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The Fenchel-Rockafellar d.uqlity

progranming in order oomPlete

, 
-'' appU.ca t ions

by

Constantin Zdli"nescu

0o fntrod.uct ion

In the last few years one notes the attempt to generalize

the duality theory for nrathematical prograrurning when the

object ive fuact ion takes values in an ord"er eompHe vector

LattlcerZowe L13J extend.ed the Fenchel duality theorem for

that casel and. Rosi-ngpr tfl treated. the ssllle problern for the

ease when the object ive funct ion is not convex"In thls papex we

present the Fenchel-Rockafel lar theory for the'same case.Note

that the object ive fuact ion is not suppooed- to be convexrso

that we reobtaj.n the results in [?] .The approachrpara] le] to

oertain extent to that of Rockafel lar Lgl r '  is based on the'

not ion of conjugate set in [ ]ol  and the subdif ferentiabi l i ty

criterloo of Zawe if+l .\Ye apply the re.sults. to calculate

.conjugate operators and. subd.ifferentials; so we reobtain the

results of l{utatelad.ze t:] concernj.ng conjugate operators and.

subdifferentiaJ.sosome of them jn nrore general oond.itionsoY{e a]so

givg a KuSn-Tucker theorem which generalir6s that one in Lf:l "

Using a theorem of Ursescu L12l ,concerning multifunctions vrith

closed convex graphrwe establ ish a useful cr i ter ion for the con-

t5.nuous versionrwhich represents a generalizatj.on of a similar

result of Itobinson f5l r

L.Prelj-ninarles

[ h r o u g h o u t t h i s p a p e r x ) y } Z d . e n o t e r e g l v e c t o r s p a c e s a n d .

7,  Ls a lso an order  complete vecto*  Ia t t icer i .e .sZ iS an ord 'e f

vector space (ord.er symbol( ) ,  inf  (urv) = 14rr *"d 
: t t !X,v)=

= !r V v exj-st for a1l uov€ Zrand. for each noneropty e C?tTiqt A

theory for mathematlcal

vector latt lces and.



ie orcLer bounderl frorn below irn Z, lnfA exlsts "Tlie se.t C =

* {szn >, O! of pozltive elernents of 7' ls calIed. the pos{-!iY.e

gg,ng of Z,By the defini t ion of an orcler vector spacet Cn-C :5

*  { 0 J ,  c  +  c  =  c ,  A c c c  f o r  a l l  A  e  R * (  R +  =  I  l . R : ' t  > ,  o } o

rf A C X, *0, Ai ,  gsA d.enote the intr insic core (rela-

t ive algebraic inter ior),  the core (the algebraS.o interior)

and the convex huIl  of Ar r€spectivelyolf  X iB & topol.ogieal

vector spacerthen j i .ngA denotes the topologj.cal inter j .or (see

[4] )* A subset AC.X is eaid. to be ]i,nial,Iy, clo.sed. if each J.ine

meets A in  a  c losed.  subset  o f  the U:re,One has (see [9 ]  ) ;

&:opS,sl*lr$ IoI . fhe positj.ve cone of an ord.er complete

vector latt j -ce is l ineal ly closed."

.  Let  f  :  D( f  )  C XrY be an operatornand.  A CX.Then f  (A)  =

=  { f ( x ) l  x  G  A  nD( f ) J  . I n  the  seque l  we  sha l l  need .  the  fo l l o -
t '

Yf t-It$*

Ig_gga l iJ .  .  I . ,et  X,  Y be a l inear vector spaces, ATBCXI

DC.y and. $: X -+ Y a l lnear operator.fhen

( i )  + q . ( A x D )  =  ( S g A ) x ( g o ) ,

( i i )  s (ggA)  =  Sgs (A )  r

( i i i )  Sg(n+s) * ggA + ggB.

Proof ,  ( i )  f t  is  c lear that  A xD cggA x ggD.L,et  x 699A

a: rd  y€g-aD.T l ren  I l re  (Or f l  n* i€A1 i= l re  o . rn  such tha t

x = f  2 i * i  a n d  E / i . = ' 1 ,l .=L * * i,=1
3 l - r€  

(o ' r l  f i i  €D1 j=rpon

, !

i
t

- i
. T, i

m m
r reellr such that y r: ); Aiyi and. L le ; = ,L*Then

J ; I l u d  3 ; T  l d
n

( - - l t

X  *  Z _  / t (
.1.=.L

m
L
i =1 /%'"r 

*
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n
L.
l= I

n
f
l,=1 4 k (x i ,Y ; ) '

Bur ,Lt '  l * i  > 0 and L *  ) i  h  
-  1,  . (x t ,v , )  ea XD,so that'  . r  

/  d  i= I  j= I  *  /

n 3

n
(xrv) = ( f ,

l= I

m i
a .

rb 
r ' i  

[ r"r '
m

L.
j = I

m
I.
j = L

(x ry )  €  gg (A  x  D)  "
( f i )  i t  is  obv iouso

( i lx )  le t  $r  xx  x- rx  , '  s (xry)  =  x+y,  and ArB cXE then

S ( A x B )  =  A  *  B . r

Applying (i) and

Irernna 1.2

( i i )  one obtains gg(A + B) = gg A + coB.

I re t 'A t rA ' ro . r rA*  be  convex  subse ts  o f  X  and .  M =

tf

2 € lc  Sn.

i f A i s

)  * ' *

Ai. '

1

convex then .0 e 
*A if

€  A ;  i f  ( 0 r 0 r .  r . , o )  €

k-1n
1*L

=  { t x  -  x l - r . . . . r x  -  x o ) :  x  € X r x k € A k ,  } €  k s n l  C  X n .  T h e n  ( 0 r 0 r  n .

o . . ro )6 fu  i f  and  on lY

o er(  ?i  a,
i=I  *

Proofo Note that

V * . o  J X * _ r .  o r

hords then l= n A
.  l = I

{
$uppose  tha t  (0 r . . . r0 )  €  

-T r lo le , t  x  €

( * x r r r r e * x ; - x g r - i r . . r r - f )  €  1 . { '  I t  f o l l o w s  t h a t

( , l x r o , . ,  l * ,  , l x 6 r  ) F - r . . . r  , 1 f ) e  M r ' 1 r € r t

that
1
A x = y _

' 1

Axr-= Y -
11.

, f f = y -

It f,o}}ows that

1
L X  =  I  -  X ' r

.  , l
x i  V t ,  r < i ( k  -  r ,

, .
*k ,

t  , l
* i  f i ,  k+I  (  i -< no

I t r l
*I a *Z = .f t = oit-f = X €

k-1
f1,  Ar rso that

i= I  *

( 1 . t )

and. only if

M  o r  ( 1 . 1 )

Air*k € Akt then

J A,  O such that

I  y e X,* i  €Ai such

*  Ak)  fo r  a l l  k '

, l x U =  f  - x t k r w h i c h i n r p l y -  l - @  - * f ) =
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= xr  *  x*€ H Ai  -  Ak.  Thereforero €  I  (  H Ai  -  Ak)  for
1 5 ' i * r . " , * i = r' :  

i*I 
* rL

a l l  k ,  2 S k ( n .

Converse ly rsuppose tha t  (1 "1)  ho lds .  Note  tha t  i t  i s

euf f ic ient  to  show that  for  x ,  C Ai r  1<1<n (  hence ( :x l r r r l rx r r )

e 1.11) 4 ,t '> 0 such that ,,l {xr, .. ,1xo) € }il.\,/e shal} showrby ind.uction,
' r f

t h a t  t r k ,  2 ( k s n
- t

/ p  \  I l -  >O { r ,  I  < i  Sk  l " i  €  A r r  l x r+  x {  =  o .  o= ,2xn+  xO.'  t - k /  J '  q *  \ r b  J  * - i

If .(Pn) is truerd.enoting by x the comm.on valuerwe have.

t r t * r rn  " .  r * r r )  =  (x  -  * { . r ' .  o  1x -  * t r , )  e l {o

s o  t h a t  ( o r . o r l o ) e i m "

Le t  k  *  2 , l ' f e  have  x ,  -  x I  €AZ  -  A1 '  S ince  0  € i (AA-  A l ) i t

f ,o I }ows that  l ; t  >  0rx t  e  A l rx2 G Az such that
t ,= x2 *  x l  r  so that  2*,  *  

" i  
= )*Z n *Zo l lence (?e) is  t rue.

'  
Suppose that (3t) is true and. show that (Ptnt) is aLso trueo

r,et  2-  >0,  
" j  

€ A1r 1( i  6k such that

1*t* * l  = . . .  = )*o n 
" ;  

= xr . -

shen #- -. 
n 

Ari hence 1.+.1 *knl€ 
A, 

ur- Ak+to

$ince 0 6 i( 
A 

Ar- Asnl)r i t  fortows 1A, > o,*]rrh. o'

" tk* l  
G AfnI  such thet  At  (  

7 ;* -  
x  -  xg*1)  = x f  -  x tk+I .

Hence

:-f  (  2*f + * i)  + xt for

so  tha t  
€ i  s  k t

; f t i  t  1 td  1A'  J '
trT *r * T.'-*T xj * T:t-T xk*r + rrlT xk*r + xrk+}t

. : .  I s i s k , .
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)
Dividing by I  + 

fm, 
taking lnto account that At are convex

se ts rwe  seer tha t  (? *n t )  f s  t rue rso  tha t  (1 .1 )  ho lds .

lg f in l t lg$ Io I  .  Let  A,  Cx,  16 i  (n  be oonvex sets .Y{e s8y

that A1r.. .1A* are in ger]gral lqsjJiop i f  there ercists a

pe rmu ia t i on  t l f r . . . p i o t  o f  t he  se t  l f rZ r . . . r n l ' such  t ha t ,  f o r  t he

coruespond. lng rearrangement,  ( I . I )  holds.

for.urd. i" Fl and LA] .

Relqag&-lo2. From lremrna l.2 lve see tha.t A1r o.. eA* are in

general  posi t ion i f  and. only i f  ( I .1)  holde for evefy rear1lan-

gement of the sets AL.r . . . e Arr.

I f  A c X  l 1 e t  c ( A r = )  =  U  l ( l - f )  f o r  f e A  a n d  H ( A )  =

=  { ( x r t ) r t  7 7 o l x e t A i  o  
^ " '

BgqF$k L.2 .  Let  A1r  o .  "  1Ar ,  be convex setsr then A1r  "  '  34*

are in  genera l  pos i t ion i f  and.  on ly  t t r r t (Ar t * ) r . . . r0(Anr f )  are.  in

genera l  pos i - t i on  fo r  some (eve ry )  1€C-  o t ' I f  I I (A I ) ro " tH(An)

are in general posit ion then 
1rr 

.  . .o rAn are . in general posit ionn

Bgmq,rt<. 1"4..  I f  Aln r l^ ui  I  b , then A1r o o o 1An are in general
r k = 2  &

posj . t ion.

LenUS 1. '3" Let Z be a cornplete vector latt ice"If  the set

l1",  2 e n-1 ls u.pper (below) bounded. then u S o 
.(^>rQ) 

.

. ,  Lz  eC.Le t  P  e (Or I ) ;  l Lun  ( f  -  
/ L )z  eC.S j -nce  C  i s  l i nea l l y

I  
I  e  /  ^ A

closed' i t  fol io$rs that forf  = 0 one obtains an erenrent of ct

i o € . t -  Z e C o

We d.enote by ?" the operator 3X' Xr Y-aXtP*(xrY) = ]c

and bV P"D the set 35(D) r where DCX xYo

As ln the case Z = R we have:

Irernma. 1.4. ( i )  Let f l  DCX xy+Z be an operator 'For

x€P"D . . I " t  
D* = ly t  (x,v)  eDl  and for  y e PyD Let  t l ,

= { x r  ( x , y ) e D 3 . T h e n
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. ' .  ;

ln f  In f  f  (x ry)  F ln f  1*{  f  (x ,y)  =  .  i * [  - -  f  (x ry) ,

" 
dlin rZo,, x e lrD ' x€ D, (x'YFD

every tinre when one of them existso

(i i )  Let Atn C n. Tiren

lnf (A + B) * infA + infB .

uhen infA and. lnfBrof inf (A + 3) exista

.  Let  f l  D( f )CX-+Y be $n operator  and '  Y an orcLer  vector

spece vrj:th the pos{tive cone P"We say that f is coqYex if D(f)

t s  a  c o n v e x  s e t  a n d  f ( . l x  +  ( 1  - , D v ) < ) f ( x )  +  ( I  * Z ) f ( v )  f o r

a } t .  x , y6D( f )  end  )e  (0 r l ) ;  i f  i n  add . i t j . on  D( f )  j - s  a  cone  and

f (x  +  y )E  f  ( x )  +  f ( y )  f o r  a l l  x ,  yeD( f )  o  f  i s  sub l i nea r  . J .e t

"A cX x Z; we say that A is a €,g-t'.q"f , q!#rlaph type lf (xrz) e a t? {%'

= )  ( x r  n t  )  € A G

fheoren]  1 . I .  ( i )  Let  f  :  D( f  )  C X->Z be an operatorothen

f ls convex if and. onl.Y if

g J l l  f  =  { ( * , u )  I  x G D ( f ) r z e z r r ( x ) s r } C  x x Z

l s  a  con l rex  ge t . .  
, l

( r1 )  Le t  A  LT,x7 ,  be  a  convex  se t  o f  ep ig raph type. I f  vx€

"# 
]  i "*  i r t  (xrn)eAt trren trre operator

" 
Yer 3# -+ z,

Y*("1 
*  in f  {  zr  (x ,n)  e AJ

. ls Gonlraxolurtherrnore, Y,n 
Is thb greatest convex operator Y wlth

the property A C SBLY r

Proof. (i) the proof ls the same ss in the case 7t a R.

