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On the smoothness of sphere extenglions

3 o l ? " : 2
Tesiiy R. G. Douglas™ and Pan Volculescu

Let 4 be an infi ite dimensional comple/ separablel Hilbens

Swece, By S) and W8 we shall denote ‘thie @ ~almebras v

bounded operators and compact operators on ¥, respectively, and

DIl denobe  thie guotiiont “fu)/ () with canonical surjectio
7: £(4) - 2(4). For X a compect metrizable space an extension

e e alicebral CI0C) 0f compless continuons Buncbions: en i by

K dy deflned byoa unifal * ~monomorphism o “/X) = (d)

: : = ; ; 1 n :
BN e e omsedded Sinn G, S ithen aitlie “Owovclnato fuﬂvu‘onk

o : n ;
{z ) jetermine nonicel elements {P{Zl]}jn1 of 2(#) and we
o " v B & » ol ~ }n (= r',}i\ ~l tl»:«!-.
gans censiider n=tuples OFf Operatons {Tj'i~1 S &(#) such that
e oy 1 1 2 e Tor 3 an giden I i) o el

i
the finite rank cperators, the extension p is sald to be Jd-smooba
. can be ehosen suech that the commutators

el o i N2 L e e Lo it

(@

J
Ine B this notleon was introdueced and wvarieus wesul s on

v

ul~smooth elements were obtalned where Gp denotes the

Schatten~von Neumann p-class. It was conje peld SEEh i nike

complexes X (and proved for dim X < 2 Ghet 2 Gl~sm00th element

Resle ieehicvipportcdisin ipe s By e o pey e nom ehe Natlonal ovxenbe

Foundation.
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¢ xt(X) comes from the one-skeleton. It 1s reasonable to
belleve that analogouswresults hbld it @e Cp~smooth elements and
q—skelefons, Thils paper arose'in an attempt at understanding
this highér dimensgional phenomena. .

—smdoth

The basle technique used in [5] in studying C,

elements dépends on the work of Helton-Howe [6], [7] and in

e ticular on the foet that bthe index of operatqrs inithe
"smooth" matrix.élgébras generated by the{T.} can be expressed in
e penis HO R i nalc el o commutatofs, Our principal reéult‘ih this
paper 1s a partial generalization to algebraé of operatofs on

. spheres, This'dépends on a fundamental combinatofial Ldienitiitye
relafing formal traces of powers in the Grassmann S EE0TE 100
antisymmetrizations.

e W i e 6 manifold ahd g ls an element of Extl(H), then‘

BisEee the ‘func tlonal ecaleulus given in 7] one can ghow that the
smoothness of p 1z the same for any meeﬁbedding Qf M in ¢™. Thus
smoothness depends on the'differentiable.Structure"for M a 6
menifold. A basic ingredlent in the study of .the smoothness of
_extensions for Cw—manifolds is fthe defermination of just how smooth

de thie extensiens for spheres. We show that = Gn l—smooth
: 7 _

2 () 2
s n i % ; : iy
extension of S° (n > 1), embedded as the unit sphere in €%, is
necessarily trivial, but that nontrivial extensions exist which are

Cp—smooth PO =




<

We begln with:the algebraic identity on which: our considerafien
will be based after inbrodueling the necessary notation, :

Tet el,.gﬁ;en'be the canonical orthonormal basis for‘@n as

AO n 1

S illlvent space.  Let A g = G @ N @D DA be the

. . n J i
Grasgmann algebra over ¢ with the Hilbert space ‘structure

- cx AL = e i i 7 i a : rner
eorrespondling po the orthonormal basis (eJ)J = {l,.,,n}’.hhere

o i and‘eJ = ele.;.Aejklf g = {Jl,..,gk}, Jg Se..=J. On
A e™ we deiimeas usual the eperators ey by ajh e A h setisiyiine

i

the anticommutation relations

ay aj'% aj ay = 0 : e Nt
* - * o - % -
a, a. + ARG £ L= g am
P& aJ i ©% I ‘J,
—x‘ .X- - ~ »
Bl he SR B B = e el Al
doaed e ;

Now let G be an algebre with unit over ¢ and consider the
y ; = n A cos G s
algebrale tensor product G ® £(C ), which can be identified with
bhelel = 2t et riees (ke o) : over G.. We shall denote
. g J,I’x J;KC (l,...l’l} o ° :

by
t: 0 ® g(e™) »a

the map given by the trace; that is, 7(x ® a) = Tr(x). for x
n @ e e e £(A®n), or equivalently- in the matrlecial setting

N 5% .

