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REMARKS ON ROUGH NORMS ON BANACH SPACES

h r rv J

G. GODTNI

The aim of  th is paper is to give equivalent cond' i t ions

for a notim on a Banach space to be rough using the sets defined

by (Z) below. This enable us to obtain uni tary charactet lza

t ions for  rough and. strongly rough norms(see the def in i t ions

b e l o w ) ,  u s i n g  e i t h e r  ( f  )  o r  ( 2 )  b e l o w .

#e want to thank Professor v. ziz]-er for helpful and

s t imr - r la t ing  converse . t  j  c r l s  re la ted '  t c  |he  su-b  jec t  na t te r "  o f

t h i s  o a o e r .

Le t  K  be  a  rea l  Banach sT lace  : .nd  fo r  each x1- : {  QI1
t . -

I e t  t t  x  l i l f  y ;  o e n o t e s  t h e  o n e  s 1 d . e a  G a t e a u x  o i f f e l e n t i a . l

o f  l l  . l l  ' : t  x  i n  r , h e  i i r e c t i c n  ' I  t  i  ' ;  .  '

( r )  1 1  x l t t ( y )  =  1 i m . t - l ( t t x + t v l l  -  l r x t t )
t+o-

VIe denote the unit bal1. of X by B* and

For  each x  €  X  le t  us  denote

( 2 )  A ( x )  =  A * ( x )  = {  f  € S r e t  i  f ( x )  =  t l x { r 3

-  ,  ^  - 1
S . ,  =  { x e X  

' .  l l x l l  =  1 5
I L L

vvhere Xr  is  the iLual  spe.ce of  X.
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- -  /  r - -  - f  \
By Ascoli-I iazur Theorem (. L r J ) v\ 'e ne.ve'

( 3 )  t t  x t l ' ( y )  = r r l l . x [ r ( r )  :  f  € A 1 * ) 3

De-flqi-liqq 1' ( [3] , [4 ] ) A norm of a Banach space X

is  ca11ed. to be rough i f  there is arL g >O such that for

e v e r y  x € X  a n d .  , f t O  ,  t h e r e  e x i s t  x 1 r * 2 r u € X ,  t l x i - x 1 i l 1 {

i .  =  ! t 2 t  u  €  s x  w i t h  t l x 2 t { ' ( o )  -  i t x r n l ( u )  7 . 2  .

For a bound.ed. set A cX r \N€ denote the diameter of A

b y  d i a m  A ,  i . € . r  d i a m  A  =  s u p  f t a ,  
- a r l \  i  t l  , u Z € A  3 .

:

Proposi - t ion 1.  The {o1}o!v i .1g-- ! r9- !€rJ :€r-of  a-  f l iven

lgg----n o. € ]ijg :_- e-l g1''ir:1 e nrt .

i )  l t . i t  i s  r r c u " ; . h .

i i )  There is :  an 2 7 A suc lL tha. t  for  every x  gs. .  i4 .g-*_ t,,

. i r  O ,  t j i S f g - - e : i : t  t { t t } [ . . €  r z  r  l t  ] y ' . - x i 1 - : [ ,  |  =  L r i t  l ' ] l g
I * r ' : f , -

c i a . n , ( . ' * ( : r i  )  U  . , . ( : i ,  )  I  7 .  t ,

I i i ; )  There is an i  > 0 such_that for  ever,v_ x €So ?! ic\
C r -
C  >  0 ,  t h e l e  e x i s i F  y € S x  e  l t  y - x i t < c t  v ; i t h  d i a m ( ; \ ( x ) U r  ( V ) ) > e

iv) Thel_e,__lS_an g > O such_that for every x g; Sy 3n9

, f t o  l  d i a m ( U { a ( r )  :  r t y - x u - [ \ ) > t .

Proof  .  i  ) -b i i  )  ,  S ince  l l . l l  i s  roughr  choose L>0

given by Definit ion l, and ]-et x ei S" and. .ftO* VU" can suppose

f , . 2 .  B y  i )  f o r  t h i s  x  e s *  a n d .  f , / 2 ,  t h e r e  e x l g t  * T r * 2 r u  € x '

t \  x r - x r r .  f ,  / 2 ,  i  =  L t 2 ,  u  € S "  w l t h  t t x 2 l i t ( r r ) ,  -  t i x r t l t ( l r ) ' = - e .

