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A C*-ALGEBRA APPROACH TO THE COWEN-DOUGLAS THEORY

C.Apos toJ -  and  M.Mar t i n

Let  f f  be a separable in f in i te-d imensional  Hi rber t  space
over  the comple>i  f ie ld .  C and 1et  I -  ( f f )  denote the a lgebra of  a l lbounded l inear  operators on f f  

- - r -

For  any open connected subset  CI  o f  c  and for  any posi t ive
i . n tege r  n ,  l e t  Bn (0 )  deno te  the  ope ra to rs  S  i n  |  (H )  wh ich .sa t j - s_
t , , .
L I  .

( i )  ( u r - S )  ( H )  = H ,  t r e O
( i f  )  v  ke r  (u r -S )  =g

o e Q

( i i f  )  d i m  k e r  ( o -  S )  = n ;  o l r O .
Le t  S  be  a  subse t  i n  L  (H )  con ta in ing  the

f  and an operator :  Te Bn (0 )  and le t  9  :  S*L (H )  be
q  ( r )  = r  a n d  q  ( T )  e  B n  ( A )  .

M" l 'cowe5r and R.G.Douglas r2 l  in i t ia ted a systemat i -c  s tud,y
of  the uni tary  orb i t  associated.  wi th  an e lemeot  or  gn(o)  by r r=ans
of  complex Hermi t ian geometry  techniques.  To be more speci f ic ,
they proved that  ,  9(T)  is  un iLar i ly  equiva lent  wi th  T i - f  and onlyi f  p  (T)  lker  (u , -q ( rDn+1 i -s  un i tar i ly  eguiva lent  wi th  T lker(ar_T)n+l

for  any ure '  ( the corresponding uni tary  operators depend on to) .
S u p p o s e S i s i n c 1 u d e d i n { T } , , t h e c o m m u t a n t o f T a n d

o (s  )q1 (T)  ]  '  ;  j -n  Theorem c bel0w we show that  I  is  the , "=t r i " t ion
to s of an. inner automorphism i-n L(H) i t  and only i f  rp(x) lker(ur-rp(o)n+l
is  r :n i tar i ly  equiva lent  wi th  Xlker( r_r )n+1 fo,  ur ry  XeS,  oefz  ( the
co r respond ing  un i ta ry  ope ra to rs  depend  on  . , r  on l y  ) .  r f  s= [T r r ]we
recapture the resul t  o f  Cowen and Douglas.

In  fact  we shal l  g ive a Iocal  descr i_pt ion of  the
to S of  inner  automorphisms in  L (H)  ,  wi thout  the'  ( s e e  T h e o r e m . B )  .  :

The above' resul ts  a i :e  conseguences of  our

t i ons

scfr]

ident i ty operator
a  map such. tha t

res t r i c -

assumption

main Theorem A on
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. o
some c  - f i e lds  o f  _ f i n i t e -d imens iona r  c * -a lgeb ras . .

Throughout  the paper  s  wi r l  denotg a subset  in  L( f f )  conta in-
ing T and TeBn (0)  ,  where e '  is  an open subset  in  C.

For  any t r ie f , r ,  thb operators Rrrp,  wi l l  be def ined by the egua-
t i o n s :

R , , =  ( u r - T )  *  [  ( r - r )  ( o - T )  *  ] - 1u)
p r = f - R ,  ( r _  T )  .

-  
I t  i s  p la in  tha t 'P . .  i s  t he  o r thogona l  p ro jec t i on  o f  H  on to. ( ,
ker  (ar -  T)  .  .

For  each oefr  and each non-negat ive in teger  k  put

A k  = f e r n l P V * x R Q p r ! o < p , e s k ,  x , y e S ]

1 - -

B K  =  P  R x P y * x R Q p  .  : m a x  ( i r r q )  = k * 1 r m i n  ( p r q )  S k ,  X r y e S ]t t l  u l o -  t r l c u  ' :

and  deno te  by  ck ,  Dk  the  c * -a rgeb ras  genera ted  i n  L (H)  by  A : ,

resp . r lUe | .

