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Tlrls paper !s a conti.nuatlon of our prevlous one [4], fqon which we

^--^- -1 +La *a rotat lons '  Using the g8!ae k lnd
s h a } l b o r r o w l n g e n e r a l t h e t e r n i n o l o g y a r r d n

of techniguss aa in FJ I{e prove sone otber resultE'

!r.. Let k be an algebra.lcally closed' field and Y a nlnimal modol of

ratlonal surfsces over'k. Firet of all r*e shaltr d'etermine all smootb projec-

t lve thleefolds X contal.nln,g.Y as en anple divisor. By a well known theoran

o t r l
r  P 2 ,  P a x P t  *

of Nagata, T is isonorpbic to one of the following gurfaceg

= F^r  o r  t r -  =  p (0r r  oor , r ( * ) ) '  whera  e77? and wbere  r (n )  aenoteg  the  pro jec-

O ' A

tiva bunille associated to any loca1ly freo sheaf E'

2 ,

llbe problem we want to study le well hnown for Y = P- (and in thls case

r  t '
.X . i e  l somorph ic  to  PJ ) ,  r ch i l e  t he  case  Y  *  f  Xp '1s  t rea ted  i n  f l ] t  t beo rem

tl

5. Thus €e may aasurne Y - Fu with s77?' Denote by p:Y - F" -*+P* the

oanonlsal projeotion. Tben a base for Pic(T) ls the fol1owin6: or(4) *

-  0r(o@o(-"))(a) and' f ,o({),  wbere 0 - sur q4 o({) -  oua(4) '

,  .  - , -  / r - \  ^  6 * A

The-or-en t. Esu.'ne tbe.t char(-PJ * o ani lbqL Y * F*, e),2r ie-gg4t3i4

tbe emooth pqgiegtiYP thfeefolq L . dlvisoi. The4,,-thgr.g e4f qlg

exact sequence of Orl-todq@

o  + o p l + E  *  o ( a ) @ o ( u ) @ 0 ( c ) - 1 - - > p  =  0 ( s ) @ o ( s - e ) + o '

i-tiya inteq.Lri qgch tha! I is I

ln

&n

p(n)  and Y
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plqof. $lnce 0T({) and trO({) forn a baeis for plc(Y), thore are two

inrosers oc and. p sucb that O*(t)@Oy * Oy(P)6lp"0(d)1 and since T is

an anple t l iv isor  on X,  p /  o  and A)  p 'e  (see for  insta""u f3 ] ,  pege 38or

g.1B). By Brorrosit lon I in f{. ]  tn" oanonicaL map €' rPlc(X)---z pic(T)

te lnJectlve and Coker(€) is torsion-free. (Aere ona usea egsenttal ly the

.hypoiUoaie about  cnar(X) t )  Recal l i4g that  P ic(Y)  ie  a f ree groPp of  renk '

two, we have only one of, the followtng c&ses!

1) pic(x) ls a frq_e grgu?.of rank one. cbooae t lren an zunp1e generator

f i v  & L
.L  of  P lc(x ' )  and r* r i te  'x (Y)  *  L@*,  uxo Lt"  end t60y = oy( t r )E3to(5) '

i e Z_ and CO., ts the canonical sheaf of X. Since L is
where  r r t r  ) " r  

C  
X  

-  
"o t  

: : * * '  

L ' r  r a '

nl  5r ru.  The a.d. junet ton formula immed. ia te ly  y ie ]ds

(r+t ).S o 4-2' arYl ( r+t  ) . | -  *  12.

If tr* * I tben r+t * -Z and. thus S = a*], contradic'tirrg

l l t les 5 >y.  e and o/2.  I f  Y -  Z then r+t  = -L and thus

the i.n*qua-

c-
d  *  e + Z r  c o n -

tradict lng a6ain th'e inequ'al l t iee St E e and eV\'

Therefo l 'e  case L)  le  lmpooeib le.

Z)  L fq-eLiEogpUiem. Tb 'en tbere are LrH€Pic(X)  eucb that  t@Or?

a  lo ( { . )  * , r , 1  } , 180T  d  o ' ( t ) .  $ lnee  on ( r )8  0y  c  oy ( t )Ep*o (s ) ,  w i t t r  s ) te }o ,

the in iee t iv i ty  o f  t  y le lde ox(Ti  q  f *@ ** t .

