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le t  o1,  . . . ,  uE be some r€a l -va lued.  funct ions depend" ing on
n varigbles \ t , .-- , \n. l l fe a46pt the notat lon ,4.:  #, and. consid.er
the fu4ct lonaL L = L (xL,un, uf )  of elass Cz in aff  i ts
n + B + nn variables. We further note (using the summation
convention) :

"L ='Z+4f k""fr f t  ,  [ r- ]n:#-hW)AxL ?xL
Ille c ons ider the _f ollowinil rorn of 1{oethe rr s the ore m :

!h-eo{"m' l* . t  o+,.  ' . ,  u* be solut io+s of t4g *qu.-at ions tL]*

( * ,=4 )  - - -  ,  r r )  and  l e t  l ' :  F '  . t xb ,  uP . ,  u f )  
-  

G=4 , . - - , * )

" t "  =r l *  (*  t ,up, ,*Pi )  (n: ,1, . . - , * ) )  V '=Vt  1*r rur ,4)  G=4,  - - - , *
be sone .real-valued. funst lons which sat lsf l  the relat ion ;r E * nL*T, * #"t -hff_"f#)"*fi : o (1)-  Lx"

Then oI, .  .  .  l  l lB als o ve r i f  y the re lat icn :

t;,lrto- h W-qrt) *v"l - o. ( 2 )
Ihe r*sult  qay be obtaineo. conbining the statenents given

by D.tovetoek and, H,Rund L, lJ and by A.Tra\rt  nan LZf( see Jr*o tsl
s.nd. assuralng noreover that the funct i-one l ;  ,  nln and V,
depend on the part iaL derivat ives u! too(the Jroof r€nains the
same) .

0n  Noe the r rs  Theorem

by Iheodor  Gh inda

The theorem is very useful  for  mechanicsr permit t ing a
relat ively €asy d.ed.uct ion of  the naXn eonservat ion larrs.
Usua] lyr  ore considers that  one slngle f  gnct lon anror lg l r , ,  _. . ,  F^,

'l /rr\,1"  ,  -  -  -  ,  t1- '  ts df f ferent f  rom z*o,  choses i t  .and Vl ,  . .  . ,  vn
so thet the condi t ion (1) be ver l f  ied" and wri tbs t l re corresBon_
d ingconserva t lon  law (2)  .  Then one makes another  c l rc j -ce ,  e ts .
the Quest ior i  that  natural ly ar ises is wb.ether the possibi l i t ies
of the theorenn have thus been e.xhausted.;
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;?rpn.pg3!1-gp: In order to obtain' all the conservation laws

w h i c h c a n b e d e r l v e d u s i n g t h e p r e v l o u s t | r e o r e n , i j i s s u f f i c i e n t
f , 6 a s s u o € t h a t o n e s i n g 1 e f u n c t i 9 1 a a o n $ ' , , - . : , ' , 4 ,
ls dlfferent fron zerc. If the norrvanisfrfne furjction t* F* (t*ea r) ' 

',

then every consefvat ion law given by the.gen"Jftr l rot* ot#u, condl-

t ibn ( I )  can ua obta ined f rom the f  o I lo 'w ing l t  '  v4 t - "  t  Y ' l  ;

'  , , : t ^  , - " : : ; r ; ^  " ' P \  
( 3 )

u::y"Xti =vi +LF'.*.tr( 'r"- "71') ( l+k] f l
r/R =Ti try(irn-.,; l'l ) 

' (t+:) (r)
v4 

:;., 
' 
lil*;: "";;";ishiru rr(no sun over K) ' If tbe non-vanishlng function is

(r:xea r ) ,  then every ccnservation Law given b.v,rthe general 's l tu-

at ion can be obtained f  rom the f  ol lowlng 1r ,  q ,  --- ,v^:
le)

; "  *qr i=Vt+ Lf ;+ h( ' l *  q l t  )  '  (?)