The union U
k>0

b y  c - .

^ k * -c ' . - .  is  obv iousry a c*-a lgebra which we .shal I  denote(d

L e t  c - ( n t L ( H ) )  d e n o t e  t h e  * - a l g e b r a  o f  a l 1  l ( H ) - v a l u e d  i n -
f in i te ly  d i f ferent iab le funct ions def ined in  s?,  wi th  the involu-
t ion def ined by the equat ion

A *  ( r )  = A  ( r )  * ,  A e c -  ( 0 ,  i  ( H )  )

and le t  c-  (Q) '  denote a l l  c -va lued in f in i te ly  d i f ferent iab le func-
t i ons  de f i ned  i n  O .

w e  s h a l l - ' d e n o t e  b y  r  ( C I r C k ) ,  ( n r D k )  r r  ( n r C - )  . t h e  
* - s u b a l g e b r a s

i n  C - ( a , l ( H ) )  d e t e r m i n e d  b y  t h e  c o n d i t i o n s :

r  (n ,  Ck ;  =  lAeC- (e ,  L  (H)  )  :  A  (o l  ,C f t

r  ( sz  ,7k l= {AeCP (n ,  L  (H)  )  ,  a  (u r )  e2 f ; }

( Q , c - ) = I A E C -  ( n , L  ( H )  )  :  A ( o ) e C ] ]  .

we have  pe  r  (a  ,Co ) ,  Re  c -  (OrL  ( f l )  )  where  p  and  R  a re  de f i ned  by  the
equat ions

R ( u r ) = R r .p  ( o  )  
] p r ,
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Final ly  observe that  the usual
A

Elt

mine two 1inear maps in C- (n,  t  ( t t )  )  .
O resp .D.  I t  i s  p la in  tha t  we have

(DA)  *=DaI  Ae c -  (s l  ,  L  (H)

THEOREM A.  Thzne ex i ,s t  an  open
l<k<n wLt[t thz p)Lcrfre]LtiQ-Az

( i )  r  ( o o , . c k ) = r  { o o r c - )
( i i )  L t  , t , :  r  ( s l o ,  c - ) * c -  ( o o ,  L  ( H )  )

,s ucLt tlla,t

then

anA * derj-vatj-ve.s deter-
D o

We shal l  denote th is  maps-  by

) .

nonemptq ,sub ,sz t  nocn and

L,s a-n aLge-bza-ic ltomomo nythi,tm

0 (p (lPDqa)e;=p tpl tnP6q,p (Ah,(p) , OSp,qsl, ae r {no,Ck-I)

0 (P (oPDqa) e ; =, (pXnPDq,l, (A) ) ,J, (p) , 0sp,q, Aer (eo, C-) .

The proof  o f  th ls  theorem wi l I .be g iven af ter  some pre l imi -
nary lemmas

1.  LEIMA..  Fon a-nr1 u in  n u)e havez
( i )  ( o - T ) R u : =  r  a n d  p  R r = o

r - , 1  k
( i i )  k e r  ( u r - T )  o I ' =  

. r  R ] , p , ,  t l t l  6 o n  e a c h  0 < k
j:o .u or

'  ( i i i )  l / =  v  R i  P  ( H ) .
j>o  {d

PROOF.  The re la t ions  ( i )  a re  obv ious .  C lear ly ,  ( i i )  w i l l
'  easi ly fo l low i f  we prove that

ker (ur-T) o*t-ntu (H )  @ R, (ker (ur-  r )  k)  .
'  
Since (ar-T) (ker (o-T) k+l)Cker (ur-T) k arrd R, (r-T) =I- 'p

ker  ( r - r )  k+1O po (H)cRu,  (ker  (u : - r1k1  hence
L - L ' l

ke r  (u r -T lo * t  p . ,  ( f f )  @ R ,  ( ke r  (o -1 ;  k1

and the reverse inc lus ion i -s  obv ious.
Using [1 ] ,  Lemma I . .7  we know that  we have

l l =  v  k e r ( l - f ) =  v  k e r ( u r - T ) k
t r e O  k > 0

thus  ( i i i )  becomes  a  consequence  o f  ( i i 1 .

