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o f  Ex t ( x )  cones  f rom Lhe  one*skeJ .eLon" .  rb  l s  reasonabre  Lo
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g n h c ' t " , - q  T l h ' ' l  g  c J e n e n c l s \  o n  a  f t : n r l a m o n i : a l  n n r i r h i n . c f . n v ' ' i q ' l  ' i ^ n n i - - i i - . rv l , r r u r ' u u  a  4 r r l D  u g I J U r l u D  v t t  u  , J  u t t u u : t j g r t v c , J  v v ; r i v l L r q  v v l -  I c_  _ _ r _  r u u r r v l v J
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I
(- 6:

/ \ ,
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P r y o { ,  S l n c e  a r  A '

c a s { l v  s t r F n  l h a t  f o f  k  =

w h l c h  : c o r r e s p o n d s  t o  ( a '

i -  t  |  . ,  n t r ' \  k f  r  & )  pn e n c e  T \ \ c l '  +  u  /  \ r ' i i  t e

s u f f  i e l e n t  . . f o  c c n c e n | r a b e
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2 p + l i h e

. +  o " ) k ( 1  o
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C I \ l /  0 ' \ ! n /
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@ a
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A a
n

1 - \ l - \r  w .  r O /

v l  f o r h - 2 n .
"  Y ) -

+ n a ' x p a r

,  a i  n ' -  c  n ' ,  
" l _  

A '  c  n "  i t  i s
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"o )  
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Y t t-  o "
n t c a
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L '  I I -  " N

* t +
ob ba iner i' 2 o y r '  c - L t ' o ' t . n

' .h  l -he exn re s  s  ion of  X .

' r ( u ( f  e  P ^  -  1 8  P ^ ) )  : 1 1 / n / n  t ,  \ \  x  .' . , " ) *  ' e  ' c / ,  - o , t  
\

Thus. ,  i t  w l . l l  be  su f f ie lenb to  p rove t ihab  fo r  p  <  n  v re  have

r r ( g ( p  -  P  ) )  =  O .  T h e  n t a t r i > :  o f  P o  -  P  t + t t l ^ ,  r e s p e c t  1 , o  L h eI r . 1 . t f  \ r e  
-  t  

O l  
I  v .  t , . . -  : r r ' ^ v : a / :  - e  - O

bas ls  (o - ' )  . r  r  (  I  .  r , ' 1  be lng  d lagona l ,  L t  v r i l l -  be  c lea r l y
'  

J ' d  ( _  L I . : j . . r L L t .

suf f  l c len t  t .o  cons lder  on ly  thos€ Er  the  mat r lces  o f  i , rh lcL i  have 
-

!  r  ^ . ^ L r ^ ^ * ^ * . - L ^ !
non-zero  o tagona]  enbr les .  Tak tng  in to  aecount  the  anb lcomrnuta , t lon

r e l a t l o n s  i t  l s  e a s 1 . l y  s e e n  t h a t  t h i s  t m p l l e s  L h a b  t h e  n u m b e r
,r

o f  b l m e s  a  c e r t a l n  a ,  a n d  r e s p e c t l v e l y ,  t h e  c o r r e s p o n d i n l :  t i ,  a p p e a r

' ' l  n  f .hc  exnrps .s  lon  o f  E  nus  t  be  equa l  .  Moreover ,  in  o rder  tha t
v / r l /  r

E  +  O  t b  l s ' n e c e s s a r y  t h a b  b e t w e e n  t , o o  c o n s e c u f  l v e  o c c u r r e n c e s
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F F
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a
d L , ,

.L

f :
1.1

L

t ? L a  r a  i
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\  !  e  . l *  \

a -  "  I

f r(  - 1 ,

and

{* 2 e f t  [ j 1 ,  J e r " " o i t r ]  =  Q  t  o  r  s r  o  s  L ,
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I

. J- -l-
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n f  A  f i l ' '  a n n n r r n d  1 ^ r r  av I  v  r ) y s r r r r v u  u J  v K ,

{ 1 r . . . s l r }  $ u c h . b h a t

.  .  f  ,  l s  bhe  p l : o jecL .1 -on  on to"1  .
e i

i , i i l e l e  K  run .s  cve r  a l l  subsecs

{ . 1 ^ ^

^ 4
r.J l

f :  . r  1  , ' r r  e -  f  t  ^ 1  \ f  . r  r  
' l

t J r r , , . t J + J  \ " -  n  t :  I I 9 . . c L ] . J  \ l I . r r . . . r I i J .
J U J