T((XJ,K)J,K © [l;...n}) 7 Tie ol Y



i

Further, we shall denote by PO}'Pé € £(AGn)lthé orthogonal

projections onto A°(¢") = At NS i m s s respectively
A% ey = et e
iy, e s [xl,.,.,xm] denote the complete

antisymmetric sum of KypeweXy € G
e e et = 3 € o il o % :
Bl e
where ¢ in the right-hand.sum runs over the symmetriec group

on {1,...m} and e(g) is the sign of the permutation .

Preopocitlion 1, Leg,xlg.,.,xn,yl,,cgsynea and consider

d ! = ® 84 : _I' ¢ o e + X @ g a
Xl i n n
Cry D

2 ’i = ‘ r a »*_ " ¢ e -+‘ ‘ ;7 @ rl’
d ) - il “n “n

Then we have:

0) Ter- ol & k £ 250

- :
(-1) [Xs ¥is Xps TpseeosX s yn]',for = = 20

o o e ot S
Eoefs  Sinece a; A-C Iy aiAe (e e e, Adiie Ae, a

@ O}
q A B L

P X

s of the mabrix

@

Bt Ly scen Ghattfor k= 2p il “the diagonal fentnl
which'corresponds to (d'. + d”)K(l OB LY PO) are zero and
hence v((d' + d”)k(l 92 ca @ Pd)> =@, st e neE

sufficient.to concentrate on the case when k is even so let k = 2p.




I: .

To prove the proposition'for k=2p. ] ship o <n Lol L] bel

sufficient to prove that
o1 e Bps LI PO)) = O
for b any of the (2n)2p teumsh i Ghe iesapansiicn ok

e e i a0 ® a
(yl St el LGS G @k e yn a

Sitlchisissierm o is of the form
b= e I

where X 1is a monomial of degree 2p in Xqser X seeeay and E

: * %

a ¢ o 0 a
i 2

s the corresponding monomial in &.,:..,a obtained

n’ Y

; X
by replacing Xy with &y and T with a; in the expression of X.

We have:

t(b(l®P -18 PO)\ = E(E - E g

e e

PTG Sl S be SUBfie entito prove Mot forTp <lnse Sacive
e (R S = 00 e natnis of Ry B with respect to the

pasis (e;)s o {i,;."n}.being diegonal, i1t will be clearly

Bl filleient o consider only these E,Vthe matrices of which have'’

non-zero diagonal entries. Takilng intd account the anticommutation
e llaiiioms S o i s eldler seen that this implies’ that the number °

. * .
o REEne s aiie e rbalin ay and respectlvely, the corresponding a,, apbesn

in the expression of E must be equal. Moreover, in order that

""E # 0 it is necessary that between too consecutive occurrences

/



A ‘.% 5
B8 a2, (respectively ai) in the expression of E, there also be

i
* .
an a, (respectively ai). Using agaln the anticommutation

relatlons we get that

where 1, < I, < e <’i sedy SE s jt 5
{1, Loganenl J A O edi i s O e O e

and f%-are the idempotents:

= a8, a = e Bl
fl il e Tt
+ + - - S S - A
Moms e Lo e b .. Lo s theliprejectlion onto thelsubspaee
el = 0 Jt : o
n j , o] 2
@eA ¢ spanned by Gy s wWhere K -runs over all subgsets of

('jl)lo'j’tjt} C:KC( {l,...n} \{ilj.'.,is_}.
- Equivalently, K = (jys...5J. ) UK, where
.}{t (e25 {lﬁcoiﬁn} \ {ij~3c¢:,i.é’ J‘l".'jt'}’

Since n — s - t > O the number of subsets K' with an even number of
elements and the number of subsets K' with an odd number of elements

cgesedueal . Implying

Tr(E(P

e PO)) =0,




i

- oi e iR e nenaNEe St hiciseiaisie i =0 (k = 2n) we begin égéin by
looking at T(b(l ® e PO)), where b = X ® E is one of the

monomials from the expansion of
(x, ® o ® z ol e
Xl al ‘.nc Xn an yl l "‘. ‘5 yn ® an 3

