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O. fntrocluct ion

rhq present workrbased' upon the l ionte car10 method. and the statis-
tica]. study of t i- 'roe seriesrd.evelops origi_na1 mlnerical nethods for
solving the noixed problen for parabol-ic partial di.fferential eoua-

.'I!

t ions :

In ord.er not to overload the forrnulae
consider only equations of the type

4 * = - ? 3 * * r
. ar ?,x?

u ( o r t ) = o = u ( 1 r t )
u ( x r o )  =  u o ( x )

Tbe fi_rst chapter presents
for solving the (O.f) probl-em.

and 'the d enonstrations l,I,e

o < x ( 1
0 1 t  g t  ( o ' 1 )

origi a121 idonte Carlo. nrr,"oerical techni cs

gives tv,'o algori-ilr-r.ls,
so lu t  j -on  in .a  g : -vcn
u p  i n  !  l - . 1 - . r r - c 1 . 1 : . c -

Slmthesizing the resul.ts of L? ]r[ lZ] vie present in the fi-r.st part
.of  S 1 '1 '  var lous fami l ies of  schemas with d. i f ferencesr in order then
to bul l t  upron the basis of  technics used in t3 l r [  , ,  l r t  g ] r"  n"" i " ._bility raodel rvhich jolns to each family of s'cheila a l,;ar.tro.,, ,u=i*t"rrt
process ( there aTe given the states and. the transiiion prob"b;;;;;"j

on the ground' of these processes we buirt up unbiased.- 
""t:-"io;-" 5o f t h e ( o . r ) f i n i t e d i f f e r e n c e s p r o b l e r : l s o 1 u t i o n .

Fl ' ' ie  study the stabi ' l i ty  condi t ioqs of  . the est imatorsrmean and the l
eonvergenee to the anal.ytical- solutj_on.

lhe S )-.2. paragraph introd"uces iterativ€:,sstrsri]4s of sequential
I ionte Car lo type.For each fani ly of  schemas' is given the i terat ive
nrethod and is stud-ied the vaz'iance and ihe col.vergence speed.

The $ I '3 '  paragraph stud' ies the e{f lc iency of  t i re or ig i .nal  Honie
Carlo method frorn three points of  v iew :  The select ion voh.Lne necces_
sary in obtai-ning a given error ; the average nr:_mber of operatlons
in order to est inate the f i -n i te di f fe{ences solu-t i -on I  minirrr-r r -ng
npthod.s  fo i '  v l - i r i  anco r rs t . i ' na to rs  .

'  
The l.ast paragraph of the chapter ( S f.4. )

EPI, .C and f lphiCsrfor est imat ing ihe (O.f  )  prol : lcm
point  ( io,  io)  using ihe } . , [o*te Oarlo i : ic . t ] rod l_.ui , l - t
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est imator var iance of  thc (0.1) problem solu-
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The second chapter develops original nunericar methods'for solving

the (O.t)  problemrbased upon the stat ist ical  stud'y of  the t ime ser j -es '

Af ter the t ransformat ion of  the (O.f)  problemrubing the l ines me-

tbod (  see  t1 ] ) r ia to  a  b i loca l  p rob lem o f  nonho.nogeneous l inear  d i f -

ferent ia l  eciuat ion of  the second d.egreersome f i l t rat ion techn- iques for

t i ,oe ser iesf  enabled us to develop in $ 2. ! . rstartrr lg f ronr.  the resul$s

; ;  i5 l rL  6 l rL lo l ru r r  o r ig ina l -  method fo r  so lv ing  the  b i l -oca1 prob lem

for l- inear differential equations of the second. d,egree vrith a stochas-

tic nonholnogeneous term'

We also demonstrate that the so].uti-on of this prob]-em is a time

series an6 that by imposing some restrictions upon the mean of the

nonhomogeneous stochast ic teylnrthe mean of  the t ime ser ie converges .

towards tfre. (0.1) problen solution.

In $.2.2.  we study the ef f ic iency of  the di f f 'erent ia1.  f i l ters me-

thod fo r  t ime ser ies  in .so lv ing  prob lem (0 .1 ) r f rom the  po in t  o f  v iew

of the operations nurober need.ed to estimate"the sol-ution.

fhe last  sect ion of  the chapter (  $ 2.3.  )  presents the EPSD or i$ i -

nal algorithrn fgr estj-mating the (0.1) problem soluton i-n a given

( ior . io)  pointrbased on the t ime ser ies di f ferent ia l  f i l ters method-

introduced above.

the paper presents conparatively the results of

the first and. the second- chapter applied to a
the 3rd chaPter of

the nethod.s given in

hyrirogeology prob1-em.

It refers to the forecasting of the behavioirr

t ion of the hydrothennomineral f issural sytem of

during the exploita-

the cretaceous lime-
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stoBes of 'BErile Felix - t hiai ( Romania ).

Based on the mathernatical - hydrogeologic model from [ 1 ]r I ufl lo-

r:rted. a paekage of prograiames for solving the planes parabolics equa-

tions syten vrj-th nollz.eros inj-t ia1 and Umit conditions of nirichlet

type whictr- describes the conservative and nonconservative hydraulif t
d.ispersj-ona1. and therrnic d.iffusivity of a hydrothermomineral f issural-

eJ  5 t  em.

The .paper end.s by an interesti-ng eomparision, from the

of t inre coraputerrnemory and accuracJlrbetvreen t):e ir.ethocis

the f i rst  ivro chapters of  the pc!per. .  .



r
The probabi l is t ic  model ! [4- ! iaEed est imators.Moments.

Errors.  Stabi l i ty .

,i Tt

In tb.e following we consicler only ndts wittr cartesian eoordinates

rvi th constant stePs

L,et be the fie]-d'

D = ( O < x ( 1 r O

and. the net in D

R *  =  
\ t i n r S t ) / i = o r l r . r r  r  i = o r l r . r J ]

vrith tbe steps A = l/I ancl k = T/J.

lYe clenote by u( i r j )  the exacte value of  the (O.f)  probl-em solut ion
j-n the node ( i t r r i t<)  of  the net R* and by u( i r j )  the value ln point
( i ,  j )  of  a net funct ion Urd.ef ine{ on Rnn.

Derivatives au/O t and Azd tx2 are expressed. as furrction of the
eentered d.ifferences a*rafira| and. the following fdmities of scheraas
vrith d.j-fferences depending on a paraneter rta* are considered.

I

a) the scheme with d.ifferene'es of two 1eve1s with six points
- r  n r :  j - 1 )  =  aa fu ( r r i )  +  ( r - u . ) a fu ( i r i - 1 ) . +  F ( i , i - 1 )otu [ ] . ,

U ( O r  i )  =  O  =  U ( I r  i )  O

u ( i r o ) = u o ( i h )  ( j . ( J .

b) the scheae with differences rvith theee 1-evel,s
b,1) s;nnmetric of nine points

(  1 . l _ . 1 )

I

r

I
t.l

1

aafu( i, i ) + ( I-za) afu( i, i-1) + aafu( i, i-2) + r( i, i-1)uiu( i ,  i -1) =
o ( i
2 ( j

br2) nons1rmnretr ic of f i -ve points
dtu( i ,  i -1) + arca?u(i ,  i - t )  = afu( i ,  i )

o . (  i
2 ' ' (  j

both, r'rith limit and. iniiial- cond.:-ti-ons
U ( o , i )  =  o  =  U ( I , i )
u ( i r o )  =  u o ( i h i

(  1 . 1 . 2 )

t . .

I
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$
p
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6

( 1 . 1 . 3 )

\YC
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dfo( r ,  i )  =  (u(  i ,  i+ l )  -21J( i ,  i  )+u(  i ,  i -1  ) )  /k2 . ,T( i , i )  ={ ( ih , i 'S jk) '

1,e t  be  a  } ia rkov  process  [ " * ] r=O ,L rZr . .  
w i th  the  se t  o f  s ta tes

s  =  [ o , r , . . r t J ' ;  l o ; i ; . . , J ]
def ined on t t re  f ie ld  of  probal i f i iy  (er l t rp)  vr i th ' "

[  =  S  x  S  x  o . .

J (  = 3  ( s )  o E t s )  o  . .  o
r ( [ s " J  " l " r ] "  

. . .  * l = *Jx  s  i  s  x  o . .  )  =  i n i t . p rob . ( so )9 "  u . . . . e .
.  

' ,  
\  " t r t " t -r i ,hbre (q- c )  are the t ransi t ion probabi l i t ies of  the.process (  t f re'  " i " j

existence of P is given b;r the theorem of proba.bil i t ies. on prod.uct

spaee )  and " in i t .prob.rr  is  the in i t ia l -  probabi l i ty  of  state so.

lye d,enoted by t"*_r_"* *i l" vreight coefficient oi tfr" I i iarkov pro.cess

trajectory lvhen this one 1s passing from state sn_l  to sta. te srrv i i th

*o= ( io , io )  the  po in t  r ' , ' here  t re  es t i ina te  the  so lu t ion  t I ( i , i )  r . r rd  rv i th

f  o  f o : t z m =  ( o r i ) v r r f ( r r i )

I  uo( ih) "  , ^ =  ( i r O )

*  |  " ; ( i h i  
+  i< (u [ ( i i r )  +  f ( i h ' o )  )  "  " ^=  

(1 r1 )  ahd  scheraas  ( ] " ] . 2 ]
F -  = l  v  v  r u  

, ( t . 1 . 3 )

|  |  
t ;E roF(  i ,  i - 1 )  f o r  schena  (1 '1 '1 )  I

l l  2 k  n r . . : - r \  r r  '  t - t  -  ^ . L ^
I  {  f iaaaF(  i ,  i -1 )  , '  ' t  ( r  . I .2 )  |  ro r  

"m= 
( i ,  i )  rv i th  o< iq r

|  l< i r<Jl l '
L Lr;afzaF(i '  i -1) , '  '  (1" '  'JU

i,'here l, = k/h2 .

Thenr lve def ine the' t ransi t ion probabi l - i t ies and the vreight coeff i -

c ien ts

fo r  the  fami ly  o f  schena (1 .1 .1 )
; .

(i,_r,J) q, (i,j) 1z (r*t i \
l :4,- '- '  '  - 

7l l-- ' 'J 
'

i :_ qr^ 
./l \- r od

! - / l \ - !
.  - /  t :r ' /

a . t

t  , / t  
(t- '- \d 

I r- t-1(t,*\* \  { \a-qrv\

' -r' a r-).rd | ; \+ zo'q'- \it*i; z;o !

!  - /  
13 \. .2c'x 

|  
11 

"\+ .qq- *--- 
!

( ir t , i_t)ti;1,1-r) ti'1-r)
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the faro i ly  o f  schema (1.1.2)

( i ,  j )r , q .

