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L eme .

of § 1.1. various families of schemas with differences,in order then

"bility model which joins to each famiiy of schema a Nerkov absorbent
- process ( there are given the states and the transition Probabilditiecs ]

0. Introduction

"The present work,based upon the MontevCarlo method and the statis-—
tical study of time series,develops original numerical methods for
solving the mixed problem for parabolic partial differential ecus-

tions.

In order not to overload the formulae and ‘the demonstrations we
consider only eguations of the type

2
qu - du
Tt
u(0,%) = G a1y 8) 07 %
u(x,0) = uo(x) | Os ¢t b

M

Yo &
n ; (0. 1)

N AN

The first chapter presents original Monte Carlo numerical technics
for solving the (0.1) problem.

Synthesizing the results of (771,[12] we Present in the first part

to built up,on the basis of techniés used in il k hellas Yok pubbe-

On the ground of these processes we built up uhbiased_estimators

T R e problem solution.

We study the stability conditions -of the estimators'mean ang the
convergence to the analytical solution. _'

The § 1.2. paragraph introduces iterative.schemas of sequential
lMonte Carlo type.For each family of schemas is given the iterative -
method and is studied the variance and the convergence speed.

The‘§-l.3. Parazgraph studies the efficiency of the origineal Monte
Cerlo method from three points of view :; the selection volume necces-
sary in obtaining a given error s thé average number of operations -
in order to estimate the finite differences solution : minimizin

(og
b [&]

methods for variance estimators.

The last paragraph of the chapter ( S Yod. ) sives two. algorithms, |

EPIC and EPNCS,for estimeting the (0.1) problem solution in-a given

Bodmt, (4 3 ) wisine thie HMornte @arlo method built wp 4n { 1.1, reonce-
O,JO (&) . LA < ? -

i

s RS BN TR B e

S
3

-

v
5
b
%

%

g
]
« 8
i
#
75
i




tivel

dintroduced above.
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rzted a package of programmes for solving the planes parabolics egua-

~ the first two chapters of the paper.

y for improving the egtlmator variance of the (0.1) problem solu-

0

tion using the iterative Monte Carlo method from { 1.2.

rhe second chapter develops orlglnal numerical methods -for solving '
Ahe (0.1) problem,based upon the statistical study of the time series.
After the transformation of the (0.1) problem,using the lines me-

thod ( see (q»]),lnto a bilocal problem of nonhomogeneous linear dlf— f_

ferential eguation of the second degree,some filtration techniques for
time series,enabled us to develop in § 2. l.,utartﬂng from the resulss
oF [5:][_é] L10]},an original method for solving the bilocal problem
for linear differential eguations of the second degree with a stochas-
tic'nﬁnhomogeneous term. : '

We aléo demonstfate that the solution of this problem is a time
series and that by imposing some restrictions upon the mean of the
nonhomogeneous stochastic term,the mean of the time serie converges
towards the (0.1) problem solution. ' '

In § 2.2. we study the efficiency of the differential fllters me-
thod for time series in .solving problem 0. 1L);from tlie "point of v1ew.
of the operations number needed to estimate ‘the solution.

The last section of the chapter ( § 2.3. ) presents the EPSD origi-
nal algorithm for estimating the (0.1) problem soluton in a given
(io,jo) point,based on the time series differential.filterS‘method

The 3rd chapter of the paper presents comparatively the results of E
the methods given in the first and the second chapter applied to a
hydrogeology problem.

It refers to the forecasting of the behaviomr during the exploita-
tion of the hydrothermomineral fissural sytem of the cretaceous lime-
stones of Biile Felix - 1 Mai ( Romania ).

Based on the mathematical - hydrogeologic model from L 1 4, elabo—

tions sytem with nonzeros initial and limit conditions of Dirichlet
type which describes the conservative and nonconservative hydraulig,
dispersional. and thermic diffusivity of a hydrothermomineral fissural

The paper ends by an interesting comparision,from the point of viewg

of time computer,memory and accuracy,between the methods presented in

PR S0, P s > i e
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§ 1.1. The nyobabilistie mbdel.Unbiased estimators.Moments.

Errors.Stability.

D i
 In the following we consider only néts with cartesian coordinates
with constant steps.

Let be the field : :
D= G0 cix ¢l -0 et ¢ )
and the net in D :

B = D s 0, T, 020 1,.,J}
w1th the steps h = 1/ and k = T/J..

~ We denote by u(i,j) the exacte value of the (O. 1) problem solution
in the node (ih.jk) of the net R,, and by U(i,j) the value in point

(i,J) of 2 net function U, deflned on Ry, .

Derlvatlves /D b and R u/”bx are expressed as function of the
centered diflfexences dt,di,d% and the following femilies of schemas
with differences depending on & parameter "a" are considered

a) the scheme ‘with differences of two levels with six points
a,0(1,3-1) = 2a20(1,3) + (1-2)a2u(i,3-1) + F(i,3-1)
W(0,d) = 0 =0(x,;) 0 e i ¢ T

m~

& e ¢ : : (lolcl)

U(1,0) = u,(ih) T G5

b) the scheme with differences with tkreee levels"
bisl) symmetric of nine DOlnts

asu(i,j-1) = ad U(l,J) + (1=0a)a2 “U(i,3-1) + ad U(l el e

0 ¢i¢I s 2)
2 ey ¢

b.2) nonuvmmetrlc of five p01nts .

a U(l,J—l) + akd U(1,3~1) a U(1 ek 4 mla 3—1)
O i i Bl (1-1.3) 3

R
| 2%¢.
both,with limit and initial conditions
U(0,3) = 0 =U(1,3j)
(s . 0)= u.(lh)
WG, 1) =0 (1 B k(u"(ﬂh) + f(lh.ﬂ))
Ve denote by ‘ : : : =
tU(l J) = (T J+1)=-U0(1, 3))/k ’ d%U(le) = (U(i,j_+l)——U(i,j-—l))/?k-
az u(s,a> ~ ) aEe, ) 15 /e

S
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Lilvs

d%n(i!j) =

(UC3 3+2)-20(1, 5)40C2, 3-2)) /3% (PG ) =H G, LSTK) -

with the set af states

Let be a liarkov process m}m o 2’_.
B = lioya, .0 » 10,1 By .
defined on the field of probability (E, H,P) witn

Fes D D & see
| % =8(5) €S(5) ® ... ,
y(ksg}x{gikx & xisakx SX Siliaes ) s AR LAREObLS )Ososl...qsm—lsm

- ) are the transition probabilities of the process ( the
50

existence of P is given by the thewrem of probaollltles on product
space ) and "init.prob." is the .initial probgblllty of state s

where (q

We denoted by Ve L the weight coefflclent of the Markov procecs
®mn-1°m

trajectory when this one is passing from state Sy to state s ,w1th

el

vo= (10,30) the point vhere we estimate the solution U(i, 3),-nd vith
f 0 for z = (0,3) ¥ z,= (I,])
u (11") e = (1,0) ,
(1h) e k(u“(lh) R 0 )" zZ = (i,1) =hd schemas §1.1.2
o =< X 3 1.1.3
“m - : i
I+§—_F(l j=1) ‘fortschemz (1.1.1)
¢ I—ZaEF(l’J L LU (1.1.2) e for zm— (i,3) with 0<i(I
1 . 2 S XHad
i e i 2 1] i
& I-?a+§ F(l J 1) 1 (l.l.3)~
where o = k/h .