2. LEMr{A . T tre do X,X.o wing ne[-atio nt ho X.d.:

we have
[0



APOSTOL and MARTIN

DR=-R2 , DRi=R* Rp o,nd, Dp=-Rp

The prrcof  is  oU,r io . r=,  i f r . t "eore we omi t .  i t .
As easy coro l lary  qf  Lemma 2 is  the fo l lowing

.  3 .  L E M I \ I A .  / d  p D r  ( e o - , c k ) c r  1 n o , c k )  6 o ) L  s o m e  o p e n  n o n z m y t t q , s u b d e . t .
QoCQ a"nd 1(k, t . l te-n

. v
1  ( a o ,  c o )  = r  { o o ,  c - )  .

4 .  L E I 4 M A . L e t  V , W e C - ( n , t ( H ) )  b e  g L v e n , s u c f t  t l ' t a . r t .  W W = V . .  T l t e n
L4)e hav et

DV=V (or)  + (DE) V-V (DW) V
Dv=v (Dr') + (Ds) v-v (Dt,l) v

whezz F-w, E=wv.

PROOF. . Sl-nce VF=EV=V i-t follows that,

v (.DF) + (On) V=V (DW) V+VW (DV) + (ns) V=
=V (DW) V+E (DV) + (DE) V=V (DW) V+O (rV; =y(Dvf)v+DV.

The res t  o f  the  proo f  i s  ,s im i la r .

5 .  LEI , I IA  .  Le t  Eer  (e ,  C- )  be  a  re l [ad j  o in t  p lo  j  ee t ion  ,sue l t
t l t a , t  p  ( o u ; = g  a n d .  n r  ( o r c l )  ( p - g ) : { 0 }  .  T h e n  w e  h a v e  E r  ( C I , c - ) ( p - s ) = { 0 } .

' P R O O F .  
L g t  A e f  ( n r C ; ; b e  s u c h  t h a t  E A ( p - E ) = Q .  S i n c e  w e  h a v e

0=D (EA (p-e) 1= (DE)A (p-E) +E (DAXp-E) +EA (D (p-E) )  and by our assump-
t i o n  a n d  L e m m a  2  r ( o n ) = P ( D ( e - n 1 1 = g ,  i t  f o l l o w s  E ( D A )  ( p - n ) = 0  a n d
ana logous ly  E  (Da)  (p -n)  =O,  Because E ( r , r )  A1  (p r -g  (oL)  )  =  {0 }  app ly ing
aga in  Lemma 2 .  we der ive  eas i l y  E I  (CI rC- )  (p -E)={0}  .

Our next_ lemma

6. LEMMA. Lzt  AeC- (0,  L (H) )  be ,sueh t l+o. t  A=A*=pA. Tlrzn the,Le
exi t t  a.n open nonemyttg ,subdet o-sCI ,  a.nd two coLle-e, t iona
{po: r<o<m}cc* (nor I  l f i ; , {uo : l<cr< i }ca- (no)  taL t l , t  t l , te .  r ) tLo l re ,L t ie ; i

( i )  iPo (ur)  : l<a<mlarra,seX.[ctdj  o int  ytai twi 's e ont l , to gona"X. p,Lo-.

! e - e t i o n , s  L n  t l t e  c * - a . L g e b n a  g z n e n a . t e d ,  i n  L ( H )  b q  [ p , r r A . ( r ) ] .
( i i 1  p = x  p *  a n d  A  =  x  u o p o  i n  c -  { 0 0 ,  L  ( H )  )  .

( l o

THE PRooF oF THEOREM A. By a repeated use o! Lemma 6 we can
f ind an open connected r ronempty subset  CIocaf  an in tegerrn in(2rn)<

S<Sn and a paj,rwj-se orthogonal decomposit ion of p i
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where

o e 0
o

{pe

Po ( r^r )  is  a

Moreover ,

: l < o < m l C r  ( o o ,  C k - 1 )

se l fad jo in t  p ro jec t ion

a r g u i n g  a s  i n  l 4 - f , ' C h . f ,

. 1 -

minimal  in  C(̂ , ) '
may assume that

which

5 r .1 ,
i s

we

P o f  ( C I o  r  t k - ] )  p g = c -  ( a o )  u o  g

where  UoB en joys  the  p rope r t i es :

uoo=Po 
lu le=uoo=Pgugo ,  (uoeu ls  )  2=uogu le .