I
tr

b

-1)

c

-1

T.
t
I

I

t .

I

!
I

!

,j

!i:-t,il
2qo( T

tr-1' l
' t

t
I

r . 2 q a

1-^ {+ \o-d

/=:-'U-z^\s,
-,5= -11"*

t+\q4

!- 1e-3:b
.-- -*1>;.--1:l:*

tr

-\({- ra)"c
\ + \ q D (

* 't-\qd

1. {*lq<

{

1 r

f r  r -r - t  I

fq45
4r 6

----x
1) Qol,i:t)

1s

I

I

I

I

lq<

r+\o,<
,1

:-
18 {* \ cr{

1: - r ,1 - l )
- - 1 : - -

t ' :  r -  )  \* * , . !  - )  .

f or the fa.-rri1.y of schena . ( 1 .1 . 3 )
' t   J  

, l  i r  J \ ,tt -- ll 
) 

-. i ' ti-r-3 )
! ^ q \ J i "
t ^ I I { o(! i^ a,*q-t-Zr{. I | ,\- -
t  I  I  t z \+e . r2o (
I

I

t
t r !

!  I :  I  ,  t * Z c .
r  I  q l  + -
. .  J  \ r l  \  r r ^ r ' ) - ,  l

Ir f *

l i  r - r  \

_ l'1

l

I

!
x:

On

fanil.y

rough

thb b;,sis of the r, ar.k", ,:":":= i rf -r  m l m
of  schemas v r i th  d i f fe rences  (1 .1 -_1)

cst i  nr , , . tor  l , ;  of  -bhe solu. t ro;r  U( r ,  j  )  ,

-x

a i tached  as  above  to  the
(  1 .1 . l )  , r , i e  cLeno te  i he

i
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t
r
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{
;
*
F.

k
I



$i'
t!.

. l

i i
f i; l
I
I
I
I
Iw

wberd n = rn:-n[

Using

Theoren

equal to

Froof

o"a-t"a =?ro + vuour*] .

m,/ z^=(o,  j  )vz*=( r ,  j  )vz*=1' ,  o) [  v?*=.(  i ,  1)
o f  s c h e m a s  ( r : r . Z )  a n d  ( t . 1 . 3 )  o d y ]

these notat ions we give the fol lo lv ing:

1 .1 .  The w es t imators rmean conCi t ionated  by  z^=
t he  U(  i ,  j  )  schemas ,  (  1 .1 .1 )  (  1 .  t .  3 )  =o f l r t i o l .

-'tF

for the fa.roily

ur i th  O1 i5 f  r .
Or( j.( J l

( i o ,  i o )  i s

i lfrdzo=( io, io)]

\--

4, * L- * l"r=s/zo=(io, io)] t" 
"-Irrfw- 

/r-=4 .o Q ,  
f f i  

'  -  - o - 1  . l -  1 - r
For t i re fa-mi l .y of  schemas (1. I .1)

\ " lv t /zo=( io ,  io{  =r ; *uet ( i ,  i - l )+o. rv( io ,  jo) ,  ( io-1,  jo) I , i [u , . , /  , !=( io-1,  jo) ]  n
)

+qev( io i  io )  ,  ( io+1,  io )H l * r / rL=( io+ l ,  io ) ]  *q3r ( io ,  jo l , . ( io - l ,  jo - r )  x

x r i [w1, /"L=( io- l ,  io-r ) ]  *a4r( io,  jo)  r ( io,  jo_11ru[wr l21-( io,  jo- i ) ]  *n,  x

*  l (  io ,  io)  ,  (  io+l ,  io-1) ] '11wt/21=( io+1,  io-r l  =

=ufaF( io, io-1).r;?k, @lwt/7-=( i
+rilw y' zr= ( ioi r i ; 5 I ] I *!f:"X 0:,l* u/ 2.., = ( i o-1, j o-r )]
. l=if*;*ot lr,. / "r=( . o, j o-r )]

Associating ihe terns conveni-ently ,and. talring into accopnt ihe for-
nuJ.as of d"* a"nd af ,1'/e obtain

ag.[q/rL=(i, i-t)] =aa];lw/zo=1io, jo)] *(1-a) ur;t lJrtz.,=(i, j_U] *r{i. j ,r)
comparing the above relation l';ith the farnily of schenas v,.iih d.if-

f c rences  (1 .1 . i )  we  f i nd .  t ha t

\ - -

". "k 
Plzt=s/zo=(io, io)] li[v"

1  J ' \
g- r  r  r Jo , l :  +

+tt \vr /21=( io+1, jo- l ) ]  )

r r l - '  .  - \  ' - i  t
.  u t l o r J $ J  = E t ' l w / z o  =

The clemonstr .atron is a. lso srmi lar
f  r  ' l  n \  r t  -  ^ \\ * . r o 4 , /  t I . I . 3 ) .

The nonents of
l1o.tor lo jc l lcoir ,s

l .  .  r ' ' l
\ a o r  i o / J

foz'  -bhet ' ' f l r i l iuu 
of  sche:ras

X
the rough estimators r.,r sa_.tisfies schca::.s of ]rarabo_

J -  ,  . - . -  r '\ ' r !  i _ r u - .

2s'
t
{
8 / -

N

t . -
;
t

1-
{;

!r

t

I

t:
t
I



In order to sinPlifyrt"ie

the e.c-uations verif ied for

We denote bY

Using thisrlve

f h e o r e m  1 . 2 .  * F o r
F---?i-

( 1 . 1 . 1 ) , [ 1 2 ( i ,  j )

d i f ferences

7 -

consider onllr the momentr.un of order two,
the. high nonents being obtainecl simil.arly.

t
it

. . J
t
t

I
. f
. i

I
7
I

:
j

rum(i, i) = M[o/o/ io=(i, i [  r]
give the fo1torving

1r est imator assoeiate to th 'e schema with di f ferences
is the solution of the fani'y of the schenas with

I iz(i,  i)=(r;5r<) 2p2(i, 
i-1).r;EfaF(i, j-r) lu(i, i)- r;feiF(i, j_r)] +

* dl(r;Ha)'rr'(i'r; j)+ul1u?la) 4;,2(1+1, j)+ulll+;t5; ,ror(i-l, i-rl +
+ ui,t;Alil'"', i+I, i-1).alr'1qf*;**t z*,z1i,j-1) .
v.'ith lirnit and initial cond,itions

.  Ivi2( i ,  o) = u3( ih)

t u 2 ( o ,  j )  =  o  =  t t 2 q r ,  j ) .
For w est imator associate.  to the schema rry i . th di f ferences (r . r  

"2) ,u2(rr i )  j 's  the solut ion.  of  the fami ly of  schemas with d. i f ferences
u21i, j)=(r i f"7) 'u' i i ,  j -1)..r; f*oF(i,  j - l) [ut i ,  j )- rr i far( i ,  j - l) ]  +
+ 

ii 
( tf ?$a t 4t2 t' -r' j ) *]- 1 rf ?fu ) 

2u2 (i+1, i ) *]- 1?(1;#lo I zaz (i+1 I j-1 ) +

+ =L13$; 4?-.*l2y;2(i, j-l)*J-r ?L!=?zl4,tz 
o3

+ 
Uit--ttA;" ' 

d;,--I+a-* 
)-M2(1+1, i-1)+i;(r*3?5a) \*2ti-1, i-4

* :L(t;f3-S'rr'(t, i-.2)+iL1r#gl) ,rrr(i+1, i-z) .,7 a6 * ' - ' . * -

For  w es t imator  assoc ia te  to  the  schema wi th  d i f fe rences  (1 .1 ,3 ) ,
r ' i2( i r i )  is  tb 'e solut ion of  the farni ly of  the schemas vr i th di f ferences
u21 i, i ) =( r;f;za) 

2s2 (i, j-1) *r;$fz;r,( i; j-1) [ot ,, j ) - uafzai, ,; ,_rrf +
+ f-(---o-*-) 2i,:21i-l, i)+=L1u#za) zwz(i+r, il+(r*liftr 2w.2(i, ;-r)- *Q','r+a+zer' 'd,2 

*3

* .L("-=3,--) 2lr , t2( i ,  
i -2) .;  

' 1 + a + 2 s t '  \ * ' ' J - ' I  '

"4
The last tr,,,o equations have limit

, . 2  ' ,  . )
l ' . - (  i ,  O)=u5( h)

O . ( i _ < I
o r ( j g J

and.' init ial- cond.it ions

;
t
t
T

f
I

tv
t

t
i

t

I
t
I
I

I
I
I
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I \ i2 (  i , l )= [u

g ? ( o , 5 ) = o = s ? ( I , i ) '

Proof

E2( i, 3 ) =11[{i, *rruo"r*l) 2 /, o-(i-o, 
jo)J $lo*z L

seS

r f t

=(  i o ,  i o ) ]  x

) :vs . " - i , r [ ,n , , / " t=" ] i ,^* [P|z '=s/ ,o=( i , j | '3o" ' ,o [ * f /u .==] .9 o t 1  L r - r - - o o s e s L r e o o " 1  L r

For the farai.l-y o-f equations (1.1.1)iusing the tech{iique of the d.e-

monstrat i 'on f rom theorem 1.1.  as.nrel- ] .  as ids resu3-tsrvre obtai-n the

inni t ia l -  faroi ly of  equat ions wi th di f ferencesrof  schema (1. t .1)  type

i'; i th a more comp]-icated. nonhomogeneous term ( in its calculus enters
a l -so  the  exac t  so lu t io t  o l  schema (1 .1 .1 ) ) .

The der.ronsiration is si_nii larly fo:' the rv esii-mator associate6. to
s c h c m a s  (  1 . 1 . 2 )  (  1 . 1 . 3 )  .

x
any scheroa for rvhichD_gfini tron l- . .3. I t

exists the inequal i ty
is  ca1led stable schena

1 <  j . (  J

. r U ( I ' i ) ) ,

j )  )  ,

and. k,

- f -  |x lzL=s/  zo

w h e r e  U i r u o r F i  r e p r e s e n t s .  t h e  v e c t o r s  U i  =  ( U ( 0 ,  j )  r . .

u o . =  ( u o ( h )  r . . . 1 u o ( ( r - r ) r r ) ) ,  F i  =  ( r , ( r r - i ) r . . . r g ( r - 1 ,

It i t and Ii, being positive constants non-depend.lng on h
r , f i t r r ltl . tl6l) rll . l\ are any llorns on the straturn.

1'/e cal l  a cond.r-t. ioned stable schenlzra schema of vrhich stabil i ty is
eondj - t ioned.  b l r  ihe ex is ience of  a  depend.ence betvyeen h and.  h .

lYe call  an absol.uie st@s schenSra schema vrhj-ch is stable for
any h and k.

