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1.  In t roduc t ion

The problem of synthet iz ing open- loop opt imal eontrols

into an opt iual-  feedback (  or  c losed- loop) opt imal control

was formulated. frorn the very beg*nning of the mod.ern eontrol

theory  f  [ t ] , [ r ] ' [ . i  ,  b4 ,  e tc . )  bu t  the  number  o f  papers

dedicated to th is subjeet is conparst ively sna1l  and the

. resul ts obtai .ned up to date seem far less sat i 's fa.etory than

.  those concern ing  open- loop op t i rna l  con t ro ls .

fn what fol-lows we try to review anC eonment some of the

recent resul ts and new trends in the study of  t ,he t ine-opt i -

ma l  feedback  cont ro ] .

.  There seen to be two main aspects of  the theory of  t ime-

opt ina l  feedback  cont ro l  tha t  a re  eons idered in  the  works

ded ica ted  to  th is  sub jec t .  The f i re t  cons is ts  in  the  s tudy  o f

i t s  p roper t ies  and ex is tence I  the  second aspec t  concerns  i t s

s tab i l i t y  to  per tu rba t ions ,  s t rong ly  connected  v r i th  genera l i zed

so lu t ions  o f  d iscont inuous  d i f fe ren t ia l  equat ions .  As  w i l l  be

seen in the sequel ,  both aspects generate very interest ing and

very diff icult mathematical prob.J-erus tha.t. are now only partialty

'  
so lved

'oved in [o] uno bd ,

the  t ime-opt ins l  feedt rack  cont ro l ' .  de f ines  a  d i .seont inuous  a i ' f fe -

rent i .a l  equat ion whose Carathdodory oofut ions must be the
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opt ima l  t ra jec to r ies ,  some very  epec is l  hypotheses .shou ld '  be

nade in  o rder  to  raake q ' tmathemat iea l  ob jee t "  ou t  o f  the  t ime-

opt iua l  feedback  cont ro f .

Such hypotheses  were  f i rs t l y  made by  V.G.Bo l tyansk i i  ( [1 ] ,

F  ' l -

LzJ) ;  essent la l l y r  Bo l tyansk i l ' s  ' r regu la r  syn thes is "  means a

. t 's t rat i . f icat ionl t  of  ihe phase space into di f ferent iable mani-

f o l d s c a l l e d c e l l s ( v e r y s i m i l a r t o t h e s t r a t i f i c a t i o n g o n s i d e .

red in Di f ferent ia l  Topolory and Global  Analysis,  see EA )  .

such that the corresponding discont inuous vector f ie ld.  is  every-

where tangent to some cel ls and everyvlhere t ransversal  to the

other cel1s1 each of  h is (Carathdodory) integral  curves passing

suceessiyely through a f in i te nunber of  eel ls unt i l  reaches

the f inal  point

The resu l ts  o f  P .Brunovsky  ( [6 ] )  and H.Susgman t  [Zg ]  I

coneerning the exis ' tence of  such an objeet are br ief ly descr ibed

and some suggest ions for future research are made in sect ion 2.

The next two seet j .ons are devoted to the survey of  some

resu l ts  concern ing  s tab i l i t y  to  per tu rba t ions  o f  d iscont inuous

t

dif . ferent ia l  equat ione def ined by the t ine-opt imal feedback

cont ro f  o f  l inear  sYstems.

In the last  eect ion three problems mot ivat ing the need

for stabi l i ty  resul ts on the t ime-opt i raal  feedbach control  are

prezbnted: a Linear system wit f r  s lowly varying coeff ic ients,

a s ingular ly perturbed l inear system and the construct ion of

a bang-bang state est inator for  an input-output l inear control

sys tem.

-2JroDert ies and exist-ence of  the t i rne-opt inat  . {ggdbaek cgl} t I :o l

Le t  UCnP Ue a  nonempty  se t  ca l led  the  cont ro l .  space,

l

l

let  f :RxRnxU--tOt '  be a 'eont inuous mapping that def ines

the par 'ametr ized di f ferent ia l  eqgat ion;
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H t  =  f ( t ' x , u )

and 1et xa€. Rn be a given point  cal- led

f  inal  -point .  For any to e Ar .xo 6 Rn we

of  admiss ib le  cont ro le  w i th  respeet  to

.of  a1l  measurable bounded nappings u( ' ) .

the targgt or

def ine the 
.set

( t o r x s )  t o  b e

: ['t . tJ ----+ u
L  O '  . L J

the

U  ( t o , x o )

the  se t

such

the

t ( t o , * o )  =  T ( t o , " o $ t . ) )  i f  t ( . ' i n  ? i , ( t o , x o )  - '

is  opt inal ,  is  ca11ed the minirnal- t iqe.  funct ion'

obv ious ly ,  the  se t  D is  conta ined in to  the  cont ro l lab i l i t y

c-le t t-) ,  of al l  the poi.nts (torxo)e y'xnn for which the

t l  t to r *o)  o f  adn iss jb l -e  cont ' ro ls  i s  no t '  enpty '

The problera of  f ind ing i i i€  'u ime-opt imal  contro l  may be

e o r s i d , c i . t " l  o n l y  f o r  a  d e t e r m i n e d  i n i t i a l  p o i n f  ( t o , t o )  € n x n n

t h a t  t h e  s o l u t i o n  /  t  i t o , x o i u ( , ) ) t  F o , t t ] - - + R n  o f

in i t ia l  value problem:

d X - - r * - , , /
f f i  

-  . r " \ u r ^ ; * ' t ) )  r  x ( t o ) . =  x o

a n d  r /  ( t ; t o , x o i u ( . ) )  f  * t

For every admissible.  control u  (  .  )  € U  (  t o ,  x o )  w e  d e f i n e

the durat ion of  steer ing 
"o 

to \

( 2 . 4 ) T ( t o r x o r u ( . ) ) .  =  t l - t o

and rre .say that t, ( . I e 
tll ( to, xo )

w i t h  i e s p e c t  t o  ( t o r x o )  i f ;

( 2 . 5 ) r . ( t o r * o r f i ( " )  ) <  T ( t o l x o l u ( . )  ) f o r  a r \ Y  u ( . )  € . U ( t o , x o ) .

The 'co r respond ing  so lu t j -on  / t  i t o r *o ; f f { ' ) )  o f  (2 '2 )

wiJ-l be ca11ed thg oPtirnal Lraigetor-v of

I f  DCFxRn denotes the set of  a l l

which a t ime-oot inal  control  exists t i ren

def i"ned by:

( 2 . 5 )

s e t ,

e e t

( 2 . 2 )

has the

( 2 , 7 )

fo l low ing  proDer t ies :

, f  ( t t i t o , x o ; u ( . ) )  =  x 1

for any t€ [to, tJ .

as fo l lows i

ie a t i .me-opt imal control

t h e  o p t i m a l  c o n t r o l  t ( . )

p o i n t s  ( t o r " o )  f o r

T ( .  , .  )  : D - + R * - .
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but th is is not al lways the iase. As i t  is  suggested by some

prac t iea l  app l i ca t ions , .  the  above t i ine-op t ina l  con t ro l  p rob len

may be  in te rpre ted  as  fo l lows l  an  evo lu t ion  procese descr ibed

by the equat ion (2 ,1)  has xr€Rn as the equi l ibru ium state

and may be gontrol led using the parameter u€u.. some pertur-

bat ions deviate the system fron the desired etate xl  and

the ebntrol  parameter u €U. should.  be ueed to br ing the system 
\

back to the state I r  a8 quiekly as possible.  From this point

o f ,v iew a  t ' regu la to r "  tha t  choosqs  a  cont ro l  v ( t rx )€U a t

n :
each po in t  ( t , x )€  RxRn need be  dev ised such tha t  the  in i t ia l

I'

value probleml :

. A v

( 2 . 7 )  $ t  
=  i t t , * )  ,  x ( t o )  =  * o  ,  f  ( t , x )  =  f  ( t , T , v ( t ' x ) )

bas a (Carathdodory)  so lu t ion Y( .  i to ,xo)  sat is fy ing (2 '7)

s n d  s u e h  t h a t  t  t - l .  v ( t , ' f  t t ; t o r x o ) )  i s  a  t i n e - o p t i n a l

c o n t r o l  w i t h  r e s p e c t  t o  ( t o r x o ) .