Let  6€f (XrO*(X) ;  *  l - ( tsseUdt ;  U* such that  d1sx(6)  *  Y '  i "€ .  a  g lobal -

equation for Y. Ths exact segusnce (*r* e Z )

(1) o --re@u@ox((m-r.)r)  6 , t*"qo*(ruy) -+or(rnt)@f 0(ms+u) ----->o

(where the f irst nap ie multtpf icatLon by 6' ) yields tbe oxact soquenae

(z)  ut( r@nEo*((*- t ) t ) )  - -+" t t f 'ec*(mr))-_rul (or(ot)of  c(ms+u)) .

$lnse Y i,s anpla cn X anC X ls a amooth proJ*ctive thrsefold r*e haw
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( l )  o4(r t*Eo*(mY)) -  o for  evbrv n11o and u o 'd

I claim that

x -
(+) u[(or(* t )oppxo(ms+u)) -  o for  evertrr  ne'Z and'  u o

Pro€-g€-1{t. Consider tbe I*ray speotral sequence

r
o r a '

-r j
"2

- ui(pl  ro(ms+u)Enln*or(m t)) -  ul*J 1or(*t  )@p*o(ms+u) ) '

'l

I f  ra77o, RJPoOo(mt) * o for everf  i )  o

degenerates'  In Part icul .ar

and honce thls sPectral eequence

t , * L a n c l n e 4 )

and (4) 1r Proved

I  o  .  -  - t t l L  ^ / - - . . , \ r
n'(or(ut)@f,0(m*+u)) ; #ttt,c(ms+$8n;or1**)) ;

E #( r t ro ( * * * , . )E l ' t (ooo( -e) ) )  *  g r  E ' (P ' 'o (ms+u- ie ) ) '

whore S1(O) etands for tbe ith utr***tr ie power of the'.r l-nodule 0' But for '

o\ '4 u.( l i .  anl o.( ir(mt re have ns+u-ie)o (reca11 tbat e)te) o) '  anrl therefore

L

(4)  corrows in  case n)o f rom the expl i -c i t  corrputat ion of  the oohomology of  P- '

Aesune now m(o. Consid'er tbo exact sequence

o ---+e1'o t nl ------* l.l'o
1  "Z  

- . t r o

For provr,,e (a) !n thie case it  wtl l  be suff icient to show that 8,. ,

o . t  L ^ - d
*  t ; t '  g  o .  He bave

Elro = o{1rtro(*unrr)6pn*0r(nt))  *  o s ince for m( o '  n*or(mt)  = o ;
-2

u l , t  *  En(Pt ro (ns+u)@nln*or ( * t ) ) "- 2 r

Tbe reletiue dua,lity for the morphisn p (seu f+]) togetber witb tbe

equality 6,tt{ = 0y(-2)@p*o(-*) sivu

n4p*or(* t  )  "ytu"bon(no[or(-nt-z)8do(- . ) ] '0P4) 
= 

.
I

W*b, 
rn(o 

(-e )@ n* or(-nnt;z )' 0rr )'

. 
slnce m4' o and' t) o, -nt-27,1'' If -rnt-Z - -t (1'e'

then P*0r( -mt-?)  *  n*Oo(-{ ' )  '  o '  or  e lse R-F*O(mt)  -  o t

lf -nt-Z * tL'
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Then p- 0.-(-mt-2)
l + I r

Aseusa therefor" ^1-2\, o.
-^t-z

s @ 'o(-re ), and therefore
t = o-62 

o(( i+{)e) .  rhus

s**-?(o@o(-e ) )  .

! O ,

we bave ms+u+(i+4)e.( ns+11+(-nt- l)e .

'Jru 
*Eo(Pit, 

-#'o,
@ o(rae+u+(t+t)e))t ) #
c=g

^ / .
Deoeu$o rof, n< or -nnt-Z)ro and" o(u.(4

-  n("s- te)  + ( { - " ) (o . -

Thus (+) i* proveil  in a1l casee.

$or* from (2)'  (:) ani l  (4) re get

r :  o .  for  every n€Z and u r  o1 l .

s€quence

m tbat  H{( r@t@o*(mY))

(t) tnauces tbe exact

t=O

82',- n

(5or r )

by

I n

induot ion 'on

part lcular,

f o : r  ewry  n€Z  an l  u  -  e t f .

Thgn (5nro) showe thqt t -he restr ict ion map l - ( t , )  -  r f  ( f rpto({))  ie

in l"sonorphisa (I"ndeed., re have fl(lAO*(*T)) - o for r-14a and. one applies

an easy lnduot ion on 1(o us i .ng ( rOr^)  in  ord.er  to  get  that  I - ( l@O*(- t ) )  =  o) .