By the preceding discussion, we 'see that T(b(l ® Bomile PO))
{ *
.is zero unless each ay and ay occurs exactly once in the expression

of . This means that

where & + t = n and {il,...,i jl;...,jt] = T, n) . i Ehic

- e - e : :

fz ...I"i fj Gt h . s ithie DrRojee bion s N ¢™ onto the sgubspace
it s el Sl N :

G Weenc ] = {glg.,.,Jt},

g2

Usine these faets it fis easlly seen that the diagonal
o -J =

)2’{1

Cub o al B corresponding to e; where J :'{Jlﬁ...jt},

[ 2 A N =_{il?o..1s}, I = i = s L e S

can be written as

clee ) 2 allo ) et s
J éz%r ¢

" Here, S5 1o the Sob of pernmutattons 6 of (152 teen] Tsueh that
glieg A= c(zgk)i G(EiL—l) > U(Eié), i x5(1>...x6(2n),

whe re kEm—l = X X =9 and GJ is the permutation which is

_ i 2
the prcduct of the transpositions(21,V -1, 21L), L= LyeeesS.




We have used here the fact that the idémpotents f;,.ﬂ.,fn,fi, cesT
commute,
Thus we obtain:
g((dr + d)" (1o P ~18P)) =
= _((ul)l ] (o) e(o) c)
raell i o€ Sy
Since a(dJ) = (ml)n”lJJ and .the S,J s Toxm & partitioh of the
gsymmetric group on {l,...,2n}, we have
' nyen et »
sfdl + @) (e B s 1o PO)) =
= (-1)" = e(o) X =
GV 3
n
s (”1) [yle ylp Xg: .3r2 ,Xfl’ yl’l] Q, Brerl)
= . = 2n-1 . :
We can now pass to the extensicn of eis I Anesdvenisife
of C(Sgn"i) is determined by p: C(Sgn"l) > 2(%). - Identifying |
ol 4 7 5 : :
g@0~L Lsth the unit sphere of €%, p: @(s7" l) > 92(%) is equivalent ;

to specifying an n-tuple (xlgf,ﬁgxn) & D) such that : i

A Apaa ; 3
[Xi’ K s= 0, [Xi5 2ol =0 e el b i g = el 2 xj S,
J J Ae2iiam o«

he corresponding p is determlned by p(zi) S Passing to | %
preimages 1n S of‘xl,ﬁn,,xn we see that p Wili be determined

: i ) o : %
by an n-tuple (Tl,...,Tn) e 0 sueh Ghat [T, Tj]’ [Ti’Tj]’
and 2 T?v

LB elene salil der W)
“ll=ign j o



2 D
Recall from [2] that Ext(s" l) — 7 with the diseomornhis
being given by the homomorphism Ext(Sgn*l) - Hom Z(Kl(sgnfl),z)

assoelated with Index. More: precisely, there 1s & eertain UpiGaing

o
matrix o with entrles in ¢(s=" l)

l( 2n~l)

>, whieh ‘s g generator of

K

)
Sgl’l _..)

Logteh e maduls o7 s oilven by (Inl  indes oty

where p(a) is viewed as a2 unitary in 2(# ® ... ® ¥).

[ith the notetlion preceding Proposition 1l for an extension

ol

7

determined by Tys..., T , & preimage of o(@) can

be described-as an element of £t @ AS(¢™)) in fhe rfollowing way .

Let n: A°(e™) Sel)

=LA pe unitary,. let

1 ='f L '
d : @ ,..+Tn®an and

Ik il
S e £ T ® a be elements of S @ A e
= l l Oeea e n n 2 Ut Al g

end define

N

e s al it A e ) e Sl e AT (e

which is the preimage of the 1(a) we shall use. Such matrices

A appear in the work of Vasilescu [9] and Curto [4] on Fredholm

.n»tuples of operators.; Note also that if we ildentify

ey Sl e e el it p (e Bk lle )y then @ ¢ gl ol

be written asg

'Moreover, A is essential;y LAkl G

)

)
.
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Defining

e ACe ) e W sl (e ) 2 )
by we(s ® X) = (Tr %X)S, we see that

L () -’(A A*)?) s

=l gh)EP

(I ® B e Po))
where T 1g the map used in Proposition 1 in, the case G = Sl

)