Then,we define the transition probabilities and the weighf coef i
-cients )
— for the family of schemz (1.1.1)

G 4 6,3) q 9;1 )
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for the family of schema (1.1.2)

gt T Y .
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~ for-the family of schema .(1.1.3) -
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On the basis of the Narikov process Ilz'n}m attached zs above to the
family of schemas with differences (1.2.1) - (1.1.3),we denote the

T Sy

. Tough ecstimator w of the solution U dumg )
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e Ve :
=1 +[; Top L VUG . Tl g W,
Zo_;fm: Zm g 2] Sg—ls{ - “o . EORT &

wHere e minS.m/zm=(°sj)VZm=(I'j)Vzmz(i'o)[V?mfﬂi'l) for the family
of schemas (111.2) and (1.1.3) only) with O¢ieI,

Using these notations we give the following: 053¢d }

Theorem 1.1. The w estimators'mean conditionated by z'_ (10,30) is

‘e,ual to the U(l 3) schemas®(Tiia) o (1a.3) soWutwon..

Proof

m[w/zo=(io’joil;§zo+ Z_g P[z =s/z —(10;3 )]h[vé 5, 1/zo=(iopjo)ﬁ(zlzs;

.;ﬁz o Eu- P[z —s/z (10,3 ﬂ SOS M[w /zl-s],

0 85E5
For the family of ‘schemas (1 1% 1) . . ;
1i{w/z, =(i§,j ﬂ I+§a«F(l'3‘1)+°1V(1O,J ), (1 s )I{wl/z =(a —l,a ol
V(5,3 9 (1 e LV T CRETE B EEN IO BRITER R
3 DA RS B tgr30)s(2gr 3,10 LM/ 2 =Cos Jofl’] +a5 %
)M[wl/zlz(io+l,jo—lil '

= V(io,jo),(io+1,j -1

'+:[w1/7 —(1 +l,3 )])+£%§§%&(k[wl/z —(1 olid —1X]+M[Wl/z —(1 +1, ] —1)])

= %E%gé)—“‘k[w.‘ /z = o4 —l)]

A55901atlng the terms conveniently and tsking into account the for-

mulas of dt and dﬁ sWve obtain

'dtm[wi/z = i,j-l)] =ad)2CI-f[w/~ = O,QO)]-»(I u)d),i [Wl/zr(l,.}—l)] +F(h ‘135_

Comﬂurlng the above relation v1th the famlly of schemes with dlf—
ferences (1.1.1) we find that : :

U(ig583) = ¥[w/z, = (io,jo)]- :
The demonftrﬁtvon is elso simitear"for the T-niflics o Sehioie

<

: _ : e
The monents of the rouch estimators w satisfies schenas of D rabo—

o/
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|+ (A=2a), m2(1,3_1)+:-(§i1;§§g§>2m2(1+1,3-1)+§;(I§§ga)%n2(1_1,3_z?

e g Q - - Q '
4 5 6
e oo i ol : ,

L+ _-_-@;gg;;)?m?(l,J~z>++_--<1+-§g§> Wil Eo)in .- |

FioBdg g e Basak

; 7 G 8 ] ' : ;

E For w estimator associate to the schema with differencesv(1.1.3),

: Iz'zz(i,j) is the solution of the family of the schemas with differences
k et Bl e % N
(1,3)=(I;5;§i) 15 (1,3-1)+1¥§;§§r(1,3—1)[&\1,3)5 I;g;ggF(lyJ—li] +
1 ‘ o D e ] .

S ;.-(I;gﬁ%z&)gmz(l—l,J)+,:-(I;r-5‘§;§&)2ﬁ12(1+1,a)+;—(1%§§§§)2M2(1,a—l) +

f ql 1 q2 : : q3 : ;

+.:‘(j:5§§&)%“2 2] . i

i

a0 - f.

In order to simplify,we consider only the momenftum of order two,

the eguations verified for the high moments being obtained similarly.

We denote by .
: Mm( i, J) =N [Wm/zoz(iy J)] i
USing this,we give the fOllowing

Theorem 1.2..For w estimator associate to the schema with differences

(1.1.1),M2(i,j) is the solution of the femily of the schemas with

G
I 2

-differences
Lol an B i DrgEa B e e
}‘22(1,3):(1;?5;() F (1’J_l)+I;§§,o—tF(l’J—l)‘[U(l’J)— I:QEZF(I,J—l)}f
SE s o iR 00l 20, DR Z 2, T P R R N & g
T EZ(I;-?E}-—;() ic (l"’l! J)'*‘a‘Z'(I;EaQ) v (l+1,3)+(—1-3(~I_—‘:25a) I (l—l, J-—l) +
1(1-a)xy2.2, . . Tl -ald.o. 0, =
+ az('—I;'é'é;() I (l+;1., J_‘1)+a*5'(—‘I;§5;—“) 1Mo(4,j-1) .

with limit and initial conditions
e e
Me(i,0) = uo(lh) 0- ¢ i sks
M%(0,3) = 0 = N2(1, 3). b dcd

For w estimator associate. to the schema with differences (1.1.2),
(i,3) is the solution. of the family of schemas with differences

G, Dl 2F2(i,j—1)+I;§§&F(i,j~1)[U(i,j)—AI;%%&F(i;j~l)] +

7 0 s ok BT D Uosddony & e e
+ 2 GE A ARy e W (el ghe i Sl Enlone B gy

The last two equations have limit and initial conditions

| ER(E, 0)=u2(1n)

o




12(1,19=[u  (in)+k(u(in) +£(1n,0))] 2.

Ez(o,j)=osm?(1,j) .

§ Proof

R,

mZ(-i,j)zm{(;Z}v w,)%/z, (10,3 )]—F +27 Bz -S/z (lo,a )] X
: e 0°1 25

SES

X vy m[wl/zes]; - LP[Z =8/z =(1,4)] v2 M[Wf/.z =81-
vo S

For the family of equations (1.1. 1);u51ng the techglque of the de-
monstration from theorem 1.1, as well as 1ts results,we obtain the
innmitial family of equatlons with differences, of schema (1.1.1) type-
with a more comp11cated nonhomogeneous term ( in its culculus enters
clso the exact solution of schema (1.1.1)).

The demonstration is sxmllarly for the w es uimator associated to
sehemes (1.X02) - (1.1.3). :

; ‘ : b
Definition 1.3. It is called stable schema any schema for which
 exists the inequality

: 3 jl =
Nodtqy ¢ Byllugl + m, x{??(j&@ i L < g d

vhere Uj,uo,FJ represents the vectors UJ.= CUL04.3) 5 ot BE T30
= (uo(h),ooo’uo((l-l)h)) 9 FJ = (F(l,'j),o-o,F(I—l’j))
Ml.and m2 being positive constants non-depending on h and i

“'“QL)AI'“ are any norms on the stratum.

We call a conditioned stable schema 2 schema of which stﬁbﬂllty s |

conditioned bv the existence of & depenaence oeuween h ang k.

We call an ?buOlUbe stable schema,a schema which is stable for
any h and k.