S ince  l pno ( t )  [  *  P { ,  t he re  a re  two  d i s t i ne t  d i v i so rs  A ,  A '  € l l l  suoh  tha t

AnA' l l t  -d  ,  $ tnce y  ts  anple on X,  a im(Af ld) - -ao,  and.  in  fact  we cannot

have LnN p fr because otherwise

3 * codim*(dnA )( codimx(A) .r  codin*(A) - 2.

T.berefore A n AI * 6. Io partioular, the linear system i t l hes no

hence the comesponding rational m&p e a 
?'r l--*+' l f  l  -

,
n o r p h i s m ,  T h i e  i r n p l i e s  t h a t  f o r  e w r y  L ' €  P i c ( X ) ,  ( L ' - . L ' )  -

a @ (see [5] for the intersection theory of l ino bundles). But the equa-

baso polnts and

ls. a eurJoctlve

J

l l t i es
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2  2  . - ? -
4  -  r n x o ( { ) . o r ( 1 ) ) ,  =  ( L . M . t ) *  -  s ( L n " . M )  *  t ( L . M " )  -  t ( t , . u ' - )J , E  \

-  t -  -  / - - \  - @ g

.  ghow tbat  t  *  {  and.  (L .M' - )  -  { .  Therefore 0*(T)  -  I ; -&M r i th  o)e.  Let

Ag l l f  ue an arbitrary rnember and- set T - 0lC(Y)EoO; M@oA. Then T ls an

anple tnrrert ible 0O-modurer (r '2)A= (L.M'')* - 4,, and. moreover

(d)  arnf(  L,r )7t3.

proolof (5); fbe exact sequence (torr) together with tbe fact that

. a . .
t  n  L  g i v e :

r r f i o  
4

d. tmt  (L@*c0u)  -  L  + arml(yr0y({ )@fo{s) )  *  1  + a in l - (p* ' ,0(s)@o(s-e))  =

+  ( s + t )  +  ( s - e + { )  -  2 s  -  e  +  3 .

The exact sequen t"  (5 '  a )  giveo
- r t a

t * l ^ . t \  -

ai r f - ( ro \s+L/@i{ )  -  d . inr ( r )  *  a in l - (Y,0r ( { )6p*o(e+{) )  -  2  +

, [ ( r { ro (s+ { . )@o(g+ t -e ) )  -  2  +  (o+2 )  +  (e+2 -e )  *  2s  -  a  +  6 .

i '1nari ;  s iuc exact sequence

o --* ,9 
uo H ------+ ,8( "+L )& *. t d --- '* o

(raca1l that L € | t  l '  and t * H@oA) ylelds tbe erabt sequence

o r1l*am) ----? f 1a8('*1')**) I-(r)

ard, therefore a: .ml- ( r )> arn l - ( ra(s+l ) t * )  -  a in [ - ( l@ueq) = (ee-e+6)  -

-  (24-e+3)  *  3n ad (g)  re  Proved.

I{ow a theoren of Kobayashi and.Ochtai (ueu fe], ox nJ, theorem J) and.

f r  '  - ,  ^ - \ \  -  e
tbo facts tuat*1s anple, (T't)^ - {. and. ainnf-(A rt)Vl lnp1y that Ad p"'a

&.rd r ; 'ora(4). tbis happe4s for every A e lr, l .  Hence ox(Y) induces the

tautologicar innert ible sheaf on every At p2 '  rn these circwnstances

. Hironaka has proned tbat S = t*Orr(Y) ie a locally free.Ora-module of rank

3r  rbat  x  s  p(n)  and that  op(n)  $td ox(T)  (see [ .aJ,  tbeorea 1.8) .  Then
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the oxact cequence (rorO) (with * * L) yielde the oract $eguence of cohoinology

4

o _--2e*o, d O.,'r # E *_*--* r:.,.[or(1)&poo(o[ t o(")@ o(s-e) ----?R-Q*o, o o.
- f "  

i t  Y-

3y a theorern of Grothend'ieck E is of the forn n * 'o(a)@o(u)@o(c)t where

a r b r c  C  Z
4

. $ince T io e:aple on X, E - Qno"(t) is annple on P-, and therefore

and. c)o" Tak*ing degree-s we aLso 6et a'+b+c = 28*e. Q'E'li

X over the

e )  o r ' b )  o

q ol ql 1 qgy. ge qtlqe' Lh3't- t l,q-gqe1i1--sg,o.ie e gry--tE€ I f oE al"aebrai-

call;r closed fle].d k of gjgL'-gli{-g q?nleins-g qlgg3glgg&l of rat i.onal" surface s

