) +uxpt ((w)z £y

is that diam A(x) = 9X . Moreover, the uniqueness of ue Sy

implies equality in (5).

Proof. Let xe S, and suppose diam A(x)> “’-X . Then

there exist fl,fze A(x) such that Wl fl——f2\\> Hence there

2 L]
_ X
exists y € Sy such that ﬂfl-fztlz (fl-f Y (y)> €y o Then y £ %.

Letxzz_spix,y}.ThenAXZ_(x)_—.E*f %:] *ecsu L #%se

.We can suppose , interchanging the indices if necessary, that
N> X ,(y). Bet Wy = £l e Ay (x) Tmen ¥, = A ¥,
+(1—->\i)f2 ¢ O & )*i.sl. We have )\ > )2 Indeed, if )‘l“ }\2,



then €y<(£1-£,) (v)=¥) () ¥y (¥)=(A1-dy) (F1- ) (v)£0 which
is impossible. Therefore Ex<(fl-f2)(y)=(Al-Az)?Vl-Yg)(yxé
5(‘(’1-—?2) (y), Then by (3) we obtain (YI_YE) (y)= itxi' (y)+ 3

b= ; _{ o ,
+x W (-y)>¢y. Let H -{zex2.<Y1-Y2)(z); %xg . Ve have

yeHNs " and since (Y. -?,) (y)>¢ there exists zeHnSﬂ gy
Xy 17 %2 X

v X!
such that £x= (‘(’1-‘[’2) (z)=tuxu'(2)+ nxii! (-2) and y¢z, a
contradiction. Therefore diam A(x)=fx. The 13st part'of
the proof shows that if yeSX is unique such that

Wy’ (y)-lrﬂxn‘ (-y)> EX ther:. here we must have equality.

- Remark 4, Let x¢S.. We have -{yesxzuxu’(&)wx i (~y)zed=
={yeS, 1 pxiy) +lixi(-y) =5, 1f and only if diam A(x)=Zy. Indeed
since for EX 3 0 this is obvious, let 2X> 0. If diar A(x):sx
then as in the first part of the proof of Proposition 3 we
contradict the equality of the two sets. If diar A(x)= %X-
and there exists yeSX such that “X“' (y)+NX.H'(-y)>; &X , then-
as in the proof of Proposition 3, in X2V=sp;\'y,y% we have
1‘}2 L\Pl' ZJ ¢ es 2 and we can suppose '~(’l(y);‘(’2(y) . TherL by
(3)z <uxiit(y)+ b xil(- y)-—(\el {’2) (y)z ‘\‘t”l-‘t’z‘.l . Py a corollary
of Hahn-Banach theorem, it follows diam A(x)} EX' contradicting
the hypothesis.

There exist ‘spaces with the property diam A(x)=E >O‘

I" uncountable has this pro-

for each xesx For example f () s
perty with 2X=2 as we have mentioned above. Since .fér X
smooth we have € x=0 and diam A(x)=€ for each x&éSy the
follow1n3 questions arise: does there exists a space with
diam A(x)'? for each x€Sy, and 0< ‘&X( 2_" If the answer 1is
yes, the_r,a is it true'that for each ) , 04}‘«2, there exists _

X with diam A(x)=¢, =\ for each xeSy?
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