!:/e d.enote

V

and lve have

T h c o : ' e n  1 . 4 .
c o; : ,1 i i ion,ed.

v.- f L

tt uift(r1 ( url\uol\ + nI, Tii. .tt*i '\1 (  j r (  i

rnax'  
o l t g n  u t - " t * l

the follov'ring

l , ' -1 , : t  /  z  = ( '  '  r - ' l
L .  ,  o  . 1 o r J o / J

s iab] -e for

and by tr' = rnax
o ( L s  n

i t ssoc ia , te  to  i hc  schc l l a  ( f  . f  . f  )  i  s

F

by

o (  a
In  th : -s  c i . : .se d ver i f i .es

1
' 2
'Lire inequa.l-iti '
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I

9 -

\tlw/zo

for

r;lv/ z
t:'

,  t {v /zo=(  io ,  io) ]

f o r  a )  0 .

= (  i o ,  i o ) ]

1o ( ( r( ZTT=Z;T .

assoc ia te  to  the  schema (1 .1 - .1 - )  i s  abso l -u te

1a t r f r .
= ( i o ,  i o ) ]  a s s o c i a t e  t o  t h e  s c h e r c a  ( t . 1 - . 2 )  i s  t L b s o l u t e

stab]-e

^ \  ] .* (  -T

assoc ia te  to  the  schema (1 . t .3 )  i s  a .bso lu te  s tab le

stab1e

proof that

; c h e n a s  (  1 . 1 . f , )  -

nu".ll limit

I-roof The theoremr s proof requi res tlo stages

i lsterrility torvard.s the right ter:a ( *e demonbirate al*/?o=(io, jo)!c)

for  rv associate to the'  nor i - i r*omogeneous schei las (1.1.1-)  (1.1.3) vr i th

n:ul1 l.irait and. irritial. conditious ) ;

2) stabil ity toivard"s the init ial conCitions ( lver1l.

i i . l ' ; t /zo=( io,  jo) i  < "o for  w assoclate to the omogeneous

( 1.1.3) r ' ; i th nonzero in i t ia1 condi t ions )  .

1) Let be a nonhomogeneous schena vrith dj,fferences

and . in i t ia l  cond. i t ior ls. fn th is case lver] .  have

.  F -  = Q
.L

nJ t\t n .!l

w' = Fu 
o*t"o ",_u 

zr+vs o slvF1 
" 2F " 2* "' 

*t" 
o urt"1" 2' ". l 

t"rr-2 
"r-l-F "r.-1 

(

< it 1+v+v2+. . .avn-l 
'1 

.
:'.'ii;h this 

t{_
I . . | v : / z o = ( i o , j o i l ( L ? ( r * v * v 2 * . . . + V m - 1 ) P | n = n - I / , , o = ( i o , j o ) ]
T ] r c z ' e f o r . g  

v -  r  v - - L j r J

tOr \i':i'*/z o=( io, jo)] <"o,rir_7fi 
,"k,i ."f- 

*o.=(io, io)]. *

-l:rt for t ire fa:nily of scherjla-(1.1-.1-) resril-ts th:rt
F  n  -  ^  i r t

tlvn/zo=(io, io)] =I#Xa(turlvn/zr=1i-I,;)] +r,i[vnlrr=1i+I, i)] ).I];E]hy x

;: (r;[v'] r)_=(1-1, i*1)] nt".lvn/2.,=( r+1, i-1)] ).I]-=;l]: ib9: ir 'o/"r: l;:;: l l

iYE obserr re that  the schena (1.1.4)  is  o f  ihe honrogci tecus schcr , las
(1 . .1 . f - )  i ; ' pc  i ' . ' i - t l :  r o : i : r e ro  r : r r ' ;  j - r l -  co , rC i t i o : s  (  i , : [ r r ' r 7 :o - (  i - ,  C ) ]  .= l )  .

A ;  p } r : i ng  1 ,he  s tab i l - i i 3 r  t heo rem fo r  i he  ' bype  o f  ,  schc : res  (1 . f - . f - )

. / .

re ' i  *ht r 4  v t l

antl then



: , ,  1 0

r r r ' 1  \  t q  '  
+ )  s c h e m i l s r w e  o b t r - i n  t h e

(  s e e  [ 1 z J  )  t o  o u r  ( r o r o t

thcore.,::  1.4. enunci-ation regard.ing the sta-bi l i ty o

c ;esoc ia ted '  t o  schem' i  ( t ' t ' t )  '

Sj.:nri larly for the estimator vr associated. to sch.ema (l-.1-.2) and

{1.1.3) r ' ie put an end. to the: ' ight  term stabi l l ty  c lenonstrat ion of

[ l v : /zo=(  io ,  io ) l  '

Z) 1,et a honogeneolts schema vrith differences r,vith nonzero init ial eon-

A i t i o n s . I n  t h i s  c a s e

resul ts of  the

f  V , f v t / r ,  - ( i  - i  ) l
" O - \ ' O t  t J O . / J

av
F =

o^
0

a\)

Il' z
n n

0 { n ( n - l _

{ Tr/nYf - '= 
vsosrvsrsr " 'vsrr-1s

iTith this

r
ii;lw/zo=( io, iol ( l- iv*rln=m/zo=( io, io)]

Fo3.Lor'; ing a sinil-:rly jugement to sbor'.i ihat

i i, l ' ,u/zo:( io, Jo )] . * +>
Therefore v're noiice ihat the init ial- stabil-ity cond.it i-ons

inpose addi t ional  condi t ions confronted. by the.bnes obtained

right ter:a stabiLity.
x

cond.itions obta.ined through }ionte Car'1-oObserwe.tion The sta.bi]. itv

mcthod ere  ihe  sarns  as  the  ones  ge t  fo r  the  sche inas  (1 .1 ;1 ) - (1 .1 .3 )

i:r numerical a.nalysis.

From the theorens 1.1 and 1.4 vre ca:r  set  for th

Theoreln l - .5-  The mean of  the est imator vI '  associated. to schcngs ( t ; t . t )
(  1 .1 .2  )  and (  t .1 .3 )  converges  to  the  (  0 .1 )  p rob lem so lu t ion .

-
l "oqf  I t  resul- ts inediately f rom theorens l - .1 and 1.4.

The sequent ia l  LTonte Car lo.Conver[e[c l ' .

In orde: '  to increase the-convergency rate of  i ; l te t : ie-bhod. and. to ob-
tain a better approxination of the soluti on .vre introd-uce a ne-bhod. of
i . .on te  Car lo  ser iuent ia l  t ype .

the one of point 1) yie

l r fvn/zo=( io ,  jo) ] (oo

the apirroxi-iii;ation of

l , ionte Carl-o rnethodr-

d.o not

for the

ar
tr

-';hrouCh

: ..-,dr 1-.,"

i ri r: 
'l-,rr

lvr /  z o=( ro, jo) l

the sei:rr,enti  al-

Dcnot

l,jn

l - - r / . :  i \  + t t  .'  { . r r  j )  -  t T ( r ,  j ) 1 , 1 : ' ) ' l  , , ,  / , -
L " l  " o

I. /  .

= ( i , i ) l

t
_t1..', . ..1t.*.***... -



1 1

r*& obtsin iterative schenas of the follolvi r:3 t; 'pe
l - -  -  

4 ^ *  
. t  a -  .  - ^ ^

r.) arGn( i, i-r) = aafd"( i, i  ) + ( r-") uien't i, i- l) + rr '1( i, i-1)

rthere

rn( i ,J-1)=]r f3* an!;Blw/zo=(io,  jo)]+(r-")a$;Pl*/"r=f i ,  j -1)]  +F(i ,  j -1)-
-d*fn[/"1=( i ,  i-1)] ), ;

b . 1 .  )
;iFi i, i-1) = 

"afFr i, i ) + ( r-za) aji*t i, i-1).1,ajuqr i, i-z) +am( r, 
ii1). rl

r,l:ere

rnd i, j -1 ) =lr$f;$( aaf,un ft{ z o= (i o, j o )J * (r-za)alr,l' ftt/ zr=(i, i -1 )] +.

*"alir*[uy' r!=(i, i-?)] +n1i, j-1)-diriln l*/rr=(i, i-r)] ) ;
b . 2 .  )

i'rhere

a].]- of

I{ot

S tquare

I

1 1

-  2  n --aItd.ii'i'- 
l*/ za=(

be v*ith nul-l- 1

b y ' A  =  (  a i j  )
rices vrith d"irn

1
-a(l

T;ze-( r or

*=?35 rl
J-+4ac(

*-:1-- tt
I+".+2

o

+-2(1-. ) *. ' '^*-TTzi=-.-- '  I  Of
J-f z-cr,c(

:1!l;3:)* ,,
I-i-4a. o(

I+2a4 r l
I;e+24

l]:llt ,,
l + . a c r -

?!i;3r)* ,i
l_-i- r+30(

0 r r

0

urF( i ,  i -1)+arcaf imt i ,  i -1)  = u i i * t i ,  i )+rn(r ,  i -1)  (1.2. .3)

the tridiagonal

form

the schena (1 .2 .1 )

f r  i l  ( r . 2 . 2 )

'  r r  (  1 . 2 . 3 )

j= i - l  or  j= i r1

the rest

(  1 . 2 . 1 )

t i o n s .

" i j  
)

f the

i= j

i ,  i - 1 ) ]  )  ;

imit and initial cond.i

, .  B  =  (  b i . ,  )  ,  c  =  (

ension (r- i l  *  (r-1) o

'  the

; i  n r t- . . I )

r mat

lr

fi
Lr

t.' !
. B

&r
*r

l-n

r - J

the schema

i l t t

(  1 . 2 . 1 )

( l . z . z )

(  t . 2 . 3 )

f  I  a  r \
\ r . c . .  l - l

( t . , r . .2 )

(  1 , 2 . 3 )

l l

t l

.t.t

r l

t l

t l

i = i  - l

l_n -unc

or  i= i+ l

- r , . - +
l u J v

t / .



1 = 1

. . t ,

j=1-1 or j= i+l

in the rest

fo r  schema (1 .2 .1 )  ,ue  g ivn

aboveri ', 'e may notice ihat the solu-

(1.2.3) can be f ,oun, i .  out  by so1-.
Proof l '{ i th the notations introd"uced.

t i o n s  o f  s c h e m a s  ( 1 . 2 . 1 ) r ( 1 . 2 . 2 )  a n d .

vi-ng the sYstems

aF' i  = Bin ' i -1 +

rnhere iro, i , i*r i-l, i* r i-r are vectors

I i * t : . , i - r ) ] i ,  f i ' t i , i , - r ) ] i ,
fo r  schema (1 .2 .1 )  and.

c l j  =

'and 
bY

1f

' l ' . :?  la l  n  f

ving' that

i lents on

of  sc l :er : r . .