B y  ( 3 )  t r r e r e  e x i s t  f i €  A ( x r ) ,  I  =  L s 2  s u c h  t h a t  t t x i l l t ( , . ) l  =

=  f r ( u ) ,  i  =  L t Z .  T h e n 3

g - {  t l x r t t t ( u )  -  l l x r t l f  ( u )  =  r r ( u )  -  r r ( u )  4  l l f l - f 2 l t <d iam(a (x r )V  a ( x2 )
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Let yi = xr/ttxi l l  ,  j-  = Lt2 ( x, I O since f,.2 and 1*i-* u.tfL)

Vfe have for i = LtZ

l lx-vi l f  = yl x-xi4gxil l  l l  = (r,/ t txtt l  ) l l  tr "rrr 
x-f lxi i lxi+ ttxi l lxr-x1il4

S i n c e  l ( y : . )  =  A  ( 2 1 ) ,  i  =  L t 2 t  t h e  i m p l i c a t i o n  i - ) = * : i i ) r  1 s

-  p roved.

i i ) f i i i 1 .  L e t  €  >  O  b e  g i v e n  b y  i i ) .  f f  i i i ) ,  d o e s

not hoId. ,  then for z/z there exist  xe s- .  and Jro such that

d i a r n ( A ( x ) u A ( y ) )  <  L / 2  f o r  e a c h  y e  S X  r  l r  X - x  \ i  4 ,  c f  ,  B y  i i ) ,

f o r  x  a n a  , f  a s  a b o v e ,  t h e r e  e x j - s t  ) / y t y 2 a  s x  r  r t  r r - x r l  <  J ,

i  =  L r Z ,  s u c h  t h a t  d i a m ( . q ( V f  )  v g ( V 2 )  )  z  e  .  L e t  f n , t n e  A ( : r r ) U

y *(r2) su-cir  that

(a  )  l in  l i i . , - f  .  l l  t -  r
r l

l , e t  o (  =  f f o . X  
{  

a i a m ( l ( x )  v , q . ( v 1 )  ) ,  d . i a m ( E ( x )  u ; i ( r r ) } .  ; i e  h a v e
n . € / 2 .  L e t  f e  A ( x ) .  T h e n  l l f n - g n l i  <  \ \ f n - f  \ t + l l f - g n l i  <  2 o < < t .

fo r  each n ,  in  cont rad ie t lon  w i th  (4 ) .  There fore .  i i ) )==2 i i i ) .

i i i  )  =)  i rn)  i "  obvious.

i v ) ? ' i ) . .  L e t  z  >  o  b e  g i v e n  b y  i v ) .  r f  i )  d . o e s  n o t

h o l d ,  t h e n  b v  [ 2  J  ( s e e  p r o p o s i t i o n  1 ,  i )  = 9 i v ) )  r o r  t / 2

there i -s an x es" such that vrhenever fnrgne s*x I  l im f(x)  =

= t l* grr(x) = 1r w€ have l imrrsup l t fn-gntt  < L/2. By iv),  for

th is x and each n we have dian( V tA(y) i  i l  y-x paL/n l )  > 'g .

Then there exj.st fn,gne tJ lo(y) i  t r  y-x[ zt/n ]  such that

l l fn-g.r[ > 3t.14 for each n. C1early, t i* frr(x) = t l* B"(x) = I
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-  - -  5  - i  -  ^  -  s  .bove c i ted  resu l t  o f  f  Z land since frrrSrr€ SXr r w€ have by the above cited' re

that lim sup ttfn-gnli 1e /2 , a contrad.iction with 'l ifrr-grrlt > 3e/q
n

for  each n .  Th is  compLetes  the  proo f .

coroll?.{:r 1. the follovrigt ploLerties of a given nolm

of X are eguiyalent.

i )  l l  ,  / i  is rough.

i i )  There is an g> O such that fg l :  everf ,  xe S* and'

'  
f , t  0 ,  t h e r e - e x i s t  * L r * 2 r u e S ,  , , t t x i - x 1 1  e  J - ,  i  =  L t Z t  s u g h

that 1 i x 2 [ ' ( , r )  *  1 * 1 l i '  ( - u )  ] -  t  .

i i i) The sane v;it l i  i i) but with xt = xZ 9l-9il9--9-t tLr*Z

ecual- s x .