SR Ore S SR Ry S O

We denote by

V = amax o ; andsby. BP-=. maxw 'FZ
@0 i L 7 osl¢n g

and we have the follow1nn

Bhicoven 1.4, Mw / B = (“O,J )] associzte to the schema (1.1.1) is
conditioned stable for
= 1 ;
0 ad—% .
In uhlS cage o verifies the ineguaslity

o

T e m g e :
I oo ey i v R gy, S v e s
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= G

| g z(I By
E{w/zoz(io,jo)} associate to the schema (1. 1 1) is absolute stable
§ for '
" ay e%— . -
KLW/Z =(io,jof]associate to the schema (1.1.2) is absolute stable

%1

for

1
al -z

for a) 0. —

¥roof The theorem®s proof requires two stages

1) stability towards thé right term ( we demonstrate M[w/?oz(io,joyym)
for w associate to the nonhomogeneous schemas (1.1.1) - (1.1.3) with
a1l 1imit and initial conditions )

2) stability towards the initial conditions ( we'll proof thet
K{w/zo=(1o,30)](CC for w associate to the omogenéous schemas (1.1.1) —
(1.1.3):with:.nenzero initisl. conditions.).

1) Let be a2 nonhomogeneous schema with differences with null limit
and initial conditions.In this case we'l have

E -0 and then
r~ ~ n ~ : ; ~
w="F_ +Vv F_o+v v B bee etV Vs ceoV_ F ¢
oo vl el ol Sosl AEy T paa G
< F( 1+V4+V +...+Vn -1 ) A
wWith this
: 0
. N i i3 X 3
- 3 ; 2 - £ 2
1lw/z =(1,,3,)] ¢ : F(LeV4V 2tV Yeln=n-1/z =(1_,3 )]
Therefore : : :
& ‘ - '
el e m - ,
| ulw/z,=(1,,3,)) <0 & Zl VR [nem/z=(1 5 3,)]¢ 2
; o W|V¥/z,, =(i:3 RIES :
. Dut for the family of schema (1.1.1) results that
o g adV m (1-a)cVv _ -
LLV /Zoz(losJoﬂ T+23¢Oﬂ{v /z *(1—1:3)}+MEV /z “(1+1’J)})+ ;?é%f x.

e - m . . o 140 . . - 1 —_ -‘:134 '1,'- i ;g 5 . .
*_(L{Vﬂ/ul=(l—l,3~l),+L[V /zlz 1+1,3~l)]) L"'l£2§&:1&“\gq/zl: i, 3=1))

‘W8 -observe that the schema . _.4) is of the homogenaous schemas
(1.1.1) %ype with nonsero initizl conditions ( L[V’/:O—( C\1~1\

Lpplieing the stability theorem for the type'of schemnas (1.1.1)

-

LLH/Z _(10,3 )],ssoc1ate to the schema (1.1.3) is asbsolute stable

g sy ey T



= B

s [11] Y to our (L.1.4) scticpus,ye Obt”lﬂ the reuultu of the

(
sheorem l.4. enunciation regarding the steblllty of N[w/z _(10,3 )]
1 CsoOClated to schema (1. 1 1)

gimilarly for the estlmator w associated to schema (1.1.2) and
{1.1.3) we put an end to the right term stability demonsiration of
S i L"/a —(10’3 )} . . i
2) Let a homogeneous schema with differences with nonzero initial con-

ditions.In this case

2 . Y
FZ = 0 0 4 g n-1
W TR
w‘::v V ooov (
?osl Sl Snrlsn n.\

{ with this

&

m[V\r/Z (lo, J )l : T FVmP[nzm/z =( iO’ .] )]
Following a similarly jugement to the one of point 1) we show that

m[‘w/zo__(lo,’]o )](OO é::_—> I!’I{V /ZO-—(lO, :]O)]<OC o
Therefore we notice that+*the inivial“stability" conditions de=iot
impose additional conditions confronted by the.ones obtained for the

. right term stability.-
- *

Observetion The stability conditions obtained through Mente Carlo
method are the sams as the ones get for the schemas (1.1.1)-(1.1.3)
in numerical aznalysis.

From the theofems 1.1 and 1.4 "we ¢an set Fforth

Theorem 1.5. The mean of the estimator w associated to schemas (1:1.1)4
(Bo1.2) and {(1.2.3) converges Hio, the (8.1) problem solutlon.

?voﬁf It tesults 1medlgtelv from theorens T .l=ong 1 4.
>

§ 1.2. The seguential Monte Carlo.Coﬁvergenqy;

In order to increase the convergency rate of the method and to ob-
tain & better approximation of the solution we introduce 2 method of
lionte Carlo sequential type. :

Denoblnv 1)
[W/a ~(10,3 )1 the approximation of U(io,jo) 2t the shep nm

throush the seruential Ionte Carlo method,

il “.Z:]"

Bl ) =) o I‘im[vv’/zo:(i'j)]
. /e

T AR e ————
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E obtein iterative schemas of the following t:pe
. we :

{ 204, 3-1) = adE™(i,3) + (1-a)aZ8%(i,3-1) + T%(1,3-1) (1.2.1)
3 .

g where N :

% m”(i,j—l)=}t§§— ad Wm[w/z ~(1O,J )]+ (1~ a)defm[w/z —(1,3~1Xl+F(1 3-l)~

—d IL LW/'7 —(l; a"‘l)])

t

Fls)
a;é@(i,j;l) = adz“m(1,3)+(l—2a)d Bm(1,3—7)+ad2 Eisge 2)+rn (1 8 1) =
T 1. :

. where
| ﬂ(l,a_l),ligi*(aa M {w/z oL o0 d, )X+(1—2a)d Ym{w/z _(1,3—1Xl+

+ad 2 {W/zl (isiie 2{}+F(1,3~1)-a°1m[w/z =043 3—1)]) 3

ba2.) 4
| &, E%(4, j-1)+akd Em(1,3~1) o) ) (w 2, 3)
where ' ;

| o4, 501) 2t 202 d(a 5 [w/z = o,uo)j+r(é,‘~1) -a ““\_/a =(i, —1)]

: 2 m :
—akdthm[m/zl=(1,3—l)]) :

g1l of these with nuwl 1imit’and initial conditions.

Noting by A = (a3, ) , B=( by; ), C=( c;.) the tridicgonal
"1 square ma trices w1th almen51on (- 1§ x (I-1) of the form
el : _ i=g
IE?ER for the schema (1.2.1)
Bi5 = 4 IE%EE B " (1.2.2) ¢ GEi-l or J=isd
. - i "
| I7352 : (1.2.3) ] |
4 =il S0 in the rest
B r;__z(l_a)vk Lo -
s for the schema (1.2.1)
i ( Ty ' !
'< __Af(—_;_-_z_?_-_é\_)_?_\ 1 1 t2 (1.2.2) 5 des g
3 —-\‘.,‘-ra’ -
: ; l'f‘?_a% n 1 : ] )
i -  TTaron i " (1-2-3)'
b, . = o - ; £
1J il;_-g:z%&\ 1 ‘n n (1.2"1) e
£ 2(1——23)("\ " " 11 (l ‘2 2) > i=3—1 G=3i41
—I‘:ZE«;\__-— | c / =) / J=1- or J=1+
&) . ] ] " (1.2.3)
i C ' S 2 in the west




e

C [ 1-4ad ‘!1 ]
17753 for schema (1.2.2){ -
[ —a " 5 1 e
) L e (Lnevl ]
e L= [ 2a.ol : ; %
i ij I+4au~ for schema (1.2.2ﬂ> i okt
1_ 0 < WA Tedg) T T
& in the rest

‘and bthlthe constant “A—lB“/(l—“A-lB“) for schema (1l.2.1),we give

Tﬁeorem 1.6. W° is an unbiased estimator of Em(ﬂ/z %(io,j i] and its.