Tle oorollary iS a conseque'noe of tbeorem of l{aga,ta quoted' &bol"et theorem

t above ana [d], thootem ! and proposit ' ion 2'

'  : i -H ?his corol lary ls no longer true if  one drops the assunptioa

\
about mlninal. j.ty of r e i L rt is eaoily seen by taklr.g for X an3r omooth cubic

A  -  t  - ^ - l \

b5qporourfaco in p4, which !e knosn to be not rational (see fe]). 0n the other

1
hqndra generlc ir3qperplane ecction of X ls a sm.ooth cublc'eurface in Pr, which

?  r '  J  
-  o  t  n

Is a rational surfaee , brt' not a mL":urynaL 'rnodeU'

. [  comptrotely simi]qs r.oasoning a* that from theoren t proves the foLLowing:

ge9. -g.  gg33S9-!3S! T *  P(Orl(dO)@"' ;@o*t(a ' ) ) r  q i th d47.dz7r" 'Vd'rr2o

ard...n)Jr-ie g*-gglele divi-goq. irrihq eqqglh-*gg-rqc!lr'e:k*:L)'i.*j;G'-e3qlo.nal itgxEil

I, gvsq-!-hn :elr"abgqle ql,[,;r:-lll.?qgL fierg-5-qfiqbi-!{3€y-g}.S"--gt1?,n ttgg are !

gl*ggitlge Antggggg an) or...r&rr*17 o, s S Z- s-tlgh theL o+do7o arld ttre

exas_! sequsnce " gll 0Pt-ggle}lfl

o  - - - - *Opt  #  E  *  0 (ar )@. .  o00(* r ro t  ) - I - -+F *  O(e+d l )@. . .@0(s+d, . ) -+o ,

uogL S]rL. '

Bg@" t) Bocauee thoorem ? holds ln arblttary c\ar. r onc can ask

nhether  thsorem.4.  fe  va l ld  in  arb i t rary  chnr .  ae we} l .  The t rouble l ies ln  the

&s an atrple divi.eoa"-!!g n A-:ts*g-qg+ gg3&f ,!b*e-gfglq'
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f,act thet if char(X) ' p) o, one knoree bnly tbat the restrletlon map

f,, rpic(X)*:+pfc(t) ie lnJectlve and Coker(g) Uae no e-torsion with

e prlae to p. (In tt 'eoren 2 one apply the rel l  known I 'efschdtzts theorem

and. deduce that e is an isonorphlem r*ithout the restrictlon about ofrar(t). )

Frobably o{re can prove tbat Coker(e) Uas no p-torslon by using: cryotallne

cohonology. Another way (oee f1J) sould. be tor veri.fy that X has a lifting

' 
to chbro zoro ard. then epply lenma L ln [tJ. But ln general this ls not so

2 .
e&sy. It  r*ould. be suff lclent to show that ff-(XrTX) - or where T* ie the tan-

c A t l

gent bund.le of X. fa [t ]  we vorif ieit  tbie conil i t lon i . f  T ie P- or P-XP-,

and ustng the sa&e nethod one can also verifyr i t  for T * F^ ( ln other words,
. 2

theorern f. is valid. ln arbitrary char. lf T = Ur).

Z) In the situation of theorems {. or 2 one. can easlly seo that the d.i-

vLsor I ie in fact very anple on X ard tbat the aseociated. embedding

gorX*=--2 f  f  l  =  P ba^s. tbe propar ty  that  f I (X)  1g.  a  rat ional  sero l l r  i .8 '
t L

. ! 1 7
q.- t (U)  fe  a l ine for  e .vory c losed paint  b€P- (where { :X__--=>P- 's  the

oanonica l  pro ject lon) .  Horeover  aegfr (X)  = codimr( f )  +  { ' .

j )  Exact sequences as in tbeorerns 7 or 2 d.o eriEt (s.u f1]). In part iau-

4 , t
. 1 # , t h e o r e m 2 i s a p p l i c a b l e t o T - P - X P - g i t b l 7 z 2 | o n e g e t s t h a t f o r e v e -

ry s>2 tbere exists an exact sequence of the .fo4nn

a
(Z) o+----7 0p1 * E * o({.)@o(s-1)<E fr,4 o(")@B . F -:--r- ol

$ b e r e g - @ a n d Y - F , @ i d B , w i t h f l t a { 1 ) @ o ( s - t ; - . - + o ( o )