(i i) since Acx x7, is a corivex set i t  fol lows from

J,ernroa l"L ( i i )  that ?XA is convex.Let *IrxZ € FXA, ie(Or1) be

f i xed .o le t  (x r rz r )ea  and.  (x r rz r )  €  A l  th ln  ( r tx r+  (L  -L )x2 t

i lz ,  + (1"  -X. lzr)  eAt so that

Ya( l * ,  *  ( r  * r t )x r ) , l r r  +  ( I  *  X) r ' ro
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arbi.trarl ly such that (xrrzt) € A. ThenTLx r, and take %I

V zre 7' ,  (x.  rrL)€ A,.

and. consequentl-Yt

( 9 , ( A x .  +-  l j r  *

or equivalentlY

1-
l + t o

(xr '  z t )

+
t o

I * t o

A J r

(Yu ( l  x ,  +  ( l  - / ) *e )  -  ( 1  -  ) ) nz ) / ' l  €s1 ' '

( t  -  , l  )xr)  *  (1 * , t  )nr) /A s fo(xr) ,

(  Ye ( l x ,  +  ( r  - l ) xa )  - ^  Ya ( * r ) ) / ( r  * i )& , zz '

faking now z.arbitrarily such lhat (12, zr)GA' if, follows that

Ys( ,txr+ (r -,t )xa)(lfn(xr) + (r - ' t) f  n(xt) '

Hence Ye is a convex operatorosince (*ri l  eA j 'rnplies Yn(x) * zt

we have AceBq Y u. Let gt ?r!+7, be sueh that Acep:i g; then

(x r z )€  A=>  ( x r z )€  gg i  g=>g (x )5  z=7g (x )  s i r r f  {  u ,  ( x r z )  cA l  =  Ya (x ) '

The proof is conPlete.

convex set of ePigraPh !YPe.Theorem 1.2. Iret A CX r 7'  be a

Suppose that there exists xo e

exists.Then lnf  {  z :  (xrz)  € A 1

Proof. Sj-:rcg A ls convex

t t t#)  such that  inf  {  zr  (xotz)€ A}

exis ts  for  911 xeP*4"

Let  x€! "A;  s ince *o e ttr#l

(L  -  t )xo + tx  €?#o l ,e t  x I  3  ( t  +  to)*o -  tn* '

t
N1 + -t-& 'x.$ince *Ln 3#' there it  

."L 
e Z'

I r r u O

€ A.Then for  every zeZ such that  (xr :z)€ Ar  wo

, L\ T-TTO

(xo, r*:aou, * rho z)€ Ao

l t  fo l lowe' that  P..A is also cor lY€xo
-d-

t h e n  J r o r o  U t e  L - t o r r l :
t o

then xo =

such that

have

',1a! ur +
t

r:&" s) =x L *

Hence

r-fo."r - rh 'z7r:-nr lz: (*o tz)€
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so that
L + t ^  |  ,  \ .  A l  - + . z 1  o2 , 7 7 - r " J . i n f  t " :  

( x o r z J 6  J  u o  Iu o

Consequen t l y  i n f  {  , t  ( x rz )ee !  ex i s t s r  The  p roo f  i s . co rnp le teo

Qpq:pJlgXX l"L. Let f :  D(f )  C-N-->?" be an. operatoroff  there

i ,  r -  - \  -  ^  ^ t ^ ^ r  , o \ )  ^ - - . 1
exj-sts *n €'( ."gD(f )  )  ench that inf {  zr (xorz) E gg(g-e*, f  ) l  exists,

!hen. in f  {  z r  (xr?)e gg(epj l  f  )J  ex is ts  for  eYery xe coD(f  ) .

}roof,  Talce A = cg(ep{'  f) ;  then ggD(r) = PXA.Hence

*o .€  t i l " l ; ,  so  bha t  Theorem 1"2 -  app l i -eso .

y{ t ren in f  {  z :  (xrz)e ge(g&f  { ) i  ex ls ts  for  
'every  xcggD(f  ) ,

we call. the opera'cor Y*s(gp* r) the ggnYqT-llull of f, and we

d"enote i t  by  gpf  .Let  XrY be 'vector  spacesi  L(XrY)  d .enote the

spece of l inear operators from X into Yo

Tlre-qfeJp -l*:, [f+1. X' Z be vector spaces ,Z be a comp]'ete

.  vector  la t t ice anc l  f :  D( f  )  CX-+Z a convex operator . f f  xoe xn( f  
)

then there ex is ts  TeL(X. ]Z)  such that

'  T x  -  T x o <  f ( x )  -  f ( x o )  f o r  a } l  s e D ( f ) .  ( 1 " 2 )

Defjni l j .qlL],"2" I ,et f  rp( t)c X-+Z be an ope.rator and. xo € D(f ) .

she set of a}l l lnesr operators sati.sfying (1.2) is the s-ghgffi.-

of  f  a t  xor  d .enoted .  by  ? r (xo) .

l /erz)€Az z *  z '7rr*J,

Lr'op.oq;t t ion 2,L.

( i)  A: is a convex set of epigraph type'

( t i )  Ac  =  (gg l t ; c ,

( i i i )  I f  Ac  I  0  then  in f  l z r  ( x rz )e  gga f  ex i s t s  fo r  a l l

rent lal

2o Dual i ty TheorY

Let A C X x Z be a set of epigraph type .Accord. ing to $toEr

and. Witzgal l  LtO, Def.4165) we introduce the c.gniugaie of the

set  A as fo l lorvs l

A c  =  { ( n r z t ) t  [ ' e ] ( x r z ) ,  z t  G  z ]

x € P.. . . (co A) and
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j "nf I  zr (x,zr e s.eA] ,_*J;: ;" ;_::r ,  u,1e Ac |  ,

?roof  .  ( i )  and ( i i )  are obv ious.  ( i j i )  le t  ( [ rzr  )  €  A" ;

then f (*rz)e gg Ar z + zt 7 Sxotr ' Ix x e gPxAi then

t, e%r(xta) e ggA :2 z 2tTx * zt t  s.D that inf I  z l  (xrr ' )1 g-gAt

exj-sts and. inf {  zz(xrz)4 ggAJ >rtx - zt,  laking the snpremum in

r  ( t ,  z ' )  e  A c  w e  o b t a i n  ( 2 . 1 ) "the right hand. side witt

T.heo.fem 2,L, Let ACXx?" be a set of epiSraph type and'

{  t  ,  )  -  r , !

*o€ l { f " tggg) ) . I f  .  Xnf  I  z :  (xor u)e *oA1 exists, then

in r  I  z :  (xo  tz )  e  eoAJ =  nax  { txo-  z t :  
(Z .z )

( T r  r ' 7 e A c J  c

proof  .  , Iheorem 1 .2  assu les  ths t  there  ex is ts  the  opera tor

T s g e :  
? " ( g g A ) ) 2 ,  g i v e n ' b v  Y " o e ( " )  

=  i n f  l z :  ( x ' z ) e g g d  t

From Theoren 1.1 we have thst Ygn 
j-s a convex opelator"Sinee

I  \  \  

t  '=5^-  

- -  - -1  - -  rn ' ' . ^  ^  -a ,

*o  €  l (px(gea) )  =  r (u (  
Y*ga) ) ,  

we can app ly .Theoren l - .4 . '  fo r  the

convex operatot YgA. 
Hence J non r '(xrz). such that

To* - bo*o < Yga(x) 
- 

Y gen(xo) arr x€D(Yron)'

% + Toxo -  
Ygno(*o)7 t to t ,  

fo r  a l t .  (x rz )e  ep i  Ygg4f  
u '

( 2 .  r )

Hence

so that
a *  ro"o ^ 

Y coA(xo) >7 rox for  a l }  (xrz)€ A

I t  fo l lows that  ($or$oxo a 
Y Sge 

(*o))€Aor so that

t  -  a t  :  ( f  , z ' ) ea , c  I|  '  :orz)  t  ceAl  = 
Tsga 

(*o)7 sup I  T*o -  t
i n f ,  \ z :  

( x o r % ) . e  g g A I  =

VTr*o-  ( roxo 
Y*o 

(x . , ) )  = 
Ynnp(*o)

.Hence (2.?)  ho lds,  which completes the proof  '

Q .e . , f+n i l i . on  2 .1 .  Le t  f l  D ( f )  c  X+Z '  be  an  opera to r ' f he

, l



* l o

con junate  opera 'bor  o f  f

f , " (n)  *  sup i
where  D( fc )  "  { t  e  L (Xrz ) t

Th.e-oireq 2.Z.Let f l

the

r f r

When

r 9 t

l s  t he  ope : ra to r  f c r  D ( f c ) c r , ( x r zFZ ,

f x - f ( x ) :  x e U ( f ) J  ,

sup  t  t ' * l -  r ( x ) r  xeP ( f  ) }  ex i s t s ]

D(f) c X-+Z be an operator.fhen (gpl

opera tor  o I f

4

Propos j . t ion  2oL

E ( f ) . T h e n  T  €

^ r C
T , )

* 9.P!
^ ^

f ' . I ' Ience f" is a convex operator.

Proof *trTe have
. P ,

(Tru r )e  (e .pf  f ) " { :>  n  + z t  >r }x  for  a I I  (xrz)e g.Ut  f

4 *>  z . t y r f ; i t  -  f ( x )  f o r  a l l  x  € 'D ( f )
n ' \  . . . ^ - 1  - r . *  + C / n r \e > T € D ( f " )  a n d  z t V t  \ ' - r /

<=> (Trz '  ;6  qgt  fc .

C*q-{qLj,g-{X*2.}. Let f : D(f )C X->Z be

(ep{  f  )c  I  f i  ,  then  co f  ex is ts  and (g$)c  =

Iroof o It is an j-rnmed'iate consequence

(1i)  and. ( i j - i )  and the above theorem.

Cog l ]Ja fy  2o2o Le t  f l  D( f  )  CX->Z and

1  \  ' ^  , D ( f c )  a n d .d  f  (xo)  i r  anc l  on ly  i f  T6D( f - )  and '

f  (x^ )  +  rc ( t )  =  txo .- o

an

f"

o f

xo.€

Proof o It is. immed.iate.
1T,et now f r D(+ )c x x Y-.ln be

following primal Problem

lnf
(x,0) eD(q,

co & exj-sts

t ' :  
) l  I  x  ex  such  t ha tA  =  

[ ( f r z

have the., fo l lowing relat ionsl

operator.' i ' le eonsid.eran

) 
* 

(x, o) E jr i r t  9 tu,o):x€?xo(S)f lxx ldr.

f)

1ve can assoc iate to  ( : r )  the re laxed.  probJ-en

L,et

i n f  co&(x ro )  =  i r f  f  c -q+ (x ro ) : x€? - . ( psD(S )
( x , o l e e s u @ )  d ; T '  '  t

f l  x x  { o ?  ) J  .

I .

@  ( x c Y J (
L

We

,J .  ( a, i)
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A E  P . ,  . - (gn {  .A  )  -
.  r  x l j  - - g * , Y  t )

e g A  -  P v  . ' o ( c o ( e p i  4  l l  ,L  ^ a r  -

ry = PYD(#)

Re.ruagh 2.I. A is a set of eptgraph !ype; if + is a

convex operatorrthen A is a convex setr

Propbsi t iop 2r2,

-  ( i )  i n f  l { t * , 0 ) ,  ( x , 0 ) € } ( 4 ) l  - i n f { z :  ( 0 , 4 ) e a l . ( 2 " 6 )

( i i1 If ggd exists then

i " f  {  " o  d  ( x , 0 ) ; ( x , 0 ) € g g D ( f  ) ?  =  i ' n f  { u :  ( o : z ) € g g A f  . ( G o 6 ' )

? roo f r  le t  D  =  t  ( * ru )€  X  xZ:  (x rO rz )  agnf+J  and '

fr D+7+ f (xrz) = zo Applying T,emma 1.4 (i) o.ne obtains

J.nf inf z = inf tnf z = lnf z.
e P y D  z € D ,  z e P r D  x € D u  z e ? , Z D

B u t  z € P r D  < - >  J * .  X  s u c h t h a t  ( x , 0 r z ) ' e  9 ! i +  ( - )  ( O r p ) € A ;

hence Lnf ,z = inf  I  zr  (Arz)e . t ;  .  Let  x € PXDl=>lneZ such tha{
z.P* r

(x ro ,  z )  e  g3 i+  (=)  (x ro )  e  D(+  ) .Then l1 f *2 .=  in f  t  z :  (x r0 rz )€

.  ' r  ' )  l r '  ^ r  ? r  - - -  
z € D *

e.Pi+ l  =  { (x 'o) "Hence
.  i n f  l n f z  =  l n f {

x e P " D  z € D *

( 2 , 5  |  )

, f  (x r  o ) :  (x ,  o )  €  D(  {  )3  o

fberefore. (2 .6)  ho lds.To obta in  (2 '6 f  )  v le  take D = gg(  S.Pi  +  ) .