E q u l v a l e n f l y ,  ( =  [ j 1 r . . . r J 6 ]  U  i { ' ,  w h e r e

K r  C  [ l r . . . r n J  \  [ l ] _ r . , , e L

Si4ce R * '  s  - -  t  >  0  the  number  o f  subsets

e l e m e n t s  a n d  t h e  n u m b e r  o f  s u b s e b s  K t  w i t h

1  { , - ^ 1 , , . t  - -qr  E  Er ruc- r r9  t , r ,p ly  ing

1 \ '

a n

r r ( n ( P "  -  P o ) )  =  o  " I



T u r n l n g  n o w  t o  t h e  e a - s e  p , -  n  ( k : 2 i r )  I ' i c

l o o k l n g  a t  r ( r : ( f  e  P *  -  1 .  I  n " ] ) ,  w h e r e  b  =  X  6 r

monomia ls  f rom the  exPahs lon  o f

. e

I

] - ^ n . i t .  . ' . " q { n  h f f
u t j t 3 . L l 1  < 1 3 c L L . t L  v u

E is  one o f  Lhe

( x . A a .  +  + Y  & a . ^ ' F V . A
\ " ]  - ' 1  '  

. o  "  - ' n  ' -  * n  r ' 1 .  -

B y  i , h e  p r e c e d i n g  d i s c u s s l o n e  I ' l e  s e e
' - x

l s  z e r a  t i n J - e s s  e a c h  a '  a n d  a 4  o c c u r s
L

o f  E .  T h l s  m e a n s  b h a t

I  a . .  ,  
J n

.  r 1

{ - . 2 n
a  u . r ) - - " ^ .A

!

r h n r  
" ( u ( l  

&  PU l l ( f , t r  l \ u \ r  q

n v a n  l - . - l  r r  n n r r r .
v , \ \ : v  v * . )

1  l - i  D  \ \_  J  q  , O / l

the  .  e  xpre  s 's  ion
c

{ n

, o+ 4,' l- .e' f '-
l r . =  "  r i l -  , . 6  , 1 "  , j l  c c .  - j t

l . r h e r e  s  f  t  =  n  a n d  I l t r . . ' e l " :  i 1 r , . . r J t r ]  =  [ l r 2 e  " ' e r t ]  o  T h e n

f t  . . . f 1  f :  € -  i c  + h e  p r o j e c b i c n  o f  / r  e n  o n t o  t h e  s u b s p a c e
! i  r r r I l  t i  . . ' I  '  ' L D  v r r

- 1 s " r " t
a  i , l ,  r ^ r l : e i e  J  =  [ j r r . " . r j g ] '

Us ing  these  fac  t s  i t  l s  eas  i . l ; r  seen  i ; ha t  b f re  d j ' agona l

e l t t , . r i ,  o f  ( O f  - F  d " ) 2 ^  c o r l r c s p c n d i n g  f o  e g -  v t h e  r e  J  =  [ i ' r . . .  j g i ,

[ r r l r . . . r n J  \  J  :  f i r  t * ) ,  i t .  . . .

c a n  b e  w r i b i e n  a s

' ' - )  :  r ( o )  *e  ( o r .  ^ o
G o J

H e r e .  S -  L s  t h e  s e t  o f  p e r m u t a t l o n s  o  o f
r l

U

o ( z : ,  - 1 )  <  o ( 2 i ' - ) ,  o ( e t , - t )v r , - r k  - \ . - u k / r .  - \ - - &  - /  , l r . -  0

whe re x2"-L :  X rn,  
X2n1 = ym and o,  ls  bhe

t h e  p r o C u c t  o f  t h e  t r a n s p c s i t l o n s  ( 2 r - f  -

f  ' t  .  D n l  S U C I  t h a tl . L S . a r . .  c  t c - L L )