- - t  '  t  s - t'  the sr:r jection given by 
f '(urv) 

- x" 
*u 

1x{v 
(ro an<l xn betnS houogeneoue

,
. coord.inatee on P^). In other word.o, there is a smooth'proJectivo (t+Z)-ai*.t-

slonaL variety X (namely.X * P(E) with E from the exact sequ€nce (t)) suppor-

t iqg ptx ptn l7z4 as an anrple dtrr isor. Thie showe that theorem z in f1-]
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. - t ,

s*t:t  s{i}r sr - t  and' l>2' or with 8772 and' t '  *s  t  - .
fai l .a fog Y - P*X P' wltb s * 1 a,nd t)721 or

t h e o r e m { b e l o w s h o w s i n p a r t i c u l a r t h a t o n e c a n f i n d t h e a s m e

r that tire norrqal
ae in theorem 2 in fLJ if one asawnes moreose

A  +  ^ \  : ^  ^ + .  # ! " a  f o n m  n { a - h \ - w h e r t  *  4 ,

1x *  rax g1,  tTzz\  is  o f  tho forn CI(a 'b) 'where e i ther  & '  b  '

a77t and. hl.-L.

E?."  , In  th ie 'seet ion k  wi l l  be a leo an a lgeb: :a ica l ly  c losad '
) * -

yCpm be a smoot l  subvar ie ty  of  pn of  d i rnension d772 sat is fy ing

wing two ProPert ies:

a) Y le aritl:rmeticall'y Cohon-ldacaulay in .Pm' '

b )  r r c (v )  -  Z 'oy ( t )  ,  r *ho ro  0y (1 )  -  o /4 )@0: '

- *
I
I

l
. ,

I
f
F

i
iL. Eor*evert

conclusion

bundle N- -
I  t l !

or el,se

*

f ieLd. Let

the  fo l1o-

L e t f . l ' . 9 f . ^ b e a s y s t e m o f h o m o g e n e o u g g e n e r a t o r s . o f t h e i d e a }1 ' n

r ( y )C  k [To r . ' . rT *J  o f  Y  1n  Pm'  Fo r  eve ry  s )o  1e t  uo  deno te  by

- i r /^ \  *  ( **u)-1 '  tho compoei t lon of ' the s- fo ld
y_2l  c-* - - - j  p 'u \o ' r ,  wi th  m(s)  \  n  /  

-  ,  conposi t ion or
a  . - . -

veroneee embedding pttr------> r*(s) with tbe inclusion f(.P^1 &nd by c(Trs)c

a*m(s )+ l  t he  p r . j ec t l ve  cone  o * "  o " (Y ) .

glggrs.mL. L*L -T c P* Lo 3i*og!3-g3!lr-Illgt of d.imension ,t)2 of Pn

sat i* fy i roner t ies  a )  a r lC 'b) e.bovs" Tf d. * 2 o.qo asstrtqejl--Pglgsgql t hat

cfrar(k) * o, Asqgrne;fsr'!,Eqg.ele .Lh*3.-tls- contai'np4-j'Llhgnorqtal proiqctiye

varietjy X eq_ en=g*l@ *rrn * Or(s) beJtgjqTgal:qh-eaf

of y Lg,4 (necqsp.e{Uy- s} q)-,aryi {islsume-qql:eqvel-t-Fgl

)  u 7 r # * { u . * ( r . )  *  { } .
&='l

In these cond-$tetq J:Ltinomorqlj'c -!o the-ig-jllf an'l^ T ls contained.

m(s)+1
r* x ae the. ,Lqtogsgction or c:nLg)-gltb lhg liggg-qel3$a &t-Ltfl,ni3reL L 

' ' '

t  f t 1

Romarkgo {)  Theorem } extends ' theorem { i 'n [ t ] '
-T-

Z) Condi t ion c)  in  t l :eorem 3 ts  1n genora l "  tbe bost  pooeib le '  Ind 'eedt
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take for Y any smooth hlpersgrfaco ln Pm (n)til of degr ee a/2 (resp. any 8€ne-

? j

lic surface ln PJ of d.egree e)74). Tben conditlono a) ad b) an'e l"n thi"e case

fulf i l led (name1y, qondit ion U) nolas by tefochetu. 's theorem Lf n274 and' by