Proo f  .  i - ) ' - ) i i ) .  th is  fo l l -o ' . " rs  hy  Def in i t ion  1 ,  us in ; i

the  we l l -kno i rn r  fac t  iha t  -  1 \x t i r f  (u )  '=  \ rx t l i '  ( -u ) .

i i  )  :> i  )  .  Using fornula ( :  )  l . ' ;e obtain that  i i  )  incl- iEs

COnC-i-  1; t -C' : :  i : - i  )  o i  - i r "o: :csi- 'c ion 1 r , : t ,ove, ' . r ' ] ie: : .Ce t : re i \  l l  is  ror-r ' : : : '

i ) = > i i i ) '  B y  ? r o p o s i - t i o n  l ,  i ) = > i i i ) '  t h e r e  i s  a " n

/  > e such t i : .at  for  everJ/  x e So- an6 j - t  O, there exists
J L

.  y e s x  r  l t  y - x n . , f  w i t h  d , i a m ( A ( x ) u . , \ ( y ) ) > e t  .  L e t  f , 8  e -

€  A (x )V t (V )  such  tha t  t \ f -g  i l >  { /2  .  Then  the re  i s  a  u  65"

such  tha t  ( f - s ) (u )>  {  / 2 .  r f  f  e  A {x )  and '  se  A (v ) ,  t hen

by  (3 , )  we  ob ta in  t ' / 2  z  f  (u )  +  S ( -u )  <  t t x t t r  (u )  +  l l  y t t l ( -u ) .

S imi lar ly ,  i f  f  r t  €  g(x)  or  f  ,g  €  g(y)  r r re  obta in  respect ive ly

n x u r ( u )  + l x t t t  ( - u ) >  e t / 2  o r  t t v l t t ( u )  + \ \ v i l t ( - u ) > t ' / z '

Therefore we have j - j - i )  € .g .  r ' for  t ,  e t /z .

S ince  i i i ) : ) i i )  l "  obv ious ,  th i s  gomp le tes  the  p roo f

of  the coro l larY.

Def ln i t ion  2 . (  t2  ]  )  A  norm o f  a  Banach space X 1s



- q -
t

said to be strongly rouqh J-f there is an E > 0 such that for

e v e r y  x e S "  t h e r e  i s  a  u € S X  w i t h u  x r { ' ( , r )  +  l t  x l l l  ( - u ) >  t  .

Remark l .  B y  [ 2 ]  ,  P r o p o s i - t i o n  2 ,  i ) + > t i )  i t  f o ] t o w s

strongly rough i f  and only i f  there j_s an E>0that l l  , l{ is

such that for  every x e S" ,  d iam A(x) > g .

stronsl t r  rou-ch i f and onl'',r if t h e r e 1  q  t v 1 > . 0

"be quasy strongly rough i f  there ib an Z>O such that for
L

every xe s"  and.  rX"  o  there ex is t  yru es*  r  n  y-x t t . f ,  udth

f t y t t r  (u )  +  i t  y t t r  ( -u  )> -  t  .
.:

^ - l

The usual  norms of  Cfarb]  and f ' (N) are quasy strongl . ;

rough but not strongl ; .  rough.

P r o n o  s i t i o n
, . #

2.  The norm of  e  SarLach snace ' , 1  
i  e  n l r r q r r

o r r n h  * l n o *

i n  t he  no rnd. iam , \  (x )  Z tJ  t -p . 1 a 7 1  q o i n  ' l

P r o o f . Us ing  fo rmula  (3 ) ,  the  proo f  o f  th is  resu l t

j .s  s lmi lar  and. s impler than that of  Proposl t ion 1.

I f  Fe  S"xr  (  Xr ' r '  i s  the  second.  dua l  o f  X)  and.  f , ro ,

then we d,enote

r ( r ' , f  )  =  { r e n " x . .  F ( r ) 7 r - f , 3

Such a  se t  1s  ca l led  a  "s l i ce , ,  o f  8 . ,  (  i l  ., '  - - * :

Vie shall consid.er X embed.d.ed. in Xx* , by the canonical

embed d. ing.