.  We say that the napping v(.  I  .  )  lD ---+U having . these

pr.opert ies is a t ine--ont i ' rnal  fgedbqck cqntrol ,  fo:r ' the system (2. I )

l f  fo r  any  po in t  . ( t rx )€D there  ex is ts  a  un ique open-
.  a l

l oop  op t ina l  con t ro l  d ( .  ; t r x )  € 'U ( t , x )  wh ieh  i s  p iecew ise

cont inuous (as i t  happens for instance in the case of  norrnai

l inear systems) then the t ime-opt inal ' feedback control  is

uniquely def ined bY:

( a . g )  v ( t , x )  =  t ( t ; t , x )

but i t  is  not  yet  proved that any Carathdodory solut ion of

the  equat ion  (2 . ' l )  ie  an  op t ina l  t ra jec to ry  un less  some very

special  hypotheses about the "globaI picturei l  of  the opt imal

i ra jee tor ies  a : .e  rnade.

I f  the ooen*loop opt inai  ccntrols are not unique then the

prob lem o f  the  op t ima l  feedback  (c losed- loop)  cor r i : ' o1  aeems

st i1 l  more  d i f f i cu l t .



A.s aI ' ready ment ioned in the rntroduct i "on, the special

hypoi l reses that uake a mathematical  object  out  of  the t ime*

opt imal feedback control  a ie contained in the def in i t ipn of

the so cal1ed "regular synthesisn introduced by V'G'Bol tyanski i

( t { ,Lr l )  or  some of  i ts  modi f icat ions t [e] ,  Lt {  '  Lrq 'b i ) ,  [ 'g ]  I '

For the eake of  s inpl ic i ty we assume in what fo l lows that

the  vec tor  f ie ld  in  (2 'L )  i s  au tonomous so  (2 '1 )  takes  the

f orm:
,: lv( 2 . g )  $ t =  f ( x , u )

(we may a lways  wr i . te  (2 .1 )  in  the  au tonomous fo rm:  x '= f  (xo 'x 'u )

^ l  i -  r - ^ ^ + ^ - : l  
i l I

xo '=I ;  bes ides,  the non-autonomous case is  t reated in  i lU t  .  .

t t ]  and [r i  Io
'  

, ,  is  easy to see that in th is case both,  the t ime'opt imal

feedback eontrol  and the minimal- t inne funct ior t  are also auto-

nomousi  we assume that the set G C R n  o f  a l l the points

(open- looP)  cont ro l
x €Rn. ior which there exists a t ine-optinal

is an open neighbourhood of the target *1 I

In  th is  case,  ins tead o f  the  sys tem (2 '7 )  '  we have to

consider the follovring au-tonobou^e discontinuous differential

equat ion t
A v

(2 .10)  Ht  =  f (x)  where

l fe recal l  the def in i t ion of  Bol tyanski i 's  regular

synthesis t ry ing to dist inguish four main character ist ics:

Dsfinitio-n 2. ] t [r] , Lt] I

T I r e  m a p p i n g  v ( . ) : G c P l - - > U C R p  i s  s a i d  t o  d e f i n e

a rerular 
" . rnth"ui*  

fo" th* ' , t i ,o"-oot- i*nl  "o ' ] t "o l  
o"o-bl**  to

the  " t "a rse t  * l€ In t (G)  o f  lhe  svg tem (2 '9 )  i f  - t -np  prope+.+et

A)  -  D)  t r i s ted*be l - loY ho ld r
r{'

A)  Therg  ex is ts  q  subset  I  c  c  gnd a  par . t i t ion  o f  the  se t

G\ /f into a family / of copqgc!'eg ll iff erentiable ma+ifol'ds
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r o o e r t i e s :caUrel eells satisfying ,the followigg p .,-'-

A. l .  The famil .v

part i t iqns /  =

denotes the set

is  loeal- IY f in i te and adni ts the fol lorvi

/ tof, , { tof, =' fr eP-l ir J2 
(k)

of  k -d imens iona l -Sg4g,  k  =  0111" ' n,  then

_ Q ( o )- J  
2  '/{*} J[oLr[*' , / t " )= /L " )=s  and  J " r l  e /o )

,n
A . Z .  F o r  a n y -  c g l _ l  S e  {  ,  t h e  r g s t r i c t i q n  m a p p ,  v ^ ( . ) ,  o f

i n  G ;

D n
A.7. Ther.e -g)eists a qapping rT( ' )  t /1-*  I f  such that i f

s E l . ( k )  t h e n  I f ( s ) € f ( k - 1 ) ,  t h e  J e e t o r  f i e l {  i ( . )  d e f i n e d
' r

D

!X. (2.10)' is-gvery'r, ihere tangg-nt to any egll 1€7t and

ftgn eaeh polq!  x €S t4ere s lar ts I  unique Cgrat l ldo{orv

s o l u t i o n  . f  ( . ; x )  o f  ( 2 . 1 0 )  t h a !  l e a v e s  S  a f t e r ' a  f j . n i t e

tipe -and-Ieaqhejr lf (S) t lansv?rsal.lv'

A . 4 .  T h e { g  e x i e t s  a  n a p p i n g  Z  ( . 1  , f  , n  / t  s u g h  t h a t

n / r - \  r  , , . -  J  ( k + ] )  - , -
i f  seJ )  then I  Cs )€J 

(k+1),  
lhe rest l iet ion mg.pp of

F

v( . )  to  SUe (S)  i s  d i f fe ren t iab le .  and"  i f  'S  *  t "J  then

frgq e.ggry r:.g:n! xG S theTe gtartg-.a.-unigue Carathdodorv

so lu t ion ' / ( ' ; * ) of  (2 .1O) tor  which lhere-ex is ts  e  > 0

r tr Tilpnm a
I t a  J a  I  r  v 1 r  s

start- -ggvet.q1-luarattlddory qollrti,oqs of ( 2.10) elt,erriqe

h  - .  .  ,  t l
cel ts  f rom /  , .  an- i  in tersect ing J f  on ly  a t  t t lg 's tar t ing

porq t ._

4 . 6 .  A q y - g g l u t i o n  o f  ( 2 . 1 0 ) s l g r t i n g  q t  a ' p o i n t  x € G

reaches *1 in a f  i .n i tq_l ;me, T ( x ) ,  i n t e r s e c t i n g  o n l y  a

f i n i t e  n u m b e r  o f - c e l I s o  .
t n

B) {griny x€ J{ 
-, 

lhe tiinq 9f , reggFir.tg Ir

a n y  t r a i e e l o r l  o f  ( ? . 1 0 )  s t a r t i n &  a t  x

T( . ) ;G* - i - i?*  repre .q j in t i tg  the  dura t ion  o f  reach ing  lhe

is the same aLons

, so t!e. fune-Llqq
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ta rse t  x "  i s  we l l  de f ined.
--.:-5.-;- I -

assumed to be cont inueug.

The t ime-funct ion T ( .  ) 1 A

C) I f  {or-aly

, r .  r r ,  , ( k )  =

n - ' l
t t t  :

^ -  I  ( o )
DE- J

w e  d e n o t e :

u!  (k) l  ;  P( ' )=c,
[ = 0 r 1

u t s  ; u  ! ( 1 )
(2 .L2 )

then the

tsr = p(n-1) UJf

s e t  U

1 g  u ( . ) € t L t * o ) ,  u ( . )  I  [ o , t f ' " + u
cEntrol-then .in any neiglrbor$Ilootl .of

v  s u e n  t n a t  t h e  s o f u t i o n  ' /  ( .  i Y , u ( '
r J t  - -  -  _  - ,  -  '  I

* t  =  f  ( x , u ( t ) )  ,  x ( o )  =  y

is clg-fined-gn ;o,tf qncl intersects

ma*r value-s of te [o, tJ .

D) Any Carathdodorv so- lp t ion,  S/  t ' i x ) , o f  (  2 . 1 0 ) sa t js f ies

adrn iss ib le  cont ro f

i s  an  admi .ss ib le

x ^  t h e r e  e x i s t s  a  P o i n to

)  )  of the_!rs4qs:

for at mqq! Jigi.tgll

lemma:

( 2 . t 3

ansk i i f s  fundanenta l

Pontryagin t s i, laxiqoum Pri+cip1e. v{ith the

ff( . ) E tl t"l ge,rined .LY:
( 2 , 1 4 )  t t t l  =  

" ( f  
( t ; x )  )  :

if we define tL t. ) lRnxRnxu---+ R qnd HtRnxRn--=t'R lgl

( 2 . 1 5 )

( 2 r  1 6 )

on p, t tx!