Ie t  us d.eterminate the conjugate of  A g iven by (2 ,3) .

( t r z t ) ' €  A c € >  V ( r , z ) e M  n  +  z t  7 t T y

€> V( * , y )€  D(Q l ,  4 ( " , x )  +  , ,V ry

€ '  V ; * ' , " v ) ; t i i , , , : r ,  o *+  rv  - { ( * , r )
€>  (o , r ) €  D (  f  " ) ,  and -  z '  7 , * '  ( o , r ) ,

Hence

A c  ! ,  { t n , z ' ) i  ( 0 , r ) e  D ( 4 : ) r n ' > r + " ( 0 ' r ) l  '  Q a )

Taking in to  account  i t . t )  snd.  (2 .6)  i t  is  natura l  to  cons. ider  as

thp d.ual probtem of < 9l to"t fl ) tlre problera



( s )
A 0 /  f i

have

- ' L 2 -

I

{  -  +o to , t ) :  
( on t ) e  n ( f  ' l

from the definition of (Y )

r ) F c )
rnf Y 7s infV

sup

thent

3
n ( a n d .  ( 2 . 1 )

If

$re

Moreoverrxo

and. only if

or eqrrivalentlY

J o . I ( Y , z )
?roof. From the

D(3"  ) ]  .

,|

Tlgsrern 2o3, If a el(gg Pro(+ )' and inf

ce(93i 4 l i existsrthen cg+ exists an(i

mr [  9g  +  ( x ,o ) r  ( x ,o )ecoD &  ) l  =

E  m a "  {  
*  

* t ( 0 , [ ) ,  
( o ' [ )  €

ls s solutj.on for (9 ) and inf $P

there ex is t  \ ,  e  L , (YrZ)  such that

{ ( x o , o )  o  + t ( o , r ;  =  o '

s u c h  t h s t  ( o , T l e  ? 4 ( " o , 0 ) .

cond.itions of the theoremrpassing througlr

(2,5 ' )  and.  (2.6 ' )  rwe have that  o eL(gg?rA) = i { torrn( f  )  )  and

Hence ao * fr

so that  *o $

(o , r )  €  Dt4  " l J
In what

' T

r iz lna 9 o

?,hqpgeq 2,4 o

l ' (x rY) . f iuppose that

sxoz )  e  qq (gp i  P l3

inf I
C

i n f  { z r  ( o , i l  e  g . g A }  =  i n r { z i  ( x , 0 , 2 ) e " o ( S g i f  ) J e x i s t s . t h u s

we can epply CIheorem 2"J- to obtain

5 .n f  { z :  (Qrz )e  gge  ?  =  * " *  { -  r , ' : ( t  r z ' )e  I t cJ  .

,and",  consequent lyrby (2.7)repl + 
c* (g.gi  + )c/ .^f i ,

ex i s t s  and .  rnax  t  -  z r r ( t rn t )  €  AcJ  = : *a* { - f " to ,T ) :

. flhe rest of the theorem ls lmmed.iete.

followe we obtsln softe irnportant csses particula-

I ,e t  t r ' l  D (F )CXx  Y+Z 
'be  

an  opera to r  and  S€

i  r  * , * .  ?  ^  f
0 6 '  {  s * -y ,  (x ,y )  e .ggD(F)  t  and in f  l z :  

(x , '

existe.Then c.q I '  exis*s and.

SgF(x,  $x)  r  (x,  sx l  e ggDtP)J s

a

\r)

( 2 . S )
( .

I  u ,  (x r0  rz )€

D ( + " l f  " ( 2 . 9 )
= *"*E if

m a x I  l r c ( T o $ r * ' r ) l  ( T  " s r - T ) €
(z"ro)
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. Moreoverrxo. is a solution of the prj$sl problent and. inf ? =

. r v
a nexJ if and orily if there exlsts S e T"(Yrn) snch that

3 (xo r$xo )  +  r c (T  o  $ r -11 )  ' =  o t

.  orreguivalent lY
- - a  t  r a  

' a  1 - '

there ex is ts  te I / (Yrz)  sueh that  ( f  "  s r -T)€ dr ' (xorsxo) .

P r o o f . v / e  t a k e  f  :  D ( + ) c  x  x  T - t z r  { t * r r )  =  F ( x r s x - y ) ,

where  D(  +  )  =  t  ( * , y ) ,  ( x , sx -y )€  D(n ) f  =  {  { * , sx -y ) :  ( * , y )€  D(F t  '

r h u s  c o  ( P y D ( + ) l  =  
" n  {  s x - y :  ( x r y ) e n ( 3 ) ?  =  [ s * - v , ( x , v ) e g g D ( u ] ,

by Jremma l . l  ( i i )oThe cond. i t ions of  the theorera as$ure that 0e

1(* l"n(f  )  ) .vru arso have

4 " t * r r t a )  
=  s u p  { , t r - *  + ' r r f ,  -  { ( x , r ) ,  ( x r v ) € D ( + t

= su.F { nr* + TrY - t r ' (xrsx-y):  (xrsx-y) c D(F)J

= sgp I  T f *  *  f ' (Sx-y )  *  F (x ry ) r  (x ry )€  D(F) j

a  s r - lp  {  ( r r  *  rzo  s )x  +  ( :Ta)y  -  t r ' ( x r } ) :  (x ' y )

o '  
€  D (F ) l

=  F - ( r t  *  T z o  S r - T 2 ) .

. To apply 0heorem 2.3 we must caleulate gp(gpg{ )oi le have g^ef + 
=

I  '  \  -  t  ( r - -  c *  - -  - \ .  r r / o  " \ . 2=  f  ( x r y t z ) l  F ( x r S * - y )  < u l  =  
{ ( x r $ x - F r z ) r  

t r ' ( x r V ) < 1 7  =  U ( e p i .  F )

where U:  X xY x  Z+X xY x ?"r rJ(xryrn)  = (xrSx-yrz)" I t  is  obv ious

that U is a linear operatorogence by I'emrna 1,, (i i) we have

- r

p o t e p l  4 )  =  { { * r r i x - v , z ) :  ( x r v r z ) e  c o ( 9 p }  r ) t  '
l (

f\

Therefore epi 6 
c 

I  b rso that epi F"l  O , hence co} exists
c -

l n f  { z r  ( x , o t z )  I  " o ( g f  
) J  =  j x f  t , , (xr$xrz)  e go(gle$and.

exis ts .

E , inf I SgF(x, sx) I (x, sx) € ggn ( n)J
n

Now (2.10) fol lows frorn (2"9)oThe rest of the theorern is i .mmed.lateo

Another i .mportant csse is furnished taking F(xry; = f(xj  +

+ e( 'Y)  a
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gJl le-greg 2,5.  Let  f r  D(f )c X+$, sz D(e)a Y-tZ be two
: f

ope ra to r s  and .  $  eL (x rY ) . I r  0  e ' ( s ( coD( f  ) )  -  coD(e ) )  and  l n f  I  z r+

+ zAt .  (x ru t )e  qo(gB{ f  )o  ($x ,  z r )e*o(S-Uf  s )J  ex j ' s ts , then gg f  ahd

cog exist  and-

i n f  I s s r ( x )  + g g s ( s x ) r  x  e g g D ( r )  A s - I ( s g D ( s ) ) ]  ( D  r 1 l
=  r i r s x  { * r t ( r o  s )  -  e t ( - T ) :  f  o  s  €  D ( f c ) o - T G n ( e c ) Y : * * ' ,

//-\

Moreoverrxo is ,a solution of the primal problem and. inf S/ = rnax8

if  ancl onty i . f  ihere exj.sts 0 € -n(ee') suih that T o S D(fc) and

f ( x o )  n f t ( l o s )  = s " s ( x o )  ,

g ( $ x o )  * . g " ( - T )  =  - T  o s ( x o ) r

or, e o.uiva Ie nt lY

(2 "L2)

] t  €  r ( v ; z ) s u c h t h a t  r o s * ? f ( x o ) r - r €  ? s ( s x o ) .

Proof  o  Let  us take F 1 D( f  )+2,  f  (x ,v '1  = f  (x )  +  e(Sx-v) ,

w h e r e  n ( 4 )  *  { ( x , y ; r  x G D ( f ) ,  s x - y €  D ( s ) 7  =  { t " , s x - v ) :  x € D ( f ) r

y  G n ( e ) J  " t i r u s  P y D ( 4 1  { t * - r :  x G D ( f ) r  v € ' n ( e ) l  =

=  $ ( D ( f ) )  *  D ( 8 ) o H e n c e  0 . € l ( s ( g g r , ( f i )  -  c o D ( e ) ) =  i ( g g p y p ( S ) 1 ,

where we have used. I,enuira 1.1(i i) - (i i i).0n the other hand' we have
t r

3 e i +  s  l ( * , v , u ) t  f ( x )  +  e ( s x * y )  € % J
= 2  { ( x r s x - y r z ) :  r ( x )  +  e ( y ) < u j

= t ( * rsx-yrur*  zr ) r  (x rzr )eg-pA f r (yr ' rz )eepi  *?  .

l , e t  U l  X > , Z x y x T , 4 X X y x Z r U ( x n u l r y r u . )  s  ( * r f * - y r r , *  z 2 ) o  U  i s

a l inear operator and. U(qpq f x gpi S) = gJi+ .By ),emrna I.I( i)

we obtain

"o (Sg i t )  
=  u (po - (ep i  f ) x co (gp i  e ) )  ( 2 .L3 )

s { (xrs:r - r  r r 'n  zr}z (xrz})e g-g(egr f ) ,  (y  rzr)eco(9I f  g) i  :

Hence

(sx, nr) e q9(qli  s) j

exists.Thus the cond.it ions of Theorem 2n3 are verif iedoso
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i r , f  {  "o + (x,  O) r  (xr o) e ) l  -  * * { -

We have

"un {  
r t x  +  [ z ]  -  f ( x )  -  g ($x -y ) r  x€D( f ) ,$x -ye  n ( * ]

s o p { T r x  +  T r ( $ x - t r )  -  r ( x ) - e ( y ) r  x € D ( f ) r y e  D ( e ) t

uop t ( r f  *  fa  o  S)x  + ( -Tz)y- f  (x ) -e(y)  rxe D( f  )  rye r : (eV

sup{( r r  *  ra  o  s)x  - f  (x ) r .  x€Uf  )J  +  sup {  ( -nr )y-e(y) :

v e D ( e ) J
Hence

+ c ( T r , l e )  
=  f c ( T r +  T r "  $ )  +  g c ( - T 2 ) r  ( 2 . I 5 )

v rhen  . f I  *  T ro  S  eD( fc )  and  - \?en (ec ) .S ince  D( ' f  c )  t  A  i t  f o l l ows

tha t  n i r "  )  t  b  and  D(e " )  t  b ,  and rconsequen t l y rQs f  and  g -9g  ex i s t .

T a k e  ( x r 0 )  €  c o D ( f  )  *  t ( * r s x * y ) r  x € c - o D ( f )  r  x G c q D ( g ) f  " l ' r o m
(2.L3)  raPPlYing Lemna 1.4( i i )  rwe obta in  '

coD(  6
t

f * (n '12)

gg {(xro)  .= inr  {
:r i"f {

= *rf {

%i (x,o, z) e es(g!i+ ) t
* , L +  z z r  ( x r z r ) e c y ( e p l  f ) , ( S x r z r )

e es(gs e)l
uL, (xrzl)  e pe(epi f  )J "  

Lnr lzrt
($x,zr )e  q9(gp l_e)3 o

Hence

c o  { ( x r o )  
=  g g f ( x )  *  c o g ( s x ) .

tr ' rom (2,I4) r  Q. t5 ) and. (2Jr6) one obtains ( 2.1I )  .