\ r  Y  / a . r \
L o ( 1 ) .  .  . r t . *  \ L . L L l  ,

v \ & /  v

permubat ion  t^ rh ' l ch  Is

r  n r  \  6  -
L 5  c - L q / t  4 ,  -  1 9 . n . 9 S '

tu



t he  facb  b i ra t t h e  i d e m p o L e n t s

a
LJ

- L J
n '  € '  ' F  f
I l l r t o g ! n t t 1 , t , . ' r t n

. J  l l  4W e  h a v e  u s e d  h e r e

c o m m u L e .

p u  I  I  P o ) )  =

I  u ( u - , . )  > l  , ( o )  t o )
u  o€S t

s t n ' e e  , ( o r )  =  ( - r ; n - [ ' l  1  a n d  t h e

symnet r l c  g r :oup  o l1  tL r . . ,  r2n j ,

S . *  t s  f o r m  e i  P a r t i t l o n  o f  t h e
.J

we have

r ( ( d '  +

/  r  \ f I:  \ - I l

/  r  \ I )=  \ - r l . . , 9 X r . , ,  r  l r r ] ,  Q . E . D .

.  W e  c a n  n o w  D a s s  b o  t h e  e : : t e r l s i c n  o f  C ( S 2 ^ - 1 ) "  A n  e x t e n s i c n

.  9n-1 ,  - ,Zn- i_
o f  C ( g z t t - 1 )  i s  d e t e r m i n e d  b y  p :  C ( 5 ' " - r )  +  t ( : t ) .  I c l e n t i f y l n g

) n - 1
s . - ' ^  

*  w l l , h  t h e  u n l b  s p h o r e  o f  0 n ,  P :  G ( s 2 n - 1 )  * )  t ( i { )  i t  e q u i v a l - e n t

t e  s p e c l f ; ; l n g  a n  n - L u p 1 e  ( * 1 r ' . . u x r r )  c  r ( u  )  s u c l r  t h a t
.  * -  - - t +  1

[ x o ,  x n ]  =  o ,  [ x t ,  x j J  =  O  f o r  a l l  1 * i  l r i- r J r J l g i < n

Thus we obta in :

'  , r ( ( a r  +  d " ) 2 ^  ( r  e- r  
\  \ q

. l r
-  Y  / / - t ) l d

J € , { l - r . .  " F r }

- , , r 2 [ I  , -  a
c l "  ) - " ( 1 .  I  P o  1

/ \
)  r \ q /  ^ s  =
R

f  - '  v
f  ) {1 . r  Y l ,  *p  t '  Y2 t

a  p o ) )  =

/ \
The cor respond ing  p  l s  de ter tn lned b .y  p t ,z l )

p r e l m a g e s  f n  S ( x  )  o f  x ,  t  o  c .  t x n  w e  s e e  t h a b

b y  a n  n - t u p l e  ( T t r . . . r t n )  c  s ( H )  s u c h  t h a t

)e
a n d _ x .  r i  T i  I  a r e  a l l  t n  w ( u ) .

l ( i gn  
-

= x i  P 'ass ing  bo

p r ' r lJ- l  be de{,ermlne.d
te

r m '  m  I  r m  m  l
L l t r  r - ; J r  L f q r r i J  r

r c ,

t '



Recal l -  f  rorn t2]  bhat i lxb(u2n-J '  )  = Z r , r i l ,h Lhe iso(ror-D5j-srn

he I  nr : r  o i  ,en l .y bhe homcrnor.phisrn l lx  L ( t2n-1 )  -  Hon, " ,  (Kl  (szrr-L) ,Z)
. / J

assoc laLec l  w l th  j .ndex .  l ' to re  p rec lse1. l r ,  there  is  a  cer ta j .n  un l -La . . r : .5 i

n a t r l x  o ,  r . r t t h  e  n . L r l e s  t n .  C ( S 2 t - I ) ,  w h i c h  l - s  a  g e n e r a L o r .  o f

, . 1  , ^ 2 n - 1  r  , 1 ^ 2 n - 1  ,K  \ S  ) ,  s u c i l  t n a c .  E X c \ S - ' I  
t )  + ' 2  i s  g i v e n  b y  i ' r ]  +  i n d e x  p ( a )

r v h n r e  o ( e r )  { s  v l e l , , r e c l  a s  e  u n i t , a r y  l n  } ( H  o  . 6 .  O H ) .v  f ,  \  e /

l ' { t t h  b h e  n o t a t i o n  p r e c e d l n g  p y 6 r p o s l ' c i o n  I  f o r  a n  e x t e n s l - o n
,  2 n - ' l  .