1-4a(
11zla{A

-a
r;il2e

2att
It4ea
o
o

for  schema

for schema

I t  l l

(  1 .2 .  t r1
( r . e .3U

(1 .2 .  r ) l
(  1 .2  .  3 )J

(1-\\A-h\\)he consta:rt tia-h \Z
[ |

G t

h  
A - -  

, ' l

fhcoren 1.6.  #" is an untuiased esi inator of  t " \ r /zo=( ior  jo)J and. i ts

dispersion is aspnptotically bound.ed..by a multiple of Gn-l.

For the fami ly of  schenas (1.2.1) the methocl  converges geoaetr ical

i*' i-r

wlth components l r ' t i , i ) ] i  ,

for
and

Airy;i = gFr i-l * ci*, i-2 + i*' i-l
s e h e m a s  ( 1 . 2 . 2 )  a n d . '  (  1 . 2 . 3 )  l
j  varies in a1.3- eases betvreen O and J.

Yiith this observatlon vre lrave shifted the problem j-n the '1-inear

sys temr  s  f ie ld . .

Apply ing the resul- ts got by Hal ton'(  see I  S]  t f re theorems 9r1O
and. lerurna 6 ) to ihe above systems we obtain ihe fj-rst part of the
theorem 1.6.  ennnciai ion (  t f re convergency of  wP est imator ) .

As regarding the geometrical convergenc]: condition of the schena
(1.2.1) r i t  resul- ts out of  the fo11or ' ; i j t "g conside: 'at ions

for ' l inear sJ 'stems the geonetr ical  convergency is given (

b)' the inequBlity

11 a-le \\ a L/V-7 t o, ?QT .
l i l - f i  :  t (A) (  tne cpec'ur 'a l .  r :*d. ius of  ihe nair . ix  )

J

the natr ices of  the system are t r id. iagonal-r lv i th
the ni-nor clie.gonals of the sane sign, its resg1ts
s  ( 1 . 2 . 1 _ )  i h i . t

sue [rz])

a:rd. obser-

ihe e]-e-

in the case
t
N

.*{
r
t

t
.:]
t.



::-
i:
Fi^1.tr
ffi
$
H
$
$g
I
$

9(e) 
= 1+4a4"it't2+

1 3 -

r f (n) = 1-4( I-a)r<{'sin2 Tf  \  * -  e r \  p r r r  - 2

noundir:g the above relation and aecbr.rplishing the calcu1us we get
th6 geonetr ical  convergency condi t ion f rom the theorem 1.6.  emrncia-
tiorr.

olrserwatiog out of the obtained rnin:-mization for d. ,r, f*"" of the
schenas (1.2.1) v.re may conclude thatr l f  an accererated convergeney of
the netbod is I ' ranted'r then d'  eannot be chcisen too sma11.(  Thi ;  th ing
cli: i t i trbs the noment v,'hen we lvish to obtain ah increased. accur.acy by
:'cduci-ng the siep k ) .

. ] .  The vol_ume of sgl-_ect ion necessa to obtain a

Seeing given 
1) 0 a-nd p) o snal-1rwe est lnate N so that

P L l u ( ' , i )  m " I < i ] )  1 - 2 p
i ihere i ' /e denoted by ForV = (rnl  + . : .  

I  W/N.
Appl f  ing a technicue used in le ]  yre obtain for  p = Or O4|1| l

f a 1
N  = l _ 1 6  D i l  +  l -

L  € '  I
-r ' , i :ere 

; ' :  
noted by [ . ]  the funct ion -  integer partrand by

D i  =  D ' l v , ; / z o = ( i s ,  j . ) l  .

error

To final-ize 'tire stud.y ( arrd. to c1o the fornula opera.five )
Save an a priori evaluation of ihe condii ioned d.i 'spersron Di
of t l:,e. fact that in the nonhonogeneous terror stracture of the
o l  c rder  i l vo  o f  the  es t imator  w en ters  a r_so. ihe  so lu t ion  u( i ,
sc-hei i la '  r r i th d. i f fereneesr ihe theo'en r- .2 cannot be used here )

Thusr ive not ice that

r're shell
(  because

lromeniu:l
j )  

. .o f  lh .

r ', ' i ih V"1r

Using
v;.r-iab1e

,A rE rC  l i av ing  the  mean l_ngs  o f  $  1 .1  and  $  I .Z .

the inequalitv li [x-i'i L* Jl' .< K2-(i,r[x ]) 
2, r.rhe:.e x is an

borurded- by K, r"esi-:Jts
aleatorrr  t

1.,
l i

r
I
I

1 
: r:d then



_ 1 4 _

N =[ -g, -3:-"1
L t' 1r-v) '-l

, - -_-- '  '

+ 1

t ' .  t -

into accourt.
f. \  sucn as n

(  1 . 3 . 1 )

i ;he i ief init-;  on
i  - .  .
) , r re o ' l : ta in the

E 1.3.2. The avgr?fe gurnber ol ips,rat ions for est imate UG. i)

Tbe nean length of  the in- t roduced t"J* I , iarkov process is not ic ing

in gre operat ionstnumber valuat ion necessary to the calcu- ' l -us of  U( i r i )

Thcorein 1r_?.: The nean length of the I ' iarlcov process trajqctoryl star+:-.

i . i "g f rorn a point  Vo=( ior i6)  rver i - f ies fa;ni l - ies of  schercas v; i th d. i f fe-

rencesrnon)rornogeneous viith nu-l1 init ial ancl l imit cond-it ionsrof the

tt:Pe ^-'ilo[n/uL=(i, 
i-1)] = aalte ftt/ro=(i, i)] +(r-a) u']rld\=(i, i-1[ * ltfrr4

fo r  ihe  fa^n i l y  o f  schenas (1 .1 .1 ) ,

ar;;l:rdzr=(i, i-l[ = aa]; @zo=(j-, i)] +(r-za)af-l:[r '7zr=( i, i-r)l *

+aaf,r,rln/zr=(i, j-2)] + tlfe*

fo r  the  fan i l y  o f  schernas  (1 .1  .2 i ,

dtii lrdra=(i, i-1)] +atcaf,tr ln/zr=1r, i-1)] = afol"t"o=(i, i)] " 
}t;t?s

fo r  the  fami ly  o f  schenas (1 .1 .3 ) .

For the fa: i r Iy of  shenas (1.1.1) a bound of  the Erean length of  the

l . lar lcov proeess trajectorf  is

I r,l[n/"o=( . , io)] ll .( iof-z . .
( r , , 'herb \ . .  l l  is  the Euel id ian nor:a and } , i [n/"o={. ,  jo[  rep] 'esents ' the

vec tor  rv i th  components  \n i  ln /zo=( i ,  
jo ) ] ] r= r ; r=1)- t

l 'roof ', i ' /e give the detail-ed d.emonsiration for the fanily of schemas
( 1 . , 1 . 1 )  t h e . : c e s u l t s  f o r  e c h e n a s  ( 1 . 1  , 2 )  r ( 1 . 1 . 3 )  b e i n g  o b t a l n e d  s i m i -

Iarl.y.

Yie not ice that  . .

! ' l n=m/zo=( io ,  io ) ]  = i ; ;b t (? [n=r - l / r t= ( i - l ,  i ) ]  + r [ , :=n- r /z t= ( r+1- ,  i {  )  +

tt;Alitp[n=in-1- / ry=(i-1, i-1)]. +p[n=m-t/ zr=(1+1, ;-r)] ) + ]=fi];*. 
"

Pf n=n-:. / rf(i , j-r):l .

+

x

l..t 't-l '; ip-Lre i',-l; b), i:,-.l-, ad.d.i:.:.; e:rd -br-ll '; nJ

of the nearr of a C.iserete ra:rd.om vari-ab1e
c'.r.r.ation r.; ith di-ffer"ences

. / .

, t

t
l

!
F '
F .
s
F
I

I
t . ,

t {
i ;

f l
hi



n/zr=(r, j-1)] +1

or nipding the Sor*ulas of d* and. af rve ottdin tile fa::iil-yrr" i ih di f ferences out of the enrmciat ion.
ft is obviousll, '  that

I{ f : /zo=(0, i)]  = o

t t in /zo=(r , i ) ]  = o i=r lJ

fn  orCer  io  set t le  a  bound of  Id in / ro=1io,  jo) ]  , r *  
so lve

(1-3.2) rvith nur-1 uroit and initi*i cond.itions through thevariables method..  
v*r L

r - )  co l i3p t - re ing  to ' i ;he  opera t :ons .o f  mu- l t ip l i ca t : -on-d iv is ion , ihe  
ope_r:rtio*s of ad'clit i-on-subir:rcting are'nsigni-ficant as computeringtine and' rve lvonr t take them i-nto accourr.t at the calculation of th.eirvereiEe nunber of  operat io: :s necessar i ,  fo: ,  est inate U( i r j )  ;:: "il";il:"-;:J ;:. ;;ff ;i;*;1;i;I;ffi,l,."*i.ns' a*d u"r

c) the generation or,.a new. state u, 
"r t;;;-;;;;; ;:":::"Ti ft.:^

ll,i"lr:::-:;lo*i'"er tine to ihe J'=. *ro: ";-;";J;;;;"=f l:i:;'ir_
Thusrthe €:.verza6e ni;-nber of operatibv the above p"r=Jrt"u'l lo,.,t" carl" ',"i lLli;t""-"r 

to estirn:rte u(i, j)

i o r .  . t h c  f  , . . : i 1 1 ,  o j  r ; c h e r _ l i . , . s  ( f  . i _ . t )
. '  

. ) .  

- - - f

;:::": i,;:::=:l^rl:::) 
= 

1, 
resultd throu3h an usual calculus the. i:requality of the enunoi ation.