9"ogf .  As in the statenent, the lndices 6 and f- wl l- t  be excluded'

fron the sunm"tion convention and the ind'ex i w111 except the val'ue K'

First, vre rnust verify that the functions chosen through the

r e ] . a t l o n s ( 3 ) ( 5 ) a n d ' ( 6 ) ( ? ) ' I € g p e c t i v e l . y , b e l o n € i t o t h e
announced c1ass l  i .e .  they sat is fy  t ! 'e  cond ' l t : "on (L)  '  3or  the f  i rs t

c b o Loe',-"d".'L 
tri - **i44 * Yi =- 

/.xK . fir 7 t o tft "x 
S*t Axi'

=11$ *%t " -h " t ^# -# -# [
+#-#(&"r '1") *hLL".tr

#tt l '* h(n1"- ui{) *v'J-'*,
+  p r .  - h " i #  *h f t r ' l r r
=-r.# *t"k-h', i"#-hl
: - ,"#u[ -l.h,t:.*7.#,lh.q,

1

I +
=

"irr*

I  hbf-u; t i
(1*- ";ft lJ

, I L  *L  (L
T* 'trr"\o'ft.
- f \r  ) _
#toi l^)  =

) 
: - l* uI [t-].=  0 ,
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3or  the  func t ions  g lven by  (6 )  and (? )  r -w€ fo i low the  saae v tay :

?I: nr.h#i"# =#n'*h#- \ffi"1l

r'* # (t- err ) *v'J - hGk,L') :. hl r r'* h1t - "tr.|L ) * v'J
-_ %^tr- L u-% $'-rrLlL-\--{LLJ.:o,,  od , * 

f i  T'- o4 lxL LTF \au5J : L , '" ' r  :^ '
Nowr w€ ha-ve to  check that  the funct ions , f  ,V l  r  - - -  , -Vf ,

l ead  to  the  $ane  conserve t ion  Law as  the  func t ions  F i , l - ' ,F t ,1 ' , - " r { ,-V l  

,  - - - rV*  i n  the  r i gh t -hand .  q id .e  o f  t he  re la t i ons  ( l )  (5 ) '

Yrle proceed. as f oilovrs : in the geperal f orm,:v ! '*vvA- 
f r/ l"h;rf{u;) ;*t_fr,.[ t* *Vb) .:o

of the *:lJJrtat ion l-arvs uasea * i* ,-'V'.., -:; ,'V 
^ 

) ..
we rep lace these funct ions by the va ' lues l f ' ,  Voo ,  - ' -  ,  V*

given by ( 3)
ca l . cu la t l on  fo r  the  func t i ons  q f  ,  q ,  - - - ,V f  i n  (6 )  and  (? )

proposi t ion shows that,  instead. of  stud; i ing the

genera l  f  o rn ,  i t  i s ' su f f  i c ien t  to  conr j ider  tha t

\ ' ,  - - ' , i *  ,  n '  ,  . - '  ,  t  Yanish'  excePt one of  t

tha t  the , 'p rdnLen becone as  s imp le  
'as  poss ib le .

us  supposer fo r  exanp ler tha t  we Are  concerned.  w i t

eal-  f . l ,u ids and use the Euler ian d.eecr ipt ion'  I t

[+J , [S-] ) tnat tbe equations of hotlon f ollow

ional  pr inciple :

r ( * , (  LL r l t  -0  ,o  4 , t D

Ihe
( 1) in its

funct lons
ehosen  so

I,et

t ion of id
' sb.own ( see

, the varlat

conp3"etes the Proof .

where

equatio.n

the

he m,

h the mo-

e&n be

f r o m

( 8 )L  -  j ( u z  * *  " s # { -  x  #  + u  "  { e ^ )
and n CR,3 is an arbitrary donain. Yioe have used. the representation

o h  s %  + n z L -  [ i = , 1 , 2 , 3 \  .V i - * r * J ? X .  
' r  ^ O X L  L - - , , t - , r , /  )

l l ir ls the s.peclfic lnternal energy, s -ls the entropyr u is the po-

tent i 'a l  of  the exter ior  f  orces (wi th changed sign) '  o(  is  one of

the 1,agrangian Ooordinates undd,,olr \  &re nul t ip l iers (see [5J ) .