Noether f  s  tbeoeem l f  n ' *  3) .  In  th ls  s i tuat lon oondl t lon c)  reads t r  s)& t t .

tror s * a thers are at least tno normal projective varietlee Xn and X, eupPor-

tirg T ae an arnple Cartior tllvisor arid" witn norroal" bundles both isomorphic to

'O.r(a), 
naaely: Ni * PB anc X^ * c(fra). And since XO is emooth wbiLe X, ls

Y '  
-  L  z

not, tbe.se two varieti'ee carucot be loonorphlc.

prggl*f th+oreg f. lfe ehall analyze carefully tho proof of theoren {" in

F]. Aacord.ing to that proof , i"f  U is the smooth locus of X, then there is 'en

t€Pic(u)  such t t ra t  t80y e or(4) i  thon o*( t ) l 'u  I  f * "  r f  Jr ' tJ  z  vx iFr  the

eanonroar  ino lus ion,  ,or 'u . r "* ]  a€z n**  ; ( * )  -  i r (P*) '  Tben u(as)  t  or (aY)

j; i;! # v'.r]|y '

ErectlY ae

(s)

a€2.  le t  O-€ f (X , r ( * ) )  ;  f (x ro* ( r ) )  te  a  g1oba l  equat ion  fo r  Y .

in p] one can eeo tbat for every s,€Z there is tho exact soquence

o*-'?f(x,p(*-")) .  6 z f-(u,r(*)) ,- f( ' tror(a)I---> Q .

whos*&  / ^ \  @  r ? l a

get g *  6 f (xru\e/ ;  -  @ f(U, f*) ,  Then $ is a gradei l  k-algpbra
-  

3=O A- -O  /_ \

bonogeneous par t  o f  d 'egree a is  su *  f (x 'p(a/ ) 'so that  6-€s* '  rhen (B)

ghows that

s f6 s = 6^fO,o"(a))  
bv-")  kbo, . . . , r / r ( r ) '

3 .=O

Denot ing oV r . I  -  T.nnod r( t ) ,  let  t l€ue be such that t imoads -  t t '  Then

:
t f , r . . . r t l  sa t i s fY  the  equa t ions :

( g )  f j ( t f , r . ' . r * i )  *  o  f o r  e w r y  i  =  { l o c ' e l l '

(bY cond" i t ion c) )  
"

'  rnr . leed. ,  l f  f j ( t ; r - " r t , l )  f  o  then * ; ( t i r ' ' . "  n t f  )  would '  be

lenent  of  $  of  d"egroe (4,  and l tence r r ( t f , r . " r t ; )  d  6 ' "s  because

the degree of 6 is 5. But thls is abeurd because



t o -

r . ( t i r . n . e t t )  m o c " . 6 s  =  t j ( t o r " ' ; t ' )  -  o '
J ' o '  m -  J  u ^ -  a

( ^ \ a o f ' F
set sr  = $.s,  -  

P" 
f - (x,r \*" ' l  -  

P" 
/ - (xro*(aY)).  s lnce T ls ample on x,

r  c "  p ro j (s , ) .  I r lo reover  ,  6  €$r l  *  s "  * r rd .  s ' /6s f  -  s i l  *  (kFor .  . ' . r1 | r / r ( t ) ) ( " ) '

For e\rery ' ( ior . . . r i r )  suoh that LoVo and 1o+" ' ' l l *  a s d 'onote by

'' ' i'o 't'",'' - '"
6 .  ,  *  t ' 1 o . . . t . : t * .  T h e n  e ,  i  n e c  6 s '  *  t o " " t ; ' - € s { "  B e c a u e e
- i n r n _ " . r t r n  - c r  - - -  g i  i . o t " " . t *  . - .  

=

$,i is generated by. the -mononial" f ;  ". .# 
(r*hich are honrogenaou"s eloments

' c ' )
of  c legroe one in  $")1 tben S '  is  Sonere i ted '  by ard tgror . . . r i * ] '  

where

(lon,,.r l*) runs over the eot of mult l- ind"exex with tbe above propert ieo'

Then construct the following bornomorphiem of grad.ed' k-algebras

y rS"fTl...-..--|8' (with T an lndeterminete ov6r S"),

uy y ( r )  =  6 ' ,  an , r  T$ t : . . " r1 - l  
=  6 ror . . . r i * .  s inee f " ro r . . . . , J . *

(Uy ttrotr 6efinit ion) tno **e11 known Veronose equations arrd since

(  sat is fv

+ r  + tu  
o t  

t  '  '  t  " m

satisfy equati.ons (g)1 the d.efinlt ion of f  J-e correet. l{ow is is obvlous that