Suppose that LrTf I = maxff and. *o Is a.'solutlon of the

pr i rna l  prob lemothen there ex is ts  T € L, (YrZ)  such that  f  o  $  en( fc) :

-T€ D(e")  and.

f  ( *o )  +  e ($xo )  =  - f c ( t  o  s )  -  gc ( -T )€>

r ( *o )  +  f c ( t  o  $ )  -  T  o .s (xo )  t  e ($xo )  n  g " ( - r )  +  [  o  s {xo )=O

But
f ( x o )  +  f c ( [  o  s )  -  T  o  $  ( x o ) Z

g (sxo )  *  go ( *T )  +  t o  s ( xo )  7

( 2 . 1 6 )

0 ,

0 .



I6

e?t
$ince n,o%2>/ ar.  rL o uz = 0 lrnply 4:= 0 (when C A -g :

*  {  OJ )  t t  fo lLows tha{  (z .Lz)  takes p1ace.The last  equiva}ence

of the theorem is obviousrand. the proof ls complete.

From Theorem 2"5 one obtai-ns j-mmediatelyl

.  t f rS-WSp 2o6 . Let 8: O(e) CY'- 'Z be an operator and'

S  € t (X ry )o  T f  0  e  l ( s (x )  -  gqD(e ) )  and .  i n f  \  r ,  ($x ,z )  e  eq (gg i  e )J

existsothen reg exists and. , -

i n f  {  eoe ($x ) r  Sxe  ggDte ) }  =  r r l ex  t -  * t ( [ ) :  f  € '  D (g t ) ,

T o  S  =  0 I .

&{oreov'errxo is a so}ution of the pri.ma} problern and inf P = max#

if  and en'Iy i f  there exists $6D(eq) such that

f  o S  =  0  a n d  e ( S 1 o )  +  g o ( T )  =  0 ,

'  or equivalent ly

l o & g ( S * o )  s u c h t h a t  T o s  = 0 o '

?roof .  Take in  theorem 2o5 f :X-+Zr f  (x)  =  0"

Ar a f i rst glance l t  seems that theorem.2"4 j .s more

general-than'Iheorem 2o()o In real i ty we can obtain Theorern 2.4

f ronr  Thecrem 2.6 tak ing g = t r 'and-  rep lac ing S:  X+Y by B:  X+Xx Y

Sx  *  ( x r$x ) "L t  i s  eesy  to  ve r l f y  tha t  (o ro )  €  
t (5 (x ) -ggD(3 ) )  i f

and.. onty i f  0 e i  {sx * yt (xry) c eD(r ')J o Thus we have the ful I

eguivalence between Theorems 2.4 and 2.6o lhe form of the fun-

ct ion in theorenr 2*4. ls nore convenient for : .opt lmal control

problerns o

gh .sggru  2 .7 .  I e t  f k ,  D ( f k )Cy r )2 ,  LSk (n . I f  ggD( f I ) ' o . i

.  "  1 [eD (fn) are in general posit ion and. i"{  t  uL.\ ,  :  "*znix €Xn (x, zU)e

L g ( g g i  f g ) r  t { f < { n }  e x i s t s r t h e n . E f k r l ( k s n  e x i s t  a n d ,

' r n r L '
rnr{.4 c.a.f*(x) I *€ n srtn(r}r{ = InBX'{ - * f;(rk) t rtr€ n(sf,), '

[ 'k=j. . 
- ' ' ' 

k=] t k=] 
tL

' J
i t

I:
f
t
f
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Moreover, xo ls an opttmaL solution for the

L* I = *"# ir and onrv lf I tr.€D(r; ),

nr-
k=I

)
T k  =  0 J  o

prirnal problero and.

I  €k (n  such that

' n
L  t ' - = o  a n d '' k = I '  *

orr equlvalent lY

I$oreover, *o ls & golution of,

J t e p ( e c )  s u c h  t h a t  o e D ( ( [ '

the pri-rnat problen if and- only if

f  ) c )  a n d  g ( f  ( x o ) )  +  s c ( T )  =

=  T f  ( r o )  =  - ( T ,  f  ) c ( 0 ) r

f u ( xo )  +  f i ( [ k )  *  f k *o r rqkgn  ,

n s
X  D ( f ' , ) r  a n d .  S :  X - + X n r S x  =  ( x r . . o ' x ) . I t  l s  e a s y  t o . $ e e  t h a t

k=L

^ n ^ . ' - n ' ^ c ' ^ i ^ .
p ( e c )  =  X  D ( f ; )  ,  s c ( T I ' .  o . , T * )  =  

E  
f ;  ( T k ) . $ j ' n c e  s p D ( f r , \ , ' o

k=I
. r c, A.gD(fn) are i.n general positionrJ-,em,na 1.2 ' shov'rs that (0, o '

. . . r 0 )  € t t i *  -  x r r . . . r x  -  x r r ) l  x e  x  ,  x k €  c o D ( f k ) r 1 6 k t * /

*  l (s (x )  -  @D(e) )ogence a l r , the  hypotheses  o f  [heoren 2 .6  ho ld ' '

so that we can apply l toTherefore. the conelusions of the theorem

qre truerusj.ng a'  sjJni lar argument to that of [heorenr 2o4n

I,et now Y be ord'ered' by the convex -:' Qorle Q"\'ie say that

e :D(e )  Cy r1 ,  i s  1 . ,  i nc reas ing  i f  U (e )  -  QCD(g)  and-  x<y  j s rp l i es

g(x) (e(y)oDenote by I " ,+(YrZ)  t t re  space of  increas ing (pos i t ive)

I lnear oPerators from Y lnto Z.

Theorem 2"9,  l ,e t  t :  D( f )  c  x+Y 
'be 

a convex operator  
"1u

g:D(e) CY+Z an increasi.ng convex operatorrSuppose that O e be)-

-  f ( X ) )  a n d  i n f  \  s C r ( x ) ) :  x € .  D ( f , ) ,  f ( x ) e n ( e t  e x i s t s " T h e n

l n f  t  e f r ( x ) ) :  x € D ( r ) , f  ( x ) e  P ( e U  F
,  

=  * u " { -  g c ( T ) - ( T  o f  ) t ( C l ) r ' I G D ( e " ) , 0 € D ( ( l t o t ) * t

Ite/tt '\ \o t K 9
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or, equlvalent lY

J t  e ? e t t ( x o ) )  s u c l r  t h a t  0 € ?  ( ' r  o  f )  ( x o ) .

Sroof  .  cons ider  +  ,  D(+ )c  x  xY*>2,  { (x ,v ;  =  e( f  (x )+ Y)  r

rn ihe re  D( f  )  *  { i x , r ) i  xeD( f ) ,  f ( x )  *  v  €D(8 ) l  .  r t  i s  easv  to

see that  f  tu  a  convex operator  and PyD($ )  =  D(g)  f  (X) .0n

the other hand.

+* (r t r ' re)  = srF
= sup I  r - x  +  r ^ v  -  e ( f  ( x )  +  y )  I  x  * D ( f  )  ' f  ( x ) +

l * l - - ' * 2 "

+ yGD{;8, )J

an increasing operatort

Moreovetrxo is

only if

{  t r . *  +  s r y  * f ( x , r ) ' :  ( x r y )€D f4 l l

s  sup {  * r - *  -  [ r f  (x )  +  Trx  -  e (y ) :  x€D( f  ) ,  y+  n(g ]

= sL lp  I  n r *  -  ( feo  f  ) ( x ) r  x€D( f ) J  +  sup  { *n t -

j :  ( f ,  o  f  ) c ( T r )  n  g " ( T 2 )  r

when [2e D( .e t )  and TreD( ( .Tzo f  )c)  "App]y ing Theorem 2.3 one

obtains the assertion of the theoremo

3gggJ$ 2oI.If  g; D(e) C]f+7' is
f i t

then  p(eo)  c l ,+ ' (Yrz )  "
I n r l eedo le t  t €D(e* )  and .  t ro€D(8 ) .Then  fo r  eve ry  q€QrYo-

*  e 6 y o r $ o  t h a t  1 ' ( y o *  q . )  €  e ( f o -  q )  +  g c ( r )  S e ( y o )  *  g c ( ' I ) i

l rense Onrr t ro  *  S(Yo)  -  gc(T)"  Apply ing l ,emma I .3  one obta ins

tg ) r0  for  eve{ f  q  €  QoHence ' I  q l l+(YrZ)  o

C-c'-Ug-1-lggg, 2,3 u In theorern 2oB snppose that g is , subli-

negroThen
lnf { e t r ( x ) ) r  x € D ( r ) ,  r ( x )  e l ( e ) j  =

=  n * *  {  
-  ( r a f ) * ( o ) ,  r * - }  s ( 0 ) , 0 € D ( ( t  o f ) c U "

an optimal ution of the primal problem if and-

J n  e ? e ( o ) such that *tr,*ffi e? rro f ) (xo) "



L

proof. fhe corollary is an immed.iate consequence of fheorem

2 . 8  t a k i n g  i n t o  a c c o u n t  t h a t  n ( g c )  =  ?  g ( 0 ) , g c ( T )  =  0 "

[ h e o r . e m  2 , 9 ,  ] , e t  f k t  D ( f k ) C X + Y r ' l  € k ( n ,  b e  c o n v e x

operators  ,Y a vector  la t t ice and t  €  I r+(YrZ)n$uppose that
n

l n f  { T ( f I ( x ) V . . , V f r r ( x ) ) r  " t S .  
D ( f k ) l  e x i s t s  a n d .  D ( f f ) ' . o , ' D ( f n )

are in general posit ionnthen

i n f ,  {  * t f r (x )v . .ov f
11 \

, r (x ) ) ,  xe  A D( fk ) l  €

|  +  r n  r 0 z ^  \ -  -  - * / , , .  
t

a  r n a x { -  
5  

( T r o f r ) * ( s r . ) :  * u n t + ( y r r r , E , r *  =

l ' s - 6 D (  ( s  o  I  
^  ' r r  ^ )= [rsk€ D(([ to fk)")r f t rsn= CIf ,

Moreover, *o is an optiroal.  solut ioniof the primal problem if  and

only if 
n

l r - e l + l y r z ) ,  r - < k ( n ,  s u c h  t h a t  f  [ k  -  T ' T ( f r ( x o ) v . .J * k - *  n  r ]  ̂  F i  K

. . .  vfn(xo) )  = E rr f*(xo) and 0a,4 d { ' rnoro) (xo).
k=I 

rL rL , 
k=I

D( fk )c  x -+Ynr f  ( x )  5  ( f1 (x )  r  " .

. o o 'f- (x) ) and. gl Y*--n ,, *Fl I r n . . r Y r r )  
=  t ( Y r V . . o \ f $ r r ) t  I t  i s  e a s y

n
to see that f  is a convex operator and. g is an jncreasing convex

opera to roA f te r  some ca lcu la t i ons  one  ob ta ins  ?g (O)  =  { t * r ro . r t r r ) :

Tt  Gt+1vrz) ,  
E,  

=  t  1  .s j -nce D(e)  -  f  (x )  '=  Yn,  we can apprv

the preceding coroJ-Iarycfhus

n
Proof. J,et us take f: n

lnf

r IIISX

t r t r r (x)v. , .v f r r (x)  ) r  xe A n(r r r )J  =

t -  
( t r r  t *  o  rn) ' (o) l  t r€r+qv,z; ,  

*  
nu = ' r r0

Applying Theoren 3o4 ln the

ac.count  thst  O( f r ) ,  o  o  o,  D( fn)

T. rc'K

sectionrtaking lnto

general posit ion, the col1*

I

following

are ].n

rnl" l] o
i i .  n - '

D( (  T .
'  k=l
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clusiont of the theorem fol lowso

As a consequence- of Theorero 2.? r're have the following

$andrvich theorem (see Lf+l ) .

Coro l lqgg 2,4.  Let  f  I  D( f  )C X- tZr  B l  S(e)cX:eZ '  be such
.t

that  1 '  snf l *g  Br€ convex operetorso l f  ,0€*(D( f  )  - ;  p(e) )  and

f  ( x )  ) t  e i : x )  f o r  a lL  x  €  D( f  )  nD(e )  ,  t hen  the re  ex i s t s  TGI (Xrz )

€{nd. z GZ such that

f . x - - z ( f ( x )  f o r a } l x € D ( f ) ,  ( 2 ,

Tx *  zVaul . )  for  aL} x eD(e) (2,

? r o o f o  s i " n c e  f , ( x ) V  e i x )  f o r  a l l  x  € D ( f ) A D ( e ) ,  i t

fo l lov rs  tha t  there  ex j "s ts  in f  {  f  t " t  ( -S) (x ) r  xGD( f  )nn(e

Apply ing theorem 2.? w€ obtain

o6 in r {  r t " l  -  e ( x ) :  x€D( r )nn ig , ) l  =

=  r r lax  l -  rc t ' l l  ( -s ) * ( - r ) rT  €D( f  t )  n  -  D(

f o r  a l l  x  €  D ( f  ) ,

17 )

I8 )

\ r, o.

t -e) t )J.