o f  C ( S ' t l - t )  o o t e r n r i n e d  b y  T 1  r .  o . r  T n ,  a  p r e i r n a g e  o f  p ( a )  e a n

d e s c r i b e c i ' a s  a n  e l e n e n t  o f  f ( x  E  n e ( 0 " ) )  i n  t t r e  f o l l o v , ' i n g  w a y ,

n ,  n .  e ,  n . .
t  n :  A - ( C I " ^ )  +  n * ( 0 ' ^ )  b e  r - r n l L a r y , ,  f e t

n
Y

b e

. l - JC

A Iu

.l t l

8 a n

++
A a

n

*1

,(
* 1

+

A\.r'

KA

rn- 1

JT
rF- 1

*  . . . .  *  T ^

*
-L -.1- rTl|  .  .  t  ,  - n

and

b e  e l e n r e n t s  o f  s ( H  I  A  ( ( 0 " ) )

. r n r l  d o f { n o
\ j ! ^ 9

A  -  ( r  e  n ) ( ( o '  +  d "  ) l ( H  G  ̂ u ( o n ) )  €  , f  ( ) i  s  / r e ( o n ) ) ,

l . r i r l ch  i s  the  pre  t rnage o f  the  r  (  s )  we sha l l l  .use .  Such rnabr lces

A  a p p e a r  l n  t h e  w o r k  o f  V a s j - l e s c u  t 9 ]  a n d  C u r t o  t 4 l  o n  F r e d h o l - m

' l - " n ' 1  ^  ^  ^ 4r r - u L , . y r y D  v r  v p e r a i ; o r s  "  N o b e  a l s o  t h a t  i f  w e  i d e n t i f y

, r ( c n )  =  A e ( 0 n )  o  n o ( c n )  l { t t h  A " ( 0 n )  o  A e ( e ^ ) ,  t h e n ' c i '  { -  d r r  c a n

be r , r r l t  ben  as

.
I {o re  over ,  A  is  es  senb ia l l y

l o  o " \

\ o  o  I  
'

, , ^ i  f  ^ - r ,
u ! r I  u a l .  J  ,
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T ] a f J n { n < rg v *  a r - - . 4 0

r - !  s ( t {  6  n e ( o n ) )
e

b y  r e ( s  s  x )  =

l & n

n  (  ( l " n \ P
- _  |  ;  \

c

=  r ( ( d '  +

w h e r e

' . ) r ' , / r n n c .  - ! ' l -  - i  r ' n  e
-  i  \ / l . J J P , L  r J  j - t J r r  L +

b'&'.t'*4+ry9*.€

I  r i ,

and

T  l g  p  \ )-  o "

^ n  
' l  

{ n  i . h o
v l l  I  l r r .  v r a v

n

/  n  n *  \ F
\ . f r f l  ) ^

c a s e  G  :  $ ( t { ) "

)

P(̂:

s  i t i

t ha t

n \ P
t \ /

D r n r r  ar  a  v P v

f o n l '

l ,  +c
l ( A
t
I
I )

T ls  the  nap use

We have used here

/  * \  -
I n ^ 1 2
l v  l '
t t
\ A  o  t

( r r  x ) s ,

I  n  n { ' t P  t
\ r 1  5  )  /

, 0 , '  1 2 P  (  ru  , , /  \ r

d  a n

' l- hr:

F

=

T 1  r .  n . o  r T n

u n ,  L ' 1 i ,

l re  see tha t

l - r i : :  t /

m t /

I

€  f . ( H )  I

-x-
n r ' l  c  r t, - i J  t  " n

t /  
' ^

f n r r 1 l 1 / - i - i . d n
f  v r  ( t - L +  I  L ,  L ]  

-

n
'f rf
I

f
m m a ^' 1  , . 1 ' .  t r  \ /

1 l -

we have -Then  f  o r  A  de fJ  ned  as  ahove_ ,

lndex f f  :  Tr . . t

*
n r o v e  l , h a t  A  A . -. t . - - '