8 . e .  o n  p , r t " !

We reiat l  that V.G.tsoltyanski i  (h] ,  LZ] I  proved that

property c) in the above defini t ion. is sat isf ied i f  the set

M def inec l  by (2 .11)  ,  (2 '12)  is  a  . r 'p ieeewiee smootht t  set  o f

dirnension less t i r*an and that the Carathdodory solut ions

o f  ( 2 . 1 0 )  ( " m a r k e d  t r a j e c t o r i e s " )  a r e  t i n e - o p t i m a l  t r a j e c t o r i e s '

.then there exigts an absolirtel
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fn LO] ,  P-Brunovslgr proved that property C) in Defini t ion

2.1 ho lds i f  the.e losure-of  the set  M adni ts  an analy t ic

W h i t n e y s t r a t i f i c a t i o n i F . B r u n o v s k y p r o v e d a l s o t h e f i r s t

existence theorem for the regular synthesis: i f  .  uc

compact convex p-o.lyhedrot wi-t,h the ve -., '  w11w2r r r w*6 RP;

f

{ J  =  c o  t w l  , w 1 r .

g P  i s a

if Jhe syst.gql is linear'

* t = s , . + B u

is  of  the forml

( 2 . 1 9 )

( 2 , 2 0 )

for

for

be

a.nd satisfiee the follo"Ying torgalitJ conditis.nl the Jeet-ors

B(w1-w5) r. lB(vi-wr) r . .  -  An*rB(wi-wr) aEe l inearly indgpe+{en!

€gr any i f j tiren the time-opti.lrral feedbaqk goglro1 with.

tlE. large t *l = O€ Rn for tEg s;lfstem ( 2 ' 20) def ileg a rqeular

elrnthesis-wi th some addi t i ,onql ,  p,rgpert ies '  .

n proved in 
Ft ]  

a very general  theorern stat ing

the existence of  a non-opt inal  d iscont inuous feedback control

for  
'an 

analyt ic systen of  the form (2,7) on a real  analyt ic

r - l  r - 1
nanifotd; as i" le J , i-,r LrtJ some results concerning'strati f i-

cat ions by subanalyt ic sets are essent ia l ly  usec'

In an attempt to prove more general existence theorems

regular synthesie and possibly give algor i t i r rn ical  methods

i ts construct ion in part icular cases several  aspeets should

cons idered:

.  L.  f t  seems reasonable to t ry to construct  the t rstrat i f i -

p

cat ion ' ,  J  in  Def ln i t ion 2.L f fom t ra jector ies sat is fy ing

Pontryagin 's  l , {ax innum Pr inc ip le  (2 '15)  *  (2 '18) ;

.  2, I t  nay not be easy tb prove the continuity of the t ine-

funct ion T( .  )  :  G*R+ in property ts) but; . . i t  seetns possible

to  use the resul ts  in  t r {  
to  c le f ine a more genera l 'synthes ie

that  does not  requi re  the cont inu i ty  o f  t4*  f 'unct ion t ( . ) ;

' *
, i

f t
. !

*
I

' {
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g.  I t  cou ld  be  poss ib le  to  f ind  eas ie r  ver i f iab le  cond i -  '

.
t ions for property C) using either Brunovshy's condit ion'

r - 1
in I  O I  t f tut  the'  e losure of  the set  M admits a Y{hi tney strat i ---- 

L -J

f icat ion or Bol tyanskl i rs eondi f ion assuming that &'1 ie a

p iecewise  smooth  se t  o f  d imens ion  l -ess  than r r .

It turns Out that the maj.n problern is to use Pontryagints'

Maxinun Pr inciple to construct  a strat i f icat ion J o,  the

phase space that sat igf iee the axione A.1 -  A:6 in Def in i t ion 21

On the other hand.r  8$ tsol tyanski i  h imsel- f  pointed out in

r - 1
LrJ ,  pontryagin,s.Maxinum Pr incip le (?.L i )  -  (2.18) is

diff ieult to use because it involves two different but simulta-

neous operat ions:  the maximizat ion in (2.1p) and the ' r integra-

t ion ' t  o f  the  d i f fe ren t ia l  equat ions  Q. f5 )  'an$  (2 .17) .  f "  [31  ,L J '

the eeparat ion of  the two operat ions is suggested under the

very restr ict ive hypothesis that  for  every p GRn the funct ion

H ( p r . )  d e f i n e d  b y  ( 2 . 1 6 )  i s  d i f f e r e n t i a b l e r

the j:atroduction i" p] 
"f 

the generalized gradient for

local ly- l ipschi tz ian funct ions nakes Bol tyanski i 's  suggest ion

workable under t4rpotheses sixoilar to lhose that insure the

existence of  the opt imal eontrols.

Let us 
"u"u*" 

that UcRp ie compact and let

def ines (2 ,g)  be of  e lasd Cl  wi th  respe 'e t  to

tto**u*ot'

the x-var iablethat

i . 9 .
D  r .(x ,u)  *  f ,+(x ,u)  ie  cont inuous '

From Theorem 2.1 jx 
[e]  i t  fo l lows that under these

.r -'1.
htr4potheses the ' r t rue Hani l tonian" (L9J) '  H(.1.)1 def ined by

(2 . f6 )  i s  a  loca l l y - l ipsch i tz ian  func t ion  and i t s  genera l i zed

grad' ient  is  g iven bY:
r e\frP,(z .z t )  i t (p ,  x )  =  to  I  t r  t * ,  u)  ,  

. f r f  
P,  x ,  u)  )  ;

where the (upper- smicontinuous) multifunctj,on

ie  de f ined by :

1
u €  V ( p ,  

" ) ln n R ' \
V(. ,  .  ) :R^'xR^itJ tU/



* 1 0

(z,zz) v ( p , * )  = { r € u ;  l t ( p , x )  = t L b , x , t f

Dgf ini t ioq ,2. 2

The adrn leqrere  eontgq l  u ( .  )eU(xo) ,  u ( '  )  I  fo ,  t J - *u

ex is t s  an

r[r],[n{ ,

is said t,o satsify the Sur:port Prileeiple i{ there

absolutel.y .gontingg.ue nappiqg p (' ) I p, trl---Rn' such that

l f r e  +gpp : .ns  t r_> -  ( f  ( t i xo ru ( ' ) ) , p ( t ) )  i s  a -s9 lu t i en  o f  t hg

.r -1
t'tsamilt-onian inelusionl (L9J) i

(2 .25)  ( ; ,  -b )€  2  u (p ,  x )

an* sal i*f ies thg cqndit ionr
-l

( 2 . 2 4 )  u ( t ) e v t p ( t ) , F ( . J 1 , u ( ' ) ) )  8 ' 8 '  o n  l - - o ' t r J

I t  is  easy to prove (  
L2SJ) 

t f rat  under the above hypotheses

a n y . a d m i s s i b l e . c o n t r . o l s a t i s f y i n g P o n t r y a g i n ; l s & l a x i m u m ? r i n e i p l e
a

( ' 2 . 1 5 )  ( 2 . 1 8 ) . s a t i s f i e s  a l s o  t h e  s u p p o n t  P r i n c i . p l e  ( 2 . 2 3 ) -

(2.2$. The converse statement is t rue i f  the fo l lorv ing

convexi ty property,  s imi lar  to that  ensur ing the existence of

the opt imal open- loop controls hold!

H(prx)  = {  ( r . ( * ,o ) ,  ry - (p , * , * ) )  ;  u€ .v (p  r i l }( i . .zo)

I f  the condi t ion .  (  2.25) is sat isf ied then for any absolu-

t e l y  c o n t i n u o u s  s o f u t i o n  t ' f  t . ) r P ( . ) )  o f  t h e  H a m i l t o n i a n

ine lus ion  (2 .27)  
' there  

ex is ts ,  v ia  F i l ippov t  s  lemma,  a  me&su-

r a b l e  n a p p i n g  u ( . )  s a t i s f y i n g  ( 2 . 2 4 ) ,  2 . L 7 )  t  ( 2 . I 7  )  a n d

therefore the &laximum Principle.  
:

r t  seems l i ke ly  tha t  i f  {2 ,29)  i s  no t ' ver i f ied  then

for any solut ion of  (2.23) there exists a corre$ponding

srelaxedt '  open- loop opt inal  controlr

In  the  case t2 .25)  i s  sa t is f iec l  i t  seems reasonab le  to

expec t  tha t  the  I 'backward"  in tegra t ion  o f  .  (2 .?3) ,  tak ing  in to

account  some proper t ies  o f  the  "ad io in t  var iab f '€ " r .  P ,  ,F { ,  l rq ,
f l F -1

EtJ,  Lt i l  )  may lead to the strat i f icat ion in the Def in i t ion 2.1

ao one may obtain more general  and construct ive existence theo-

rems for the regular s;rnthesis.