I lence, there

z ,  *  f c ( r i ;

The proof is coraplete'

In the sequeJ- we

to exist en operator t

ffompare with $andwich

is T eI ' (Xr?,) such that 0 <-f

then  ( -e ) * ( - r )S -z r  so  tha t

T x  -  f ( x ) - < z ( 3 ) f x  -  z € f ( x ) '

{
l&
I
F

i
i

l
I
I

, iand.
- [x  -  ( -g)  (x)  €  -  vQ2Tx *  z ] rg(x)  for  a ] l_ '  x  eD(S) .

give a necessary and. sufficient cond.j.tion

GL(X 'Z )  w i th  the  p roper t i es  (2 ,L7 ) -Q .18 )o

theorem 4,3 of [ fq] e

T h e o r e m  2 o L 0 . .Le t  f :  D( f )  cN in  snd.  g :  D(e)c  x+z  be

such that g srxfl*g Bre convex operator"Then the following assertj-ons

sre equivalent:

.  
( i )  there exists a convex operator tr ' l  X*>7" with F(0)-< O

suoh that

f  (x1)  *g (x , )  ) ,  -F ( * I - *z )  fo r  a1 t  x ,  eD( f  )  e  x 'a  eD(e) ,  (2 "19)
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'  (1 f )  there ex ls t  f  €L(X,Z)  and.  zeZ sat is" fy ing (2 ,L7 )  and

Sroofo $uppose ( i i )  takee p lace.Hence

'  T x " -  z ( f ( x . , )  f o r  a l l  x . ,  6  D ( f ) ,- I ' I ' I _

T x n * z  ) r g ( x ^ )  f o r  a l l  x o g D ( g ) t
I  

- / v ' ' l '  
1 -

so that

.  f  (xr)-g(x '  )>1 Txr*z-Txr+ z -  t (x ' -*r)  f*reD(f )  r  xr FD(a).  
'

Saking 3 * T i t  is clear thst (1) is veri f iedo

Suppose now thnt  ( i )  is  ver i f ied" le t^  $ :  D( f  )  x  D(  g)+ZE
4-

C(xr . rxr )  =  f (x l )  -  e(xr ) . l t  is  obv ious that - ls  a  convex operatoro

I ,et Fr X xlXr?, be defined. Uy f '(xrr*ei = tr '(xr-x2).Since F is 
"?o*

.  = . . . -vex rso  r - s  -u ' .U lea r l y rwe  have  D(C)  -  D (F ' )  =  XxX r  so  tha t  (0 r0 )c

1(p(* )  :  D(F) ) . l ve  a rso  have c (x r r *2 )  ( -F) (x r r *2 )  fo r  a l r  (x r rx r )

D(G) D(F)  = D(G).Consequent ly  l f fe  can apply  the preced. ing coro-

l lary . l ience there ex is ' t  T I rT2eL6.rZ)  and.  zo€Z such that l

. t
c(xr r*a)  Z Tr \+  Tz*z -  

"o  I  {x r , *z)  €D(G) (2 .20)

T l "* r+ Tz*z i  uob-  F(x l  -  xa)  /  ( * r r *z)  €x x  x . (2 .21)

Fron (2.2L) we have
r l

s rx  +  [a *  -  uoT t  -  t r ' ( o )  f x  eXg>

( [ f  *  T a  ) x V n o -  I ' ( o )  V x e x '  '

lak ing x  = 0 we obta in  uo 1F(O)r  and Lernnm. l "3  shows that

' ,  +  T ,  =  O . L e t ' I  =  S I  *  -  [ 2 ;  f r o r o  ( 2 ' 2 O )  w e  o b t a j . n

s*t  -  [*2 u, -<. f  (xr)  - .8(xr)  V x,  e D(f  )  ,  xze D(e) r

or, e qui.valent lyt

r(xt) - nxt >t $(xrl - I*e * uor. g(xa) - Txa

V *ru  D( f ) ,  *a€ D(s)"

T a k i n g z  =  i n f  { f ( x )  - * " :  x G D ( t > 9  ,  w h l c h e x i s t s  s l " n c e  D ( e )

f  f r  r  w €  o b t a i n  f ( x )  2 7  H x - z  V x  e D ( f )  a n d  g ( x ) 1 f x - z ' { " * D ( e ) r
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which comPletes the Proofo

9,,
r?rr

L a,*.i = * Ar,r:, ,t )f(*i) + * fre(vi ) >.v '
1;1 

- r l  ta/ d d i=I * ,.  i=Ll

t ^ r r  o , x i  6 D ( f ) , r ( i 5 n r
t l

A:=  1 ;  T / * r t o r y j e  D (g ) , I - < i s rn '
/

mz
j = l rj* t'

e ( x ) r  x €  D ( f ) n D ( s ) ]

g o g ( x ) r  x € g ! D ( f ) f t  s e D t s ) /  '

that  case,  i f  v  .  ln f  { f  t " l  +  s(x) i
a\

inf 9 I 
= inf F 1 if and onrY if

x €g-eD(f ) nc-g,D(S) r or'equivalently

n  t l
( a , .I  / i= 1' T ltZo,xje D(e) '

i = } l d q

mt r g i € I B ,  Z  F r =  r :
l = r l  r

and .  g r  n (e )CN. )Z  sa t i s fY

We want to estabLish a condit ion to assure that lnf Y ,=

= inf where

l

i n f  t f ( x ]  +

and.

t  9r) inr { cqf (x) +

when gqf and. cog existo In

F e n ( f ) n D ( s ) J  r 1 * h a v e

ggr(x) + 99.e(x) fv for aLL

. t

V 2 > o , x r 6 D ( f )  r  1 - < i
i

We shal. l  saY that f :  D(f ) CX+Z

cond i t i on  (H )  i f

Note that  i f  0  c i (g-gD(f  )  -  gsu(e))  cond. l t ion (H)  i rnpr ies

ex is tence of  ggf  and.  qgg(see f fueorem 2.7]  and ' -gsf  (x)  +

0 for alL x G coD(f )  n qgD(g) oSo we have

3*gpegi - tgen--er j . . l ,e t  0  Gi (qgD(f )  -  gc.D(e))  and '  v

the

e-ee (x) 7

n
Z.
1=1

*
i= I

. m - n.lixi = 
fiflri-, 

:.,rrrtxr) + t  h e ( x ; ) V o .
j= I  I  

c '  d



t
E i n f {

t

(H)  i f

_ z j _

f  (x )  +  e (x ) :  x  e  D( f  )n  D(e)  J  .  Shen f -v  Bnc l  g  sa t is fy

and only ,J.f tnf I 1 
= mf I ,.

rt ls obvious that in cond.itlon (cr) we can tak. ,t* ) 0,
jL

g sati.sfy (H) if and only if f

(2 .22 )

r" lzl .sosinger has used. the for]owi.ng condition:

, ^ F \  [ S 2 r r . r .  ,  A n €  R * r  * I r . , o 1 x r r  6  D ( f )  ,  y l r . . . r y n G  D ( g ) :(cr) ) .,'

) f . a  
n  n  n  i

L Gr ixi = Z''l'iri=)fi.^tt(xr) V F, 
f,t*(rr).

n
Z- ^r= 1.
l= I

. ?ropos*tion 2,J4o f and.

and. -g sat isfy (CI).

Proof.I t  js clear that i f  f  and. g sat isfy (H) thgn f and
;g  sa t i s f y  ( c r ) . converse ry rsuppose  f  and  -g  s i t i s f y  ( c r )1 io€ .1

J
U t r r r ,  . . , 7 o  €  ( 0 r o o ) ,  * I r * 2 r . . . . r * ,  €  D ( f ) ,  x I , , . o r x r r G D ( g ) ,

n- J *  =  l :
i : t

& n  &  r  n  1  n
l - l i * i  =  / i y ' i y t )  E  A $ ( x i )  +  Z A r e ( y . , ) 7 . 0 n
i = }  

*  
i = }  

*  L  
i = L  

. l  . L  
G l  

L - ' -  L -  ' /

t ake  l r )  0 ,  * i €  D( f ) ,  r  € i  (  n ,  
; * . ^ r= , ,  t  12o , I j  eu (s ) , l € j< rn ,

n n m
L F'= I such that t Ar*, = [l^:vl = xr [hen
d=l / 

t, i=I * r ' j=1/ .t

x = * i i * i =  * ^ r ( i , F r ) x i  = *  * / r F i * i ,i = I  r  r  j . = I  r  j = I I  G f  j = f  ' / J

&x  =  t r  F i y i  =  *n (  * , t r ) v i  =  *  * ^ ,  Ay i  =
j = I  I  u  u  i = J - l d  i = I  d  ; i j = I - -  i = I  r  I  '

n t=fi fi"F"' '.



From (z,zz) i t  fol lows that

n  z : 4 -

l^rr(xr) 
+ fi i r, f#(vl>t

m
Z- At
j = l

orn equivalent lYl

n
"[ )$(* i )  +

, j.*L

thus (H) is sat isf ied..

I  A is(v i  )  77 Q o
j = I /  u  ' r

s - t - s ? . 2 ' F r o m s r o p o s i t i o n s 2 " 3 s 2 o 4 a n d [ l r e o r e m 2 o ? o n e

obtsin.s Theorems i and 2 and. Lenrna 3 of f ?] , taking into account
.  - . i

t h a t  ( 0 r m ) . ( D ( f )  -  D ( e ) )  = x  i * p l i e s  0 € ( q g D ( f )  -  c o - D ( e ) ) - "

BW Z,3o From lheorem 2, ' l  t  taking into aceount the dj-s.r

cuss. ion in Section 5r one obtains Theorerns 2'3 of Dragonrirescu

t Zl and. theorems 2 and 3 of Zowe [t:l concerning the Fenche]
L J

dual i ty .

sqryaqk 2o4.3rom [heorem 2o? one obta ins Theoren 5 of

\
Bair  L f l  ln  the case of  vector  la t t ices"Noter i f  Z-  has on ly  the

1east upper bound. property, i-n Theoren 6 [Ll  one 'has rather

eqnlvalence than equal i tY.

It
L
i - I

ol

3o APPl lcat ions

In this sect ion we epply the results of Section 2 to cdculate

oonjugate operators and. subd.i f ferentialsc

&9-gIgS 3.1. Let U: O(3) C N xY) Z a convex operator '

$  e . t , ( X , Y )  a n d .  f  I  D ( 9 ) - + 2 , $ ( x )  =  F ( x r $ x ) r v r h e r e  D ( P )  5

= 
{* ,  

(x ,$x)  e  n( r )J  "  r f '  0  e  i {$x*vr  (x ,v)e  l ( l ) f  ,  then

^  ^  I  - - -  \  ^  s t ' - U r  I

( D (  Y  " )  =  { u ,  u  =  [ r  *  t z o  s r  ( T r r T 2 ) e D ( p c ) J  '
)  ( 3  ' 1 )
)

fV  
* (u)  =  rn in  tu* t t t , r r ) r  (Tr r ' rz )  eD(r rc ; ,  u  =  TI  *  Tz "  sJ  ,

and. .:



F 2 5 * .

- b 1 t " l  = t T r  +  T r o  s ;  { t r r t n )  e ? r ( x r s " ) }  f o r  a l l  x €  D ( ? ) , ( 3 , e

Proof  .  l ,e t  U  €  Dt  y  
t l ; '  take  F :  D(F)  +z ,F(x ,y )  -  t r , (x ry ) -U(x) ,

where  n(F)  =  D(F)  .Hence o  eL  {sx*y r  (x ,y )  €  D(F)  |  . s i r r * *  U6 D(  F"  ) ,

i t  f o l l ows  t hs t  y t t u l  =  sup  {ux -n ( x r s r ) :  
( x , sx )€D( I ' ) f  ex l s t so

$o, we can apply Theorem 2.41

-  t1 " {u )  =  j -n f  
LFt " r$x) :  (x rsx ' je  D(F) / *

s  r nax  {  * " ( [  " ' s r - f :  ( ' r e  s r - f ) en (F "8  
:

or eguivalently

tpc tu l  =  n in  {  u t ( f  o  s r -  T )  r  ( r  o  s r - t )  €  D(F,c ) l

But  b^
F"(Trnrz)  =  sup t f r x  +  [ e x  -  l ' ( x ; y ) r  ( x , y ) € D ( f ) J

= 
"op  {  T rx  +  rz r  -  F (x ry )  t  ux r  (x ry )e  p (e) j

=  r c ( t t n  u e T 2 ) r

wrth D(Fl  =  { ( t ,  -  u ,  \ r ) r  ( [ l rsa)  e  D(sc)  ?  .  co i rsequentS.y ,

r l c t u )  =  n i n  { n t t r o  s  *  u r - f  ) r  ( T o  s  +  u ; t ) e  n ( p c ) l

:  m i n  { r ' c ( T t r t r ) r  ( T t r l z )  e n ( r q ) r t t *  T a .  s  =  u J .