Remark 2,  I f fo r  each g>0 there  ex is t  x ry  €S. ,  and
J\

t h a t  d i a m ( r < ( x , J  ) ^ K ( y ,  [  ) )  - t .  t h e n .t r "  o l  tx-y, t . t r  sueh



g >  A  t h e r e  e x i s t  x e  S t and. f,t O such that

C l e a r l y ' o n e c a n e x t e n d t h e n o t i o n o f a r o u g h n o r m b y

le t t ing  in  Def in i t ion  1 ,  tha t  oner  two or  a l l  o f  x t rx r ru  to

belong to X*' . The geometrieal equivalences of a rough norin

g iven in  Propos i t ion  l ,  enab le  us  to  g ive  o ther  ex tens ions '

L e t  u s  d e n o t e  f o r  f  €  S r . r

D ( f )  =  f  x a s "  ;  f ( x )  =  1 J

Then for example v/e can cal l  a norm. of  x almost rough i f

there  is  an  L iO such tha t  fo r  €v€r ' r :  x  e  S '  and f tO '  there

c

e x i s t s  F e S 1 x r  ,  l [ F - x l l a J  w i t h  d i a m ( , t ( x ) u l ( p ) ) > e  '  O b v i o u s -

1 - y ,  l f  x e X ,  t h e n  n ( x )  =  g ( x ) o

Remark  3 .  I f  fo r  each e> A there  ex is t  xe  S* '  F  €S"*v

a n d .  I t  o r  l t  F - x  $ . f ,  w i t h  d i ' a n ( K ( r r t r  ) n K ( x r i  ) ) ' e  t h e n

t h e  n o r m  o f  X  i s  n o t  a l m o s t  r o u g h  ( s i n c e  - * ( x ) u  D ( F ) c K ( f ' r J  ) n

O K ( x , , f  )  ) , .

:  -6-

'e norm of X is noti t  is easY to show that th
f . ?

r ough  ( s i nce  . r ( r )U* ( v ) c  K (x , J  ) n  K (v '  J  )  ) '  r

.  L . - - - -  t n - - f 2 J ,  P r o p o s i t i o n lthe converse Ls t rue. ( t ry L

know that the norm of X is not rough if and':

quasy stronglY

do not know i f

i ) e > r i )  w e

only if for each

d i a m  K ( x , J  ) ' e ) .

and.  we have g  a  e*< .2 .

€ * = O o r 2 b u t i t i s

,  O  z \ . 2  ,  t h e r e  e x i s t s

f o r  x  =  { , ' 1 t ' ! r ' f  u n -

For each Banach

?

9 - - =  s u o ) t :
It

space X,  1 -e t

diam L(x)> t ,  for  each xe SX3
I

Then clear:}y thls supremum is attained-

The known examples of spaces are with

not diff icult to sk-row that for eaeh I

a  space X w i th  2y  =  ) .  Indeed,  s ince



?,

countable we have 2N. = 2

2  = ' i -  t , . = o f o r V / Va \ .  L ,  t v  -

r o  o

suitable oc c.ePend-ing o. tr

r Y  \  €  X tr o  =  \ . E  ) y e f

3 l i f -dol i4 tr l ,  for

( r veak^ )  c losed

C 2  J  ) ,  l e t

c  = { . f e x *

B* be  the

(

o

s e e

.  L e t

. Tret

P r o p o s i t i o n  3 .

A necessa r r r  cond ] - r l - on fo r  t he  e lenen t  x  G ( -  { - n

u n i o u e  u €  S ,  r " r i ' i h

f  , o T  X

i;brat

( r ) I t  x  t r t  (u )  +  \ t  x t t l  ( -u )  >  Lx

i s  tha t  d iam l (x )  =

l rnp l ies equal i lY in  (5) .

L , e t  x 6  S . '
-4,

t h e r e  e x i s t  f t r f  , e  A ( x )

exists Y € S.r such that

t o  .  M o r e o v e r ,  t h e  u n i q u e n e s s  9 f  u e  S "
jL

and.  suppose d" iam A(x)>  t "  .  Then

such that t t  f ' - f  21t t  
t  

X .  l lence there

f t f l - f 2 t t z  ( f r - f z ) ( v )>  t x  .  Then  v  /  t '

P r o o f .

L e t  x . 2 =  s p t x l r 3 .  T h e n o " r ! * )  = f  Y t r \ 3 2 1  , t i * t r j  r Y t  / Y z '

,  interchanging the indices i f  necessaryt that

L e t  Y i  =  f i l x 2 e  A " r ( x ) .  T h e n  Y / i  =  )  r Y , -  +
We ean

Y r ( v )

+(r-tr

suppose

>  Y  2 ( y ) .