3"  Gepera l - i zed  so lu t ions  fo r 9:sgg4tinuous di f ferentiaI

equat i  ons

Lot ue suppose that there exists a t ime-opt inal  feedback

cont ro l  v ( . ) :GCpn-e ' -g  fo r  the  sys tem (2 ,g )  and,  tha t  i t

de f ines  a  regu la r  syn thes is  (pe f in i t ion  2 .1 ) .

As i t  is  renarked in 
Fu] ,  in pract iee,  the value v(x)

of  the.  control  co*esponding to the state x is determined.

after making a measurement of the state and if this meaauremeni

is in errorr  s ' .y x* $ t t )  is  neasured rather thsn x,  the
governing equat ion of  raot ion wi l l  have the forn:

( 7 . L ) 5+ = F(* *  l r t l  I
r a t h e r  t h a n  ( Z , l O ) .

Likewise, as i t  is  shown

aa appl icat ions,  in many cases

the form;

by the problems 
ltreated 

bel-1ow

the equat ion of  mot ion may have

( 3 , 2 )

where

norln

.  Let

origin

$ . 7 )

$ f  = F ( " )  +  J r . l
J  t . l , L o , * ) - - R n

(usually to.,or 
\- 

* rro1'f iB). :

r t  is intui t ively obvious that the inner perturbation j  ( .)
in  ( , . t )  as wel l  as the souter"  one in  (3 .2)  dest roys the,
strat i f icat ion structure in p*i i r . i t ' ion z.r.  l , . ioreover, as the
fo l - lowing examole shows,  the systems (7. I )  and (3.2)  may not
have aqy carathdodory solution frora some points in the phese
space .

i s  measurable 'and nsmaI l i l  in  some

problem to theus

t  ̂ 1 t

( r

1 *
L i

the  t ime-opt ima l  con t ro l
o

, O ) € R '  f o r  t h e  s y s t e m :

I

cons ider

yr )  =  (o

= * X * U

* o 2



\

2 . 1

- L 2

1  c  
' (

w h p r e  u  =  ( u l , o 2 ) e u  =  c o l o ( 1 ) , , r ( a ) r u ( 3 ) i  ' o ( I ) =  ( 1 ' 0 ) '

u r c \ =  G L / | 1 ) ,  t ( 5 ) =  G l r - l / z )  '
\ z l  \ / t

A p p l . y i n g P o n t y a g i n t s M a x i m u m P r i n c i p l e ( 2 ' 1 5 ) - ( 2 . 1 8 )

e q u i v a l e n t , i n t h i s c a g e , t o t h e - S u p p o r t P r i n c i p l e ( 2 , 2 7 ) - ( 2 . 2 4

) that in the half-plane t t*,y1 ;  x (  O] lheone may prove tnat' }n LIls

t ine*opt i rnel  feedbaek control  is  g iven by:

( 5 . i l  v ( x ) = { t r . ,  I  i f  x ( 0 t ' Y = 0

L" ; ; i  t t  x  (  o ,  J )  o

o n e n a y p r o v e a l s o t h a t t h i s t i m e . o p t i m a l f e e d b a c k

control  def ines a regulbr synthesis in the sen$e of  Def in i t ion

Let us assurce now that a small outer pert'urbation of the

form 
'9  

( t )  =  (€  s in t ,  t  coe  t )  where  L  €  (o ' l /2 )  oceurs  in  
-

J

t h e s y s t e m ( 2 ; 1 0 ) e o r r e s p o n d i n g t o ( 3 . 7 ) - .

I t i s e a s y t o s e e n o g t h a t t h e p e r t u r b e d s y s t e m o f t h e

form (5,2) doee not have a carrathdaory solut ion start ing f rorn

a p o i n t ( x o , o ) i f x o ( o : t h e y * c o m p o n e n t o f t h e ' s t a t e

var iab le  (x ry )  fo r  x (  0  sa t is f ies  the  (un-per tu rbed)  d i f fe r -

e n t i a l  e q u a t i o n  ( e o r r e s p o n d i n g  t o  ( 2 ' 1 0 )  ) :

I t  
i r  Y ( o

$ . j )  i = { o  i f  y = o
l -
I
I t t z  i r  Y )o

( for  which y( t )  13 Q is a Carathdodory solut iqn) but the

corresponding perturbed equat ion eat isf ied by the sane

eomponent is the fo l lowing:

( 1  +  f - e o s ' t  i f  Y ( O
)  _ n(5'6) =1 
]t"ri**t, "o" t I l;rt(

which. doee not have any Uarathdodory solu. t ion start ing at  the

. t-_ t]
point  y(O)  = 0 (see a lso the Example 2 ' '  in  L ]1J ) '
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ft$teff known that Carath6odory solutions d,o not make

sense fo r  d iscont inuous  d i f fe ren t ia l  equat ions  un less  some

ra ther  s t rong hypotheses ,  s i ro i la r  to  those in  Def in i t ion  2 ' l t

l i n i t ions  fo r  genera l i zed
are made. There are already several  del  

.  r  - l

so lu t ions  fo r  d iscoht inuous  d i f fe ren t ia l  equat ions  (see 
L lE

r .-'l
a n d l 1 5 | ) b u t i t s e e m s t h a t t h e r e a r e n a n y r e a g o n s ( i n c l u c l i n gL J  r - ' r
the  min ina l i t y  p roper ty  in  

L r { ,  
to  eons ider  F i l ippovrs

general ized solut ions as the most sui table at  least  for  the
.

problems in Control Theory' 
'

The resul ts on the regtr lar  synthesis discussed in the

preceding sect ion seemed to show that Carathdodory solut j 'ons

are st i l l  sui table for  opt imal feed.back control  but  the

o n s  s s  i n  ( 5 ' 1 )  o r  ' ( t ' 2 )  a n d  t h e
possibi l i tY of  Perturbat i

example ?,1 compels us to.consider golre sort  of  general ized

solut i  or ls.

I n w h a t f o l l o w s w e w i l l c o n s i d e r o n l y F i l i p p o v s o l u t i o n s
r - 1

(cal led F-solut ions) though in Ltd 
i t  is  shown that Krassovski i

or Hermes solutions may be qg;';L1sefu1 '

$ l e r e c a l } f i r s t t h e d e f i n i t i o n o f F i l i p p o v s o } u t i o n s :
/ f  

- ' l \

pef  in i t ion  3 .2  (UoJ/

an ausoluterv.  cot t l  f  
( ' )  :  f to l  t r ] *n*

' ^  - )  i f  i t
wi l .1 be gal led an *F-s9lut ion of th-e'  gquatj 'oq (2'7" :e

sat is f  ieq.  a .  e .  ,  o*  t to ,  ta l  the"  d i - f , fergnt ia l - inq lus- ion:

( 1 . 7 ) i e l ; ( t , x )

where the set Yalued maonj'ng

def ined bYl

( 3 .  B ) cb  F ( t ,B * ( x )  \ 1 )
e>O y?l"o

,9.911 o{- radiuswhere  B,  (x )  denotes  tne

ggqotg s- the l,ebesgue JneFsu,re -snd

Fa(. ; i .  )  :RxRn*-*  f {n" l  is

F;;(t,x) =[),il-
L > '  O  c e n t e r e d  a t  .  x t

66 M {9-n-o.!,e9 ther(.)
closed eonYex hu1l 9{ t-hg gg-t h'1'
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The problem to be etudied now is whg!,,helI 'he ,F:sglut ionq

o f  svs tems  o f  t he  fo rm '  (5 .1 )  o r  (3 '2 )  a re  c1bPg  to  the

ont ina l  t ra jector ies of  Q.g)  (which are the Carathdodory

solut ions of  the ec juat ion (2 .10))  i f  lhe.per turbat . ions f  
( . )

qfe su{f igien! 'Lv- small  in some sensq

A st rong reason to  cons ider  the F-so lu t ions more su i tab le
r - 1

than other generakized solut ions is the existence in L1OJ of

very  good theorems.  concern ing the ex is tence,  un iquengssr  :

continuous depenclence on ini t iat dsta and the r ight-hand siderete.