I  rt,

s na-Ll-

T

I

* r +
TJ.,  Tz,  ' '?r ' .)a

T I- n r

C  f t  A A\  - n ! - r € c r r ,P.roolr--  F l rst  vte

) r a  a r r r . h  l - h c J '
L/  L  r_ )  UU r  r



1L

( o t  +  d " ) 2  =
I\

x
l t A n

AA*

i t ,  wt l l b e  s u f f l c i e n t  t o  s h o w  t h a b

( a ' + d " ) 2 - r € c

W e  h a v e :

l . t  . r , f  2
\ 0 '  +  o  /  =

/ J +
= . 1  ( T r  T ,  @

l + i r r

7

+  x  ( T ,  T .  A' 1 f

t

: : ,  ' l t ' ]  .  T . l  I
r - [ ;  

-  l '  J '
- L " l ' J

-,+ .
8  & .  a " )  + .

J- .J

. r F
2_ '  2

+ J
"++  T .  T .

J I

whlch  shovrs  tha t  lndeed
.)('

N o t , r ,  s l n c e A A  I ,

we can use Le::nma f  ,1 of  .

l n d e x A = r r ( ( r * A

*  + .
T i A . i u t ) =

_  .F -  t +

L T l ,  T i J  *  * i  u i  *

& 1 + I 8 1

t . t  . . r r t Z( d '  +  d " ) . -  I  €  c r r . . .
*

A A  I € E-  - n  t

f A ' t  r . r l - r i  n h  - {  r ,
L - J  L r r l v , .  b - , e s !

* n \ I 1  
l r  n n * \ r I \

A )  \ I  
-  f l r t  )  ) ,

+
A 2 +* t  * i '

*-
a .  a . - l

I J

. T '  r \- i

m
t

>
1

g

+  ( >  T .
\ t

. !. 1 _

S i  n n p  g , r e  t r A ^ a  n f  o n  n n ^ r g f  g 1 , - V a l U e d  m a b 1 '  l X  l S  e q g a l  t O  l ; h eL ) r r r v g  l J r r E  I J I  s u c  l , / . ! -  c r , t t  t / } - , , ( ; L  q  v a  a ^  f , p  v Y u u

t r a c e  o f  t i r e  s u m  o f  t L s  d l a g o n a l  e n t r l e s ,  u s l n g  P r o p o s l t i o n  1 ,

I rave I



lndex A

n
= Tr. (:'b=o pll n-TIt

-  r y r / r y  ( ( t  -  A-  I r  \  |  
e  

\  \  r A ) n '  -  ( r  -  A A r e ) * ) )  =

r" (r" (9*o 'S6rlr ( -r )F 1 1n"a;P ('rR" )P) ) )

( - . r ) p  r ( ( o '  . r -  d ' r ) 2 P ( r . e  p u  r  8  n o ) ) )  =

* ) e
- ffrn f rn qa rF rfl:  l I - L i l l  , l t  t Z ,  t z e

J +

P r o o f .  F i r s t  w e

e x t ' e n s J - o n  c a n  b e

Q .  E .  D .

t  2 n - 1  ,  i  ^ \
o f  C ( S . - . .  

- )  ( t r  >  2 )

x
m r f r l

.  ,  L n /  - n  J  '
t l  t r

There  ls  un for tunate ly  one shor t -cont lng  o f  Propos i t ion  2 ,  whr l -c i i

He rnus t  ynenb lon .  We do no t  kno is  wheb l - :e r  there  ex ls t  ope: :aLors

rF  , r .  en , f i J  s fv ins  the  assumpLlons  o f  P t 'opos i t ion  2"  and s i rch
1 1 t . . .  r  , n  " * v r u : J  

' L ' J t )

r  r i -1,uP1.ethaL lndex  A {  O.  The obv iou .s  cand lda i ;e  fo r  such ar
D

t h e  T o e p l i - L z  o p e r a t o r s  o l l  H - ( A B n )  ( w h e r : e  B ^  l s  t h e  u n i t  b a l l  o f

O n )  r v i t h  s ; , - n n b o l . s  , -  r . . ,  t z y r  ( c f  .  [ 3 ]  ) ,  b u t  t h i s  n . - t u r p l c  s a t i s ' - f  
' L c n

.F

[ T i ,  t ; ]  €  C p  
? n f Y  

f o r , o  >  r I .