Y .t* 
an isomorphien, shenee the conclusion" Q. E. D,

in  thearemC orol tr ar3r.
. #

is  an effeet ive

Lot Y C.r* ir*'* sut)'rariet a:d. ageu.rne that Y

Cartier .dir" igor on tho ncrmatr le te  var lo tv  X guch that

a:rd f i.s an lsomorphle$t ln a nelghbourbqed -g{--T"lane at  in f , in t tY og Fm(s)#

Sbe proot'  of this corol lary to conpletely analogous to the proof of corof-

lary t  of theorem t *14! '

Before paseing to the }ast theorem let ne remi.nd a notation from fLI, *""
3 r b

- H  / e + a \  / t + U \  , - $  '  - t .  - E  t
d.enotes  the  cone in  P" ' ,  *  -  

t - ; J t " ; - i ,  
over  t * r ' t t  XP )n  where  t * r . tF  )<F

s- o ? 0*(u), ql$lr-_g eg Sssgpg4ssoq-g)SJ tlg-qqeq i'--Thee t3?s9-:s-gghisn
I r A  I

fr.x,: _----*i(Yrs-Lsg*! ghat f(LLL*tbe i+tgrgectlg4 q! Q(T'g)-witlr the hvper.-

+pN-l Lu the sogre-Veroneso embod,ding glven by fornra of bir lo5'roe (drb).
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TheorqL 4. a) Aes-YDq thPt nt:  r ls an ample

the normal proieqti've vqdetil--I9 the normal eheaf

tl,
r q P Cartier divisor

1g lsomorph ic  to
#orr*

0(a "b )  (necessa r i l a) o and b) o) and' if one hae one -

t ions ;

i) q-: b.-* 3 ,-:g

ii ) a27 aryL-b) Z,
1 . . t

tben X ls .1go!0orq,h1c to tFe cone **rO.

4 , 7
b)  Assume that  .T *  P-XP- 1g an anple Car t ier

Jec t i  
" r r *  "  

0 (a tb )  wt t ' ]n  a  *  b t  q lzZ

ar r l .  b )? .  then X is  i somorph ic  to  the  cone *=rO '

Fro_o_{. Acoord,ing to the proof of tbeorem"{ :.n fl] ret u be the sxnootb 1o-

cue of X. In caso a) Lefechetzr s theorenn lnpl lee tbat the regtrict ion map

€ cPic(u)------+ Fic(x) is an lsomorphism'

In case b) L,ef:. 'c i ie|zls theory funpliee tbat either I !s an lsonorphlsm,

or tbat f io(U) x,* and CoXer(€) is torelon-free. l le show that in case b)

tbiE last poesiillllty d.oes not oceur. Indeed, if L weie an arnple generator

of  p ic(U) ,  put  LEO. -  O(drF) ,  wl :ere oc>o 
" td  Pt  

o .  Moreovexr  s ince Coker(€)
I f ,

is torslon-free, & and P 
are relatlvely prinno eacb other. Hrlte

,  r l o ,  and .  Qrvx  Pd ,  d .€Z  .

*uE (o*(t) /u)Eo, 
" 

u, = o(-?,-2) Yieldo

divisor on tbe normatr Pro-

n"r::-

*  b r  &

o"(r)/u; i ,@t

Sbe adjunotloir formula

( r+d) ' (  *  -2 t  ( r+d) 'P o 
. -2 ,

wblch impllee d. - 
P ; recall ing that d" 9"d P 

are rolatiwly

"posi t iw in tegers ue get  .d  = p n 4.  t 'h is  lmpl leo I  =oC' t  =  
P ' "I

contradic t ion.

l fherefore ln both ceses tbe nap e ls en lsomorpblsno. In othor wondot



&nl

provBss

oc)

x €x. .

p )
t

thero are L1r

For everY

the oanontcaL

L ^ € P i c ( U )  s u c u

lnteg€ro mrn set

lnclusion. Then

_ 7 2 -

th.at  tOEa, -  0(1ro) and

* ( * r * )  "  , 9 t  @ n .
F \ - - ' - ' '  *  J n ( L 1  @ 1 , ,  ) ,

exact ly ae ln the P.roof

/ *  *  \
d , e n t b o  ( ( F t * 0 " ' ) r ) > z

x

& r @ 0 ,  d  0 ( o r l ) .