.  For the problem we are concerned with, the main- tool is
t- -1

the fol lowing very strong 'telosure theoremS in P9 ,

Theorgrn 1. ]  t [ ro- l  ,  Theoren 5)
L - J

I.,et f ,f l  t1rrf zr'2r:. 
-. lRxlln-----r- Rn be ge.gsuiable

napp ing6 tha t  de f ine  the  d i f fe - reh t ia l  equat ions '

r - - 1  a
t  l L  - L r L  

t  t . . .

ancl have-,the fg-l low-il,g propelties I
h

( t 
l 

f or ?qy -g-o-mpggt. .qubset DC RxR"

bqun9ed ieal:vqlue{ fun-c-t iong 'J.( .)  ,
U

l l r t t ,") l l< ffL (t)

lFr(r ,* l<nL k( t )

l leu{t ,*) l l ( "y nr t l

(  5 . 9 )

( 1 . l C )

( 5 . 1 1 )

(  5 . 1 2 )

( 3 . 1 5 )

( 1 . 1 4 )

: i  =  f ( t , x )

i = f * ( t r x ) * g k ( t , x )

'1,*('
1)

there exist  the measurable

)  , T  u ( .)  s u e h  t h a t i

k = l  , 2 7 . . , .

k = l r 2 7 . . . ,

'  D  = F , E *  c c R x l i n ,

& . € .  O n

8 . 9 .  .  O n D ,

& . Q . o n  D ,

( i i )  t h e r e  e x i s t s  a  s e q u e n c e  r k *  O

sue4 . tha t :  ^

( ) . r5)  f r ( r , " le f^Jo6 r ( t ,oru(* )  \  A)

rhen . i f  y '  y ( . ) ,  Eo , t . l cp ,b ]  *n t ,

gg k----+ oo, ra) 0

8 . € .

I  k = l  ; 2 r . .

lhen there

D r k = l  1 2 .  1 . , ,

.  ' r s  a n

on

; 'b

I Y o(t)0t 
----* o as k-----+- €

uat I

I l -so lu t ion of  (3 .10)  remal l i r le- -*n .  D ex is t s  a
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sr lb ,eequence lL f  , -  |.- | on/ 1 .l - 1 tha t e onv erre s un-if ormly t or  l K '
^+
\ J I

an { -so lu t ioh-of  (5 ,9)  ;  in  par t ig-u la . r .  j f  l r f  
" (  

f \  gpnverses
L / $ '

trglf ormll,-to ( t. ) t-[eg 
f t .  )  i s  a n  F - s o l u t i o n  o f  ( 5 , 9 ) .

the  s tab i l i t y  o r  ins tab i l i t y  on  a  f in i te  t ime- in te rva l  o f  the

t ine-op t ina l  feedback  cont ro l  to  ou ter  per tu rba t ions  o f  the

f o r n  ( 3 . 2 ) . ;  f o r  c o n t r o l  p r o b l e m s  i t  s e e m s  r e a s o n a b l e  t o

require stabi l i ty  on the interval  F,*)  but  th is k ind of

r t  fo l low d i rec t l v  f rom th r  above.  Theresu l ts  do  no t  fo l low d i rec t l y  f rom the  Theorem 3 .3

same is  t rue  fo r  resu l ts  s ta t ing  the  s tab i l i t y  to  inner  per tu rba-

t i o n s  o f  t h e  f o r m  ( 5 . 1 ) .

.  There are several  k inds of  stabj . l i ty  to perturbat ions of

the  t ime-opt ima l  feedback  cont ro l  tha t  a re  s tud ied  in  the

1i- t  erature :

D e f i n i t i o n  1 . 4

dhglirne-optirnal feedback cgntrgl v( . ) lGC Rn---r U gf

the  sys tem (2 . .9 )  i s  sa id  to  be  L- r  (L "o)  s tsb le  to  ou ter
# I

I

(.re.spgctiv-ely to inne-r).pg.rturbdtiots if for any eollp.act

neighbourhood G^C G @ xr a+4 for- any f,
V I

iherq-exists- 
'{Z 

O sgqh that I?r."qirl x €Go an{.-any gp-agu{gble
. r . : l : 1

bounded funet ion  t  ( .  ) :  l_O, f  (x ) - -+  I i "  sa t i s ly ine i  .
nT(*) 

u 
n

( 3 . 1 6 )  J i l t t t l l l o t - < J .  ( r e s p e c t i v e l y ,  t l 5 c t l l l < . f & . € . o *  b , r ( " i l- 
"o".)

A -

an) r  so lu t i on  c /  ( . ;  x ;  J  
(  .  )  )  o f  (3  .2 )  ( resp 'ec t i - ve1y ,  o f  (3  . I )

f o r  ou te r  pe r tu rba t ions )  sa t i - s f  i es :

l l r f r t ; x )  -  f  t t , " , . f  ( . l l l l -< f  ro f ,any  tc [g , r (x !( 3  . L 7  )

qb,elg, C/ ( . ; i l  is the CarS!] ' rdodo..qlr  solut ign thror:slJ. (0,4--
I

of ( 2.10) (ure*!, ime-.qpt i [a]-. .- traieqtory throu&h x) and

T( ,  )  rG ' - - - * r \ . .  is  the min i .mal - t inre funct ion.
+



D e f  i n i t i o n  3 . 5

1 6 -

Tfrq.-.t i jnq:oqti[a.l .{eedbac}r control ' v ( ) g{.,the sy-sten ( 2' 9)

G
is "sai.* . to -bg L; (Loo) - strgngry- s,tgqle .-19.-outgt (respectively

to inner)

of the tar .qe.t  * l  and for any 6 ,L)O !h. .ere cxists.  d> O

5  ( . )  r Lo , { ) - -+ f t n

. . . r . )
.  ( respect ive ly  l |J t t ) l l<d

'  s .e .  on  [o , r ( x ) ] )

f o r - g n y  * € G o ,  q n v - I ' - s 9 . 1 - u t i o g  C l ( . ; x ; J ( . ) )  o r  ( 3 ' 2 )
'  I  

, + . . * t - ^ + . i  ^ * - \( r e s p e c r l v e l y ,  o f  ( i . t )  f o r  o u t e r  p e r t u r b a t i o n s )  s a t i l f i e s l

( 5 . 1 9 ) i l  x l  = , f  ( t ;" ;  
J 

(.  )  )  i [  -<C for lnlr t  ] ' r(x)
. r . 1

D€ini t ion 5.  6 (  
L16l  )

TLe l iBe.-o.rrt irnal- Leedback c-ontrql v(. ) 9{ -!?e-. .svsten (2.9)

j .s  said to be stable v. ' i th respect tg t l re neasurements- i f  fer '

any gornpact nei f ihbgurhood G.CG of the targg! **- . ,  for  any

to, e) O tLete. exigte d> o s,r l* i  th.at wl 'reneveq. 5 
(. ) &, rJ-rnn

is  a neasurable maprr j ,ng sat isfy l4gl
' t .  .  r r t  O

ll t (. )ll* -< d erg- €gg!,-tFat
v

g -Ca ra lhe fgdo r r r  so l g - t j on  f  t . ; x ; 5 ( . ) )  €  ( 5 .1 )  gx i s t s  on

F, ro]  thsn l l  ( ( .  ; " )  f  t .  , " ;  3  
(  .  )  )  i l *  (C .

obvioue re&$ons we introduce- the fo l lowingl

3 . f t  e v e r v  F - s o l u t i o n  o f  ( 2 . 1 0 )  i s  a l s o  a* -

Ca.ralhdo{or l -o lut ion of  (  2.  10 )  .

Cg.lcl-it ign Z,tl: thtgq8b gJely pgint oS G thglg*Pgss.e,s s.upique

!g t l rg r ight  _.F-solut  
j  on € (  2,  10 )  .