) Y 2  '  o

Y-

convex hull- of B-.r , C and. -6. Then B- induces a norm on X

w i t h  t h e  6 e s i r e d  p r o p e r t i e s .  N o t e  t h a t  f o r  x e X ,  x  =  (  ? y ) y * n

Ty"  = lvand t r=O fo r  Y  /  t ro  vvhere  f  
i=  de termined to : " t ' "  in

the new norm ,no"* of x equals l rwe have d.iam e(x) = I .

S u p p o s i n g a X > 0 r ( i l € . r t h e n o r m o f X i s s t r o n g l y r o u g h ) '

we want neeessary an6 (or)  suf f ic ient  condi t ions sueh that

fo r  each x  e  S"  to  ex is t  on ly  one u  =  ux .  S ; {  v i i th  i f  r  t t l (u )  +

+  l l  x l t i  ( - u ) >  € " . ( s e e  D e f i n i t i o n  2 ) .  A  n e c e s s a r y  c o n d i t i o n  r v i - l - l

be  g iven bY the  nex t  resu l t i

b e a B a @ € - - >  0 .

ex i s t  ? ,
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t lren €r< $frzL (y) =Yrty) -Vz (y) =()1-,I21 tfr-Yz, tvgo which
^ r

Ls impossible, rherefore g11<(f 
f fz) (y)=0{t-12) (Y1-fz) (v)3

( ( Y 1 - Y , t t v t n T " h e n b y ( 3 ) w e o b t q 1 n ( Y I - Y 2 ) ( y ) = | l x i l | ( y ) +

+l\xltr (-v)>{i. Let H =izexr: tYr-Yz ) tz)>n ty! . } 'e have

y€Hnsx- and since (Y1-t2) (Y))€,  ,  there exlsts zelnsX, ,

such i l .u. e*= tfr-?z r 'ro-=t1 xi l t  ( 'z)+ tttn' -zl and, v{2, a

contradict ion.  Therefore diarn A(x) =tX. The ]&st part  of

the proof shows that i,f yeSX is unlque such that-

i lx l l ,  (y)+1ix 111 Fyl>.  21,  thew. here we rnust have equal l ty

ignrark  4 .  Le t  xcs* .  ? le  have {V . r * ; l l xU 
r (y )+ i1x  i i r  t -v )>er {=

= f V e S X  I  l l x [ t ( y ) + l l x i i i ( - y ) = r r l  i f  a n d  o n l y  l f  d i a r n  A ( x )  = t ,  .  I n d e e d

s i n c e  f o r  i X  
]  

0  t ] . i s  i s  o b v i o u s .  l e t  t X ,  O .  f f  d i a n  A ( x ) ' t X

then as in t l re f i rst  part  of  the proof of  Proposi t ion 3 we

cont rad lc t  the  equa l i t y  o f  the  two se ts .  T f  d ian  A(x )=  F

a n d  r n e r e  e x j , s r s  y € S x  s u c h  t h a t  l l x f l t  ( y ) + l { x f l f  ( - y )  7 z ' t y , 1 . "

as  in  the  proo f  o f  Propos i t ion  31  ln  X2=sp 'uYrY\  we have

^  -  i v  ' f  ' i ' f  
r sx i  and v re  

' ( ,  
t v l rY  2Q)  -  rher r  byA}r= L\ y';2),trf S*r '/" 'e can suppose

nllrt*1 u x4t (y) + i ixrtt-v) =1Yr-'f ,) (v)s l i ' f l -  V2ll .  FY a corollarv

of Hahn-Banach theorem, i t  fo110ws diam A(xD t*r  contradict ing

the hYPothesls.

There  ex ls t  spaces  w i th  the  proper ty  d iam A(x)= fx>O

for each x€SX. !,or exampt" f/(f )r l '  uneountable has this pro-

perty wlth 2x=2 as we have mentioned above. since for x

snooth we have t*=O and dlam A(x)=€X for each xaSX the

fol lowinX. guest ions ar ise:  doe.s there exlsts a space wlth

d iam A(x)=?*  fo r  each x (S1r  and O <  tX12? I f  the  answer  l s

y€sr  thsrd :  i s  i t  t rue ' tha t  fo r  each L  01 \ t2 ,  there  ex is ts

X with diarn A(x) =2X =tr  fot  each xesx?
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