where J:Uc----1t X ls

of thaorem i[ in f4) one

f6r every closed. point

a natural structrre

to conslder  the

u(* tn)  is  coherent

P o , - - .  , P t e  f ( n ( o " 1 ) )  s u c h

j  o  o r { i o r c  j t 3

/ -  -  \
Now @ l - - (x ru \u ' r r ' / )  =

. (rn,

,(marnb) * or(mY) for evory integer n'

tr) For evary 
"ohuru*t 

0*-mo,1u1e G such that d.eptnO.(C*)> 2 f at every
&

tl

o loeed .  Bo ln t  x€X ,  B ' (G@G"(mT) )  =  o  fa {  eve ry  n i (o "
a l

5l  For  er r . ] ry  nrn€Z thcre ls  the exact  sequenc 'e

({o ) o + u(*-r,,  
n-b ) 6 

r ,(to' 
t t) 

o(*, n).-7 o,
'  [0r tr '

where  6  €  f (u , r ( " 'b ) )  ;  f (x ,ox(Y) )  ru  such tha t  a i r i (e )  =  Y .

.  : - .  n  J  o l r€  ge ts  t l i e  ; . '  '  : ;  s l equence

{1u(*-*, "-b) ) --------*f (r(', ',)) - # (o(*, n)).(4{*ro) s- ------} H (F

Then the exact sequences (l t l-*rr-ou) u*l (t t-*ur{-*t,) with n}o, together

wlth J") *rra therfact that ln our asswnptlons (of cases a) or b))

n{(O( l+n* , : *b) )  = rd1O1-*ar l - rcb))  *  o ,  inp ly  (Uy i rduot lon on m-(o)  t la t

o l iu( t ro)y  -  r11p(o, { ) ;  *  o .  rn  par t icu lar ,  r re  harre proved.  t } ra t  the rest r lc-

t ion ma.ps l-(p({,o)) * f  ts$",o)) anr3. l -qp(o'r)1--.---* ' l -(o(o,1)) are

both sur ject lve.  Therefore,  i f  To ani t  f ,  ( resp.  Uor . . . rU*)  are hoiaogeneous

coord inatuu un P{  ( reep.  
" r ,  

Pt )o there ex is t  4ot4 j  €  f63 ' ( { to)1 and

ttrat *i/T 
I 

n, * 
fi/v 

* uJ, 1 * o,{' and

qu,fl*e{"1 has
Z x Z  

+  L '

/T\w
n)€(m,nl€ZxZ

of a trqo-foful grad.ed k-algobra. Theref,ore lt makes sense
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e l e n e n t s  
" 1 r J  

-  
" t o r i r ; i o r " . . r J *

- n:" Jo' p,T :. 
{iercr( "rt) 1 a f-{o*(r) ),

t '  : j :  
v

rbere L-77o, J*7/o, io*l '  -  a ald jo+"'* i t  b' Then by oonstruotlon the
'  n '  e  -  u  r  v

eLenents f ". - I eatisfy ,tbe well known $egre-Veron€se equations'
!  r r J

s o w t b e e r a c t s e g u e n c e ( 1 1 ' " , ' o ) t o g e t h e r w i t h Y ) a n i l t h e f a c t t b a t

1 J  ' - (ma'm*\
- ' '  E ' (O(narrab))  -  o  for  every ^eZ lnp ly  that  H-(p\* - r - " ' )  -  -o  for  ewry

m €,2 . In part icular, for ewry i l77 o one gets tbe exact. sequence

o-*?f-(0*((n-1)r) ) - - - l - (o*(mI))-=l - (o(na'mu))--ao'

mYo " X' n=o

f,, - proJ(S) (X rs an arnple dlvieor on x), 6 € S, and s/gs o sr' slnce we hsvE

?

also tbat a. .€S, and tbatfa. .  rd 6'sl generate Sr aa- a 6rad'etl  k-algebra'
.  r r J  *  

' - - ' C - i r i  -  2

. Now construct ' the homomorphlsn of graded. k-algebras !,s' fTJ-_--+ 
$1

'  
,  to  T.  

;  ' t '

r t th T an trdeterninate owr $r,  by set t ing Y{*:r i { : " 'O;t)  
o t r r i  t t 'd

,,lr(n) - 6 . slnce &* i satlefy the segre-veronese equatlonsr the definitlon
l '  r t . J

of Y ls correct. ths faot that 
"r 

ls an leomorphlsm lE how obvlous, oonpl"e-

tiirg tbe Proof of tbeoren {' Q.E.  Dn
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