Tt  is  easy to prove that j f  the t ime-opt imal-  feedback

c o n t r o l  v ( . )  o f  t h e  s y s t e m  ( 2 , g )  i s  s t a b l e  w i t h  r e s p e c t

to  ou ter  per tu rba t ions  in  the  sen$e o f  Def in i t ion  7 .4  then

Cond i t ions  5 .7  and 3 .8  a r ie  sa t i "e f ied .  0n  the  o ther  hand i t  i s

eatl$f.'ying r

( 5 . 1 8 )
,(K+t)E|  . .
\  t t  t ( t ) l l  a t - . J  ,  k = 0 , L , 2 , - .

J*e

For

Condi  t ion

such that for neasurable bounded maPPi
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diff icult to prove th-at stabil i ty to neasurement- in Definit ion

5 .6  imp l i es  Cond i t i on r  7 .7  ( see  L tu ] r '

Fron the Theorem 7. ]  above i t  fo l lows that  i f  f ( ' ) :G--sRn

def ined by  (2 .10)  i s  measurab le  and bounded on  eompact  subsets

then the  t i rne-op t ima l  feed.back  cont ro l  i s  s tab le 'w i th  respec t  . . '

to  c ju te r  per tu rba t ions  in  the  sense o f  Def in i t ion  5 '4  i f  and '

.  on ly  i f  Cond i t ions  3 .7  and S '8  ho l t l '

.  The s tab i l - i t y  to  inner  per tu rba t ions  in  Def in i t ions '3 .4

and 3. I  was 'not  yet  cons idered in  the l i terature.  rn  t i r ]  i t

is  proved that  the.  outer  per turbat ion 3 
( . )  in  (7 .21 beeomes

an inner perturbation by the ehange of variable; y = x- J Sfuld*

and therefore any absolutely continuous inner perturbation

becomes a (measurable) outer perturbation Qy the reverse ehange

of var*able ( i r  the veetor f  ield ?(.  )  i .s continuous then

the inner perturbation !  
( .  )  def ines the outer oerturbation

? ( * *  l t t l l  
-  F t x )  b u t  t h i s  i s  n o t  t h e  c a s e  i f  ? ( . )  i s

d iseont inuous )  '

I t  seems though that  F i l ippovts  c losure theorem 3.1 could

be used to obtain the same type of stabi l i ty results for inner

per turbat ions as for  the outer  ones '  '

fn  order  to  apply  Theorem 5.7 to  syetems of  the form (7.1)

i t i s s u f f i c i e n t t o p r o v e t h e . f o } 1 o w i n g s t a t e r n e n t l i f ? ( . )

def ined.  by (2 .10)  is  measurable and 1oca] -1y essent ia l ly

'  bounded then for any sequence of.measurable bounded mappings

J  * ( . )  r  [ o , r J - - r ' nn  sa t i s f v ing r  l l j r ( ' ) l i *=  9 r  *  0  as

k --e oo , there exists ru ) o, fk --+ 0 as k-ts @ such thatl

n I \
15.2o) T(**J r (* )  )e l  I  ea F{ao.  (x)  x-q 8.  eq on p,Tol  xc

,1r-r"(r) 
=9 * k

.  s inee accorc t ing  to  [ ro ' l  ,  i f  f  ( . )  i s  loea l ]y  essent ia l ]y
L  J '

bounded ?t " ie  f i (x )  a"e.  on G (where F i l ippov mul t i funct ion

Ff  ( . )  is  def  inec l  by (7 .8)  )  i t  fo l lovrs  tha ' t  there ex i 's ts  a

I,tu,al {bq5o



_  
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a nurr-set A'CG such that T.xrc)^JS" f tn" (x)\  A) for

anye ?c 0 en$ x€G\ Ao . The statenent above fol lows now

f rom the  fac t  t ha t  t he  se t  [  ( t , x )  ;  x  +  ! "C t le  aJ  i s .a

nul l -set  in  pr to ]xC s ince in  th is  case ?(**  {  t t l le

;- - 
"t,*.t* 

t irv v \ rr)af]& F(u, -[*) \ A) , t"-1"*',"* o
[to=o El Jk" r ' €t+9-

I  d  L ^

fn . fac t ,  F i l ippovrs  c losure  Theorem 3 .5  may be  used to

'obtain 
resul ts concerning stabi l i ty  or  instabi l i ty  of  the

t i rne-opt imal feedback control  wi th respect to inner and outer.

perturbat ions act ing s imultaneousl-vr

fn order to prove resul tF concerning the strong stabi l i ty

i n D e f i n i t i o n } . 5 m o r e p r o p e r t i e s t h a n t h o e e i n C o n d i t i o n s S . T
r l  i l l  r 1

and .  1.6 are needed (L5J,  Lt+J,  L]5J )  r  for  instance,  a necessary

, , cond i t ion  fo r  s t rong s tab i l i t y  in  Def in i t ion  3 .5  i s  tha t  fo r

any x e G the napping def ined by;  f  
( t i i l  = .x1 fof  t '7 l (x)

i s  a  un ique to  the  r igh t  F-so lu t ion  o f  (2 '1O)  '  .

f , ih i le the resul ts concerning the stabi l i ty  to perturbat ions

of  the  equat ion  (2 .10)  may be  ob ta ined more  or  less  d i rec t l ) r - '

f rom the general  theorerns in the theory of  d iscpnt inuous

di f ferent ia l  equat ions,  the di f f icul t  problen that remains to

be eo lved is  to  charac ter i -ze  the  cont ro l  sys tems (2 .9 )  fo r

wh ich  Condt f , ions  7 .7  and 7 .8 ,  necessary  fo r  s tab i l i t y ,  a re

sa t is f ied .  As  we sha l l  see  in  the  nex t  sec t ion ,  th is  p rob lem

is now only part ia l ly  'solved for some part ict l lar .  cases of

l inear  sys teme o f  the  fo rnn  (2 '20) . '

t

The case of  l inear stat ionaly co4trqf  gystems

The simplest  (and also,  the best known) t ime-opt i raal

control .  problern is that  of  steer ing any- point  x€ Rn to the

origin, xl  = 0g Rn, in mihimal t iune, through the l inear system

(2.4O).  The normaLi ty .eondi t ' ion nnent ioned in  Sect ioh 2 ensures

the existence and uniqueness of a t i rne-optimal open-loop



control  for  any point  x in a neighbourhood G of  the or ig in,

t l *  eont inu i ty  o f  the  min ima l - t ime func t ion  T( . ) :G +R+ ,

the  fac t  tha t  Pont ryag in 's ' } , {ax imum Pr inc ip le  i s  a  necessary

and su f f i c ien t  op t ima l i t y -  cond i t ion ,  the  ex is tence b f  a  un ique

t i m e - o p t i n a l  f e e d b a c k  c o n t r o l  Y ( . ) i G - - - - + - U ,  t h e  f a c t  t h a t  i t
r r  I  r - r '

def ines a regular synthesis (L6J) and some other propert ies (L2_1,
t - - t f  

- ] f  - l  
F - I  r r  r -

L*J;L5J,Ld,L'al  ,b 'r j ,FI  -Fr l  ,Fr] ,Lrpl  ,Lr{ ,  ete. ) .
H.HermeF was the f i rst  to remark in 

t t r ]  
that  there are

opt ina l  eont ro l  p rob lems fo r  wh ich 'Cond i t ion : l  3 ;?  i s  no t '

sat isf ied and therefore, t  the opt inal  feedbaek control  is  not

s tab le  s i th  respeet  to  measurements  (Def in i t ion  7 .6 )  as  we l l

a s  . i n  t h e  s e n s e  o f  D e f i n i t i o n s  3 . 4  o r . 7 . 5 .

.  Tt le f  i rst  resul ts c i raracter iz i .ng elasses 'of  t ime-opt inal  .

con t ro l  . sys tems fo r  wh ich  Cond i t ions .  ] .?  and 7 . 'B  a re  sa t is f ied

were provei l  by P.Brunovsky in [+1,-  L J
r t .

Thgo-rem 4.1 (L4l)

Let  us  cons ider  the  t ime-opt ina l  eont ro l  p rob lem to  the

2 . 2 0 )  i n* +
t h e  e a s e  ' n  =  2 .