" where Em’J,Em’J—l,Tm’J-l are vectors with components &Em(i,j)}i

RS

ot L R R e s m

I P

By

2 (1.2.1),it results odt of}tHe Tollowing considevations

alsper51on is asythOulcally bounded by 2 multiple of oo 1

For the family of schemas (1.2.1) the method converges geometrical
siaE : ak
2(V§+2(1—a))

Proof With the notations introduced above,vwe may no»lce that the solu~

tions of schemas (1.2.1), (1 2L.P)ard (1:2)8 ) 8cEn 'be found out by col—l
ving the systems - :

ARl - g d-1 | gmii-l

Satirns e T C TR I
for schema (1.2.1) and !
A%mij': Bﬁm;j—l + Cﬁm,j—Z % %m,j—l :

for seliemas {(1.2.2) and - (132:13)" % :
end j varies in a1l cases between O znd J. :

With this observation we have shifted the problem in the linear
Syshbens Tield. :

Applying the results got by Halton ( see [ g] the theorems 9,10
and lemma 6 ) to the above systems we obtain the first part of the
theorem 1.6. enunciation ( the convergency of W° estimator ).

As regarding the geometrical convergency condition of the schena

Tor linear systems the geometrical convergency is given ( see[ll])
by the inequglity :

=4

¢ Nate ¢ 1V 2 = 0 0,70
Teking & = § ). ( .the japectral

ving that the matrices of the sttem are tridiagonal,with the ele-

"'5
t’"“

9}

iius of the matrix-) end obser- |

ments on the minor disgonals of the sene sign,its results in the case

Of o 1/.(-», 7 ~ £
Sehenag - Jeo ‘.x) thot

o/ s




P

?(A) = 1+4aisin2;g1 _ l ’ S(B) 1“4(173X*Sln QI

nounding the above relation and accomplishing the calculus we get

E'the geometrical convergency condltlon from the theorem 1 6. enuncia—
i iy

2 ; = pa

g CboewV¢tlon Out of the obtainead m1n~m1zat10n for a in case of uhe

t schemes (1.2.1) we may conclude that,if an acceler rated convergency of
- the method is wanted,then « cannot be chésen too sma 111.( This thing
aisturbs the moment when we wish to obtain an increased accuracy“by
reducing the step k ) :

; +ion.

£1. 3. The.method efficiency

= [3.1 5 00he yoltme wof selection necessary to obtain a given

error

Beeing given &9 O and pj>0 um311,we estinmcte N so that
' PULU(3,5) - By} <e] > 1-2p
where we denoted by w = (w:L T e ww)/h.
Applying =a techawrue used -in {2 ] we obtain for D=0 0455

N = [ —éz Dl] + 1
E g .
here we noted by [ 1 the function - integer part,and by

Di = D [n/z G

To finalize the study ( znd to do the formula operative ) we shell .
Sive an a priori evaluation of theAcondiuioned dispersion Di ( because!l
. of the fact that in the nonhomogeneous term®stracture of the momentun
o- order two of the estimator w enters 2lso the solution 0ld 33 of the
Schema with differences,the theorem 1.2 cammot be used here ). :

PR ——"

Thus,we notice that : o ; . E
. lwlig fmge F f
i : : : 1-Vv - l-mex(lai, iz, kcl) ;

With V,¥,4,8,C heving the meanings of § 1.1 and § 1.2,

Using the ineﬁuality M[Y—WEX]]Z.Q Kz—(MEXl)Z,wherg X is an aleatory|
variable bounded by K yresults : e :

R NS 41 e

N s
ey
H

i €ndethen

PPN 3 R St B g
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in the operations'number valuation necessary to the calculus of U, 1)

'ting’from a point Zq (10,3 ) ,verifies families of schemas with difiiie—

llarkov proeess 't“f‘a:]ec‘tor-v ig . F

(vhere || .|| is the Buclidian norm and M[n/zoz(.,jOYX represents the

Iroof We give the detailed demonstz ration for the family of schemeas

“larly.

¥ e ey st o AN

i

N = 42 2 s+ 1 , (153:2)
: ¢ (2-V) _ ar —

€ 1.3.2. The average number of operations for estimate U(i, j)

The mean length of the introduced &ZQXm larkov process is noticing

aheorem 1.7. The mean length of the Markov process trajectory,starss.

rences,nonhomogeneous with null initial and limit cohditions;of the
S 2y e ek 1+2ﬂd\
a,X [ﬂ/z —-(1“-1)] = wdxl‘r{n/zoﬂl,a)l+(l~a)0Xh [n/u =(d, 1—1)}
ror the family of schemas (1l.1l.1), .
d%m[n/zl;(;,g—lj} = adfnin/zoz(l,Jik+(1—2a)dxh[n/zlé(1,3—lﬂ-+
s Aa
¥362MXn/v =y, J—Zﬂ-+ lgifﬁ
ror the family of schemas (= 2),
S a4+ 2
a,1(n/z,=(1, §-1)] +aka g [n/zy=(4, 3_1)] [n/;o=(1,3)] yEiE s
for the family of schemas (1.1.3). ; ) , :
For the family of shemas (1.1.1) a bound of the mean length of the

| RALVERC OF 1N RO A -

vector with components &M[n/zoz(i,joxyki:ITI:I)

1.1.1) the results for schemes (1. 1 2) (1.1.3) being obtained simi-

RETTT ALY

e notice that

Pln=n/z =(i_, )] =proes (Bl n=m-i/z, =(i-1, j)]'+3[za;m—1/z (i )+
(1-z)a o T ' 1-2(1"c )«

* resy P[n —1/2 _(1 59 l)]+P\n.ﬂ—1/z =i 1—-1)_‘1)-L '"i¥éa;}— %

X P{r‘:*"-.l/z.‘:(i, J=1 )1 .

ing by m=lsadding and teking 1nto gccotmt the delfinition

pesTERpTe R T T

of the mean of a discrete ra ndom variable ( such as n ),wve obtain the
¢’ uation with differences :

hs

3]

P A <A s P A SR 7 T R W YA ot 31 8 Tt S i i e

s o e




.11ecua11ty of the enununiation,

A ——————

R e e N5 e ey e

....]_5 -

2[n/24=(1,3)] —Imﬂ-{n/z =1, )it/ =(102 ,a& gl s

X(I‘ [l'l/u -—(1 1 '!—-1)] +IL.LI1/Z —(l+1, J-—l)] )+l 2<%_§-_M[n/z '—'—'(l 3_1)] ragle

- (1.3.2)
s mlndlnb the 6ornu1as of dt and d2 we obtain the family of schenus

with differences out of the enuaclatlon.
It is obviously that

K[n/2,=(0,3)] = 0
X n/a —(I’J)] =0

In order %o settle a bound OflItQ/Z —(10,3 )]