I t  i s  c lear  tha t  e i ther  U*B=O or  Uogu jg=po,  UJgUoB=pB

Let  1<orBSm be g iven and suppose U 'B=O.  Denote  by  E the  sum
of  a l l  P ,  such tha t  udy /O.  s ince  obv ious iy  n  i s  a  cent ra r  p ro jec-

t ion in 1 (0o , Dk-r) and under our assumption we' have k>2, there-

f o r e  1 ( o o  , 2 k : r ) f  ( o o , c 1 )  a n d  c o n s e q u e n t l y

.  E f  t s l o ,  c l )  ( p - E )  =  { o }  .

But we also have

E  ( D E )  = E  ( o u )  E = 0 ,  ( p - n )  ( o  ( p - e )  )  =  ( p - E )  ( o  ( p - n )  )  ( p - E )  = 0
whence i t  fo l lows p(DE)=0.  Now apply ing Lemma 5 we der ive
P o f  ( o o , C * ) p U = [ 0 ]  a n d  i n  p a r t i c u l a r

.  
P o f  ( n o , c K ) n u = a -  ( a o ) u 0 8 .

Remafk  t ha t  i f  U  40  -  l -  ha  ' l  . aq r  ro l  r r . i  n -f  Uo B#0,  
the last  re la t ion holds va l id  in  v iew of

the  m i -n ima l i t y  o i - ro  { r )  and  pu  (o r )  i n  a l r . r r0o .  Because  we  have
m

w F v
r ( C I o , c k ) =  I  P o p ( a o , C ' , t ) P B  w e  d e d u c e

0 r B = 1

( * )  ^ L .  m
1 '  (CIo ,  Co)  =  x  c -  (n^ )  u*

s  r  6 = 1  
' " " o ' " c r B '

To conclude the proof it sufficj_es. to prove
( 1 )  P  ( D U s u  )  e r  ( f , o ,  c k )

r !  (P (DUoB 1 ;  -g  (p)  (o  1rp (U. ,B )  )  )
0  (  ( D u o g ) e 1 : t D t { ,  t u o r )  I  l , p i p l  ,  t s o , B < m .

rndeed ( i)  of our thdorem wirr for low by Lemma 3 from (l)
a n d  ( * ) ,  w h e n c e  ( i i 1  w i  1 1  b e  a  c o n s e q u e n c e  o f  ( 2 )  a n d ,  ( * ) .

L e t  u s  p u t  G = { p o A l o P o q a l C p U : 0 . p r q < I r A r B r C e  1 , ( a o , C k - 1 ) }  .  W e
leave to  the reader  as an exerc ise to  show that ,  eventual ry  de-
creasing Qo,  we may suppose that  any uor lO is  a f in i te  product
o f  u o  r g t ' s  b e l o n g i n g  t o  G .  A ' h i n t  f o r  t h i s  e x e r c i s e  i s  t h a t  i f

' t h a t  
w e  h a v e
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lotno 
is given then uou(oo) is..a finite product of erem.ents beronqing to Gr\rd-

luated at uro.Thus we are aliowed to prove(I)ana(2)assuning U ^eG.

: " t  

u"6=PoA," l l . l "u. l"  s iven. we derive 
".=i lyoo.h..

( D u o B  )  p ,  p  ( D U * u  )  e r  { n o ,  c k )
and

.  U  (  ( D U o g )  r 1 =  t D  t , p  t u o B )  )  )  U  ( p )
{, 1p (ouju ) ) =U (p) (o ({, (ulB.) ) ) .