Hence l t  j -s veri f ied (3.t) . f t  j "s easy to veri fy that

t*r* rro s, (rr  rrr len l(x,sx) j  Ctr y t" l  for arr x € D( f  ) .
T,et  us show the converse inclusiorolet  U.€nf  t "o l i  then f {x")+

+ gt tu)  -  u(To) othereforer there exists ( [ I r ' rz)  e D(3c) such

t h a t U = t I + T n o S a n d .

3(xors*u)  +  nc(s ' r [a )  E  ( [ f  *  fao  s )xo= s I * " *  t r (sxo) r

" :  that  ( r t r tz)€ ? r ' txorsxo).H*n"ua ( f  (*o)  C {Tr+ Tno s:  (srrTe)
gl r '(xor$xo)J , end. (3.2) is veri.. f ied.o

fheorem 3o2,  Ie t  f  :  D( f  )  C X '+Z and g l  D(e)  CY+ 7"  be

conrex operators and" $ e I , (XrY)olet  $,  D( ' f  ) '+ z,  t  t * )  =

= f ( x ) + e ( S x ) , r a h e r e D ( Y ) * D ( f ) f \ s . 1 ( n ( e ) ) ' I f 0 € t ( s ( D ( f )



n  2 6  F

*  D (e ) )  t hen

I D ( Y
I '.1" tul

)  =  {T r  n  r ; o  s r  ( t r , r z )€  D ( f c )  r  DCe t l J  '

=  * r * * { r " i r r )  *  e " ( r }  r r €D( f c ) , \ z€p (ec ) ' u  =

= t L * t . o s f  ,
snd,

? f  t * l  = { n r * r z o  s r  t } € ? r ( x ) " r r e } e ( s x ) f  f o r a } }

x € D ( ? ) '

p r o o f o t a k e t r ' ( x r y ) = f ( x ) + g ( y ) r u ( F ) = D ( f ) r D ( e ) i n t h e

preceding theorem"Ti ren f ' t  (n t r tZ)  = fc  ( ' I f  )  +  gc (Ta)  and (TI 'T2)  6

?  r ( x , y )  i f  and  ' n l y  i f  (T . , ;TZ ;€11(Fc )  and '  r ( x )  +  e (v )  +  r c t t t )+

+ gc(ta) * nL* + Try, vuhich i.s equivalent by the same argu'rnent.

as  i . q i  Theorem Z ,5o to  T i6?  f t ">  a1d .  f re  Je (v ) "The  p roo f  i s

.coroplete, 
applying Theorem 3oIo

&gggg*-- 3o3. I ,et gi  i t (g) c y)7'  be a convex operator and'

s€r(x 'Y)  te t  Y 
:n t !  >-+7 ' ,  f (x )  =  *1sx) '  rvhere D(Y)  =

= s - I (D(s )  ) , r f  0  €  a (s (x )  -D(e )  )  r then

{ ' r " s :  t e  n ( e " ) l  g

m i . n  {  
g c ( n )  r  C I  + D ( e c ) ,  t . " $

o S: T €J c(sx)J for  a l l  x  €  D(Y ) : ,

3 . 2  f :  X - t Z r  f ( x )  =  0 .

one obtains, respectivelYl

nhggqg:n 3o4, ' let fk,  D(fk) C X -) zr l  < k <n 'be convex

pos i t ionr

1  r c Y  c i

i  g*  (u)
and.

1 ' P ( * )  = l ' r( ' )  
,

Probf,.We teke in

Fron Theorerns 2o7 12,8

1
=  U [  t

J

[heorem

and 2 19

operators  o$uppose that  n( f f  ) ,  ' '  ' ,D( f r r )  are in  genera l

T:er !f r n 
,(rk)+u, Y (") 

=iL tnt"]
' . i  - *

\ u tYo )  = i ,&  r k '  r x€P1 r [ ) r  LsksnJ
)  

'  L k = L n ^ "

11",u, = -t;'"\ fr r[ttn): # *n = t'J '

and
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1y t*l = 
fi 

J ,o(*) ror alr x € D(Y )"

S h e g * : g n r 3 . 5 o I ' , e t f : n ( f ) C X - + Y b e s c o n v e x o p e r a t o r

a n d . g : u ( e ) C y * > Z a n i n c r e a s i n g c o n v e x o p e r a t o r , w h e r e Y i s

o r d . e r e d . o  l , e t  {  I  D ( Y  )  - + 2 ,  
! t " )  

=  s ( f ( x ) ) r  w h e r e - u ( f  )  =

.  l . * i  x  €  D ( f )  I  f ( x ) e  u ( e ) l  .  $ u p p o s e  t h a t  o  e  a ( D ( e )  *

-  f  ( X ) ) ;  t h e n

l ' o ( Y t )  =  u { n t C t  o  f ) a ) r  r  €  o ( s " ) 9 '

1 . { " ( u )  =  m i r  {  s t t r l  +  ( r  i f ) o ( u ) t  r € D ( e " ) '
L l  ^  1

u  € D ( ( t o f ) " ) J  '

and

X y t * l  = U  t ?  ( r o  f ) ( x ) :  !  a n s ( r i x ) ) 3  f o r  a l l  x e D ( f ) "

Tlrgol 'exri  3o6, Let fkt D(fk) C X-+ Y be conYex ope*

r a t o r s ,  I S k 4 n r  Y  a  v e e t o r  l a t t i c e  a n d '  T  €  I + ( Y , Z ) ' I , e t  Y :

A  o ( r u )  - 2 , ,  $ ( x )  
=  r ( f r ( x ) v r . n .  v f , r r ( x ) ) . s r r p p o s e  t h a t  D ( f 1 ) r '

k= }  
a

. . .1D( fo)  are ln  
lener  

pos i t ion;  then

D(g" )  =  {# ruo ,  
r r€ l+ (Y,z ) , *nn  =  r r  sk*p( ( r r ' r k )c )J  '

t ( u )  =  m in {#  ( r k .  r o ) t ( s r r ) t  Fke r ' + (Y ,z ) '

t  rk  -  r ,ske D((rxo fo)c) ,  #  
rn = uJ,

k=l

and. 11

af tx)  =L{* l  ( r rco fo)(x)r  f r€}+(Y oz) ,# nn -  r ' r ( f r (x)v. '
t : . _

. . .vfrr(x) ) ='# nnro(x)]

E e r q g r . l c 3 . I . T h e m o s t p a r t o f t h e f o r n r n } a e f o r c a ] " c u l a t i n g

c o n J u g a t e o p e r a t o r s a n d ' s u b d . i f f e r e . n t i a l s l n t h i s s e c t i o n a r e

gi .ven a}so by Kutate lad.ze L: ]  .3ut  Theorqms .3 .3r  3 .5 ,and.  3"6

a l e - , s t a t e d . i n n o r e S e n e r a L c o n d i t i o n s n T } r u g l t h e f o r r n u } a e i n

f o r  a I } ,  x 6 D ( Y  )  r
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Theorem 3.1 and. 3.2 t10 not fol loW from those of Kutatelad'ze'

Theo{ps 3o?, ' I ret  } l  D(r)c x-+?,  be a subl lnear operator '

?CX,  QCY be  convex  cones ,  S6 l (X rY)  and . .  yo€Y.  Suppose  tha t

D( I , ) -?  . is  a  l lnesr  subspsce of  x  and '  yo e 
t (s(n( t r l )  nP)  -QoThen

if

x 7 t o r \ x T t f o - )  g ( x )  V  z e ,

and onl"y if

(  Tr  e l ,+(x,  z) ,  tz€ L+ (Yrz)  such that

) *

I n ,  *  r a  o  s  e ? r ( o ) ,  r z l o V  z o o

tze r,+(Y, z)

( 3 " 3 )

( 3 , 4 )

sat is fy  (3 ,4)  andProof oJ,et t l  € L+(X'Z) end'

x 7 t a ,  s x T t Y  o . T h e n

s o  t l a t  ( 3 " 3 )  [ o ] d s .

$uppose no l t '  tha t  (3 "3)  ho lds .

t e t  us  cons ide r  { :  u ( { l  c

D ( + )  -  { ( x n v ) . r  x G D ( P ) o r  '

that 6 is convexrV{e have
t

so that ) ) "lve aLs

x )7 OnSxo(+ )l .. inr
Sheorem 2o3t

To show that  (3 '4)  is  ver i f iedt

X  x  Y  - )7 , ,  
{ ( * rX )  =  n (x ) ,  where

Sxe t ro  +  Y  +  aJ  "  r t  i s  c lea r

f ' ) P , S x 6 X o  +  y  +  a l  =

a  -  x o '

e ao € inf  { , f  (x,  o) ,  (xr o) 6

I o Hence we .csn apply

u o  {  t A Y o  (  t A  o  S x  < T r x  n  1 A  o ' $ x  S  F ( x )

PyD(+)  =  { r ,  xe  D( r )
.  = s ( D ( F )  3 ) {

o. bav

v Yo

i t r rncf

{ r'to) '

s0 thst

o e

o ( f  o ) J .

*9 to

inrJ{(x ,o) :  (x ,0)  6D(+ )J = r r lax I  -  + 
o(0, ra) l (o, r r )e

L e t  ( o r T 2 ) E D ( + - ) " r h e n

u r a )  =  s n p  {  r z y  -  { ( * , v ) *  
( * , v ) € D < f  l }

= sup t *r(sx-Fo-Y) + 3(x): * t  D(I ') . f l3rv* aJ

c snp { rao $x - F(x): 
" 

n D(r) n 
1l 

+ sun{ 6{2)v:

v c  a i  - T 2 x o .  .
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Eince D(I') fl p ts &

fotrlows that T-ro Sx
/.

3 ( x ) : x e D ( r ' ) n P J

V eQl =O.Therefore

3= 0. AnalogouslYrwe .have tZ7,

+"to ,Ta)  
*  -  1 [2Yorr2vQ and,T A o S * ( r ( x )

assert ion is

P ls a linear
1

d ( F  +  I ^ )  ( o ) =
i/

cone and Tro S - trir ts posittve homogeneoustlt

- F ( x ) S - o  t " * D ( F ) n P  a n d  
" u n t T r o S x -

0 and, sup{ -nUV :

V"  €  D( f )AP. Ie t  I p ,  P ->7" ,  I n (x )  =  Oo [he  las t

equ iva len t  to  1 .zo  S  .  )  ( r  *  I p ) (0 ) .S ince  D(F)

subspace of x we can apply Theorem 3.4 to obtain

*

is

P) . fhen xo  is

ad.misible and.

f '
) n

?r ' to I  *arr (0) .  r t  is  obvious that  ?rr (o)  = -  r , * (xrz)"Hence

J.nr { p(x) r x ), a, sxVvo,J a nax I nrtot tr € r'+

-  L o ( Y r z )  t  T r n f 2 " $

which show$ that (3.4) holds:

&ggark 3r21' Theoren 3,? represents an analogous geneI 'a-

Iisatj-on of the Farkas lernrna to that one in Zdlinescu [fi) ,

but und.er d.ifferent conditiorl$r

4o Appllcatlons to the l(uhn-Tucker Theoren

$uppose that Y is ord.ered by the convex con'e P. I'et fl

D( f )  C X-rZ and g l  l (e)C X-aY be convex operator .Consid 'er  the

fotlowing Problelns:
l - l

( y )  i n f { f ( x ) r  e ( x ) - < o }  o

Theorem 4o1. suppos.e that  o € t (*(o( f  ) )

optlmal 'solut ion for (9 j  1f and' only i f  xo

there exists I)  D such thst

1 g ( x o )  * 0 a n d 0 € C ( f  * f  o e ) ( x o ) e  ( 4 ' I )

l roof  .  $uppos*  *o is  an opt imal  so lu t ion for  (?) . !e t

c x  f  v -+r ' t  f  t " r r )  =  f (x ) r  w i rere n( f  )  =  { ( * rv) t  xeD( f

g(x) I v! o \\le have .

l ,

P y D ( + I  = { r :  x e n ' ( f ) n D ( e ) ,  e ( x ) ( v }  = * ( D ( f ) )  + P "

D ( f )
D ( e )  '



* 3 0

*ro(+ ; = lp
1

J  *  e  D ( f ) n n ( e ) . ,  e ( x ) s v l  =  s ( D ( f ) )  +  P .