,:t;L:::".:":::l:::^".::*r*s 
,.,e pass to the 

"u.r",-,i,,u or the ave_:;ff';':":;;"the fol lorvin 'q l ryor-k l rrnA*Lthe follorving work h3rpoiheses

(  1 . 3 .  e )
of schenas

the equatior

separating

we obtain

1 5

xlrdzo=( i, i l] =rti* $,:ldzr=( i-r-, i )l +rrr ln/=r=( t*r, ;;l r.(h8IH.
xgldzr=(i-Ii i-1)] *,rrLrdrt=( i+l, r-r)1 I*kf$=gXr,rl--  r+zac  -  -L

and Nrln/z =( . -.- l
L - z - o  , , r r U ) J  =  O  i = G l f

i . f i th the stabil itJ._,conditions 
imposed b), the theorem 1.4the bound.

i

\  t t ln/" -(
L '  O  \

4s
r_l_
r--
\

f i p J n  - l  )r t r - u  = t - _ , _ F i  w i t h
rn=f

. , io)] ll .( 11 r , j ' I

E r  2  r t*m = ;-fr( f-cos m.I\ ) the Fourier coeffic:-_

:
t,
i
t

F



I O -

mogeneous

in the case t",ot**l

nonl.oroogcneous

opera t ions

instead, of to the above

instead, of 6 to the above

'l

6

l .
r ln'

r  , : 2
. I r+'u'
t  -  l - 6 - - - - -

Le'( t.-v)
( 1 . 1 . 2 )  '

; we ad.d 9

f"or:eu-l-a

(  1 . 1 . 3 )

; r\te add 5

formula.

schemas

to the

setremas

t o .  t h e

h e a t  e i - i - i l ; ' t i u : t  i r (  i ,  j )  i s

r-lt/ z o=( i, i [ ( [:r"31.t) {ito:l

i ,Yu (L:#3]"'r -ltzilsloPerations

+ 1 ) -

;- for the famil.Y of

trc add B instead- of 5

above for:nula

for the famil-Y of

l ie add 4 inetead. of 5

above forirula'

. I i iethods of varianee rainrmize.tion

Hervj-ng a transforrnationsr ensernble rel-aiing to the prl-nal-y 1ry estina-

torlvrhich preserves the mean value but cha.:rges .the 
d-ispersionrwe may

constructr in generalrmore ef f ic ient  var lants of  the l r ionte Cr; . r lo me-

t l :o;r  than 1he inr t ia l  one. ' Ihe ef f ic iency r ise is conr-rec-1;ed r t i -bh the

co::tsld-eration of sorae suilp]-ernentartr ' inforrnai;ions about -i;he solution

of prob. l -em (9.1) .  ,

1) The raain part separati on method-

i ' /e suplrcse i " ;? h: ,ve I  r i ; -o3h approxlraai ion oi  the solu-binn U(i r  i )  r l : t  i

i ' u  b e  G ( i r j ) . I e r s i l y  r ; e  n a y  s e e  t h a t  t h e  d . i f f e : ' e n c e  e ( i r ; ) = t j ( j - ' i ) - C ( ' ' i ;

v ; ; r i f ies  a  schc ;na  v i i th  d i f f ,e rences  o f  the  type  (1 .2 . . i - ) : (  L .2 - ,3 )  .v r i th  f
:.1 ;io s'u nr-r-ll-l- l i",',.it a,rd. ir-:-:ii; ia.l- c o:rtliiio:rs .

. 'rceo::.jrng -bcr tirc rti-:;l:j-nu::l princrpl-e fo.l i;ile

,,
I

t

F
l
t
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,,ery Efial1 and therefore conbined rnrith the theorern 1.6 results the

o(  i ,  j  )  d isPers i -on  is  ' smal l -

i l  The essent ia l  select ion nethod.

ffe suppose rye trave a rough approximation or tnet solutj-on

tbe  s t iua t ion  v r i th  omogeneous d l f fe rencesr re t  i t  be  G( i r  5 ) . ige
tle transition probabil it ies of the type

Lc :ma 1 .8 .  I f ,  the

u ( i , j )  o f
introduce

" t t ,  j ) ,s  =  t ( i , j )  , "P( i ,  j )  rs  c t f i l l
t . .here  seS the  se t  o f  s ta tes  o f  the  [ ,  

1  - -

take oriy the speciri" ""i;:" "; """"\l*trHT :ffi:: ;r:ilr;"I
( 1 . 1 . 3 ) .

It is easy to shoti thatrvrithi-n the hypotheses vre rvorked r"i ith up to
nor i r the systens of  probabi l - i t ies 

" t r ,  
j )  rs 

for .  each fa:r i ly  of  scheraas
(1 .1 .1 )  (1 .1 .3 )  ver i f y  the  cona: - i ion i  o f  a  t rans i t ion  probeb l l i t res
syst e::r '

of the fa:nil- ies of

&nce o f  w is  zero ;

I rooi  iYe give the proof fcr  the
f o r  t h e  s c h e m a s  ( 1 . 1 . 2 ) - ( f . f . 3 )

Fro:l the theorem 1.1,

approxiuat i  on G( i ,  j )  is  i ;he exiaet solui i  on U( i ,  i )
o n o g e n e o u s  s c h e n a s  ( 1 . 1 . 1 ) - ( 1 . 1 . l )  ,  i h e n  t h e  v a r i -

f  cr4 i  
' l  

r r

beei-ng

o f  s c h e m a g  ( f . f . 1 ) , t h e  p r . o o f

sini ]-ar.

l{,lvr/zo=(i, i

=  [  t i - 1 ,  i ) ,

f---
I
I- t

^  ^ / ]
- ; J c ' J - l

)l t (  i ,  j )  ,  = u (  = ) P (  
a r  j )  r  s

( r+1 ,  j ) ,  ( i -1 ,  j -1 )  , ( i ,  j - r ) ,  ( i+ l  ,  j - r ) / i=T lT=f ,  j=T ;J  1
with S,
o r

Dzb: i / zo=( i ,  j ) ]

i t resu-l-t 'uhat

" " F  
t  t .  . r ' lu L l l f l / Z ^ = \ a r  J J  I  =

: - v . l
t ( i r i )

l is ihe f l i  -rpe:.si 'on of r",,  i 's

( ' ( . ,  i1 ,  -u( s) l l r ' i l ' :
L  f  .  . \

l a r J ) - ' . r s

r ,X r ; r  .r ( ;  i \  - - U I a r
\ - , t r i , ' t r

j) ) 2rf:
t  J l  t -

fo r I

t
t!
I

F
t
I ,

i

i
Ir
t
I

u(  s)
* "4 ' f  i -  - . - :  +

U' \  - : -  r  J r !

u i l - -S

nX
r ( ;  i \  c

\ _ ' J I ' J

V  f  .  . \
l ' 1  ' r l  c
\ * t i ,  t P

n
L  f  ,  . \

' t  
t  

- 1  
|  c ,

\  - ' t  J / ' t  v

^r - ,  o  i  . r
v j i v

/toc, 4kqt {



j )  the strat i f ica"t ion method

iffe suppose lYe lsrovr the values of U along the .frontier of a subdo-

s$1n of tbe 1"t 
Rfrf. vvhietr contains the poi"nt (iri') vvhere we estimate

?bo solutj 'on'
glrusrte*iing agarn the di-spersion eval-uation of S l-.1.1 vre notice

thet rve can get a rrmore tightrt boun$, such as

a2 x2
'  (r-v)' '  ( r-v) .

: ' - t  
t * - t l  \ I - r l

lrccs:use [J = raar(.val U on t]re frontier of the consj-d"eied. subdor:aain
ccord.ingl-y to the raaxinrrm principle for theof B,* is sraal-l-er the E ar

heat equat ion'

If the subdolaain is chosen so that it rvou-l-d contain the point ( i, i
to u'hich rve add all the'poini;s to be reached. i i l i thin a step by the

Er. , rkov pz'ocess 
t"* lo s iar t ing f roa ( i ,  j )  (  for  instancerfor i l re fa-

n i l y  o f  schenas (1 .1 - .1 )  the  s r - rbd .ona in  i s  o f  the  t j -Fe  {  t i - r ,  j )  r ( i+ l - ,  j )
( i - 1 ,  j - 1 )  ,  ( i ,  i - 1 ) ,  ( i + 1 ,  j - I ) ,  ( r ,  j t  a n d  t h e  l , i : l u e s  o f  U  a l o n g  t h e

frontier of this subd.onain are the exact onesrthen the variance of
the priraary estir:eator I 'r i ;hrou,gh the stratif j .cation nethod. is zero.

$' 1.4. Algori thns

The algori.thm EHriC estimates the (O.f). problen'solution in ttr-e

; iv 'bn point  ( i ,  j )  using the l \ i lonte Car lo r iaethod. presented in $ 1.1.

.Thu algor:-tlim steps are the follolvings

XpiriCO Data i-nput r initia,lizations.

Input d.ai;a rea.d

h r k  -  s t e p s  o f  t h e  n e t  R , ,  :
:

I rJ  -  the net  \u ' " ; ; ; " "?u
(uo( ih)) i=T;f :T -  vector lv i th the in i t ia l  contLi t ions of  (O.f)

problein :_n 'che net p_.,U lioi:rts i
( i r j ) . -  thc  po in i  coord ina . tes  vvhere  t ' /e  l v ish  to  es i j -na te  ihe

solution I
a - inu fa.nily of schenas para;aeter i
pa:';-nl- 

. par:: leie: v,,hi ch inc1i cates j-f, t lr.e ec.uation is ojrogc-

(P( i, j  ) ) l:*l{=t - the n:.trr:: or
. l i - r - e s  i : r ' ; l : :  - : o i n b s  ( r ,

' :  
. / .

t irc .ronl:c: ictc:]pcl15 t cr ' , : i  . t i  -
. \  A  . .

i )  " t  
L l ic  : . re-b R1., i ,  ( :ce ' i l :c

il
i;
t r
ii
Et
Frr
!:
i :
i
? : .

[J
1.,.1
T,J

;
I

t
T

r.
I
i

t

i
t

F
$
t
! .
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l ' /or l i  h;rpothesis b) of  $ 1.3.2 ) . I ' , lhen pa.ranl=O lye
not read the matr i : t .  ;

paran? the. paraneter n'hich ind.icates the schena to be
(para.nr2=1 f.or schema (1,1 .!) i=Z f_or the schema
i = 3  f o r  t h e  s c h e n a  ( t . 1 . 3 )  )  ;

rTe initialize
sot 4j- 0 r NRTR 4-- 0.

( i0

used
(  1 . 1 .

(Ci)i - vect.or ', 'rhj-ch eontains the tr;rnsition probabll it ies of
t f re 

["* \ ,  
i tar ]cov process ( i=I ;5 i f  paran2=1; i=I lB

if pararnl=l;i=f] if para.rc2=3) i
eps - the eruor yre lvish to obtain the soluton.

rf:.:c1

E}i:C2

;11 : r r  ?

ill']'-C4

Ii:,jC5

lI}1C6

fnitial calcu-l-us.

iYe corapute d. .

Y le  conrpute  the  vec tor  v1 i  ; \  -  ( re l - ied

S 1.1 ana on the vatue i i ' iLi"tzl .
' , 'Je calcu]-ete V.

lYe conpuiu to = [ uoi\,--*

on the for:au]-as o f

i f  p:-re.d - O,

I
t
I
a

I
I
t

T  
( '  . r  . ,  . '  1= . in"ax \ \t uo\\,*. r \F [,aax\ if paraml = 1.

lYe compute I, l the selection volurne necessarl ' to obtain the .

error eps wi-th the probabil ity 95 r 45.i fron the for::rula ( r. :. r

lYe test the stabil ity of the gcLuti-on using tl le resu.lts of
theorem 1.4.  (  Jn case of  non-ver i fy ing condi t ions vre l is t
an ef ' ror  nessage and the al-gor i thn. is cal1celed. ) , .
'rYe ]. ist -i;he d.ispersion Dirihe vohr:le of selection N ( see
$  1 . 3 . r  ) . .