Putting in Lemma 4 V=UoUr W=UIU and E=po, F=pB we have
p .

p (DUsB )  =uoB (DpB )  ap (Dpg )  uoB-uoB (ou*u )  uoBe |  ( r io ,  ck)  .
r f  we put in Lemma 4 v=rr (uog) ,  w=t (ulg) and E=0 (po),F=rr,  (pe)

then,  under  our  assumpt ionsr  w€ obta in
P(P)  (D( ' l , , {uou)) )=0(uog)u(DPB)+p(P)r r (Dpg) t (uo ' ) -u(uou){ , (DqB)0(uou)=t (p(D%B))

and (1) and (2) are proved. we proceed anafogously i f  uor=
= P o  A  ( D B )  

" n B .
.  T H E O R E M  B .  L e t  q : S * L  ( H ) b e  a "  m a " p  , s u c h . t l t a . t  p  ( r ) = t  ,  i  =

= tp  ( t )  eBr ,  (a )  -  The (oLx-owing  cond i t ion , t  a , tLe  ec lu iva \en tz
( i ) rp i 's  the te,stnict ictn to s o( an innez a_utomonythi ,sm Ln

L  ( H ) .

i i)t l ' tenz exLtt,s 
.a ytattt iaX- itomettt1 U

u*u. .=p ,  u  u*-F
a . n d .  

o J o  t r ) '  t r ) t r )  ( ' t J

FrAf;t (Y) * q (x ) fisFor=urnfet*xnfiufi
6ot t  anA u:eQ1 OSprgsn,  XryeS,  wl ' tene.  -n- ,s t1mbo]^ , ,s  a lLa-  aAAoe. ia te-d,  wi t l , ti .

PROOF.  r t  i s  c lea r  t ha t  ( i )  imp l i es  ( i i ) .  Le t  eocCI ,  1<k<n
be produced by Theorem. A- rf we define { by the equation ..

{ ,  ( a )  1 r1=UrA  ( r , r )  u *  r  oe  f t o ,  Ae f  (ao ,  C - )

under  ou r  assumpt ion  ( i i 1  we  have  V (e1er (ao rA- )  whenever .
A=PR*Py'*xRQp,  Osprgsn,  Xryes.  Apply ing Theorem A and Lemma 2 we
d e d u c e  g ' ( A )  e  r  ( o o r d - )  f o r  a n y  A e r  ( n o r c * )  a n d  A e r  ( 0 o r c - )  a n d

tucl t  that .

( *  ) e.nfiPo 1v) *g (x) neer=urnf,Pv*x*flui
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f o r  a n y  0 S p r q ,  X r y e S .

ooeeo  be  g i ven .  S ince  feS ,  Lemma 1  imp l i es

H =  V  \ /  i  \ /  _ in=xrs j  =o** ionrof f= j  Jo* i ,onroH..

Let  Uel  ( f l )  be def ined by the equat ion

u ( x n l .  p . .  x ) = Q  ( x y p j  F  u  x
'  

f o r  any  XeS,  OS j ,  xeH.  Us ing  ( * )  we  de r i ve  tha t  U  i s  a  we l l  de f i -
ned .  un i ta ry  ope ra to r  and  UX=g(X)U ,  XeS.

THEOREM C.  Suy ty to , se  sc [T ]  , ,  q  ( s )c { r }  , .  The  [o lX .ow ing  eond i -
t io  n,s  arLe-  zc lu ivaLent .z

( i )  q  i s  t l +z  t t e t t n i c tLon  to  s  o . [  an  i nne t  au tomony th i lm  in
L  ( H )

( i i )  thet te  ex i ,s td a.  .  un i ta t tq  oyten-a- ton Vr :ker  ( ,_T)  t t . ' l *
'  +ker  (o-T1 n+l  ,s  ued that  

i

q  ( x )  l ke r  (u r - i )  n * l=v rXv*  
l ke r  ( r - t 1n+ l

'  
6 r t t t  a n A  o e e ,  X e S .

PRooF' Tt is suff icient to remark that under our assuml*. j-ons,
the  p resen t  cond i t i on  ( i i 1  i s  equ iva len t  w i th  ( i i ) .  i n  Theorem B ,
w h e r e U = V p .

o  0 J c 0
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