I lence Oeffp(4) .  Since *o is  an opt j -nral  solut ion for  CPl; t

fol lows t lrat inf {f (x, Ol I (xr 0) € D( + )J exists ofhus we can apply

Theorem 2,3;  I f  fo l lows there exists f  e T.(YrZ) 
'such' that  (Orf  )e

?  Q . t "u ,o ) , i , € . ,
r y  g  { { * , r )  -  { ( xo ,o )  { f " , v )€  D (4 '1< ->

t l

$y* r (x ) .  -  r ( xo )  I l x  c  D( r )n  n (e )  r  8 (x )  <  y+ ->

[ 6 ( : r )  + r y s f ( x )  - f ( x o )  # * e p ( r ) f l n ( e ) ,  [ G ] = ' 7

T y { 0  f o r  a } l  y €  P "

Hence f {  0" fhus there exists \7t O such that

f ( x  ) e f ( x )  +  r e ( x )  V *  
" D ( f ) O  

n ( e )  .
o

T a k i n g * = * o v r e  o b t a i n  O < [ g ( x o ) < t o  - O r  s o  t h a t  t g ( x o )  =  O a n < l

c-e f .e l }e {x .  4o} .  r f  o  eL(e(D( f  ) )  +  P)  and 0  € i (D( f )

then xo .is an opttmal solution for ( y) i.f, and. only if

a{ruisslb}e solution and.

i {

/ a ^
appty  T l : reoren 3*4 to  obta in  d( f  +  f  o  e)  (x)  =  Of  (x)

Now apply f l reorem 1."1o

l  r  >0 .  sueh  tha t  tg (xo )  =  0  and  1 r1*o )  A  ( - J  ( r  '  s ) ( x r ) )  *  f i .

Sg$gJ,}glf ,  4"2. L,et 8! D(e)C X.+Y be a convex^operator

and. fi: I (E) -r a ,E(x) *: 0' where D (E) = lxr s(x) € 0f '. If 0 6

f  (xo)  +  te(*o)  <  ( f

o  e ? ( f  +  [ o s ) ( * o )

ConverseJ"yrsuppose that xo

such thst ng(xo) = 0 and

x € D( f  )  n  U(e)  we hsve

f ( x o )  +  T e ( x o ) < f ( x )  +  T g ( x )  t

so t ln t  : f for  q l }  x  €  D( f  )  A n(e)  such thst  e(x)  €o we have f  (xo)  -<

f (x). therefore xo ls an optiu:al solut i .on.

r l

+ T o e)  (x)  ?-x  e  D( f  )  nD(g)  <: ->

;" ad.missible and. there e.xj.sts T2, o

0 e  d ( f  +  T "  g ) ( x o ) "  T , h e n  f o r  a l l

-  D ( e ) ) o

x  i s a no

o g) )  "He 
can

+  d ( n o  e )  ( x ) .
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f ( * ( " )  +  P )  then

U x  -  U x n €  T  o  g ( x )  -  S o f o r  a L 1  x e  D ( e ) -

T h u s  f o r  a l l  x  e D ( E )  w e  h a v e  U x :  U x n €  Q  -  6 ! " 1  -  [ ( x o ) ,

that  U € ? g(xo) .  Converse ly ,  Ie t  U 6? E(xo) . In  the precedi -ng

corollary take f = *Ui it is clear that xo is an opti-natr- solut-

t ion for problen (q ).  Consequently, there exists * 7r A such . '

t ha t  t g (xo )  =  0  and  U  e1  $  og ) (xo ) .  t he  p roo f  i s  conp le te

Consider now f :  D(f )  C X'+Z and 8k, D(eU) c X-+Yk )

I6k<n , be convex operatorsr where Yn is ordered. by the convex

cone pOol ,e t  GU = {x l  Sg(x)  sOJ o Consider  the fo} lowing probleml

tg i  i " f  {  r (x)  ,  Bk(*)s o '  r  < k< n}  .

U  fd  ( r  o  e )  (x ) :  \> to , re (x )  =  o  ]  ro r  a l l  x  €  D(A)  .
Let *o€ n(E) and.  [  ]

s) (xo ) rhen

tg(xo )  =  O

g(rc ; )

pbg-g]:qm 4'2 , SuPPose that D(f)

pos i t ion .and.  0€1(su(x )  +  Pn)  fo r  a l l

an optimal solution for t?i i f  ana

,  G t r . . . ,G*  a re  i n  genera l

k r l €k€ r .  t hen  xo  i s

only if xo is admissibLe

and.  there ex is ts  tx€T,+(Yktz) '  f t8 t r (xo)  = 0r  1< k<no an 'd '

o € ? f ( x o t  *  f  ?  ( r r o e s ) ( x . )

only if o € x $  +  y =  s ; ) ( x o ) ,
k=1

vrhere 6f. t  Gk-+Zr 6O(*) = 0o For the operators f  and' fn, lSk-<n

we csn epply Theorem 3.4 so that

n p

z 6u) t*l =trrt") * E 
') 

6ot"t
k = l  

- n  
. k = 1

g ( x )  =

Proof.

U € ? ( r .

0 such,..  that

and.

?roof"  Note
+q-,

that is an opt i rna l  so lu t ion ' for

(4"?.)

( ?L) ir ana

1 ( r *
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$ i n c e  0 € i ( e * ( X )  +  P U ) p , w €  c a n  a p p l y  C o r o l l a r y  4 t 2  t o  g e t  ( 4 " 2 ) *

5o the cont inuous case

Throughout this sect ion el l .  vectcr spaces are topologlcal

vector spaces and. the cone OCV, fq frp.f inpl l  io€o '1 there exists s

base IYof neighborhood's of the origin in '/ ' such that

v
W  3  ( v {  +  c ) A i Y "  -  c )  f o r  a } l  ) t e w  '

fhe system of balanced. neighborhood's of the origin in x is d'encted

'0'  
D(f)cx-+Y is said'  to be cJlqt lqgg*g at

by l lCx l  oThe oPerator  f  ;  l

x i f x , . , e i p f D ( f ) a n d f i . s c o n t i n u o u s i n t h e u s u a l s e n s e r * t * o o
o v

S&gg{g;*  5o} ,  le t  XrZ be topolog ica l  vector  spaces 'CCZ be

a normal cone and. f :  D(f )CX47, a col lvex operator"Then f is

continuous at xo if and. onlY if

J ruz  Vwe  u f  Jv * f<"t f * u*o

that f is a?roof* Suppose

Then

*  u :  f ( x ) e +  l ' J  *  C o  ( 5  - 1 )

continuous at xo € i ' :ntD(f )"

%

J.
l,

'fo** v)' Jv a f,txl
fn  -  r (xo l  Vweu l

] ,et ns show now the suff tciency of (5"t)"!{ i thout }oss of genera}i ty

we can suppose that xo = 0 and. f (0) = 0 ( otherwigu take f,(") t

. . v  , v "  - i  -
- f (xu+ x) - f (xo))"iet \i{e IJI I sinee |lJ j's a base of neighborhood's'  o '  , . v
of the origin, it follows there exisis WLeUf q*.1 that [0'il ' ITI +

Lo,:J.1thc\'{ n (-lv)nus.ins ,l;t) lv<= ftt l_ i lJ:u'

f ( x ) e ' z + r v r * c o s i n c e l v r €  f r . r >  J X " e  ( o , U  V ) e L o r ) J '  ) ' e
-  

4  f ,  , ,  - 7  .  

o  

r r r -  , - ^ - -  
i \  *

\ T r " L e t  t r e f o ,  ̂ J  e n d x € Y . v l e l r a v e
J.

f ( , 1  x )  =  f ( l x  +  ( t  - 1 l o )  t X t ( x )  +  ( 1  - , \ ) f ( q )  =  r l t ( x )  ,

so that

r l
V  x e x o  + V r  f ( x ) e f ( x o )  + $ I : >

-lv. tYtx> #* u *o + vr f (x) e z + sI- co
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s( 2x) € l f  (x) c e'12 + ztw*

c tlt fl (*rv)-cc v'/

* Vfr Hence f is continuous at xor

, l ccw,  +  Lor l ] . v / r  -  g

c o

0n the other hshd

0  *  r ( 0 )  =  r (  * f  *  + .  *  ( - . t x ) X *  t ( 2 r )  +  *  * t - 2 x ) r

so Cir*t

f ( , l x ) e  * f ( - l x )  +  C C * ( ! Y A ( * 1 [ ) * C )  +  C  =  l i v A ( - ! Y )  +  C  +

+ CC'!'tr * Cr
.  .  r  ^  . l

-x€ Ve Consequent ly  ,  - .  i  ,  
' i  

) 'e lo ,  i  u ]  Vxevt  r ( .d  x)e( lv*c lsince

f(q,{+c )

Cofg, l , laru 5o l .  I ,e t  f r  D( f  )CX->Z be a convex operatoro l f

. f  is contj-nuous at xo then f j .s continuous on 1n-t D(f)o

F r o o f .  l , e t  x e i n t D ( f ) .  S i n e e  t h e  m a p  g - x o  + 9 ( x  *  x o )  i s

continuow r it follows that there is I

+ t  (*  -  xo)e lnl  D(f  ) . tet  wnUY 1 I  uruUL such th" l  LO,f l .  Bl  C i ' ' f  "
Since f  is cont inuous at *o€ tulD(f) ,  JVIe fA> f*n*o * v i ,

'r 'l

f (x )€ f (xo)  +  \ ' { r .Let  vz  = ( f  - i ( *o  *  Vt . )  + f  (xo + g(x-xo))  =

1  .  Q - ]  l .  , n  I= ( f  - + ) v f  +  t - t  
" o * t * o * x - x o = x * ( r  f ) u t . H e n c e v z

is  a neiglrborhood. of  x. let  xt  e Yr;  hence xt  = ( f  -  
*1" 

*  
*  "

f o r  sone  v€xo  n  v to  Y {e  have  f ( x ' ) s ( t  -  
* ) f ( v )  

n  
t  

t ( u ) ,

so that

r ( x r ) e  ( r  - $ t r ( v )  * $ r t u t  *  c c ( r  *  * i t 1 ( T o )  + ! r l r )  - * t ( u ) * c
1 (xo) *  $t(u)+cr-  f ; ) Ivr-  cccr-  $lr(xo)+ $rt" l+ lv; 'c '=  ( I -  : ) f
5  r  r  i ,  ;  . ,  r .

coRsequentty ,  J, r  (L - $lrt"ol * fr t") # wtutl  Jv =(r - * lu,
dx te  x  +  V l  f ( x ' )e  z  +  W -  Q ,  wh ich  . co rnp le tes  the  p roo f  o

Cgro l iaqX 5.2.  ( i )  Let  f  I  n( f  )  CX+?,  be a convex operator

Suppose there are sone zc i , 'and.  Ve"  i f (X)  such that  f  (x)€ z ' -  foe '

a I I  x€xo + Yc Then f  i .s  cont inuous 'a t  xor  and consequent ly ,  on

above cond. iL t ion  is  a lso  necess la ry r . io€"

in$D ( f ).

(1i) If ird;c I g tlre
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i f  f is continuous at xoe i.n!D(f)r then there are sone %e% and'

Y e f l t* l  such that t (x) < z for aIL x 6 xo + Vo

?roof "  ( i '  )  suppose that J uot 
1, '# , l f ( i l  

# * txo+ vr

. r (x)  9  uor  er  equ5-varen* lv  1 'ou 'nu:L t f tx l .  
, * *  

*  xo+ vor

r (x)  ero cuthen ln  ' ! i  uo V v l  -uY Jv = vo t * ' *o  + Y:  f  (x )e

y, + ]i,tr*Cr $o that, by fheorem !.11 f is eontinuous at xo'r and by

Coro l lary  5o] - r  f  is  cont innous on in tD( f , ) '  
'

'  ( i i )  l ,et zre zr+*!,cl  *nni 
,u, 

ce t l 'U' since f ls

cont inuous .at  xo,  Jvoe tXxl  t *e*o ' ;  oot  
1f" )  

e f  (xo)  + zr  c '

T h e r e f o r e ,  J u r = r - n  f ( x o )  J V o G  i l ' f x >  T * * * o  * V o r  f ( x ) s z o '

9Sgql . lP, rv  5 ,3.  Let  t :  D( f  )  CX+Z be an operator 'cont inu 'ous

at  x  €  in tD( f )  and A oonvex set  o f  ep igraph typer 'such that
o

A)  ep i  f  o I f  i n f  {  ? t  
( xo ,  z )e  A  J  ex i s t s ,  t hen  Y .a '  ?#+ t '  Yo (x )  

=

= J.nf t  , :  (xrz)€ AJ i"  continuous at xo, and corl 'sequently on

{*!(PxA): lPJ (sgDlf ) ) .

Sroof o We have

xo

n)

coD(f )  = ,co3"(9g- f ;  =  P"(q-g(9.9!  f ) )C?xAo

$ince' xo€ 4rr"!D(f ), it follovrs t:d xo ew P#. BY hypothesist

rnf{u:  (+o r{e Al  existsr  so that t

tpu t"l exist s f or all x € ?# , and'

convex.Sut f is contlnuous at xo?

dxexo+ V: f (x )  € f (xo)  + ,W o  s iuce

for  x€ D(f)  r  s0 that  f*  tn*o + Yr

theorem 5.Ie Yo 
is cont-i-nuous at

Denote bY 3(XrY) the space

.be tween X and Y.