I f  i {P,TIr  {  i . l  then ] ip.Tp. +--  i i tTR +,1 ,  S +--  ( i ,  j )  ,  C0E? a--  I
e l .se go to s iep EPi i iCg.

i ' ,tc generaie a nei? state sI of the 
l"*J* I iari ' ,ov process sta-r-.

t ing fron Lhe state s on the grormd of the transrtion pr.oba-
b i l - i t ies  (e1  ) ;  (  abou i  ihe  genera t ing  a . lgont i r :n  see [ i sJ  ) .

C O E F  r - -  C O E F  x  v ^  ^ - .
) r D r

I f  51  is  an  a .bsorb ing  s ta te  ( i rO)

. + COiI-' r: r io(SI) . ind. i,- ' .rp io
fs aLt ai ;sorbr i rg st ; : te (0,  j )

step EPI. IC3.

] f p l r l : i t 1 - 1 ( ' . o i r i : o : o ' . . ] l e O u s l c ] l , . . : . = - ) L i l e n ' : C f , < _

i i
t,

t

r
t:

. i

+ ii=I; i:T 'uhen S0l +-- SOL

siep Ei l , r03 I  e ' i  se.  j_f  Sl-
o r  ( 1 ,  j ) ,  j = o l J - r i h e n  6 o r

ts
l
I

f
i

i
t
I

I
-&

. , . , - - o
' * . . . , :  I
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C O E F  x  F ( 5 1 ) .

trTica S 1-- 51 i go to EPhC4

jrjr:cg 
'sol, +-- so!/ii i ..
y{e l is t  SOLrthe a]-gor i t } rc resul t  (  t f re est inat ion of  the (O.f)

p rob lem so1u. t ' ion  in  the  g i -ven  po in t  ( i r i ) ) .

1Pi ;C1O STO?' '  ] t

fhe algorith-r EFl,iCS llproves the variance of t jre cs'brnation o.f ihe

(0. I , )  problem solut ion in a given point  ( i r i )  thror-rgh t t re se'- ; .uent ia1

lorte .Car lo .  method..

The iheoretical gror:"r 'rd. of this algorithn is given in $ I.2.', ' ie use

i le rer the  nonhoncgeneous (1 .2 .1 )

l:rd rnitial- condi tiol:-s.
', ie use here th.e a1-goriihn EPiiiC to estinaie the sctr.ct,res solution in

thc nocles of the P1'.,.t. net.
' ihe algorittunt slbp: are

Eli ' .CSO Data input r init i-alizations.

parem? (en) i

algorithn ;

(sorr i r ( i , i ) ) i l * t=J =-l- r ..1r*=, - the init ie,L,.€ipproxinatio;r-s .natrix. of.,:the
r  a - r

solution jn,,.the:'nodes: of f lne net t l*i ( .wit{r tAe

notation of $ L.2 sor,m( i,  i)  =tr 'oLw/zo=( i ,  j) l  ) I

IiPJUI{IT 'uhe na;inuil ad:nited j-ierlti.ons nulbc.f'.

l le init i-a]-ize

so l , ( i r i )  4 - -  so l , lN( i ' i )  i=Tr r : r  r  i= I l J -
uo( i r0) 4--  o r  i IRIT +--  0 r  pt-r?. in l .  { - -= l - .

r;}-';,iOSI If i'itsI1 ) liBl',:AXIT then go to E?liCS? t

else lfRI[ *-- I{RIT + 1.

Input d.ata read

h r k  r r J  a  ( r ( i , i ) )

as in the EITIC

;Fi,,CS 2 Y/e coii.:ut e ihe cl e;:te::.t s of
'  

f  r ; r : i , , t ,  .e of  !  i .  2 ( 'ual l r rg

iYs f r1 l  the natr i : l  F( i '  i )
I  t .
(  : : hc  L ' : . 1 - - i i i r  i a t t - c , l :  ' ; . l I T  o i

eps - have the. sa"r'.ie nean-i-ng

rnr,ir i>: TliRrr( i, j) :-ecoi'r.r. j-: ' :.- to the

i-n-bo i,ccci,:rt t i ie valu-e oi p:.ri: i i2) .
T i "TT

4 - -  T ' * ^ " ( i , i )  i =T l r : f  ,  i = I r J

I. '
t

I
i

i
t
I
I

i

, t
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t

x
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;PtiCS3

EjI.;CS4 I/ij compute S** = llSOl, SOLINltax.

nFJ,1CSS If S*r* ( 
"ps 

then go to step EPI{CS7 ; 
'

else we f i1.1- the matr ix SOl' I l l ( i ,  j )  +.:-  SOt(i ,  j )

Go to IPi{CS1.

;;ie list the matrix ( sof,( i, j l l l:TtT-, of the soh:-tions.' "' ' 7-=L r a-I

STOP.  x

2 l - -

dif ferent matr j -ces for  d i f ferent values ) .
: .

We estj.nrate thg- solution of the chosen schema in each polnt

(ir i) of the net Rhk ( i=T;r:I , i=rlJ-) using the algorithm

E?lrIC vith ad.ec^uate input parameters.

After each cal.)-ing of the algorJ-ths E'PP*C vre fi1.1- the matrix

S0I, *-- SOLr + the estimated value of the chosen schema soluti

i n  p o i n t  ( i r j ) ,

.  + - g F F

l -=I  r  I - !  r

J = I  r . J  .

EF1;CS6

. . r r n  Q ?
: - f  r ' I v | J  I

iiPi'iCSB

I,.
i
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2 . I  .

l i l e b i f o c a l p r o b l e r c f o r d i f f e { : e i r t i a l e Q u a t i o } r s l v i t h

? Ptoch*st is nonhonogeneous teru

d.omain

D - ( . o
in. D

Rk  =  |  t * ,  i k ) / o (  x  ( 1 r i =o ,1 , ' , J \

,1115 the step k = T/J.  
rct ion

Denotind. by U(*, j) ttre value in point (x, j}-l) of a netr' lork fu:

U de f ined on  RUrwi th  U-= l /k  a+d by  p(x r i )  =  b2u(x , i )  +  f (x ' i ]< ) 'and

(  2  . 1 . 1 )

ccrnfon:itY to the above

the der ivate b dat in terrrs of  the central  d ' i f ference
c : :g ; ress ing  t l .e  deravare  o  q /  ou  -L r r ,o - ' ' ' :  v !

i * , t  d tu ( * ,  i )  =  ,  (u (x ,  i+1)  _  u (x ,  i )  ) /u  ) ,p rob le re  (o . r )  j - s  t rans for :ned

into a biloca]- probr_em for differential e{uations of t}tq second d-egree

wiittt ttre fo::rn

a2U(y . "  i )  -  t 2U(x ,  j )  =  -p (x r  j )
dxz

U ( O r i ) = 0 = U ( f i )

r ' ,hcz'e p(x, i )  is  modi- f ied for  each level-  in

f o=:nu.l-a. .

I 'et ihe

and. the networlc

I t  is  ]qrorvn fron the l - i te3ature L?l  , that  problern (2 '1 '1)

n: , tes p 'oblem (0.1) wi th a.n 0(k) ei ' ror  and'  that  the sol-ui ion

problen (2.1.1) is r ibsol-r , - te1y stable in refelence io in j ' t j -= 'A

and the norrhonogeneous ter:l '

These 'esur-ts enable r-rs to consider itre st*r3-y of p=obl-e'r (o.1)

f::oil the ooj-ni of vieli of the present studfras being the sti-rd;' '  of

i : : "oblem (2. t .1)  based *pon 
. ihe 

t ransfor i i rat ion f ro* above'

tret zu(v) be ",":";:;"::,;;::il:li:,:::,::i "' states

L

i ' f lrcn there is no possi-ble confi;sionrthe follovd-ng notation Tril- l be

n:i.clg

appro):1-

o f

data

z"(v ' )  = d \ - ' t

/

J

S

- r I



2 3 -

utz" \  2  (  "o
rrlzul = u lz=-nJ f%=m;l = B( s-p) will be consid ered .ms

2 . 7 -Definit ion Z" j -s a vreakl .y stat ionary stoehast je process

u[2"1 = m R( srp)  = R( s-p)

(t ire nean is constant vrhrle ihe covaria-nce fwrciion d"epend.s

ilre d.ifference s-P) .

lefinlt ion 2 J i?e cal]- nor:l of ihe process  Z

is ca].Ied differential

i f

onJ-y on

l-n

s d.enoted by 11 .1\,

[ % \\ = \r,a tlzu-ol 
']\tt'

Sire stochast ic process z.(:

tlre quadratic raean in D if
?7 t7

r  i  -  1i  
os+p:"s 

1t
P:jTO rr 

---F--- \\

i lcfrni i io-n 2.4 T.,et Z" be a

such that f (  s)  1 
'a"

r-
,

rhen L_ f ( t - ) (z-  -zo )  ex is ts  and is
m 4 "m "ro-]-

The randon variable equal rvith the l-fuit

stochastic j-ntegral-, (the su.:r"nmi-ng is done

interval-) .

l?e denote

exists and. is unt-qu-e

process l l i th i  ndepenclent increases, f  (  s)

uniri re1.y d.efi-ned.

of the e.bove s-urtr i-s eal]-ed

after the div is ion of  the

! '

ri i i th . ihe above 'Lefinit i-orsrihc bil-osa1 pr"obl e::a for- l ' i-near d.i i ' feren-
i j : r l  e{ui+t i -ons of  the sccond degree lv i ih nonhcno$eneous stochast ' ic
t.rr:x. i-s introd-uced.

; 2 r t ( - - ; \  .
! - 1 1 ; r J - l  -  b t Z ( r , ,  j )  = - [ p ( . * - ,  j )  - F  c ( - x ,  j ) )' 

dx-

z ( O ,  i )  =  z ( 1 ,  i )  ( 2 ' r  ' z )
s 'boc lxrs ' t i .c  process, ' ; i th  cont inr - rou-s par i ' - r ' ic tc l "  . f  c r  l ' , t lchL i i h  e ( x ,  j )

, / .

*
c

*



r [ e ( r ,  i )  e ( Y '

tbeaTen-!jl

2 4 -

' i t \ ' l  =  t y , ! t  1 *n t *e  no ise ) ,assoc ia ted .  to  p rob l -em (z . : - , : )
. J  / J  O > : ,  j  \ Y r j r + v s  r r v ! !

fhe solut ion of  problem (2.1.2) is an rrnbiased..  est i :nator

of  t t t "  solut ion of  problenr (2.1-.1-) .

a,r-oof I ' ie forrnal la solve problem (Z.L.Z) neglect ing the nature of

e(x, j).I lencerby using tlr.e reasoning foll-ovred for soLving p:roblem

( 2 , 1 " 1 - )  ( s e e  t 1 0 l  ) r r " t e  o b t a i n

Le:r:ira 2.6
%.