Then Condit i ,ons ?.7 ggd ?,8, ! : I 'g yeri f ie{ i f  and only i , !

does not exists a vertex w of  the polyhedron U such that

i t s  pg la r  eone  11 (w ,U)  = {  pAR2 i  (p rw)  77  (p ,u )  fo r  any  "ue  UJ

c.ontaiqp ,the eigenvec.to.r gf, -Alr cgrreFrronding to itg larr-,est

eige-nval-ue but does not contain the ot irer ei .genvgctor.

Froro the results in [e] ""u [ f l  i t  fol lows the coinowponding

theorem for l inear systems with one-d, imensional inputs:

r ' 1  r - 1
T h e g r c m  4 . 2  ( l  6  l r l  7  l )

L J L J

"or r t "o t  
sat is f i .es  Condi t ions 1. ' lThg t ige-optiqal.  fgedQae4_

q4d 3.8, for the norrnal . l ineaq_ey.slems (2.2A) .  in , the. cqse

U  = t - 1 , 1 ]  a n d  g :  b € R n .
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A weaker  vers ion of  th is , theorem ( in  which Condi t ions 5.7

and J,.8 are sat isf ied only dn: ineighbourhood of the ori 'gin)
.  r - 1
was proved by other 'methods in B3J '

Final ly,  two other theorems concerning Condit ' ions 7'7
r - l

and 7..g were reeently proved in LtgJ for "minimelly.control1able"

l inear systems of  the form:
c  - ' l  , 2  r n 1

( 4 . 1 )  x  =  A x  +  b * o t  +  b * t 2  r  x e x  r

r 1
.  The cond i t ions  in  119 |  a re  expressed

.  L J

deterrninants: .

d (o)  =det  lo t ,oot
d (  z )  =det  [o1 ,  u ' ,

( 4 . 2 ) ,otl ,
, o'01]

d(1) =u*r Ft
d (5 )=de t  [ i '

^ 2 *
t I l  v

obl
T ,

,

\ u - , ' \ ' < f  i = l , 2 .
t r l

in terms of the

, AbI

, Ab2

and of  their  s ignsl
n

( 4 . 7 )  d ( j )  =  s G N  d ( i )  '  i  =  0 , 1 , 2 , 3 .

r . 1
Iheore$ 4.5- ( LigJ )

lhe t i rne-oPt imal fegd s t r i c t l y  normal

systen (+. f l  sa. t iq f ies  Cong: l t - ions 3 '?  and 3 '8 i r r  C to l 'd(z)=

= d (1 ) ' J (3 )  =  1  gnd  ae t [u l ,b2 ,exp( -A t )u " , r J *

B  = [ b 1 , b 2 ]  a n q  o ( z ) = ( C ( 1 ) , d ( 2 ) ) .

0 where

rheo{ero 4r4 f fil I

boqlrol laLl. ' , r-systgn (4.1) sal js{ ies Con4i} ionp 5- ' ,? qnd -3'E -

i f f  d ( 0 ) . d ( 2 ) ' 7 1  C I , ' d ( 1 ) . d ( 3 ) >  0  a * d  e - i t h e t  d ( ] ) .  =  o  o r  d ( 2 ) = o

but not  l rqt l - -gr  d{1)  f  0 ,  d(2)  + o qnd aet fu l ' ,b2,exp(-At)nu,r}
I

r o .
Most of  the at love .resul ts r l iere proved as prel iminary stepe

in proofs of  theorems stat i .ng stabi l i ty  . to perturbat ions of
' f --'l .-r -r f -'l -

the t ime-opt imal  feedback.  eontro l  L4J'Lt :J '  Lr9J ) .

l fe  reca l l  now the  s tab i l i t y  resu l ts  p roved so  fa r l

The t ine-opt imal feed.back control  for  , the ninlns.1ly



F - r
Theorem .4.2 ( l  5 l )l _ J

21

The l lme-optima] feedLggE'egntrol gf !4e normgl systen

(2 .20 )  i n  the  case  n  =  2  fo r  wh jch  Cond i t i ons  7 . "1  and  3 .8  a re

sa t i s f i ed  ( see  Theorem 4 .1 )  i s  Loo -  g t l gng ly , s tab le  i ! , . \

r e s p e c t  t o  o u t e r  p e r t u r b a t i o n s  i n  t h e  s e n s e  o - f  l e f i n i t i o n  3 t 5 .

r - 1
In the case the dimension of  the set BU is 2 in |  5 |

L - J

i s  p r o v e d  e  s t r o n g e r  t h e o r e m  s t a t i n g  t h a t  t h e . s o l u t i o n s  o f  ( 3 , 2 )

reach the target point  *1=O at a t i ine c lose to the opt i rnal

one and remain there af terwards.

t - - 1  T - 1

T h e o r e m  4 . 6  (  l t : [  ,  l 1 9 [  IL ' J ' L - J

TEe*lime-optinnal fegdbgek c.oryLrol of anv l ineql .QJLslen

sat is f .y ing  t t t *  Eyootnus" "  i " -

r .espe-cl jo the teasuqernents (Def in i t ion 3.6) j .n -a neighbcr*rr ' :ooci

o f  the  or ig in .

r 1
T leo rem 4 .7  (  l 14 l  )L J

the  t ime-oot ima l  feedbaek cont ro l  o f  a  normal  l inear .  s .vs ten

(2.20) sq. t i€yi lg Condi l igns 3r7 an4 1, .8,) .  i . -s-  Lt  stJonsl : r .

q t -ab le .  tg_  gg te :  per tu rba l ions  (pe f  in i t ion  3 .5 ) . .

From the above survey i t  fo l lovrs that  there remains nuch

work  to  be  done to  eharac ter ize  the 'normal  l inear  sys tems fo r

wh ich  Cond i t ions  7 .7  and 3 .8  a re  ver i f iec l  and there fore  are

s tab le  to  per tu rba t ions  in  the  sense o f  Def in i t ions  , ,4  3 .6 ;

O n  t h e  o t h e r  h a n d ,  f r o m  T h e o r e m s  4 , L r 4 , 7 r 4 . 4  i t  f o l l o w s

tha t  s tab i l i t y  to  per tu rba t ions  o f  the  t ime-opt j -ma l  feedback

c o n t r o l  ( i n  f a e t ,  C o n d i t i o n s  5 . 7  a n d  J . 8 )  i s  n o t  a  " g e n e r i e ' l

.  p roper ty  even fo r  normal  l inear  sys tems,  i .e .  there  ex i ' s ts  a

s ign i f i can t  c lass  o f  sys tems tha t  a re  no t  s tab le  to  per tu rba t ions .

f t  seems reascnab le  to  suggest  tha t  a t .  leas t  fo r  the
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unstsble ca$es one should try to f i .nd suboptimal feedback

controls that are stable to perturbations

5. .  App l iea t ionP r  - l

we review shortly the results obtained in [t4 , bt] 
and

t r { l  
concerning $oine control  problems that lead in q natura}

way to perturbed syster.rs of  the form (7,2) and so stabi l i ty

resul ts are.  needed'  
r  -1

5.1..-I,in99r', $vstems- witti slgv{ry.Y'aLYiqS' Soef{igients ( Lztl )

'  
r ,et 'us consider the t ime-opi inel contror problen to the

origin'  * l=o for the sYstem:

where L

rr t  r rC-RP is nvex PolYhedronrnatrix-valued functions and UCRp is a conp-ract eol

In pract ice one takes e = o and the t ime-opt inal  feedback

eontrol to(.  )  .GCRn--r U of the stat ionary system (2'2O)

whgre  A s  A(O,0)  and $ :  B(O 'O)  i s  usec l  to  cont ro l  the  or ig i -

n g 1  s y s t e m  ( 5 . 1 ) '  .

Therefore the dynami.cs of  the eontrol led system is def ined

by the equat ionl

( 5 , 2 )  i  =  A ( 8 t ' E ) x  +  B ( t t r | ) v o ( x )
'  

, ^ r - i  *  *  o n  q ' l  c owhich may be wri t ten a1.so as fol lows:

$ . 7 )  i  =  A ( O , O ) x  +  3 ( O ' O ) v o ( x )  +  a ( e t , € ) - A ( 0 , 0 )  x  *

.  +  B ( e t , € ) - n ( 0 ' 0 )  v o ( x )

s ince.  every 1, ' i l ippov so lu t ion of  the system (5.7)  is  a

(F i l ippoy)  so lu t ion of  a  per turbed system of  the form (3 '2)

these so lu t ions wi l l  be " t1ose"  to  the corresponding opt imal  
-1

t ra jector ies of  the oystem (2 '20)  (so they vr i l l  reaeh a cer ta in

neighbourhood of the origin) i f  the t inie-optimal feedback
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contro]  v^( . )  is  s tab le  to  outer  per turba ' t i .ons in  the
O

of  Def in i t ion  3 :4  and j . f  fo r  any  p i l ippov  so lu t j .on  /

(5 .3 )  the  ' rper tu rba t ion ' t  t l ' - *F(e t ,e  ) -A(o ,o ; l  f  n>  +
L  J I

+ [u ta t , t ) -B (o ,o f  vo t f  t t ) )  i s  sma1 l  enough .