3=I,3 and u[n/s =(i,o)] =0 i=0;I

We solve the eguatior

B 3 2) wlth null linmit and initial condltlons through the separating
variables method. : .
 With the Soablllty ‘conditions imposed by

the theorem 1.4 we obtain
the oound

n MD@%oz(qjoﬂnﬁ

e
I-1

Il ril = ; Féﬂ with Fm = :?-(l—cos oh ) the Fourier coeffici—
m=i ' U

ents of function IR R l,resultd through an usual calculus the

P4 :

‘With this nrellmlnary results we pass to the calculus offthe Eve~ T
roge number of operations necessary to estimate U(i,j) and Ve consideI;
the follow1ng work hypotheses : ' B
2 compareing to the Operations. of. TultlpllcauWOﬂ d1v1olon,uhe ope= I
tﬂops of qdaltﬂow—suburactlnv are unsignificant as computerlnD

time and we won't take them into account at the calculation of the
“verdge nunber of Ooperations necessary for estimzte i) H :

b) the functions F =nd y
“We consider they are given pupctuullJ 1n each node of the net R

hi’
c)_ the generation of a new. state S of the harﬂov,process {zr is

mim
Cohparable as computer time to the durztion of 2 multiplication_divi_ |

in order not t¢ repete the sveluation of

of

T R

~10n operation.

prme

ot AN L

Thus, the éverage number of Operations necessary to estimate Uli, ) 4
by the above pPresented Nonte Carlo ﬂo*%o” L) . £ b

v ; L
= for -the family 0f schemas 3 (s i) % ’ ;

/

B e
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omogeneous ' nonhomogeneous

: o i D
in ‘;he case V .. Cop 1
m In-{"l

» 2 . z ~2 4 ~2 - : | i
fgig/zo=(i'3y}([iﬁuo}fl)“[g§uo] A

4 ~2 1)- é;ﬁgloperations
jV'({“gu * 2o £

Z-in-the case V, - L
: m |+l

~2

, . 4u’ : e Dy 4':12 ; : - :
éqﬂ[p/z —(l:J)l [ “”:;; ]+%)f 3 3&\?/Zb=(lyail({£?~1§§—5X+1)-

~2 ; ~ D g i :

4ug 4ug 42 : : X’ ARl } :

e S N s -] —y————— B g sea s A
1?(1—*&),%9 < ZV‘J(\ §2(1v)° X X.ag(l—V)Z}r Sl 2n2)" )

+1) - "2""9——2 +5 operations H —[T *———~? +6 operations
(1-v)° £ 2T

- for the family of schemas (1l.1.2)

we 2dd 8 instead of 5 to the § we add 9 instead of 6 to the above
above formula _' formula

 _  for the family of schemas (1.1.3)

- vie udd 4 instead of 5 to, the ; we add 5 instead qf 6 to the above
above formula. : formula.

€& 1,3.3. Methods of variance minimization

Having a transTormations' ensemble relating to the primary w estims-

tor,which preserves the mean value but ch@nges the dispersion,we may
construct,in general,more efficient varients of the Monte Carlo me-

tY:04 then the initizl one.The efficiency rise is conmected with the

consideration of some supplementary informetions about the solution

of problem (0.1).

1) The main part separation method

e oD

O

se we have & Tuogh approximation of the solutinn Ul )

a1
it be G(i,j).Basily we may sce that the difference e(i,3)=U(i,J)-G(3,i}

| verifies 2 schona with differcnces of the type (1.2.1)-(1.2.3) with

P 2 x R U '.‘_ R e 5 Qi =
ro ot ol T b amde A bl Bl o s 0nIEg;

According t6 the maximum principle for the Theat e‘auiioq ol i) sis

/%

g yih
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A L SRR S,

N

L cory SAmll and therefore combined with the theorem 1.6 results the
Ele(i,a) dispersion is .small. :

2) The essential selectlon method
_ i
We suppose we have a rough approximation of the solution U(i,j) of

i the equation with omogeneous differences,let it be G(l,g).ﬁe introduce|
' ine transition probabilities of the type

- 6(s)
B1,3) 08 = V(4,9),55(4,3),5 GCEST

é where seS - the set of states of the & X Markov process - and may
% teke only the specific values of each families of schemas (a8 0 ) 4t

@.1.3)- ‘ |
- It is easy to show that,within the hypotheses we worked with A to
?l,a) s for each family of schemas

(.0, 1) - (1 .1 3) verify the condltlons of a transition probebilities

nowi,the systems of probabilities P

jS be'll-

Lemma 1.8. If the approximation G(i,j) is/ dhe ‘exact ‘solution’ U(35%5)

of the fam171es of omogeneous schemas (1.1.1)- (l il 3),uhen the vari—-—f
ance of w is zero.

| roof We give the proof for the family of schemas (1L a8 ) dhe proof

for the schemas (.1, 2\—(1.1.3) beelng similsr.
From the theorem Tl :

h[n/z =(1,J)1 z___ v(l 3 SU(S)P ,J) s

“éo
with Sl ‘= {t (1"1: J) ) (1'9‘1; 95 (1"‘1, 3-1) y(i: J-1) y(i'*'lr j—l)/i:I-,-I:I,‘jv:I;J}) :

o

=
s .~
P5ey Bl
1t result tthat for
{ 4
- U(s) .
1920 S = v 200 gL i Flhtces
(113):5 (.‘ﬂ:})ys'(l’_;‘\ys ":\.1:]:\ 1
this one 18 o ;
<
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3) The stratification method

Je suppose we know the values of U along the frontier of a subdo-
=ain of the qet Rk which contains the point (i,J) where we estimate

ithe

v.cecuse U = max.val U on the frontier of the considered subdomain
heeo

of Rhl is smaller the F accordlnnly to the maximum principle for the
heat e“uaulon. :

If the subdomain is chosen so that it would contain the point. (i,
to which we add all the points to be rezched within a step by the

;.TkOV process & mlm Sterting from (2,5 € for tuctanice, for the Ta
o5

nily

The algorithm EPNC estimates e (0. 1)'problemvéolution in the
1ven podmts (i,0) using tne Monte Carlo method presented St
The algorithm steps ere the Trollowings

EPMCO

solutione. :
Thus,tu~ln” again the dispersion evzluation of ¢ 1 3.1 we notice
thet we czn get & "more tight" bound,such as

the primary estimator w through the stratification method is zero.

& 1.4. Aleorithms

a2 e
Di ¢ _.__._g_.? ——E—"—?
(1-v) (1-v)

~

Hicl=

schemas (1.1l.1) the subdomain is of the type { i-1,3),(31+1,3)8
(l"l)o"l) (113"1) (i+1, - -1), (l,,]).& ahd hesvelaestorf o0 elong the
frontier of this subdomain are the exact ones

ythen the variance of

Data input,initializations.