( 1  t 1  ( 1
i (> : ,  i )= )oc t> : ,v )  (p (y ,  i )+e(v ,  i )  )av=\oc tx rv )p(y ,  i )dy* \oc(> , ,y )  o lb , . i131

si th G(xry) Greetr-rs fu-n.ct ion f ron the solui ion of  problern (2.1.1).

f 1
Since \  G(xrV) e(y,  i )d"y has no mathenat ica*I  sense, e( i i ,  i )  bei-ng rnuch

Jo

too iregrr-1ai for integration in any senserrve define

c l  f l

I c ( x , y ) e ( y ,  
i ) d y  =  

\ " * ( x , y ) d v ( y )
r., 'here v(y) is a liYiener process ( a gaussian process with

increr:rehts ,rvi th i l lv(x)]  = O a^nd D2Lv(x)];  -  )(see
Hence the solutj-on of the stochastic biloeal problem is

f l - 1 1
z ( x ,  j )  =  \  q f x r J ) p ( y r  j ) d y  +  \  o t : c i y ) d v ( y )  (  2 . a . 5 )

Jo Jo

From the propert ies of stochastic integrals and of \?ienert s processes

it inroediatel.y resuf-ts that

r l_
r ;L  

\  
c ix ,y)a" (y) l

.and. rvith it

= 0  h e n c e  i i L z ( * , i ) ] =  
\ " - , x , y ) p ( y , i ) a v

r  . .  . 1LILz(* ,  i ) l  =  U(x ,  i )  s

( c  r  l \
\ c . + a . T r ,

rnd ependent
r ( ' l  \
L * J J  l .

(  :  .1 .  ta ) - -

f  i ' i ic : rerr  s

n J'n lzL (t . ,  i )* l

-:)o€_ Fro:r ihe pi'o

l rocess_€s : ; i t  i s  l cno

(
- ' i  \  . r 1 - - r - .  

" 1

t  j  r( : : )  cv( ' : )  \

F L
r \=  
\  \  * C ; ' : r y ) p ( ; ' r i l u r \ t
r J c

r ,e r i ; i  n . s  o f '  r : ' l ; cchas i i c

vrn that

" i  \
i , : 1 1  \  i ( > : ) c i- L  

J

. / .

f t ^
+  \  r ' (
- J o

iniegrals

' t ' ,1 ]  2 
]

::, i.) d.1'

and o

t

i

= 0 f

t t *
I K
I l *

I H
i  4 . '

G . '



Using thcse two

csAcrrlus f ormula

2 5 t

relat ions and. the resul- t  (2.1.5) rusing a rout ine
t  , -  q  z \( 2 . 1 . 6 )  i s  o b t a i n e d .

&

F

I
{.
$1

lr
1,

t
ii
n

t:

t -
. l

r re ' rhod.r for  the stochast ic integral  \  C(- ,
Jo

i

$ 2.2 Thc ef f ie ietc l '  of  the nethod

$ 2.2.1-. I{u.rnerical- evalua.tion of the stochastj-c inte,iE}

G ( x , v ) d v ( v ) .

.  The.use o f  the  method presented. in $e.t .  needs rr i rner ical  erral-uat ion!
H,. s .

1 g
. l i

G ( x r y ) d v ( y )  f r o n  f o r r o u l b  ( 2 . L . 5 ) ; ,l l e - t . t l o ( l t I U I -  t / I I -  I I r r , s g ; I ' d - - L .  

) O " t  

j - r J  I  s v \ J i l  J - . L w r r  I v I l u L { I . t ,  \ 4 . - r . t t E

F
of Z(>:rr') rthat vri-l- l. be Easily irnplenented. on an elcct::onic conputer. ! '

Ilence rte give the follorving

T h e o r e n  2 . 7 -  I f  G ( x r Y ) P ( y '  j )  e

( t r c ( x , i h ) p ( i h , j )  +

n 2
x * l r tG(x,+i r )p(rb,  i )  )  + G(x, ih) l { - ,  r '+  3r*( - ' - , ih)Nrr)  +

<)y-

+ o ( r r21  +  on (n2)  (  2 .2 . ! )

t ' , 'here h -  ! f t ,

,. ( i+r)r'
r r  \  - s - - l  - - \  w /  n  r ^  \  1  - ^ * - r  |  ^  a f  r n  ̂ - -  O, , I i  = 

\ . .  dv(y) ^,  I { (0rh) (random norrral  var iable of  nean 0 Eurd'
- 

Jl-h va.rj-ance h) l

n  (  i + I ) h
l i r i  = \  (y-rh)av(y) -  i i (or . { r r3;  (norme. l  randon var ia.ble of  ncan

Jih
o and. variance (z/in3).

vrrth r,:[iv., ., nr.l = !t2/2.

" r - ? \  r - .  r -  / . Z . - i l x \ > 1 1  =  O  ( + )  e > 0 .i , t , . ' - )  ner : "ns Hl -So \ l - /n"  J I  r . . - ,  /  -  r  .
r , :a o(nz) ; ieans he:-e bl l$o 3/t t2)o(rr2) :

I-  . /  .

t
t{

u
$

c3(Lo,1l  )  then

- 2 ^  - 3
*t  3, ,G(x, ih)p( ih,  i )  )  *  f -  *

j

i

*
6s
L

;
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tgt"'fiof Tle use a fleaorlstration technique suggested by tlll .From the

can be d e-

G ( x , y ) ,

- { rot :nesis.of  
the theoremri t  resul ts that  a Taylor ser ies

J .J  s

. r ; t " r rq arou:ni l  point  (xr ih)r the f i . * rct ions G(xrV)p(y ' i )  and'

i;;"i""* : l

\ '  ( ; ' - ih )2 - '
G(f ,r' l pt y I j ) =G ( x, ,ih) p( ih, i) + ( y-iirl 

8;( 
G(x, h) p( ih I j ) 7 + -E-Z--- )-

^ 2  ,  1 2 -
*  l lo tG(x, ih)p( ih , i )  )  +  o( l  v -* r ' \2)

0]t-

and

G( x r y) = G( x, ih) + (v-ih) $tG ( ", 
itr) +!x: i\y? Rlr*, x, ih) +0 ( I v-j]'\ 2 )'

oy*

Consic ler ing the dirr is ion of  ihe i t r terva- l  L0r l l  g iven b) 'step hrby

appror:i:nating the integral.s fron (2.1.5) through the corresponding

lienrern si.lns aJ}d" i'eplacing fu:rctions G(xry)p(lrr i) rarrd. respecii-vely

C(: : ry)  by the above cl-evelopnents i -n Taylor ser iesrfornrr la (2.2.L) is

obiained'r'; i th the rorrnl-off error

. ( i+ r ) r r  r ( i+ r ) r r  , r
\ ' - .  o ( \v - ih \2 )av  .  \ . .  o ( l  l ' - ih l2 )a" tv )  

'=  
o ( i r2 ;  +  o" ( t r2 )

J*t Jih

( for  d.eiai l .s conierning this asser i ion see L11] ) .

there rersains oirly to evafuate the stochasiic integrals

I { . ;  =

By defin:it i tn a:ld f:.oro the properti-es of, stochastie iniegra.1sr(see -

ror LSI )r i t  resul-ts that

,. ( i+r)rr
lrei = 

\rn 
( v-ih) av( y)

. (i+r)rr

\ ( y-ih) 'an( r)
Ji-h

,,vith iu[i,irruril = h?-/z

i;he nu;nber of operatj-ons

into accou::t the fo]-lo-

- lhe,  ' . .  repe-ht ica:  of  i ; l ie eva1.ua' . ; jon.  of

i,hece r'; i1-1. be rio::e'on1y once for ihe rleiwo--1:-

in tire coreespond-rng vectors i

t  \  ,  t  - .  J - :  - - -  - t : -l :J i . je conriaclel: o.r3-1- nrf l trp]-rc: i t ion-cl, ivrsioirn since operi ' . t ion of i : i l i l i --
':-c-:'*l,ui-.'i;r"actir:ir 

c'.:i1 l- ? ,,cl;] ecteC. fr-c;:i iire .ro:L:rt o'f tratrtl cf -bl:c eo,::-

1(  i+ I )h

Nli  = 
\ .* 

dv(Y)

i{ l - i*  t{(o'h) ,  N2i ^, $( aru3/!  ,  tT3i  ̂ '  0p(h2)

3:rsed. on i;heoren 2.7 fcflcr.rs ihe ca-']-cu1as of

r:.red"ed io estj::rate the nerl rrilZ(xr i)l taking

t'rlng work hypoi;heses

a) in .orCer - io-  'avoi i l

i " i ( : :  r ; ' )  p(  i . ,  j  )  : : rd-  G(: : : r ; r )
nodesrand r ' r iJ- l .  be s iored.

t;

lr,

E
f,

(
!'

b
H:

B
F

:'|il

"t
I

I



at7,
L l

puter tiroe ;

,) th.e generatj-on of a single normal .radorn variable l{ri or N,,
peeds the tj-ne necessary for onb rnrrltiplivation-divisi-on.

I{encerthe ntmber of treeessarTr operations to estj-Jate the mear}
?  .  . r ' i

; iLZ(xr i )J r tmder the vror) . i -hypothesie a) c)  rbased. on forrnr la (2.2.1-)

is the follorving

(I-1)(zN+?) + I  operat iorun

r,.{rere I[, is the se]ection vo]-ut'ne needed. to estimate the mearr of the

process Z(xr i )  vr i th a given emor t>O and the probabi l i ty  g5r45i" .

-Refer ing to the ef f ic iency of  the method presente'd.  in S z. t rge

renarlc the fol.I.olvlng

a) the stochast ic e{uat ion (2. I .2)  car:  be easi ly solved. by neans.of
aB'-anal-og computer fi l .tering a given stoche-siic processoviith a
f i l ter  n ' i th d. i f ferent ia l  oporator (  see t6l  )  ;

b) the stochastj-c e{uirt ion (2.!,2) has al.so a icroi 'nr. physi-cal sigrri-
ficance i it represents langevint s e{uation govemirr,g the movenerr,t
of a hanaon..ic unidirnensional oscila-borrwithout frictionrrrnde:. a

random impril-se ne(x, j ) .