Using  the  cont inu i ty  w i th  respeet  to  t .  o f  the  min ima l -

- t ine  func t ion  o f  the  $Jrs tem (5 .1 )  i t  i s  p roved tha t  i f  vo( .

sa t is { r tes  Cond i t ions  7 ,7  anc l  3 .8  and i f  L  >  O is  smal l

enough then 
-  

to ( , )  i s  a  subopt ima l  feedback  cont ro l  fo r  the

syeteu  (5 .1 )  in  the  sense tha t  any  F i l ippov  so lu t ion  o f  the

sys tem ( r .7 )  reaches  a  cer ta in  ne ighbourhood o f  the  or ig in

in  a  t ine  c lose  to  the  min ima l  one.  However ,  these so lu t jons

rema&n on LO, *)  in the neighbourhood of  the or ig in only i f

the  func t ions  t  - , -s -  6 ( t t ,€  ) ,  3 (€ t r t  )  have a  cer ta in  bounCed-

ness property t  Eo],  .
r  - l '

5€' sl*gulal'lv PelturFes -l.inear -svstSFs. ( Ll{ )

s e n s e

( . )  o f

to  theLet ue c

n  ( O , 0 )

( ; =

1
[ai' = A 2 1 * o A Z Z y l B 2 t

where L>O i .s a s inal l  constant.

As in the precedin5; examPle,

and, assuming that

Ireducecl  system" of

and S = Bl- LtZoii}z .

, '
Ti re  t ime-opt ima l  feedback

is  used to

one g;ets  the d i f ferent ia l  sYsteml

i  = Al.1* * A'ZY + Brvo (x)

ons

€ P .

Ai

i der  the

nxRa for

r x  *  A . ^ Y  *  B " , u
I L ( " 7

t ine-optinal .control. .problenn

the systeruror1g1

( 5 . W )

(  5 . 5 )

- . -  o i l  . ' , ' n f r  , , c  T T f  D P
,  x g , f l  r Y e r t  r  u =  u L - r l -  t

i n  p rac t ice one takes  €= O

of

theto( . )  lGCnn- - t ' -  U

(  5 . 6 )

( 5 . 7 ) a

L Yt

AZZ is an inver i tb le matr l -xr  one gets the

t h e  f o r m  ( 2 . 2 A ) where A = Atl-arra!|a*

cont ro l

control

the  reduce<1 sys tem,

or ig inal  systern so

= A21* n L2ZU + nrvo(l<)
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w h e r e  ( ) , 6 )  m a y  b e  w r i t t e n  a s  f o l l o w s :

( t .B)  ;  =  Ax  +  i3vo(x )  - [a -er l *  *  A t2y  *  
[= - * r ]vo(x )- L - : -

Therdfore,  the f i rst  component ( t f re , ,s lowi l  one) of  the state

v a r i a b l e ,  ( x , y ) ,  w i l l -  r e a c h  a  c e r t a i n  n e i g h b o u r h o o d  o f  t h e  o r i g i n

in a t ime close to the minimal one i f  the t ine-opt imal feedbaek
'control  bf  the reduced system, vo (  .  )  ,  is  sta.ble to outer portur-

ba t ions  in  the  senge o f  Def in i t ions  3 .4  o r  7 . j ,  and  i f  fo r  any

.  ( n i l i p p o v )  s o t u t i o n ,  ( . / f t . )  r f  ( .  )  ) ,  o f  t h e  s y s t e a  ( 5 , 6 ) - ( 5  . 7 ) ,
the perturbation t 

_: F-ori l  ( t t l  * A12 ..rrt ' . l  *[a-er]ro, 
f  t t l l

i e  sna l l  enough.  rn  F !  i t  i s  p roved,  essent ia l l y ,  tha t  i t
vo( ' )  i . *  L l  -  s t rong ly  s tab le  to  ou ter  per tu rba t ions  and i f

€ > 0 is smal l  enough then the f i rst  component of  any - t r ' i l ippov

s o l u t i . o n  o f  t h e  s y s t e m  ( 5 . 6 ) - ( j . 7 )  s t a r t i n g  i n  a  c e r t a i n

conp'abt ' .s i r .bset GoC' G reaches a certain neighbourhood of  the

or ig in in a t i rne c lose to the minirnal  one and'remains there

afterwards.Moreover,  i t  is  proved. that  i f  82= O then the second

component of  the state var iable has the same property.

5l-3. B.ntfi-bgrg-*tntu ggli*nt-o" fo" i*prt-q-,r!o,r! .o.rt-"g.1 syu"t"**(82)

I re t  us  cons ider  the  input -ou tpu t  con t ro l  sys temr

( 5 . 9  )

(  5 .  r 0 )

x =

Jr ='

Ax

Crx

+ Bu , x€Rn, ue,UGRP

,  Y € R m

and 1et  us  cons ider . the  prob lem o f  f ind ing

( o b s e r v e r )  f o r  t h i s  s y s t e m  i . e .  t o  f i n d  a

n a p p i n g  v ( , ) i $ n  
- , . ' r - - U : , s u c h  

t h r a t  . A  -  K C t f

and such that any soiut ion of  the systeml

( 5 . 1 1 )  x  =  A x . +  B v ( z )

( 5 . I 2 )  z  =  A z  +  K c x ( x - z )  +  g v ( z )

reaehes a eertain neighb.ourhood of  the or ig in

p o s s  i b l e .

a  s ta t6  es t imator

m a t r i x  K  a n d a .  '

i s  a  s tab le  mat r ix

as quickly a g
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T h e  s e c o n d .  c o m p o n e n t ;  2 ,  i n  t h e  s y s t e m  ( 5 ' 1 1 ) - ( 5 . 1 2 )

i .s an est imat ion of  the state var ia l le,  x and can be conpr-r ted

f rom the  equat ion  (5 , t2 )  wr i t ten  as3

( 5 . I 3 )  A  =  A . z  + K ( y  - t * 2 1  + l v ( z )

Where the output y is avai lable f rom observat ions.

.  In the c lassical  engineer ing control  theory a l inear

feedback control  of  the form v(z) = -V'z is taken such that

A -  BL is  a  s tab le  mat r ix .  T f  the .eont ro l  space U< lRp j . s  a

bounded set then the l inear regulator above wi l }  not  be sui table

for states outside a l in i ted neighbourhood of  the or ig in so

we have to  choose another  k ind  o f  feedbaek cont ro l -  '

'  
f f  v re  take  v ( . )  to  be  the  t ime-oot ima l  feedbaek cont ro l

of  the systein (r .9)  and i f  we assune that i t  is  stabl-e to :

perturbat i -ons in the sen$e discuseed i .n Seet ion ]  then this

feedback  cont ro l  w i l l  de f ine  a  good s ta te  es t imator  o rov ioed

we choose the rnatr ix .  K such that for  any Fi l ippov solut ion

( r f ( , ) - r f  ( . ) )  o f  ( 5 . 1 1 ) - ( 5 . 1 2 )  t h e  " p e r t u r b a t i o n "

t  i . - - - . .+ KCx( f  o>-f  t t l l  in  (5.12) 
_ 

(which is  an equat ion of
r - l

t h e  f o r m  ( 7 . 2 ) )  i s  s m a l l  e n o u g h  (  
L 1 5 J ) .

The examples examined above show that there is st i t r l  need

for resul ts concerning stabi l i ty  to perturbat ions of  the t ine-

opt i rnal  fee<lback eontrol  (so that we can avoid the unstablb

ceses)  though ' the  rna in  p rob lem seems to  be  tha t  o f  rep lac ing

al together the t ine*opt j .mal feedbaek control  by a stable sub-

opt ina l  feedback  cont ro l .
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