Input dsata read

h,k ~ steps of the net th :
I1,dJ - the net th sizes ;

(0 (ih)) . c—w=r — vector with thelinitial cenditichs of ()
0 i=Tea=n :

problem in the net R i points ;

i, J) - thc point coordinates where we wish to estimate the
solution

@
GRS
(]

a — the family of schemas parsm

3u/s g
1

r;
pereml — parcmeter vwhich inaicatQS'if thei equation is omoge—
neous (paramlzo) or nonhomo geneous (Udzﬂmlzl) ;
=177 - ' '
(W(l,g))a “"'"T -~ the matrix of the nonhemogengous texm- vi—

Pty & LS

ol

R 1 - = 7 N £30) o eI
.1@@ Tl e snoints (iy5) o the niot

KN ¥ S

Konred::

oaliaddinn s
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Epymrnes o

baa® (ial

j;.l‘i‘.vl

EPiC2

if param?=2;i=1,4 if param2=3) ;
eps .- the error we wish to obtain the soluton.
: b
e 1n1t1 117e _
Initial ezleculus., _ :
We compute & . - B - : B
We compute the vector Ve J) (relied on the formulas. of
1 ’“ S

§ 1.1 and on the value of param?).
We celculete V.
We §ompute Eo \uo\\mak if paremd = @,

=.maxij\ub“max,“F“ma;\ if paraml = 1. B
We compute N the selection volume necessary o obtain the - . éf

-bilities (q.). ( zbout the generating slgorithm see Fial . |

If S1 is an ebsorbing stete (1,0) i=T IZT thew 0L ¢ S0L 4

e

work hvpothesis b) of § 1.3.2 ).When pareml=0 we do
not read the matrlx_; :
parem? - the paremeter which indicates the schema to be used

(param?=1 for schema (1.,1.1);=2 for the schema (1.1.2
;=3 for the scheme (1.1.3)) ;

~ vector which econtains the'tr,naltlon probabllities of
the &kam llarkov process (1—1,5 if parame=lesi=0"5.,

(a.)

Sl

TR

error eps with the probability 95,45% from the formula (1.3.11

We test the stability of the soclution using the results of
theorem l.4. ( In case of non-verifying conditions we list
an error message and the algorithm .is canceled ).

fle list the dispersion Di,the volume of selection N ( see

§ 1=l A : .
If NRTR { N then FRTR 4— NRTR + 1 , S &—— {i,]) , COEP e 1§

We generate a new state S1 of the H k Karlkov process Stcr—,;
tlnn from the state S on the ground of the transition probo-~

k
;

COERF 4—— COEF x VS’Sl.

+ COFED x uO(Sl) and 4um3‘to shep EEIGS atselaes 188 51

rhine. state: (0, 3) or (l,g),u—b & itheniso o

If pareml=1 (nonhomogeneous . schemnz) then 30L ¢—— 50T +

e




- 20 -

+ COER x P(S1).

ZPLCO S 4—— 31 3 go tor BPNG 4.
=ppC9  SO0L &—— SOL/N ;

We list SOL,the 1gor1thm Tesuilih i the es tlmotlon of the (0.1)!

problem solution in the given point (i,j)).

EENC10Y fSTOP "%

The algorithm EPMCS improves the variance of the estimation of the
(¢.L) problem solution in a given point (i, j) through the seg uentl al
ronte Carlo method.

The theoretical ground of this algorithm is given in o2, e ise
snere,the nonhomogeneous (1.2.1) = (1.2.3) schemas with null limit
and initiel conditions. ‘ '

‘7e use here the algorithm EPIC to estimate the schemas solution in
the nodes of the Ry, net.

The algorithm'steps are

EPLICSO Data input,initializations.

Input data read

Yk 1.0 a(Pr( 1)) parem? (qﬁ)i eps — have the same meaning
as in vhe”BPNC al-orithm ' ‘

e

(SOLIN(i,j))giT Ty - the initial:-approximations matrix.of..the;
=T,I=

‘solution in the-hodes of:the net Ry (“with the

notation of § 1.2 SOLIN(i,j)=1’[w/z =(i,j)] )

NBMAXIT — the meximum admﬂted 1uer tions “umbor

We initialisze
SOL(1,]) <—— SOLIW(l;J) SRS 50l
uO(l,O) ¢—— 0 ,; NRIT «—— 0 , peraml «-— 1.

IPLCS1 If NRIT S NRMAXIT then go to EPMCST ;
)

b
else NRIT «4-- NRIT + 1,
. e | o R ,
B0 o0 e consute SthElselemente o oty o (1, j eecording t0 Tthe
Coptbilo ar ok 5 .2 ( takinbyinte’ =ccotmt e value ‘of nerem?).

Wo £i11 the metriz P(I,3) eo= DG G) T, I-T , §=T;0

C ey her WP er 1he rotiidert T 0

e

. S
i e

BRI s i g

M e L B e

i
{
i
!
§
§
é
3
:
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AT

Foprcs3

RFIICS5

‘EECCS6
LECST

L BPMCS8

S SOh 4—— SOL 4+ the estimated value of the chouen schema solutior

Go to EPNMCS1.

ISTOR., i3

— ‘21 -

different matrices for different values ).

We estimate thg“301ution of the chdsen schema in each point
(i,3) of the net Ry, ( i=T,;IZ1 ", j=I1,97) using the algorithn
EPIIC with adecuate input parameters. '

After each calling of the algorithm EPNC we fill the matrix

dnipoint {1,39).

We compute S = lsen.- senayl .
= . max masat

If S, . & eps then go to step EPXCST ;

else we fill the matrix SOLIN(i,j) <—— SOL(i,j) i=I,I-T,
Lot 3=177.

Ve list the maetrix (SOL(1 3)) I % -7 of the solutions.
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Chaptcr 11

§ 2.1. The method of llneo.leferentlal Titlbiers FOr solv1nn

the bilocal problem for differential eduations with

a stochastic nonhomogeneous term.

Lgt'%he'dOmain
D= (0 ¢ x ¢ GE0 ¢ b T
=nd the network in. D :
Rk L (=, Jk)/O‘(x g1, =0, 1,.,JX

with the step k = /3.

Denotind by U(x,J) the value in point (x, JL) of a network function 1

U defined on Rk,w1th bg—l/h and by p(x,3) = b U(y,a) + £(x, jk),and
c\nrcos1ng the derivate’ D'q/at in terms of the central dl’ference
( a U(x 3 = (U=, ) <= Whe,i))/k ), provlen (0.1) is transformed

into a b11ocal problem for differential equatlons of the second degree
with the form

2 : |
a z > L - ool d) = ol
>4

0(0,3) = 0 = B(1,5) e

vhere p(x,3j) is modified for each level in comformity to the above
formula. :

It is known from the literature U1] , that problem (2 g i) épprox;-
nutes problem (0.1) with an 0(k) error and that the soWuuwon of
problem (2.1.1) is @bsolutely stezble in reference O initizl data

and the nonhomogeneous term.

These results enable us to consider the study of problen (0.1)

from the point of view of the»nrocent study,as being the study of

roblem (2 1. l) based upon the trans Formatlon Lrom.above.
Let Zs(v) be a Suochastﬂc process,with the set of states

e ﬁs/se(x,jk),xé{@,l ,th,,,J}.

ilhen there is no possible confusion,the following notation will be

e e SR

made

z (v) = &g = 2(x,])




. ea®

= on -

: p,rld

mz_| % ¢

M[Zsl =m M[Z m'lCZ———“ = R(S—p) will be considered.

 pefinition 20 Zi is a weally statlon°ry u’cochustﬁc process if
W

M2, = m . R(s,p) = BR(s-p)

(the mean is constant while the coveriance function depends on*y on

tne difference s- -p) .

(e

P

efinition 2 20 tilefcalls niorn ofsthel process Z,s denoted by fie s

Wz | = hullz -a|2]}Y/2

Definition 2.3 The stochastic process Z_ is called differentiél Sl

s
the quadratic mean in D if
3 Sin: ° S Al 5 s 5
p}g@ou —~—§———ﬂ exists and is unigue.