$ 2.3. The a1-gorith-m

The EPSD algol i i l rm est inates the solut ion'of  problen (O.f)  i -n gi--
ven point  (x, j ) rusing the d- i f fersn'bia] .  f i l ter  for  t : -me ser ies fz.on

S  2 . r .

fhe ster:s of ihe algorih: i  (easf is p.ro3r.a!ro in a high level- pro53..r j : l-

li*g la-rrgrrr-gs ior arr electronj-c conp:-r-i;er) are the fo1.lol.,:-ng

EPJD0 Data i-n1:ut, init ial izai ions,

Inpu-t rhta rea.d.

h - ihe step of t ire nc'L:;orl- Rt^ ;
f - cli-r,rc:rsioir. of 'the lr.eti.rorl: n, ;
x - the coordinate of the pOi.:ni l evel- j for vrhieh ihe estiina-

t i o r r  i s  n e e d . e d  i
, '

G ( s r y )  p (  ; ' r  i ) , * r (  c ( : ; , y )  i : ( r ' ,  i )  ) , 1 : z (  G ( r : , y )  r ( r , . ,  i )
r.t y.*

ex-be*na-1. fu:rctions evr_luaiing on ihe 
'besis

) ,l;t*( r,;'Y---

of fo:: lrdre

. t . r r  ! . : " , rn l  : r i iT r ' ! r ' .  - t t '

2
$net
l

{:

J

t
I

t
t
7 r
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given in  $  2. I  ;
N - . the select j .on volwre Lrpon Z(x, j )

0 rvj-th a probability greater

Init ialiazit ion of
SOL +_- O IiRGTN +--

Based. upon external_

l-oad ed

Go( i )  + - -  c (x r i h )

cz ( i )  + - -  hG(x r ih )p ( rh ,  j )

0 .

functionsrthe vectoiis are eve.l-unted. and

to obtain a given
tharr 95 r45/,.

'  : l t

trsD1

psI2

rFSD3

trsn4

IPSD5

tFsD6

r3s!7

Cl( i)  *-: ,  
Snt x, ih)

c3(i) "-- *?

c4( i )  - - -  * :  i ; r ,G(x t ih )p( ih , i ) )

;Ot ct x, ih) p( ih,y) )

for i=I;I:f

e

ff i IRGm ( l{-then iiRGil{ +-- I{RGEI{ + l- ,. i  e__ 1 i
eI-se gc to IPSD6.

The selection l,ariables v, qod vz are gelreraied npoi:. -bhe

i.andom v:*iables ii., * anp .ir- ( rla lhg g:l:I3i}gl *gglltlqsee l rs l  )  ;  
r r  " - - - - '  - ' : t  '  -  - :  'u i :

l'/e compute
solr,  *--  sor,+G2(i)+G:( r-)+G4( i)+Go( i)vr+c.,  (  i )v,

I f  i  (  I-1 then i  +-- i+1rgo to EpSD3 ;
go to EpSD2 .

501 
'+-- 

S0t/'i
The resul-t of the algori.thn i.s l-isted.rsor (estiina-bion of
the nean oi Z(*,  j  )  ,  solut ion of prob3.ee ( 2.1.1) )  .
STOP. x

error

. t

: :
r j

ii
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Chdpter I f I

4,h:rdrogeologj' prob].era

In the hydrother:romineral d.epositsrthe propagatiln by frltration

ef i;he interaction of the h;'drod3-naric active vater parilclesrihe

propagation by convection and. by cond.uction of i;he heat and" the pro-

pagation by hydrod;-nz'rric d.ispersion of t1.e con;onents concentration :l '

131 ihe fl.uid nixtu-: 'e of the h;'d.rod.y:r:"ric act' ive v;ater respect ihe

edequaie dj- f fusiv i ty equat ions (  see LI I  )  r t rh ich may be : :c iepied .

for  
-bhe great najor i ty of  these deposi is uird.er the. fonlulae

the hydrau-l-rc diffus:-vity

;rTT ^ IrJ
t f = ; f u d . i v s r a d H + 5 -d v  

e

-bhe thernic diffusivity

(  3 . r )

the d.ispersion-s.l d.iffusiviiy

l m o(.}r

d r /

*g 
= f aivgrad c g; s'a.d c +

N

= N a=-.rgraa To - :-: +
3 c

- - ojl'r)_o f' +
J IL

e c
J

( 3 . e 1

(  3 . 3 )lt
fr-e

r', 'here ? = -K grad, lI represents ihe fi l traiiron 
'-speed 

expressed, accor-

tirng Dzi.rcyrs lavirthrou3h ihe procLuct bctr'.'een ihe h;'cl,rau-Lic cond.uc-i;i-

bil i ttr 'K and the piezoneiric charge grad.i-ent y,' i th.chanEed. signr-gradi{

? H/a t and., divgrad H, t fo/ Xt ared d"ivgrad To, ? c/ Zt ancL

di-vgr-ad C represetrts ihe l-oeal- rLeri-vaiive a.:"rd. ihe 1-apl.aeian of ihe
pi-czcletric cha:r'ge l ir ie:lperatuz'e Io c:'rd. ccncentra-tion C i

n  l Y  - +
uLl ]- a-:rcl : '  represent ihe h;'draulic d"iffr-rsivity coefficient,

I

the tenperatu:'e di-ffu-srvity coefficient thqough the rock end" i'rater
s'bo;'ed-r; ':rd thc d.ispei'si ona-l- di-ifusivit; '  coeffici ent ;

q a;rd- c re;rcsetrt ihc :1.,ecrf ic rnlss :."r:C- :rr: lely ihe :rrecif ic
J -

lreei of tire hyd3sS;-raa:lic aciive y;aier t
a { i p

f . and c represent ihe specific rlass aild. the specific h.eai of

the rock of  e f icace poros i  i i '  n1, '  ;
- o' 

;i'ad T." :ild ;r;-rd C ..i:c1:i'ese:ri

"lie corrceirtration grari.icirt .

T o r "  X I / t z  = O t X Y o / 1 2  =  Q  a n d .

' 1 . ' i r  I  - : , r ) : a  - t r ) 1 - ^ " i : r r ' . ^  . . . - . . - . r ' l i  . , . r - | .  ' t . . ' *  - 1  : :U I I l . ;  v U : - : / \ t I  : , U L . L J . l ;  3 - J . , - u - - l i . L U  t  r ! ,  - J v r J

n 1- rn ;  *v  t  u : : (  !  uX e / x z  = is  for-  , : rcr . ] -



( 3 . 3 )  a r e red.uced. to the for:'irul-ae

i \

J \ V-;:

e e
d

e-s
6v

! ! t
t I  - - .  -

5 ; ,

-,- -3*s i,:
t  

 - * ' -

3 c

af l
"E

, tH  a to
|  - -  - - -  J -
\ r v  t v

C ) ^  q l r -

t T o r
at-/ +

(  g ,+ )

( 3 . 1 )

( 3 . e )

rri 'bh init ial- ei-nd. l iroit conditions of Dirichlet t;pe..

. lYith the progrannes elaborated in the high l-evel- lar4guage FQX.TILA,I{,

ro11ed. on a comprr-ter fron ttre University of Bucharest Conputer Centre

( the F$,IX C-256 a:r.d. triB 36OhA ) and applied io the data provided

b]t 
-bhe hydrother':noraineral fissural systern of the. Bfil.e Fel-i:r - 1 LSai

cictaceous- l- imestones, I obtainetl the fo1-l-o;r. ' '-ng resul-ts

r . l - )  the schemc.s (3.+) -  (3.9) applreat ion for  a nu," , rber of  469 poi-nis

l-acl,ed alnost lO ninuies iine eonputer on F,lf,,IX C-256 and 50 ninutes

on IBt'i 360/30 ;

r .2)  the appl icat ion of  ihe rcethod. f rom the second-.chapter invoived

a nccessary of mernories at least of the three times higger ihen the

ad.eciuafe iiionte Carlo nrethod. ( chapter 
'I 

) ;

r . :1)  taking in io aecount the very short  l , iar l :ov proceus. t r r . jectory
( ccrroborated i r i th the observir t ion f ro in ! .  1,3.1 ' regardin:  ' l ;he var i -
ance nrninrizing ) ttre solutionsrvarianee obtained. through l,ionte Carlo
nethod i"ras satisfactoryrimposing no nore the u-se of the seqr' '-ential-
nctlrocLs ( see i 1.2 ) o" the va.riance rl inir: i izaiion -i;ecloriqe, 

t

t? = xtlig. ]i8, . H; ($gtg. t$ *$, .. fr

;  t ' a J

hu:rd.

t i :e.

but

solu

r r v  U

fron
+ ri , l e

proved. to beutauch fasi'erralatost one

ic mr,aerica1. ana,l.ysis neihods regard-ing
al-one, of  i ;he schcinas (  3.4 )  - ( : .  e )  sol-ut ionl

* ' h n *  i n  = 1 - ' i . .rv i l i . iu1 'J . . r "  rJ f : r : j  Ci , .Sgr i ' ;e  negdeCl  the sCi igna

t irat the l, iarl:ov plrocess trajec-i;ories ,,rere

u..Lii-pl-e use lilce. is suggesied by a technic
d'by the l.onte Carlo nethod. coi;i!ar,:.t ive1y
i;es sens:-ble hit)-:.er ( a.krosi th:ee t:-:: ies )

lhe neihod restt:recl in this chapterrirer';.a-nd. or:iginal by the ccrelr-
ted- siurLy of the i l:ree fiel-ds ( n;-aro6eol-o;icrh;,t lz.oihe::.nocii:rt,:: i ic a-nt1.
l l;- i:-cc,i:.:,.r ici.1 ) r '" ' ,"cli l  c ' i :;, '  ' ;r.-3 :,u;cc. n:-l, l ' : 'c:;r:.-bic i:! i l1r.:- ' i ius, ic :-r::-

the lionte Car'lo :aethod

red t inesrthen t l le c lass

est imat ion in one pornt

in i;he t: lhol-e, coits,i Crer.i n;

t io:rs fb $g points l?-r1d-

:remoratecl in view of a m

[: l ]  , the t ine r .equ.este

i.-ic' i ;hcds fron clfa-,:.ter IT

I

i
t
a

T
I

30 , -

d i f fus iv i t y , the  equat ions  (3 . f )

. l(
nZ.r .

+ q-*l
t y '

^ 2rt
( ) n

t;z

t l := i r$f" f ;E: ,

I
I

t
t
i

I'
i
::
I

t
T
t' t

I

E:
i t

i ',,: ':
I . .

f t .

H
f.5

i .
i!
I
i . t
!:ji
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H
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.f€
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^^ - i  ^ ' t  . :  ^ -L  -  |lring to the specialists practical- activity in the rese*reh a'd 
"o.r".r*- ietion of the rrndergrormd mineralrthernalrdrinl:able and. urdustrirr; i

raters fieldsrcontributing to ttrrils activity grovdng efficiency r,:rd
io the eri!-argement of the precision d"egree of the ,u",br"r"" d";";;ned,..
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