i {o r ,vever }  Pr 'op , :s iL ion  2 ;  ean be  used to  g lve  a  t r l v la i ib ; . '

r e s u l - t  f o r  c e r t a l n  c x t e n s i o n s .  A l t h c i - r g h  t i ^ r e  c o n . d i t i o n s  i n

r : l c  1 , i ve  '1 ,han C.^  -snreo l ,hness ,P r o p o s l b l o n  2 ,  a r e  a p p a r e n t l y  r n o r e  r e s . b r l c l , i v e ' t h a u  n
- - "  - t ^ ^ ' ,  r  ! L ^ - .  r p b i o n  c o n c e r n l n g  I  -  :  T ;  T iwe snar r  snow Lhat  the  add l t iona l  a$su l i

c a n  b e  s a b i s f i e d  b y  p e r t u r b l n g  T l r . . .  r T n .

. /
i  T h e  C ,  -  - s n o o l , h  e x t e n s i o n sl ' r o p o s l E j - o l l  . r .  . r  -

.--i-.*--*-* l-t-J

a r e .  b r i v l a l "

s h a l i -  p r o v e  b h a l ,  T l , ; . . e T , ,

c h o s e n  s o  a s  t o  s a t i s f y  I

d A f 1  n {  n o

)E
. r a m m

r.r  - l -  i
I !

a en_ l  -smoobh

€ e- n-l-



l .J

l i t  T j l  €  cn r ,1 ,  iT t ,  , : r  €  cn* - l  .  rndeed ,  s lnee
*

I  -  X  r .  T r  €  X ( l r )  we  can  f i nc l  x  €  S (u ) ,  x  2  I / 2  I  such  tha t
I T
J(

X
a - -

t  - +  t - E  i s . C *  l n  a  n e l g h b o r h o o d  o f  l L / ? r -  l J x i l l  r t  f o l l o w s  b y  b h e

F o u r l e r - t r a n s f o r r n  m e t h o d  o f  t 6 : l  t h a t  I X - 4 ,  T r ]  €  C r r - l  f o r
7-

. t  g  I  <  n .  C l e a r l y  X - u  I  €  X ( x )  s o  t h a t  r e p l a c i n g  T r r . . . r T n
'  -+" 

T x- t  o, , i l - I  leave the extenslon unchangecl  atrc l:" 'hrr rn YU J  t I  ^  , . . .  r . t n  1  
I ' V I J . L  J - s q v s  u t l u  s ^ v u r r p ! v r !  u r

1

s lnce  l x .u t ,  T i l  €  cn - Ie  r , r ' €  sha l l .  a l so  have

1 - 1 1 ! .

tT r  x - t ,  , j * -E l  €  e r , - r ,  l r i_ I - * ,  ( t j t -B) l  €  c r r - I  .  Moreover
I  . ,  r

r  - : > .  ( r ,  ,  B ) " ( , r r - B )  =
l E l c n

- - - + * r , \  ' - ' b * ( .:  f , - "  ( x  - - : .  T i  ' ' L ,  r \  ' - n - I
I41,<n 

!

'  To  see  i ha i  t he  ex  tens  l on  c i c f  t ned  by  T l ,  .  .  .  e  T^  i b  t ,  : ' 1v  i a l

y re  have  to  p rove  ' uha i  i ndex  A  ==  O ,  Th l s  can  be  seen  e l t i r e r  by

u s i n g  P r o p o s i t l o n  1 + l  o f  [ 7 ]  w h j - c h  r ' r i l I  g i v e

Tr [T1  r  T i ,  Tz ,  r ! 2 - ,  " . . ' .  o  Tn ,  t ; f  =  o  o r  by .  go ing  th roug i r
- J ' I

L h e .  n r o o f  o f  p r o n o s i  t l o n  2  o n A  n n l - {  n n  t h a t  S l n C e  . .u l l u  y r v v r  v J .  r I ' r . i p t ' - ' t 5 I U ! L J t r  t - ,  a l t ! '  r l v u r r 1 6  v l l q u  D ! r r v v

* ' x' r  ^  ^  e  r r  a e  I  - ' A A ^ €  g  ,  I ^ I e  h a v e  i n d e x  A :  T r ( t I - A  A )  - \ J - - n r ^  /  ;I : f I l r E v n - l _ ,  -  
n _ I

whlch  is  zero  by  the  sa l re  k lnd  o f  compr- r ta t lon  invo lvec i  in
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