Definition 2.4 Let Zs be a process with independent in reases, f(s)

such that | f(s)\zds >

‘Then 2 f(tm)(zs = "~} exists snd is uniquely defined.

m m m—1

The random variable equal with the linmit of the sbove sum is called

stochastic integral,(the summing is done after the division of the
interval). '

vie denote
S flchdz = .
T s
With the above defanitions,the bilocal problems for linecar differen—
tial edquations of the sccond degree with nonhomogencous stochastic
term is introduced
2
a =20, 2 /
== bei (e, g eIl D et )]
asz™ ;
: Z(Osj) = Z(lsj) (2 1. 2)
"1th ‘e(x,j) a stochostic process with continuous oo meter for vhich

s




}

g

g[?(x,j)e(y,j')] = égﬁg (white noise) ,associated ﬁo problem (2.1.1)

" pheorem 2.5 The solution of problem (2.1.2) is an unbiased estimator|
/____—.-——-——
of the solution of problem (2.1.1). AW

?roof We formally solve Uroblem (e 2) negleeting the nature of |
=

e(x,J) -Hence,by using the reasoning followed for uOlVan problem
2 1) (see {1Q] )ywe obtain

e el 3

7 x,j)?S G(x,y)(p(y,j)+e(y,j))dy=g G(x,y)p(y,j)dy+& G(x,y)egy,j)é¥
w9 : 0 )O - 2ok o)
with G{x,y) Greeh's function from the solution of problem (2.1.1).

1

Since & G(x,y)e(y,j)dy has no mathematical sense,e(y,j) being much
0 ’ -

too iregular for integration in any sense,we define

L :

SOG( y)ely,iday = &OG(X,y)dV(x) o w ()
where v(y) is a Wiener process ( a gaussian process with independent
incremehts  ywith #lv(x)] = 0 and Dz[v(xﬂlé % Jl=ee IS )%

Hence the solution of the stochastic bilocal problem is
; s i e ! ,
Z(x,3) = SbG(ng)p(y,j)dy & &OG(Xxy)dV(y) ' (olass)s

From the properties of stochastic inbtegrals and of Viiener's proce
it immediately results that

: . : ,
- I\_& G(x, *)dV(y)l = 0 hence MK?(X,3)1= % G(x,y)p(y,d)dy
: 5 0 :
and with it | i
m{z(x, )]
' x
Lemma 2.6
, o - o :
I\I‘—ZZ (" .).\ = K o : X7 3 1v1 2 2 g 2 2 - —~ -
N2 (xy3)] =) G(A,y)p(u,a)da\ 3 G (s pay Sadoa)
e o 5 s T30 : .
froof From the properties of stochastic integrals and of i/icner's é x
drocessessit is kmovm that . _ : : %E

*: Lg f(x)av(x)] = o i

°
\ (i
L]

B 0

P ERTR TN

LA
<
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psing these two relctlono and the result (2.1.5),usins 2 roubine

cclculus formula (L{1.6) is obtained.

2.2 The efficicney of the method

§ 2.2.1. Numerical eveluation of the stochastic integral

i
& G(x,y)av(y).
o}

The use of the method presented in §2.1. nceds mumerical evaluation: ;

%

method,for the stoéhastic integral & (x,y)dv(y) from formula (2.1, 5)%;

o
of Z(x,v), that will be easily implemented on an ele ct“onlc computer.
Hence we give the follon*ng

Theorem 2.7 If G(x 5, 7)p(y,3) € €3([0,1]) then

—

g Eied eniS s SR n3
2(x3)=]__ (b8(x,in)p(ih, §) + 5 S=(G(x,ih)p(ik, 5)) + &- =
= i ; &

52 ' = :
X 5;7(G(x ,ih) p( 12 ,3)) + G(x, 1h)h11 + %iG(x’ih)Nzi) +

o) Op(hz) - (2.2.3)
vhere h = 1/1,
Eisd )b SRt :
By = g av(y) ~ N(0,h) (random normel varia ble of mean 0 and-
’ g variance h),
(i+1)n '
Hone g~ (v_wh)av(y) ~ K(O, n3) (normal random variszble of mean
£ ih

0 and variance (2/3)h3).

224 0(h?) means here pimg (1/h‘)0(h2) =0

i

e it o o
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,3292_.We use a demonstration technique suggested by 1111 .FProm the
yqotheol .of the theorem,it results that a Taylor serles can be de-

veloped around point (x,ih),the functions G(x,y)p(y,J) and G(x,y),
fptaining : = 2 :

u(y,;)o(y,g) =G(x, 1h)p(1h 3)+(y—1h)3-(G( ,1h)p(1h,3))+ (z %El— X

2
x 2-5(en,in)p(in,3)) + ofly-inl®)

3}’
and

6(x,¥)= G(x,1h)+(y- 1h)--—a(a ih)+ (E'—%m— ;—-G(x 1h)+0(\J—lh\ ).

y
gonsidering the divigion of the ihterval [O,ll given by step h,bdy
:approximating the dntegralsl from(2.1:5) through the corresponding
Ricmenn sums and replacing functions Glx,v)plv,3),2nd recspectively
€lx,y) by uvhe above developments in Teylor series,formula (.21 i
obtzined with the round-off error

L - ()% ; _ |
g o(\y-in\%)ay + X () y-in|2)av(y) = 0(n?) + 0p(n?)
ih : ih

(for details concerning this assertion siees Tl &8
There remains only to eveluate the stochastic integrels

(S oy _  (i+1)h ‘

b = &-_ih av(y) Ny = %ih (y~ih)av(y)
(i+1)h o
s = & ; (y-fih)de(y)

ih
By definition znd from the properties of stochastic integrals,(seed'
eor 15 ),it results tha

iz = LD
o), Wy H(0,h3/3) , Ty, o OP(h ) with M[N,N,.] = n/2

s

Zased on theorem 2.7 follows the calculas of the number of operations j
noeded to estimate the meon I A,g)] tgklnp into account the follo-
wing work hypotheses
&) 4pe order To: [avoidiihe 1Dpéﬁ1bién: OFf heevallEvion of
Clx,y)ply, i) en@ G(x,y) these Wikl *be jaone*only ‘once Eortwhe networi:
Hodes,and will be stored in the corpesponding vectors ;

3). we consider omly multiplication-divisioh,since operction of addi
vion-—smibtraction- eon venecleected Trom glhespoint o yiew of ke con=

.
A O
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puter time 3

¢) the generation of a single normal radom variable Nl or N
peeds the time necessary for one multlpllvatlon—d1v151on.

21

Hence the number of hecessary operations to estimate the mean
[z(y g)l,under the work-hypothesis a) - c¢),based on formula (2.2
is the following = : :

2(I-1)(2N+7) + 1 operationn
vhere N is the selection volume needed to estimate the mean of the
process Z(x,3) with a given error €¢>0 and the probability 95, 45J.

- Refering to the efxlclency of the method presented i S 2, l we
remark the follow1ng

a) the stochastic edquation (2.1.2) can be easily solved by means‘of.
an analog computer filtering a given stochastic process,with a
filter with differential operator (see [6] ) ;

t}

b) *he stochastic equutlon (2.1.2) has also a known physical signi-

of a harmonic unidimensiona2l oscilator,without friction,under a
rendom impulse me(x,j).