The lnd.e pe nde nt variables ere x,1 1 xz. t x3 , t

and. the dependent var iables al re 9 r f ,  5 l  1.  ,n,  F,
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I f  we rep laee T,  in  the condi t ion (1)  by the express ion (8) t

w e r g p a r k t h a t w e o b t a i n t b e m o s t s i m p l e e q u a t i o n w h e . n a l l t h e

funet ions ! "  ;oJ 1"  - ront"h,  except  q i  ( "or responding-  to . f ) '11.o*

d.er to avoid any Blisund€fstan<i"in{!ne funetion wi}} be d'enoted'
'  , l r  - a ^ l : . *

by { l  ,  s€ arr ive. at the relat ion :

a)d  * *v i  =g  (e )
J  ) t  Lxv

where D ts su[sf,ant iat d.e rivat ive '
D t  r ?  a ? .  e ^ ^ -

.  Nol t r  the funct ions v i  are YI ,  Y2,  o i ,  Iy1correspond' ty  to  the

lndepend.ent variabres) anri the conservatiirn r.aw followirg rron (g)

@y be vrritten in the f orm :

5 futg1! +vD ),*=-l ,(Jt ̂v. +V'r)wrL,r ,
Itut obk)- ( ro)

i  denot ing the exter lor  norraal  to the bound'ary of  the pomain D(t)  '

W e s h a ] - l s h o w b o w t h e c l a s s i c a l . t h e o r e n s o f i d e a l f j - u i d

nech&nics  can be  d .ed .uced s ta r t ing  f ron  (9 )  ana (1o) .

Hay ing  in  v iew the  va lues  o f  the  func t ions  l '  ,  - - - - . )  \ ^ ,  "L l  t " '

- m  . t l l  , V ^  w h i c h  u s u a l l y  l e a d  t o  t h e s e  t h e o r e n s  ( i . e t  '

;;+l*' ioL",i"i*i.on ( e) autom&t1eally t"Tiled) '_1"'*:3 to the

propos it ion) , the re Lat ions ( 6) , ( ?) anA ( 1o) y ie 3-d us the

following .results :

She energy theoren
d

l l  = o

V! :Vu +P^t-re

where V1r
( o  i s  a n

is obtained. fron :

*gur(W* U*4,&u)*

LVi, ,
1- . r . -
d . x L

f o rn  :
#"LVt

ffi :.- g
Vl :Vo +g (w+U *t,B")t ,

Vt 
"t'. 

solutions f or

s6nstant) and has the

The nonentun theorem f  o l1oWs f  ron0 : '

^ . i  _n
1 i : '
Vl,  = Vu- Pei - 

7qtret
\ t l  

I
v t  v t - 9 u t n L  ,

y"&.a Jtu* l&u)J., :fs ffl-- l-,, ,
)'fr)" 

w v ?.bfu)

Y Z  r  Y 3 t
arbitrary

\ ? (rl/+'Dtb) "
D
)r



i th  #*#=-IH"t  (* i  * -*  arb l t ra"u 
"onstants)  

apf l  rasLxl Lv J '4 xi. -

he forn :rrs r"'* 
#lon, geL::f,n, ,Fl* -S^rPfrJ,a

Put t i ng  (  d  x f  ) !  i ns tead  o f  * i  ( t= t ,  z ,  3 ) ,  we  ge t  the
nguLar nonentun theorenr :

g \ f*gts,1x : I  i*?F-l* - |  **pd,Ja,
)t Jru 6el t D(rf '

h i le  f  o t  . i t  lns iead o f  a i .we ob ta in  the  centero f -nass  theorem.  I

-L ( y F -B-t) Lx = -J gtFL* +J pt R, la
Dt JD&)' ' 

-brh) 
tnti

Fron
0

1 ;  ' o a
't

Y i  = $
v €  = $

fo l lows the conservat ion-of-aass theoren :  .

- D  (  p d - x : O .
-bt ,l{t) r

For

w

t

w

it

1l=0
vi
vl

gn l *  -  0 ,D C
f-r JD tr)

we arp led. to the conservation l_aw :

Ftna l ly ,  f ron

r l : o
t  tr l
Vi = gS'trta-

v l :g  5+
we obtaln the_ entropy conservat ion law in the

. \ t  p5 l , x  __0 ,
bt JDtt) J 

-
f o rm !

In each cas€r olt€_can rnrj fy d. irect ly that the chosen func_
t ions ar€ so lu t ions of  the equat ion (g) .
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