Remark 5r]* ,  Let  f  t  D(f , )CX-+

e intD(f  ]  ,  then D(fc)cg txrz) ,

fo r  eYe ly  x  € .D( f  ) .

accord. ing to Theorem L,2,

by theorera 1.1 ( i i )  ,  Ya is

so that Vw. uf 7v e tJ"txl

epi  f  cA,  we have Yg(")  s f  (x)

!n(x) 
€f(xo) + Yir * coAFnlYing

xo, 
.and.. 

consequently on int(PXA)

of continuous l inear oPerator

i {  - -

Z"If  f ,  is .continuous at sone
l .

and '00nsequen t lY  /  f ( x )  C3(X t
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:  Ind .eed, i f  t  €  D( fo )  then fc (T)  +  f  (x )>Tx fo r  evexy  xeD( f )

Corollarly 5.3 implies that * is continuous at xor and consequent$

on X.

To obtain the continuous version of fheorem 2o3 it ts suf-
{ t

f ic ient  to  s tengthen the condi t ion Oq *(Py(eeD(f  
) ) )  in  such a

way to obtain that Y qna b* continuous at 0r where s a

= Py xz(g! . i * ) .  
Tak ing in to  account  fheorern 5oI1 such that  a

condition is the following:

] z  e z Voo*vil Jv* ft"l
( 5  

" 2 )fl
\ y ' r

To hold (5.2) i t  is suff ic ient to haue

l z e z  l u * & t l  # v e v  J x e x :
o x r  ' r  t ,  \  .

ixo eX such that  f  {xo,  .  )  is  cont inuous at  0"  (5 
"4)

So obtain the. conti-nuous version of the o'bher resul 'bs

J,n Sec'bion 2 we mugt take S€B(X'Y) and rewrite cond'it ions

(5"2)-(5-4)  for  the corresponding operator  + . '

In $ection , 
J" 

assure that 
Y*U 

is 
'contlnuous 

at

0  fo r  everTr  +  ,  f k r f l  
= f  {x r f }  *  $xr  where  se-B(X,Z} ,  we

nust use a cond.ition of the following typel

tv *v J"
* tr,x) e z

*Xl

+ Y { +

* r " , x ) * 2 , '  
( 5 , 3 )

Vu * h"t Ju* f t * l  Jx * - x l f v * !
$ ,za' 7{ J , e z V w . v I  

V

l l " i e *  +  u :  4 t " '

It is obvious thgt a

contlnuous at 0 is O

that this eotrd.ition

nera l  c&seso

j ! @ 5 ' 2 o

space,  and . f  :  D( f  )

$ )  € n  +  l ' {  -  C c

necessary cond.ition for having Yegt

a (py(c .oD (+)) ) i . th"  fo l lowing resut t  shorns

is  suf , f ic ient - for  (5 . t )  tq  ho ld .  in  ru ther  ge-

l ,et XrZ be Frdchet Epaces and Y a barret les

C X"x Y+7. a convex operator wtrth closed"



epigrephnlf

exlstsrthen

overT y € PyD(f )

holds.

lfote tbet tn

f {v)

36 iq

0 e (PyD( + ) ) l  and lnf { {(",0) I  (x,0) e D(+ )J

s  , i n f  {  { t " r y ) r ( x , y ) e  n ( 9 ) f  e x l e t s  f o r

and. Y ie continuous at 0. Moreover (5'at1

our oonditton, by Theorem J.J, YtVl exI-sts

So

in

,v
for all x € D(F) ttnd. Ue U (X) , where 4in A denote the el6e-

breic closure of A

Proof.r  sf theores 5.t .  Consid.er the nult i funetion 3lXx"Z-t

Y def j . :ned by F(xrz)  =  { r ,  (x ryru)e upt { l  =  i  t ,  f  (x ,v)  - '  z l  .

Hence 6IgIb F = {tx, z#): (x, Yan) € epi +t . Thls cbnstltutes a

reorientation of gpl { r so that.F is a c}osed. convex multif,uncti

otr' nS&SSg F * Py(eg.ph r) s 3y(gII+) = 3y(D( +))'Hence o e
;t

(ng, t lgg F)r .  l ,et  (xuoz,o)  e X x % such tqt  o .  r (xor"")  et{ (x"ro)
t l  . L  r t  f i -  . t t

<zog}.re above theorem showe that ffw<W f,u e U $) JV e tr(y)

Euch that Y c n((xnra") + I I  x Ti) r  gx equivalent ly

r  V  U  l . /

V *n il,u * ffwl Jvn Yru l, *o J'* xo * ur n€fts + \rr

V ,t 
'  , . .  --  f  (x 'Y)

l v u  ( r l  l y e v  J * t  x u ' r u r
s  z e >

f  (*,v)

for every y € ?yD(f )"Thus we must only sh.ow that (5o2n) hoLd.s.

d.o thlsr s8 shaLl use the fol-l-owlng theorem, of Ursescu stated

somewhat uore generel setttng J.n tfel . 
-

glg-g{eg 
" I,et x be a Frdchet space and. Y be a beffielled

Epacenlet Fc X+Y be a elosed. conYex mult i functJ"on ( i .e" Slaph $

| '  . .  a .  r ?  r  -  - t  - - - - - - -rs t (x 'yJr  y e F(x)J fs a c losed oonYex set . I f  (Sppee. T)L *  f r

tben F(x) A (Ie$g. r)r c int 3(x + u) r

I'(x) c Up in} n(x + IJ)

l*u uf , ue firxl

€ z  +  l f f  *  C .

I{once (F"ei1 holds;and. consequent lyY f"  cont j "nuous at  0rThe proof

in  comple teo  .
--.;1, - -*---- e..- - -
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theorero 5o2 represents a general izat ion of corol lary 2.1

rn [5] r

Yrie

l f  0€ U!

equivalent

then

such

3 +

thet - /oxo

in_tP = int,P'

want  to  renrark  that  formula (4 .3)  ho lds wi th  T6 B(YrZ)

(e(x)+p) .  I f ,  in t?  {  f i  then the above condi t ion is

to

] xoe X such that g(xo) 6 . -fu-r-t}'

suppose that 0 6 int (e(X)"r-P) '

g ( X )  *  P r  s o  t h a t J * o e X r P e l

( 5 . 5  )

Ind.eed., let YoG intP and.

J ,L o7 o such tirat - 2 nv ,e

of

nr
k=I

lYe g3

= g(xo)  + p .  Hence -g(xo)  =2cryct  +  pe$Frs ince

' The following theOreg represents. the. continuous version

Theorem 4.2 anc] a general izat ion of Theorem 6 in [13l "  In this

case X,  y , ' r l l  &r .€  topolog ica l  vector  spacesl  the cone POCYO is

c losed.  and.  convex,  in t  Pv t  f r  ,  l3kSn and.  CC?'  is  c l -oeedo

T h e o r e m  5 . 3 .  L e t  f :  D ( f ) C X + Z , Bkl D (eg) € X+Yo be c onvex

operators such that 86 is eontj .nuous on dSgpD(Sg) * 0 " Suppose

there is  so$e *o€D(f )  sneh that  g t ( *o)  € .  -  In ! -33t13ks=n* Then

x' is an opti-rnal solution of the problern

. i " f  { f ( x ) :  e k ( " ) € 0 ,  t € k < t t f  ,

if and only if 3 is ad.miss j.ble and.lnk €B+(Y gZ), fOgn(x) = 0

f s L sn such that

o e t r r ( x )  +  f l ( r k o s k ) ( f )  o
k=1

Moreoverr i f  g3 are Gatequx d. i f ferentiable at Fn then : l  is an

optimal solution for the above proble.m if and' only if E- is

admlss ib le  and Jr rd  B+(ykrz) '  tuso(E)  = 0r  1<k€ n snch that

l k " s i .  ( E ) € - d f . ( f )  c

Proof. mubt onlY show thst if P(e)CX-:Y J.e comvex
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and Gateaux dif ferentiable at f  (  eigSD(e) ),  then

- )  
e ( f l  =  [ e ' ( x )  n  s , ]  s  e l , ( x , Y ) ,  r r a n s e  s c P  n ( - 3 ) ] ,  ( 5 ' 6 )

$ince g is Gateaux d. i f ferentiable at f  i t  fol lbws that * eUtD(g).

Le t  xe  X  be  such  tha t  i  +  xeD(S) ;  t he re  l s  some toTO such  tha t
'  
Az t  < t ^  lmp l ies  T  *  t x  eD(g ) . I7e  have  fo r  t  c (0 r t J

()
1 1

s G ) = s ( 1 f r ( f  + x ) +  1 f o  ( r - t x ) )  

:
J.-T U'  

e> s(f  )  + ts(E) * te(f  + x) + e(=- -  tx)

k> s(E)  e( f - tx )  < t (e( r  +  x) -8(3) )

' - \  E ( 3 ) - E l =  
r - r

/ _=) _. ._*\-*:_!4J_ S g(f + x) _g(f)

4=> ulo-*f k8!'t s-s(f- + x)-s(r). '

L,ett ing t . l  0 one gets

gt  ( f , )  (x)< e(*  +  x)  g( f )  for  a l l  xe.  X such that  f  +  x€

U(e)  or r  equiva lent lY

.  
g r  (E ' )  ( x : f ) : . e (x ) -g (x )  fo r  a l l  x  eD(g )  e

'  
Hence g ' (E)  e  ?g( i r ) . I t  eas i ly  fo l lorvs that  te . ' (=)  t  S:  S e l , (X 'Y)  '

f ianse Sc? n( -p )  j  a }  s (x ) .  L ,e t  now S €L(x ,Y) ,  S€? g6 ' ) i  we.have

$ x < g ( x  +  x )  -  g ( x )  f o r  a l l  x  e  D ( e ) - * "

$ince Ee$! D (A) n there is some t") 0 such that f ,  + tx e p(e)

for . t  € (or tx) .  For sueh t vre havq

$( tx)  <g(X + tx)  *  s (X)4: )sx< (e(* -  +  tx )  : '  s (F) ) / t '

I , e t t i r r g t { , 0 , t a k . i n g i n t o a c c o u " l x t t h a t P i s . c } o s e d r W € o b t a i n

Sx < et  (X)  (x)  for  
'a I }  

xe X,  ?

.so  tha t  ($ -e ' ( x ' ) ) ( x )e  Pn( -P )  fo r  a I I  x€  So  There fo re  Se{e t ( f , )  +

Ur  Uel (XrY)g l lanf f  Ua? n(*?) l  .o  } Iovr ,  . i f  T  63+ $r 'z ) ,  t } : 'en T o I
I r  - t

i s  c o n v e x  a n d  ( t ' e ) t  ( f )  =  t ' g : ( x ) o  $ i n c e  C n ( - c ;  = { o J ,  t t  
a

fo l l ows  f rom (5 "6 )  t f ra t  ?  tn "  S ) (3 )  = {T  o  g t (X [ ,  The  p roo f  i s
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compl€te o

After this paper was' bJ.abora'bed' l 'Ire taked' lmowled"ge of the

Therars paper [}1] o $ome of our formu]ae to carcu]ate subd"i f-

ferent: : ials result  from that of [hersriye'arso remark that the 'rhe., .

rars fornrulae to oalculate t  -  subdif ferentials ( t>, o1 fol low J;^ '

from our resultsr l ,et.us show that,  i rr  the condit ions of theorem

3"3, $/e have

?rytr t  = {r  "  s i  r  c ' )Ls(Sx) 'J for al l  xGI} (Y )"

rr is erear f,hat [r " s: s € Qra(sx) 1 Ca rf t"l o ] 'et show the

converse inclu,6ion. I jet I I  € L(X ,Z) ,  IJ € ' )L(P(,-x);  this aean$ that
' t l

.  Ux -  uso < Y(*)  
-  Y("o) +L '*  *  

, i t  f

Y ( * o )  
- u x - o  - L (  f t x )  

- u x  V x e D ( ? ) 4 : >

Y ( * o ) * u x o - [ { i n r  t  Y ( x )  u x r  x c D ( f  } l

= inf I s(sx) r Uxt Sx G n(s)J o

Taking in

t h a t  f o S

fheoren 2"5. f  =  -U,  l t  fo l lovrs  that  Jg *  n(g*)  such

= U and.

stated. Theorem' 5,2 (without proof )  '

Y (*o) - uxo 'L s. - ac(n) +=>

g ( $ x o )  *  s t ( t )  -  [ o s ( x o ) s c  d = >

[ y - e ( v )  + g ( $ x o )  - T " ' * o n ' ]  { l  e l ( e ) e >

.  T y - 9 o s * o € e ( y ) - g ( s x o ) + L  V y G D ( e ) e >

t *  ?  n ( s x - ) o
.  L - -  U

In the Paper of Thera is also
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