§ 2.3. The algorithm

The EPSD algorithm estimates the solution of problem (6.1) in gi—
ven point (XQJ) using the differential fllter for time series from
g 2.1,

The stens of the el*ort“m (ezsy to program in 2 high level procream—
ning language for an electronic compvter) are the following

EP3DO Data input,initializations,

Inpﬁt data read

h — the sten of the netw ork Ry

T - dimension of the network Rh'; ; i

X ~ the coordinate of" the poift level j for which the estima—’
tion is needed : :

7 A i B :
g X:.;)Qkfra)::a‘:Z\F‘\-d.J)U(.:;J)):g (G (-\1.1) (.;73)):,5‘5;17( '95) =

external functions evaluating on the basis of formpl-e

~-
(<l
o

: ‘<‘1

ficance ;3 it represents ILangevin's eduation governing the movement|

e e e S L N et el i e WOTRETIE L R e s RS b AT I A T
e R R M 0 Y T T T S ST T S T O T O G ST AT T I TS O IR T WO HH A N YT R R T

RS S




EPSDT. .

- Based upon external functions,the vectors are eveluanted and

If WRGEN ¢ N-then HRGEN +-— NRGEN + 1 Yy L a1

If 1{I-1 then i 4-- i+l,z0 to EPSD3 :

=izga

Fiﬁcn B S 2L 1 :
N - the’ selectlon volune upon Z(x,j) to obt 2in a siven €130
0 with a probability greater than 95,45%.

R
Initizliazition of

SOL 4—- O NRGEW 4—— O.

loaded

G, (i) e— G(x,ih) Gp (i) e §§G(x,ih)

_ 51 il
Go(1) <—- h"(n,ﬁh)p(ih,j) G4(3) 4-- T- ——(G(x,ln)p(lh,y))

G4(;) A ~—§(G(y,nh)p(1h,3)) for 1:I,I-I

else go to ZP3D6.

The oelOCblOn vqr;¢bles V and V are generated upon hn

-~ UA

random variables ? Nyg and J ( for the generation alsorlthm

E I OR -\ A R

see [13] ) ; - S ST R
We compute : :
SOL «—— SOL+G2(i)+G3(i)+G4(i)+Go(i)V1+Gl(i)V2

’

go to EESDZ. ,
SO0l @ SOL/N- .
The result of the algorithm is listed,SOL (estimation of

the mean of Z(x,j),solution of problem (2 1.1)).
SnoE. = e

g

e i g i
R O R TS

o Ry e
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Chapter III

A hydrogeology problen

In the hydrothermominerél deposits,the propa tlon by fﬁltrutlon
of the interaction of the hydrodynemic active water particles, the- A
propagation by convection and by conduction of the heat and the pro-
'Pantion by hydrodynamic dispersion of the components concentration -.

the fluid mixture of the hydrodynamic active water respect the
adeﬁuﬁuE'dllfH°lVit“ equations ( see [1] ),which may be zccented
for the great majority of these deposwbs under the foruulae

it sthe hydravlic diffusivity’ ol : . :

&

: e

f : }{dlv crad H + E_ ‘ : - . (3l )

-  the themie diffusivity

N gl
Q%— = ?\d verad P é%g ¥ craa 7° 2;: (2.2)
L e L '
—~ the dispersional diffusivity
e Chcve Tt '
5E.3 B divgrad ¢ - i grad C + m_ : (3.3)

where v = -X grad H represents the ?1Wtra ion speed expressed,accor—

ding Darcy's law,throush the product between the hydrauvlic conducti-
bility K and the piezometric charge gradient with .changed sign,-gradi;
_ D H/Jt and divgrad H,3T°/ Dt and divgrad 2°,00/2d+ and

divegrad C represents the local derivative and the lszplacian of the

< - o : :
Pieczometwie charze Hotenperature T and eoncentrezbion € 3

]
)

J{,’f.fnd S represent the hydrauvlic diffusivity cocefficient,

the temperature diffusivity coefficient through the rock and water -
stored,and the dispersional diffusivity coefficient j;
3 amd e menese . Ulle. epeeidic mess snd nemely the specific

dy7 t
?.and c re§resent thiesspeeific macs and the specific heat of
the rock of eficace poro
+2d T° end grad C repre

ent “the Lempercbure gradient hemels

“he concentration gradient.

Row 1D H/ Qze= B

3
]
(@]
av)
t
=
>
Q
B
(o34
&)
il
@
ch
=)
0y
ch
e
1))
)
(@)
=
H
(@]
)
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diffusiviﬁy;the equations (3.1) ~ (3.3) are reduced to the formulce

: 2 2 w
“g = §L(3—§_+ Sy L -
v

o Ry . . =
01 B L0 el By SiCip-OBRR AR AT Ll o
X xS Ayt SE . 9XE  AY A g
S i ) 2 : :
00 prd 0 5 0 Oy B el OC  AH MGy T . o
SR e B T S it e

with initial and limit conditions of Dirichlet type.:

With the programmes elaborated in the high level 1énguage FORTRAN,
rolled on a computer from the University of Bucharest Computer Centre
( the FELIX C-256 and TIIB 360/30 ) and applied +to the data provided
by the hydrothermomineral fissural system of the Biile Felix - 1 Nai
c¥cuaceous limestones,I obtained the following results

lasted 2lmost 30 minutes time computer on FELIX C-256 and 50 minutes
‘on IBM 360/30 ;

r.2) the zpplication of the method from the second chapter involved
a nccessary of memories at least of the three times bigger then the
edecuate Monte Czrlo method ( chapter I )

.2 7 teking into account the very short Ilarkov procecs. trajectory
( corroborated with the observation from ¢ 1.3. 3're9afding the veri-
ance minimizing ) the solutions'variance obtained through Monte Carlo
method setisfactory,imposing no more the use of the seguential

was
nethods (- see § 1.2 ) or the variznce minimization techni :
z.4) ihe Monte Carlo method proved to beunuch fas almost one

‘hundred times,then the classic numerical analysis ds regerding

the estimation in one point slone,of the schemas (

L»J

3146 )i cs olia o

but in the whole,con fideriﬁ; that,in this case,we

o

()

h
-eéded the cchena
solutions ih 469 points,and that the Markov process tr

=)

jectories viere

]

not memorated in view of & mulbiple use like is sugges

ted by a technic.
f£ron

o

[IS},uhe time reguested by the Lonte Carlo method comparctively

41 Sty ; . D AL
the methods from chapter 1T wos secuasible hishieradl

The method resumed in this chapter,new angd orig inal by the corelaw

4.
“ed study of the three fields ( hydro geologlc,hydrob“ermoulnfmic and
L : .

S0 rochenical ) 2

) ey
J

- 3 - A9 o« = St Y G 5 L)
eLl Tmigi Dy sthemised noshehetie

2

W

s

r.1) the schemos (3.4) - (3.6) applicetion for a number of 469 points:

AT SRS

= STl e :
alimost Sihwee . tites )

e SO

e

A L

e
bievhele 5

R A

W ey




— e
ying to the specialists practical activity in the resen
ation of the undersround mineral, thermal,drinable and industrial
paters fields,contributing to thes activity growing efficiency
+o the enlargement of the Precision degree of the reserves

rch and rev-lu-—

ond :
determined,

e/ e
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