We have used here the fact that

o0 e e e
‘ 3 - :
e 0 (an" )P
Iﬁi-rl"f°’rn € £(#) be such that
X b
[E E ] € C.» [T, Tj] S © for all 1 =i, j£n
and
n %
T e

e n

Then for A deflined as above, we have

* % 5
indeXA = TI‘ ['T.l’ Tlﬁ Tg, Tg?reo,‘Tn, Tn]

: * . ¥
Broof,  First we shall prove that A A - T E'Cn, AL el e Cpe




Jt

Since

O AA*

it will be sufficient to show that

Laitedys e @
: n
We have:
(at +d”)2=
= .3 (T* T  ® a* é + T .T* ® a*) 4'
e LU G e e G
(T* ® T *
E 2 P : =
1 ? o el f ai)
o r e ai S S, T e o
17 J e 1

: : . | |
+ (= Taaue s Ty e ]
i _

o s

which shows that indeed (d' + d" .

* ' *
Now, Ssfiace A A = AN = T € C o,

We can use Lemma 7,1 ofl[8] which gives:
- * %
Iciese B =l (T N B e

Since the trace of an operator-valued matrix is equai Eos clhets
frace of fhe sum of s diagonal entries, using Prepesition @i

- have:



2

. " LV n g
index A :.Tr(Te((I = A)n ”'(I 1 A )n)) =

- Trﬁe(%:o Amsyr (FLP(AA)P - (aa1)R)) =
= Tr (g; §?tnup ,(»1)? w((d' + daeP(1 e o ; ® go))) o

* e

L i
il [Tl, Tis Tos Tooeess L Tn] : @ Sk

I

There 1g unfortunately one short-coming of P100051t10n 2, ‘whien
we must mention. We do not know whether there exist operators
Tl"“’ Tn satisfylng the assumptions of Proposition 2, and such

‘that index A + 0. The obvious candidate for such an n-tuple

2 ;
the Toeplitz operators on H (aBn) (where B Ts e upair el o

ol o i 50 SR

g i oh Sympels Zyseses? e 2] hub @il n-tuplescatiiciies
.)\L ;

B e v @ Senilyp T ors peisT i,

['113 J] o N L

However, Prepozition 2, can be Used ﬁo'give S b lovslalitenn
result for certain extensions. Al though the coﬁditions in
IRreopocsition 2, are apparently more restrictive =than Cn ~fmoothncu”,
we shall show that the additional assumption concerning I - = Ti Ti

. ¢an be satisfied by perturbilng Tl""’Tn‘

Proposition 3. The C _,-smooth extensions of C(S2n l) (o = 2)

aire welwileds

Proof. First we shall prove that Toe o slessiing & U ~5M00 b

: i
exténsion can be chosen sofas to sati sy TNt Tj Ti € cn—l
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* : ‘
besides [Ti’ fj] G [Ti’ ij] Chaces . Indeeq,~sin;e.
- oAT T, € ¥(¥) we can find X € Sl K = /2 T Steln the

e T andistiic s fine tion

ﬂ“
e

s i m
T, is fin;ue ramls S imele i ,li] ec

t > t7° is ¢ in a neighborhood of [1/2, |x||] it follows by the

) ] _;_
Fourier-transform method of -[6] that [X %, Ti] € cn~l for
£l ‘
Pl o, Glleanly - - T W) so that mepllacing Tk T
‘ ol “;(L_ 5 5
S0 Tl Ph "ﬁTn X ® will leave the extenslon unchanged and

n

)

shince [X°, Ti] € e 0 w§ el 21l havei

,:‘.'. ;2. 3 :‘——_. :}z 3

o T2 1 ~e 2 s n = r ¢ SRt 1\4 e 0) -~

_[li S in e o e (DJX )] € Cn~l . Moreover
' ' ¥ 2k
h=.2 e o) et e) o
Isign

- ( : ) x c

= Dk OGRS ) € 5
l=i=n % st

To see that the extension defined by Ti,...,T, is trivial
1
we have to prove that index A = 0., Thls can be seen elther by

using Proposition 1.1 of [7] which will_give

* *
Tl} Tgs Tgﬁﬁ"ﬁ

tile proof of Proposition 2, and noting that since

Tr[Tl,

* < . :
0o TD] = 0 ©r by.goipg through

I’l—l_< * )'n-—l‘. ,\

* * *
g A e € s I -TARC cn_l we have index A = Tr((I-A A) T-AA
which is zero by the same kind of computation invélyed i

Proposaiyilefnsies Qoo Do
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